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Abstract 

The present thesis deals with analysis and numerical simulation of a new class of 

wake flows created by combined recti-linear (translational) and rotational oscillation 

of a cylinder placed in a steady uniform flow. The flow is incompressible and two

dimensional, and recti-linear and rotational oscillations are harmonic. The instan

taneous translation and rotation start at the same moment and the development of 

the flow is studied in a coordinate frame which moves with the cylinder but does not 

rotate. The analysis is carried out for combined phase-locked translation and rotation 

with a single frequency. The results are presented for five set of the four dimension

less groups which characterize this flow. The resulting vortex formation modes and 

synchronization (lock-on) phenomena behind the cylinder (in the near-wake region) 

as well as the fluid forces acting on the cylinder are analyzed. In addition, a series 

of one-degree-of-freedom (1-DoF) forced vibration calculations are carried out to bet

ter understand what differences result from the addition of rotational oscillations to 

streamwise (in-line) or cross-stream (transverse) motion and to see which effects a 

transverse-only or in-line-only simulations miss. The numerical scheme is verified by 

applying it to the special cases of uniform flow past a stationary cylinder; a steadily 

rotating cylinder; a cylinder undergoing (1-DoF) forced (recti-linear or rotational) 

oscillations. Exceptionally good comparisons with previous experimental and numer

ical results are obtained. Furthermore, the simulations of the start-up flow for the 

case of combined (2-DoF) forced recti-linear and rotational cylinder oscillations at a 

moderate Reynolds number are consistent with the results of the analytical solution. 
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Chapter 1 

Introduction 

Flow around cylindrical body has been a research topic in fluid mechanics for decades 

because of its complex physical phenomena, such as separation and vortex shedding, 

and also its practical importance in many industrial fields. In practice, the prob

lem arise from the interest in predicting loads on structures due to the fluid motion. 

The study of vortex shedding from an oscillating cylindrical body has fascinated re

searchers for a long time. The occurrence of this flow phenomena is due to instabilities 

and depends on the geometry of the body and the Reynolds number. It has been the 

cause of flow-induced failure of structures in various fields of engineering. The study 

of periodic vortex shedding and wake development behind a cylindrical body remains 

one of the most challenging problems in fluid mechanics, since it can lead to better 

understanding of the cause of flow-induced vibration and its subsequent suppression 

and control. 

It is well known that at Reynolds numbers in excess of approximately 40 the wake 

of a cylindrical body in uniform flow consists of a Karman vortex street , the vortices 

1 
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being shed alternatively from either side of the body. As the vortices are shed, a 

periodic force is exerted on the body, whose component in the transverse direction 

(lift force) has the same frequency as the vortex-shedding cycle, while the component 

in the stream wise direction (drag force) has a frequency equal to twice the shedding 

frequency. Vortex shedding and the consequent fluctuating forces may cause flow

induced vibrations. In turn, a number of significant changes occur in both the wake 

structure and the dynamic of fluid forces acting on the cylinder when the cylinder 

oscillates. Thus, the flow-induced motion of a body in a free stream is important 

from the standpoint of fundamental research and in the design and maintenance of 

engineering structures. 

A common approach to studying fluid-structure interactions is to force the body to 

oscillate with a predefined motion that approximates the flow-induced motion. The 

wake of the oscillating body and the flow-induced motion are intrinsically interde

pendent; thus the relationship between these two factors is complicated and difficult 

to determine. Many investigations have been made of the near-wake flow structure 

subject to controlled one-degree of freedom (1-DoF) forcings. In general, relatively 

simple forcing methods on the cylinder have been employed e.g. in-line (stream

wise) oscillation [Griffin and Ramberg (1976), Ongoren and Rockwell (1988b), Badr, 

Dennis, Kocabiyik and Nguyen (1995b), Iliadis and Anagnostopoulos (1998), Mittal 

and Kumar (1999), Cetiner and Rockwell (2001), Guilmineau and Queutey (2002)]; 

transverse (cross-stream) oscillation [Bishop and Hassan (1964), Koopman (1967), 

Stansby (1976), Williamson and Roshko (1988) , Ongoren and Rockwell (1988a), Lu 
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and Dalton (1gg6), Blackburn and Henderson (1ggg), Carberry, Sheridan and Rock

well (2001)]; oblique translational oscillation at angles 0° < rJ < goo with respect to 

the free-stream [Ongoren and Rockwell (1g88b), Kocabiyik and Al-Mdallal (2003a ,b) 

and Kocabiyik, Mahfouz and Al-Mdallal (2004)]; and rotational oscillation about 

cylinder axis [Tokumaru and Dimotakis (1gg1); Beak and Sung (1ggs; 2000); Den

nis, Nguyen and Kocabiyik (2000), Mahfouz and Badr (2000), Cheng, Chew and Luo 

(2001), Beak, Lee and Sung (2001)] . In the cases of in-line and transverse oscillations, 

the cylinder oscillates translationally at an angle of 0° or goo with respect to the free 

stream, respectively. 

Despite the large number of papers dedicated to the problem of a cylinder vibrat

ing transverse to a fluid flow there is only one paper which also allows the body to 

perform rotational oscillations about its axis in a quiescent fluid (swimming motion): 

Blackburn, Elston and Sheridan (1ggg). In their work the incompressible Navier

Stokes equations were solved using a two-dimensional direct simulation technique. 

The numerical technique employs a spectral element spatial discretization in con

junction with a second-order time integration scheme based on operator splitting and 

backwards differencing. Their calculations were performed at the fixed values of the 

Keulegan-Carpenter ( UtT / d: period parameter) and Reynolds numbers for the trans

verse oscillation, KG= 1r and R = 200 x 2112 , respectively, where dis the cylinder 

diameter. Here Ut and T are the maximum transverse oscillatory velocity and the 

associated period of cylinder oscillation. The frequency of the rotational oscillation is 

the same as for the transverse oscillation, while the amplitude of the rotational motion 

is set so that the peak tangential speed on the surface of the cylinder is the same as 
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the peak transverse oscillatory speed. The transverse and rotational oscillations are 

out of phase and the phase angle between the two motions was set to 1r. In the work 

by Blackburn et al., the generation of streaming flow normal to the axis of transverse 

oscillation was reported. We note that for moderately low KG values, a cylinder 

oscillating in a quiescent fluid results in a streaming flow along the translation axis, 

with reflectional symmetry about this line (Tatsuno and Bearman (1990)). At higher 

KC, a variety of two-dimensional symmetry breaking bifurcations are observed in 

resulting flow patterns (Tatsuno and Bearman (1990); Williamson (1985)). 

Riley (1991) made a very careful numerical study to investigate the flow induced 

by a circular cylinder (placed in a quiescent fluid) performs, simultaneously and with 

a single frequency, transverse, torsional and axial vibrations. It was assumed that the 

three superposed oscillations are out of phase. For large values of a suitably defined 

Reynolds number, such a flow induces a steady streaming in the fluid that is confined 

in a thin boundary-layer at the cylinder surface. A collision of these steady-streaming 

boundary layers was investigated by Riley for small amplitude of transverse vibra

tions, resulting in jets of fluid erupting symmetrically from the cylinder surface along 

the axis of the vibration. The steady streaming associated with purely transverse 

vibrations of the cylinder is significantly modified by the presence of, and interaction 

with, torsional oscillations. As the amplitude of the torsional oscillations increases the 

jets are deflected, symmetrically, away from the axis of oscillation until they merge 

to form a single jet which is perpendicular to that axis. The direction, and there is a 

choice of two, of this jet depends upon the phase difference between transverse and 

torsional oscillations. The axial flow is unaffected directly by the torsional oscillations 
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of the cylinder whereas the interaction with the transverse vibrations does affect it. 

The interaction between the transverse and axial vibrations introduces a modification 

to the axial flow, which results in a steady streaming motion in the axial direction. 

The direction of this streaming, at any particular angular location, depends crucially 

on the phase difference between the transverse and the axial vibrations. Thus, Riley's 

work demonstrated that in the complete absence of transverse vibrations the flow is 

relatively uninteresting and phase difference between the three superimposed oscilla

tions play a crucial role in determining the flow structure. In Riley's work numerical 

solutions were obtained both infinite and large but finite Reynolds numbers using 

boundary-layer equations and viscous-inviscid interactive procedure. 

A literature survey reveals that there are no papers studying the more practical 

case of flow-induced vibrations in which a circular cylinder forced to move with the 

combined (2-DoF) forced recti-linear and rotational oscillations in a uniform flow. 

If both motions are simple harmonic, the flow is characterized by five dimensionless 

groups, which correspond to two sets of oscillation amplitudes and frequencies, and 

Reynolds number: (i) Reynolds number, R = Udjv; (ii) amplitudes of two simple 

harmonic motions, A and Bm; (iii) frequency ratios, f / fo and fo/ fo; where U is the 

free-stream velocity, d is the cylinder diameter, v is the kinematic viscosity of the 

fluid , and A, Bm and f , f 9 are the amplitudes and the frequencies of recti-linear and 

rotational displacements of the cylinder, respectively. The vortex shedding (Strouhal) 

frequency for the stationary cylinder is denoted by 2/0 and, dimensionlessly quanti

fied as the classical (natural) Strouhal frequency S0 = f0d/U so that S0 = 2/o i.e., 

fo = f0a/U where a is the cylinder radius. 
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In the case of a cylinder performing 1-DoF forced recti-linear or rotational cylin

der oscillations when the oscillation frequency is near the natural shedding frequency, 

fIfo ~ 1 or fIfo ~ 1 (for transverse or rotational oscillation) or twice the natural 

shedding frequency, fIfo ~ 2 (for in-line oscillation) vortices start shedding at the 

same frequency. Thus, in the forced wake flows vortex shedding is entrained by the 

cylinder motion i.e. , the vortex shedding frequency changes to match the cylinder 

forcing frequency. This is the lock-on phenomenon, where the self-excited oscillation 

synchronizes with the forcing frequency of the cylinder oscillation. The concept of 

vortex lock-on and the modes of vortex formation for the flows generated by 1-DoF 

cylinder motions are discussed in the comprehensive reviews of Sarpkaya (1979; 2004); 

Griffin and Hall (1991); Bearman (1984) ; Matsumoto (1999); Pier and Huerre (2001), 

Williamson and Govardhan (2004); in book chapters by Anagnostoppoulos (2002) 

and Zdravkovich (1997) and in a book by Sumer and Freds0e (1997) . 

Only one experimental study has been made on the (1-DoF) forced recti-linear oscil

lations of a cylinder at an arbitrary angle ry with respect to the free stream: Ongoren 

and Rockwell (1988b). Visual observations were made in the Reynolds number and 

frequency ratio ranges 584 ::::; R ::::; 1300 and 0.5 ::::; fIfo ::::; 4.0, respectively, at an

gle of inclination ry = 0° , 45°, 60°, 90° of cylinder oscillation with respect to the free 

stream. For most experiments, a constant value of dimensionless amplitude, A= 0.26, 

was chosen. They showed that if the cylinder is excited at an angle other than the 

cross-stream or streamwise direction, then there is mixed-mode excitation: the per

turbation from the cylinder motion contains both symmetrical and anti-symmetrical 
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contributions and the potential for exciting both types of modes. Moreover, these 

modes either can be synchronized, i.e. phase-locked, with the cylinder motion, or 

they can compete with each other. In their investigation, they addressed under 

which conditions these modes occur, for both synchronized and non-synchronized 

vortex formation. Particular remarkable finding by Ongoren and Rockwell is that 

the occurrence of synchronized vortex formation in the asymmetric mode when the 

cylinder motion produces purely symmetrical perturbations of large amplitude. Basic 

modes of vortex formation from the cylinder undergoing (1-DoF) forced recti-linear 

oscillations at angle rJ with respect to the free stream are summarized in Figure 1.1 

(see Ongoren and Rockwell (1988b), p. 227). The modes of vortex formation can be 

categorized into two basic groups: an asymmetric mode of vortex formation and a 

symmetric mode of vortex formation. There is a single symmetric 2S mode: a pair 

of vortices are shed in phase from both sides of the cylinder during one oscillation 

cycle (i.e., a clockwise rotating single vortex is shed from one side of the cylinder and 

a counter-clockwise rotating single vortex is shed from the other side of the cylinder 

during one oscillation cycle). There are three basic asymmetric, 2S, S+P and 2P, 

modes where S and P refer to a shed single vortex and a pair of shed vortices, re

spectively. In the asymmetric 2S mode there is alternate, out-of-phase shedding of 

vortices from either side of the cylinder over one or two periods of an oscillation cycle 

(i.e., a clockwise rotating single vortex is shed from one side of the cylinder and a 

counter-clockwise rotating single vortex is shed from the other side of the cylinder 

over one or two periods of an oscillation cycle). The asymmetric 2S mode over one 

oscillation cycle corresponds to the classical mode of vortex shedding leading to the 

formation of Karman vortex street. The other two asymmetric modes show period 
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doubling relative to the classical Karman vortex mode. These modes arise from the 

symmetrical perturbation component induced by oscillations at all inclination angles 

to the free-stream except goo. Moreover, the asymmetric 8+ P and 2P modes involve 

formation of counter-rotating vortex pairs. Specifically, in the asymmetric 8+P mode 

two clockwise rotating vortices are shed from one side of the cylinder and a counter

clockwise rotating single vortex is shed from the other side of the cylinder over two 

oscillation cycles; in the asymmetric 2P mode a pair of clockwise rotating vortices are 

shed from one side of the the cylinder and a pair counter-clockwise rotating vortices 

are shed from the other side of the cylinder over two oscillation cycles. According to 

the experimental work of Ongoren and Rockwell (lg88b) symmetric mode can occur 

at any value of inclination angle to the free-stream except goo. The asymmetric, 28, 

8+ P and 2P, modes over two oscillation cycles occur only for 0° ::; rt < 90° where 

there is a symmetrical component in the flow perturbat ion. In fact the effect of the 

symmetrical component of the perturbation is to double the period of the asymmet

rical vortex formation. The asymmetric 28 mode over two periods of the cylinder 

oscillation occurs only for 77 #- 0°. The asymmetric 8+ P and 2P occur only for 

77 = 0°. We note that generalization of occurrence of these modes are restricted to 

the relatively small amplitudes of cylinder oscillation. Ongoren and Rockwell (lg88b) 

showed that the cylinder at an angle other than 0° or goo can cause vortex lock-on. 

In their work it was reported that phase locking of vortex shedding with the cylinder 

motion is possible for all the modes described earlier. 

A class of flows which has not received attention until now is that created by a rigid 

circular circular cylinder moving with combined (2-DoF) forced recti-linear (in-line or 
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Figure 1.1: Representation of basic modes of vortex formation from cylinder oscillat
ing with 1-DoF at angle TJ with respect to the free stream. 
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transverse) and rotational oscillations in a uniform stream of viscous incompressible 

flow. The present thesis deals with this class of wake flows to analyze the vortex 

formation modes and synchronization (lock-on) phenomena behind the cylinder (in 

the near-wake region) as well as the fluid forces acting on the cylinder. The flow is 

incompressible and two-dimensional, and recti-linear and rotational oscillations are 

harmonic. The motion is assumed to be laminar and governed by the unsteady Navier

Stokes equations and the mass conservation equation. The associated conditions are 

no-slip and impermeability conditions on the cylinder surface and free stream condi

tions far away from the surface. 

The method of analysis adopted here is based on the use of truncated Fourier rep

resentations for the stream function and vorticity in the angular polar coordinate. 

Two types of solutions are obtained. A series expansion for small times is developed, 

using boundary-layer theory for impulsively started flows and an exact analysis. The 

initial flow is determined by means of analytical expressions. The governing N avier

Stokes equations are also integrated to obtain the velocity field for longer times using 

an accurate spectral-finite difference method, but with the boundary vorticity calcu

lated using global vorticity conditions, termed integral conditions rather than local 

finite-difference approximations. An implicit Crank-Nicolson method is employed 

in the time advancements and a second-order central difference scheme is used for 

spatial derivatives. The discretized nonlinear vorticity equations are solved using a 

Gauss-Seidel iterative method. It is shown that the correct satisfaction of integral 

conditions is the required condition to ensure that the pressure in the fluid is periodic 

in f) with 27r. Thus, the correct satisfaction of integral conditions is considered as a 
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very important part of the solution procedure since they ensure both the free stream 

is approached far from the cylinder and satisfaction of the physically essential results 

for the existence of the flow. Special care is taken to account for the impulsive start of 

the motion. This is done by implementing the special starting procedure using sim

ilarity coordinates later replaced by physical coordinates. The numerical technique 

has previously been described and applied to simulations of flows past a stationary 

cylinder; a steadily rotating cylinder; a cylinder undergoing (1-DoF) forced oscilla

tions: Collins (1971); Collins and Dennis (1973b); Badr and Dennis (1985); Badr, 

Dennis, Kocabiyik and Nguyen (1995b); Dennis, Nguyen and Kocabiyik (2000) to 

name a few. However, in these studies the calculations were carried out only for 

moderate values of the times (t ::; 40). In this thesis the numerical simulations are 

carried out for longer times (t ::; 120) to analyze the wake flow generated by combined 

(2-DoF) recti-linear and rotational cylinder oscillations. 

The numerical scheme is verified by applying it to the special cases of (i) a stationary 

cylinder (no forced oscillations) (ii) a steadily rotating cylinder (no forced oscilla

tions); (iii) a cylinder undergoing 1-DoF forced recti-linear oscillations at angles of 

0°, 60°, 90° with respect to the uniform free-stream. The numerical simulations are 

carried out at R = 100, 106, 103 for the case of a stationary cylinder and tested 

against existing numerical and experimental results. Good agreement with these 

results is found. The flow around a steadily rotating cylinder is calculated for the 

constant rotating rates n = 1, 3 at R = 500, 103 and good qualitative agreement with 

the findings of [Chou (2000): numerical] and [Badr et. al. (1990), Coutanceau and 

Pineau (1997): experimental] are foun~. The numerical simulations are carried out at 
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R = 855 under the same oscillation conditions as the experimental study of Ongoren 

and Rockwell ( 1988b) for the case of a cylinder undergoing 1-DoF forced recti-linear 

oscillations at angles of 0°, 60°, 90° with respect to the uniform free-stream. The 

resulting near-wake structures are compared with those obtained experimentally by 

Ongoren and Rockwell (1988b). Good qualitative agreement between these results is 

found. Furthermore, the numerical method is used to calculate the unsteady initial 

flow for the case of combined (2-DoF) forced recti-linear and rotational cylinder oscil

lations at a Reynolds number of R = 855 to check the analytical solutions obtained at 

small times. The surface pressure distribution is also calculated for the same (2-DoF) 

motion case to verify the correct implementation of the surface pressure periodicity 

in the numerical scheme for large values of the time. 

For the combined (2-DoF) forced recti-linear (in-line or transverse) and rotational 

cylinder oscillation case numerical simulations are carried out for combined phase

locked translation and rotation with a single frequency, i.e. , f = fo. It is assumed 

that the instantaneous translation and rotation start at the same moment and the 

development of the flow is studied in a coordinate frame which moves with the cylin

der but does not rotate. The calculations are performed for large values of the time in 

the cases R = 855 and A= 0.26: fIfo= 0.5, 1, 2, 3, 4 and em= 15°, 30°, 60°; 75°. 

The resulting vortex formation modes and synchronization (lock-on) phenomena be

hind the cylinder (in the near-wake region) as well as the fluid forces acting on the 

cylinder are analyzed. In addition, a series of 1-DoF forced vibration calculations 

are carried out to better understand what differences result from the addition of ro

tational oscillations to streamwise or cross-stream motion and to see which effects a 

transverse-only or in-line-only simulations miss. 



Chapter 2 

The formulation of the problem 

2.1 Basic equations and boundary conditions 

In this thesis we consider the unsteady motion of a viscous incompressible fluid past 

an oscillating circular cylinder of infinite length and constant cross-section. We take 

a Cartesian coordinate system (x, y, z) with origin fixed in the cylinder and the z

axis being the axis of the cylinder. The surface of the cylinder is enclosed by an 

impermeable boundary C. The cylinder is of radius a and is placed horizontally in 

a cross-stream of an infinite extend. The fluid moves past the cylinder with uniform 

velocity U in the positive x-direction of the Cartesian coordinates. At t* = 0, the 

cylinder suddenly starts to move with combined (2-DoF) harmonic oscillatory trans

lation and rotation. We note that t* denotes the t ime. We have assigned the imposed 

translational oscillatory motion along the translation axis at an arbitrary angle 77 to 

the free-stream direction, so that translational oscillatory motion has the form 

Y*(t*) = Ymcos(27rj*t*) , (2.1.1) 

13 
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while the rotational oscillatory motion of the cylinder about its axis is described by 

8*(t*) = -8m cos(27r !8 t*), (2.1.2) 

where f* and !8; Ym and 8m are, respectively, the frequencies and amplitudes of the 

two simple harmonic motions. Here Y* and 8* are, respectively, the instantaneous 

dimensional linear and angular cylinder displacement with counterclockwise rotation 

corresponding to positive d 8 * I d t* ( = n* ( t*)) and with upward rectilinear motion di

rection along the axis of oscillation corresponding to positive d Y * I d t* ( = V* ( t*)). 

The physical model and coordinate system considered is shown in Figure 2.1. 

V*(t*) 'fJ 

u y 

X 

Figure 2.1: The physical model and coordinate system 

The governing equations of motion for a viscous fluid are obtained by a consideration 

of the forces acting upon a fluid particle. The resulting momentum or Navier-Stokes 
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equations in dimensional form are 

(2.1.3) 

where the subscript I denotes the inertial frame of reference. Here iJ/ is the velocity 

vector, p* is the fluid pressure, p is the density of the fluid and v is the coefficient of 

kinematic viscosity defined by 

J.t 
ll =

' p 
(2.1.4) 

where J.t is the dynamic viscosity of the fluid. In addition to these equations, conserva-

tion of mass of the fluid gives rise to the equation of continuity. For an incompressible 

fluid this equation is 

v. iJ/ = 0. (2.1.5) 

Equations (2.1.3) and (2.1.5) together govern the unsteady motion of a viscous in

compressible fluid and must be solved subject to appropriate boundary conditions. 

For the flow past a cylinder these conditions are the no slip of the fluid on the cylinder 

surface and the fluid velocity approaching the uniform stream at large distances from 

the cylinder. 

It is well known that the major problem associated with a numerical computation 

of viscous flow around an oscillating cylinder is describing the boundary conditions 

at the continuously accelerating solid wall within a discrete finite difference or finite 

element grid system. To overcome this difficulty and achieve a fixed grid with respect 

to the cylinder, it is necessary to use a non-inertial reference frame attached to the 

cylinder so that the cylinder axis coincides with z-axis. The present study considers 

a frame of reference which translates and oscillates with the cylinder but does not 
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rotate relative to the cylinder, where the axes of inertial and non-inertial frames are 

parallel to each other as shown in Figure 2.2. 

The relation between the two frames can easily be obtained by considering any point 

p 

Figure 2. 2: Change of origin of coordinates. 

P which is located by the vectors '0* and f!u with respect to inertial and non-inertial 

frames, respectively. It is assumed that 0 1 and ON1 are, respectively, the origins of 

the inertial and non-inertial frames so that ONI is located by a vector (3--;. with respect 

to 0 1 . Thus the relation between the vectors '0* and fN1 is given by 

'0*(t*) = TNI(t*) + (3--:.(t*). (2.1.6) 

Since the origin ON1 is moving with respect to the fixed origin 0 1 the relation between 

the velocities relative to the two frames is obtained by differentiating (2.1.6) with 

respect to t* 

(2.1. 7) 

v/ = v!n + v;, 
where iJ/ and v;n represent velocities in the inertial and non-inertial frames, respec

tively, and v; represents the velocity of the moving frame (or the cylinder) with 

respect to the inertial frame. 
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By direct substitution of (2.1. 7) into the equations (2.1.3) and (2.1.5), we obtain the 

governing equations in the non-inertial reference frame as follows (after dropping all 

the subscripts) 

av* ( ... * n.) ... * ln. • 2 .... .... -- + v · v v = -- vp + v'V v +a av p ' 

v. v* = o, 

(2.1.8) 

(2.1.9) 

where the vectors v * and a* represent respectively the velocity in the moving frame 

of reference and the acceleration of the moving coordinate system. 

As the cylinder is of infinite length and constant cross-section, the flow is assumed to 

be two-dimensional in the xy-plane. The velocity and acceleration vectors are then 

of the form 

v* = (u*,v*, O) 

a*=-~~! = v•(t*)(cos(rJ) , sin(rJ), o). 

Here 

v; = ( -U- V*(t*) cos(7J) , - V*(t*) sin(7J) , 0), 

(2.1.10) 

(2.1.11) 

(2.1.12) 

and V*(t*) ( = d Y* / d t*) is the dimensional rectilinear oscillatory velocity of the cylin

der and V*(t*) = dV*/dt* . Throughout this thesis we use superscript dot to denote 

ordinary differentiation with respect to time. All quantities in these equations are 

dimensional, their dimensionless counterparts being given by 

v* = uv, (2.1.13) 

x* =ax, y* = ay, z* = az, t* = at/U. (2.1.14) 

Since the flow is assumed two dimensional in the xy-plane the equations (2.1.8) and 

(2.1.9), in the dimensionless form, become 

av ( ... n.)... ln. 2 " 2 ... ... -+ v · v v =--vp+-v v+a at 2 R ' 
(2.1.15) 
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V·v=O. (2.1.16) 

where v = (u,v,O) and \72 = 82 jox2 + 82 joy2
. Here u, v, pare functions of (x,y) 

and R is the Reynolds number defined by 

R = 2aU_ 
ll 

(2.1.17) 

The problem as formulated here involves three equations in the three unknowns u, v 

and p. The Poisson's equation for pressure can be obtained by taking the divergence 

of the momentum equation (2.1.15) and then using the continuity equation (2.1.16). 

The boundary conditions for this equation are the Neumann conditions obtained from 

the momentum equations. The difficulty in solving this equation numerically leads us 

to formulate the problem in terms of the stream function , 'lj;, and (negative) scalar 

vorticity , (, defined by 

a'I/J 
u(x,y) = oy' 

au ov 
((x,y) = oy - ox" 

(2.1.18) 

(2.1.19) 

As a consequence of two dimensional flow, the dimensionless vorticity vector, w, is 

given by 

W = V XV= (0, 0, -(). (2.1.20) 

The dimensional stream function and vorticity are given by 

'lj;* = 2aU 'lj;, (* = U (/2a. (2.1.21) 

It can be easily seen from equations (2.1.16) and (2.1.18) that the continuity equa-

tion is automatically satisfied by the stream function. Also, taking the curl of the 
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momentum equations eliminates the pressure from them and gives equations for 'lj; 

and ( in the form 

a( = ~ ( a2
( + a2

() + (a'lj; a(_ a'lj; a() 
at R a x2 a y2 ax ay ay a X ) 

(2.1.22) 

a2'lj; a2'lj; 
ax2 + ay2 = (. (2.1.23) 

The problem now consists of a coupling of two second-order nonlinear partial differ-

ential equations. 

The boundary conditions for 'lj; and ( must now be given. 'lj; and a 'lj; /an are known 

on the contour C of the cylinder, where a jan is differentiation in the normal direc

tion to the cylinder. Since the flow field is unbounded, conditions at infinity must be 

imposed. Generally these reduce to the fact that the asymptotic behavior of both 'lj; 

and ( is known as infinity is approached. If V denotes the infinite region outside the 

cylinder, then the conditions on 'lj; and ( are 

for t = 0 : ( = 0 throughout V , ( =J 0 on C, (2.1.24a) 

for t ~ 0 : 'lj; = 0, a'lj; = -O(t) on C 
an 

(2.1.24b) 

and 

a'lj; a'lj; . 
ay --+ 1 + V(t) cos(77), ax --+ -V(t) sm(77) as x2 + y2

--+ 00. (2.1.24c) 

We note that D U C forms the closure of the fluid domain. Here V(t) = V*(t*)/U 

and O(t) = O*(t*)a/U are the dimensionless recti-linear and rotational oscillatory 

velocities of the cylinder, respectively. Conditions (2.1.24b) and (2.1.24c) are the 

mathematical statements of no-slip and impermeablity conditions at the cylinder 
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surface and uniform flow at infinity, respectively. The use of the condition of uniform 

flow at infinity for impulsively started motion can be justified on the basis that the 

vorticity generated on the surface of the cylinder is diffused and convected away at 

finite rate. Thus after any finite interval of time, the uniform flow at infinity will 

remain undisturbed. Implicit in condition (2.1.24c) is that 

(2.1.25) 

which is obtained from the asymptotic form of the stream function at infinity 

't/J = (1 + V(t) cos(ry)) y- V(t) sin(ry) x (2.1.26) 

together with the stream function equation (2.1.23). 

The difficulty which accompanies the numerical simulation of stationary and mov

ing cylinders in uniform flow lies in the representation of the cylinder geometry to 

allow for accurate application of these numerical integration methods. The use of 

coordinate transformations and mapping techniques for this problem is possible and 

have been successfully used by numerous researchers [see for example, Jordan and 

Fromm (1972), Braza et al. (1986) and Badr and Dennis (1985)]. In this work modi

fied polar coordinates(~, B), where~= ln(r), are adopted by considering a conformal 

transformation of the form 

x + iy = exp(~ + iB) (2.1.27) 

which transforms the surface of the cylinder to ~ = 0 and the region outside the 

cylinder to the semi-infinite strip ~ > 0, 0 ~ () < 27f as shown in Figure 2.3. The 

same line segments () = 0, () = 27r ultimately approach the direction of the uniform 

stream as ~ -+ oo. 
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y 

e 

~ = 0 

X 

Figure 2.3: The Cartesian and modified Polar coordinate systems (left) and the trans
formed domain (right). 

The dimensionless velocity components ( u~) Ve) in the directions of increase of ( ~) e) 

are related to the stream function by 

- -~ a'lj; 
ve(~, e, t) - -e aC (2.1.28) 

The equation (2.1.19) for the vorticity then becomes 

(2.1.29) 

The component equations of momentum from (2.1.15) can be written in the form 

au~ +VB ( = _ e-~ a(p + lvl 2
) + 2 e-~ a( +a. e~ 

at 2 a~ R ae ' 

ave - u~ ( = - e-~ a(p + lvl2
) - 2 e-~ a( +a. ee 

at 2 ae R a~ 

(2.1.30) 

(2.1.31) 
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where 

a· e{ = V(t) cos(77) cos( B)+ V(t) sin(77) sin( B), 

a. ee = -V(t)cos(71) sin(B) + V(t)sin(77) cos(B) 

22 

and e{, e8 are the unit vectors in the ~, B directions respectively. However, the 

governing equations for '1/J and ( become 

2{ a( _ 2 ( a2 ( a2 ( ) a'l/J a( a'l/J a( 
e at - R ae + at12 + a~ aB - aB a~ ' (2.1.32) 

a2'ljJ a2'1/J 2 

ae + aB2 = e {( . (2.1.33) 

The no-slip and impermeability conditions at the cylinder surface become 

'1/J = 0, ~~ = -D(t) when ~ = 0. (2.1.34) 

The condition of the velocity approaching the uniform stream at large distances from 

the cylinder becomes 

e -{ ~~ ~ ( 1 + V ( t) cos ( 77)) sin B - V ( t) sin ( 77) cos B as ~ ~ oo, 

e -{ ~~ ~ ( 1 + V ( t) cos ( 77)) cos B + V ( t) sin ( 77) sin e as ~ ~ oo. 

We also have from equation (2.1.25) 

((~, e, t) ~ 0 as ~ ~ 00. 

(2.1.35a) 

(2.1.35b) 

(2.1.36) 

All flow variables must be periodic functions of the angular coordinate e with period 

2n. For the stream function and vorticity we then have 

((~, e, t) = ((~, e + 2 n , t), '1/J(~, e, t) = '1/J (~, e + 2 n , t). (2.1.37) 
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From the definition of the stream function (2.1.28) it is obvious that the velocity com

ponents u~ and vo are also periodic functions of() with period 27r. Since the difficulty 

in ensuring the pressure is likewise periodic in() arises only in asymmetric flows, care 

must be exercised in order for the pressure to remain periodic in () with period 27r for 

all t, this will be considered in Section 2.3. 

By examining the boundary conditions, we see that there are two conditions for the 

stream function on the cylinder surface while none for the vorticity. The absence of 

the surface vorticity condition causes a major difficulty in solving equations (2.1.22) 

and (2.1.23) [see for example, Peyret and Taylor (1983)]. In numerical computations 

it is common practice to estimate, in the course of iterative processes, the vorticity 

boundary values using equation (2.1.23) on the boundaries, taking into account the 

conditions for 'lj; and a'lj;jan given in (2.1.24b) and (2.1.24c). The convergence prop

erties of any computational scheme based on this approach strongly depend on the 

treatment which is adopted in approximating the vorticity boundary values. More

over, even when converging solutions are obtained, still great discrepancies of local 

and global quantities are found between apparently comparable calculations due to 

the existence of large velocity gradients near the cylinder surface. These computa

tional results can be understood by considering that the rate of change of the total 

vorticity in the fluid domain is controlled by the values of the gradient of the vorticity 

on the boundary. Dennis and Chang (1969), Dennis and Walker (1971), Glowinski and 

Pironneau (1979) and Quatapelle and Valz-Gris (1981) specified vorticity boundary 

values by complementing the vorticity transport equation (2.1.33) with conditions 

of an integral character, so that numerical solutions of vorticity stream function 
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equations can be obtained by means of finite differences [see for example Dennis 

and Quartapelle (1989)], finite elements [see for example Quartapelle and Napolitano 

(1984)] and spectral methods [see for example Dennis and Quartapelle (1983)]. In 

this work, global vorticity conditions, termed integral conditions are used to predict 

the surface vorticity. These integral conditions can be derived by applying the lo-

cal conditions for the stream function in Green's second identity for the Laplacian 

operator, namely 

(2.1.38) 

to the flow region V outside the cylinder following the work by Dennis and Quartapelle 

(1989) and Dennis and Kocabiyik (1991). Here the boundary S of the flow domain 

is the contour of the cylinder, C, together with a contour at a large distance from 

it, C00 , n refers to the outward normal to the boundary S of the flow domain, and 

s is measured along it. Choosing ¢ to be harmonic functions ¢ E {1, e-P€ cos(pB), 

e-P€ sin(pB), p = 1, 2, 3, ... } and using \72¢ = 0, (2.1.33), (2.1.34), (2.1.35a) and 

(2.1.35b) we arrive at the following integral conditions 

1
00 121r 

0 0 
e2€((~ , B, t)dBd~ = 2nD(t) , 

100 12

1r e(2-P)€((~, B, t) cos(pB)dBd~ = -2nV(t) sin(77)61,p, 

100 12

7r e(2-P)€((~, (}, t) sin(pB)d(}d~ = 2n(V(t) cos(77) + 1)61,p, 

for all integers p ~ 1 and bs,p is the Kronecker delta symbol defined by 

bs,p = 1 if S = p, bs,p = 0 if S =J p. 

(2.1.39a) 

(2.1.39b) 

(2.1.39c) 
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2.2 The method of analysis 

The method of analysis is based on the solutions of the unsteady Navier-Stokes equa-

tions by means of Fourier analysis. Two types of solutions are obtained. A series 

expansion for small times is developed using an exact analysis. The governing Navier-

Stokes equations are also integrated to obtain the velocity field by a spectral-finite 

difference method. The details of the method of solutions will be given in subsequent 

chapters. In this section we focus on the the method of analysis adopted by Collins 

and Dennis (1973a,b) and Badr and Dennis (1985) . A brief description is as follows. 

The periodicity condition on the vorticity ( and stream function '1/J given in (2.1.37) 

is implemented using a truncated Fourier series expansion 

1 N 
((~, () , t) c::: (N(~, () , t) = 2Go(~ , t) + L [Gn(~, t) cos(n()) + 9n(~, t) sin(ne)], (2.2.1a) 

n=l 

1 N 

'1/J(~, (), t) c::: '1/JN(~ , () , t) = 2Fo(~, t) + L [Fn(~ , t) cos(n()) + fn(~, t) sin(ne)], (2.2.1b) 
n=l 

where N is the order of truncation in the Fourier series and the functions Go, Gn, 

9n, F0 , Fn and fn are Fourier coefficients with independent variables~ and t . Substi-

tuting (2.2.1a,b) into (2.1.32) and (2.1.33), respectively, we obtain two equations in 

terms of '1/JN and (N, given in terms of their residuals as 

(2.2.2) 

(2.2.3) 

Substitution of the series given in (2.2.1) in equations (2.2.2) and (2.2.3), and following 

the works of Collins and Dennis (1973b), and Badr and Dennis (1985) we obtain the 
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following set of differential equations for the coefficients of (N and 7/JN, after the 

standard use of orthogonal functions, 

(2.2.4a) 

(2.2.4b) 

(2.2.4c) 

a2 
f n 2J _ 2€ 

a~2 - n n - e 9n, (2.2.5a, b, c) 

where 

(2.2.6) 

and 

N { agm aGm aFk aFt 
7: = "" [lfl - kfk]- - [(m- n)Fk- lFl]-- mG [- - -] 

n ~ a~ a~ m a~ a~ 

- mg sgn(m-n)---[ 
ajk ajl] } 

m a~ a~ . (2.2.7) 

for all integers 1 :S n :S N with k = lm- nl and l = m + n . Here, fo and 9o are 

identically zero. Equations (2.2.4) and (2.2.5) define two sets of 2 N + 1 differential 

equations produced originally from (2.2.2) and (2.2.3), respectively. These two sets 

of equations will be solved simultaneously at each time step in order to determine ( 

and 7/J . The boundary conditions associated with equations (2.2.4) and (2.2.5) follow 

directly from (2.1.34)-(2.1.36) and (2.1.39) . At the cylinder surface, when~= 0, the 
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equations must be solved subject to 

Fo = Fn = fn = O~n = %n = 0, 
0~0 = -2r2(t), (2.2.8) 

for all integers 1 :::; n :::; N and as ~ --+ oo 

(2.2.9a) 

(2.2.9b) 

(2.2.9c) 

for all integers 1 :::; n :::; N. 

Integrating both sides of each of the equations (2.2.5) with respect to ~ from ~ = 0 

to ~ = oo , after multiplying both sides of equations (2.2.5b) and (2.2.5c) by e-n~ 

(n = 1, ... , N), gives the following integral conditions 

100 

e2~G0 (~, t)d~ = 21rn(t), 

100 

e(2-n)~Gn(C t)d~ = - 27rV(t) sin(ry)<h,n, 

100 

e(2-n)~gn(~, t)d~ = 21r(V(t) cos(ry) + 1)<h,n, 

for all integers 1 :::; n :::; N. 

(2.2.10a) 

(2.2.10b) 

(2.2.10c) 

Furthermore, an initial condition is necessary to obtain the numerical solutions of 

(2.2.4) and (2.2.5). Boundary-layer theory for impulsively started flows is used to 

provide this by introducing the boundary-layer coordinates (z, (), t) and using the 

following transformation 

1 
~ = kz, 7/J = k'I!, ( = wjk, k = (8t/R) 2. (2.2.11) 



Chapter 2. The formulation of the problem 28 

This transformation maps the initial flow onto the scale of the boundary-layer thick-

ness, k, and has been used by several researchers, some of which include Collins and 

Dennis (1973a), Badr and Dennis (1985) , and Dennis, Nguyen and Kocabiyik (2000). 

The Fourier coefficients for w and w are related to the Fourier coefficients for ( 

and 'ljJ as follows 

(2.2.12) 

for all integers 1 ::::; n ::::; N. Consequently, the corresponding equations for (2.2.4) and 

(2.2.5) in the boundary-layer coordinates are given by (suppressing all stars) 

8Go - 2kz 8
2
Go 8Go - 2kz ~ {) ( G ) 

4t[ft = e {)z2 + 2z {)z + 2Go + te ~ m {)z Fm9m - fm m , 

m=l 

(2.2.13a) 

(2.2.13b) 

(2.2.13c) 

and 

02 
Fo _ 2kzG 

{)z2 - e o, 
0

2 
Fn _ 2k2 fi' _ 2kzG 

{)z2 n rn- e n 

for all integers 1 ::::; n ::::; N. Here Sn and Tn are the same as (2.2.6) and (2.2.7) 

with~ replaced by z and all unstarred functions Fn, fn, Gn, 9n replaced by starred 

functions F~ , f~, G~, g~, respectively. The boundary conditions associated with 

equations (2.2.13) and (2.2.14) are 

F0 = Fn = fn = oFn = ofn = 0, a;;zo = -2D(t), when z = 0 
{)z oz u 

(2.2.15) 
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and as z --+ oo 

and 

k -kz D -kz8Fo O 
e ro, e az --+ ) k -kz D -kzOFn V( ) · ( )1: e rn, e OZ --+ - t Slll TJ Un,l, 

100 

e2kzG0 (z, t)d~ = 21rrl(t), 

100 

e(2-n)kzGn(z, t)dz = -27rV(t) sin(ry)81,n, 

100 

e(2-n)kzgn(z,.t)dz = 21r(V(t) cos(rJ) + 1)8l,n, 

29 

(2.2.16a) 

(2.2.16b) 

(2.2.16c) 

(2.2.17a) 

(2.2.17b) 

(2.2.17c) 

for all integers 1 :=:; n :=:; N. Closely following the methodology of Collins and Dennis 

(1973a), and Badr and Dennis (1985), the initial solutions for Fo, Fn, fn, Go, Gn and 

9n at t = 0 are obtained as follows 

G0 (z, 0) = Jrrn(O)e-z
2

, Gn(z, 0) = - ~ V(O) sin(rJ)e-z
2 
On,l' (2.2.18a, b) 

9n(z, 0) = ~(1 + V(O) cos(TJ))e-z
2 
On,1 ; (2.2.18c) 

1- e-z2 
F0(z, 0) = -n(o) [ ..fi + z(1 - erf(z) )], (2.2.18d) 

1 2 
Fn(z , 0) = -2V(O) sin(rJ)[zerf(z) + ..fi(e-z - 1)]8n,l, (2.2.18e) 

1 2 
fn(z, 0) = 2(1 + V(O) cos(rJ))[z erf(z) + ..fi(e-z - 1)]8n,l (2.2.18f) 

for all integers n 2:: 1. Here, rl(O) and V(O) are initial oscillatory velocities of the 

cylinder at t = 0. The use of initial solution (2.2.18) is essential for obtaining accu-

rate results at small times. 
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It is noted that the equations (2.1.32) and (2.1.33), and the conditions (2.1.34), 

(2.1.36), (2.1.37) and (2.1.39) can be written for w and W in the boundary-layer 

coordinates as follows 

82
w 2 2kz ( Ow ) _ 4 ( 2kz OW OW OW _ OW OW) _ k2 8

2
w 

fJz2 + e z f}z + w - t e at + f)() f}z f}z f)() fj()2 ' 

fJ2w + k2 fJ2w = e2kzw 
fJz2 f)()2 

and 

w = 0, 
ow 
f}z = -D(t) when z = 0, 

w ~ 0 as z ~ oo, 

w(z, () , t) = w(z, () + 21f, t), w(z, (), t) = w(z, () + 21f, t), 

roo 127r Jo 
0 

e2kzw(z, e, t)d()dz = 21rD(t), 

1
00 r27r 

0 

Jo e(2-p)kzw(z, (), t) cos(p())d()dz = -21rV(t) sin(ry)op,1 , 

1
00 127r 

0 0 

e(2-p)kzw(z, e, t) sin(pB)dBdz = 21r(V(t) cos(ry) + l)op,1 , 

(2.2.19) 

(2.2.20) 

(2.2.21) 

(2.2.22) 

(2.2.23) 

(2.2.24a) 

(2.2.24b) 

(2.2.24c) 

for all integers p 2:: 1. The initial expressions for w and W at t = 0 can be obtained 

from (2.2.19) and (2.2.20) and are given by 

2 -z2 

w(z, (), 0) = ~ (D(O)- 2 V(O) sin(ry)cos(B) + 2 (V(O) cos(ry) + 1) sin( e)), 

(2.2.25) 

w(z, e, 0) = [2 V(O) sin(ry) cos( e) - 2 (V(O) cos(ry) + 1) sin(()) - D(O)] 

[ 
1 -z

2 l x --; - z erf(z) - z D(O). 
(2.2.26) 

The mathematical derivations of these expressions and their forms in terms of Fourier 

components (Fo, Fn, fn, Go, Gn and 9n) are given in Appendix A.l. 
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2.3 Pressure distribution over the cylinder surface 

The dimensionless pressure distribution over the cylinder surface is defined as 

_(e) = Po(e, t) - Po(o, t) = (e t) _ (o t) Po p u2 / 2 Po , Po , , 

where p0 represents the dimensionless pressure at ~ = 0. 

Applying the 0-momentum equation given in (2.1.31) on the cylinder surface and 

using the boundary conditions '1/J = 0, &'!j;/&~ = -rl(t) when~= 0, we obtain 

~~~ =-~ ~(~ +2 [v(t)sin(77)cos(O)- V(t)cos(77)sin(O) -D(t)J. (2.3.1) 
~=0 ~ ~=0 

Integrating (2.3.1) with respect toe from e = 0 to an arbitrary angle e gives 

p0 (0) = -
4 fe (~()I d0+2[V(t) sin(O)+V(t) cos(77)(cos(0)-1)-D(t)e]. (2.3.2) 

R Jo u~ ~=0 
Substituting the Fourier expansion (2.2.1a) for ( and 21r for e in (2.3.2) we see that 

the periodicity of the surface pressure requires that 

which may be written as 

2 &Go · 
--(0 t) + 2rl(t) = 0 
R &~ , ' 

&Go · 
0~ (0, t) = -Rrl(t). 

(2.3.3) 

(2.3.4) 

Alternatively, following the methodology of Badr and Dennis (1985) it can be shown 

that the condition (2.3.4) is implicitly satisfied by the satisfaction of the integral 

condition (2.2.10a) correctly in the numerical solution procedure. To see this we 

integrate equation (2.2.4a), with respect to~ from~= 0 to~= ~oo 

:t [1~= e2~Go d~J = ! ( 0~0 ~ - -
0~0 I_) + t m (Fm9m- fmGm) ~=~oo , 

o ~-~oo ~-0 m=l ~=0 

(2.3.5) 
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where ~oo is the value of~ at which the conditions 9n(~00 , t) = 9n(~00 , t) = 0 are as

sumed. Thus, (2.2.10a) is established for any value oft by replacing the upper limit 

by ~oo at any t provided that the value of the outer boundary ~oo is chosen so that 

the vorticity, by the mechanism of convection, does not reach the outer boundary. 

Thus (2.3.5) reduces to (2.3.4) and hence the correct satisfaction of (2.2.10a) is there

quired condition to ensure that the pressure in the fluid is periodic with period 27f in e. 

The periodicity result of the pressure on the surface of the cylinder can be extended 

to all the flow domain points since the pressure at any point in the flow domain 

can be obtained from the surface pressure. This can be done by integrating the mo

mentum equation (2.1.30) in the radial direction with respect to ~ from ~ = 0 to ~ 

and then using the fact that '1/J, ( and the surface pressure are all periodic functions 

in () with period 2n. Thus, all the periodicity conditions of the problem are satis

fied. In this sense we consider the satisfaction of (2.2.10) as a very important part 

of the solution procedure. The condition (2.2.10a) must be satisfied to ensure that 

the periodicity conditions are satisfied. The conditions (2.2.10b,c) ensure that the 

free stream is approached far from th~ cylinder just as the satisfaction of (2.2.10c) 

when V(t) = 0 gave this assurance in the uniform translation case without oscillation 

(i.e. V(t) = O(t) = 0: Collins and Dennis (1973a,b)). Lastly, Dennis and Kocabiyik 

(1990) have shown that imposing (2.2.9) is inadequate, rather what must be enforced 

is that the vorticity decays rapidly enough. This can be achieved by examining the 

asymptotic solution for (. 

It is noted that a numerical solution to the Navier-Stokes equations (vorticity /stream 
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function formulation) was reported by Lugt and Haussling (1974), who studied the 

problem of flow development for abruptly accelerated elliptic cylinder at 45° incidence 

for the Reynolds number values in the range 15 to 200. Comparisons between the ob

tained location of the first vortex and the flow visualization results reported by Honji 

(1972) show good agreement. However, the surface pressure distribution reported 

in Lugt and Haussling's paper shows some discrepancies since the pressure periodic-

ity is not fully satisfied ( p0 (0) =f p0 (2rr)). The same problem was also reported by 

Pannikker and Lavan (1975) . 

2.4 The drag, lift and moment coefficients 

The main forces exerted on the cylinder surface are represented by the drag, lift and 

moment coefficients, defined as 

D 
CD= -U2 , p a 

L 
CL= -

pU2a' 
M 

eM= 4 2 '*' 7rJ-W J(} 

(2.4.1) 

where D, L and M are the drag, lift and moment forces exerted on a unit length 

of the cylinder respectively. Drag and lift forces consist of components due to the 

frictional forces and the pressure where the dimensionless viscous and pressure drag 

coefficients, CDF and CDP, are given by 

2 r7r 
CDF = R Jo (I~=O sin(B)dB, (2.4.2) 

-2127r 8( I . 
CDP = R IJC sin BdB- rrV(t) cos(77), 

0 <, ~=0 

(2.4.3) 

respectively, and the dimensionless viscous and pressure lift coefficients, CLF and 

CLP, are given by 

(2.4.4) 
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21271" 8( I . CLP = R f}C cos(B)dB- 7rV(t) sin(TJ), 
0 ., ~=0 

(2.4.5) 

respectively. The mathematical derivation of the these formulas is given in Appendix 

A.2. Consequently, the lift and drag coefficients are given by 

(2.4.6) 

Thus, the total drag and lift coefficients can be rewrit ten in terms of the Fourier 

coefficients as 

2 7!' ( 891 ) . CD= R 91(0 , t)- 8[(0, t) - 7rV(t) cos(TJ), (2.4. 7) 

2 7!' ( fJG1 ) · . CL = -R G1 (0, t)- f)~ (0, t) - 7rV(t) sm(TJ). (2.4.8) 

Here CDF, CDP, eLF and CLP are defined by 

271' 
CDF = R 91(0, t), (2.4.9) 

2 7!' 891 . 
CDP = -R f)~ (0, t)- 7rV(t) cos(TJ), (2.4.10) 

271' 
CLF = -R G1(0, t), (2.4.11) 

2 7r fJG1 · . 
CLP = R f)~ (0, t) - 7rV(t) sm(TJ). (2.4.12) 

The time-averaged drag coefficient is calculated by 

_ 1 lto+nT 
CD= -T CD dt, 

n to 
(2.4.13) 

where T is the oscillation period defined by 

T= 1/f (2.4.14) 
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and n is the number of periods taking into account. Thus the time period between 

t0 and t 0 + nT is taken after reaching the quasi-steady state and covering more than 

one cycle of cylinder oscillation. 

The mathematical derivation of the formula for the moment coefficient, 

1 12
71" O(t) 

eM=-- Cl~=ode--, 
47r fe o fe 

(2.4.15) 

is given in Appendix A.2 which can be rewritten in terms of the Fourier coefficients 

as 
1 O(t) 

CM = --Go(O,t)--. 
4fe fe 

(2.4.16) 
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Determination of the initial flow 

As we mentioned earlier one of the basic difficulties in the direct use of numerical 

methods is the specification of the initial conditions corresponding to the impulsive 

start. In fact the most troublesome flow to calculate is the initial flow because of 

the rapid diffusion of vorticity into the flow field throughout the initial stages of the 

motion. In this chapter solutions for 'ljJ and ( in the form of time series, valid for small 

times after the impulsive start , are obtained for both the boundary-layer case and 

for finite Reynolds numbers using an exact analysis. The essential point here is that 

the small time series expansions can be used to check the accuracy of the numerical 

results at small times. These analytical solutions could be used to start the numerical 

integration procedure without the necessity of taking a large number of time steps 

near t = 0. 

3.1 Explicit expansions for the scaled stream func

tion and vorticity 

The initial flow is governed by the usual boundary-layer theory in which a layer of 

thickness (t/ R) 112 surrounds the cylinder following the sudden start. We therefore 

36 
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use the initial solutions (2.2.25) and (2.2.26) for w(z, (J, 0) and 'l!(z, (J, 0) are obtained 

based on boundary layer theory, using (2.2.11), to build up a perturbation solution in 

powers oft following the methodology of Collins and Dennis (1973a). The expressions 

for the scaled stream function W and w can be made in powers of both k and t as 

follows 

00 00 00 00 

w(z, e, t) = L L Wn,m(z, (J)tmkn, 'l!(z, e, t) = L L Wn,m(z, (J)tmkn. (3.1.1) 
n=O m=O n=Om=O 

If we substitute expressions (3.1.1) into the equations (2.2. 19) and (2.2.20) and then 

equate the coefficients of the successive powers of k and t to zero we obtain equations 

for both Wnm and Wnm 
' ' 

fJ
2
Wn m fJwn m [ ( )] ( ) {) ; + 2z-);l-'- - 4m + 2 n - 1 Wn m = Rn m z, (J , 
z uz ' ' 

(3.1.2) 

(3.1.3) 

where 

o ( (J) = _ fJ
2
Wn-2,m 

~ \-rl.,m Z' [)()2 
n-

1 
[ (2z)n- q { fJwq ,m }] 

-2 ~ (n _ q)! z--a;- - (2m+ q- 1)wq,m) 

+ t [4 33 { a:;·j fJwn-~;-j-1 - a::·j fJwn-~;-j-1 }]· 
q=O J=O 

(3.1.4) 

In these equations the functions with a negative subscript are taken to be identically 

zero. The associated boundary and integral conditions on W n,m and Wn,m are deduced 

from (2.2.21)-(2.2.24), by replacing exponential term by its power series and using the 

expansions in (3.1.1) and the small time series expansions for oscillatory velocities 

00 00 

V(t) = L <Jmtm, (3.1.5) 
m=O 
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where am, Clm E R They are given by 

Wn,m = 0, 
OWnm 

0
' = -amb'no when z = 0, 

z ' 
(3.1.6) 

Wn,m ---+ 0 when z ---+ oo, (3.1.7) 

rXJ r27r [ n (2z)n- q l 
Jo Jo L (n _ )!Wq,m dBdz = 27ramb'n,o, 

0 0 q=O q 
(3.1.8a) 

roo r27r [ n ((2-l)z)n-q l . 
Jo Jo ~ (n _ q)! Wq,m cos(le)dBdz = -271' sm("7)CJmb't,lb'n,o, (3 .1.8b) 

roo r27r [ n ((2-l)z)n-q ] · 
Jo Jo ~ (n _ q) ! Wq,m sm(te)dBdz = 271' [cos("7)CJm + b'm,o] 61,16n,O· 

(3.1.8c) 

We note that equations (3.1.2) and (3.1.3) are those considered by Collins and Dennis 

(1973a) in the case of the sudden translation of a circular cylinder without oscillations. 

In the present case oscillation of the cylinder enters through the coefficients CJm and 

am in the small time series expansions (3.1.5) for oscillatory velocities V(t) and O(t) 

and they appear in the boundary and integral conditions (3.1.6)- (3.1.8) 

3.2 Reduction of the scaled stream function/vorticity 

equations to component form 

The periodicity of Ill and w in e with period 27r given in condition (2.1.37) implies 

periodicity of the functions Wn,m and Wn,m appearing in the coefficient of tmkn in the 

series (3.1.1). Thus, Wn,m and Wn,m can be decomposed into a finite set of Fourier 
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cosine and sine components in the coordinate () such that 

m+l 
Wn

1
m(z,()) = L [G~~m(z)cos(p()) + g~~m(z)sin(pe)] , (3.2.1) 

p=O 

m+l 
Wn

1
m(z, ()) = L [F~~m(z) cos(p()) + f~~m(z) sin(pe)] . (3.2.2) 

p=O 

The equations and conditions for which the Fourier cosine and sine components, 

G~m(z), F'!:m(z) and 9~m(z), f!:m(z), can be obtained by substituting (3.2.1) and 
, ' , ' 

(3.2.2) in (3.1.2)-(3.1.8) and using standard orthogonality conditions. Rotational os

cillation of the cylinder appear only in the terms (when p = 0) in these expansions. 

The solutions for each Wn
1
m and W n

1
m can be determined by solving 4m + 6 ordinary 

differential equations for G~~m(z), FJ:Im(z) and g~~m(z), f!:lm(z). These components 

satisfy a typical set of ordinary differential equations of the form 

d
2
Yh 1m dY!: 1m [ ] p _ ;::np 
d 2 +2z-d- - 2n+4m-2Ynm-Rn m' z z I I 

(3.2.3) 

d2 XP n (2z)n- s 
nlm 2 xp "'""' ys 

-d-z-'-2 - = P n- 21m + ~ ( n _ s)! n1m 
s=O 

(3.2.4) 

where the functions Y!:_ m and Xf:. m represent either G~ m and FJ: m or g~ m and f!: m. 
J I I t I J 

Here "R!:Im represents Fourier sine and cosine components, RC~~m and RS~~m ' in the 

Fourier series expansion for Rn
1
m defined in terms of equation (3.1.4) 

m+l 
Rnlm(z, e) = RC~Im(z) + L [RC~Im(z) cos(p()) + RS~Im(z) sin(pe)] (3.2.5) 

p = l 
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and are given by 

RC~m = 
' 

n-1 [ (2 )n-q { dGO } ] n m-1 m1 
-2 ~ (n z_ q)! z d:m -(2m+ q- 1)G~,m + ~ f; ~ 2s 

X q,j dz q,j dz q,j dz gq,j dz ' [
F 8 dg~ _ G 8 dg _ f 8 dG~ + 8 dF~l 

(3.2.6a) 

RC~,m ~ p2 9~-2,m - 2 ~ [ ~ZT;)q! { Z d~:m - (2m + q - 1 )g;,m}] + Al~,m + A2~,m 
(3.2.6b) 

and 

p - 2 p Z q,m p p p n-
1 

[ (2 )n-q { dGP } ] 
RSn,m- p Gn- 2,m -2 ~ (n _ q)! z~- (2m+ q- 1)Gq,m + B1n,m + B2n,m 

(3.2.6c) 

where A1~m' A2~m ' B1~m and B2~m are defined by 
I I I I 

4 pP __ v _ GP __ v 

l 
m-

1 
n [ dGo dFo] 

Al~,m ~ p ;~1 ~ q,; dz q,; dz 
if 1 ~ p ~ m 

A2P = n,m 

elsewhere 

{

m-1 m2 n [ d s-p dfB- P dGs- p 
~~ 2s ~ ps .~-G8 ._v __ r .-v 
L.....t L.....t L.....t q,J dz q,J dz q,J dz 
j=p s=M1 q=O 

s dj~-p] } - { m-p- 1 rna n [ s dg~+p 
+ 9q,j dz L L 2s L Fq,j dz 

j=O s= 1 q=O 

-cs ._:l_·v--r.--v-+ s ._v_ + df8+p dG8+P dFs+Pl } { mL- 1 
q,J dz q,J dz gq,J dz . 

J=O 
m4 n [ d p-8 dfp-s dFp-s 
~ 2s ~ F8 .~ - G8 . _:J_·v __ s._v_ 
L.....t L.....t q,J dz q,J dz gq,J dz 

s=M: dG~~~] } 
+fq,j~ 

0 

(3.2.7a) 

if 2 ~ p ~ m + 1 

elsewhere 

(3.2.7c) 
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I 
m-

1 
n [ dFo dGol 4 P v jP v Bl~.m ~ p j~l ~ g,,; dz - q,j dz 

if 1 ::; p ::; m 
(3.2. 7b) 

elsewhere 

and 

{
m-1 m2 n [ dfs p d s p dQs p 
~~2s~ gs .~-r. gv- _ps . v-
L..._; 6 6 q,J dz q,J dz q,J dz 
j=p s=M1 q=O 

dFv l} {m-p-1 rna n [ dfs+p 
Gs s- p ~ ~ 2 ~ s './ v + q,j~ - L..._; L..._; s L..._; gq,j~ 

j=O s=1 q=O 

B2P = n,m 

dgs+p dQs+P dFs+pl} {m-l -r.-v __ ps ._v_+Gs. v + ~ 
q,J dz q,J dz q,J dz 6 

j=O 

~ 2s ~ [ s .dg-s- r . dg~-s + ps .dc~-s 
6 6 gq,J dz q,J dz q,J dz 

s=M3 dF;~s l } 
-Gs. v 

q,J dz 

if 

0 elsewhere 

(3.2.7d) 

Here m 1 = min(j + 1, m- j), m2 = min(j + 1, m- j +p), m 3 = min(j + 1, m - j - p), 

m4 = min(j+1,p- 1) , v = n - q,m- j - 1, M1 = max(1,p+1), M3 = max(1,p+j - m) . 

It is noted that a special care must be exercised in determining the exact expressions 

(3.2.6) for the functional coefficients, RC~,m' RC~,m, RS~,m' of periodic terms in 

(3.1.4). This is due to the nonlinear term 

m-1 { } L OW q,j OWn- q,m- j- 1 _ OW q,j OWn- q,m- j-1 
oB oz oz oe , 

j=O 

in the expression (3.1.4) for Rn,m(z, B). To do this we use an analysis similar to 

convolution analysis [see for example Vretblad (2003)]. The details are not given 
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because they are complicated and require use of formulas given in Appendix B.l. 

The boundary conditions utilized in conjunction with (3.2.3) and (3.2.4) are the 

transformed conditions (3.1.6)-(3.1.8) after (3.2.1) and (3.2.2) have been applied. 

This gives 

X~m(O) = 0, 
' 

-' (0)= ' ' 
dX.nPm {-am On o Op o, if 

~ 0 il 

Y~ m -t 0 as z -t 0, 
' 

where 

r >O ~ ((2 - p)z)n- s GP (z)dz if 
Jo L......J (n - s)! s,m 0 s=O 

1oo Ln-1 ((2 _ p)z)n-s P ( )d 

( )' 
9s,m Z Z 

0 n- s . 
s=O 

if 

vp -FP A.nm- nm 
' ' 

X.P - jP n,m- n,m 

Y p - GP n,m- n,m 

YP - gP n,m- n,m 

YP - GP n,m- n,m 

YP - gP n,m- n,m· 

(3.2.8) 

(3.2.9) 

(3.2.10) 

The procedure is to solve equations (3.2.3) and (3.2.4) successively subject to the 

boundary and integral conditions (3.2.8)-(3.2.10) . The method of solution and some 

analytical results will be given in subsequent sections. 

3.3 Exact solution of the governing equations in 

their component form 

A solution of (3.2.3) which satisfies (3.2.9) and (3.2.10) is found by combining a par-

ticular solution of the full equation with a solution of homogenous equation obtained 
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by putting RZ:.,m = 0 in (3.2.3) . The homogeneous solution of equation (3.2.3) is 

obtained using Yi:,m(z) = e-112zYh(z) to transform the homogenous form of (3.2.3) to 

d2Yh Z2 

dZ2 - ( 4 + a)Yh = 0 (3.3.1) 

where Z = Vii z, a = 2m+ n- ~· This is the well-known differential equation [see 

Abramowitz and Stegun (1972), p. 687] whose solutions are the parabolic cylinder 

functions, U(a, Z) and V(a, Z), defined by 

U(a, Z) 

V(a, Z) 

Here erfc is the complementary error function defined by 

2100 

2 erfc(z) = - e-s ds. 
7r z 

Thus 

Yh(z) = 0 1 U(a, Z) + C2 V(a, Z). (3.3.2) 

Particular solution of the full equation (3.2.3) is determined by using the method 

of variation of parameters. These equations (3.2.3) can now be solved explicitly by 

repeating the process 2m + 1 times unt il all the Fourier components, G~,m and g~.m, 

of wn,m, are completely determined. The solution for corresponding stream function 

components, Wn,m, is found by simply integrating equation (3.1.3) twice with respect 

to z and then applying (3.1.6). 

It is found in practice that the right-hand side of equation (3.1.2) becomes increasingly 

more complicated with the increase of either n or m. 
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3.3.1 The boundary-layer expansion 

The boundary-layer expansion is obtained by considering the case of n = 0 in (3.1.1). 

This gives an expansion in powers of time for w0 and w0 when k = 0 of the form 

00 

Wo(z, e, t) = L Wo,m(z, e)tm, (3.3.3) 
m=O 

00 

wo(, e, t) = L Wo,m(z, e)tm (3.3.4) 
m=O 

where the solutions for both Wo,m and Wo,m, according to (3.1.2)-(3.1.4) and (3.1.6)

(3.1.8), can be determined by solving the following equations 

(3.3.5) 

8
2
wo m 8wo m ( ) ( e) 

f) ~ + 2z~ - 4m - 2 Wo m = Rom z, z uz , , (3.3.6) 

where 

R ( e) = ~ [8Wo,j fJwo,m-j-1 - 8Wo,j OWo,m-j-1 ] 
o,m z, 4 L f)() 8z 8z f)() 

j=O 

(3.3.7) 

subject to 

Wo,m = 0, 
OWom 8z = -am, when z = 0, (3.3.8) 

1
00 1211' 

0 0 
Wo,mdBdz = 27ram, (3.3.9a) 

100 12

71' wo,m cos(pB)dBdz = -27r sin(ao)o-mOp,1 (p = 1, · · · , m + 1), (3.3.9b) 

100 12

71' Wo,m sin(p())d()dz = 27r [cos(ao)o-m + Om,o]bp,1 (p = 1, · · · , m+ 1), (3.3.9c) 

Wom -t 0 when z -too. , (3.3.10) 
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The non-homogenous term Ro,m(z, 8) in equation (3.3.7) form= 0 is identically zero. 

It can be shown that w0,0 can be represented in terms of Fourier components as follows 

wo,o(z, 8) = G~,0 (z) + Gb,0 (z) cos( B)+ 96,0 (z)(sin 8), (3.3.11) 

using (3.2.1) . The exact solutions for G8,0 , G6,o and 96,o are determined by solving 

(B.2.1), (B.2.2) and (B.2.3) subject to (B.2.1a), (B.2.2a) and (B.2.3a), respectively, 

given in Appendix B.2. The solution for w0,0 is presented in Appendix A.1 and found 

to be 

( 8) 
e-z

2 
( n 0 - 2 A0 cos( 8) + 2 Bo sin( 8)) 

w0 0 z, = 2 ;;; 
' y7r 

where 

Ao = sin(ao)O'o, Bo = (1 + cos(ao)O'o), 

and erf(z) is the error function defined by 

2 t 2 

erf(z) = .Jff Jo e-s ds . 

(3.3.12) 

(3.3.13) 

The corresponding solution for \110,0 is determined by integrating (3.3.5) twice subject 

to the boundary conditions (3.3.8) when m = 0. It is found that 

(
1 -z

2 

) Wo,o(z, 8) = [2 A0 cos(8) - 2 B0 sin(8) - n 0] --; - z erf(z) - z no. (3.3.14) 

As previously noted, w0,0 and \110,0 represent the initial expressions for w and \II at 

t = 0 and form the starting point of numerical solution of (2.2.19) and (2.2.20). We 

note that these initial expressions for w0,0 and \11 0,0 are identical to the ones, (2.2.25) 

and (2.2.26), that were given in the previous chapter when V(O) = O'o and D(O) = no. 

The non-homogenous term Ro,m(z, 8) in equation (3.3.7) form= 1 is given by 
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~. 1 (z, e) 16(Eocos( e) +sin( e) Ao)ao { [( erfc(z) - 2 z2 erf(z) )7r-1 + 2 Z7r-1] e-z
2 

2e-2 z
2 
z1r-1} + 16[-2A0 E0 cos(2 e)+ (E0

2
- A0

2)sin(2e)]{[-(1 + 2z2
) 

X erf(z)1r-1 + 2 Z7r-1] e-z2 
- 2 e-2z

2 
z1r-1} 

and the form of the second term, w0,1(z, e), in the boundary-layer expansion, in terms 

of Fourier components are obtained from (3.2.1) when n = 0 and m = 1. It is found 

that 

Wo,1(z, e)= cg,1(z) + G6,1(z) cos(e) + G6,1(z) cos(2e) 

+ 9~ 1 (z) sin(e) + 95 1 (z) sin(2e). 
' ' 

(3.3.15) 

The exact solutions for cg 1, G6 1, G6 1 and 96 1,95 1 have been determined by solving 
I I I I I 

(B.2.4), (B.2.5) , (B.2.6) and (B.2.7), (B.2.8) subject to (B.2.4a), (B.2.5a), (B.2.6a) 

and (B.2.7a), (B.2.8a), respectively, given in Appendix B.2. Thus exact expression 

for wo,1 is 

w0, 1 (z, 0) = 4 ( -z erfc(z) + e-z
2 
1r 2

1

) a 1 + ~ [12 erf(z) z erfc(z) + 6 erf(z) (2 z2 
- 1) 

2 -1 ( 2 2 2 ) 1 2 - 3 ] x e-z 7rT + -16 z e- z + 12 z e- z + 16 z erfc(z) 1r- - 16 e-z 7rT 
2 -1 

X (sin( e) Ao + Eo cos( e)) ao + 8 ( -z erfc(z) + e-z 7fT) (E1 sin( e) - A1 cos( e)) 
1 [ 2 2 -1 2 +"3 - 12 z (erf(z) + 2) erfc(z)- 6 [(2 z - 1) erf(z)- 2] e- z 7rT + (16e-z 

- 12 e-2 z2 
- 16 erfc(z)) z1r-1 + 16 e-z

2 
1r -2

3
] [(A0

2 
- E0

2
) sin(2 0) + 2 Ao Eo 

x cos(2 0) ]. 

The corresponding stream function component 'l!0,1 is found by integrating fJ2 1ll0,I/fJz2 = 

wo,1 subject to Wo,1 = 0, fJ'l! 0,I/fJz = -a1 at z = 0 and given by 
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w0,1(z,e) = ~ {- 3zerfc(z) ((-3 + 2 z2) erf(z) + 4 z2) + [24v'2erf(J2z) -12erf(z) 

-6 + (( -33 + 12 z2) erf(z) + 6 + 6 z2) e-z
2

] 1r -./ + 8 [ -1 + (1 + z2) e-z
2

] 7r -2
3 

+ [ -4 z (3 + 2 z2) erfc(z) + 6 z e-2
z

2
] 1r-1

} [( -B0
2 + A0

2) sin(2 B)+ 2 A0 B0 cos(2 B)] 

+ ~ { 3 erf( z) z ( -3 + 2 z2
) erfc( z) + [ ( ( -12 z2 + 33) erf ( z) + 6 z2 - 12) e-z

2 
+ 12 

+ 12 erf ( z) - 24 J2 erf ( J2 z) J 1r -./ + ( 4 z ( 3 + 2 z2) erfc ( z) - 6 z e-2 
z

2
) 1r -l 

+8 ( 1 + ( -1- z2) e-z
2

) 1r -.} } (sin( B) A0 + B0 cos(B))a0 + ~ [4 z3erfc(z)- 6erf(z) z 

2 2 -1 1 2 
+4 (1 + (-1- z) e-z )1rT](A1 cos(B)- B1 sin(B)) + 3 ad-z (3 + 2z ) erfc(z) 

+2 ( - 1 + (1 + z 2 ) e-z
2
)7r -;

1
] 

where 

(3.3.16) 

The non-homogenous term R0 ,2 (z, B) in (3.3.7) is given by (B.3.1) in Appendix B.3 

and the expression for the third term, Wo,2(z, 8), in the boundary-layer expansions in 

terms of Fourier components is obtained from (3.2.1) when n = 0 and m = 2. It is 

found that 

Wo 2(z, e) = cg 2(z) + G6 2(z) cos( B)+ G~ 2(z) cos(28) + cg 2(z) cos(38) 
I 1 1 I I 

+ 96 2(z) sin( B) + g~ 2 (z) sin(28) + gg 2(z) sin(38). (3.3.17) 
' ' ' 

The exact solutions for Gg 2, G6 2, G~ 2, Gg 2 and gJ 2, ga 2, gg 2 have been determined 
I I I I I I I 

by solving (B.2.9), (B.2.10), (B.2.11), (B.2.12) and (B.2.13), (B.2.14), (B.2.15) sub

ject to (B.2.9a), (B.2.10a), (B.2.11a), (B.2.12a) and (B.2.13a), (B.2.14a), (B.2.15a) 

respectively, given in Appendix B.2. However, because of the lengthy expressions 
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obtained we only present 

2 a 7r-5/2 
~35 (Bo2 + Ao2

) ( -1458 vf3 1r + 2535 1r + 90 1r
2 

- 1024) lim Wo 2(z, f1) 
z-->0 ' 

-5/2 

+ 7r
135 

[3 1r ( -1024 + 315 1r) (-B1 A0 + A1 B0 ) + 720 a 2 1r
2] 

32 1 128 7r-3/ 2 
+ 

3
ft (sin( B) B2 - cos( B) A2) + ( ft -

15 
) 

32 244 7r-312 
x ao (cos(B) B1 + sin(B) A1) + (Bo2 + A0

2) ( r:;; + 
3 y 7r 15 

126 'Tr-312 2816 7r-5/ 2 
-

5 
-

135 
) (sin( B) B0 - cos( B) Ao) 

( 
16 128 7r-

5
/
2) 

+ -
3
ft + 

9 
(Ao sin( B)+ cos( B) Bo) a 1 

(
_2_ 14 'Tr-

312 - 18 V3 7r-
312 

- 256 7r-
5

/
2) 

+ 3-Jff + 3 5 45 

x a 0
2(sin(B) B0 - cos(B) Ao) + 2~~ [(Bo2 - Ao2)cos(2 B) 

(
-900 -3 (;> -3 -5) + 2 Ao Bo sin(2 B)] vrr + 6828 7fT - 1944 y 37fT + 2048 7fT 

31 256 7r-312 

+ (
3
ft -

45 
) [(A1 Bo + B1 Ao) cos(2 B)+ (A1 A0 - B1 B0 ) 

( 
4 52 'Tr - 3/ 2 54 V3 7r- 312 256 7r- 5/ 2 ) 

x sin(2B)]+ 3ft+ 5 - 5 + 135 

x [(A0
3

- 3A0 Bo2
) cos(3B) + (Bo3

- 3BoAo2)sin(3B)]. 

where 

(3.3.18) 

The corresponding stream function component w0,2 is determined by integrating 

EP w0 ,2 /az2 = wo,2 subject to w0,2 = 0, 8wo,2 /az = -a2 at z = 0 and has been 

presented by (B.4.1) in Appendix B.4. 

Thus if R is large enough and t is small, the boundary-layer expansion for ( is given 
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by the approximate solution 

The corresponding surface vorticity is given by 

((O,B,t) 
Rl/2 

2
(
2

t)1/2 {(2ao -4Aocos(B) +4Bosin(B)) -rr- 1/2 

4-rr-3/2 
+ t{ 

3 
[ ( -4Eoao- 6A11r) cos( B)+ (6AoBo 1r + 8AoEo)cos(2B) + (6E1 1r 

- 4A0 a 0 ) sin( B)+ (-4 B0
2 + 4 A0

2
- 3 E0

2 
1r + 3 Ao2 -rr) sin(2 B)+ 3-rral]} 

2 -5/2 
+ t2{ a~;5 (E0

2 + A0
2

) ( -1458 V3 1r + 2535 1r + 90 1r2 - 1024) 

7r-5/2 2] 
+ 135 [3 1r ( -1024 + 3157r) (-E 1 Ao + A1 Eo) + 720 a2 -rr 

32 1 128 -rr-3/2 
+ 

3 
.fi (sin( B) E2 - cos( B) A2) + ( .fi -

15 
) 

32 244 -rr-3/2 
x a0 (cos( B) E1 +sin( B) A1) + (Eo2 + Ao2

) (
3
ft + 

15 

126 -rr-3/2 2816 -rr-5/ 2 
-

5 
-

135 
) (sin( B) E0 - cos( B) Ao) 

( 
16 128 -rr-5

/
2) 

+ -
3 
.fi + 

9 
(A0 sin( B)+ cos( B) E0 ) a 1 

(
_2_ 14 -rr-3/2 - 18 J3 -rr-312 

- 256 -rr-5
/
2) 

+ 3-fi + 3 5 45 

x a 0
2(sin(B) B0 - cos(B) A0 ) + ;~ [(Bo2 - Ao2)cos(2B) 

(
-900 -3 In -3 -5) + 2 A0 Eo sin(2 B)] ft + 6828 -rrT - 1944 v 37r2 + 2048 -rr2 

31 256 -rr-312 
+ ( 

3 
.fi -

45 
) [(A1 Bo + B1 Ao) cos(2 B)+ (A1 A0 - B1 B0 ) 

. ( 4 52 -rr-312 54 J3 -rr-312 256 -rr - 5
/
2) 

x sm(2B)] + 3-fi + 5 - 5 + 135 

x [(A0
3 - 3 A0 E0

2
) cos(3 B)+ (E0

3 - 3 Bo Ao2
) sin(3 B)]}}. 
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3.3.2 First and second-order correction terms to the boundary

layer expansion 

The first order correction terms of order k are 'lll 1,m and w1,m in expansions (3.1.1) 

when n = 1. Equations (3.1.2) and (3.1.3) then reduce for n= 1 to the equations 

(3.3.19) 

(3.3.20) 

where 

Rt,m(z, B) ~ -4z2 i)~~m + 4z(2m- l)wo,m + 4 ~ ( o:z·; Ow';;;-I 
- 8'1llo,j 8w1,m-j-1 ) + 4 'f ( 8 '1ll1,j 8wo,m-j-l - 8'1ll1,j 8wo,m-j-1) 

8z 8e j=O 8e 8z 8z 8e 
(3.3.21) 

These equations must be solved subject to the conditions 

•T• - 81J!1,m - 0 h 0 
'i.-' 1m - - w en z = ; , 8z 

(3.3.22) 

r)Q f 21r 

Jo Jo (w1,m + (2- p)zwo,m) de dz = 0, (3.3.23a) 

roo r21r 
Jo Jo (w1,m + (2- p)zwo,m) cos(pe) de dz = 0, (3.3.23b) 

100 l 27r 
(w1,m + (2- p)zwo,m) sin(pO) dO dz = 0; 

0 . 0 
(3.3.23c) 

W1,m ~ 0 as z ~ oo. (3.3.24) 

The non-homogenous term R1,m(z, e) in equation (3.3.21) form = 0 is given by 

_j 
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R1,o(z, e) - 8 z e-z
2 [a0 - 2 A0 cos( e)+ 2 B0 sin( e)] (2 z2 

- l)n-~ 
1 ( -4 z3 - 2 z) e-z2 

3 2 1 

x 2[-erfc(z)+ ft ]a0 +[-erfc(z)+(4 z +2 z)e-z n -2] 

x (-B0 sin(e) + A0 cos(e)) , 

and the first term, WI,o(z, e), in the first equation of (3.1.1) when m = 0 and n = 1, 

can be written in terms of Fourier components, in a manner described previously, and 

n = 1 as follows 

WI ,o(z, e) = G~.o(z) + Gi,o(z) cos( e)+ g},o(z) sin( e). (3.3.25) 

The exact solutions for G~ 0 , Gi 0 and gi 0 have been determined by solving (B.2.16), 
' ' ' 

(B.2.17) and (B.2.18) subject to (B.2.16a), (B.2.17a) and (B.2.18a), respectively, given 

in Appendix B.2. Thus, exact expression for w1,0 is 

WI,o(z, e) 
1 (-4z3 -2z)e-z2 

3 2 1 

- 2 [-erfc(z) + ft ] ao + [-erfc(z) + (4 z + 2 z) e-z n-2] 

x ( -B0 sin( e)+ A0 cos( e)). 

The corresponding stream function component, 'll1,0 , is determined by integrating the 

equation 02W 1,0/ OZ2 = W1,0 + 2 Z Wo,O subject to the conditions: W 1,0 = OW 1,0/ OZ = 0 

at z = 0. It is found that 

wl,o(z, e) 
1 2 2 1 1 2 S a0 ( -2 z erfc(z) + erf(z) - 2 z e-z n-2 ) + 4 [-erf(z) + 2 z erfc(z) 

2 1 
+ (-6 ze-z + 8 z)n-2] (B0 sin(e)- A0cos(e)). 

The non-homogenous term R1,1 (z, e) in (3.3.21) is given by (B.3.2) in Appendix B.3 

and the expression for the second term, w1,1 (z, e) in the first equation of (3.1.1) when 

m = 1 and n = 1, in terms of Fourier components are obtained from (3.2.1) and 



,--..,--------------------------------

Chapter 3. Determination of the initial flow 52 

(3.2.2) when n = 1 and m = 1. It is found that 

w1,1 (z, B) = G~,1 (z) + Gi,1 (z) cos( B)+ Gi,1 (z) cos(2B) 

+ gi 1 (z) sin( B)+ gr 1 (z) sin(2B). , , (3.3.26) 

The exact solutions for G~,1 , Gi,1, Gi,1 and 9I,l, gf,1 have been determined (B.2.19), 

(B.2.20), (B.2.21) and (B.2.22), (B.2.23) subject to (B.2.19a), (B.2.20a), (B.2.21a) 

and (B.2.22a), (B.2.23a), respectively, given in Appendix B.2. Thus exact expression 

for w1,1 is 

1 2 -1 2 { 1 
W1,1(z, 0) = 2 [-2ze-z 7r'2- (2z + 1)erfc(z)]a1 + Serfc(z) [(-16erf(z) -114 

2 1 
+128 v'2) z2 - 65 + 64 v'2] + [-3 (3z + 6 z5 + 13 z3

) erf(z) + 
12 

z ( -192 v'2 

+189+56z )]e-z 1r- + - -(2z +1)erfc(z)+(-+-z +-z )e-z 2 2 1/2 [ 2 2 32 16 4 32 2 2 

3 15 3 5 

-~ (3 z2 + 2) (z2 + 1) e-2z
2
] 7r-1 + 4 z e-z

2 
7r(-3

/
2)} x (sin( B) Ao + Bo cos(B)) ao 

2 2 -1 { 1 +[(2 z + 1) erfc(z)- 6 z e-z 1r2] (B1 sin( B)- A 1 cos( B))+ - S erfc(z) [( -154 

2 1 
+192 v'2 -16erf(z)) z2 + 96v'2- 77] + [3 (3z + 6z5 + 13z3

) erf(z)-
12 

z (249 

fr. 2 2 -1 [ 2 32 2 16 4 32 2 -288v.:::+8z)]e- z 7r2+ 2(2 z +1)erfc(z)+(-5 z -3 z -
15

) e-z 

+~ (3z2 + 2) (z2 + 1) e-2z
2
]7r- 1 -

2
3
° ze-z

2
7r -;} } [(A0

2
- Bo2) sin(2B) + 2Ao 

x B0 cos(2 B)]. 

The solution for w1,1 is obtained by integrating the equation 82W1,I/8z2 = w1,1 + 

2 z w0,1 subject to W 1,1 = oW 1,1/ f}z = 0 at z = 0. The expression for W 1,1 is given 

by (B.4.2) in Appendix B.4. Equations form= 2 can be obtained from (3.3.19) and 

(3.3.20). Exact solutions for w1,2(z, e) and wl ,2 (z, B) have been obtained and consist 

of cos e' cos 20' cos 30' sine' sin 20' sin 30 with coefficients which are functions of z . 
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Thus, w112 (z, e) can be written in terms of Fourier series as follows 

W112(z, e) = G?l2(z) + Gi,2(z) cos( e)+ Gil2(z) cos(2B) + Gt2(z) cos(3e) 

+ g~ 2(z) sin( e)+ g~ 2(z) sin(2e) + g~ 2(z) sin(3B). (3.3.27) 
I I I 

where the exact solutions for G~ 2, Gi 2, Gi 2, G~ 2 and gi 2, gi 2, gf 2 have been deter-
, ' J ' , J ' 

mined by solving (B.2.24), (B.2.25), (B.2.26), (B.2.27) and (B.2.28), (B.2.29), (B.2.30) 

subject to (B.2.24a), (B.2.25a), (B.2.26a), (B.2.27a) and (B.2.28a), (B.2.29a), (B.2.30a) 

respectively, given in Appendix B.2. However, because of their long expression we 

only present 

-2 

1~ W112(z, e) - 8~640 (Ao2 + B0
2) ( - 196608 J2 1r + 720896- 3429216 J3 1r 

-1 

- 419265 1r
2 + 4224528 1r + 705600 v'2 1r

2) ao + ~80 (Ao B1 - Bo A1) 

-1 

x (70357r- 22528) +:so (3840v'27r - 44557r -1408) (A0 sin(B) 

-5 2 
1r 2 a0 r= -5 r;::, -5 

+ Bo cos( e)) a 1 + 
40320 

( 62464 v 1r + 369495 1r2 - 584640 v 2 1r2 

+ 79872 v'2 7r -;
3 

- 805104 7r -;
3 

+ 585144 J3 7r(3/ 2) + 2177280 (3 7r2) 

- 1 

x (-Bo sin( B) + Ao cos( e)) - cos( e) A2 + ;
60 

(-25305 1r + 26880 J2 1r 

- 5 
7[2 

- 7808) (A1 sin( e) + B1 cos( e) ) a01r +sin( e) B2 -
26880 

( 1451520 (3 1r
2 

- 2300144 7r -;
3 

- 776160 v'2 7r -;
5 

+ 610304 v'2 7r -;
3 

- 362496 v:; 
+ 502425 1r-5/2 + 1533168 J3 1r- 312 ) ( -B0 sin(e) + A0 cos( e)) 

7r-5/2 a 
x (-Ao + B0 (3) (Ao + Bo (3) -

80640 
° ( - 26127360 (3 1r

2 

- 163296 J3 7r- 3/
2 - 385024 v:;- 2425815 7r5/2 - 668688 7r~ 

+ 4818240 J2 1r~ - 368640 J2 1r~ ) ( cos(2 e) B0
2 + 2 sin(2 B) A0 B0 

-1 

- cos(2 e) A0
2) + ~4 (sin(2 e) B0 B1 - A0 A1sin(2 e) - cos(2 B) B0 A1 

1 
- cos(2e)A0 B1)(2016v'27r - 352 - 19537r) + 

26880 
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X (3 ( 1239840 j3 1r5/
2 y'2- 798735 j3 1r5/ 2 + 517104 j3 1r3/ 2 y'3 

927856 f3 7r312 + 303104 f3 7r3
/
2 v'2 - 67584 f3 Vi+ 8709120 7r2) 

x ( -3 Bo Ao2 sin(3 e) - 3 Bo2 Ao cos(3 e)+ Ao3 cos(3 e) 

+ Bo3 sin(3e))7r-5/2 -~a2 , 
2 

where f3 is the integral 

which can be evaluated as 

f3 = (2 1r) - 112 arctan(2-112). 

54 

(3.3.28) 

(3.3.29) 

The solution for w1,2 is obtained by integrating the equation fPw 1,2/ 8z2 = WI,2 + 

2zwo,2 subject to w1,2 = 8w1,2/8z = 0 at z = 0. The equations for WI,m(z,e) and 

w l,m ( z' e) when m 2': 3 and the boundary and integral conditions satisfied by these 

functions can be found from (3.3.19) and (3.3.20). In theory, exact solutions can be 

found for all these functions but they rapidly become complicated, and it is virtually 

impossible to proceed beyond m = 2. 

The second order correction terms of order k2 are W2,m and w2,m in expansions (3.1.1) 

when n = 2. Equations (3.1.2) and (3.1.3) then reduce for n=2 to the equations 

82W2,m 82Wo,m 2 
az2 + ae2 = w2,m + 2zwl,m + 2z Wo,m (3.3.30) 

8
2 
w2 m aw2 m ( ) ( ) 

0 
; + 2z~ - 2 2m + 1 w2 m = R2 m z, e , 

z uz ' ' 
(3.3.31) 

-4z
2 z 0~:m- (2m- 1)wo,m)] - 4z [z 0~~m- 2mwl,m)] 

+ t 4 ~ {ow q,j OW2-q,m-j- l - ow q,j aw2-q,m- j- l }]· 
q=O j=O ae OZ OZ ae 

(3.3.32) 
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These equations must be solved subject to the conditions 

OW2m 
W2 m = --'- = 0 when z = 0; ' om (3.3.33) 

100 12
rr (w2,m + 2zwl,m + 2z2wo,m) dO dz = 0, (3.3.34a) 

100 12
rr (w2,m + (2- p)zwl,m + ~(2- p)2z2wo,m) cos(pO) de dz = 0, 

100 12
rr ( w2,m + (2- p)zw1,m + ~(2- p)2z2wo,m) sin(pe) de dz = 0; 

(3.3.34b) 

(3.3.23c) 

W2 m ---t 0 as Z ---t 00. 
' 

(3.3.35) 

The non-homogeneous term R2,m(z, e) in equation (3.3.32) form= 0 is given by 

R2,o(z, e) 

X 
-z2 _l e 7r 2 

The first terms of the expansions (3.1.1) when n = 2 and m = 0 are given by 

W2,o(z, e) 
1 6 4 2 211 

24 
(9+24z -4z +18z )a0 e-z rr-2 -

12 
[-12 zerfc(z) 

+ (24z6 - 4z4 - 6z2 - 3) e-z
2

rr-~] (-B0 sin(e) + A0 cos(e)) 

W2,o(z, e) 
1 3 1 4 2 21 

-
48 

ao [-8 z erfc(z)- 3 rr-2 + (12 z + 12 z + 3) e-z rr-2] 

1 
+ 

24 
[-6 z erf ( z) + 4 z3 erfc ( z) - 8 z3 + 24 z2 - 1 + ( -12 z4 

2 2 I 
8z + 1) e- z rr-2 ] x (-B0sin(e) + A0 cos(e)). 

The non-homogenous term R2,1 (z, B) in (3.3.32) is given by (B.3.3) in Appendix B.3 

and the expression for the second term, w2,1 (z, e), in the first equation of (3.1.1) when 
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n = 2 and m = 1, in terms of Fourier components is obtained from (3.2.1) when n = 2 

and m = 1. It is found that 

w2,1(z, B) = cg,1 (z) + Gb (z) cos(B) + G~,1 (z) cos(2B) 

+ gL (z) sin( B) + g~ 1 (z) sin(2B). 
' ' 

(3.3.36) 

The exact solutions for cg 1 , G§ 1, G~ 1 and g§ 1, g~ 1 have been determined by solving 
' ' ' ' ' 

(B.2.34) , (B.2.35), (B.2.36) and (B.2.37), (B.2.38) subject to (B.2.34a), (B.2.35a) , 

(B.2.36a) and (B.2.37a), (B.2.38a), respectively, given in Appendix B.2. Thus exact 

expression for w2,1 is 

w2, 1 (z, B) -
1

1

2 
[-8 z3 erfc(z) + 3 (2 z2 + 1)2 e(-z

2
)7r --;/] a 1 + { 

2

1

4 
z erfc(z) [4 erf(z) 

1 
x (15 + 16 z2

) + 2 (27 + 64 J2) z2 + 483- 192 J2] + 
12 

[(24 z8 + 40 z6 

+ 66 z4 + 6 z2
- 27) erf(z)- 32 z6

- 28 z4 + ( -19- 64 J2) z2
- 109 

+ 32 J2]e-z
2 
1r -;,

1 
+ [

2378 
(2 z3 + 3 z) erfc(z)- _2_ (420 z7 + 518 z5 

315 315 

+ 947 z3 + 648 z) e-z
2 

+ ~ (12 z7 + 14 z5 + 32 z3 + 19 z) e(- 2
z

2

)] 1r-
1 

- -
1
- (140z4 + 1632 z2 + 1527) e(-z

2
)7r -;,

3
} (sin(B) A0 + Bocos(B)) ao 

105 

+ ~ [(4 z3 + 6z) erfc(z) + (- 12 z4
- 8z2 + 1) e(-z

2
)7r -;,

1

] (A1 cos(B) 
6 

- B1 sin( B))+ {2_ z erfc(z) [2 erf(z) (15 + 28 z 2
) + 380 z2 + 711- 288 J2] 

12 
1 

+ - [ ( 24 z8 + 40 z6 + 66 z4 
- 54 z2 

- 33) erf ( z) - 32 z4 
- 8 z6 

- 338 z 2 

12 

- 401 + 144 J2]e(-z2)7r-~ + [
6

8

3 
(360 z + 247 z3

) erfc(z) - 3~5 (947 z3 

+ 420z7 + 518z5 + 522 z) e(-z
2

) + ~ (32z3 + 14 z5 + z + 12z7
) e(-2 z

2
)]1r-1 

6 

-
2

1

1 
(28 z4 + 668 z2 + 591) e(-z2)7r-~ } [(B0

2
- A0

2
) sin(2 B) - 2 Ao Bo cos(2 B)] 



Chapter 3. Determination of the initial Bow 57 

The corresponding solution for 'lt2,1 is obtained by integrating 82'lt2,I/ 8z2+82'lto,I/ [}()2 = 

w2,1 + 2zw1,1 + 2z2w0,1 twice subject to w2,1 = 8'lt2,I/ 8z = 0 at z = 0. The expression 

for 'lt2,1 is given by (B.4.3) in Appendix B.4. It becomes too complicated to obtain 

w2,m(z, ()) and W2,m(z, ()) for m 2: 2 by exact analysis. We thus finally obtain an 

expression for the vorticity 

((~, (), t) = l [wo,o + wo,1t + wo,2t2 + k(w1,0 + w1,1t + w1,2t
2
) 

+ k2 (w2,o + w2,1t + O(t2))] 

(3.3.37) 

which is valid for small t and large R. In particular, we find for the surface vorticity 

((0, (), t) 
1 2 -1 1 2 - 1 8 ao [-4 k + (3 k + 16)7f2 ] + 4 a 1 t [-2 k + (16 + k )1r2 ] 

1 
t2 a0 (A0

2 + B0
2)[(1257795- 2116800 J2) k- 3225607f -.} 

241920 

+ (589824 J2 + 10287648 v'3- 12673584) br- 1 + (5225472 v'3 
1 

- 9085440)7r-312 - 2162688 X k1r-2 + 3670016 7f-SIJ + 
241920 

t2 a2 

-1 1 2 1 
x (-120960k + 12902407fT)-

5040 
(A1 Bo- B1 Ao) [(-67584t 7f-

1 
+ 21105t2) k + 114688t27f-3

/
2 - 35280t27f-1

/
2j + 4(Ao cos(()) 

1 
- Bo sin(())) [-4 k + (k2 - 16) x 7f- 1/2j + 

840 
(sin(()) Ao +cos(()) Bo) t 

+ a0 ( -6825 + 6720 J2) k + (2240 J2- 7630)k27f-1
/
2 - 1008 k1r-1 

+ ( -4480- 12216 k2)7r- 312] - ~ (-cos(()) A1 +sin(()) B1)t 

x [-6 k + (k2 - 48)7r-1/
2j + 

14
1
40 

(sin(()) A 0 + cos(())B0 )t2a 1 [( -13365 

1 
4224 1r-1 + 11520 J2) k - 7680 7f-1

/
2 + 20480 7f-312] + { 

241920 
(Ao2 

+ B0
2)( -A0 cos(())+ B0 sin(e))[(6985440 J2- 4521825) k 

+ ( -13063680 f3 k + 2580480)7f-l/2 + ( -5492736 J2- 13798512 y'3 



Chapter 3. Determination of the initial flow 

+ 20701296) br-1 + 3262464 k1r-2 + ( -6096384 J3 + 3935232)11'- 312 

- 504627271'-512
] + ~(3271'-1/2 + 3 k)(sin(e) B 2 - cos( e) A2 ) }t2 

1 + 
40320 

t2 ao2
( -Ao cos(e) + B0 sin(e))[584640 k -/2- 369495 k 

+ ( -2177280 {3 k + 26880)11'-1/2 + (805104 k - 585144 k J3- 79872 

X k-/2)1r-1 + (188160 - 145152v'3)7r-3/
2 

- 62464k7r- 2 
- 22937671'- S/2

] 

1 + 
3360 

(cos(e)B1 + sin(e)A1)t2a 0 ( -7808k7r-1 + 26880k-/2 + 336071'-1/2 

- 25305 k- 28672 1r-312
)- -

1
-(( -~ B0

2 + ~ A0
2

) sin(2 e) 
420 2 2 

+ A0 B 0 cos(2 e) )t [( -8085 + 10080 -/2) k + ( -28070 + 10080 -/2) k2 

- 336071'- 1/2
- 2128 k7r- 1 + ( -23640 k2

- 4480)11'- 312
] + 1 

241920 

X [( -Bo2 + Ao2
) cos(2 e)- 2 Ao Bo sin(2 e)] t 2 ao[(14454720 -12 

- 7277445) k + (806400 - 78382080 {3 k)7r- 112
( -2006064 

- 1105920-12 - 489888 v'3) k7r-1 + ( - 6117888 + 1741824 v'3)7r- 312 

1 
- 1155072 k1r-2 

- 1835008 1r- 512
] -

1260 
t2 [(A0 A1 - Bo B1) sin(2 e) 

+ (A1 B 0 + B 1 A0)cos(2 e)][(30240 -/2- 29295- 5280 1r-1
) k 

- 13020 1r-112 + 7168 1r- 3
/

2
] -

241
1
920 

[(3 Ao Bo2
- Ao3

) cos(3 e) 

+ ( -B0
3 + 3 A0

2 B0 ) sin(3 e)] t 2
[( -11158560-/2 + 7188615) k 

+ (322560 + 78382080 (J k)7r-1
/

2 + (8350704 - 4653936 J3- 2727936 

X -/2) k1r- 1 + 2515968 - 2612736 J37r- 3/
2 + 608256 k1r- 2 + 458752 71'- 5

/
2

]. 

58 

It can be seen that w expansion given in (3.1.1) is uniformly bounded by M/[(1-

t)(1 - k)] for 0 :::; k, t < 1 where M is a constant. The constant M can be easily 

obtained by applying the convergent geometric series on this expansion; it is found 
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that M = max{wn,m : for all 0 ::; z < oo and 0 ::; () < 21r]}. Thus, the power series 

used in the expansion (3.1.1) is valid in the range 0::; k, t < 1. 

Although this approach has been used by several authors, some of which include 

Collins and Dennis (1973a), Badr and Dennis (1985), Badr, Dennis and Kocabiyik 

( 1995a), Kocabiyik ( 1996a, b), there was no attempt to determine the range of conver

gence of the series ( 3 .1.1) . This point was clarified by Dennis, Nguyen and Kocabiyik 

(2000) for the first time. 

3.4 Determination of the initial flow properties 

In this section the physical properties of the initial flow are determined by means of 

analytical expressions. The dimensionless friction and pressure drag and lift coeffi-

cients, CvF, Cvp; CLF, CLP can be expressed as series in powers oft and k from 

present results using (2.4.2)-(2.4.5). It is found, as far as the terms calculated, that 

CvF = 
2
; [~ (96,o + 96,1 t + 96,2 t2) + (9i,o + 9i,1 t + 9i,2 t2) + k (9~,0 + 9~, 1 t)] lz=O, 

(3.4.1) 

2 1r [~ ( o96,o + 896,1 t + 896,2 t2) + ~ ( o9i.o + o9i.1 t + o9i,2 t2) 
R k2 oz oz oz k oz oz oz 

+ ( a9~.o + a9J,1 t) ]I (3.4.2) 
OZ OZ z=O 

and 

2 7r [ 1 ( 1 1 1 2) ( 1 1 1 2) CLF - R k G0,0 + G0,1 t + G0,2 t + G1,0 + G1,1 t + G1,2 t 
(3.4.3) 

+ k (G~,o + Gb t)] lz=o, 
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The moment coefficient, CM, can also be expressed as series in powers oft and k by 

using (2.4.15) 

eM = [ ~ ( G8,o + ag,l t + ag,2 t2) + ( a~,o + G~,l t + 0~,2 t2) + k ( ag,o + ag,l t) llz=O. 
(3.4.5) 

The analytical expressions for these coefficients are given by 

CDF [ ( 8 
rn _ 297) _ 32 yl1r _ 88 256rr-1

/
2

] 2 A /R 
- 2 

y 
2 32 7r 3 k 15 + 9 k t 0 

2 1/2 1/2 ( 14 18 v'3)/ + [2(-54,8+ 
3

k)rr- +2rr- 3--
5

- k 

- 1161 v'3 5591 - 416 J2 - 976rr- 1 2 ( 29 J2 - 1173) 7r 

40 + 140 105 315 + 2 128 

_ 512 rr-
3/2] B 2 2 /R {(- 256 rr-

1
1
2 

2 (- 241 8 J2) rr 
45 k 0 t ao + 15 k + 32 + 

488 2 yl1r 2 12 32 7r-l/2 65 
- -+-)t A1 +[-- - +2(--+8v'2)rr]t 

105 k 5 3 k 8 
33 In 

x A0 }a0 /R + 2trr/ R (tB2 + B1) + 2 [Bo + 
256 

( -145 + 224 v2) 

1 
x (B0

2 + A0
2

) B0 t
2]rr / R + 

7560 
[( -161280 + 816480 .B k) rr3 

+ (343296 J2 k + 862407 v'3 k- 1293831 k) rr512 

+ (- 245952 + 381024 VS) rr2 
- 203904 k 1r

3l2 + 315392 rr] (- Ao + B0 .B) 

I 16 
x (A0 +Bo.B)B0 t2 (Rkrr512)+3tJ1f(4tB2+3B1) 

- ~ Bo yl7r [-16 + (t + 1) k2
], 
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1 [ 8 k 32 k 2 ] 2 1r Ao t2 a 1 ~ 176 
Cvp - Rk2 (fo+8)tB1+27r(16+ 3 fo)t B2 - kR (3-

- 128 J2 )1r_112 _ 128 1r-3/2] _ 2 1r t2 Bo ao2 [ ( 94 _ 160 J2 )1r_112 
3 9 kR 3 3 

288 {3 ( 256 J2 310 18 J3) -3/2 256 7r- 5
/
2] 

+ -7r-+- 9 +-9-+-5- 7r +-4-5-

- ~ ~0 
{ [( -32 v'2 + 32)7r-1/2 + 

16 ~-
312

] A0 k t 

[(
125 _ 128.;2) _112 1281r-3/2] A k 2} _ 21rB0 [ - 21r- 7

/
2 

+ 3 3 7r + 15 1 t R k2 135 

x (Eo+ Ao {3) (-B0 + A0 {3) [( -4320 vf2 + 2160) 1r3 + 19440 {3 1r5
/
2 

4k 
+ ( -1920 V2 + 1542 + 1701 J3) 7r2 + 1408 7r]k t2 - k2 - k2 t- fo]; 

-2 7r t2 { 32 7r-112 1 
CLF - Rk (-k-

3 
) A2 + 

241920 
{3 (Ao- Bof3) (Ao + Bo f3 ) Ao 

X [ ( - 4521825 k + 6985440 k V2 + 25804807r-1/2 + ( -13798512 k J3 

- 5492736 k V2 + 20701296 k)7r-1 + ( -6096384 V3 + 3935232)7r-3/2 

+ 3262464 k 7r-2 - 50462727r- 5/ 2 ) {3 + 13063680 k?r- 112] 

297 44 16 7r-112 128 ?r-3/2 
+ [(----+8v'2)k- + ] a1Bo 

32 15 7r 3 9 

[ (- 29 J2 1173) k ( 208 J2 1161 J3 - 5591) k7r-1 
+ 2 + 128 + 105 + 80 280 

( 2 {3k) -1/2 ( 18v'3 14) -3/2 488k 
+ -3 + 54 7f + -5--3 7r + 3157r2 

256 1r-5
/
2 

] A 2 [ 128 1r-
3
1
2 

( 244 15) k _1;2] B } 
+ 45 ° ao + - 15 + -105 1r + 32 + 7r ao 1 

1 [ kt 8 k 327r-112 12 657r 
+ R 2 7r( -2 + k- 2) J7f + ( 3 k - 16 7r vf2 + 5 + 4) ao t Bo 

16 y0r ] + (- k -21r)A1t , 

61 
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CLP 2 7f { 2( [( 128 v'2 176) - 1/2 128 7f-
3
1
2
] B k [( 94 

- R k2 t - 3 + 3 7f - 9 ° a 1 -3 

+ 160 v'2 )7r-1/2- 288 {3 + (- 310 + 256 v'2 - 18 v'3 )7r-3/2 
3 7f 9 9 5 

256 1r-5/~ A k 2 ( 128 1r- 3/2 125 128 y'2) B k 
- 45 -J o ao + 15 + 3 y'7r - 3 y'7r 1 ao 

32 7f-112 2 
+ ( 

3 
+16)A2+ 

135
(Bo+Ao{3)(-Bo+A0 {3)A0 

X [(2160- 4320 J2)1r-1/2 + 
19440 

{3 + ( -1920 J2 + 1701 J3 
7f 

+ 1542)7r-3/2 + 14087f-512])(8 + 8 k1r-112) t A1 + [(t + 1) k2 

16 7f-3/2 } 
+ 4 k1r- 1/2] A0 + [(32- 32 J2)1r- 1/2 + 

3 
] k tao Bo ; 

- 2 (a0 + 2 a 1 t)1r-1/2 + 0 (Ao2 + Bo2) (90 1r2 - 1458 J3 1r 
[

2 7f-5/2 a 

135 

7f-3/2 16 a 2] 2 
+ 2535 1r - 1024) - ~ (- B0 A 1 + A0 BI) ( -1024 + 315 1r) + 3 y'7r t 

1 1 1 ( 2 2( ;;; ;;)2 + k{ - 2 ao- 2 a1 t + [
80640 

Ao + Bo ) -3429216 v 3 1r + 705600 v 2 1r 

- 196608 J2 1r- 419265 1r2 + 720896 + 4224528 1r)ao 1r- 2 + 
1
:S

0 
2 (3 1 ) 

1 k 8 ao + 4 a1 t 
x ( -B0 A1 + A0 B1) ( -22528 + 7035 1r)- 2 a2]t2} + y'7r 

The dimensionless pressure distribution over the cylinder surface, p0 , can be written 

in terms of the series expansion by using (2.3.2) as follows 

Po(fJ) - ~ a 0
2t2 [( -705 + 1200 J2)1r- 1/2 - 6480 {31r- 112 + ( -775- 81 J3 

45 

+ 640 J2)1r-3/2 - 1281r- 512](A0 sin(fJ) + B0 cos(fJ)) /(k R) 

- _.!._ t (960 J2 k- 2415 k + 3840 v'2 - 3840 - 2064 k - 640) 
30 y'7r 7f 7f3/2 
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x (sin(fJ) E0 - cos(fJ) A0 )/(k Rcx0 )- ~ t 2 [-128 + (640 J2- 625) 7r] (3.4.6) 
15 

x (E1 sin( B) - A1 cos(fJ)) cx0/(k R7r312
)-

6

9

4 
t2 

( -3371' + 8 + 24 J27r) (3.4.7) 

x (sin(fJ) Eo- cos(fJ) Ao) ai/(k7r3
/
2 R) + 64 

t2 ( 
2~ + 3) (cos(O) E2 (3.4.8) 

3 y7l' 

+ sin(O) A2)/(k2 R) + 4t/(k2 R) (8 + ~ + k2
) (cos((}) E 1 + sin(O) A1 ) 

8 71'-7 /2 
+ 

135 
kR(Ao sin(fJ) +Eo cos(fJ)) (E0

2 + A0
2){[(-4320 J2 + 2160) 7r3 

+ 19440 7!'
5

/
2 {3 + (1701 J3- 1920 J2 + 1542) 7!'

2 + 1408 7r] t 2 

540 . . 
..fo- 135 k} + 2[V(t) sin(O) + V(t) cos(TJ)(cos(fJ)- 1)]. (3.4.9) 

3.5 Symbolic computational program 

w2,1 and 'W2,1 are obtained and checked with a symbolic computation program written 

in Maple VII. The computational flowchart is presented in Figure 3.1. The program 

uses a step-by-step procedure described in Section 3.3 to solve the equations (3.1.2) 

and (3.1.3) subject to the conditions (3.1.6)-(3.1.8). The solution for the vorticity 

components, Wn,m, is determined by expanding first equation (3.1.2) into a set of 

ordinary differential equations in terms of Fourier components. Each ordinary differ-

ential equation for the vorticity component is solved by determining the homogenous 

solution in terms of parabolic cylinder functions and then implementing the method 

of variation of parameters to obtain the particular solution. The general solution 

for each vorticity component is completed by determining the unknown coefficients 

through using the integral conditions and conditions at infinity. The corresponding 

stream function components, Wn,m, are determined by integrating equation (3.1.3) 



Chapter 3. Determination of the initial flow 

Read the governing equations and 

the corresponding 

integral and boundary conditions 

Initialize n = 0 ~ 
Evaluate the integral library 

Initialize m = 0 

Solve for vorticity component, Wn,m 

Solve for homogenous ODE 

Solve for non-homogenous ODE 

Apply integral conditions and 

conditions at oo 

Solve for the stream function component, Wn,m 

subject to the conditions on the cylinder surface 

No 

Figure 3.1: Symbolic computation flowchart 
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twice subject to the conditions on the surface of the cylinder. Finally, the solutions 

for all the vorticity components are used to calculate the flow properties such as the 

surface vorticity, drag, lift, moment and surface pressure coefficients. The solution 

procedure is summarized as 

Step 1: Evaluate special integrals from the integral library. 

Step 2: Set n = 0 and do Steps 3-6 

Step 3: Set m = 0 and do Steps 4-6 

Step 4: Read the equations for the vorticity components given in (3.1.2) and (3.1.3) 

with the related boundary conditions (3.1.6) -(3.1.8) . Then do steps 5 and 6. 

Step 5: Use the powerful tools of Maple to combine the equation of each vorticity 

component term, Wn,m, to be in the Fourier form as in (3.2.3) and then solve the 

resulted equations. Thus, Wn,m has been 
1
determined 

Step 6: Determine the solutions for the corresponding stream function component, 

Wn,m, by integrating twice equation (3.1.3) with using the required boundary condi

tions (3.1.6). 

Step 7: increment m by 1 and repeat steps 4-6 until the required order. 

Step 8: increment n by 1 and repeat steps 3-6 until the required order. 

The integral library evaluates over 300 integrals involving error functions, such as 

j z4erf(z)2e- z
2 
dz, 

j z9erf(J2z)erf(z)dz, 

j z8erf(z)2erf( J3z) ez
2 
dz. 
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This integral library used in this program was developed by Karl Lawrence in 2001 and 

is an extension of the library which was originally produced by Dr. Serpil Kocabiyik 

in 1995. Furthermore, this library had been used to analyze the solution for the initial 

motion of circular cylinders and spheres Badr et al. (1995a), Kocabiyik (1996a,b) and 

Lawrence ( 2002). 



Chapter 4 

Numerical Method of Solution 

The numerical method presented in this chapter aims solving the two-dimensional, un

steady incompressible Navier-Stokes equations in an unbounded domain to model the 

hydrodynamic environment around a circular cylinder undergoing combined (2-DoF) 

rotary and translational oscillation. The numerical solution of unbounded problems 

requires essentially two levels of approximation as reported by Grosch and Orzag 

(1977). The first one consists in passing from the continuum problem to a discrete 

set of algebraic equations. The second one requires the proper representation of the 

boundary conditions after representing the unbounded domain by a finite domain. 

The problem is described and formulated in modified polar coordinates in Chapter 

2 which in turn includes a natural periodic direction e. The numerical method, in 

the first stage, is based on the Fourier Galerkin approximation scheme as described 

in Chapter 2. In the second stage, an implicit Crank-Nicolson method is employed in 

the time advancement and a second-order central difference scheme is used for spatial 

derivatives. The discretized nonlinear vorticity equations are solved using a Gauss

Seidel iterative method. Special care has been taken to account for the impulsive start 

67 
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of the motion. This is done by implementing the special starting procedure, devised 

by Collins and Dennis (1973a,b) and Badr and Dennis (1985), using similarity coor

dinates later replaced by physical coordinates. The present method is an extension 

of the method developed by Collins and Dennis (1973b) and Badr and Dennis (1985) 

for combined (2-DoF) translational and rotational harmonic cylinder oscillations. 

In the following subsections we will describe the numerical method in detail. This 

method is then used to calculate the unsteady initial flow past a cylinder at a Reynolds 

number of R = 855. Finally, it is tested for uniform flow past a stationary and moving 

cylinders at five values of the Reynolds number: R = 100, 106, , 500, 855, 103 . 

4.1 Numerical Solution Procedure 

4.1.1 Mesh considerations in computational domains 

The cylinder motion starts suddenly from rest at time t = 0. Immediately following 

the start of the cylinder motion, a very thin boundary-layer develops over the cylinder 

surface and grows with time. Accordingly, we divide the solution time into two distinct 

zones: 

where, t 8 represents the switching time from the spatial boundary-layer coordinate, z, 

to the spatial physical coordinate, ~, q,nd tmax represents the maximum time used at 

the end of calculations. First zone begins following the start of fluid motion and con

tinues until the boundary-layer becomes thick enough to use physical coordinates at 

t = t 8 • In this zone, we use boundary-layer coordinates to capture the boundary-layer 
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development of the flow. This is done by the making use of the coordinate stretch

ing given in (2.2.11). In the second zone boundary-layer coordinates are replaced by 

physical coordinates. This zone starts at t = t"J and continues until the termination 

of calculations when t = tmax. 

The solution domains in both zones, respectively, are given by 

D(z,B,t) = {(z, e, t) : (z, e) E (0, oo) X [0, 27r), 0 < t:::; ts}, 

D(~,B,t) = {(~, e, t): (~,e) E (0, oo) X [0, 27r), ts < t:::; tmax}· 

(4.1.1) 

( 4.1.2) 

Since the computational domains along the spatial, z and~' directions are unbounded, 

we choose artificial outer boundaries for the numerical treatment. Placing the artifi

cial outer boundary, approximating infinity, well outside the growing boundary layer 

enables us to enforce the free-stream conditions (2.2.16a,b) and (2.2.9a,b) along the 

line z00 and ~oo in the two computational domains, D(z,B,t) and D(~,B,t) , respectively. 

We point out that implementing the boundary-layer coordinate variable z essen

tially creates a moving mesh in the actual physical domain which grows in time, 

~ = 2(2t/ R) 112z, to properly accommodate the vortex shedding process until switch

ing to the physical coordinate ~· Figure 4.1 illustrates how the grid expands for the 

case of R = 855, z00 = 8 at times t = 0.4, 0.8. Shown are 10 equally spaced grid 

lines for 0 :::; z :::; z00 • If Zoo is chosen to be large enough then as time increases 

the outer boundary in the first computational domain will expand and be far enough 

away that no shed vortices will have reached it. If this is so, then we can correctly ap

ply the condition of zero vorticity along the outer boundary. Although shed vortices 

propagate faster than the rate of boundary-layer growth, they weaken as they travel 
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t = 0.4 t = 0.8 

Figure 4.1: An illust ration to show how the grid expands with the use of the spatial 
boundary-layer coordinate z in the first computational domain when viewed in the 
actual physical space: R = 855, Z00 = 8. 

downstream in the wake. Clearly, as time increases we may encounter a problem 

whereby the vorticity reaches the boundary, this is why we replace z by ~ at t = ts 

when boundary-layer thickens and it is then more realistic to cont inue the integration 

in the physical spatial coordinate ~ so that the grid size in the actual physical space 

does not become too large. Figure 4.2 illustrates the effect of coordinate stretching 

property on location of the outer boundaries. The outer boundary, ~oo = k z00 , is con-

stantly being pushed further away from the cylinder surface at a rate which reflects 

the growth of the boundary layer when 0 :::; t :::; t8 • For this reason we are justified in 

saying that the vort icity, by the mechanism of convection , does not reach the outer 

boundary, ~00 • The location of the outer boundary remains fixed when t > ts as 

shown Figure 4.2. 
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We will now give an outline of the numerical solution procedure in boundary-layer 

coordinates by assuming that the artificial outer boundary is known. 

For simplicity we divide the finite difference solution into two parts where in the 

first part the solution for the vorticity components G0 , Gn and 9n is discussed and 

in the second part the solution for the stream function components F0 , Fn and fn 

is discussed. In fact these solutions from the two parts are combined together by 

incorporating the Gauss-Seidel iterative method to obtain a consistent solution for 

the system given by (2.2.13) and (2.2.14). 

I 
OOOOOODODODD IJe 

0 
0 

0 

0 

~"'oo 
0 

0 
0 

0 

I 

I 
o OOOOOOOOOOOOOOOOOOOOOOOOOO 

00 

Timet 

Figure 4.2: An illustration of the implicit relation between Z00 and ~oo and the stretch
ing property in the first zone, t E [0, t 5 ). 

The finite difference schemes require dividing the space computational domain [0, z00] 
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into M +2 equal subintervals whose endpoints are the mesh points, fori= 0, 1, ... , M + 

1 where hz = ;r;\ represents the uniform grid step. The uniform grids in the com

putational domain, [0, z00], to a uniform grids in the physical space. However, we set 

6.ti+1 be a non-uniform time increment given by 6.t1+1 = tj+l- t1, where j = 1, 2, ... 

and t 1 = 0. Hence, for each time step tH1 we need to determine the solutions at 

the mesh points zi = i hz, for i = 0, 1, ... , M + 1. Furthermore, since we are going to 

incorporate the Gauss-Seidel iterative method, the solutions at the previous time step 

tj is required. The convergence criterion is achieved when the difference between two 

successive iterations of all the calculated solutions falls below the specified tolerance 

of E = 10- 6 i.e. 

(4.1.3) 

for all integers 0 ::; n ::; N. Here m denotes the iteration step and 1· 1 is the infinity 

norm. 

We summarize the numerical solution technique in the boundary layer coordinates by 

listing the numerical procedure: 

Step 1: Assume that Fo(z, t), Fn(z, t), fn(z, t), Go(z, t), Gn(z, t) and 9n(z, t) are known 

at t = t1, for all 0 ::; z ::; Z00 • In the following steps we determine the solutions for 

Fo(z, t), Fn(z, t), fn(z, t), Go(z, t), Gn(z, t) and 9n(z, t) at t = tj+l for 0 ::; z::; Zoo. 

Step 2: Use equation (2.2.13a) together with the information in Step 1 to determine 

Go(z, t), for 0::; z::; Z00 . 
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Step 3: Use equation (2.2.14a) together with the Gn(z, t) obtained in Step 2 to de

termine F0 (z, t), for 0:::; z:::; Z00 • 

For n= 1,2, ... ,N; do Steps 4 and 5. 

Step 4: Use the equation (2.2.13b,c) with the most recent information to determine 

Gn(z, t) and 9n(z, t), for 0:::; z :::; Z00 • 

Step 5: Use equations (2.2.14b,c) together with Gn(z, t) and 9n(z, t) obtained in Step 

4 to determine Fn(z, t) and fn(z, t) respectively, for 0 :::; z :::; Z00 • 

Step 6: Repeat Steps 2-5 until the convergence criteria given in ( 4.1.3) is achieved. 

4.1.2 The numerical method of solution for vorticity compo

nents 

In this section we discuss the solutions of (2.2.13) subject to (2.2.16c) and (2.2.17) 

for Gn and 9n respectively at t ime step t = tH1 and fixed n. First of all, assume that 

Fo(zi, t), Fn(zi, t), fn(zi, t), Go(zi, t), Gn(zi, t) and 9n(zi, t) are known at the previous 

t ime step t = t1 and fori= 0, 1, · · · , M + 1. This assumption is reasonable since the 

initial condition at t = 0 is known and given by (2.2.18) . Furthermore, we assume 

Each equation of (2.2.13) can be rewritten in the form 

4t O~n (z, t) = Qn(Z, t), 

4t 
8ff; (z, t) = Qn(z , t) 

( 4.1.4) 

(4.1.5) 

where Qn(z, t) and qn(z, t) are the right hand sides of equations (2.2.13a,b) and 

(2.2.13c) respectively. 
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The Crank-Nicolson scheme was successfully used to advance the solution by in

tegrating equations (4.1.4) and (4.1.5) with respect tot from t = tj tot= tJ+1 and 

then using the trapezoidal rule to obtain 

( 4.1.6) 

(4.1.7) 

where the symbol (. )J indicates the value of the function at tj . Note that each of 

(4.1.6) and (4.1.7) has a local truncation error of order O((~tH1 ) 2 ). 

Substituting expressions for Q~+l(z) and q~+1 (z) in equat ions (4.1.6) and (4.1.7), then 

arranging the terms we obtain 

"+1 . 4 . + T~ (z)] - q~(z) - ~t (2tj+l- ~tJ+1)g~(z). 
L.l. j+l 

(4.1.9) 
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Applying the central finite difference approximation with respect to z on all the 

derivatives for all functions in equations ( 4.1.8) and ( 4.1.9) such that 

for some Ei1 , Ei2 E ( zi_1 , Zi+I) gives tri-diagonal systems, which can be rewritten in 

the following form (after deleting the error terms) 

(4.1.10) 

Ai,j+lgi-l,J+l + Bi,j+lgi,J+l + Ci,J+lgi+l,J+l = Di,J+l + Ei,l 
n n n n 9n 9n 

(4.1.11) 

where 

Ci,J+l _ 2e - 2kH1z; + 2z·h 
n - t z' 
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where (.)i = (.)(zi)· It is noted that the local truncation error for (4.1.10) and (4.1.11) 

is of order 0((.6.tH1) 2 + h;). 

The solution of each tri-diagonal system in (4.1.10) and (4.1.11) requires the values 

for G0·H1 g0·i+1 QM+l,j+l and gM+l,j+l In fact these required values correspond 
n ' n ' n n · ' 

to the boundary conditions Gn(O, tHI) , 9n(O, tj+l), Gn(ZM+l , tHI) and 9n(ZM+l, tj+l) · 

The far field condition (2.2.9c) gives that G~+l,Hl = 0 and g;;+l,J+l = 0. The values 

for G~,j+1 and g~,Hl can be determined implicitly from the integral conditions (2.2.10) 

by writing these integral conditions as a numerical quadrature formula to relate the 

boundary value with the values of the corresponding function at the internal points, 

z1 , z2 , ... , ZM· Thus, systems (4.1.10) and (4.1.11) can be rewritten as 

(4.1.12) 

H gHl = .fJHI + ftJ 
n 9n 9n 

(4.1.13) 

where 
BI,Hl 

n 
Cl,J+l 

n 0 0 

A2,Hl 
n 

B2,Hl 
n 

C2,J+I 
n 0 

H= 0 0 

0 AM- l ,j+l 
n 

BM- l ,j+l 
n 

cM- l,j+l 
n 

0 0 AM,j+l 
n 

BM,j+l 
n 
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Gl,Hl 
n 

El,j 
Gn 

Dl,j+l _ Al,j+lQO,j+l 
Gn n n 

0 2,j+l 
n 

E2,j 
Gn 

D2,Hl 
Gn 

G Hl = 
n 

Ej -
Gn- ' 

fJHl _ 
Gn -

cM-l,j+l 
n 

EM-l ,j 
Gn 

DM- l ,j+l 
Gn 

GM,j+l 
n 

EM,j 
G, 

DM,j+l 
Gn 

g~·j+l El,j 
9n 

Dl,j+l- Al,j+lgO,j+l 
9n n n 

g~·j+l E2,j 
9n 

D2,j+l 
9n 

g~+l = ftj = A '+1 

' 
DJ = 

9n 9n 
9!'- l ,j+l EM- l ,j 

9n 
DM-l,j+l 

9n 

g!'·j+l EM,j 
9n 

DM,j+l 
9n 

It is noted that fJb~1 and fJ~~1 appear in the right hand side of (4.1.10) depend on 

the solution G~+l or G~+l at time t = tj+l, so the Gauss-Siedel iterative technique 

is used with the recent information for the dependent variables. In fact, we need to 

solve 2N + 1 equations of the forms (4.1.12) and (4.1.13). However, it is noted that 

the matrix H is strictly diagonally dominant under the condition 

when Ai,j+l < 0 
n (4.1.14) 

and thus it is non-singular. Consequently, each of the non-homogenous systems 

(4.1.12) and (4.1.13) has a unique solution and can be solved by a direct method 

which is stable with respect to the growth of roundoff error [see for example Ascher 

et al. (1995)]. 
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4.1.3 The numerical method of solution for stream function 

components 

The calculated vorticity components G~+l and g~+l will be used to calculate the 

corresponding stream function components F~+l and f~+l by solving equations (2.2.5) 

at t = tJ+l· The integration of (2.2.5a) subject to the (2.2.8) is quite simple and thus, 

it will not be considered here. Furthermore, since the equations for F~+l and f~+l are 

similar for n =I 0 we only present the details of the solution for F~+1 . (2.2.5b) can be 

rewritten in an ordinary differential equations form as 

subject to 

F~+1 (0) = 0 [)p~+l (0) = 0 
f)z 

(4.1.15) 

(4.1.16) 

where f3 = nkJ+1 and r~+l(z) = e2kH 1zGn(z , tJ+1 ). It is noted by Dennis and Chang 

(1969) that most step-by-step procedures applied to solve (4.1.16) for large f3 are 

unsatisfactory. Thus, the stable integration procedure given by Dennis and Chang 

(1969) is used to obtain the numerical solution. The procedure is to factorize equation 

( 4.1.15) as follows 

( 4.1.17) 

For simplicity define the functions p~+1 (z) and Q~+l(z) by 

(4.1.18a) 

and 
j+l 

QHl(z) = dFn (z) - f3F1+1(z) . 
n dz n 

( 4.1.18b) 
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p~+1 and Q~+l satisfy the following equations 

( 4.1.19a) 

(4.1.19b) 

According to the boundary conditions of ( 4.1.16), the initial conditions for the equa-

tions ( 4.1.19) are given by 

p~+1 (0) = 0 and 

Thus, equation ( 4.1.15) is equivalent to a set of coupled equations and initial condi

t ions given by 

(4.1.20a) 

and 

( 4.1.20b) 

To solve equation (4.1.20a) for Q~+l(z), we multiply both sides of it by ef3z and then 

integrating with respect to z from z = Zi- 1 to z = Zi+1 , one obtains 

(4.1.21) 

where 'Y = e-/3h. and Q~H1 = Q~+1 (zi) · We assume that r~+1 (z) represents a poly-

nomial of degree two over the three grid points zi_1 , zi, Zi+1 on the interval [zi-1 , zi+1J 
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and obtain 

= 'V2Qi-l,j+l + ..!_ (ri+l,j+l _ 'V2ri-l ,j+l) __ 1_ [(3ri+l ,j+l _ 4r i,j+l 
1 n {J n 1 n 2hzfJ2 n n 

+ ri-l,i+l) _ 'V2 ( 4ri,j+l _ 3ri- l,j+l _ ri+l,i+l)J + _1_ [(ri+l,j+l 
n 1 n n n h~(J3 n 

( 4.1.22) 

i = 1, 2, · · · , M, where Q~.i+l is given by 

( 4.1.23) 

Thus, (4.1.22) and (4.1.23) with the initial value Q~+1 (0) are all used to determine 

the solution for Q~+l(z) at the grid points z1 , · · · , ZM+l · 

It is noted that following the same procedure to solve ( 4 .1. 20 b) for P~ + 1 ( z) gives 

unstable method with an exponential error growth [see Dennis and Chang (1969) , 

Collins and Dennis (1973b), and Badr et al. (1989)]. Thus to overcome this problem 

we follow closely the methodology of Dennis and Chang (1969) by implementing a 

transformation of the type 

X= ZM+l- Z. 

Thus (4.1.20b) can be rewritten with respect to the new variable :i; as follow 
~ j+l d:± (x) + {JP~+l(x) = f~+ 1 (i) (4.1.24) 

where P~+1 (:i;) = p~+I(zM+1 -x) and f~+1 (:i;) = -rf/1(zM+1-x). The initial condition 

P~+l(:i; = 0), is determined by multiplying both sides of (4.1.19a) by e- f3z and then 

integrating from z = 0 to z = ZM+l 

( 4.1.25) 
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It is obvious that the integral condition (2.2.17b) has been employed to determine the 

right-hand side of (4.1.25). It can been seen that the solution of (4.1.24) is similar 

to the solution of (4.1.20a) so it can be solved by using (4.1.22) and (4.1.23) with Q 

and r replaced with Q and f . 

Thus, the solution for p~+l(z) at the grid points z 0 , z1 , · · · , ZM, ZM+l is determined 

and finally the values of F~+l at the grid points can be determined easily by the 

formula 
"+1() Q"+l() 

F j+l( ) = p~ z - ~ z 
n Z 2(3 . 

As we mentioned earlier, the solution process in this computational domain is con-

tinued until the switching time ts when the solution process switches to the physical 

computational domain. Furthermore, the physical computational domain should be 

related to the computational domain in which boundary-layer coordinate z is used , 

by ks = (8 ts/ R) 112 . Thus, the physical computational domain is [0, ~M+l] where 

~M+l = k 8 ZM+l and the grid points are ~i = i h( with grid step size h~ = ks hz. The 

solution for both the vorticity and stream function components in the physical coor

dinate system is similar to the ones in the boundary-layer coordinate system, thus the 

procedure will not be repeated again. Furthermore, the numerical solution technique 

in the physical coordinate is similar to the one presented for the boundary-layer co

ordinates in Section 4.1.1. It is noted that the initial condition at t = t 8 is implicity 

known from the boundary-layer solution and given by 
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The flowchart which summarizes the numerical procedure to advance the solution at 

t = tj+l is presented in Figure 4.3. Assuming first that all the functions, Fd·j, F~·j, 

f~·j , G~j, G~;j and g~j are known at the previous time step t = tj and at all the grid 

points. Solve for the functions in a sequence manner corresponds to the Fourier index 

by using the most recent information. Since the solutions for Fd·J+1
, F~·H1 and !~·1+ 1 

depend only on the quantities G~J+l, G~J+l and g~J+l respectively, we prefer to solve 

first the n-th component of the vorticity and then the corresponding n-th component 

of the stream function. In this manner, we ensure that the most recent information 

is used in each iteration. The required solutions at t = tj+l are obtained once the 

convergence criteria given in (4.1.3) are satisfied. Note that the switching time, t8 , 

should be checked at every time step in order to replace hz and z by h~ and ~ where 

h~ = (8t 8 /R) 112hz and~= (8t 8 /R) 112z . 

The numerical program is written in the c ++ language. The numerical simulations 

were carried out on both a 64-processor Beowulf cluster located at the Department 

of Mathematics and Statistics of Memorial University of Newfoundland and a Silicon 

Graphics (SGI) Onyx 3400 computer, which has 28 400MHz IP35 MIPS R12000 pro

cessors located at the Advanced Computation and Visualization Centre of Memorial 

University of Newfoundland. The data analysis are done by using the tools of Matlab 

6, Maple 8, Golden Software Surfer 7 and Golden Software Grapher 3. 
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Figure 4.3: The numerical flowchart. 
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4.1.4 The parameter considerations in numerical procedure 

It is well-known in the subject of Fourier series approximation that the order trun

cation of the Fourier series N plays a crucial rule in the accuracy of the results. 

Moreover, the accuracy of finite difference schemes absolutely depends on the uni

form grid steps, hz, h~ and ~Tj+l · Thus, in order to implement this numerical scheme 

correctly from the mathematical point of view we need to pay attention to the values 

of the parameters N, hz, h~ and ~TJ+I· The uniform grids hz and h~ should be chosen 

consistently with Zoo and ~oo respectively. Furthermore, since ~oo depends on both 

ks and z00 we find that choosing the switching time t 8 value between 0.6 and 1 does 

not show any notable effect on the results. In fact, the best ,, optimal, values for 

these parameters are determined by using experimental simulations for each choice of 

flow parameters. Here we present some simulation samples for calculat ing the drag 

coefficient Cn for the case of uniform flow around a fixed cylinder at relatively low 

and high Reynolds numbers , R = 100 and 103 , in order to determine the optimal 

choices for ~Tj+l , Z00 , hz and N . 

It is noted that the rapid variation of vorticity near t = 0 requires the use of a 

small time step initially. This can be understood from Figure 4.4 in which the drag 

coefficient, Cn, has been plotted by using two different sets of time steps. The first set 

consists ~j+l = w-4 for the first 10 steps, then was increased to ~j+l = w-3 for the 

next 10 steps and finally ~J+l = 10- 2 was taken for the rest of the solution, however, 

the second set consists ~j+l = w-3 for the first 10 steps and finally ~j+l = w- 2 

was taken for the rest of the solution. It can be seen that the first set of t ime steps 

(solid line) controlling the variation of vorticity near t = 0 is better than the second 
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set. Thus, it is evident that small time steps are required to capture correctly the 

development of the flow at small time. In this study we used the first set of time 

steps regardless of the flow parameters. 

12...------~-----,----,-------, 

(b) 10 (a) 

5 

0.0125 0.025 0.0375 0.05 %L_ ___ o_o~12~5--~0~.0~25 ___ 0~.0~37~5--~0.05 

t t 

Figure 4.4: Time variation of drag coefficient Cv for the cases flow around a fixed 
cylinder at R = (a) 100 (b) 103 ; by using set one of time steps (- ) and the second 
set of time steps(---): Z00 = 8, hz = 0.025 and N = 60. 

Figure 4.5 shows three simulation cases on different artificial outer boundaries Zoo = 

6, 8 and 10 to calculate the the drag coefficient, Cv. It is noted that the effect of 

the artificial outer boundary is more reliable on the case of high Reynolds number, 

R = 103 , than that of Reynolds number R = 100. Moreover, using the outer bound-

ary z00 2: 8 for the case of relatively high Reynolds number is reasonable; otherwise 

it causes inaccurate results. This conclusion is confirmed by Table 4.1 in which the 

calculated values of the drag coefficient at the instants t = 10 and 20 for the consid-

ered outer boundaries, Zoo = 6, 8 and 10, are displayed. 

Figure 4.6 shows three simulation cases on different grid size hz = 0.05, 0.025 and 

0.01 to calculate the drag coefficient, Cv. Furthermore, Table 4.2 shows the calcu-

lated values of the Cv at the instants t = 10 and 20 for hz = 0.05, 0.025 and 0.01. 

It is noted that using hz = 0.05 for low or high Reynolds number causes inaccurate 
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Figure 4.5: Time variation of drag coefficient , Cn , for the case flow around fixed 
cylinder at (a)R = 100, (b)R = 103 ; by using the artificial outer boundaries z00 = 6 
(D), Z00 = 8 (--)and Z00 = 10 (• ): hz = 0.025 and N = 60. 

t = 10 t = 20 

~ 6 8 10 6 8 10 

100 1.48810 1.48810 1.48810 1.33080 1.33080 1.33080 
103 1.18143 1.18145 1.18141 1.30408 1.28568 1.28591 

Table 4.1: Calculated values of drag coefficient, Cn , for the case flow around fixed 
cylinder atR = 100 and 103 ; by using the art ificial outer boundaries z00 = 6 8 and 
10 at the inst ants t = 10 and 20: hz = 0.025 and N = 60. 

results. Moreover , the accuracy of the results is not affected by using h either 0.025 

or 0.01 but only using h = 0.025 reduces the simulations t ime. 

In Figure 4. 7, the drag coefficient CD is presented by using three simulation cases on 

three different order truncation of the Fourier series N = 50, 60 and 70. It is noted 

that using N ;::: 60 is reasonable to obtain accurate results especially for the case of 

high Reynolds number. The calculated values of CD at the instants t = 10 and 20 

are displayed in Table 4.3. 

In fact , the number of terms in the Fourier expansion has been arranged automati-

cally. Initially we take two terms and then one more term is added when the last term 
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Figure 4.6: Time variation of drag coefficient, CD , for the case flow around fixed 
cylinder at (a)R = 100, (b)R = 103

; by using grid size hz = 0.05 (D) hz = 0.025 
(- )and hz = 0.01 (• ): Z00 = 8 and N = 60. 
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Figure 4.7: Time variation of drag coefficient, CD , for the case flow around fixed 
cylinder at (a)R = 100, (b)R = 103 ; by using order truncation of the Fourier series 
N = 50 (D), N = 60 (- )and N = 70 (• ): hz = 0.025 and Z00 = 8. 
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t = 10 t = 20 

~ 0.05 0.025 0.01 0.05 0.025 0.01 

100 1.47392 1.48810 1.48825 1.29896 1.33080 1.33277 
103 1.17700 1.18145 1.18142 1.19937 1.28568 1.28505 

Table 4.2: Calculated values of drag coefficient, CD, for the case flow around fixed 
cylinder atR = 100 and 103 ; by using grid size hz = 0.05, 0.025 and 0.01 at the 
instants t = 10 and 20: z00 = 8 and N = 60. 

t = 10 t = 20 

~ 50 60 70 50 60 70 

100 1.48811 1.48810 1.48811 1.33087 1.33080 1.33079 
103 1.17751 1.18145 1.18145 1.28454 1.28568 1.29036 

Table 4.3: Calculated values of drag coefficient, CD, for the case flow around fixed 
cylinder atR = 100 and 103; by using order truncation of the Fourier series N = 50, 
60 and 70 at the instants t = 10 and 20: hz = 0.025 and Z00 = 8. 

exceeds 10-3 where the maximum number of terms N should not exceed 60. In fact 

it is found that N depends proportionally on both the time and Reynolds number R. 

In summary, the majority of the computations are carried out using the numeri-

cal scheme parameters: hz = 0.025, z00 = 8, N = 60 and ts = 40. On the other 

hand, we use different parameters at some flow parameters to get better accuracy. 

These cases will be reported in the subsequent chapters. In fact, the accuracy of 

these parameters are checked through the infinity norm of the residual, IRI((N, 'I/IN)I, 

given in (2.2.2) verses the timet for the cases R = 100 and R = 103 as seen in Figure 

4.8 Thus, this is an evidence that using the convergence criteria ( 4.1.3) to check the 

convergence in the numerical scheme is more reliable than using the residual method. 
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Figure 4.8: The residual, IR1 ((N,'I/JN)I verses time for the cases flow around a fixed 
cylinder at R = 100 (- )and R = 103 (---)by using Z00 = 8, hz = 0.025 and N = 60. 

4.2 Validation of the numerical scheme 

In this section the validation of the numerical scheme is presented for uniform flow 

past a (i) stationary cylinder (no forced oscillations); (ii) steadily rotating cylinder 

(no forced oscillations); (iii) cylinder undergoing 1-DoF forced recti-linear oscillations 

at angles rt = 0°, 60° and 90°, with respect to the uniform free-stream direction; (iv) 

cylinder undergoing 2-DoF motion produced by combined forced r cti-linear and rota-

tional oscillations. The dimensionless recti-linear and rotational oscillatory velocities 

are 

V(t) = - 27T fA sin(27T ft) and n(t) = 27T fo8m sin(27T fot), 

respectively. The streamline patterns presented in the subsequent sections are plotted 

in the same frame of reference which is fixed with respect to the translational and 
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oscillatory motions except for section 4.2.3 in which we used a moving frame of ref

erence with respect to both the translational and oscillation motions of the cylinder 

(see Appendix C.3.1). 

4.2.1 Simulations for the case of a stationary cylinder 

The accuracy of the numerical scheme is tested by comparing the present results with 

previous theoretical and experimental results for the case of uniform flow past a sta

tionary circular cylinder. The numerical simulations are carried out at R = 100, 106 

and 103 by setting oscillatory velocities V(t) and n(t) to zero. 

It is well-known that vortex shedding for the case of uniform flow past a station

ary cylinder absolutely depends on the Reynolds number R so that the asymmetrical 

eddy pattern is observed behind the circular cylinder at R 2:: 40. This asymmetrical 

eddy pattern is due to the instability of the flow effects. These instabilities naturally 

occur in physical experiments of uniform flow past a fixed circular cylinder but it is 

absent in the numerical solutions. This is due to the influence of the symmetrical 

behavior of both the geometry of the flow and the boundary conditions on the solu

tions of Navier-Stokes equations [see Braza et al. (1986)]. In order to obtain these 

asymmetrical eddy patterns from the numerical solution we need to establish a simi

lar perturbation to that in the physical experiment caused by the running conditions 

such as vibrations. Thus, in our numerical simulations we establish artificial pertur

bation by forcing the cylinder to perform rotational oscillations about its axis for one 

period. The use of this artificial perturbation is similar to the most common approach 
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reported in previous studies (Martinez and Hinh (1978), Braza et al. (1986), Juste

sen (1991)) in which a clockwise rotation of the circular cylinder was followed after 

a short period of time by a counterclockwise rotation. Following the work of Braza 

et al. (1986), we implemented vortex shedding by using the dimensionless angular 

displacement given by 

(4.2.1) 

for the timet= t0 tot= t0 + T, where T(= 5) represents the period of vortex shed

ding. We note that using different rates of rotations of the circular cylinder in ( 4.2.1) 

leads to different perturbations which cause different transition period to steady state. 

Essentially, one of the most important concepts in the flow past a stationary bluff 

body is the measurement of dimensionless natural vortex shedding frequency, f 0 , of 

the body wake which is related to the Strouhal frequency, S0 , by S0 = 2f0 . This 

measurement can be computed from the time variation of the induced oscillating lift 

force by calculating the Power Spectral Density through Fourier analysis explained 

in Appendix C.l. In fact, checking the dependence of the Strouhal frequency and 

the Reynolds number is one of the standard methods of validating computer code for 

numerical simulation of a flow around a stationary cylinder. Figures 4.9(a,b), show 

the Power Spectral Density for the lift record and the time variation of drag coeffi-

cient Cn, and lift coefficient CL, respectively, for the case of a stationary cylinder at 

R = 100. The predicted value of the Strouhal frequency together with experimental 

values (Roshko (1954), Williamson (1989), Hammache and Gharib (1991), Wen and 

Lin (2001)) and computational ones of other methods (Braza et al. (1986), Meneghini 

(1993), Herfjord (1995), Barkley and Henderson (1996), Kravchenko et al. (1999) , 
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Figure 4.9: (a) Fourier analysis of lift r cords; and (b) the time variation of drag 
coefficient CD, and lift coefficient CL for the case of a stationary cylinder at R = 100. 

Ayyalasomayajula et al. (2003)) for the case of a stationary cylinder at R = 100 are 

displayed in Tables 4.4 and 4.5. It can be seen that the experimental and numerical 

results of the calculated Strouhal frequency have the range from 0.164 - 0.167 and 

0.16-0.168 respectively, which shows excellent agreement with the present calculat d 

value. Moreover, some computational results of the predicted maximum value of the 

drag coefficient CD,max, maximum value of the lift coefficient CL,max and time-average 

drag coefficient CD at R = 100 obtained by the present study and previous investiga

tors are presented in Table 4.5. The value for CD,max, CD and CL,max are report d 

as being in the ranges 1.31 - 1.52, 1.253 - 1.32 and 0.195 - 0.353 respectively, again 

showing excellent agreement between the present and oth r computational methods. 

It is noted that the computational results were obtained in previous studies using 

the following methods. Braza et al. (1986): the finite volume method; Meneghini 
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No. Reference So 
2 Roshko ( 1954) 0.167 
3 Williamson (1989) 0.164 
4 Hammache and Gharib (1991) 0.166-0.167 
5 Wen and Lin (2001) 0.165-0.167 
6 Present study 0.164 

Table 4.4: The predicted Strouhal frequency, S0 , and comparisons with experimental 
investigations for the case of a stationary cylinder at R = 100. 

No. Reference So Cn,max Cn CL,max 
1 Braza et al. (1986) 0.16 - 1.253 -
2 Meneghini (1993) 0.162 1.52 - 0.353 
3 Herfjord (1995) 0.168 1.36 - 0.34 
4 Barkley and Henderson (1996) 0.166-0.167 - - -
6 Kravchenko et al. (1999) 0.164 1.314 - 0.314 
8 Ayyalasomayajula et al. (2003) 0.164 1.31 - 0.313 
9 Present study 0.164 1.33 1.32 0.33 

Table 4.5: The predicted Strouhal frequency, S0 , maximum value of drag coefficient 
Cv,max, maximum value of lift coefficient CL,max and time-averaged drag coefficient 
Cv at R = 100 and comparisons with previous numerical studies for the case of a 
stationary cylinder. 

(1993): a discrete vortex method; Herfjord (1995): the finite element method; Barkley 

and Henderson (1996): the spectral element method; Kravchenko et al. (1999): the 

B-spline method and zonal grids; Ayyalasomayajula et al. (2003): a higher order 

compact differencing scheme with 10th order filtering. 

Figures 4.10-4.13 show the fluid velocities, equivorticity lines, streamline patterns and 

pressure distribution during one half of the shedding period for the case of a station

ary cylinder at R = 106. Figure 4.10 shows the comparison of velocity traces in the 
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stream direction, u, at different locations, (x, y) = (5.4, 0.64), (5.4, 0.86), (9.8, 0.34) , 

(9.8, 0.66) , (15, 1), (15, 1.5), between the present computational method and the com

putational and experimental methods of Anagnostopoulos (1997) where he utilized 

a finite element method in his numerical solution. It is noted that the discrepancy 

which appears in the wake is smaller than that close to the cylinder. Moreover, the 

frequency of the velocity traces curves is exactly the same as the natural vortex shed

ding frequency f 0 . We note that in these comparisons of the velocity traces in the 

free stream directions between the computed and the experimental results slightly 

different Reynolds number were used (R = 115 experimentally and R = 106 numer

ically). Anagnostopoulos (1997) reported that this difference in R can be ignored 

because of the following two reasons: firstly the proximity of the solid boundaries 

which makes the experimental free stream velocity higher than the theoretical one, 

and secondly the numerical model is two dimensional while the experimental one is 

three dimensional since the vortices were shedding at an angle. In fact this shedding 

at an angle has an effect on the Strouhal frequency or, obviously, the shedding period 

To= 1/fo. 

Figure 4.11 shows a good agreement between the equivorticity lines with the pre

vious computational study by Anagnostopoulos (1997) for the case of a stationary 

cylinder at R = 106, and at the instant t jT0 = 0 which corresponds to the instant 

at which CL = 0 and once CL turns from positive to negative. The development of 

a Karman vortex street with alternately shedding vortices from the upper and lower 

surfaces of the cylinder is observed in this figure. However, it can be seen that Anag

nostopoulos figure shows disturbed lines especially as the vortices are moving away 
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Figure 4.10: Comparison of streamwise velocities of the fluid as a function of time 
between the present results (- - -) , experimental results (- ) and computational re
sults (- . -) of Anagnostopoulos (1997) at the locations [a] (x, y)=(5.4,0.64), [b] (x, 
y) =(5.4,0.86), [c] (x, y)=(9.8,0.34), [d] (x, y)=(9.8,0.66), [e] (x, y)=(15,1), [f] (x, 
y)=(15,1.5), for the case of a stationary cylinder at R = 106. 
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downstream. This disturbance might be reflected from the accuracy or interpolation 

problem. 

Figure 4.11: Equivorticity lines comparison with (a) numerical study by Anagnos
topoulos (1997) and (b) present study, for the case of a stationary cylinder at R=106: 
at the instant tjT0 = 0, T0 = 12.2. 

Figure 4.12 shows the superimposed equivorticity lines on streamlines with respect 

to the frame of reference fixed on the cylinder surface over half shedding period in 

the near wake region for the case of a stationary cylinder at R = 106. These snap-

shots show part of the vortex shedding process where two vortices are alternatively 

shed from the bottom and the top of the cylinder per one shedding cycle with equal 

sizes forming the classical Karman vortex street. To be more specific, Figure 4.12(a) 

shows, according to the streamlines, a small counterclockwise circulation located at 

the bottom of the cylinder and another clockwise large scale vortex located in the 

near wake-region which is originally shed from the top part of the cylinder. However, 

Figures 4.12(b)-4.12(d) show the growth of the small circulation with time which 

help the large-scale vortex to move downstream until it vanishes. Moreover, it can 

be clearly seen that the equivorticity lines are very extensive and very close near the 

cylinder which indicates large vorticity near the surface of the cylinder. 

The pressure distributions throughout the flow field are determined from the solution 

of Poisson equation for the pressure where the boundary conditions for pressure at 
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(d) 

Figure 4.12: Superimposed equivorticity lines and streamline patterns in the near 
wake region for the case of a stationary cylinder at R=106: at the instances (a)t/To = 
0, (b)t/T0 = 1/8, (c)t/T0 = 1/4, (d)tjT0 = 3/8 (To = 12.2). Comparison between 
numerical method used by Anagnostopoulos (1997) (left) and present study (right). 
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the outer boundaries and the surface of the cylinder are determined from the angular 

and radial momentum equations given in (2.1.30) and (2.1.31) after making use of the 

boundary conditions (2.1.34)-(2.1.36) (see Appendix C.2). The pressure is the most 

sensitive quantity among all the flow variables because of its relatively small values. 

The pressure distribution in the near wake region of the cylinder at three different 

instances during three eighths of the shedding period are presented in Figure 4.13. 

The results compare well with the numerical results of Anagnostopoulos (1997). 

Figure 4.14 shows an excellent comparison between our results and the experimental 

ones obtained by Coutanceau and Pineau (1997) at R = 103 . It is noted that an 

artificial perturbation is implemented in the numerical scheme by forcing the cylin-

der to perform rotational oscillation about its axis with the non-dimensional angular 

displacement given by 
. 7f 27f 

D(t) = 4 sin( T t), 

for the time t = 3.33 to 3.51. It can be seen from Figure 4.14 that two symmetrical 

vortices grow first behind the cylinder and then become asymmetrical at the time 

t ~ 4 with the detachment from the cylinder. 

4 .2 .2 Simulations for the case of a steadily rotating cylinder 

The numerical simulations are carried out at R = 500 and 103 for the case of a 

steadily rotating cylinder by setting recti-linear and rotational oscillatory velocities 

to V(t) = 0 and D(t) = 1, 3, respectively. Figure 4.15 shows the present predictions 

of the early development of the flow behind a steadily rotating cylinder immersed in 
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(a) 

(b) 

(c) 

Figure 4.13: Pressure distribution in the near wake region for the the case of a 
stationary cylinder at R= 106: at the instances (a)t/T0 = 0, (b)t/T0 = 1/8, (c) t/To = 
2/8 (To = 12.2) . Comparison between numerical method used by Anagnostopoulos 
(1997) (left) and present study (right) . 
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(a) 

(b) 

(c) 

(d) 

Figure 4.14: Str amline patterns in the near wake region for the impulsively started 
flow over a stationary cylinder for R = 103 at the instances: (a) t = 4, (b) t = 8, 
(c) t = 12, (d) t = 16. Comparison b twe n experimental r suits of Coutanceau and 
Pineau (1997) (1 ft) and present computational results (right). 
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a uniform flow are compared with that obtained from the numerical study of Chou 

(2000) and the available experimental results by Badr et al. (1990) at R = 103 and 

O(t) - 3. It can be seen that these comparisons are in good agreement. On the other 

hand, Figure 4.16 show comparisons of the time evolution of the drag and moment 

coefficients for the case of R = 500 and O(t) - 1 with the computations of Badr et 

al. (1985). The comparisons between these results shows a discrepancy of less than 

0.05. 

4.2.3 Simulations for the case of 1-DoF forced cylinder oscil

lations 

The numerical simulations are carried out at R = 855 for the case of uniform flow past 

a cylinder undergoing 1-DoF forced recti-linear oscillations at angles TJ = 0°, 60° and 

90° with respect to the free-stream direction by setting rotational oscillatory velocity 

to n(t) = 0. Figures 4.17-4.19 show comparisons between the near-wake structures 

obtained in the present study for the 1-DoF forced recti-linear oscillation case when 

A = 0.26 and fIfo = 0.5, 1, 2, 3, 4 and those obtained experimentally by Ongoren 

and Rockwell (1988b). In all these figures, the present simulations are presented by 

the equivorticity lines and streamline patterns. Present computations are carried out 

over five, nine and twenty cycles for the cases off I fo = 0.5, 1, 2, respectively, and 

about thirty cycles for the cases of fIfo = 3, 4. Bearing in mind that the number 

of oscillation cycles for the experimental runs by Ongoren and Rockwell (1988b) is 

considerably higher than that of the present case, it may be noted that, even so there 

is very good qualitative agreement between computed near-wake structures and those 
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Figure 4.15: Streamline patterns in the near wake region for R = 103 , O(t) = 3 
at the instances: (a) t = 2, (b) t = 3, (c) t = 4, (d) t = 6. Comparison between 
experimental results of Badr et al. (1990)(left), computational results of Chou (2000) 
(middle) and present numerical results (right). 
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Figure 4.16: Comparisons of C0 (left) and CM (right) between th pr sent numerical 
results (- ) and numerical results of Badr et al. (1990) (o) for the case of uniform 
flow past a steadily rotating circular cylinder at R = 500 and n( t) _ 1. 

shown in experimental diagrams. 

4.2.4 Simulations for the case of 2-DoF forced cylinder oscil

lations 

In this section we verify the accuracy of the present method for the case of an init ial 

uniform flow past a circular cylinder undergoing combined (2-DoF) forced recti-linear 

and rotational oscillations. To do this we first compare the numerical results with 

those obtained by the analytical solutions of Chapter 3 at small t imes. We then carry 

out further tests to check the periodicity of the surface pressure for large values of 

the time. Two types of 2-DoF forced oscillation simulations are performed when the 

cylinder is forced to move by combined (i) in-line (stream wise), rJ = 0°, and rotational 

oscillation; (ii) transverse (cross-stream), rJ = 90°, and rotational oscillation. The fre-

quency of the recti-linear oscillation is the same as for the rotational oscillation i.e. , 

f = f e. The results are obtained for R = 855, A = 0.26, f I f o = 1.0 and em = 30°. 

In figures 4.20 and 4.21 the numerical results for the surface vorticity and pressure 
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(a) 

(b) 

(c) 

(d) 

(e) 

Figure 4.17: Comparison of flow visualization of Ongoren and Rockwell (1988b) (left) 
and computed present equivorticity lines (middle) and streamline patterns (right) for 
the case of R = 855, A= 0.26 and ry = 0° at the frequency ratios: (a) fIfo= 0.5; (b) 
fIfo= 1; (c) fIfo = 2; (d) fIfo = 3; (e) fIfo= 4. All snapshots are taken at the 
instant corresponding to the maximum negative displacement. 
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Figure 4.18: Comparison of flow visualization of Ongoren and Rockwell (1988b) (left) 
and computed present equivorticity lines (middle) and streamline patterns (right) for 
the case of R = 855, A = 0.26 and 'rJ = 60° at the frequency ratios: (a) f I fo = 0.5; 
(b) fIfo= 1; (c) f / fo = 2; (d) fIfo= 3; (e) fIfo = 4. All snapshots are taken at 
the instant corresponding to the maximum negative displacement. 
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Figure 4.19: Comparison of flow visualization of Ongoren and Rockwell (1988b) (left ) 
and computed present equivorticity lines (middle) and streamline patterns (right) for 
the case of R = 855, A = 0.26 and rJ = 90° at the frequency ratios: (a) f I f o = 0.5; 
(b) f I fo = 1; (c) f I fo = 2; (d) f I fo = 3; (e) f I fo = 4. All snapshots are taken at 
the instant corresponding to the maximum negative displacement. 



Chapter 4. Numerical Method of Solution 107 

distributions, defined in (2.2.1a) and (2.3.2), are compared with the results of the an

alytical solutions using (3.3.37) and (3.4.6) at t = 0.1, 0.5 and 1.0. The comparison is 

extremely good at small times (t:::; 0.5). The frictional, pressure, total drag and lift 

coefficients defined in (2.4.2)-(2.4.5); (2.4. 7) and (2.4.8) have been determined using 

(3.4.1)-(3.4.4) analytically and figures 4.22 and 4.23 show these results together with 

ones obtained from the numerical solution for the small values of time (0 :::; t :::; 1). 

The analytical results exhibited in these figures compare satisfactory with results de

rived from the numerical results for t < 0.5. As a further check on the verification of 

the numerical scheme, the moment coefficient defined by (3.4.5) is compared for both 

numerical and analytical methods. The comparison seems to be satisfactory at small 

times (0:::; t:::; 0.4). 

The calculated surface pressure, p0 , defined in (2.3.2) is plotted in Figure 4.25 for the 

combined (2-DoF) recti-linear and rotational oscillation cases when 8m = 30°: TJ = 0° 

and TJ = 90°. This figure shows the surface pressure distribution during one period of 

oscillation and confirms that the periodicity condition is satisfied (po(O) = Po(27r)). 

For the case of combined (2-DoF) in-line and rotational oscillation, the maximum 

value of p0 is steadily decreasing as t increases as shown in Figure 4.25a unlike the 

combined (2-DoF) transverse and rotational case (see Figure 4.25b ). 
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Figure 4.20: Comparison of the surface vorticity distribution at R = 855, A = 0.26, 
em = 30° and J 1 !o = 1: (a) rJ = oo and (b) rJ = goo; --, numerical solution, o, 

analytical solution at the instants t = 0.1 (red), t = 0.5 (blue) and t = 1.0 
(green). 
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Figure 4.21: Comparison of the surface pressure dist ribution at R = 855, A = 0.26, 
8m = 30° and f / f o = 1: (a) 7J = 0° and (b) 7J = 90°; --, numerical solution, o, 
analytical solution at the instants t = 0.1 (red), t = 0.5 (blue) and t = 1.0 
(green). 
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Figure 4.22: Variation of CDF (red), CDP (blue) and CD (grrl'n) at R = 855, A= 0.26, 
e m = 30° and ! 1 !o = 1: (a) TJ = oo and (b) TJ = goo; --, numerical solution, o , 

analytical solution. 
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Figure 4.23: Variation of eLF (red), CLP (blue) and CL (green) at R = 855, A= 0.26, 
8 m = 30° and f / fo = 1: (a) rJ = 0° and (b) rJ = 90°; - , numerical solution, o, 
analytical solution. 
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Figure 4.24: Variation of eM at R = 855, A = 0.26, 8 m = 30° and fIfo = 1: (a) 
'T/ = 0° and (b) 'T/ = 90°; --, numerical solution, o, analytical solution. 
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Figure 4.25: Surface pressure distribution during one period of oscillation, T , for 
R = 855, A= 0.26, 8m = 30° and f / fo = 1: (a) 7J = 0° and (b) 7J = 90°; at t = OT 
(- ), t = T/4 (-), t = T/2 (- ) , t = 3T/4 ( ) and t = T (·---- ) (T = 9.09, 
81.82 ~ t ~ 90.91). 



Chapter 5 

The wake flow generated by 

combined (2-DoF) transverse and 

rotational cylinder oscillation 

In this chapter, we focus on the numerical investigation of the wake flow created in a 

steady free-stream by combined transverse (cross-stream) and rotational oscillation of 

a circular cylinder. The dimensionless transverse and rotational oscillatory velocities 

are 

V(t) = -21r fA sin(27r ft) and O(t) = 21r fo8m sin(27r Jot), 

respectively. The frequency of the transverse oscillation is the same as for the ro

tational oscillation i.e., f = f 0 . The near-wake structure as well as the fluid forces 

acting on the cylinder are then determined for five sets of the four dimensionless 

groups: R = 855, A = 0.26, 15° :::; 8m :::; 75° when f / fo = 0.5, 1, 2, 3, 4 by 

setting the angle of inclination to rJ = 90°. The connection between lift coefficient 

and vortex lock-on regimes is also investigated using Power Spectrum Density of the 

lift coefficient through Fourier analysis. 

114 
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The simulations are carried out by using the time step ~tj+l = 10-4
, for the first 

10 steps. This is then increased to ~tj+l = 10-3 for the next 10 steps. Finally 

~tj+l = 10- 2 is taken for the rest of the solution. In the first computational domain 

[0, t 8 ] , the number of points in the z direction is taken as 319 with a grid size of 

~z = 0.025. In the the second computational domain [t8 , tmax] where t 5 = 40, the 

number of points in the ~ direction is taken as 319 with a grid size of ~~ = 0.01529. 

With these choices we set the outer boundary of computational domain at a physical 

distance of at least 133 times the radius of the cylinder for R = 855 and 40 :::; t :::; 120. 

The maximum number of terms in the Fourier series is taken as N = 65 for all cases 

considered in this chapter. 

5.1 Wake modes and synchronization (lock-on) phe

nomena in the near-wake region 

Figure 5.1 shows the equivorticity lines over one period, T, for the combined trans

verse and rotational oscillation case when f / fo = 0.5 and 15° :::; em :::; 75°. We note 

that relatively large-scale vortex formations occur in the asymmetrical 28 mode, per 

T /2, for em = 15°, 30° in which two vortices are alternatively shed from the upper 

and lower surfaces of the cylinder per half cycle. In addition, we observe the asym

metrical 48 mode, per T, for em = 60°, 75° in which four vortices are alternatively 

shed from the upper and lower surfaces of the cylinder per one cycle. The near-wake 

structure is almost periodic at em = 15°) 30° per half period of cylinder oscillation, 

T/2 (or T0 ) . Increasing em beyond 30° seems to destroy this periodic behavior in the 

near-wake region. On the other hand, the near-wake structure shows almost periodic 
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behavior over one period of oscillation, T, when E>m = 60°, 75° i.e., vortex lock-on 

occurs in 4S mode, perT, at fIfo= 0.5 and E>m = 60°, 75°. 

For the frequency ratio when fIfo = 1, the equivorticity lines are plotted in Figure 5.2 

for 15° ::; 8m ::; 75°. The vortex shedding mode at this frequency is the synchronized 

asymmetrical 2S mode over one oscillation cycle, T, for all values of E>m. By tracking 

the snapshots in the first row of Figure 5.2, which are taken at the instants corre

sponding to maximum negative angular displacement -E>m, we observe a substantial 

decrease in vortex formation length as E>m increases. The vortex formation length 

is defined in this study as the dimensionless length of the developing vortex on the 

bottom of the cylinder measured in radii along the wake centerline from the rearmost 

portion of the cylinder surface to the end of the re-circulating region at the instant 

corresponding to -8m. In addition, the inclination angle of the base region is also 

increasing with E>m except at 8m = 15°. It is noted that the near-wake structure is 

inversely repeatable every half period, T 12, of oscillation in the range 30° ::; E>m ::; 75° 

which is characterized by vortices of equal magnitude shedding from each side of the 

cylinder. 

In the range of the frequency ratios when fIfo 2: 2, the vortex shedding becomes 

more complicated due to the strong interaction between the body of the cylinder and 

the shed vortices. Coalescence of vortices appears in the region very close to the 

cylinder surface. Consequently, tracking the vortices shedding from the cylinder is 

difficult especially for cases in which recti-linear amplitude of oscillation is small. At 

fIfo = 2, the increase of E>m produces different vortex shedding modes as seen in 
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Figure 5.1: Equivorticity lines over one period of oscillation, T , for the combined (2-DoF) transverse and rotational 
oscillation case (TJ = 90°, 15°:::; 8 m:::; 75°) when R = 855, A= 0.26: f / f o = 0.5 (T = 18.18, 90.9 :::; t:::; 109.08). 
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Figure 5.2: Equivorticity lines over one period of oscillation, T , for the combined (2-DoF) transverse and rotational 
oscillation case (TJ = 90° 15° ::; 8 m ::; 75°) when R = 855, A= 0.26: f / f o = 1 (T = 9.09, 81.82 ::; t ::; 90.91). 
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Figure 5.3. Tracking the snapshots in the first row we observe a reduction in the 

size of shedding vortices as 8m increases. Furthermore, the inclination angle of the 

top region increases as 8m increases whereas inclination angle of the bottom region 

decreases. For 8m = 15°, we observe the synchronized asymmetrical S+ P mode, 

per 2T, where two positive vortices are shed from the bottom of the cylinder and a 

large counter-rotating vortex is shed from the top of the cylinder over two periods of 

oscillation. It is noted that the shedding layer of the upper vortex remains attached 

to the vortex for a relatively long time as the vortex moves away from the cylinder. 

As a result another weak vortex breaks away from this shedding layer and accompany 

the larger vortex downstream. For 8m = 30°, the synchronized asymmetrical mode is 

2P mode, per 2T, in which two vortices are shed from each side of the cylinder over 

two periods of cylinder oscillation. It is noted that the two vortices which are shed 

from the top side of the cylinder coalesce in the near-wake region to form a single 

vortex during the second period. For 8m = 60° , 75°, the vortex shedding is charac

terized by the synchronized asymmetrical 2S mode, per T , in which a dominant or 

large vortex is alternatively shed from each side of the cylinder over one period of 

cylinder oscillation. In this mode, each large vortex is accompanied by another weak 

counter-rotating vortex. Typical equivorticity and streamline plots for f / fo = 2 with 

8m = 60°, 75° are plotted in Figure 5.4. The weake vortices decay at a distance of 

approximately twice the diameter of the cylinder. It is also evident that the near-wake 

structure is inversely repeatable every T /2 for 8m = 60°, 75°. Thus, it is evident that 

the near-wake structure is controlled by the rotational oscillation as 8m increases. 

The equivorticity lines over three periods of oscillations, 3T, for the frequency ratio 
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Figure 5.3: Equivorticity lines over two periods of oscillation, 2T, for the combined (2-DoF) transverse and rota
tional oscillation case (ry = 90°, 15° ~ 8m ~ 75°) when R = 855, A= 0.26: f / fo = 2 (T = 4.55, 90.9 ~ t ~ 99.99). 
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Figure 5A: Equivorticity lines and streamline patterns over one period of oscillation, T, for the combined (2-DoF) 
transverse and rotational oscillation case (TJ = 90°: 8 m = 60° (left) and 8 m = 75° (right)) when R = 855, A= 0.26: 
f / fo = 2 (T = 4.55, 90.9 ::::; t ::::; 95.45). 
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fIfo = 3.0 when 15° :::; em :::; 75° are displayed in Figure 5.5. Comparing the snap

shots in the first row of Figure 5.5, we observe a reduction in the strength of shedding 

vortices. At the same time, the vertical distance between the shedding vortices is 

decreasing as em increases. It seems that the increase in em draws irrotational fluid 

along the wake centerline towards the cylinder base. Moreover, the vortex shedding 

for em = 15° exhibits a synchronized asymmetrical 2P mode, per 3T, in which two 

vortices are shed from each side of the cylinder over two periods of oscillations. In

creasing em to 30° produces an interesting synchronized asymmetrical 68 mode, per 

3T, in which three vortices alternately develop from each side of the cylinder. In ad

dition, the first two vortices which develop from each side coalesce to form one single 

vortex followed by a third vortex shed from each side in the third period. Increasing 

em to 60° and 75°' the vortex shedding mode switches to the synchronized asymmet

rical 28 mode, per T, which is similar to that observed for the previous case when 

fIfo = 3 and em = 60°, 75°. It is noted that each large vortex is accompanied by 

another weak counter-rotating vortex. Typical equivorticity and streamline plots for 

fIfo = 3 and em = 60°, 75° are plotted in Figure 5.6. It is noted that at em = 60° 

all the weak vortices disappear at a distance which is less than one diameter of the 

cylinder while at em = 75° they disappear at a distance of more than twice the 

cylinder diameter. 

Equivorticity lines at fIfo = 4.0 when 15° :::; em :::; 75° are displayed in Figure 5. 7. 

The snapshots in the first row which are taken at the instant corresponding to the 

maximum negative displacement, -em, show that there is a reduction in the vortex 

formation length and the size of the vortices as em increases. Furthermore, it is noted 
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Figure 5.5: Equivorticity lines over three periods of oscillation, 3T, for the combined (2-DoF) transverse and 
rotational oscillation case (7J = 90°, 15° :::; 8m :::; 75°) when R = 855, A = 0.26: f / fo = 3 (T = 3.03, 90.9 :::; t :::; 
99.99). 
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Figure 5.6: Equivorticity lines and streamline patterns over one period of oscillation, T , for the combined (2-DoF) 
transverse and rotational oscillation case (TJ = 90°: 8 m = 60° (left) and 8 m = 75° (right)) when R = 855, A = 0.26: 
f / fo = 3 (T = 3.03, 90.9 ~ t ~ 93.93). 
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Figure 5.7: Equivorticity lines over four periods of oscillation, 4T, for the combined (2-DoF) transverse and 
rotational oscillation case ('TJ = 90°, 15° :::;: 8 m :::;: 75°) when R = 855, A = 0.26: f / fo = 4 (T = 2.27, 84.09 :::;: t :::;: 
93.18) . 
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that the vertical distance between the shedding vortices is reduced as em increases. 

For em= 15° we observe the synchronized asymmetrical 88 mode, per 4T, as shown 

in Figure 5.8. In this mode, four vortices develop on each side of the cylinder. It is 

noted that the first three vortices which develop from each side coalesce to form a 

single large vortex which is then followed by a fourth vortex. In addition the coales

cence of the three vortices appears in the near-wake region very close to the cylinder 

surface. Increasing em to 30° we obtain the synchronized asymmetrical 88 mode, 

per 4T, in which four alternately vortices are shed from each side of the cylinder as 

shown in Figure 5.9. Furthermore, four vortices which are shed from the upper side 

coalesce immediately after the shedding of the second vortex so that they appear as 

one, two or three positive vortices in the near-wake region. The first three vortices 

which are shed from the bottom side coalesce to form a single large vortex which is 

then followed by a fourth vortex which gives two negative vortices in the near-wake 

region. Increasing em to 60°, the vortex shedding pattern changes to the synchro

nized asymmetrical 68 mode, per 3T, as shown in Figure 5.10. In this mode, three 

alternately shed vortices develop from each side of the cylinder. The first two vortices 

shed from each side coalesce to form a single vortex which is followed by the third 

vortex from each side. Therefore, it appears as if two vortices are shed from each side 

of the cylinder over three periods of oscillation. At em = 75°, the dominant vortex 

shedding mode is the asymmetric 28 mode, perT, as shown in Figure 5.11. Thus, it 

is evident that increasing em has a significant effect on vortex shedding modes and 

their periods. 
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Figure 5.8: Equivorticity lines (left) and streamline patterns (right) over four periods, 
4T, for the combined (2-DoF) transverse and rotational oscillation case ('TJ = 90°, 
em -1- 0) when R = 855, A= 0.26: em= 15° and f I fo= 4.0 (T = 2.27, 84.09:::; t :::; 
93.18). 
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Figure 5.9: Equivorticity lines (left) and streamline patterns (right) over four periods, 
4T, for the combined (2-DoF) transverse and rotational oscillation case (TJ = 90°, 
em =f 0) when R = 855, A= 0.26: em= 30° and fIfo= 4.0 (T = 2.27, 84.09 ::; t::; 
93.18). 
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Figure 5.10: Equivorticity lines (left) and streamline patterns (right) over three peri
ods, 3T, for the combined (2-DoF) transverse and rotational oscillation case (TJ = 90°, 
em =!= 0) when R = 855, A = 0.26: 8m = 60° and fIfo = 4.0 (T = 2.57, 
84.09 ::; t::; 90.91). 
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Figure 5.11: Equivorticity lines (left) and streamline patterns (right) over one period, 
T, for the combined (2-DoF) transverse and rotational oscillation case (rJ = 90°, E>m =f 
0) when R = 855, A= 0.26: E>m = 75° and f / fo = 4.0 (T = 2.27, 84.09 :::; t:::; 86.36). 
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The effect of flow parameters on the near-wake structure can be summarized as fol-

lows. Increasing the maximum angular displacement, em, or the excitation frequency, 

fIfo, leads to the breaking up of the near-wake vorticity and thus we obtain different 

modes of vortex shedding. Tables 5.1, 5.2 show the effect of both em and fIfo on the 

vortex shedding modes and their periods. It can be seen that as em increases the vor

tex shedding mode tends to, in general, the 28 mode, per T, except for fIfo = 0.5. 

The classical 28 mode is the dominant mode for low values of the excitation fre-

quency, fIfo :::; 1 since the maximum oscillatory speeds of both motions are less than 

the uniform flow speed. Further, period reduction is observed at high value off I fo 

as em increases. In addition, the lock-on regimes are observed for fIfo ~ 1 when 

15° :::; em :::; 75°. Inversely repeatable phenomenon every half of the vortex shedding 

period is reported in all lock-on cases for combined transverse and rotational oscilla-

tion. The coalescence between the shed vortices in the near-wake region appears at 

high frequency ratios (i.e. !I fo ~ 2). 

m 

~ 15° 30° 60° 75° 

0.5 28 . 28 . 48 . 48 . 
1 28 . 28 . 28 . 28 . 
2 8 + P • 2P • 28 . 28 . 
3 2P • 68 . 28 . 28 . 
4 88 . 88 . 68 . 28 . 

Table 5.1: The effect off I fo and em on the vortex shedding modes for the combined 
(2-DoF) transverse and rotational oscillation case (TJ = 90° , em =/= 0) when R = 855, 
A= 0.26: • lock-on mode; • non-lock mode. 
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m 

~ 15° 30° 60° 75° 

0.5 Tl2 T l 2 T T 
1 T T T T 
2 2T 2T T T 
3 3T 3T T T 
4 4T 4T 3T T 

Table 5.2: The effect off I fo and 8m on the vortex shedding periods for the combined 
(2-DoF) transverse and rotational oscillation case (rJ = 90°, 8m f. 0) when R = 855, 
A = 0.26. 

5.2 Time histories of fluctuating fluid forces 

Figure 5.12 shows the time evolution of the lift coefficient, CL, plotted with the cylin-

der d isplacement and the Power Spectral Density (PSD) of the lift coefficient at 

fIfo = 0.5 and 15° :::; 8m :::; 75°. The lift coefficient for each has two dominant 

frequencies. These frequencies are the forcing and natural frequencies as suggested 

by the corresponding PSD of each lift record. However, it can be seen that the effect 

of the oscillating frequency becomes stronger with the increase of 8m. This behavior 

of the lift coefficient confirms that the near-wake structure is almost periodic perT 12 

when 8m = 15°, 30° or per T when 8m = 60°, 75° (see Figure 5.1). Further, the 

amplitude of the lift coefficient, CL,amp, is increasing for 8m ~ 30°. Figures 5.13 and 

5.14 show the time evolution of the drag and moment coefficients plotted with the 

cylinder displacement for fIfo = 0.5. It can be seen that the amplitude of both the 

drag coefficient, Cv,amp, and moment coefficients are increasing proportionally with 

8m· Further, the minimum value of the drag coefficient, Cv,min, is deceasing with 

the increase of 8m. The moment coefficient shows oscillatory behavior at the forcing 
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Figure 5.12: The time variation of CL (- ) with respect to cylinder displacement, Y 
(- )and the Fourier analysis of the lift coefficient PSD ( ··· )for the combined (2-DoF) 
transverse and rotational oscillation case (TJ = 90°, em=/= 0) when R = 855, A= 0.26 
and! 1 !o = o.5: (a) em = 15°; (b) em= 30°; (c) em= 60° and (d) em= 75°. 
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frequency f and is out of phase withY. Also, CM shows beating wave forms which 

indicates the competition between the forcing and natural shedding frequencies. 

For the case off I fo = 1, the lift coefficient for each case exhibits a periodic behav

ior which suggests that it only has one dominant frequency. The superimposed lift 

coefficient, eL, and cylinder displacement, Y, are plotted for 15° ~ em ~ 75° in 

Figure 5.15. This dominant frequency in the lift record has been calculated using 

the PSD and found to be exactly the forcing frequency as shown in Figure 5.15. 

This confirms our finding that vortex lock-on occurs at fIfo = 1 (see Figure 5.2). 

We also noted that eL oscillates in phase with Y. Moreover, the lift records show a 

reduction in their maximum and amplitude values, eL,max and eL,amp respectively, 

as em increases. The time evolution of the drag and moment coefficients at f I fo = 1 

are plotted in Figures 5.16 and 5.17, respectively. It is noted that ev oscillates at 

twice the forcing frequency, 2j, and shows very little phase shift with respect to the 

cylinder motion. It can be seen that eD,min is decreasing while ev,amp is increasing 

as em increases in the range em 2: 30°. On the other hand, the moment coefficient 

eM OScillates at the forcing frequency, j, and eM and Y are OUt of phase with each 

other as shown in Figure 5.17. The amplitude of the moment coefficient is increasing 

as em increases. 

At fIfo = 2, the time variation of eL, Y and the PSD are plotted in Figure 5.18 

for 15° ~ em ~ 75°. eL oscillates at f and is in phase with the cylinder motion. 

It is noted that one dominant peak develops in the P S D of the lift coefficient as 

em increases. The effect of the natural frequency (small peak) becomes relatively 
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Figure 5.13: The time variation of Cn ( ) with respect to cylinder displacement , Y 
(- ) for the combined (2-DoF) transverse and rotational oscillation case (TJ = 90°, 
em =I- 0) when R = 855, A= 0.26 and .f /.fo = 0.5: (a) em = 15°; (b) em = 30°; (c) 
em = 60° and (d) em = 75°. 
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Figure 5.14: The time variation of CM (· -·· ) with respect to cylinder displacement, 
Y (- ) for the combined (2-DoF) transverse and rotational oscillation case (7J = 90°, 
em =I 0) when R = 855, A= 0.26 and f I fo = 0.5: (a) em = 15°; (b) em= 30°; (c) 
em= 60° and (d) em = 75°. 
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Figure 5.15: The time variation of CL (- ) with respect to cylinder displacement, Y 
(- ) and the Fourier analysis of the lift coefficient PSD ( ---- )for the combined (2-DoF ) 
transverse and rotational oscillation case (77 = 90°, 8m =I= 0) when R = 855, A= 0.26 
and! 1 !o = 1.o: (a) em= 15°; (b) em = 30°; (c) em= 60° and (d ) em= 75°. 
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Figure 5.16: The time variation of CD (--·-- ) with respect t o cylinder displacement, Y 
(- ) for the combined (2-DoF) transverse and rotational oscillation case (TJ = 90°, 
em =I= 0) when R = 855, A = 0.26 and f I fo = 1.0: (a) em= 15°; (b) em= 30°; (c) 
em= 60° and (d) em= 75°. 



Chapter 5. The wake Bow generated by combined (2-DoF) transverse. .. 139 

50 
>-. 

J 0 

-50 

50 
>-. 
~ 0 

J 
-50 

50 
>-. 
~ 0 

J 
-50 

50 
>-. 
~ 0 

J 
-50 

0 30 60 
t 

90 

(a) 

(b) 

120 

Figure 5.17: The time variation of CM (---·· ) with respect to cylinder displacement , 
Y (- ) for the combined (2-DoF) t ransverse and rotational oscillation case (Tt = 90°, 
em =I 0) when R = 855, A= 0.26 and f I fo = 1.0: (a) 8 m = 15°; (b) 8m = 30°; (c) 
8m = 60° and (d) 8 m = 75°. 
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weak with respect to the oscillating frequency (large peak) as em increases. Thus, 

synchronization observed at fIfo = 2 for all values of em is confirmed (see Figure 

5.3). The values of CL,max and CL,amp are decreasing while CL,min is increasing as em 
increases. The drag coefficient presented in Figure 5.19 shows that the maximum, 

minimum and amplitude values of the drag coefficient, Cn,max, Cn,min and Cn,amp 

respectively, are all decreasing as em increases. The moment coefficient oscillates at 

the forcing frequency, f , and CM andY are out of phase with each other as shown 

in Figure 5.20. 

By investigating the lift records for the case of fIfo = 3, plotted in Figure 5.21, 

we observe a tendency to fully periodic behavior with one dominant peak as em 

increases. This behavior suggests that the effect of the natural shedding frequency 

disappears gradually and so the dominant frequency is the forcing frequency with the 

increase of em as confirmed by the P S D. It can be seen that C L oscillates at f and 

is in phase with the cylinder motion. However, the lift record for em = 15° shows 

a repeatable behavior every three periods of oscillation, 3T, where we observe three 

peaks with different amplitudes. This behavior confirms the lock-on regime observed, 

per 3T, at fIfo = 3 and em= 15° (see Figure 5.5). Furthermore, the difference in the 

amplitude of these peaks gradually decreases as em increases. For em 2': 60° we note 

that the lift coefficient oscillates solely with the forcing frequency, f , which explains 

the reduction of the vortex lock-on period from 3T toT observed at these values of 

em in Figure 5.6. As a result of increasing em, the values of CL,max and CL,amp are 

decreasing while the minimum value of the lift coefficient, CL,min, is increasing. The 

drag and moment coefficients at fIfo = 3 are plotted in Figures 5.22 and 5.23. The 
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Figure 5. 19: The time variation of CD (-------) with respect to cylinder displacement, Y 
(- ) for the combined (2-DoF) transverse and rotational oscillation case (TJ = 90° , 
em =I= 0) when R = 855, A= 0.26 and f I fo = 2.0: (a) em = 15°; (b) em= 30°; (c) 
em = 60° and (d) em= 75°. 
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Figure 5.20: The time variation of CM (-·-··) with respect to cylinder displacement , 
Y (- ) for the combined (2-DoF) transverse and rotational oscillation case (rt = 90°, 
em f. 0) when R = 855, A= 0.26 and f I fo = 2.0: (a) em= 15°; (b) em= 30°; (c) 
em= 60° and (d) em= 75°. 
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Figure 5.21: The time variation of CL (- )with respect to cylinder displacement, Y 
(- ) and the Fourier analysis of the lift coefficient P S D ( ---- ) for the combined ( 2-Do F ) 
transverse and rotational oscillation case (rJ = 90°, em i- 0) when R = 855, A= 0.26 
and fifo = 3.0: (a) em= 15°; (b) em= 30°; (c) em= 60° and (d) em= 75°. 
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drag coefficient oscillates at f for em 2:: 60°. The values of CD,max and CD,min are 

decreasing as em increases. However, CD,amp is increasing as em increases in the 

range em 2:: 30°. The amplitude of the CM is increasing as em increases. Figure 5.23 

shows that C M oscillates with f and shows a phase difference between C M and Y at 

all vales of em. 

At fIfo = 4, the lift coefficient tends to have a fully periodic behavior per 4T, 3T 

or T as em increases as shown in Figure 5.24. By investigating the lift behavior for 

em = 15°' 30°' it is found that the lift coefficient is repeatable every four periods of 

oscillation whereas, for em = 60°' it is repeatable every three periods of oscillations 

and for em = 75°, it is repeatable only over one period of oscillation. These cycles are 

consistent with the vortex shedding periods presented in Table 5.2 and vortex lock-on 

observed, in Figures 5.8-5.11, at fIfo= 4 and 15° ::; em ::; 75° is then confirmed. We 

can also conclude that the effect of the cylinder rotation is to eliminate the effect of 

the natural shedding frequency with the increase of em. It is noted that CL,max and 

CL,amp are decreasing while CL,min is increasing as em increases. The drag coefficient 

presented in Figure 5.25 shows that CD,min is decreasing whereas CD,amp is increasing 

as em increases. Moreover, CD oscillates at f for all values of em. On the other hand, 

the moment coefficient amplitude is increasing with the increase of em as shown in 

Figure 5.26. This figure also shows a phase difference between CM andY at all values 

of em. 

In summary, the effect of increasing the maximum angular displacement, em, is to 

eliminate the effect of the natural shedding frequency as expected. Tables 5.3-5.9 
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Figure 5.22: The time variation of CD (-----) with respect to cylinder displacement, Y 
(- ) for the combined (2-DoF) transverse and rotational oscillation case (TJ = 90° , 
8m =I= 0) when R = 855, A= 0.26 and f I fo = 3.0: (a) em = 15°; (b) 8 m = 30° ; (c) 
8m = 60° and (d) em= 75°. 
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Figure 5.23: The time variation of CM (----- ) with respect to cylinder displacement, 
Y (- ) for the combined (2-DoF) transverse and rotational oscillation case (rJ = 90°, 
em =1- 0) when R = 855, A = 0.26 and f I !o = 3.0: (a) em= 15°; (b) em= 30°; (c) 
em = 60° and (d) em = 75°. 
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Figure 5.24: The time variation of CL (- ) with respect to cylinder displacement, Y 
( ) and the Fourier analysis of the lift coefficient PSD ( ·· ) for the combined (2-DoF) 
transverse and rotational oscillation case (r; = 90°, em =I 0) when R = 855, A = 0.26 
and J 1 fa = 4.o: (a) em = 15°; (b) em= 30°; (c) em= 60° and (d) em = 75°. 
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Figure 5.25: The time variation of Cn (-- ) with respect to cylinder displacement , Y 
(- ) for the combined (2-Do F) transverse and rotational oscillation case ( TJ = 90°, 
em =1- 0) when R = 855, A = 0.26 and fIfo = 4.0: (a) em = 15°; (b) em = 30°; (c) 
E>m = 60° and (d) em = 75°. 
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Figure 5.26: The time variation of CM ( ··) with respect to cylind r displacement , 
Y (- ) for the combined ( 2-Do F) transverse and rotational oscillation case ( T/ = 90°, 
emf 0) when R = 855, A= 0.26 and fIfo= 4.0: (a) 8m = 15°; (b) 8m = 30°; (c) 
8m = 60° and (d) 8m = 75°. 
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show the values of CL,max, CL,min , CL,amp, CD,max, CD,min, CD,amp and the time

averaged drag coefficient, CD. These quantities are calculated over two periods of 

cylinder oscillation for fIfo= 0.5 and over four periods for fIfo= 1, 2, 3 and 4. The 

maximum lift coefficient, CL,max, decreases as em increases in the range 1 :=:; fIfo :=:; 4. 

However, at high values of the oscillation frequency ratio, fIfo 2: 1, the minimum 

value of the lift coefficient increases as em increases. In the contrary, the value of 

CL,amp decreases as em increases at high values of the excitation frequency, f I !o 2: 2. 

A reduction in CD,max value is observed, in general, as em increases at high values 

off I fo , fIfo 2: 2. Furthermore, as a result of increasing em beyond 30°, CD,min is 

decreasing at all values off I f 0 . However, CD is decreasing at all values off I fo as 

em increases. 

m 

~ 15° 30° 60° 75° 

0.5 1.8117 1.7660 1.6039 2.0132 
1.0 2.7490 2.6703 1.9945 1.9616 
2.0 6.0354 5.4568 4.7273 4.5592 
3.0 12.0587 11.3770 11.0585 11.0227 
4.0 20.2919 20.0046 20.0016 19.6554 

Table 5.3: The effect off I fo and em on CLma~ for the combined (2-DoF) transverse 
and rotational oscillation case (TJ = 90°, em=/= 0) when R = 855, A = 0.26. 
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m 

~ 15° 30° 60° 75° 

0.5 -1.7412 -1.6g81 -2.063g -2.0380 
1.0 -2.70g2 -2.5450 - l.g551 -l.g836 
2.0 -5.g030 -5.7538 -4.8081 -4.5513 
3.0 -11 .8475 -11.3g7g -11.1g5g -11.1g4o 
4.0 -20.2558 -1g_g763 -1g_g75g -1g.7055 

Table 5.4: The effect off I fo and em on CL,min for the combined (2-DoF) transverse 
and rotational oscillation case (rJ =goo, em =J. 0) when R = 855, A= 0.26. 

m 

~ 15° 30° 60° 75° 

0.5 3.552g 3.4641 3.6678 4.0512 
1.0 5.4581 5.2153 3.g4g6 3.g452 
2.0 11.g384 11.2106 g.5354 g.1105 
3.0 23.g062 22.774g 22.2544 22.2167 
4.0 40.5477 3g_g8og 3g_g775 3g.36og 

Table 5.5: The effect off I fo and em on CL,amp for the combined (2-DoF) transverse 
and rotational oscillation case (rJ =goo, em =J. 0) when R = 855, A= 0.26. 

5.3 Combined (2-DoF) transverse and rotational 

oscillation versus a transverse-only or 

rotational-only (1-DoF) cylinder oscillation: wake 

modes 

In this section a series of 1-DoF forced transverse or rotational cylinder oscillations 

in a steady uniform flow is analyzed under the same oscillation conditions of Sections 

5.1 and 5.2 to better understand what differences result from the addition of the two 

1-DoF oscillatory motions. The simulations for the (1-DoF) oscillatory motion cases 
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m 

~ 15° 30° 60° 75° 

0.5 1.8870 1.g345 1.84g6 2.0761 
1.0 2.032g 1.8281 2.0720 2.0355 
2.0 2.2124 1.8gog 1.042g o.g318 
3.0 2.4308 1.6783 1.1770 1.1127 
4.0 2.0546 1.7258 1.8182 1.3024 

Table 5.6: The effect off I fo and em on CD,max for the combined (2-DoF) transverse 
and rotational oscillation case (TJ =goo, em# 0) when R = 855, A= 0.26. 

m 

~ 15° 30° 60° 75° 

0.5 l.oggg 1.067g o.g8g1 o.g608 
1.0 1.24go 1.4138 1.1713 1.0g28 
2.0 0.8456 0.5264 0.4084 0.3o5g 
3.0 0.6894 0.2997 -0.3955 -0.5957 
4.0 0.5185 -0.1068 -1.17g7 -1.7001 

Table 5.7: The effect off I fo and em on CD,min for the combined (2-DoF) transverse 
and rotational oscillation case (TJ = 90°, em# 0) when R = 855, A= 0.26. 

are carried out by using the same set of numerical parameters used for the combined 

(2-DoF) transverse and rotational oscillation case. The results for transverse-only 

simulations are obtained by setting maximum angular displacement and angle of 

inclination to em = 0 and TJ = goo, respectively. The results for rotational-only sim-

ulations are obtained by setting recti-linear oscillatory velocity to V (t) = 0. Tables 

5.10 and 5.11 summarize the effect of the 1-DoF rotational oscillation on the vortex 

shedding modes and their periods in terms of the parameters em and f I fo . In addi-

tion, a summary of the vortex shedding modes and their periods for the case of the 

1-DoF forced transverse oscillation is displayed in Table 5.12. 
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m 

~ 15° 30° 60° 75° 

0.5 0.7871 0.8666 0.8605 1.1154 
1.0 0.7838 0.4143 o.goo7 o.g427 
2.0 1.3668 1.3645 0.6345 0.6260 
3.0 1.7414 1.3786 1.5725 1.7084 
4.0 1.5360 1.8326 2.gg7g 3.0025 

Table 5.8: The effect off I fo and em on Cn,amp for the combined (2-DoF) transverse 
and rotational oscillation case (T/ =goo, em =I 0) when R = 855, A= 0.26. 

m 

~ 15° 30° 60° 75° 

0.5 1.4408 1.4308 1.3677 1.3404 
1.0 1.6133 1.6011 1.5g4o 1.5335 
2.0 1.5343 1.2660 0.7486 0.6670 
3.0 1.4042 o.g788 0.4358 0.3258 
4.0 1.2024 0.7g85 0.3846 -0.0526 

Table 5.g: The effect of fIfo and em on Cn for the combined (2-DoF) transverse 
and rotational oscillation case (Tl =goo, em =J. 0) when R = 855, A= 0.26. 

Overview of equivorticity lines for 1-DoF and 2-DoF motions under consideration is 

presented in Figures 5.27-5.31 at fIfo = 0.5, 1, 2, 3 and 4. In each figure, the top row 

of snapshots corresponds to the 1-DoF rotational oscillation case, taken at the maxi-

mum negative angular displacement, -em, with amplitudes em= 15°, 30°, 60° and 

75°. In the middle row we display a series of the same snapshot for the 1-DoF trans-

verse oscillation case taken at the maximum positive displacement, A. The bottom 

row exhibits snapshots of the combined (2-DoF) transverse and rotational oscillations 

at the instant corresponding to - em. The instantaneous rotational and transverse 
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m 

~ 15° 30° 60° 75° 

0.5 28 . 28 . 48 . 48 . 
1 28 . 28 . 28 . 28 . 
2 8+P • 2P • 28 . 28 . 
3 2P • 68 . 28 . 28 . 
4 68 . 28 . 28 . 28 . 

Table 5.10: The effect off I fo and em on the vortex shedding modes for the rotational
only oscillation case (V(t) = 0, em -::f 0) when R = 855, A= 0.26: • lock-on mode; • 
non-lock mode. 

m 

~ 15° 30° 60° 75° 

0.5 Tl2 Tl2 T T 
1 T T T T 
2 2T 2T T T 
3 3T 3T T T 
4 4T T T T 

Table 5.11: The effect of fIfo and em on the vortex shedding periods for the 
rotational-only oscillation case (V(t) = 0, em -::f 0) when R = 855, A= 0.26. 

speeds of the cylinder are zero at these positions. 

It is notable for the combined (2-DoF) transverse and rotational oscillation case that 

increasing the maximum angular displacement, em, or the oscillation frequency, ! 1 fo , 

leads to breaking a part of the near-wake vortices and thus we may obtain different 

modes. In fact, as em increases beyond 15° at all values of fIfo the effect of the 

rotational oscillation increases because the maximum rotational speed S1 = 21r fern 

is at least twice the maximum transverse speed V = 21r fA. However, even if the 
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fifo Mode Period 
0.5 28 . T/2 
1 28 . T 
2 28 . 2T 
3 8+P • 3T 
4 2P • 4T 

Table 5.12: The effect off/ fo and em on the vortex shedding modes and their periods 
for the transverse-only (1-DoF) oscillation case (TJ = 90°, em = 0°) when R = 855, 
A= 0.26: • lock-on mode; • non-lock mode. 

near-wake structures for rotational-only (1-DoF) oscillation and combined (2-DoF) 

transverse and rotational oscillation cases are similar, they may exhibit different vor-

tex shedding modes as seen at high frequencies. In fact , the movement of the cylinder 

in the negative and positive directions of the y-axis causes the coalescence of the shed-

ding vortices in the near-wake region at f / fo ~ 3 which causes the development of 

different vortex shedding modes. 

The vortex shedding modes and their periods for f / fo = 0.5 and f / fo = 1 for 

the combine (2-DoF) transverse and rotat ional oscillation case are similar to that 

for the transverse-only or rotational-only (1-DoF) oscillation case as shown in Tables 

5.10-5.12. However, the bottom row of Figure 5.27 shows that the transverse-only 

(1-DoF) oscillation is the dominant motion at em = 15°. On the other hand, a high 

competition between the transverse-only and rotational-only (1-DoF) oscillation is 

observed at em = 30°. On the other hand, the vortex shedding is controlled by the 

rotational-only (1-DoF) oscillations for all values of em at f I fo = 1 as shown in 

Figure 5.28. It is remarkable to see the reduction of the vertical distance between 

the shed vortices in the near-wake region at f / fo = 1 as a result of the effect of the 
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transverse-only (1-DoF) oscillation. 

At fIfo = 2.0, the vortex shedding is controlled, in general, by the rotational-only 

(1-DoF) oscillation as shown in Figure 5.29. For em = 15°, the development of the 

flow at the top side of the cylinder is similar to the rotational-only (1-DoF) oscillation 

case. On the other hand, the flow structure at the bottom side of the cylinder is sim

ilar to the transverse-only (1-DoF) oscillation case. In addition, the vortex shedding 

modes and their periods are similar to that for the rotational-only ( 1-Do F) oscilla

tion case. On the other hand, for 8m = 30°, the vortex shedding is controlled by the 

rotational-only (1-DoF) oscillation. Further, Tables 5.10-5.12 show that the vortex 

shedding modes and periods for em = 60° and 75° are controlled by rotational-only 

(1-DoF) oscillation. The effect of the transverse-only (1-DoF) oscillation is evident in 

reducing the vertical distance between the shedding vortices in the near-wake region 

for 30° ~ em ~ 75°. 

For fIfo = 3.0, it is observed that the vortex shedding modes for transverse-only 

and rotational-only (1-DoF) oscillations at em = 15° are the asymmetrical 8+P and 

2P modes, respectively, with 3T whereas the combined (2-DoF) transverse and rota

tional oscillation exhibits asymmetrical 2P mode, with 3T. In addition, the vortex 

patterns presented in Figure 5.30 show different structure in the near-wake for all 

cases at em = 15° which reflects the competition between these oscillatory motions. 

For em = 30°, the vortex shedding process produces asymmetric modes 8+ P and 

68 respectively, per 3T. By combining the two oscillations at em = 30°, the wake 

exhibits a different mode labelled 68 per 3T. Typical equivorticity lines for 1-DoF 
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and 2-DoF motions under consideration are presented in Figure 5.32 at fIfo = 3 

over three periods of cylinder oscillations, 3T. It is evident that the transverse-only 

(1-DoF) oscillation causes the coalescence phenomena even if the rotational-only (1-

DoF) oscillation is the dominant motion. As 8m increases to 60° and 75°, the vortex 

shedding modes are characterized by synchronized asymmetric 28 modes, per T , 

which is similar to that observed for the rotational-only (1-DoF) oscillation case. 

For fIfo = 4.0, it can been seen that the transverse-only (1-DoF) oscillation has 

a larger influence on the near-wake structure than the frequency ratio cases when 

fIfo < 4. For instance, the 28 mode which appeared in the rotational-only (1-DoF) 

oscillation case at fIfo = 4 when 30° :::; 8m :::; 60° is almost eliminated in the com

bined (2-DoF) oscillation case. Furthermore, the transverse-only (1-DoF) oscillation 

plays an important role in activating the coalesce phenomenon in the combined (2-

DoF) transverse and rotational oscillation case as shown in Figure 5.32. In addition, 

equivorticity lines for 1-DoF and 2-DoF motions under consideration are presented 

in Figure 5.33 and 5.34 at fIfo= 4 over 4T when 8m = 30° and 60°. It can be easily 

observed that transverse-only (1-DoF) oscillation has a great influence in obtaining 

different vortex shedding modes. 
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Figure 5.27: A rotational-only or transverse-only (1-DoF) cylinder oscillation (top 
or middle) versus combined (2-DoF) transverse and rotational oscillation (bottom): 
overview of near-wake structure for R = 855, A= 0.26 and f / fo = 0.5 when em = 

15°, em = 30°, em = 60° and em = 75°. All snapshots in the top and bottom rows 
are taken at the instant corresponding to maximum negative angular displacement, 
-em, while the middle row corresponds to maximum positive cylinder displacement, 
A. 
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Figure 5.28: A rotational-only or transvers -only (1-DoF) cylind r oscillation (top 
or middle) versus combined (2-DoF) transverse and rotational oscillation (bottom): 
overview of near-wake structure for R = 855, A = 0.26 and f / fo = 1 when em = 15°, 
em = 30°, em = 60° and em = 75°. All snapshots in th top and bottom row 
are taken at the instant corresponding to maximum negative angular displacement, 
- em, whil th middle row corresponds to maximum positive cylind r displacement , 
A. 
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'TJ = goo 

Figure 5.29: A rotational-only or transverse-only (1-DoF) cylinder oscillation (top 
or middle) v rsus combined (2-DoF) t ransverse and rotational oscillation (bottom): 
overview of near-wake structure for R = 855, A= 0.26 and fI fo= 2 when em= 15°, 
e m = 30°, 8 m = 60° and em = 75°. All snapshots in the top and bottom rows 
are taken at the instant corresponding to maximum negative angular displacement, 
- em, while t he middle row corresponds to maximum positive cylinder displacement, 
A. 
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Figure 5.30: A rotational-only or transverse-only (1-DoF) cylinder oscillation (top 
or middle) versus combined (2-DoF) transverse and rotational oscillation (bottom): 
overview of near-wake structure for R = 855, A= 0.26 and f / fo = 3 when em= 15°, 
em = 30°, em = 60° and em = 75°. All snapshots in the top and bottom rows 
are t aken at the instant corresponding to maximum negative angular displacement, 
-em, while the middle row corresponds to maximum positive cylinder displacement, 
A. 
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Figure 5.31: A rotational-only or transverse-only (1-DoF) cylinder oscillation (top 
or middle) versus combined (2-DoF) transverse and rotational oscillation (bottom): 
overview of near-wake structure for R = 855 A = 0.26 and f / fo = 4 when em= 15°, 
em = 30°, em = 60° and em = 75°. All snapshots in the top and bottom rows 
are taken at the instant corresponding to maximum negative angular displacement, 
- em, while the middle row corresponds to maximum positive cylinder displacement , 
A. 
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Figure 5.32: Equivorticity lines over three periods of oscillation, 3T, for transverse
only (1-DoF) oscillation (left); rotational-only (1-DoF) oscillation (middle); combined 
(2-DoF) transverse and rotational oscillation case (right) when R = 855, A = 0.26: 
8 m = 30° and f / fo = 3 (T = 3.03, 90.9 :::; t :::; 99.99). 
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Figure 5.33: Equivorticity lines over four periods of oscillation, 4T, for transverse
only (1-DoF) oscillation (left) ; rotational-only (1-DoF) oscillation (middle); combined 
(2-DoF) transverse and rotational oscillation case (right) when R = 855, A = 0.26: 
em = 30° and f I !o = 3 (T = 2.27, 84.09 :::; t :::; 93.18). 
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Figure 5.34: Equivorticity lines over four periods of oscillation, 4T, for transverse
only (1-DoF) oscillation (left) ; rotational-only (1-DoF) oscillation (middle); combined 
(2-DoF) transverse and rotational oscillation case (right) when R = 855, A = 0.26: 
em = 60° and fIfo = 4 (T = 2.27, 84.09 ~ t ~ 93.18). 



Chapter 6 

The wake flow generated by 

combined (2-DoF) in-line and 

rotational cylinder oscillation 

In this chapter, we focus on the numerical investigation of the wake flow created in 

a steady free-stream by combined in-line (streamwise) and rotational oscillation of a 

circular cylinder. The dimensionless in-line and rotational oscillatory velocities are 

V(t) = -27r fA sin(27r ft) and D(t) = 27r fo8m sin(27r Jot), 

respectively. The frequency of the in-line oscillation is the same as for the rotational 

oscillation i.e., f = fo. The near-wake structure as well as the fluid forces acting 

on the cylinder are then determined for five sets of the four dimensionless groups: 

R = 855, A = 0.26, 15° ~ em ~ 75° when fIfo = 0.5, 1, 2, 3, 4 by setting the 

angle of inclination to TJ = 0°. The connection between lift coefficient and vortex 

lock-on regimes is also investigated using Power Spectrum Density of the lift coeffi

cient through Fourier analysis. 

167 
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The simulations are carried out by using the time step 6..tH1 = 10- 4 , for the first 10 

steps. This is increased to 6..tH1 = 10-3 for the next 10 steps. Finally 6..tH1 = 10- 2 

is taken for the rest of the calculations. In the first computational domain [0, t 8 ], the 

number of points in the z direction is taken as 

1. 799 with a grid size of 6..z = 0.01 when fIfo = 0.5 

2. 319 with a grid size of 6..z = 0.025 when 1 :::; fIfo :::; 4. 

In the second computational domain [t8 , tmax] where t5 = 40, the number of points in 

the ~ direction is taken as 

1. 799 with a grid size of 6..~ = 0.00612 when fIfo = 0.5 

2. 319 with a grid size of 6..f, = 0.01529 when 1 :::; fI fo :::; 4. 

With these choices we set t he outer boundary of computational domain at a physical 

distance of at least 133 times the radius of the cylinder for R = 855 and 40 :::; t :::; 120. 

The maximum number of terms in the Fourier series is taken as N = 65 for all cases 

considered in this chapter. 

6.1 Wake modes and synchronization (lock-on) phe

nomena in the near-wake region 

Figure 6.1 shows the equivorticity lines over one period, T , for the combined in-line 

and rotational oscillation case when fIfo = 0.5 and 15° :::; 8m :::; 75°. The vortex 

formations occur in the non-synchronized asymmetrical 28 mode, per T 12, for all 

values of 8m. In addition, it is obvious that the vortex shedding length decreases 

with the increase of 8m at fIfo = 0.5. 

For the frequency ratio, fIfo= 1, the equivorticity lines are plotted in Figure 6.2 for 
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Figure 6.1: Equivorticity lines over one period of oscillation, T , for combined in-line and rotational (2-DoF) 
oscillation case (rJ = 0°, 15° :::; em:::; 75°) when R = 855, A= 0.26: f I fo= 0.5 (T = 18.18, 90.9:::; t:::; 109.08). 
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15° ::; em ::; 75°. The vortex shedding mode at this frequency is the synchronized 

asymmetrical 28 mode, per T, for all values of em. FUrthermore, the first row of 

Figure 6.2 shows that the inclination angle of the top region and the vertical distance 

between the shedding vortices are increasing with the increase of em. However, we 

observe a reduction in the size of shedding vortices as em increases. It is noted that, 

for em = 15°, the amount of positive base and negative top vorticity generated is 

reaching the maximum at the instants T 12 and T , respectively. For 30° ::; 8m ::; 75°, 

the maximum amount of positive base and negative top vorticity generated at the 

instants corresponding to T I 4 and 3T 12, respectively. Moreover, the shed vortices 

from the upper side of the cylinder are moving to a higher distance than the shedding 

vortices from the lower side for all values of em. 

At fIfo = 2, the vortex shedding process produces different vortex shedding modes 

with the increase of em in the range 15° ::; em ::; 75° as shown in Figure 6.3. For 

instance, for em = 15°, we observe a synchronized asymmetrical S+P mode, per 

2T, where two negative vortices are shed from the top of the cylinder and a large 

counter-rotating vortex is shed from the bottom of the cylinder over two periods of 

oscillation. It is noted that the second large vortex which is shed from the top of 

the cylinder is accompanied by another weak counter-rotating vortex. For em = 30°, 

the vortex shedding is characterized by a synchronized asymmetrical S+ P mode over 

two periods, 2T. It is noted that two negative vortices with smaller companion vor

tices are shed from the top side of the cylinder followed by the shedding of a positive 

vortex from the bottom side. Also, the shedding layer of the lower vortex remains 

attached to the vortex for a relatively long time as the vortex moves away from the 
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Figure 6.2: Equivorticity lines over one period of oscillation T , for combined in-line and rotat ional (2-DoF) 
oscillation case (TJ = 0° , 15° :::; em :::; 75°) when R = 855, A= 0.26: f I fo= 1 (T = 9.09, 81.82 :::; t :::; 90.91). 
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Figure 6.3: Equivorticity lines over two periods of oscillation, 2T, for combined in-line and rotational (2-DoF) 
oscillation case (rJ = 0°, 15° ~ em ~ 75°) when R = 855 A= 0.26: f I fo= 2 (T = 4.55, 90.9 ~ t ~ 99.99). 
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cylinder. For 8m = 60°,, 75°, we observe the synchronized asymmetrical 28 mode, 

per T, in which two vortices are alternatively shed from both sides of the cylinder 

over one period of cylinder oscillation. The upper shed vortex is accompanied by 

another weak vortex. Typical equivorticity and streamline plots for f I fo = 2 when 

8m = 60°, 75° are plotted in Figure 6.4. This figure shows a complex asymmetric 

pattern which consists of two rows of vortices: one row consists of a line of single 

vortices, whereas the other row consists a line of counter-rotating vortex pairs and 

single vortices. Further, the weaker vortices decay at a distance of approximately 

twice the diameter of the cylinder. Thus, it is evident that the effect of rotational 

oscillation at fIfo = 2 and 8m 2: 60° is to reduce the vortex shedding period from 

2T toT. 

The equivorticity lines over one period of oscillation, T, for combined in-line and rota

tional oscillations for fIfo = 3 when 8m 15°, 30°, 60° and 75° are displayed in Figure 

6.5. Comparing the snapshots in the first row of Figure 6.5, we observe a reduction 

in the strength of the shed vortices. At the same time, the vertical distance between 

the shed vortices and the inclination angle of the top region are increasing as 8m 

increases. It seems that the effect of increase in 8m draws irrotational fluid along the 

wake centerline towards the cylinder base resulting in a complex asymmetric pattern: 

one row consists of a line of single vortices, whereas the other row consists a line of 

counter-rotating vortex pairs; or co-rotating and counter-rotating vortex triplets; and 

single vortices. For all 8m, the vortex shedding produces the synchronized asymmet

rical 28 mode over one period of cylinder oscillation. It is noted that the dominant 

or larger vortex shed from the top of the cylinder is accompanied by another weak 
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Figure 6.4: Equivort icity lines and streamline patterns over one period of oscillation, T , for combined in-line and 
rotational (2-DoF) oscillation case (TJ = 0° 8 m = 60° (left) and 8 m = 75° (right )) when R = 855, A = 0.26: 
f / fo = 2 (T = 4.55, 90.9 :::; t :::; 95.45) . 
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Figure 6.5: Equivorticity lines over one period of oscillation, T, for combined in-line and rotational (2-DoF) 
oscillation case (ry = 0° 15° ::; 8 m ::; 75°) when R = 855, A= 0.26: f / fo = 3 (T = 3.03, 90.9::; t::; 93.94). 
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vortex. For 8m = 30°, the vortex shedding produces an interesting repeatable phe

nomena during two periods of cylinder oscillation in which the two shed vortices from 

the bottom of the cylinder are coalesce to form one large vortex at a distance, 4a. 

However, increasing 8 m beyond 30° eliminates the coalescence between the vortices 

in the near-wake region. 

The equivorticity lines over one period of oscillation, T , for the frequency ratio, 

fIfo = 4.0, when 15° ::; 8m ::; 75° are displayed in Figure 6.6. The snapshots in 

the first row show that there is a reduction in the vortex formation length and the 

size of the vortices as 8m increases. Furthermore, it is noted that the vertical dis

tance between the shed vortices is increasing as 8m increases below 30° while it is 

decreasing as 8m increases beyond this value. The vortex shedding produces the syn

chronized asymmetrical 28 mode, perT, for all 8m. It is noted, for 8m = 15°, 30°, 

that the dominant or large vortex shed from the top of the cylinder is accompanied by 

another counter-rotating vortex whereas, for 8m = 75°, this counter-rotating vortex 

is accompanied by the shed vortex from the bottom of the cylinder. On the other 

hand, for 8m = 60°, each shed vortex is accompanied with another counter-rotating 

vortex. In fact, the vortex shedding mode at fIfo = 4 and 8m = 60° is quite similar 

to symmetrical mode. The vortex shedding for 8m = 15°, 30° produces an interesting 

repeatable phenomena, similar to that reported at fIfo = 3 and 8m = 30°, every 

3T, in which the three shed vortices from the bottom of the cylinder are coalesce to 

form one large vortex at a distance, 4a, as shown in Figures 6. 7 and 6.8. Note that 

the vortex formation from each side of the cylinder draws a parallel street of vortices 

to the wake centerline. Thus, the effect of increase in 8m at f I fo = 4 is to suppress 
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Figure 6.6: Equivorticity lines over one period of oscillation, T , for combined in-line and rotational (2-DoF) 
oscillation case (rJ = 0°, 15° :::; em:::; 75°) when R = 855, A= 0.26: f I fo= 4 (T = 2.27, 84.09:::; t:::; 86.36). 
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the vortex sh dding process. 

The effect of 8 m and fIfo on the periodic vortex shedding modes and their periods 

for the combined (2-DoF) in-line and rotational oscillations case is summarized in Ta-

bles 6.1 and 6.2. As a result of increasing either 8 m or fIfo the near-wake vorticity 

breaks up to produce different modes of vortex shedding. Also, the inversely repeat-

able near-wake structure every half of the vortex shedding period is not captured in 

the combined (2-DoF) in-line and rotational oscillation cases. It can be seen that as 

8m or fIfo increases the vortex shedding mode tends to, in general, the 28 mode, 

perT. The classical 28 mode occurs for low values of the frequency ratio, fIfo :S 1, 

since the oscillatory speeds considered in this chapter are less than the uniform flow 

speed. The common vortex shedding period is Tat hight values of 8m or f I f 0 . Fur

thermore, the existence of lock-on regimes at fIfo = 2, 3 and 4 is confirmed in this 

study. 

m 

~ 15° 30° 60° 75° 

0.5 28 . 28 . 28 . 28 . 
1 28 . 28 . 28 . 28 . 
2 8+ P • 8+ P • 28 . 28 . 
3 28 . 28 . 28 . 28 . 
4 28 . 28 . 28 . 28 . 

Table 6.1 : The effect off I fo and 8m on the vortex shedding modes for the combin d 
(2-DoF) in-line and rotational oscillation case (17 = 0°, 8m =/:- 0) when R = 855, 
A = 0.26: • lock-on mode; • non-lock mode. 
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Figure 6.7: Equivorticity lines (left) and streamline patterns (right) over three peri
ods, 3T, for the combined (2-DoF) in-line and rotational oscillation case (rJ = 0°, 
em =1- 0) when R = 855, A = 0.26: em = 15° and fIfo = 4.0 (T = 2.57, 
84.09 ::; t ::; 90.91). 
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Figure 6.8: Equivorticity lines (left) and streamline patterns (right) over three peri
ods, 3T, for the combined (2-DoF) in-line and rotational oscillation case (TJ = 0°, 
8m =I 0) when R = 855, A = 0.26: em = 15° and fIfo = 4.0 (T = 2.57, 
84.09 ~ t ~ 90.91). 
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m 

~ 15° 30° 60° 75° 

0.5 Tl2 Tl2 Tl2 Tl2 
1 T T T T 
2 2T 2T T T 
3 T T T T 
4 T T T T 

Table 6.2: The effect off I fo and 8m on the vortex shedding periods for the combined 
(2-DoF) in-line and rotational oscillation case (TJ = 0°, 8m =/= 0) when R = 855, 
A= 0.26. 

6.2 Time histories of fluctuating fluid forces 

The interaction between the vortex shedding process and the cylinder oscillations re

sult in an oscillating lift coefficient with a complex behavior for the combined (2-DoF) 

in-line and rotational oscillation case. This complexity, in general, creates a difficulty 

in calculating the P S D of the lift records as we will see in this section. 

Figure 6.9 shows the time evolution of the lift coefficient, CL, plotted with the dis

placement and the Power Spectral Density of the lift coefficient, PSD, at fIfo = 0.5 

when 15° :::; 8m :::; 75°. The lift coefficients show a repeatable pattern with two 

different amplitudes and thus with two different frequencies. These frequencies are 

the forcing and natural frequencies, f and fo respectively, as suggested by the cor-

responding PSD of each lift record. However, the PSD shows that the effect off 

in the lift records increases with the increase of 8m· Further, the minimum value of 

the lift coefficient, CL,min, is decreasing while its amplitude , CL,amp, is increasing as 

8m increases. The history of drag and moment coefficients are presented in Figures 
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Figure 6.9: The t ime variation of CL (- ) with respect to cylinder displacement, Y 
(- )and t he Fourier analysis of the lift coefficient PSD ( ···· )for the combined (2-DoF) 
in-line and rotational oscillation case (ry = 0°, em -=f 0) when R = 855, A= 0.26 and 
f ! fo = 0.5: (a) em = 15°; (b) em= 30°; (c) em= 60° and (d) em= 75°. 
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6.10-6.11. It can be seen that the values for CD,max and CD,amp are increasing while 

CD,min is decreasing as 8m increases in the range E>m 2: 30°. The amplitude of eM is 

increasing proportionally with E>m. Furthermore, the moment coefficient oscillates at 

the forcing frequency, j, and eM andy are out of phase with each other. Also, eM 

shows beating wave forms which indicates the competition between the forcing and 

natural shedding frequencies. 

Figure 6.12 shows the time variation of CD, CL , Y and the PSD at f I fo = 1 when 

15° :::; E>m :::; 75°. Each lift coefficient shows a repeatable periodic behavior with 

peak-to-peak distance equal 11 f which confirms our finding that the vortex lock-on 

occurs in these cases (see Figure 6.2). The corresponding PSD of each CL confirms 

that the dominant frequency is the forcing frequency, f, for all E>m. It can be seen 

that C L and Y are out of phase with each other. Furthermore, the minimum value of 

the lift coefficient, CL,min, is increasing while its amplitude, CL,amp , is decreasing as 

E>m increases beyond E>m = 30°. The time evolution of the drag and moment coeffi

cients at fIfo = 1 are plotted in Figures 6.13-6.14, respectively. It is noted that bot h 

eM and CD oscillate at the forcing frequency, f. In addition, Cn is in phase with 

Y whereas CM and Y are out of phase with each other. Moreover, the amplitude of 

eM is increasing proportionally. The minimum value of the drag coefficient, CD,min , 

is increasing as E>m increases. It is noted that, CD behavior shows a competition 

between two frequencies. 

It is noted from Figure 6.15, for the case of fIfo = 2, that the lift coefficient has a 
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Figure 6.10: The time variation of CD ( ) with respect to cylinder displacement, Y 
(- )for the combined (2-DoF) in-line and rotational oscillation case (TJ = 0°, em =/= 0) 
when R = 855, A= 0.26 and fIfo = 0.5: (a) em= 15°; (b) em = 30°; (c) em= 60° 
and (d) em = 75°. 



Chapter 6. The wake flow generated by combined (2-DoF) in-line ... 185 

40 
>., 

J 0 

-40 

40 
>., 
~ 0 

J 
- 40 

40 

>., 
~ 0 

J 
-40 

40 

>., 

~ 0 
\.) 

- 40 

0 30 60 90 120 
t 

Figure 6.11: The time variation of eM ( ... ) with respect to cylinder displacement, y 
(- )for the combined (2-DoF) in-line and rotational oscillation case (ry = 0°, 8m =1- 0) 
when R = 855, A = 0.26 and f / fo = 0.5: (a) 8m = 15°; (b) 8m = 30°; (c) 8m = 60° 
and (d) 8m = 75°. 
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Figure 6.12: The time variation of CL (- ) with respect to cylinder displacement, Y 
(- ) and the Fourier analysis of the lift coefficient P S D ( ···· ) for the combined ( 2-Do F) 
in-line and rotational oscillation case (Tt = 0°, em =J. 0) when R = 855, A= 0.26 and 
J I !o = 1.o: (a) em = 15°; (b) em = 30°; (c) em= 60° and (d) em= 75°. 



~-----------~---------~-

Chapter 6. The wake flow generated by combined (2-DoF) in-line ... 187 

2 

-
cs o 

-2 

2 

-2 

2 

-
cs o 

-2 

2 
>-< 

cs 0 

-2 

0 30 60 90 120 
t 

Figure 6.13: The time variation of CD (---··· ) with respect to cylinder displacement, Y 
(- ) for the combined ( 2-Do F) in-line and rotational oscillation case ( rJ = 0°, 8m =/= 0) 
when R = 855, A= 0.26 and f / fo = 1.0: (a) 8m = 15°; (b) 8m = 30°; (c) 8m = 60° 
and (d) 8m = 75°. 



Chapter 6. The wake flow generated by combined (2-DoF) in-line ... 

70 

-
cJ o 

-70 

70 

(a) 

~==============================~ 

30 60 
t 

90 

(b) 

120 

188 

Figure 6.14: The time variation of eM ( ) with respect to cylinder displacement , y 
(- )for the combined (2-DoF) in-line and rotational oscillation case (TJ = 0° , 8m =I 0) 
when R = 855, A = 0.26 and f / fo = 1.0: (a) 8m = 15°; (b) 8m = 30°; (c) 8m = 60° 
and (d) 8m = 75°. 
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repeatable periodic pattern for all em. In addition, the behavior of CL varies accord

ing to the values of em. For instance, at em= 15° and em= 30°, CL is repeatable 

every two periods of oscillations with two different amplitudes whereas it is repeatable 

every one period of oscillation with a single amplitude for em = 60° and em = 75°. 

These results confirm our finding that the vortex shedding period at 8m = 15°, 30° 

is 2T whereas it is T for em = 60°, 75° (see Figure 6.3). Fourier analysis of CL 

shows that the effect of natural shedding frequency, f 0 , decreases with the increase 

of em. In contrast, the forcing frequency, f, is increasing with the increase of em. 

An interesting result shown in the PSD of Figure 6.15 is the increasing of the effect 

of the frequency f + 2f0 as em increases. Similar phenomena has been reported by 

Kim (2000) and Karanth et al. (1995) for the in-line-only (1-DoF) oscillation case. 

Furthermore, the value of eL,min is increasing as em increases except at 75°. The 

value of CL,amp is decreasing as em increases below em= 30° whereas it is increasing 

beyond em = 60°. The drag and momentum coefficients presented in Figure 6.16-6.17 

respectively are oscillating at the same frequency of the forcing frequency, f. We also 

noted that, ev is in phase with Y whereas eM and Y are out of phase with each 

other. In addition, ev and eM have a repeatable periodic behavior with two different 

amplitudes. The difference between these amplitudes is decreasing as em increases. 

The amplitude of eM increases as em increases. However, the values for ev,max and 

ev,min are decreasing while its amplitude, ev,amp, is increasing as em increases. 

By investigating the lift records for the case of fIfo = 3 when 15° ::; em ::; 75° 

we observe a repeatable periodic behavior every one period of cylinder oscillation as 

shown in Figure 6.18. In addition, the corresponding PSD of each eL confirms our 
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Figure 6.15: The t ime variation of C L (--) with respect to cylinder displacement, Y 
(--)and t he Fourier analysis of the lift coefficient P S D ( · )for the combined (2-DoF) 
in-line and rotational oscillation case (rJ = 0°, 8 m =J=. 0) when R = 855, A = 0.26 and 
f / f o = 2.0: (a) 8 m = 15°; (b) 8 m = 30°; (c) 8 m = 60° and (d) 8m = 75°. 
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Figure 6.16: The time variation of CD (- - ) with respect to cylinder displacement , Y 
(- )for the combined (2-DoF) in-line and rotational oscillation case (rt = 0°, 8m =J 0) 
when R = 855, A= 0.26 and fIfo= 2.0: (a) 8m = 15°; (b) 8m = 30°; (c) e m= 60° 
and (d) 8m = 75°. 
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Figure 6.17: The time variation of CM (--····) with respect to cylinder displacement, Y 
(- )for the combined (2-DoF) in-line and rotational oscillation case (Tl = 0°, em =f. 0) 
when R = 855, A= 0.26 and fIfo= 2.0: (a) em= 15°; (b) em = 30°; (c) em = 60° 
and (d) em= 75°. 



Chapter 6. The wake flow generated by combined (2-DoF) in-line ... 193 

results that the dominant frequency is exactly the forcing frequency for all em. Thus, 

the lift coefficient is successfully used to predict both vortex lock-on modes and their 

periods at these values which are presented in Figure 6.5. In addition, the PSD 

of each eL predicts the existence of another frequency at f + 3f0 which gradually 

becomes stronger as em increases. As a result of increasing em, the values of eL,max 

and eL,amp are increasing while eL,min is decreasing. The drag coefficient oscillates 

at the forcing frequency, J, and in phase withY as shown in Figure 6.19 whereas the 

moment coefficient displayed in Figure 6.20 oscillates at f and eM and Y are out of 

phase with each other. The amplitude of eM is increasing as em increases. 

At fIfo = 4, it is noted that the lift coefficients has a repeatable periodic behavior ev

ery period of cylinder oscillation as shown in Figure 6.21. By investigating the PSD 

of each eL we see that the dominant frequency is the forcing frequency, J, which 

confirms our previous observation that the vortex lock-on occurs, per T, for all em 

(see Figure 6.6). We also note that the amplitude of eL is increasing as em increases 

whereas the values of eL,max and eL,min are decreasing as em increases in the range 

em ~ 30°. The drag and moment coefficients presented in Figures 6.22-6.23 show 

that they are oscillating at the same forcing frequency, f. Moreover, e D is in phase 

withY whereas eM andY are out of phase with each other. On the other hand, the 

moment coefficient amplitude is increasing with the increase of em. By investigating 

the drag coefficient, en , we note that the values of en,max and en,amp are increasing 

while en,min is decreasing as em increases beyond 30°. 

Tables 6.3-6.9 summarize the effect off I fo and em on the maximum lift coefficient 
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Figure 6.18: The time variation of CL (- ) with respect to cylinder displacement, Y 
(- ) and t he Fourier analysis of the lift coefficient P SD ( ··· )for the combined (2-DoF) 
in-line and rotational oscillation case (TJ = 0°, em =I= 0) when R = 855, A= 0.26 and 
f I fo = 3.0: (a) em = 15°; (b) em = 30°; (c) em= 60° and (d) em= 75°. 
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Figure 6.19: The time variation of CD ( ·· ) with respect to cylinder displacement , Y 
(- ) for the combined ( 2-Do F) in-line and rotational oscillation case ( 'r/ = 0°, 8m =/= 0) 
when R = 855, A= 0.26 and f / fo = 3.0: (a) 8m = 15°; (b) 8m = 30°; (c) 8m = 60° 
and (d) em= 75°. 
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Figure 6.20: The time variation of C M (--·· ) with respect to cylinder displacement , Y 
(- )for the combined (2-DoF) in-line and rotational oscillation case (17 = 0°, em=/= 0) 
when R = 855, A = 0.26 and f I fo = 3.0: (a) em = 15°; (b ) em= 30°; (c) em= 60° 
and (d) em= 75°. 
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Figure 6.21: The time variation of CL (- ) with respect to cylinder displacement, Y 
(- )and the Fourier analysis of the lift coefficient PSD ( ) for the combined (2-DoF) 
in-line and rotational oscillation case (77 = 0°, 8m =1- 0) when R = 855, A = 0.26 and 
f / fo = 4.0: (a) 8 m = 15°; (b) 8 m = 30°; (c) 8m = 60° and (d) 8m = 75°. 
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Figure 6.22: The time variation of CD (---- ) with respect to cylinder displacement , Y 
(- )for the combined (2-DoF) in-line and rotat ional oscillation case (rJ = 0° , em=!= 0) 
when R = 855, A= 0.26 and fIfo = 4.0: (a) em= 15°; (b) em = 30°; (c) em = 60° 
and (d) em= 75°. 
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Figure 6.23: The time variation of CM (-····) with respect to cylinder displacement , Y 
(- )for the combined (2-DoF) in-line and rotational oscillation case ('Tl = 0°, em =J. 0) 
when R = 855, A= 0.26 and fIfo= 4.0: (a) em= 15°; (b) em= 30°; (c) em = 60° 
and (d) em = 75°. 
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CL,max, the minimum lift coefficient CL,min, the lift amplitude CL,amp, the maximum 

drag coefficient CD,max , the minimum drag coefficient CD,min, the drag amplitude 

CD,amp and the t ime-averaged drag coefficient CD· These quantities are calculated 

over two periods of cylinder oscillation for fIfo = 0.5 and over four periods for 

1 :::; fIfo :::; 4. The value of CL,min decreases as em increases beyond 30° and at 

fIfo = 3 and 4. The value of CL,amp tends to increase as em increases at high 

values of the frequencies, fIfo ~ 2. Increasing fIfo, rather than increasing em, 

has a greater affect on the maximum value of the drag, CD,max · On the other hand, 

increasing em beyond 30° at high frequency causes a reduction in the value of CD,m in 

and an increase in the value of CD,amp· The value of CD tends to decrease as em 

increases beyond 30°. 

m 

~ 15° 30° 60° 75° 

0.5 1.2910 1.2144 1.6281 1.6049 
1.0 1.3990 1.7470 1.4330 1.5101 
2.0 2.3184 2.0227 2.1918 2.1565 
3.0 1.3229 2.1158 2.8324 2.8338 
4.0 1.2354 2.8470 2.0837 1.9279 

Table 6.3: The effect off I fo and em on CLmax for the combined (2-DoF) in-line and 
rotational oscillation case (TJ = 0°, em =J 0) when R = 855, A= 0.26. 
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15° 30° 60° 75° 

-1.6860 -1.8971 -2.1425 -2.4967 
1.0 -1.3062 -1.5949 -0.9040 -0.8116 
2.0 -1.0754 0.3670 0.4419 0.3182 
3.0 0.4020 0.3856 0.3855 0.3534 
4.0 0.4070 0.5239 -0.5461 -1.7535 

Table 6.4: The effect off I fo and em on CLmin for the combined (2-DoF) in-line and 
rotational oscillation case (TJ = 0°, 8m =/= 0) when R = 855, A= 0.26. 

15° 30° 60° 75° 

2.9769 3.1114 3.7706 4.1016 
1.0 2.7052 3.3419 2.3371 2.3217 
2.0 3.3937 1.6557 1.7500 1.8383 
3.0 0.9209 1.7302 2.4469 2.4804 
4.0 0.8285 2.3231 2.6297 3.6815 

Table 6.5: The effect off I fo and 8m on CLamp for the combined (2-DoF) in-line and 
rotational oscillation case (TJ = 0°, 8m =/= 0) when R = 855, A= 0.26. 

6.3 Combined (2-DoF) in-line and rotational os

cillations versus an in-line-only and rotational

only (1-DoF) cylinder oscillations: wake modes 

In this section a series of 1-DoF forced in-line or rotational cylinder oscillations in a 

steady uniform flow is analyzed under the same oscillation conditions of this chapter 

to better understand what differences result from the addition of these 1-DoF oscil-

latory motions. The simulations for the (1-DoF) oscillatory motion cases are carried 
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m 

~ 15° 30° 60° 75° 

0.5 1.7838 1.7304 1.9715 2.0243 
1.0 2.6253 2.8454 2.9363 2.7911 
2.0 5.8234 5.6478 5.4424 5.3762 
3.0 11.4084 11.2609 11.4113 11.1703 
4.0 19.8505 19.7369 19.7762 19.9170 

Table 6.6: The effect off I fo and em on Cvmax for the combined (2-DoF) in-line and 
rotational oscillation case ('TJ = 0°, em =I O) when R = 855, A= 0.26. 

m 

~ 15° 30° 60° 75° 

0.5 0.9909 1.0282 0.7899 0.7123 
1.0 -0.0893 0.0165 0.0985 0.1401 
2.0 -2.9827 -3.1597 -3.4896 -3.9150 
3.0 -9.4400 -9.3093 -9.8725 -10.1878 
4.0 -17.9402 -17.7486 -18.2588 -18.5076 

Table 6.7: The effect off I fo and em on Cv,min for the combined (2-DoF) in-line and 
rotational oscillation case ('TJ = 0°, em =I 0) when R = 855, A= 0.26. 

out by using the same set of numerical parameters that used for the combined (2-

DoF) in-line and rotational oscillation case. The results for in-line-only simulations 

are obtained by setting maximum angular displacement and angle of inclination to 

em= 0, 'TJ = 0°, respectively. The results for rotational-only simulations are obtained 

by setting recti-linear oscillatory velocity to V(t) = 0. A summary of the vortex shed

ding modes and their periods for the 1-DoF forced in-line oscillation are displayed in 

Table 6.10. 

Overview of equivorticity lines for 1-DoF and 2-DoF motions under consideration is 
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m 

~ 15° 30° 60° 75° 

0.5 0.7929 0.7022 1.1816 1.3119 
1.0 2.7146 2.8288 2.8378 2.6510 
2.0 8.8061 8.8075 8.9320 9.2912 
3.0 20.8484 20.5702 21.2838 21.3581 
4.0 37.7907 37.4855 38.0350 38.4246 

Table 6.8: The effect off I fo and em on Cn,amp for the combined (2-DoF) in-line and 
rotational oscillation case (TJ = 0°, em =J. 0) when R = 855, A= 0.26. 

m 

~ 15° 30° 60° 75° 

0.5 1.4159 1.3908 1.4530 1.3722 
1.0 1.2904 1.6538 1.4563 1.4408 
2.0 1.6200 1.2313 0.9712 0.8827 
3.0 0.6982 0.6106 0.4040 0.3609 
4.0 1.7324 1.8364 1.4768 1.4286 

Table 6.9: The effect off I fo and E>m on Cn for the combined (2-DoF) in-line and 
rotational oscillation case (TJ = 0°, E>m =J. 0) when R = 855, A= 0.26. 

presented, in Figures 6.24-6.28, at fIfo = 0.5, 1, 2, 3 and 4. In each figure, the top 

row of snapshots corresponds to the 1-DoF rotational oscillation case, taken at the 

maximum negative angular displacement, -em, with amplitudes em= 15°, 30°, 60° 

and 75°. In the middle row we display a series of the same snapshot for the 1-DoF 

in-line oscillation case taken at the maximum positive displacement, A. The bottom 

row exhibits snapshots of the combined (2-DoF) in-line and rotational oscillations at 

the instant corresponding to -em. The instantaneous rotational and in-line speeds 

of the cylinder are zero at these positions. 
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fifo Mode Period 
0.5 28 . Tl2 
1 28 . T 
2 8+P • 2T 
3 28 . T 
4 28 . T 

Table 6.10: The effects of fIfo and em on the vortex shedding modes and their 
periods for the in-line-only oscillations (77 = 0°, em = 0°) when R = 855, A = 0.26: 
• lock-on mode; • non-lock mode. 

In fact, increasing the frequency ratio fIfo aff cts both the rotational and in-line 

oscillatory velocities at the same rates while increasing em affects only the rotational 

oscillation velocity. Essentially, the total speeds of the upper and lower parts of the 

cylinder at any instant are not equal which causes a different effect on the fluid in the 

bottom and top parts of the cylinder. For instance, in th case of counterclockwise 

rotation, the maximum relative velocities of the fluid compared with that of the wall 

are achieved at t = T 14 and given by (2 - 2n fem - 2n fA) and (2 + 2n fem - 2n fA) 

for () = =t=90°, respectively, however, in the clockwise rotation case, these relative 

velocities are achieved at the instant t = 3T 14 and equal to (2 + 2n fem + 2n fA) and 

(2 - 2n f8m + 2n fA) for () = =t=90°. Thus, these differences cause breaking up the 

near-wake vorticity in both sides of the cylinder into different modes. In addition, 

the vortex shedding from both sides of the cylinder can be controlled by different 

frequencies according to the dominant oscillatory motion in th flow. 

The vortex shedding modes and their periods at fIfo = 0.5 for the combined (2-

DoF) in-line and rotational oscillation case are similar to that for the in-line-only 

and rotational-only (1-DoF) oscillations as shown in Tables 5.10 and 6.10. However, 
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Figure 6.24 shows that the (1-DoF) in-line-only oscillation is the dominant motion at 

em = 15°. However, the high competition between the in-line-only and rotational

only (1-DoF) oscillations is observed at 30° :::; em :::; 75° which produces different 

near-wake structure than that for the combined (2-DoF) in-line and rotational oscil

lation. This may be attributed to the dominant uniform stream velocity. 

At fIfo = 1, the vortex shedding modes and their periods for combined (2-DoF) 

in-line and rotational oscillation case are similar to that for the cases of (1-DoF) os

cillatory motions as seen in Tables 5.10 and 6.10. However, comparing the bottom 

row with the middle and top rows of Figure 6.25 we conclude that the near-wake 

region for the combined (2-DoF) in-line and rotational oscillation is similar to that 

of the in-line-only (1-DoF) oscillation case for em = 15° whereas for 30° :::; em :::; 75° 

is similar to that for the rotational-only (1-DoF) oscillation case. A remarkable re

sult observed at em = 15° is that the synchronization of the vortex shedding to the 

cylinder motion reflects the effect of the rotat ional-only (1-DoF) oscillation. Typi

cal equivorticity lines for 1-DoF and 2-DoF motions under consideration is presented 

at fIfo = 1, in Figure 6.29, over one period of cylinder oscillations, T. Thus, the 

rotational-only (1-DoF) oscillation play a crucial role in obtaining the vortex lock-on 

regimes. Further, the effect of the in-line-only (1-DoF) oscillation reduces the vortex 

formation length in the near-wake region. 

The vortex shedding modes and their periods for combined (2-DoF) in-line and ro

tational oscillation case at fIfo = 2 show a competition between the two 1-DoF 

oscillatory motions (rotational and in-line) in different rates according to the values 
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of 8m. For 8m = 15°, the vortex shedding mode and their periods for the combined 

(2-DoF) in-line and rotational oscillation case is similar to that of the in-line-only 

(1-DoF) oscillation case as shown in Figure 6.26, Tables 5.10 and 6.10. Further, the 

effect of the rotat ional-only (1-DoF) oscillation is still evident especially in developing 

the weak vortex on the top of the cylinder. Typical equivorticity lines for 1-DoF and 

2-DoF motions under consideration are presented, in Figure 6.30, at fIfo = 2 over 

two periods of cylinder oscillations, 2T. For E>m = 30°, a high competition between 

the 1-DoF oscillatory motions is observed. For 8m = 60°, 75°, the vortex shedding is 

characterized by a synchronized asymmetric 2S mode, perT, which is similar to that 

observed for the rotational-only (1-DoF) oscillation case at the same values of 8 m. 

At fIfo = 3.0 and 4.0, the in-line-only (1-DoF) oscillation is more dominant on 

the vortex shedding modes and their periods for 8 m = 15°. However, the rotational

only (1-DoF) oscillation play a crucial role in destroying the symmetry of the 1-DoF 

in-line oscillation as seen in Figure 6.31. For 8m 2:: 3°, the effect of the 1-DoF oscilla

tory motion on the vortex shedding is not standard on both sides of the cylinder but 

still the effect of the rotational-only (1-DoF) oscillation is dominant on the vortex 

shedding structure in the near-wake region. 
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Figure 6.24: A rotational-only or in-line-only (1-DoF) cylinder oscillation (top or 
middle) versus combined (2-DoF) in-line and rotational oscillation (bottom): overvi w 
of near-wak structure for R = 855, A = 0.26 and fIfo = 0.5 when em = 15°, 
em = 30° em = 60° and em = 75°. All snapshots in th top and bottom rows 
are taken at the instant corresponding to maximum negative angular displacement, 
-em, while the middle row correspond to maximum positive cylinder displacem nt 
A. 
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Figure 6.25: A rotational-only or in-line-only (1-DoF) cylinder oscillation (top or 
middle) versus combined (2-DoF) in-line and rotational oscillation (bottom): overview 
of near-wake structure for R = 855, A = 0.26 and fIfo = 1 when em = 15°, 
em = 30°, em = 60° and em = 75°. All snapshots in the top and bottom rows 
are taken at the instant corresponding to maximum negative angular displacement , 
-em, while the middle row corresponds to maximum positive cylinder displacement 
A. 
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Figure 6.26: A rotational-only or in-line-only (1-DoF) cylinder oscillation (top or 
middle) versus combined (2-DoF) in-line and rotational oscillation (bottom): overview 
of near-wake structure for R = 855, A = 0.26 and fIfo = 2 when em = 15°, 
em = 30°, em = 60° and em = 75°. All snapshots in the top and bottom rows 
are taken at the instant corresponding to maximum negative angular displacement , 
- em, while the middle row corresponds to maximum positive cylinder displacement 
A. 
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Figure 6.27: A rotational-only or in-line-only (1-DoF) cylinder oscillation (top or 
middle) versus combined (2-DoF) in-line and rotational oscillation (bottom): overview 
of near-wake structure for R = 855, A = 0.26 and f / fo = 3 when em = 15°, 
em = 30°, em = 60° and em = 75°. All snapshots in the top and bottom rows 
are taken at the instant corresponding to maximum negative angular displacement , 
- em, while the middle row corresponds to maximum positive cylinder displacement 
A. 



Chapter 6. The wak flow generated by combined (2-DoF) in-line ... 211 

Figure 6.28: A rotational-only or in-lin -only (1-DoF) cylinder oscillation (top or 
middle) versus combined (2-DoF) in-line and rotational oscillation (bottom): overvi w 
of near-wake structure for R = 855, A = 0.26 and fIfo = 4 when em = 15°, 
em = 30° em = 60° and em = 75°. All snapshots in th top and bottom rows 
are taken at the instant corresponding to maximum negative angular displacem nt , 
- em, whlle th middle row corresponds to maximum positive ylinder displacement 
A. 
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Figure 6.29: Equivorticity lines over one period of oscillation, T , for in-line-only (1-
DoF) oscillation case (left); combined in-line and rotational (2-DoF) oscillation case 
(right) when R = 855, A = 0.26: em = 15° and f I fo = 1 (T = 9.09, 81.82 ~ t ~ 
90.91). 
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Figure 6.30: Equivorticity lines over two periods of oscillation, 2T, for in-line-only 
(1-DoF) oscillation case (left); combined in-line and rotational (2-DoF) oscillation 
case (right) when R = 855, A = 0.26: em = 15° and f I fo = 2 (T = 4.55, 90.9 :::; t:::; 
95.45). 
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Figure 6.31: Equivorticity lines over three periods of oscillation, 3T, for in-line-only 
(1-DoF) oscillation case (left); combined in-line and rotational (2-DoF) oscillation 
case (right) when R = 855, A= 0.26: em= 15° and fIfo= 3 (T = 3.03, 90.9 ::; t ::; 
93.94). 
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Summary and Conclusions 

The present thesis deals with analysis and numerical simulation of a new class of 

wake flows created in a steady uniform flow by combining translational (in-line or 

transverse) and rotational oscillation of a circular cylinder. The flow is incompress

ible and two-dimensional, and recti-linear and rotational oscillations are harmonic. 

Specifically, the dimensionless recti-linear and rotational oscillatory velocities have 

the form V(t) = -27r fA sin(27r ft) and D(t) = 21r fo8m sin(27r Jot), respectively. Here 

t is the time; A and Bm are the amplitudes of two simple harmonic motions; f and 

fo are the forced frequencies of two oscillatory motions. It is further supposed that 

the instantaneous translation and rotation start at the same moment and the devel

opment of the flow is studied in a coordinate frame which moves with the cylinder 

but does not rotate. For the motion we have described, analysis is carried out for 

combined phase-locked translation and rotation with a single frequency, i.e., f = fo. 

The motion is assumed to be laminar and governed by the unsteady Navier-Stokes 

equations and the mass conservation equation. The associated conditions are no-slip 

and impermeability conditions on the cylinder surface and free stream conditions far 
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away from the surface. 

The method of analysis adopted here is based on the use of truncated Fourier rep

resentations for the stream function and vorticity in the angular polar coordinate. 

Two types of solutions are obtained. A series expansion for small times is devel

oped. The Navier-Stokes equations are also integrated for large values of the time 

using an implicit time-marching scheme. The vorticity is determined using conditions 

of an integral character deduced from the no-slip and impermeability conditions on 

the cylinder surface and free stream conditions at large distances, together with the 

mass conservation equation. The integral conditions are used both in obtaining the 

analytical solutions of the governing equations using Fourier, or spectral, analysis 

and implementing finite difference method in the two-dimensional numerical solution 

procedure. This eliminates the use of local finite-difference approximations to link 

discretized values of the stream function and vorticity on and near boundaries in the 

solution domain. It is shown that the correct satisfaction of integral conditions is the 

required condition to ensure that the pressure in the fluid is periodic. Thus, this is 

considered as a very important part of the solution procedure since they ensure both 

the free stream is approached far from the cylinder and satisfaction of the physically 

essential results for the existence of the flow. Special care is taken to account for 

the impulsive start of the motion. This is done by implementing the special starting 

procedure using similarity coordinates later replaced by physical coordinates. The 

analytical and numerical techniques employed are a direct extension of those which 

were used by Collins (1971), Collins and Dennis (1973a) (analytical); Collins and 
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Dennis ( 1973b) and Badr and Dennis ( 1985) (numerical). In the present thesis nu

merical solutions of the Navier-Stokes equations are obtained for large values of the 

time rather than moderate values of the t ime obtained by various researchers using 

the same method for solving problems of uniform flow past a stationary cylinder; a 

steadily rotating cylinder; a cylinder undergoing (1-DoF) forced (recti-linear or rota

tional) oscillations. 

The numerical scheme is verified by applying it to the special cases of uniform flow 

past (i) a stationary cylinder (no forced oscillations) at R = 100, 106, 103 ; (ii) 

a steadily rotating cylinder (no forced oscillations) for the constant rotating rates 

n = 1, 3 at R = 500, 103 ; (iii) a cylinder undergoing 1-DoF forced recti-linear os

cillations, at angles of 0°, 60°, 90° with respect to the uniform free-stream (R = 855 

and A= 0.26: 0.5 ::; f / fo ::; 4). Furthermore, the simulations of the start-up flow for 

the case of combined (2-DoF) forced recti-linear and rotational cylinder oscillations 

at a Reynolds number of R = 855 are consistent with the results of the analytical 

solution. The surface pressure distribution is also calculated for the same case of 

2-DoF motion to verify the correct implementation of the surface pressure periodicity 

in the numerical scheme for large values of the time. Exceptionally good comparisons 

with previous experimental and numerical results are obtained, not only in the de

tailed formation of the wake but also development with time of velocity profiles and 

various other properties of the above mentioned flows. In fact, the general evidence 

of the comparisons is that the previous (experimental and numerical) and present 

(numerical) treatments the problem in the three special cases mentioned earlier are 

almost identical and give the same physical development of the flow in every respect. 
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Figure 7.1: Representation of basic modes of vortex formation from cylinder under
going combined (2-DoF) recti-linear and rotational oscillation. 
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In the present thesis two types of 2-DoF forced oscillation of a circular cylinder sim

ulations are performed for the first time. In the first, the cylinder is forced to move 

by combined transverse (cross-stream) and rotational oscillation ( 'r/ = 90°) em =J 0). 

In the second, the cylinder is forced to move by combined in-line (streamwise) and 

rotational oscillation ( 'r/ = 0°, 8m =J 0 ) . Calculations are carried out for fixed values 

of Reynolds number, R = 855, and amplitude of translational (in-line or transverse) 

oscillatory motion, A = 0.26, respectively, in the cases fIfo = 0.5, 1, 2, 3, 4 and 

em = 15°, 30°, 60°, 75°. The effects off I fo and em on the vortex formation modes 

as well as the fluid forces acting on the cylinder are examined. Results show that five 

basic asymmetric modes of vortex formation synchronized with the body motions 

in the near-wake region. Four of these asymmetric modes show period doubling; 

doubling or tripling; tripling and quadrupling relative to the classical Karman mode. 

These modes are schematically portrayed in Figure 7.1. The asymmetric 28 and 8+P 

modes occur for both types of 2-DoF forced oscillation; the asymmetric 68, 88 and 

2P modes occur only for combined (2-DoF) transverse and rotational oscillation case: 

Combined (2-DoF) transverse and rotational cylinder oscillations: Overview of wake 

modes and fluid forces 

When the forcing frequency is fIfo = 1, the classical asymmetric 28 mode over one 

oscillation cycle is the dominant mode for all values of 8m since the maximum oscilla

tory speeds of both motions are less than the uniform flow speed. In the range of the 

frequency ratios when fIfo ~ 2, the vortex shedding becomes more complicated due 
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to the strong interaction between the cylinder motion and the shed vortices. Breaking 

up of the near-wake vortices and coalescence of these vortices occur in the region very 

close to the cylinder surface. This coalescence phenomenon produces an interesting 

repeatable patterns in the near-wake region. It seems that the translational oscilla

tion plays an important role in activating the periodic coalesce phenomenon at high 

values of the frequency ratio. The asymmetric 8+ P mode occur over two oscillation 

cycles only for fIfo = 2 : em = 15°. The asymmetric 2P mode occurs over two 

and three cycles of oscillation when ! 1 !o = 2 : em = 30° and ! 1 !o = 3 : em = 15°, 

respectively. The asymmetric 68 and 88 modes occur over three and four oscillation 

cycles for J I !o = 3 : em= 30°; J 1 !o = 4: em= 60° and J 1 !o = 4: em = 15°,30°, 

respectively. Period doubling; tripling; quadrupling relative to the classical Karman 

mode occur in the cases ! 1 !o = 2 : em = 15°, 30°; ! 1 !o = 3 : em = 30° and 

fIfo = 4 : em = 60°; fIfo = 4 : em = 15°,30°, respectively. Thus, the vortex 

shedding period is increasing proportionally with f I f0 . The effect of increasing the 

oscillation frequency ratio seems to magnify the amplitude of the lift coefficient which 

is consistent with the results observed for the transverse-only oscillations by the pre

vious researchers and in the present study. On the other hand, the time-averaged 

drag coefficient, shows its maximum value at fIfo = 1 for all values of the rotational 

oscillation amplitude. In all the cases considered CL and CM curves oscillate with the 

frequency of cylinder oscillation whereas a switch over in the nature of the fluctua

tions of the drag coefficient is observed with the increase of the oscillation frequency 

ratio. In addition, CL is in phase with the cylinder motion whereas both CD and eM 

are out of phase with the cylinder motion for all values off I fo and em. 
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It seems that the effect of increasing the rotational oscillation amplitude is to re

duce the vortex shedding period. The location of the developing vortices increases 

vertically on the cylinder surface as em increases. Thus, the angle of separation is 

increasing as em increases which is consistent with the results observed for rotational

only oscillations case. The amplitude of the lift coefficient is decreasing as em in

creases in the range of fIfo 2': 1. Furthermore, as a result of increasing em, CD is 

decreasing at all values of fIfo. 

The vortex lock-on phenomenon is observed for all values of fIfo 2': 1, when 15° ::; 

em ::; 75°. An interesting result related to the lock-on phenomenon is observed at 

f 1 fo = 4 and em = 15° in which the vortex shedding in both transverse-only and 

rotational-only (1-DoF) oscillation cases is not lock-on while it produces vortex lock

on for the case of combined (2-DoF) transverse and rotational oscillations. This leads 

to the fact that when the maximum oscillatory speeds of both motions is close to 

each other it is difficult to track the dominant motion in the flow unlike when the 

difference between these maximum speeds is relatively high. 

Finally, when the maximum oscillatory speeds of both motions are close to each 

other the rotational oscillation has more significant effect than the transverse oscilla

tion for all values off I fo except fIfo = 0.5. 

Combined (2-DoF) in-line and rotational cylinder oscillations: Overview of wake 

modes and fluid forces 
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The classical asymmetric 2S mode over one period of oscillation cycle is the dom

inant mode for all values of fIfo and 8m except fIfo = 2 : 8m = 15°,30°. This 

vortex shedding mode is consistent with the in-line-only (1-DoF) oscillation case at 

fIfo = 2, 3 and has three different occurrences than that of the ones observed pre

viously. In the first one, we observe a small counter-rotating vortex accompany the 

large shed vortex from the upper side of the cylinder until a limited distance in the 

downstream. In the second occurrence this counter-rotating vortex accompany the 

shed vortex from the bottom of the cylinder. Finally, in the third occurrence each 

shed vortex is accompanied by counter-rotating vortex. An interesting result observed 

at fIfo = 4 and em = 60° is that asymmetrical 2S vortex formation mode decays 

a symmetrical mode as vortices move downstream. Moreover, the existence of the 

asymmetric S+P mode which is observed at fIfo = 2 when 8m :::; 30° is consistent 

with the results of the previous experimental and numerical studies for the case of 

in-line-only (1-DoF) oscillation at the same value off I f 0 . It seems that the effect of 

increasing the oscillation frequency ratio magnifies the amplitude of the drag coeffi

cient which is also consistent with the results observed for the in-line-only oscillations 

by the previous researchers and the in present study. 

At 8 m = 15° when the maximum oscillatory speeds of both motions are close to 

each other, the in-line-only (1-DoF) oscillation has a significant effect on the vortex 

shedding modes and their periods. An interesting result observed at f I fo = 1 when 

8m = 15°: vortex lock-on is controlled by the rotational oscillation whereas the near

wake structure is similar to that of the in-line-only oscillations. It is also noted that 

the vortex shedding period is affected more by the in-line oscillation rather than the 
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rotational oscillation especially in the range 8m ::; 30°. The lock-on phenomenon is 

reported at all values off I fo ~ 1 when 15° ::; em ::; 75°. An interesting repeatable 

phenomena is observed at fIfo ~ 3 when 8m ::; 30°: the shed vortices from the bot

tom of the cylinder are coalesce to form one large vortex as vortices move downstream. 

In all the cases considered ev, eL and eM curves oscillate with the frequency of 

cylinder oscillation. Both ev and eL are in phase with the cylinder motion whereas 

eM is out of phase with the cylinder motion for all values off I fo and 8m. 
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Appendix A 

Appendix for Chapter 2 

A.l Determination of w(z, e, 0) and w(z, e, 0) 

The initial solutions for w and IJt are determined by solving equations (2.2.19) and 

(2.2.20) subject to (2.2.21)-(2.2.24) at t = 0. The solution for w(z, e, 0) can be 

represented by the Fourier expansion as 

1 00 

w(z, e, 0) = 2Go,o(z) + L [Go,j(z) cos(jB) + 9o,j(z) sin(jB)] . 
j=l 

(A.1.1) 

The general solution for w(z, e, 0) has been obtained by using the method of reduction 

of order after substituting (A.1.1) into (2.2.19); its expression is given by 

~ [ 2 2 2 2 ] w(z, B, 0) = 6 (Cj e-z + Cj e-z erfi(z)) cos(jB) + (Dj e-z + dj e-z erfi(z)) sin(jB) 
j = O 

(A.1.2) 

where erfi(z) is the imaginary error function defined by 
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The integral condition (2.2.24) is used to show that Cj, Di , ci and di are identi

cally zeros for all j > 1. The approximation 

2 yfif 
e-z erfi(z) rv 

4z 

can be used to conclude that 

1= 1= yfif yfif I Z=CXl 

0 

C1 e-z
2 

erfi(z) d Z rv C1 
4

7r d Z = C1 _!!_ ln(z) 
0 Z 4 z=O 

(A.1.3) 

Since ln(z) is an unbounded function, (A.1.3) gives that c1 should be zero. Following 

the same procedure we also conclude that d1 is zero. Finally the constants C0 , C1 

and D1 can easily be determined from the integral conditions (3.3.9), these constants 

are 

4 
D1 = yfif (O'o cos(77) + 1). 

where a0 = r2(0) , O"o = V(O). Consequently w(z, e, 0) is given by 

2 - z2 

w(z, e, 0) = ~ (n(o)- 2 V(O) sin(77)cos(e) + 2 (V(O) cos(77) + 1) sin( e)). 

(A.1.4) 

The corresponding solution for w(z, (), 0) is obtained by direct substitution of (A.l.4) 

into (2.2.20) and integrating twice with respect to z subject to (2.2.21). The final 

result is given by 

[ 
1 -z

2 l w(z, (), 0) = [2 V(O) sin(77) cos( e) - 2 (V(O) cos(77) + 1) sin(()) - r2 (0)] -; - z erf(z) 

- zn(o) 
(A.l.5) 
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where erf ( z) is the error function defined by 

2 r 2 
erf(z) = ..fii Jo e-s ds. 
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A.2 Mathematical derivation of formulas for drag, 

lift and moment coefficients 

In this appendix, formulas for drag, lift, pressure and moment coefficients are derived. 

In what follows, a represents the radius of the cylinder, U the uniform stream velocity 

and p, p, are the density and viscosity respectively. 

The drag and lift forces exerting on the cylinder are determined by integrating the 

normal ( <J) and shear ( T) stresses around a closed contour C that contains the cylin-

der. The dimensional viscous stresses are defined according to Stokes relations, see 

Potter et al. (1996), and given by 

2 ( 4 au ) 
(J XX = pU -p + R ax ' 

2 ( 4 au ) 
<Jyy = pU -p + Ray ' (A.2.1) 

2 p U
2 (au av) 

Txy = Tyx = R ay +ax . 

The dimensional forces per unit length acting on the cylinder in the x , y directions 

are given, respectively, by 

(A.2.2) 
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(A.2.3) 

where l and m are the direction cosines of the outward normal to C given by 

l = dy 
ds' 

dx 
m=--. 

ds 

Substitution of axx, ayy and Txy from (A.2.1) into (A.2.2) and (A.2.3) gives 

D = apU2 1 [-z'E + zi_ au+ m3_ au + m3_ av - lu2 - muv] ds 
!c 2 Rax Ray Rax ' 

2 i [ p 4 av 2 au 2 av 2 ] L = apU -m- + m-- + l-- + l-- - mv - luv ds . 
c 2 Ray R ay R ax 

By using the continuity equation we conclude that 

4 au 2 au 2 av 2 ( ( av av ) ) 
l R ax + m R ay + m R ax = R m ( + 2 max - l ay ' 

and 

mi. av + z3_ au+ z3_ av = 3._ (-l( + 2 (-m au+ lou)) 
Ray Ray Rax R ax ay ' 

(A.2.4) 

(A.2.5) 

(A.2.6) 

(A.2.7) 

where ( = aujay- avjax represents the vorticity. Thus, substituting (A.2.6) and 

(A.2.7) into (A.2.4) and (A.2.5) we obtain 

21[ p 2 2 ] D=apU Jc -l2+mR(-lu -muv ds (A.2.8) 

21[ p 2 2 l L = apU Jc -m2 - l R(- mv - luv ds. (A.2.9) 

By assuming that C (- C0 ) is concentric with the cylinder surface and using the fact 

that the normal fluid velocity on the cylinder surface is zero, we may rewrite (A.2.8) 

and (A.2.9) as follow 

(A.2.10) 

= apU2 1 [-Edy- 3_(dx] , !co 2 R 
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(A.2.11) 

= apU2 i [Edx- 3_(dy]. 
Co 2 R 

Since x = e~ cos( B) and y = e~ sin( B) then dx = -sin( B) dB and dy = cos(B)dB on 

the surface of the cylinder. Consequently (A.2.10) and (A.2.11) can be rewritten at 

~ = 0 as follows 

D = apU
212

rr ( - ~ ~~=o cos( B)+ ! ( I ~=O sin( B)) dB, 

L = apU2 
{

2

n (_'E. I sin( B) - R
2 (I~=O cos( B)) dB. 

Jo 2 ~=O 

(A.2.12) 

(A.2.13) 

Integrating the pressure term in (A.2.12) and (A.2. 13) by parts with respect to B we 

obtain 

( 
1 127r 8p I 2 127r ) 

D = apU2 

2 8
B sin(B)dB + R (l~=o sin( B) dB 

0 ~=0 0 

(A.2.14) 

and 

( 
1 r 27r 8p I 2 r 27r ) 

L = apU
2 

- 2 Jo 8B ~=O cos(B)dB - R Jo (I~=O cos( B) dB (A.2.15) 

By substituting the expression for 8pj8B at~ = 0 given in (2.3.1) into (A.2.14) we 

obtain 

(
-21

2
7[ 8( I 2 1

2
7[ • ) D = apU2 

- ~ sin(B)dB + R (I~=O sin( B) dB - 1r V(t) cos(77) , 
R o u~ ~=O o 

(A.2.16) 

and 

( 212
rr 8w I 212

rr . ) L = apU2 R 8 cos(B)dB- R (I~=O cos( B) dB- 1r V(t) sin(77) . 
0 ~ ~=0 0 

(A.2.17) 
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Finally the dimensionless drag and lift coefficients are given by 

D 21271" 21271" a( I . 
Cn apU2 = R (j(=o sin fJdfJ- R ac sin fJdfJ- 1rV(t) cos(17) 

0 0 ., (=0 

L 21271" 21271" a( I . CL apU2 =-R (i(=OcosfJdfJ+ R ac cosfJdB-7rV(t)sin(1J). 
0 0 ., (=0 

The moment exerted on the cylinder surface by the fluid can be obtained by integrat-

ing the torque around a contour C enclosing the cylinder surface. The dimensional 

moment is given by 

M =a i (x d L- y d D) (A.2.18) 

where L and D are dimensional forces in the x, y directions given in (A.2.2) and 

(A.2.3). Substituting equations (A.2.2) and (A.2.3) into (A.2.18) and using the con-

tinuity equation gives 

M - a2pU2 {ip(xdx + ydy) + ~ i ((ydx- xdy) 

i uv(xdy + ydx) + i v2xdx + i u2ydy 

+ i. 1 (xau +yav)dy+ i.i (xau +yav)dx }. 
R Jc ay ay R Jc ax ax 

(A.2.19) 

The dimensionless velocity components u and v are related to the dimensionless 

stream function 

- a'lj; - - ( . (fJ) a'lj; -( (fJ) a'lj; 
u - ay - e sm a~ + e cos ae , (A.2.20) 

(A.2.21) 
a'lj; a'lj; . a'lj; 

v = -- = - e- € cos(fJ) - + e - € sm(fJ) -. 
ax a~ ae 

Thus, taking the contour C to be a circle concentric with the cylinder and using the 

modified polar coordinate to rewrite all the variables in equation A.2.19, we obtain 

(A.2.22) 
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On the cylinder surface, when~= 0, the expression (A.2.22) can be simplified, after 

making use of the conditions fJ'IjJjfJ() = 0 and fJ'IjJjfJ~ = -n(t) when~= 0, to 

M = a2pU2 (-! 127r (J~=odO- 87r~(t)). (A.2.23) 

The dimensionless moment coefficient is defined by 

(A.2.24) 

where fo = a JO/U is the dimensionless frequency. By combining (A.2.23) and 

(A.2.24), we obtain 

1 12
11: n (t) 

CM = - - (J~=od()--. 
47r fo o fo 

(A.2.25) 
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Appendix B 

Appendix for Chapter 3 

B.l List of formulas used in obtaining component 

form of Wn,m(z, B) and Wn,m(z, B) 

N1 N2 

(i) (L Fr cos(re))(L Gs cos(se)) 
r=l s=l 

N1 N2 

(ii) (L Fr cos(re))(L Gs sin(se)) 
r=l s=l 

N1 N2 

(iii) (L Fr sin(re))(L Gs sin(se)) 
r=l s= l 

231 
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(vi) ~~ Lt+l F;,,cos(r8) } 

(vii) ~~ {,j~+/;,,sin{r8) } 
where r , N1 and N2 are integers. 

232 

B.2 List of differential equations and required con

ditions satisfied by Fourier components for the 

scaled vorticity w(z, B) 

d2G0 dG0 (z ) __ o.:...._,o + 2z o,o + 2Go (z) = 0, 
dz2 dz 0

•
0 (B.2.1) 

1oo G8,0 (z )dz = 2ao, G8,o--+ 0 when z --+ oo (B.2.1a) 

d2G1 dG1 (z ) - .....,..o.:...._,o + 2z o,o + 2G1 (z) = 0 
dz2 dz 0

•
0 

' 
(B.2.2) 

100 

c~.o(z)dz = - 2CTo sin(ry), G~,o --+ 0 when z--+ 00 (B.2.2a) 

d2 1 d 1 (z) 
~ + 2 9o,o + 2 1 ( ) = 0 dz2 z dz 9o,o z ' (B.2.3) 
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100 

96,0 (z)dz = 2[ao cos(rJ) + 1], 96 0 ---+ 0 when z ---+ oo 
' 

(B.2.3a) 

d2G8,1 dG8,1 (z) 0 0 d 2 + 2z d - 2G 0 1 ( z) = RC0 1 ( z), 
z z ' ' 

(B.2.4) 

100 

cg,1(z)dz = 2a1 cg,1- 0 when z- 00 (B.2.4a) 

d2G6,1 dG6.1 (z) 1 1 
d 2 + 2z d - 2G0 1 (z) = RC0 1 (z), 

z z ' ' 
(B.2.5) 

100 

G6,1 (z)dz = -2 sin(rJ)a1, G6,1 ---+ 0 when z---+ oo (B.2.5a) 

d2G6,1 dG6,1 (z) 2 2 d 2 + 2z d - 2G01(z) = RC01 (z), 
z z ' ' 

(B.2.6) 

100 

G6,1 (z)dz = 0, G6,1 ---+ 0 when z---+ oo (B.2.6a) 

d
2
96,1 d96,1 (z) 1 1 

-d 2 + 2z d - 29o 1 ( z) = RSo 1 ( z), z z ' ' 
(B .2.7) 

100 

96,1 (z)dz = 2 cos(rJ)a1 , 96,1 ---+ 0 when z---+ oo. (B.2.7a) 

d
2
95,1 d95,1(z) 2 2 

-d 2 + 2z d - 290 1(z) = RS0 1(z), 
z z ' ' 

(B.2.8) 

100 

95,1 (z)dz = 0, 95,1 ---+ 0 when z---+ oo. (B.2.8a) 
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d2G8,2 dG8,2(z) o o 
d 2 + 2z d - 6G0 2(z) = RC0 2(z), z z , , (B.2.9) 

100 

G8,2(z)dz = 2a2 G8,2 --+ 0 when z --+ oo (B.2.9a) 

d2G6,2 dG6,2(z) 1 1 
d 2 + 2z d - 6G0 2(z) = RC0 2(z), z z , , (B.2.10) 

100 

G6,2 (z)dz = - 2sin(7])o"2, G6,2 --+ 0 when z --+ oo (B.2.10a) 

d2G6,2 dG6,2(z) 2 2 
d 2 + 2z d - 6G02 (z) = RC02(z), z z , , (B.2.11) 

100 

G6,2(z)dz = 0, G6,2 --+ 0 when z --+ oo (B.2.11a) 

(B.2.12) 

cg 2 --t 0 when z --t 00 , (B.2.12a) 

d296,2 dg6,2(z) 1 1 
-d 2 + 2z d - 6g02 (z) = RS02(z), z z , , (B.2.13) 

100 

96,2 (z)dz = 2 cos(7J)ll2, 96,2 --+ 0 when z --+ oo. (B.2.13a) 
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d295,2 d95,2(z) 2 2 
-d 2 + 2z d - 69o2(z ) = RSo2(z), z z ' ' 

(B.2.14) 

100 

95,2(z)dz = 0, 95,2 ~ 0 when z ~ oo. (B.2.14a) 

d295,2 d95,2(z) 3 3 
-d 2 + 2z d - 690 2(z) = RS0 2(z), 

z z ' ' 
(B.2.15) 

100 

9~,2 (z)dz = 0, 9~,2 ~ 0 when z ~ oo. (B.2.15a) 

d2G0 dG0 (z) 
__ 1:._,0 + 2 1,0 = RCO ( ) 

dz2 z dz 1,0 z , (B.2.16) 

100 

[2zGg,0(z) + G~,0 (z)]dz = 0, G~,o ~ 0 when z ~ oo (B.2.16a) 

d2G1 dG1 (z) __ 1.:._,o + 2 1,o = RC1 ( ) 
dz2 z dz 1,0 z , (B.2.17) 

100 

[zG6,0(z) + Gi,0 (z)]dz = 0, Gi,o ~ 0 when z ~ oo (B.2.17a) 

d29i,o + 2 d9i,o(z) = RS1 ( ) 
dz2 z dz I,o z , (B.2.18) 

100 

[z9~,0 (z) + 9i,0 (z)]dz = 0, 9i,o ~ 0 when z ~ oo (B.2.18a) 
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d2G~,1 dG~.1 (z) 0 0 d 2 + 2z d - 4G11 (z) = RC11(z), 
z z ' ' 

(B.2.19) 

100 

[2zGg,1 (z) + G~,1 (z)]dz = 0, G~,1 ---+ 0 when z---+ oo (B.2.19a) 

d2Gi,1 dGi,1 ( z) 1 1 d 2 + 2z d - 4G 1 1 ( z) = RC1 1 ( z), 
z z ' ' 

(B.2.20) 

100 

[zG~,1 (z) + Gi,1 (z)]dz = 0, Gi,1 ---+ 0 when z---+ oo (B.2.20a) 

d
2
Gi.1 dGi.1 (z) 2 2 

d 2 + 2z d - 4G11 (z) = RC11 (z), 
z z ' ' 

(B.2.21) 

100 

Gi,1(z)dz = 0, G~, 1 ---+ 0 when z---+ oo (B.2.21a) 

d29f_1 + 2 d9f_1(z) - 4G1 ( ) = RS1 ( ) 
d2 z d 11z 11z, z z ' ' 

(B.2.22) 

100 

[z9~,1 (z) + 9i,1 (z)]dz = 0, 9i,l ---+ 0 when z---+ oo (B.2.22a) 

d29i,1 + 2 d9i,1(z) -4 2 ( ) = RS2 ( ) 
dz2 z dz 91,1 z 1,1 z , (B.2.23) 

100 

9L (z)dz = 0, 9~, 1 ---+ 0 when z---+ oo (B.2.23a) 
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d2G~,2 dG~,2 (z) 0 0 d 2 + 2z d - 8G1 2 (z) = RC1 2 (z), z z ' ' 
(B.2.24) 

100 

[2zG8,2 (z) + G~,2 (z)]dz = 0, G~,2 ---7 0 when z ---7 oo (B.2.24a) 

d2Gi,2 dGi,2(z) 1 1 d 2 + 2z d - 8G12(z) = RC12(z), 
z z ' ' 

(B.2.25) 

100 

[zG5,2 (z) + Gi,2 (z)]dz = 0, Gi,2 ---7 0 when z ---7 oo (B.2.25a) 

(B.2.26) 

100 

Gf,2(z)dz = 0, Gf,2 ---7 0 when z ---7 oo (B.2.26a) 

d2Gf.2 dGf_2(z) 3 3 
d 2 + 2z d - 8G12(z) = RC1 2 (z), 

z z ' ' 
(B.2.27) 

100

[-zGg,2(z) + Gt2 (z)]dz = 0, Gt2 ---7 0 when z ---7 oo (B.2.27a) 

d2g},2 dg},2(z) 1 1 
-d 2 + 2z d - 8g12(z) = RS12(z) , 

z z ' ' 
(B.2.28) 

100 

[zg~,2 (z) + 9i,2 (z)]dz = 0, 9i,2 ---7 0 when z ---7 oo (B.2.28a) 
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d29?,2 + 2 d9?,2(z) - 8 2 ( ) = RS2 ( ) 
d 2 z d 91 2 z 1 2 z ) z z ' ' 

(B.2.29) 

100 

9~,2 (z)dz = 0, 9~,2 --+ 0 when z--+ oo (B.2.29a) 

d293 d93 (z) 
~ + 2 1,2 - 8 3 ( ) = RS3 ( ) 
d 2 z d 91 2 z 1 2 z ) z z ' ' 

(B.2.30) 

1
00

[-z9~,2 (z) + 9t2(z)]dz = 0, 9t2 --+ 0 when z--+ oo (B.2.30a) 

d2Gg,o dGg,0 (z) 0 0 d 2 + 2z d - 2G2 0 (z) = RC2 0(z), (B.2.31) 
z z ' ' 

1oo [2z2G8,0 (z) + 2zG~,0 (z) +Gg,0 (z) ]dz = 0, cg,o --+ 0 when z--+ oo (B.2.31a) 

d2G~,o dGt0 (z) 1 1 d 2 + 2z d - 2G2 0 (z) = RC2 0 (z), (B.2.32) 
z z ' ' 

100 

[~z2G6,0 (z) + zGi,0 (z) + G~,0 (z)]dz = 0, G~,o --+ 0 when z--+ oo (B.2.32a) 

d29~,o d9~,o(z) 1 1 
-d 2 + 2z d - 292 0 (z) = RS2 0 (z), (B.2.33) 

z z ' ' 

100 

[~z296,0 (z) + z9i,0 (z) + 9~,0 (z)]dz = 0, 9~,0 --+ 0 when z--+ oo (B.2.33a) 
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d2Gg,1 dGg,1 (z ) 0 0 

d 2 + 2z d - 6G21 (z) = RC21 (z) , (B.2.34) 
z z ' ' 

1
00

[2z2G8,1 (z)+2zG~,1 (z)+Gg,1 (z)]dz = 0, cg,1 -+ 0 when z-+ oo (B.2.34a) 

d2G~,1 dGb (z ) 1 1 d 2 + 2z d - 2G21 (z) = RC21 (z), (B.2.35) 
z z ' ' 

100 

[~z2G6,1 (z ) + zGi ,1 (z ) + Gb (z )]dz = 0, G~,1 -+ 0 when z-+ oo (B.2.35a) 

d2G~,1 dG~,1 (z ) 2 2 d 2 + 2z d - 2G21 (z) = RC21(z), (B.2.36) 
z z ' ' 

100 

G~, 1 (z )dz = 0, G~, 1 -+ 0 when z -+ oo (B.2.36a) 

d29~,1 d9b(z ) 1 1 
-d 2 + 2z d - 2921 (z) = RS21 (z) , (B.2.37) 

z z ' ' 

100 

[~ z296, 1 (z ) + Z9i,1 (z) + 9~, 1 (z )]dz = 0, 9~,1 -+ 0 when z -+ oo (B.2.37a) 

d29~,1 d9~, 1(z) 2 2 
-d 2 + 2z d - 292 1 (z) = RC21 (z ), (B.2.38) 

z z ' ' 

100 

9~, 1 (z)dz = 0, 9~, 1 -+ 0 when z-+ oo (B.2.38a) 
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B.3 The non-homogenous terms in (3.1.2) given 

by (3.1.4) 

The non-homogenous term of the differential equation (3.1.4) when n = 0 and m = 2 

is given by 

Ro,2 -
1
3
6 

(A0 B1 - B0 A1 ) [ - 12 erf(z) zerfc(z) + {6erfc(z) + [( - 9 - 4z4
) erfc(z) 

+ 6z2 + 3] e-z2 }7r-~ + [-4ze-z
2 

+ ( -2z + 4z3)e-2 z
2
]7r-1 

]- ~(Bo2 + Ao2
) 

x a0 [ - 36 z erf(z)2 erfc(z) + {18 erf(z) erfc(z) + [(36 + 48 z4
- 36 z2

) erf(z)2 

+ ( -12z4 - 27)erf(z)]e-z2 }7r-~ + { - 48erf(z)zerfc(z) + [(6z- 84 z 3
) erf(z) 

+ 48zJ2erf( J2z) + 12z]e-z
2 

+ (( -120z + 96z3
) erf(z) + 6 z- 12z3 )e-2z

2
} 

x 1r- 1 + {24 erfc(z) + [( - 36 - 16 z4
) erfc(z) + 48 z2

] e-z
2 

+ ( -84 z2 + 48) 

x e-2z
2 

+ ( -36 + 48 z2 ) e-3 z2 
}1r- 3/ 2 + [ -16 z e-z

2 + ( -8 z + 16 z3
) e-2 z

2
] 

x 1r-2
] + [- 16zerf(z) erfc(z)2 + {[(32z2

- 8-
3
3
2 

z4)erfc(z)2 + (8- 32z2 

32 4 2 1 1 2 rr:. rr:. + 3 z )erfc(z)] e-z }7r-2+ 3{-64zerfc(z) - 128 z(-1+ v2erf(v2 z)) 

x e-z
2 

+ [(224 z- 64 z3 ) erf(z)- 112z + 32 z3]e-2 z
2
}1r-1 + [~(192 + 128z4 

2 2 32 2 3 2 3/2 128 2 128 3 2 2 + 192 z ) erfc(z) e-z - -z e- z ]1r- + [- z e-z - -(z + z )e- z ] 
3 9 9 

x 1r-2
] ( -A0cos(B) + B0sin(B))a0

2 + { - 32erf(z)zerfc(z) + [32erfc(z) + (32z2 

- 16) erfc( z) e-•'J"-l - 32 z e_,., 1r- 1 }( B0 cos( e) + An sin( e)) <>1 + [- 32 z 

2 32 2 2 1 64 2 3 
x erfc(z) - 3"{[( -2 z4

- 3) erfc(z) + 3z erf(z)]e- z }1r- 2 + 3 [ze- z + ( -z 

- z) e- '"']1r- l] a 0 (cos(e) B1 + sin(e) A1) + [- 48erf(z) z(erf(z) + 2)erfc(z) 
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160 64 + {32 - 16 erf(z) - 16 erf(z)2 + [( -64z2 + 40 + 3 z4 )erf(z)2 + ( 3 z4 + 16z2 

128 4 2 2 1 1 + 40) erf(z)- 3 z + 32z - 32]e-z }1r-2 + { - 64erf(z) zerfc(z) + 3[(16z 

- 224 z3
) erf(z) - 64 z + 256 z J2erf( J2 z)]e-z

2 + ~[( -544z + 320z3)erf(z) 
3 

+ 64 z3 + 16 z] e-2 z
2 

}1r-
1 + ~{192 erfc(z) + [( -192 z2 

- 256 z4 
- 480) erfc(z) 

+ 192 + 384 z2] e-z
2 + ( -672 z2 + 384) e-2 z

2 + ( 480 z2 - 288) e-3 z
2
}1r-3/

2 

+ ~ [ -256 z e-•' + (256 z3 + 64 z) e-"']1r- 2
] (Eo'+ Ao2

} (Ao cos(B) - Eo 

x sin( B)) + [ { -32erfc( z) + [ ( -16 - 64z2 
-

6
3

4 
z4 )erfc( z) + 48 + 32z2]e-z'} 

x "-1 + [-6
3
4 

ze<- •'l + ~(160z + 64 z3}e-"']"-Il ((A0E 1 + E 0A1}cos(2B} 

+ ( -Bo B1 + Ao A1) sin(2 B)] - ~[(Ao2 - Bo2
) cos(2 B) - 2 Ao Bo sin(2 B)] ao 

x (12 z (erf(z) + 2) erfc(z)2 + [- 6 erf(z) erfc(z) + ( -36 erf(z?z2 + ( 4 z4 + 15 

+ 36 z2) erf(z)- 16 z4
- 12) e-z2 ]7r-~ + [16z erfc(z)2 + (( -2 z + 28 z3)erf(z) 

+ 48z J2erf(J2 z) - 44z) e-z
2 + (4z3 - 72erf(z) z + 34 z)e-2z

2
]7r- l + [- 8 

x erfc(z) + [( -32 z2
- 16 z4

- 20) erfc(z)- 16 z2 + 16] e-z
2 + ( -16 + 28 z2

) 

X e- "' + 12 e - 3z' ]1r -l + ( -16 z e-z' + (24 z + 16 z-3) e- 2 '']1r- 2
) + [- 16 

32 
x erf(z) z (erf(z) + 2)erfc(z) + [-16(erf(z) + 2)erfc(z) + (( -8- 64z2

- 3 z4
) 

2 2 64 4 2 128 4 2 1 1 x erf(z) + (24 + 48 z + 3 z ) erf(z)- 32 z - 3 z + 32)e-z ]1r-2 + 3 

x { - 64 erf(z) z erfc(z) + [( - 16 z + 224 z3
) erf(z)- 64 z + 256 z J2 erf( J2 z)] 

2 3 2 2 1 64 
x e-z + (64 z erfc(z) + 112z- 352 erf(z) z ) e- z } 1r- + { - 3 erfc(z) 
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2 256 4 128 2 2 1 2 2 2 + [( -32- 64z - ---gz ) erfc(z)- 3 z + 64]e-z + 3(224z - 128)e- z 

1 2 3 2 3 256 2 1 3 2 2 2] + "3( -32 z + 96)e- z }1r-2 + [- ---g z e-z + g (256 z + 448 z) e- z ]7r-

x [(Ao3
- 3 Bo2 Ao) cos(3 e)+ (Bo3

- 3 Ao2 B0 ) sin(3 e)]. (B.3.1) 

where A0 B0 and A1 , B1 are given in (3.3.13) and (3.3.16) respectively. 

The non-homogenous term of the differential equation (3.1.4) when n = m = 1 is 

given by 

R1,1 = - 16 z ( -a1 + 2 cos( e) A1 - 2 sin( B) B1 ) e-z
2 1r-~ + { 4erfc(z)2 + 4 z[(16 z4 

2 2 2 1 224 2 4 4 2 2 2 1 + 6 z ) erf(z)- 14 z ] e-z 7r-2 + [-3 e-z z + (64 z - 8 z ) e- z ] 

x 1r-
1

-
6
3

4 
e-z

2 z1r-~ } (cos(B) B0 + sin(B)Ao) a0 + {- 4erf(z)erfc(z) + [(24 

3 2 1 224 2 4 4 
x z3 + 64z5 - 4z) erf(z)- 24z- 8 z J e-z 1r- 2 + [- 3 e-z z + (64z 

8 z2
) e-2

Z
2 ]7r-l - 6

3
4 

e-z
2 Z7r-~ } [(Bo2 

- Ao2
) sin(2 e) (B.3.2) 

2 Ao Bo cos(2 e)]. 

where A0 B0 and A1 , B1 are given in (3.3.13) and (3.3.16) respectively. 

The non-homogenous term of the differential equation (3.1.4) when n = 1 and m = 2 

is not presented due to its lengthly expression. 

The non-homogenous term of the differential equation given by (3.1.4) when n = 2 
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and m = 1 is 

R2, 1 - 8 ( -1 + 4 z4 
- 2 z2

) e-z2 
(-sin( B) B1 + cos(t9) A1 )rr-~ + [ -4 z erfc(z) 

+ ( - 16 z4 + 8 z2
) e-z2 7f-~] a 1 + { z erfc(z) (6 erf(z) + 64 V2- 67) - ~ 

243 

x [-12 z2 erfc(z) + ( - 136 z6 + 144 z8 + 3- 36 z4
) erf(z) + 24 z2 

- 160 z6 

128 4 3] -z2 _! [(76 92 3 176 7 264 5 ) -z2 (208 + z + e rr 2+ - z +- z + - z -- z e +-
15 5 3 5 3 

5 50 44 3 7 2 2 1 16 4 2 2 3} x z - - z- - z - 48z )e- z ]rr- + -(-1 + 4z - 2z )e-z rr-2 
3 3 3 

x (Ao sin( B)+ cos( B) B0 ) a0 + {- z erfc(z) (18 erf(z)- 47 + 96 V2) + ~ 
x [(21- 136z6

- 24z2 + 144z8
- 36z4)erf(z ) - 68z4 + 54z2 + 48- 40z6

] 

z2 1 [ 16 92 3 176 7 44 264 5 z2 
x e- rr-2 + - 3 zerfc(z) + (-5 z -

3
z + 

15 
z+ 5z )e-

14 208 5 44 3 7 2 2 1 32 4 2 2 3} + (-z- -z + -z + 48z )e- z ]rr- - -(2z -2- z )e-z rr-2 
3 3 3 3 

x [(A0
2 

- B0
2

) sin(2 t9) + 2 A0 B0 cos(2 19)]. (B.3.3) 

where A0 B0 and A1 , B 1 are given in (3.3.13) and (3.3.16) respectively. 
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B.4 The solutions for scaled stream function com-

ponents: \llo,2(z, B), \ll1,1(z, B), \ll2,1(z, B) 

The solution for W0,2(z, B) is obtained by solving the differential equation (3.1.3) 

subject to (3.1.6) (when n = 0 and m = 2) and given by 

Wo,2 = 
1

1

5 
{ (-4z5 - 20z3 -15 z) erfc(z) + [-8 + (4z4 + 8 + 18 z2)e-z2 ]n- ~ } 

x <>2 + { 6~ z erf(z} erfc(z} [(24 z4 + 40 z2 + 30} erf(z) + 4 z4 + 15 + 20 z2
] 

+ { 
1

1

5 
[10- 20 z2 + ( -18 z4

- 11 z2 + 4) e-z
2
] erf (z)2 + 

6

1

0 
[24 + 80 z2 

- 64J2erf(J2z) + (5 + 40z4 + 10z2)e-z
2
]erf(z)-

1

2

5 
+ 3~ (4 + 9z2 + 2z4

) 

x e-z }n-2 + (- z5 V3 + -z3 V3 + - V3 z) erf( V3 z) + ( --z5 - - z3 2 1 { 27 27 81 4 4 
25 5 20 9 9 
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where A0 B0 and A1 , B1 are given in (3.3.13) and (3.3.16), respectively, and 

J erf ( z) rr:. rr:. 
f3I(z) = (e(z2 ))2 dz, (32(z) = v2erf(v2 z) . 

The solution for IJ!1,1(z, B) is obtained by solving the differential equation (3.1.3) 

subject to (3.1.6) (when n = 1 and m = 1) and given by 

w11 = 
) 

1 2 4 3 2 -1 1 2 

16 
[( -4 z - 12 z - 1) erfc(z) + 1 + (12 z - 2 z)e-z 1r2]a 1 + { (5( -3z 

4 1 1 3 2 1 + 7z )erfc(z) + 8erf(z) + 
12 

[ -16z + ( -14z + 13z)e-z ]1r-2 }(A1cos(B) 
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The solution for \11 2,1(z, B) is obtained by solving the differential equation (3.1.3) 

subject to (3.1.6) (when n = 2 and m = 1) and given by 
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Appendix for Chapter 4 

C.l Fourier Spectrum 

In this appendix we give the outline of analyzing the spectrum of a data results, 

g(tj, gj)f=0 , viewed by the time domain in which the vertical deflection is the signals 

amplitude, and the horizontal deflection is the time variable. Here g is a discrete data 

results, tj = j!:lt where !:lt is a uniform time increment, N is the number of time 

sampling and gj is the signals amplitude. The main idea in calculating the spectrum 

of these data is to transform, g, from the time domain to the frequency domain by 

using the discrete fourier transform (DFT). Thus, assume that the frequency domain 

is divided into N equal subintervals with radian-frequency interval !:lw = 2n /NT. 

Then, the Fourier transform function, G, of the signal g is defined by 

N - 1 

G(n!:lw) = L g(j!:lt)e-ijb.tnb.w 
j =O 

where i is complex number. 
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C.2 Calculat ion of the P ressure distribution 

The Poisson's equation for the pressure is given by 

(C.2.1) 

which can be rewritten in the (~,e) coordinates as 

(C.2.2) 

Hence, to determine the pressure distribution throughout the flow field we solve equa

tion C.2.2 together with the angular and radial momentum equations given in (2.1.30) 

and (2.1.31). For more convenience, equations (C.2.2), (2.1.30) and (2.1.31) can be 

rewritten respectively as 

(C.2.3) 

(C.2.4) 

(C.2.5) 

where H 1 , H 2 and H3 are assumed to be known functions. 

By integrating equation (C.2.5) with respect toe from 0 to e, we obtain 

p(~, e, t) =foe H3(~ , e, t)de + p(~, o, t). (C.2.6) 

By implementing the periodicity condition for the p, u~, v8 and (, they may rewrite 

some quantities in terms of Fourier expansion as follows 

1 00 

P(~, B, t) = 2Po(~, t) + L lPn(~, t) cos(nB) + qn(~ , t) sin(nB)], 
n=l 

(C.2.7) 
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r (J 1 00 

lo H3(~, e, t)d() = 2H~o(~, t) + L [H~n(~, t) cos( nO)+ H3n(~, t) sin( nO)]' 
0 n = l 

(C.2.8) 

H1(~, 8, t) = ~Hf0 (~, t) + f [Hfn(~, t) cos(nB) + Hfn(C t) sin( nO)] 
n=l 

(C.2.9) 

H2(~, 8, t) = ~H~0(~ , t) + f [H~n(~, t) cos( nO)+ H~n(~, t) sin( nO)] 
n=l 

(C.2.10) 

It can be easily seen that Pn = Hjn and qn = H~n for n = 1, 2, · · ·. Thus, Po is the 

only unknown in the Fourier series expansion for the pressure (C.2.7) . In order to 

determine Po we substitute the expansion (C.2.7) into (C.2.3) and eliminate all the 

trigonometric terms in the resulting expression to obtain 

(C.2.11) 

The required boundary conditions for p0 at the outer boundaries and the surface of 

the cylinder are determined from C.2.3 and C.2.4 after making use of the boundary 

conditions (2.1.34)-(2.1.36). These conditions are 

Gpo He ( ) c 
0~ = 2 0 ~, t at ., = 0 

(C.2.12) 

as ~ ---+ oo. 

Finally, the second order finite difference scheme is used to solve equation (C.2.11) 

subject (C.2.12) with the uniform grids L.l~. 
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C.3 Transformation of frame of reference for pot

ting streamlines 

The stream function that plots the streamlines in a moving frame of reference with 

respect to both the translational and oscillation motions of the cylinder is defined by 

'11 1 (~, (), t) = w( ~, (), t)-e~ sin( ())+271" f Ae~ (sin( TJ) sin(27r ft) cos(()) -cos( TJ ) sin(27r jt) sin(())) 

(C.3.1) 

where 'l1 represents the stream function in the fixed frame of reference with respect 

to the translational and oscillation motions defined in (2.1.28). 
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