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SOME WEIGHTED TRAPEZOIDAL TYPE INEQUALITIES
VIA h-PREINVEXITY

B. MEFTAH AND K. MEKALFA

ABSTRACT. In this paper, a new identity is given, some weighted
trapezoidal type inequalities via h-preinvexity are established, and several
known results are derived.

1. INTRODUCTION

Let f be a convex function on the finite interval [a, b], then

b
(1) £ < gk [ Flopde < L0,

The inequality (1.1) is known in the literature as Hermite-Hadamard inequal-
ity.
The above inequality has never ceased to intrigue researchers, several
variants, extensions, generalizations and improvements have been established.
In [4], Dragomir and Agarwal established the following Hermite-Hadamard
type inequalities
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In [6], Kirmaci et al. gave the following result connected with Hermite-
Hadamard type inequalities
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In [12], Pearce and Pecarié¢ showed the following inequality

b 1
a o (@ ®] )
f();f(b)_ﬁ/f(x)dx §b4<| 4] I)

a

In [5] Hua et al. gave the following weighted trapezoidal inequalities for s-
convex functions

f(a)+f(b)/ dx_/ f@

< (ba)? a)? ol (2qq 11)1 : (23 (§+1)>% {[(25+171) | (@) + | f ()]
+ [ @)+ (257 = 1) | £ ()] ]%}

and
f(a)+f(b)/ dm_/ fz
’ q ’ a % 1 ‘Ij(t)
ctgs [lreliror ] | V w(@dx] .
0 w(t)

Motivated by the above and others existing in the literature, in this study
we start by establishing a new equality as a partial result then we derive some
new inequalities of weighted Hermite-Hadamard type for h-preinvex functions.
Several known results are also derived.

Q=

2. PRELIMINARIES
In this section, we recall some definitions

DEFINITION 2.1 ([8]). A set I CR"™ is said to be convex if for any z,y €
H, and Vt € [0,1], we have

te+(1—t)yel.

DEFINITION 2.2 ([13]). A function f : I — R is said to be convex on I
where I is an interval of R, if

flrz+(1-t)y) <tf(x)+(1-1)f(y)
holds for all x,y € I and all t € [0, 1]

DEFINITION 2.3 ([3]). A nonnegative function f : I — R is said to be
P-convez, if

flz+(1=t)y) < f(z)+ f(y)
holds for all z,y € I and all t € [0, 1].
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DEFINITION 2.4 ([2]). A nonnegative function f:I C [0,00) = R is said
to be s-convex in the second sense for some fized s € (0,1], if

fltz+ (1 =t)y) <t°f(x)+ (1 —-1)°f(y)
holds for all z,y € I and t € [0,1].

DEFINITION 2.5 ([16]). Let h : J C R — R be a nonnegative function,
where (0,1) C J. A nonnegative function f : I — R is said to be h-convex
function on I, if

[tz + (1 =t)y) < h(t)f(z) +h(1—1)f(y)
holds for all z,y € T and t € (0,1).

DEFINITION 2.6 ([17]). A set K C R™ is said to be invex with respect to
the map n: K x K — R"™, if

z+tn(y,x) € K
holds for all x,y € K and t € [0, 1].

DEFINITION 2.7 ([17]). A function f : K C (0,400) = R is said to be
preinvexr with respect to n, if

fl@+in(y,z) < (1 —=1)f(x)+tf(y)
holds for all z,y € K and t € [0, 1].

DEFINITION 2.8 ([11]). A nonnegative function f : K — R is said to be
P-preinvez function with respect to n, if

fl@+tn(y,z) < fz)+ f(y)
holds for all x,y € K and all t € [0, 1].

DEFINITION 2.9 ([7]). A nonnegative function f : K C [0,00) — R is said
to be s-preinvex in the second sense with respect to n for some fived s € (0,1],

if
fzttn(y,x)) <1 =1)°f(x) +1°f(y)
holds for all z,y € K and t € [0, 1].
DEFINITION 2.10 ([9]). Let h: [0,1] = R be a nonnegative function h # 0.

A nonnegative function f on the invex set K is said to be h-preinvex function
with respect to n, if

flx+in(y,z)) <h(1—1t)f(z) +h(t)f(y)
holds for all z,y € K andt € (0,1).
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3. MAIN RESULTS
LEMMA 3.1. Let f : [a,a + 1 (b, a)] = R be differentiable on (a,a + 1 (b, a))
with n (bya) > 0, and let w : [a,a+n(b,a)] — [0,4+00) be continuous func-
tion and symmetric to 2“%’(}’“) If f' € L([a,a+n(b,a)]), then one has the
following equality

a+n(b,a) a+n(b,a)

w / w(;p) dr — / w(x)f(x) dz
1 a+tn(b,a)
(3.1) = 20 / / w(z)dz | f'(a+tn(b,a))dt.

0 \at+(1-0)n(b.a)

PROOF. Integrating by parts the right side of (3.1), using a change of
variable and the symmetry of w, we obtain

1 a+tn(b,a)
wa [ [ w@ar | 7/a+ o) i
0 \at(-tm(b,a)

a+tn(b,a) t=1
-1l [ wwds|rarmea)
a+(1-t)n(b,a) t=0

_ "(Z;’a)/(w (a+t5(b,a)) +w(a+(1— )5 (ba) f (a+tn (b a))dt
0

atn(b,a) atn(b,a)
| [ w@ar|s@eea i [ wwa] i

1
_ “’;“)/(w (a-+15(b,a)) +w(a+(1— )5 (b,a) f (a+tn (b a)) dt
0

a+n(b,a)
| [ w@is|7@rnba)+ @)

a+n(b,a)
(w(z) +w(2a+n(,a) —x)) f(z)de

N[
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a+n(b,a) a+n(b,a)
:—f(a+7’(b’2“))+f(a) / w (z)dx — / w(z) f (z) dx.
The proof is completed. 0

In what follows we assume that h : [0,1] = R be a nonnegative function
and h # 0, n(b,a) >0, and K = [a,a + 1 (b,a)] C [0, +00).

THEOREM 3.2. Let f : K — R be differentiable on K° with ' € L(K)
where a,b € K°, and let w : K — [0,400) be continuous and symmetric to
a+ %77 (b,a). If |f'| is h-preinvez, then one has the following inequality

a,-‘,—'r](b,a) a+77(baa)
M / w(x) dr — / w(x)f($) dz

<G | (17 @I+ 17 (@t n@.a)) [ 2= Do)

1
2
1

2

/(2&++(b’a)>‘/(172t)h(t)dt

0

+ 2

PrOOF. From Lemma 3.1, properties of modulus, and h-preinvexity of
| 7’|, we have

wtr(b) ()
w / w(;p) dr — / w(x)f(m) dx

a+tn(b,a)

nba w(x)dz||f (a a
; / [ w@ad s+ im0

a+(1-t)n(b,a)

IA

a+(1— t)n(b a)

/ w(z)dz | |f (a+tn(b,a))|dt
0

( a+tn(b,a)
a+t77(b a)
—|— w(z)dz | |f (a+tn(b,a))|dt

a+(1—t) n(b a)
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1

/ 0 (@) a-ttn(6,0),0-+ (1 —tyn(ba)),00 (1 — 26) [ (@ + 0 (b, a))| dt
0

+ / 10 (@)l a4 (1—tyn(b,0), 0 tn(bra)),00 (28— 1) [f (@ + 0 (b, a))| dt
1

2

1
2
a 2
<OOa® |y /(1 —20)|f (a+ tn (b, a))| dt
0

1

+ /(2t— 1) [f" (a+tn(b,a))|dt

1
2

1

2

< @A) ) /mfﬂw(ml—ﬂV%®V+Mﬂ

0

7 (2a+7;(b,a) ) D dt

1

+/(2t—1) (h(l—t)

1

f (2++<b>)\ +h(0)1f (a+n(a))di

2

=G | (7 @]+ 1 (@t n o)) [ 2= Do

2
1

2

7 (2a++(lw)>‘/(1—2t)h(t)dt

0

+ 2

COROLLARY 3.3. In Theorem 3.2, if we choose w (x) = W, we obtain

a+n(b,a)
a a b,a
fatfnba) _ L / f(z)dz

a

< n(b,a)

1
217 @)+ 1 @+ b)) [ - Do

2
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+ 2

i (W)‘](l—%)h(t)dt
0

COROLLARY 3.4. In Theorem 3.2, taking n(b,a) = b — a, we get

b b
w/w(x)dx_/w(x)f(a:)dx < O Yl

< | (17 @+ 17 <b>|>/<2t—1>h(t>dt+2|f’(a;b)|/<1—2t>h(t>dt
0

1
2

Moreover, if we choose w (x) = -, we obtain

b—a’

b
f(ﬂ);'f(b) —ﬁ/f(x)dm < bf?a

a

< | (If" (@)l + [ (b)l)/(Zt—1)h(t)df+2!f’(“§b)|

COROLLARY 3.5. In Theorem 3.2, if we assume that |f'| is P-preinvex
function we obtain

(1—2t)h(t)dt

o\m\u

a+n(b,a) a+n(b.a)
L@+ (atn(b.a)) / w () dz — /w(x)f(z)dﬂf

a 2
<@ ) (1" (@)] +2

7 (2| 1 @+ 0 (b)) -

Moreover, if we take w (x) = 7D

b,
f(a)-i-f(g-i-??( a)) _ n(bl,a) f(ac) dz

<28 (1 ()] + 2| (225482 |+ 1 (a + 0 (b)) -
COROLLARY 3.6. In Corollary 3.5, if we take n(b,a) =b — a, we get

b b
M/w(m)daf:—/w(x)f(l")dm

<Ol (17 @)+ 2] (552) |+ 17 ®))
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Moreover, if we take w(x) = —

po L /f da| < 552 (1 @] +2|f (52)] +17 O))

COROLLARY 3.7. In Theorem 3.2, if we assume that |f’| is preinvex func-
tion

a+n(b,a) a+n(b,a)
M / w(x) dr — / w(x)f($) dz

a 2
<UD | (511 (a)

7 (=) | 515 (@t ba)))

Moreover, if we take w () = )

a+n(b,a)
b,
St (ntba) _ 1 / f () dz

(3.2) 2152 (514 (a)

7 ()| 4515 @+ b.a)))

REMARK 3.8. In inequality (3.2), using the fact that 2 ’ i (%W)‘ <
| (@) + |f ()] and |f' (a+n(b,a))] < |f’ (b)|, we obtain Theorem 2.1 from
[1].

COROLLARY 3.9. In Corollary 3.7, if we take n(b,a) =b — a, we get

b b
w/w(@dw—/w(xmxmx
(33) <@ || (B IF ()] + 2| f (<52) | +51F (1))
Moreover, if we take w (x) = ﬁ
(3.4)
1) 5r0) /f de| < U (511" (@) +2|f (452)| + 51/ (®)]).-

REMARK 3.10. In inequality (3.3), using the convexity of |f’|, we obtain
inequality (2) of Corollary 3.1.1 from [5]. Also Corollary 8 from [15].

REMARK 3.11. In inequality (3.4), using the convexity of |f’|, we obtain
Theoreme 2.2 from [4].
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COROLLARY 3.12. In Theorem 8.2, if we assume that |f'| is s-preinvex
function

a+n(b,a) a+n(b,a)
Ha)ti(atn(b.a)) / w (z) do — /w(a:)f(x)dw

a))? s 1+s s 1+s
< Nl (S 1 (@) + 5L [f (0 (b))

()
Moreover, if we take w (x) = n(bl,a)
(3.5)
. a+tn(b,a)
f(a)+f(¢;+77(bva)) _ f(x)dx

n (b, a)

b,a golts a b,a golts
<geiiry (et 1 @3 | (P ) [+ 22 | (o (b,0)] ).

REMARK 3.13. In inequality (3.5), using the preinvexity of | f’|, we obtain
the correct result of Theorem 2 from [14].

COROLLARY 3.14. In Corollary 3.12, if we take 1 (b,a) = b — a, we get
b b

(3.6) W/w (x)dx — /w (x) f (z)dz

b— 2 s 1+s
S% lwlloo ( 2 (a)] + 5=

Moreover, if we take w (x) = 7=

P (50| + et 0)]).

(3.7) (“)+f(b) /f

_ 1+s 1+s
<t (%H;H @+ 3 |f (52)] + <2 17 o)1)

REMARK 3.15. In inequality (3.6), using the convexity of |f’|, we obtain
inequality (1) of Corollary 3.1.1 from [5].

REMARK 3.16. In inequality (3.7), using the convexity of |f’|, we obtain
inequality (1) of Corollary 3.1.2 from [5], Also Theorem 2 from [10].

THEOREM 3.17. Let f : K — R be differentiable on K° with ' € L (K),
and let w : K — [0,+00) be continuous and symmetric to a + n(b,a). If
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|f'|* is h-preinvez, where ¢ > 1 with % + % =1, then one has the following
inequality

a+n(b,a) a+n(b,a)
La)tS atn(v.a) / w (z) do — /w(:c)f(w)dfv
1 a+tn(b,a) P v

< "(1’2’@) / / w(z)dz| | dt
0 \|at(1Z0m(b.a)
1 g
( / h(t)dt) .
0

PROOF. From Lemma 3.1, properties of modulus, Holder inequality, and
h-preinvexity of |f’|?, we have

Q=

< (I @] +1f" (a +n (0, a))

a+n(b,a) atn(b,a)
Ha)ti(atn(b.a)) / w (z) d — /w(x)f(rc)dx
a+tn(b,a)

IN

1
el [ [ weyde] 11 (a+ en 0.0))|
0 Ja+(=t)n(ba)

1 a+tn(b,a) PPN? /1 0
<alba) / / w(z)dz| | dt / 1 (a -+t (b, a))[* dt

0 \|a+(1—t)n(b,a) 0

1 a+tn(b,a) p v
< "(g’a) / / w(z)dz| | dt

0 a+(1—t)n(b,a)

1
q

1
| [ a0l @ +r @1 @ b)) de
0

1
1 a+tn(b,a) p P

= "(g*“) / / w(x)dx| | dt
0 \|o+(Ztynb.0)

< (I @)" +1f" (a+n (b,a)[") (/01 h(t) dt>é :

The proof is achieved. 0

Q=



WEIGHTED TRAPEZOIDAL INEQUALITIES VIA h-PREINVEXITY 91

COROLLARY 3.18. In Theorem 3.17, if we choose w (x) = m, we obtain
a+n(b,a)
a a b,a
£( )+f(2+77( ) _ n(l},a) f(z)da

<D (|1 (@) + |f (a+1 (b, a))|) ( i h(t)dt>q-

2(p+1)7

COROLLARY 3.19. In Theorem 3.17, taking n (b,a) = b — a, we get

b b
M/w(ﬂﬂ)da:f/w(ff)f(gﬂ)da7

1
1 [|a(i—t)+tb P z

<z | [ [ wwal] a| (r@reiro (/h dt)

0 at+(1—t)b

-

1

b—a’ we obtain

Moreover, if we choose w (x) =

(1 @I+ )" (/Olh(t)dt>é,

b
f@)H®) _ ﬁ/f(x) dz| <

a

;
2(p +1>p

COROLLARY 3.20. In Theorem 3.17, if we assume that |f’|? is P-preinvex
function

a+n(b,a) a-+n(ba)
f(@)+f(atn(b.0) / w(x) dz — / w(z) f (z) dz

1

1 a+tn(b,a) p 4

Q=

gn(bz,a>/ / w(@)de| | dt | (If (@) + 1 (a+n(ba)l)7.

0 \|a+(1=t)n(b,a)

Moreover, if we take w (x) = )

a+n(b,a)

a a b,a
f( )+f(2+77( ) n(l},a) f(z)dx

a

<G8 (17 (@) + | f (a + 1 (b,a))|)

— I
2(p+1)P

Q=
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COROLLARY 3.21. In Corollary 3.20, if we take n(b,a) = b — a, we get

b b
w/w(:ﬂ)dm—/w(@f@)dw

P

=

1 a(1—t)+tb

s [ [l [ wewl| @] r@rerent

0 \|at+(1-1)b

Moreover, if we take w (x) = 3=

—a

Ha)+5) @ )9
/f )| < 2= (1 @) 417 ()

COROLLARY 3.22. In Theorem 8.17, if we assume that |f'|? is preinvex
function

a+n(b,a) atn(b,a)
L)t (a4n(ba) / w (z) dx — /w(z)f(x)dm
N

1 a+t77(b’a) 1
s"(’;"” / / w(x) dz dt <|f (@) Hfg(aﬂ(b’a))' > .

0 a+(1—t)n(b,a)

Moreover, if we take w (x) = m, we get Theorem 2.2 from [1].

COROLLARY 3.23. In Corollary 3.22, if we take n(b,a) =b — a, we get

b b
(38)  |l@ti®) / w (2) dz — / w(x) f (z) da

1
1 [|a(i—t)+tb p v

g%‘l/ /w(m)dm dt ('””;““')

0 \|at+(1—t)b

Moreover, if we take w (z) = 5, we obtain Theorem 2.3 from [4].
REMARK 3.24. In inequality (3.9), using the fact that w (z) < ||wl|, we

obtain Corollary 13 from [15].
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COROLLARY 3.25. In Theorem 3.17, if we assume that |f'|? is s-preinvex
function

a+n(b,a) atn(b,a)
w / w(m) dr — / ’w((E)f(l') dzx
“ a
1
1 a+tn(b,a) b ’

1
’ q ’ a\ q
< | [ [ wwad | a| (Zelgeeal)?

0 a+(1-t)n(b,a)

Moreover, if we take w () = 7,(1,1 a)
(3.9)
atn(b,a) | | ‘ | 7
F(a)+f(a+n(b,a)) 1 na) [ £ (@]"+]f (atn(ba))|” |
: — e / f(x)dx| < B ( s+l ) .

REMARK 3.26. In inequality (3.9), using the fact that |f’ (a + 1 (b,a))| <
|f" (b)], we obtain Theorem 4 from [14].

COROLLARY 3.27. In Corollary 3.25, if we take n(b,a) = b — a, we get

b b
7f(a);f(b) /w (x)dr — /w (x) f (x)dw
1 [|a(i—t)+tb p v

o ([ ([ werad) ) (egrenyt

0 \|at+(1-t)b

Moreover, if we take w (x) = biw we obtain Theorem 4 from [10].

THEOREM 3.28. Under the assumptions of Theorem 3.17, one has

a+n(b,a) a+n(b.a)
MO (L) / w (z) dz — /w(x)f(x)dx

(n(b,a))? VRN LAY ! z
<L (17 @ + 17 O ([ e 1m0 )
ProOF. Using Lemma 3.1, properties of modulus, Power mean inequality,
and h-preinvexity of |f|?, we have

a+n(b,a) a+n(b,a)
M / w((p) dr — / w(.’t)f(f) dz

a a
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1 a+tn(b,a)
n(z;m/ / w (z) dz| |f' (a+tn (b,a))| dt
0 |a+(1—t)n(b,a)

IN

1—

Q=

1 a+tn(b,a)
<2(be) / / w (z) dx| dt
0

2
a+(1-t)n(b,a)

1 a+tn(b,a) q
x / / w (@) da |f' (a+ tn (b)) di
0 |a+(1=t)n(bsa)

1 1—1 1 1
< (n(b,a))? : a
<O o | [ 12t - 1] 21 1/11 (a-+ tn b)) ds

0 0

1 1-3
<G ) | [ 12t = 1)

0

; ;

< | [t G =017 @+ R | )] de

0
(/01|2t—1h(t)dt>;.

Q=

<O | (1 @I + 1 B))

|
COROLLARY 3.29. In Theorem 8.28, if we choose w (x) = m, we obtain
1 a+n(b7a)
fla)+flatn(ba)) f(z)dx
2 77 (b, a) ( )

<19 (7 @+ 17 ) ([ - anwar)

é
COROLLARY 3.30. In Theorem 3.28, taking n (b,a) = b — a, we get
b b

w/w(x)dx—/w(l‘)f(x)dx

a a
1

(/012t—1|h(t)dt)q.

Q=

<O Jull (1 @1 + 17 B))
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Moreover, if we choose w (z) = b% we obtain

a’

b

f(a);rf(b)_ﬁ/f(m)dm<b2a (| @]+ | ®| 31(/ |2t — 1|k (¢ dt)

a

»Q\»—A

COROLLARY 3.31. In Theorem 8.28, if we assume that |f’|? is P-preinvex
function

a+n(b,a) a+n(b,a)
L)t/ (atn(ba) / w (z) do — /w(a:)f(x)dw

Q=

<@ (£ (@) + |7 (B)]%)

Moreover, if we take w (x) = m

a+n(b,a)

faytftarnba) i [ f(a)de| < 289 (17 (@) + | (5)]")

Q=

a

COROLLARY 3.32. In Corollary 3.31, if we take n(b,a) = b — a, we get
b b

M/w@)dx—/w(z)f()dzd Nl (1 @1 + 1 (5)[)F

a a

Moreover, if we take w(z) = —

ORC / (@) da| < 252 (17 @[ + 17 )"

COROLLARY 3.33. In Theorem 8.28, if we assume that |f'|? is preinvex
function

a+n(b,a) atn(b,a)
Ha)ti(atn(b.a)) / w (z) de — /w(a:)f(x)dfr

b,a))? F@)|"+f @]\
S(n( 4a)) ||w||oo (| | 2| ‘ ) )

Moreover, if we take w (x) = n(b,a)

a+n(b,a)

1
a a ,a ,a f/a)q+f/b)q “
fo) S (o inba) 1 / £ (@) da Sn(zy(l (@47 I) '

n(b,a)

a
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COROLLARY 3.34. In Corollary 3.533, if we take n(b,a) = b — a, we get
b b 1
—a)? @+ ®[" |
f<a);f<b>/w(x>dx—/w@c)f(m)dx < =0 ) (' [+l ) .
Moreover, if we take w (x) = ﬁ, we obtain Theorem 1 from [12].

COROLLARY 3.35. In Theorem 3.28, if we assume that |f'|? is s-preinvex
function

a+n(b,a) atn(b,a)
Ha)ti(atn(b.e)) / w (z) do — /w(a:)f(x)dfv

1 1

<O ol (1 @ + 1 O (i) "
Moreover, if we take w(xz) = ﬁ, we obtain the correct result of Theorem
7 from [14].
COROLLARY 3.36. In Corollary 3.35, if we take n(b,a) = b — a, we get

b b
w/w(m)dx—/w(x)f(x)dx

Q=

b—a)? i s2°
<O ull, (1 @I+ 1 O (it )
Moreover, if we take w (x) = ﬁ, we obtain Theorem 1 from [6].
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Neke nejednakosti tezinskog trapezoidnog tipa preko
h-preinveksnosti

B. Meftah i K. Mekalfa

SAZETAK. U ovom ¢lanku, dan je jedan novi identitet, do-
bivene su neke nejednakosti tezinskog trapezoidnog tipa te su izve-
deni neki poznati rezultati.

B. Meftah

Laboratoire des télécommunications, Faculté des Sciences et de la Technologie
University of 8 May 1945 Guelma, P.O. Box 401, 24000 Guelma, Algeria
E-mail: badrimeftah@yahoo.fr

K. Mekalfa

Département des Mathématiques

Faculté des mathématiques, de 'informatique et des sciences de la matiere
Université 8 mai 1945 Guelma, Algeria

E-mail: mekalfakhaoula@yahoo.com

Received: 9.5.2020.
Accepted: 9.6.2020.



