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SUMMARY

This paper proposes a model of a hypothetical wormhole done by using non-linear equations of a high degree of
complexity to obtain exact solutions. Modelling of a wormhole implies creating a particular gravitational field with
a hyperbolically symmetric and static geometric body produced for a hyper-cylindrical and symmetric rest mass that
can occur in its short tunnel, and its subsequent thermodynamic study. Starting out from the metric in General
Relativity, in order that a short wormhole tunnel might be modelled, it is essential to define the coordinates and
covariant metric of a 4-dimensional space with three spatial coordinates and one temporal by applying the summation
convention on repeated indices in the system of four generalized coordinates. The limiting form of the line element
for flat spacetime at large distances from the origin must be Lorentzian. The line element corresponding to the
solution proposed here has to remain invariant under inversion of time interval. In this paper, the simplest quadratic
scalar invariant of the Riemann tensor, the Kretschmann invariant, has been taken. Furtehmore, curvilinear
coordinates in which the metric tensor components that are outside the main diagonal and that have to have zero
value for not having a determined direction in space have been used. The metric can be reduced to a flat metric for
an observer at rest located in the “infinite” so that the effects caused by the mass in the gravitational field could be
deemed negligible. The results obtained a quasi-exact solution to the Einstein’s equations that describes the
gravitational field induced for a hyper-cylindrical geometry similar to a wormhole tunnel. The so-called “exotic
matter” that is hypothesized to reside inside wormhole tunnels and is involved in the energy transport phenomenon
has subsequently been studied.
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1. INTRODUCTION

A body with a hyperbolically symmetric geometry
resembles a hypothetical wormhole as well as one of
the the ways in which the universe is conceived to a
local and global geometry. This paper is a contribution
to the state-of-the-art modelling and simulation of a
geometry that envelops the matter in space-time
continuum conceived in a hyperbolic form as a
wormhole [1, 2], a problem extensively studied in the
area of quantum gravity [3, 4].

This study allows us to set the foundations for
investigations into the transport phenomena possible to
occur in the short tunnel of the hole for which it has
been assumed to contain a kind of “exotic matter” [5,
6] that acquires considerable energy from elementary
particles of near zero or zero mass, photons being one
of these [7-9].

wormhole, Einstein field equations, metric, quasi-exact solutions, hyperbolic geometry.

The modelling process makes use of the Einstein
field equations in a 4-dimensional space with three spatial
coordinates and one time coordinate. A two-component
hyperbolic metric is proposed for a symmetrically
hyperbolic and static body produced by a hyperbolic
symmetrical body at rest. The other two components
are based on the boundary conditions of the
Schwarzschild metric [10] for an observer at rest,
located at an infinitely large distance from a body
producing gravitational effects in space-time continuum.

This paper aims to present a model of the structure
of a hypothetical wormhole having quantum gravity
with thermodynamic implications [8, 9, 11] containing
matter inside its structure (for further study). To this
end, “quasi-exact” solutions to the Einstein field
equations [12] will be employed to simulate the possible
geometric behaviour that the matter adopts in space-
time continuum.
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The Einstein’s general relativity theory suited to the
modelling of equations describing the gravitational
interaction between matter and space-time, offers non-
linear equations with which it is difficult to obtain exact
solutions [12] to define a given geometry [2, 13, 14].
For the reasons mentioned, this paper presents “quasi-
exact” solutions [12] to the Einstein equations based
on the solutions obtained for the Ricci tensor, for a
wormhole structure that could contain so-called
“exotic matter”. The “exotic matter” is thought to may
have properties which allow establishing communication
with parallel universes, namely through its input and
output modelled as a hyperboloid sheets [5, 6] and
connected by a short tunnel.

The results obtained suggest that the proposed
metric reduces to the Lorentzian metric [15-17] for
the line element used to calculate the Kretschmann
invariant [18].

2. MODELLING

The Schwarzschild solution [10] to the Einstein field
equations is considered to be the most important
achievement of general relativity in the field of Celestial
Mechanics because it presents an exact solution to the
field equations [2, 12-14] that historically corresponds
with the Newtonian result of the square inverse of the
universal attractive force of classical gravitational
theory [19].

The Einstein field equations for free space are non-
linear and therefore very complicated, making it
difficult to obtain exact solutions [12]. There is,
however, a special case that can be solved without
considerable difficulties, the case of a symmetrically
spherical and static field produced by a spherically
symmetrical body at rest [10].

This paper presents a model of the special case of a
symmetrically hyperbolic and static field produced by
a hyperbolically symmetric body at rest.

The common starting point for the theoretical
considerations of this type is the general metric used in
the 4-dimensional space of general relativity [15],
applied commonly as the summation convention on the
repeated indices:

ds? = g 5,dx%dxY (1)
in the system of four generalized coordinates (x1, x2,
x3, x4). The limiting form of the line element ds2 for a
flat space-time at large distances from the origin
(r—e0) must be Lorentzian:

ds? = C,2dt?—dx?—dy?—dz? )

This is so because the Special Theory of Relativity
is deemed a special case of General Relativity when
the curvature of space-time is reduced to zero at large
distances [20]. In order to construct a valid line
element ds? at distances close to the origin of a static
field, we assume that this line element remains invariant
under the inversion of the time interval dt; that is, ds2
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must remain equal to the change of dt for —dt, as the
static condition allows us to use a static coordinate
system where the metric components g;; are
independent of the time coordinate (t=x1). This
determines the use of curvilinear coordinates in which
the elements gj; "outside the main diagonal™ are zero
and that the line element has the following form:

gy (dt)? + gy dxidxk (3)

gk being independent of time coordinate (t=x1). This
is reffered to as a static metric and it has to be
distinguished from a metric that is merely independent
of time or stationary (as the metric for cylindrical
coordinates in a space of three dimensions is).
Moreover, if there is no preferred angular direction
in space, the line element ds2 should not depend on the
change from dé to —d6 and change from d¢ to —d¢.
This situation requires that no crusaders terms such as
dr-de, d6-d¢ and dr-d¢ are present in the metric since
the absence of such terms ensures the tensor to be
completely diagonal for the type of solution being
sought for. The limiting form of the hyper-cylindrical
line element (hyperbolic cylinder) is expressed as:

ds? = ACZdt? —

2 2
_LBdrz +C1L+ DEL] (4)
2\/r2+<92 2.r? + 62
Under the assumptions that our hypothetical body

is radially symmetrical, the functions A, B, C and D
ought to be functions only of the radial coordinate r:
A=A(r), B=B(r), C=C(r), D=D(r) (5)
Since the displacement of arc e=rd® from the North
Pole corresponds to an interval in the line element
ds2=—Ce? and an arc displacement e=rd¢ along the
Equator corresponds to an interval in the line element
ds2=-Deg2, it is assumed that C(r)=D(r). If 6 and ¢
represent angular coordinates, one would expect that
these amounts were identical for isotropy, from which
ensues that C equals D, a condition of symmetry
leading to the simplification of our line element ds? as:

ds® = ACZdt? —

2 2
—Bdrz—c(l 0" |1 d¢ (6)
2 k2192 212,42

The presented line element is the simplest solution
governed by the elements of symmetry. A further
simplification can be obtained by a judicious choice of
the radial coordinate. It is assumed that A and B are
some sort of function so the proposed metric may be
reduced to a flat metric for a stationary observer
located at a distance large enough so that the effects
caused by mass on the gravitational field are
numerically insignificant. Otherwise, the gravitational
effect caused by a body would extend to infinity. This

metric would correspond to Eq. (2).
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Following the mentioned changes, A(r) and B(r)
shoul be reduced to a unit at an enormous distance
from the body that causes curvature in space-time:

A(n—1 for r—eo @)
B(r)—1 for r—eo (8)

A tentative mathematical function reduced to the
unit for large negative values of x is the exponential
mathematical function f(x)=eX. The derivative of this
function is the same function, except for the sign,
which can be translated into possible simplifications.

Since it is required that both A(r) and B(r) reduce
to the unit for large values of r, an exponential character
with a dependent exponents of r is assigned to both of
them:

A(r) = e (9)
B(r) = -eV(D (10)

To be able to fulfill the requirement according to
which coefficients A(r) and B(r) reduce to a unit at
large distances, exponents u(r) and v(r) should be
reduced to zero:

u(r) >0forr — e (11)
v(r) > 0forr — oo (12)

As the gravitational field around a symmetrically
hyper-cylindrical mass should also be symmetrically
hyper-cylindrical, the field must be independent of the
angular coordinates 6 and ¢, so that the possibilities:

u = u(t,r,o6,¢) (13)
vV = V(t,r,0,0) (14)
are necessarily reduced to:
u=u(tr) (15)
v = v(tr) (16)

In the present claculation, it is assumed that, besides
being symmetric and hyper-cylindrical, the gravitational
field should also be static and time-invariant. Since
static and time-invariant, the field is independent of the
temporal coordinate t, consequently:

u=u(r) an
v = v(r) (18)
which is precisely what has been put forth in the paper.

At this point of the research, functions u(r) and
v(r) are unknown and not possible to be determined.
Without loss of generality, we can multiply the
functions by a numerical constant without changing
the nature of the behaviour of the functions over longer
distances. An appropriate numerical constant would be
number 2 because they are all squared with respect to
the preliminary proposed metric, thus in order to
simplify the metric even further, the following
equations are offered:

(1,12} =u,

(211} =u'e?" /e?

A(r) = e2ul) (19)

B(r) = —e2v(") (20)

Following the given proposal, a tentative metric for a

symmetrically hyper-cylindrical and static field produced
by a hyper-cylindrical symmetrical body at rest is:

ds? = e?(7) (Cydt) -
aryge2 1 d¢° 1 dg?
—e“ NV dre —= -
2\/r2+02 2\/r2+02
Having defined the proposed tentative metric, we

can obtain the Christoffel symbols different from zero,
corresponding to the following metric:

(21)

() 9 0 0
0 -2 0 0
11
o o -1 Y 45 @
2 \/r2 +62
11
0 0 0 S
L 2 \/r2 + 02 )

The coordinates of this 4-dimensional space are t,
r, @and ¢, and the only components g, belonging to
the metric tensor g that are not zero are:

01, =9=e2),  gp=0,=-e2(") (23)
1

1 1 1

933 =900 = zm, Oaqa =Qyp = NI
(24)
Given that matrix [gs] which lumps together the
components of the metric tensor is a diagonal matrix,
matrix [g%] that lumps together the components of
the conjugate metric tensor will also be a diagonal
matrix and their respective elements would simply be
reciprocals of the elements of the matrix [gs,]. For
that reason, the only components of the conjugate

metric tensor g-1 that are not equal to zero are:

g11 - gtt = e-2u(r), g22 = grr = _g-2v(r) (25)

g¥ g% = 2Jr2 462, g% —g¥ - 22 o2
(26)
At this point, all the information needed to obtain
the Christoffel symbols for the tentative metric under
construction are known.
Christoffel symbols of the second class, the
cornerstone of the Riemann-Christoffel tensor or
Einstein contracted tensor and the Ricci tensor are:

(2,22} =V,

{2,33}:/(4e2"(r2+92)3/2j, {2,44}:r/(4e2"(r2+(92)3/2J, (3,23 =—r/2(r* +67), o

(3.33) =-0/2(r* + %),

4,38} =-0/2(r* +0?).

{344} =0/2(r* +6?),

(4,24) :—r/z(r2 +07),

ENGINEERING MODELLING 26 (2013) 1-4, 1-13 3



R.L. Corral-Bustamante, et al.: Modelling a wormhole structure

With the Christoffel symbols, we proceed to evaluate the components of the Ricci tensor by tensorial contraction
on the Riemann tensor by repeated indices which make use of the summation convention:

K bl . p2 .p3 ., pd
Rij = Rijk = Rij1 + Rij2 + Rijz + Rijq (28)

Furthermore, we need to obtain the components of the Riemann tensor. The components of the Ricci tensor,
which is a diagonal tensor, in generalized coordinates and specific coordinates to the metric, respectively, are:

t r 1% @
1 2 3 4 Rit = Ritt + Retr + Ritg +
Ri1 =Rz +Rirp + Rt + Ring t = R+ Rur + Reo + Ry

t 0

Ry = R%ﬂ + R2222 + R2323 + R§24 ] Rrr = Rrrt + Rirr + Ripg + R?}gj (29)
1 2 3 4 ’ t 0

Ra3 = R33p + R3zp + R3zz + Rags Rgo = Roat + Rear + Rapg + Rgegs

1 . p2 . p3 o pd
Ris =Raas +Risz + Rus +Raas Ry, =Ry + Ry + Ry + RS,

requiring for it only 16 components of the Riemann tensor. In making these evaluations, only non-zero components
are the diagonal components of the Ricci tensor:

Ry :—ezu’z"(u" r2 +u"e® +(u')2 r2 (u')2 0% —u'v'ri—u've®-u r)/(r2 +92)

" " " "2 2 "2
Ry, = 2u" rt +4ut r20% +2ut 0 + 2(u) rt 4 (u) r2e% +2(u) 94—] 2(r2+02)

2uv' rt —au v r2% —2uv' 6% £ 2v S + 2v' 9% +3r% —20°
2
R23 = I’H/(I’z +02)
~15v' r?0* —20v' r’ 6% —15v' r®0® —6v' 1300 —v' re*? - (30)

5/2 5/2
—2(r2 +92) e?Vg® +2(r2 +92) e?'r8 1 6u'rtte? +

1 1
Ra3 =Rgy =——

+15u' r°0* +20u'r’ 6% +15u'r°0® +6u' reY +u'ret? -
4 ov(. 2 ,2\5/2
e (r +6 )

—9r1%? _15r89* —10r®6% + 3r20'0 —v' B Ly P -

5/2
—4(r2 + 62) e2'6°r? —2r'2 4+ 912 —6v' r1lp?

In vacuum, the field equations of General Relativity require that these expressions vanish for a sufficiently small
test particle (with mass in the case of a material particle and without rest mass in the case of a photon of light) so
that this does not produce a curvature in space-time:

R11 =Ry =R33 =Ry =0 (31)

The solution of the Ricci tensor equations shows us that R33—R4,=0 and R,3=0 as well. This nullification (Eq.
(31)) imposes the following condition:

dv(r) 1 3r? —26?

dr 2 2r(r2 + 6’2)
The Ricci tensor equations were solved as a system and the following three solutions were obtained:
v r8r? + 02 —16e2Vr% —12v' e?'r” —12v' e?Vr%0% +6V' rP\r? + 6% + v r*r? + 026 +
312 2
L +7r4r? + 9% —4e?'r6? +8r4(r2 +02) (ezv) + N2 +6%6% + v r2Nr? + 62 0% -
(33)

T 3/2 2
Jr2+0%r2 | —16r2 (r2 +92) (ezv) 0% —2rv'r? + 626% + 12r3v' e20* +12rv' e2V6® —12e2V6° +

+8r2(r2 +6° )3/2(e2")2 0" +a4r? + 6%0*

4 ENGINEERING MODELLING 26 (2013) 1-4, 1-13
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— l —
rz(r2 +02)3/2 )

v reyr? + 6% —6e2'r® —6v'e?'r’ —6v'e?'r°¢? +
3/2 2
W5 [ 2 2 wod [ 2 02,2 4.2 p2 v\
VAT 40 + 2V TN + 07607 +4r (r +0) (e ) Z[JvrsZezvmrz+2rz+v.rez02+me2vezdr
r(r?+6*
=|| —2e20%r* —2e¥0%? + 2r2\r? + 6207 +v' r2Nr? + 6%0* - e ( )
3/2 2
—8r2(r2+02) (ez") 0% —rv'r2 +0%6* +6r3v' e ot +

+6rv' €268 + 24r? + 6%6* +4(r2 +6° )3/2 (ez")2 0* —66%%"

+2_C1{=0

(34)
v —2e2Nr2 + 0212 + 2r2 +v' 16 — 07 +r? + 0%e?V 67
u=J dr+2_C1 (35)
r(r2 + 02)
Finally, the solutions to the Eq. (33) are:
. .. C1
particular _sol =v(r)=—"—° Cr1+ _C2 (36)
e_
et
sol _red_2=_1f1(_c)= (37)
2Ei(1,—e—c)+_Cl
The general solution to the ordinary differential equation (ODE), follows:
_Z e-Cl
general _sol := y(x) = x + RootOf —X++2 J. d b+ _C2 (38)
\/ZEi(l,—e—b) L c3
Comparing Eq. (32) to Eq. (36), it is obtained that:
2r?(r? + 62
el = 3 (2 2 ) 2 (39)
2r° +2r0° +3r° -20
_C2=-¢-% (40)
Introducing these constants, that is, Eqgs. (39) and (40), into the Eq. (36), the following statement is obtained:
2r?(r? + 02 )+ 2r(r? + 02
=1t s (3 2) 2( > ) (2r® +2r6% +3r* - 207 (41)
Zr(r2+02) 2r3 +2ro? +3r2 - 20

Introducing Eq. (41) in the component of the metric g,,=e2v(), we get:

2,2 2 2 2
L ({Hzr (r i )+2r(r +0 )](2r3+2r02+3r2292)]

r(r2+02)k 2r3+2r0?+3r2 207 42)

In the limit, when r—eo, the Eq. (42) tends to 1 (just as in the boundary conditions imposed by Schwarzschild
[10] for spherical symmetry).

922 = e =e

Therefore, limit (ezv(r) ) —1.

r—w

This is an exact solution to Einstein vacuum equations since the obtained metrics gives Lorentzian metrics [15,
16] for the component g,,=e2¥("), so:

1 de? 1 dg?
— +_
2\/r2+92 2\/r2+92

ds? =e?*at? ~1.dr? -C (43)
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Alternative solutions of the Ricci tensor, taking into account the nullification of Eq. (31) and comparing Ry to
Ry, we find out that:

r=5/5; 6=430/10 (44)

In addition, introducing Eq. (44) in the single equation of the Ricci tensor resulting from vanishing R33 expressed
by Eq. (31), the following expression is obtained:

Ras = —(32((—1/ 320)v' 5 ~(17/40000)v/26 ™" +(1/ 320)u' V5 ~ 1/ 320 (271 2000)'2e " (V5 / s)zjﬁ]/ezv

(45)
This differential equation is classified as quadrature to u(r) and of "1t order, with symmetry [F(r), G(r)]" for
v(r). Resolving Eq. (45) with symmetries &bacol and abaco?2 using the Maple software, it is possible to find the
following solutions for both symmetries.
Computing symmetries using: way=abacol, starting from: symgen (Eq. (45), way=abacol, v(r)):

2 5,216 (V5 )
2u(r)+ «/—r+ [ J r+/10
V(r)::_ngixﬂﬂj 125 15 (46)
34
2 ., 2165 )
£ 2u+s J_r+ [ er/ﬁ 4
v(r)= 32 12518 (25u' J10 - 2542 - 216¢" (@] 47)
The computation of symmetries has been successful.
Making comparisons between Eq. (46) and Eq. (47), we solve eV obtaining the following equation:
(1) =~ 22100 () + VIONZ + 1010 (48)
Eq. (48) is solved for u(r) as:
625( _ c1y10
u(r)=e"" ——(e ~CII0 _ 2) 49
(r) 216 V2 (49)
Then the limit, when r—ee;
625
625 1>
Iimit(ezu(r)) e 2 (50)
r—oo

which is a small finite number negligible for an observer located at a distance large enough to consider it infinitely large.
This is yet another proof that it fulfill the Lorentzian metric [15] for the component g4;=e2U(r) of the proposed metric.
Introducing Egs. (36) and (39) into Eq. (49), the mathematical expression for u(r) is obtained:

1 1 2r2(r2+1ﬁ2j+2r(r2+1z2j
2 1 -+ 4 4 2r3+lr 2+3r2—1 2|
r[rZJ’Z”zj 3,1, 2,42 1 2 2" 2"
u(r)=e 2r°+=rr°+3r'——r 51
(1) : : )
_%(ef—cj‘\/E _\/E)
216
o (r +52) . (r +52) (2r3+2r82+3r27282)
2r342r0%+3r2-26%  2r312r0%43r%-20%
2 (Zee?] 525(2r +2r0°+3r°-26° 10 625 15
2u(r) 216 r(r*+0°) 216
011 =€ =€ (52)

Further on, g;;=e2u(n), when included in the limit where r—eo, has a value corresponding to the value obtained
from Eq. (50). Having done this, the Lorentzian metric for g1 is proved and the arc element becomes:

625

625 2 2
d52:e2+108\/§dt2—1-dr2—c(l do 1_d¢

+_
2\/r2+02 2\/r2+02

(53)
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In the same way, the boundary conditions imposed by Schwarzschild for a static and symmetric spherical body
reduce to Lorentz metric [10, 15-17]. Furthermore, it has been shown that the metrics proposed here for a symmetrically
hyperbolic and static mass, Eq. (6), reduced to the Lorentz metric expressed in Eq. (2) as well. These solutions are
valid for sufficiently large distances from the body or bodies that generate gravitational fields causing the curvature.
Therefore, the Special Theory of Relativity is actually a special case of the General Theory of Relativity.

Turning the hyperbolic coordinates to Cartesian coordinates, we have the following situation:
if Cartesian: X=r (54)

y==0 (55)

X=A\Vr’+6° +r (56)
y=\VrZ+6% —r (57)

Eq. (6) turned into Eq. (53) in hyperbolic coordinates becomes the Lorentzian metric [15] according the following procedure:
Deriving Eq. (56) for x with respect to r and at 6, we have:

then hyperbolic:

' +1

dx:l r? + 6? q
2\/\/r2+92 +r

The next step is squaring Eq. (58):

el 0 do (58)
2\/\/r2+02 +r\/r2+62

.
2 2 1 1 I2]
(dx)? =| 22 +0 dr +2 do (59)

2\/\/r2+02+r \/\/r2+02+r\/r2+02

Likewise, for Eq. (57):
r

2 2
N 0 do (60)

=— dr+l
2\/\/r2+92—r 2\/\/r2+02—r\/r2+62

r

1

dy

T
(dy)z— 1 Jr? 462 0

1
-| = r+ do (61)
2\/\/r2+92—r 2\/\/r2+92—r\/r2+02

Then, simplifying the sum of Egs. (59) and (61), it is obtained:
ldr2 +do?

2 Jr? 462 (2)

Having done this, we have proved that the proposed metric corresponds to the Lorentzian metric [15]. Introducing
and implementing these expressions in the line element on which we started off, i.e. Eq. (6), we are a step from the
final answer for the metric that has been sought for, that is, a metric for a symmetrically hyperbolic and static field
produced by a hyperbolically symmetric body at rest. This is achieved by inserting Egs. (42) and (52) into the Eq. (21).
The process gives the dimensionally correct metric as follows:

dx? + dy® =

2r2(r2+92) 2,2(r2+92)
[_r 2r34+2r02+3r2-202 2r3+2r02+3r2-20
2 2 625 (2r3+2r92+3r2—26’2)«/ﬁL625
" 216 r(r?+6?) '216

. (2r3+2r92+3r2-292)

J2(C,dt)’

2e
ds® =e

2(,2 2 2 2
1 ([_HZr (r*+0?)2r(r*+o )](2r3+2r92+3r2—292)]

r(r2+92)k 2r+2r0%+3r2—26*

a2 L 40 1 d (63)
20r2 102 2k 4?2

—€
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We can compare this element of arc with the Schwarzschild counterpart [19]:
ds? = (1+2m/r)c?dt? —(1+2m/r) " dr2 —r? (d¢92 +5sin? (¢)d¢2); m=GM/c?

where m is known as the geometric mass of the central body and has units of distance, c is the speed of light, and
G is the gravitational constant.

The offered solution presents a mathematically quasi-exact solution to the Einstein field equations and which, in turn,
allows us to model a wormhole structure having a hyperbollicaly symmetrical and static body as the starting point.

The solutions to the Eq. (35) for v(r) are the following:

2 g2 7/2
1 (o)
)= o)+ 0) (64)
2, 02 2, 2 _ g2
V(r):_i(r +2 ) ( ' ) (65)
2 ri(r-6)(r+96)
v(r) :(r4 +3r20% +30* +96/r2)e2\'(r) (66)
v(n=0 (67)
a 6 4,2 2,4
s ):—In 15 , /[-15_C1r°-a5_cir*e® —45_cir’o -
2 {2 _15_C16° —26%\r2 + 62 +103r2 + 6212
Integrating Egs. (64) and (65) to obtain u(r), we have:
( 2+62)7/2
:_I (r=6)(r+0) (69)
5/2
6?)" " (2r? -2
:“I( . ) ( o (70)
O)(r+6)

The result of the integration of z and k is unwieldy and, therefore, not presented in the paper. Deriving the results
of Egs. (69) and (70), two solutions are obtained for u(r):

dz
(D=4 (71)

dk
u(r). =— 12
(), =4 (72)

Afterwards, two results for gq; are:

gyg =e20: (73)
011 = e?("): (74)

Deriving the Eq. (36) twice, and introducing these derivatives and v(r) of the mentioned equation in the Eq. (33),
the constants obtained are:

2r

2=
-C 2r+2 (75)
e-C1=—_cC2 (76)

Introducing the constants, Egs. (75) and (76) in Eq.(36), it is obtained:

2
(—r +722r 5 + 5 2 2](Zr +2)
r+ r+

v(r) :% (77)

r
Another solution to Eq. (33) would be:
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1, 1 1 Jr? +0%r2 Z9\r? 1 0207 - P
5 g 492 2,4 6
P =r70°—r°0" + 6" | _y_7r® —or*e? +71r%0* +736°

The above-presented solution, i.e. Eq. (78), is obtained by deriving the condition imposed on the vanishings, Eq. (32).
Incorporating derivatives and v(r) of Eq. (36) in Eq. (32), the following constants are obtained:

c1, 1, 1 1 N2+ 02r2 —o\r? + 0207 - -

ZIn| = r e- (79)
2| 8r°-r'0? —r?0* + 0° | | _J_7/% _or*0? 1 7120 + 736

(78)

_C2=r+e-

e-Cl=— C2 (80)

Equations (79) and (80) are introduced into Eq. (36) to obtain Eq. (78). .
Introducing derivatives and v(r) of Eq. (36) into Eq. (33), two expressions are obtained for e , one of them
being (the other expression is omitted since unwieldy):

e_Cl :—”_r—cz (81)

3. RESULTS AND DISCUSSION

The results obtained by modelling a hyperbolically symmetric and static geometric body simulating a possible
hypothetical wormhole with the Einstein field equations and with the boundary conditions imposed by Schwarzschild
for a spherically symmetric and static body, are displayed in the graphs presented in Figures 1 to 4. The graphs
present some of the possible illustrations, that is, models of the hypothetical wormhole in hyperbolic coordinates.

Figure 1(a) exemplifies the graph pertaining to Eq. (41) and obtained as a possible solution of the Ricci tensor of
the proposed metric. In Figure 1(b), the contour of the hyperbolic behaviour can be seen, while in Figure 1(c) the
contour plot of two-sheet hyperboloids is observable. In addition, Figure 1(d) displays a hyperboloid having two
sheets.

(d)

32

08
28 ¢ red

r, rad

Fig. 1 Views of wormholes obtained on the basis of one of the solutions to Einstein field equations: (a) 3D graph, cylindrical
coordinates and patch style; (b) 3D graph, contour style, boxed axes style; (c) a contour plot of two-sheet hyperboloids;
and (d) a two-sheet hyperboloid with filled regions, boxed axes style

ENGINEERING MODELLING 26 (2013) 1-4, 1-13 9



R.L. Corral-Bustamante, et al.:

Modelling a wormhole structure

Other views (models) of hypothetical wormholes are
obtained solving Eqg. (35), but which do not fulfill the
Schwarzschild boundary conditions at large distances
from the body producing gravitational effects in space-
time (see Figures 2(a) and 2(b)). Graph representing
Egs. (69) and (70) are presented in Figure 2(a), while
the Figure 2(b) contains graphs of Egs. (73) and (74).

Figures 2(a) and 2(b) are graphical views of one-
sheet hyperboloids resembling a wormhole with a tunnel
and an exit to two parallel universes.

(a)
6.x 107 1
4.x 10"
2.x 10"+
B.rad 01
-2.x 1071
4,‘]019_/
-6.x 10"
: : )

-3 qu“ -1. x102° 0 1.x10™2.x 10°3. x 10

L

L (Pe)"”
2 r(r—0)(r+0)

dr

1 (A4 (-0 +27)
2 rzfr—ﬁ) (r+0)

el A

(b) - R TS e T e e S e e T

e, Mot e et e e b‘b‘,.‘i_.‘k‘b‘-" w |
Lx10? 4= TR E R R e e e e kY
: AR AN LR R R R R TP
U Y RO RS A t‘lr‘-‘lr‘lr— s BE5Y
l\'ﬁ1bu TR R Y o ke
th‘b‘b‘bb R R e kR e R
5 % 10°1 CEEEEE R YRR R e bR Y
. EEEEEEEES e Y e bR e e
b‘t‘t‘b-‘»‘b‘u‘s‘s“ et Ce ke R e R e Y
EE R R R R B R e B R R N R
R L A R
I“\""ﬁ“"h‘h‘i‘ﬁ‘l";i’“h‘l"i‘l‘k‘b‘ﬁ‘l‘b‘k’k‘i‘i‘:
e e e e e R e e
R A R B R A el B R B
h‘c"\";"b‘r%"‘l"b‘ﬁ‘l O R R B r‘t'v'l"
la‘t'c‘lr‘li‘ilr‘t'ly‘l-‘\ R E RS YRR Y Y Y
TR B ALY Te ROV e R e
S P N R L AR S e e
PR STEEY N AR ERE R R R YRR
b e PR E YRR R e e Y

6, rad 0

R RN TR »‘u‘t‘u-‘r‘o‘-‘u‘ AR
PR AR e LR R R R e
SLx 107 e R TR e T R e e
kM eill“.‘irk‘!ibb‘k‘ﬁ‘k‘k‘r'\“\-'
' _;.w...n.a.‘u.‘..m S ..‘L‘;‘..‘L\....,"

-1. xnf’ —5.x|0E 0
r, ra

Fig. 2 Other views of hypothetical wormholes. Implicit graphs
obtained from: (a) two solutions to Einstein’s equations;
and (b) one solution to Einstein’s equations with the
proposed metric. Graphical views of one-sheet
hyperboloids resembling inter-womholes.

5.x108 lxm"
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Figure 3 is the graph of Eq. (77) and, as observable
from the Figure, for a large r, v(r) is very small and
this condition is true for one of the Schwarzschild
boundary conditions, namely, when v(e<)=0.

Thus, Figure 3 shows a horizontal wormhole
across the hyperboloid of a horizontal sheet.

Figure 4 shows the graph of Eq. (78) presenting it
as a view of a two-sheet hyperboloid: (a) with filled
regions; and (b) in line-style resembling a wormhole.

Introducing Eq. (81) in Eq. (36), v(r)=0 is obtained;

r_% from Eq. (81) for v(r)=0.
e-

It is concluded that, while in the Schwarzschild

consequently,

metric is found that v(r)=0 when r—-eo, we found for

our metric that v(r)=0 when r = . With both

e-“1i1

metrics e2V(N=0, as expected according to the

assumptions.

The gallery of graphs in Figures from 1 to 4 present
the views of hypothetical wormholes fulfilling thus the
main objective of this research consequently
representing an introduction to and a cornerstone of
the further inquiries into the possible contents of the
“exotic matter” situated in wormholes [5].

The results have given us the possibility to reach
some conslusions.

Namely, at large distances from the body
generating a hyperbolically, symmetric and static field
(r—eo), two terms tending to a unit and a constant of
finite value were obtained, allowing us to confirm that
the proposed metric leads to the Lorentz metric [15-
17] for a flat space-time, which is typical of the
Special Theory of Relativity [20].

Therefore, the mathematical model for the study of
curved space-time (structure of a wormhole) proposed
in General Relativity reduces to the Lorentzian metric
at sufficiently large distances from the body or bodies
generating gravitational fields that cause curvature. The
conclusion also gives a rather acceptable justification
of our study.

Finally, it is arguable that the Special Theory of
Relativity is actually a special case of the General
Theory of Relativity.
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4. CONCLUSIONS

@ [

v(r),

rad

] =

r, rad

(b) "

3% 10°% :

()

1.x 10714

2.% 10°%
" 5% 10714

1.z 10~
wr), rad 0~
viir), rad (4

-1.x10"%

-2.x10°% -5x 107

-3.x107%

-Lx10'4

— T T
L1 0 L1 210 3107

r, rad

b 400 00 o0 Jo0 3 200 b0 e 8ho
r, rad
Fig. 3 (a) Invested, one-sheet hyperboloid; (b) Enlargement of (a); (c) Another enlargement of (a) that coincidentally contains the

value of the slow rate of rotation of the semi-major axis of the planet Mercury (6 x 10-14 radians/second)

(a) (b)
2.8
6.5
0.8
15 rad g
-1.29
0, rad E
6.5
-3.24

TtffftlfrTf i1 rrrrgrs

11 -06 -01 0.4 09
r, rad

Fig. 4 Graphic of one quasi-exact solution of the Einstein field equations, in which the Schwarzschild boundary conditions are
satisfied: (a) 3D contour plot, filled regions; and (b) 3D graphics, cylindrical coordinates, line-style, boxed axes style

3.5 r, rad

solutions to the Einstein equations. Additionally, this
presents the basis for further thermodynamic study,

The modelling of the structure of a hypothetical heat transfer and fluids analysis of the possible “exotic

wormhole, from solutions to the Ricci tensor of
General Relativity, taking into account the
Schwarzschild solution and the calculation of the
Kretschmann invariant, resulted in "quasy-exact"

matter” that might exist in the field of quantum gravity,
what is in accordance with researches conducted by
other authors.
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The study of static body with hyper-cylindrical
coordinates allowed the simulation of the hyperbolic
cylindrical geometry similar to a wormhole using a
hyperboloid of one or two sheets.

From the results obtained from the graphs of the
structure of possible forms of wormholes, we can
conclude that the stated objective was achieved given
the fact that the results satisfy the Schwarzschild's
boundary conditions in the general solution, the most
often repeated solution among all of the possible
solutions to the Einstein field equations.

The metric proposed in the General Theory of
Relativity for the study of curved space-time reduces
to the Lorentzian metric at sufficiently large distances
from the body generating the gravitational field and
causing the curvature. We can conclude that the Special
Theory of Relativity is effectively a special case of the
General Theory of Relativity.
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MODELIRANJE STRUKTURE SVEMIRSKE CRVOTOCINE

SAZETAK

U ovome se radu nudi model hipotetske svemirske crvotocine napravijen uz pomo¢ nelinearnih jednadzbi visokog
stupnja slozenosti. Modeliranje svemirske crvotocine podrazumijeva kreiranje posebnog gravitacijskog polja s
hiperbolicko-simetricnim i staticnim geometrijskim tijelom stvorenim za hipercilindricnu i simetricnu masu u mirovanju
te njenu termodinamicku analizu. Prema metrici opce teorije relativnosti, kako bi se kratki tunel svemirske crvotocine
mogao izmodelirati, nuzno je definirati koordinate i kovarijantnu metriku cetverodimenzionalnog prostora koji se
sastoji od tri prostorne i jedne vremenske koordinate uz primjenu konvencije zbrajanja za ponavljajuce indekse u
sustavu s Cetiri generalizirane koordinate. Limitirajuca forma linijskog elementa za plosno prostor-vrijeme na
velike udaljenosti od izvora mora biti Lorentzova. Linijski element koji odgovara rjesenju ponudenom u ovome radu
treba ostati konstantan s obzirom na inverziju vremenskog intervala. Za potrebe modeliranja svemirske crvotocine,
uzeta je najjednostavnija kvadraticna skalarna invarijanta Riemannova tenzora - Kretschmannova invarijanta.
Nadalje, koristene su krivolinijske koordinate u kojima se metricke, tenzorne komponente nalaze van glavne
dijagonale te koje imaju nultu vrijednost zbog neodredenosti u prostoru. Metrika opce teorije relativnosti se moze
reducirati na plosnu metriku za promatraca u mirovanju koji je lociran u "beskonacnosti" kako bi se zanemarili
efekti uzrokovani gibanjem mase u gravitacijskom polju. Analizom rezultata dobiveno je kvazi-egzaktno rjesenje
Einsteinovih jednadzbi koje opisuju gravitacijsko polje u geometriji oblika hiper-cilindra koje slici tunelu svemirske
crvotocine. Naposlijetku, promatrana je i takozvana egzoticna materija za koju se smatra da se nalazi u tunelu
svemirske crvotocine te da ima ulogu u fenomenu prijenosa energije.

Kljucne rijeci: svemirska crvotocina, Einsteinove jednadzbe polja, metrika, kvazi-egzaktno rjesenje, hiperbolicka
geometrija.
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