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Abstract

The purpose of this paper is to propose theoretical foundations on the impact of transfer
scheme, e.g. Community Agricultural Policy, on income inequality within European Countries.
First, we show that ex-post inequality (in the after-transfer distribution) may increase if either
initial aggregate income or the amount of fiscal contributions are sufficiently high. Second ac-
cording to welfare ordering, we characterize a multi-factor decomposition of the Atkinson index
to gauge the impact of each income source on the inequality profile. Third, we introduce a
methodology to construct a cooperative game played by different income factors (as net incomes
and/or incoming transfers) explicitly measuring the cost of inequality across the population in
terms of welfare loss. We finally rely on Banzhaf and Shapley values to determine the marginal
contributions of each factor to overall inequality.
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1 Introduction

Since the 70’s European countries have systematically employed part of their direct taxation and
collections of rents to fund specific activities and to redistribute incomes across countries. The prime
objective of these policies is to attract firms based on the assumption that this will decrease regional
income inequality, increase employment, wages, and productivity in those regions. In the recent
debate, it seems however that these transfer schemes have been quite unsuccessful: political parties
of all shades, farmers’ unions, environmental campaigners and taxpayer groups all lined up to say
these policies went either the wrong way, or not far enough. Empirical evidence even suggests that
although income per capita has slightly converged between Member States, it has diverged at the
regional level during the same period, see Combes and Overman [9].

Among all these programs, Community Agricultural Policy (CAP, hereafter) is the most expensive
scheme in the EU accounting for 47% of its annual budget, and perhaps is even the most controversial.
Its main goal is to guarantee a fair standard of living for agricultural community (European Union
[13], Article 33) contributing to the supply of European citizens with safe and high quality food. It
aims at responding to the public demand for a sustainable agricultural policy in Europe by ensuring
sufficient competitiveness while helping rural areas to remain attractive and viable. It relies on a
system of subsidies and support programs in a mix between direct payments to farmers together with
price or market supports'. In each state, tax payments imposed to different class of farmers are
largely refunded by a revenue subsidy provided per hectare of land.

One of the most debatable questions on this issue is to understand whether or not, subsidies within
CAP, as tools of distributional policy, clearly contribute to the reduction of income inequalities in the
agricultural sector. For instance, as far as the issue of distribution of subsidies within agricultural
community is concerned, empirical evidence explains that the majority of payments go to the largest
businesses. Schmid et al. [26] state that in 2001, on average for 14 EU countries, 80% of direct
payments went to only 20% of businesses. The results vary significantly even in terms of income
inequality profiles. On one side, Keeney [17] shows how the introduction of direct payments has
contributed to the more balanced income distribution of agricultural households. Hansen and Teuber
[18] suggest that the CAP transfers tend to smooth differences in farmers’ revenues in the German
State of Hesse. Their empirical analysis, based on Shorrocks [29]’s inequality decomposition, show
a positive effect of transfers within state associated to a reduction of inequality per capita in the
disposable income across regions. On the other side, Allanson [1] and [2] take into account the
redistribution impact of effective agricultural policy as the difference between the inequality rate on
income including subsidies and the rate of inequality in income after the deduction of subsidies. He
outlines how the distribution of support is found to have exacerbated the inequality of farm incomes
in Scotland because of horizontal inequities in the incidence of transfers.

To the best of our knowledge, theoretical foundations devoted to characterize the dynamics of
farm support programs and its impact on income distribution among citizens still remain unexplored.
The aim of this paper is thus first to model potential outgoing and incoming transfer schemes among
the European countries in order to observe how inequality in each state is affected by a standard
procedure of aggregation of individual contributions. We study a simple environment where each
Member State levies taxes from its citizens, in compliance with its fiscal law, to raise money to
contribute to a global (European) fund. The aggregated amount must be subsequently reallocated
across States after a negotiation process such as a collective bargaining agreement. Note that we
do not address the issue of assignment of shares among Member States but we directly focus on the
related vector of received subsidies as given?. Whenever each State receives funds, it carries out a

IThere exist more than 400 kinds of subsidies in Europe. They assume so many forms that it is difficult to classify
them as subsidies to production, investment or labor. Some of these funds are granted in the form of interest-rate
payments, guarantees and participation in venture capital, while structural funds are mainly proposed as non-repayable
grants or indirect aid.

2The design of optimal decision rules in the EU has been widely addressed, also in view of its consecutive enlarge-
ments. A recent paper by Le Breton et al. [20] provides a complete discussion on the application of several power



further internal redistribution, thereby assigning a fraction of funds to its citizens entitled to benefit
from it. Income profiles are over time modified by such transfers, and this influences the inequality
profile within the State. Our analysis involves the use of Atkinson index (see [3]) helpful to compare
the inequality levels before and after the transfers process. A relevant problem of redistribution policy
can thus be addressed: provided that the transfer scheme is convenient for a State, i.e., since the
aggregate contribution does not exceed the discounted value of its share from the bargaining (defined
as profitability condition), does its inequality level increase or decrease? Conditioned to it, two kinds
of effects seem to show up: a) the impact of subsidies on the income of agricultural households
generates lower inequality with respect to the one in the initial income distribution; b) when the
poorest types do not contribute to the amount of outgoing transfers, i.e. when their tax rates are
zero, a reduction in inequality is easier to accomplish due to the transferring process.

As a second step we characterize a multi-factor decomposition of the Atkinson index since we are
interested to capture whether the effect on overall inequality is concentrated in specific income items.
It should be crucial in terms of public policy to understand how much of the total income inequality
produced into the society is explained by a precise source and in particular to verify the effect of
transfer on income profile. Most of studies on this issue have focused on the Gini and the Theil
indices since they have particular features for decomposing inequality by income sources. Shorrocks
[28] proposes one of the pioneering procedure to afford these types of decomposition. He proves that
it is possible to derive an infinite number of decompositions without further restrictions; a property
which is called natural decomposition and is valid for the main inequality indices. According to this
procedure, Lerman and Yitzhaki [21] (LY, hereafter) propose a decomposition based on the covariance
formula of the Gini index @ la Fei et al. [15]. They show that Gini coefficient for the entire income
distribution is equal to the sum of Gini coefficients computed by exploiting the covariance between
each income source and the cumulative distribution function of total income. In this way, they obtain
the impact of the marginal change in a given income source on overall inequality. Although it is a
natural decomposition, it indicates a clear measurement of the contribution of each source to income
inequality. Taking cue from LY [21], we show how the Atkinson measure can be decomposed by income
sources and we step further proposing it as a characteristic function of a cooperative game. We believe
that the decomposition by income factor components is a particularly helpful methodology to assess
the marginal contribution of each factor in terms of public policy. A recent discussion on analogous
games, both in terms of inequality and poverty measures, has been published by Charpentier and
Mussard [8]. We prove the subadditivity of the game with a measure of the social cost of inequality
according to Blackorby et al. [6]. In this scenario, we apply the standard Banzhaf-Coleman and
Shapley-Shubik values to evaluate the net income and the incoming transfers’ contributions to the
overall inequality.

Our third step (still incomplete) is to normatively evaluate a new measure of welfare loss char-

acterized by the difference between the entire costs of inequality generated by the heterogeneity in
income distribution among income sources and the cost of inequality borne by the entire society. In
this case our aim is to observe the systematic effect of public policy evaluating positivity and mono-
tonicity properties of this game. Other properties are still to be definitively arranged.
The remainder of this paper has the following structure: section 2 outlines the necessary notation,
introduces the setup and the features of the main theoretical results achieved by employing the stan-
dard Atkinson index. Section 3 introduces the multi-factor Atkinson index of inequality discussing its
properties in a cooperative game of welfare loss. In section 4 we first depict some anecdotal evidence
on the Common Agricultural Policy in Europe and then we assess a simple stylized application on
the proposed measure of inequality in this context. Conclusions follow in section 5.

indices and on the methodology for the assessment of the fair decision rules in the Council of Ministers of the EU across
the years, also showing the disproportionateness of power among States in some cases.



2

The basic setup

Consider a framework endowed with the following characteristics:

There are n heterogeneous populations of agents. Each population can be viewed as a State
whose inhabitants are ranked by their income. They are endowed with p distinct amounts of
income: we indicate the income profile of the i-th State with the vector x; = (x14,...,Zpi)-
Every coordinate of x; can be looked upon as a subgroup of the i-th State’s total population.
We are hypothesizing that all the subgroups are sufficiently homogeneous and do not contain
very different individual types. The aggregate income of the i-th State is X; = Y7 _, p,.

The vector y; = A;x; = (Y1i,...,Ypi) collects the fractions of all incomes which are provided
by the i-th State as its outgoing transfer.

All the States’ outgoing transfers form a unique aggregate capital which will be shared by the
States after a bargaining game, therefore we can view such gross capital as the grand coalition

value of a cooperative game, i.e.:
n p
> D yni =v(N),
i=1 h=1
where n € 2" is the coalition of all States.

The bargaining game takes place and consequently, the exogenous solution concept determines
the allocation of the benefits gained by each State.

Finally each State reallocates its share to one or more specific groups of its citizens according
to the incoming transfer scheme based on its own local rule.

The first step consists in evaluating the initial level of inequality of income profiles employing one
of the common inequality indexes, e.g. the Atkinson one, see [3].

Subsequently, we take into account the structure of outgoing and incoming transfers. In order to
characterize the i-th vector of outgoing transfers, we construct a taxation matrix A;. A; € M,(R)
is a block matrix whose k£ main diagonal blocks are diagonal matrices. Each of them represents the
tax rate for a certain group of citizens involving at least one subgroup, whereas all the off-diagonal
blocks are zero matrices. Suppose that each main diagonal block is a p X p matrix and that the j-th
block is a diagonal p; x p; matrix, where p;; + - - - +p;r = p. The blocks of A; can also be interpreted
as the k different fiscal types of the i-th population. By this representation, we are partitioning the
population into k distinct types in accordance with their incomes’ characteristics.

If ¢;; > 0 is the tax rate for the j-th group of citizens of the i-th State, we have the following
construction for the i-th vector of outgoing transfers:

Ci1 o --- 0 ‘ | T14
0 0 Ci1 ‘ |
— — — _ + _ — — + _ _ _ _

| |

AiXi: } { =

— — — — + — — — + — _ _

‘ | Cik 0 0

| 0 0 e :

Lpi



Ci1T1; Y14
Ci1T24 Y2i

Ci1Tpy i
Ci2Zpy+1,i
= : = : =Y,

Ci2Tpy+po i

CikTpi Ypi
which is the i-th vector of contributions provided by the i-th State after taxation. Note that there
can be some low incomes that are not subject to taxation, and in that case the corresponding tax
rate is zero (for example, if the last block corresponds to the lowest incomes, ¢;; = 0). The total
contribution provided by the i-th State is given by the sum of coordinates, i.e.

P1 p1+p2 p1+-+pPk
Ci:= g Ci1Thi + E CilThi + -+ E CikThi, (1)
h=1 h=p1+1 h=pi1+-+pr-1

then the total amount of all countries’ transfers is given by T := """, Ci.

T is the aggregate contribution that is going to be allocated among the member States according
to a collective agreement motivated as a result of a bargaining process. If we define a cooperative
game whose solution concept is the allocation of 7" among players, we can consider T as the worth
of the grand coalition of the game, i.e., v(n) = T, see [23]. The topic of power assessment in EU’s
Countries has been extensively studied in recent years, and there is still a lively debate on the most
suitable power index to be used (see [5], [19], [20]). We avoid delving into such issue which is beyond
the scope of our paper.

Suppose that, after the bargaining game, the distribution of 7" among the States is described by
the vector D := (d1,...,d,) € R}. Subsequently, the i-th State will have to implement an incoming
transfer procedure. If d; is the positive amount that the i-th State must allocate, such quantity will
have to be assigned to the specific group of inhabitants which benefit from the funding. We are
assuming that the involved group is composed by subgroups which had a specific unique tax rate, say
¢;1, when they contributed to overall outgoing transfer. This means that the [-th block of the matrix
A; corresponds to the only type which receives a fraction of the incoming transfer. Because d; must
be apportioned according to an intrinsic distribution scheme, we can indicate with a;;(s) € [0, 1) the
share of d; which is assigned to the s-th subgroup in the I-th block, for s = 1,...,p;. By construction,
for all i =1,...,n, we will have that a;; (1) +--- + au(p) = 1.

Furthermore, assume that the incoming transfer takes place at time t;, and that it is subject
to a discount factor (for example, depending on the ongoing inflation rate) e=%. Then, after the



bargaining and transfer processes the final income vector of the i-th State becomes:

T15 — Ci1T14
Tpy,i = Cillpy i

—0t
Tpytotpr1 410 — CilTpyfoeedpr_y+1,0 + Xt (1)die ™"
z; = . . (2)

—5t
Tpytoetpri = CilTpy 4oty i + it (pr)die ™"

Tpi — CikTps

The condition of profitability for the i-th State after the transfers process is given by:

p
X; < Zzhi — C; <dje™ ", (3)
h=1

whose economic meaning is straightforward: the aggregate amount of outgoing transfers must not
exceed the discounted value of the share gained in the bargaining game. Also note that (3) implies
the positivity of the final aggregate income, i.e. the sum of coordinates of (2).

We are going to evaluate the inequality level of z; by calculating its Atkinson index of inequality
and then to carry out a comparison between the ex ante and ex post distributions.

In its standard form, given an income distribution x; = (1;,...,%p;), the Atkinson index of
inequality I4 reads as follows:

— 1= D 1—e 1£e
IA(Xl):l_p ! [ h=1%hi ]

Zh:1 Thi ’

where € € (0, 1) is an aversion parameter. In particular, we have that:

(4)

+ot 1—
[Zm Pt (Thi — Yni) ‘+ ZZLl (Ip1+-~~+plfl+h,z‘ — Yprt-tpi_1+hiT

1 Z;) = 1-—
1) ZZ:1 (Thi — yni) + 2;1 (cvir(h)die=ot)

1
T—e

- 1—e
+av(s)d;e ‘”1) + Zh p1+ S (Thi — Yni) }
S (@i — yni) + >ony (au(h)die=ot)
Before delving into the assessment of such comparison, we build the following Lemma:

Lemma 1. Given two vectors a = (ay,...,ap), b = (by,...,by) € RE, for any pair of integer
numbers r and s such that 1 <r < s <p, and for any o € (0, 1), if Y57 _, an <> h_, by and if

P r r+s
Z ga;H > b+ Z b (5)
h=1 = h=r+1 h=r+s+1

then Ia(a) — I4(b) > 0.



Proof. Let ¢ = 1 — « be the aversion parameter. Calculating the difference between the two Atkinson
inequality indices of the vectors yields:

Q=

1 r o r+s o p o
Ta(a) — Ia(b) = —p~E+1 Dhoianl® [Zh:l Oh + 2ohmrgr O+ Dhmrp s bh} B

-p D P
Zh:1 ap h=1 bn

1

a ES T o r+s o o
I Zizl ap } “ [Zh_l b, + Zh:rJrlb + Zh r4s+1 ]

b

- Lzz_lah)a (h_ybn)”

which is positive if and only if

« + «
=1 ah e =1 U + 21 O + i b
(Zh:l ah B (Zi:l bh)

Counsider the following quantity:

(hzi:lah> [Zb% f: by + Z bal

h=r+1 h=r+4+s+1

The assumption Y 1 _; ap < > 5_, b, implies that

(hz:ah> [Zb‘;ﬁt i by + zp: b‘;]é

h=r+1 h=r+s+1

g(ébh>al2bg+ i by + Z b(’]

h=1 h=r+1 h=r+s+1
Hence (6) holds if we have:

p r+s
ZﬁSZ?H > b+ Z by - (7)

h=r+1 h=r+s+1

Lemma 1 leads us to evaluate the difference between I4(x;) and I4(z;).

Proposition 1. Under the profitability condition (3), if

p1t-+pi-1
1— 1—e¢
Zf ‘< Z (Thi —yns) ~ +
h=1
Pi p
—8t1\ € 1—e
37 (@prtotp st = Yprtopia i + 0 (Wdie ) " N (=),
h=1 h=pi1+---+pi+1

then I4(x;) > 14(z;).

Proof. Tt suffices to apply Lemma 1 to the vectors x; and z;, using the parameters r = p; +---+p;_1
and s = py. O



Proposition 1 seems to suggest that if either the initial aggregate income or the fiscal contributions
are sufficiently high, the level of inequality tends to increase after the transfers process. Adopting
the same approach, Proposition 2 tends to characterize the same assessment when the poorest (i.e.,
endowed with the lowest incomes) types are granted a full tax exemption. We suppose that the tax
rate is zero for all subgroups that appear under the [-th block in the matrix A;, meaning that all
types of citizens having an income lower than the farmers’ income do not contribute to the outgoing
transfers at all. Such assumption can be expressed by making the related tax rates vanish, i.e.:

Cil+1 = Cijj42 = - =i, = 0. (8)

Proposition 2. If (8) holds, under the profitability condition (3), we have that if

D p1t-+pi-1
1—e < 1—e
Ty, < (Thi — yni)”  +
h=1 h=1
pi 1
Z —oty 1€
+ (xler---erl—lJrh,i = Ypi+-+pi_1+hi T ail(h)die 1) ’

h=1

then L4(x;) > 1a(z;).

Proof. We can repeat the process adopted in the proof of Lemma 1 and with the notation employed
in Proposition 1, adding the hypothesis that xp; = yp; foral h=p; +---+p; +1,...,p. O

Note that the sufficient hypothesis in Proposition 2 is more restrictive than the one in Proposition
1. In the case of no-tax area, the policy seems to be more effective due to the reduction of inequality
in the income profile. Intuitively in the ex-post evaluation, after delivering funds, equality mainly
improves since one (or more) types does not contribute to the policy in the first stage while major
contributors cross-subsidizes minor ones who finally get the whole amount of money assigned to the
State. Improved agricultural production thus could be seen as one of the overall objectives for unequal
reduction in the country. Note that for the funds to create the impacts for which they were designed,
they not only need continuity in the ranking profile, but also proper structures in terms of profitability
condition for the state.

3 Assessment of inequality in a multi-factor setup

3.1 The Atkinson index of inequality in a multi-factor setup

In our view the evaluation of policy cannot be simply related on the ex-post distribution of income
profile but a deeper investigation is required. We believe that some information can be captured
disentangling the effect of each source; thus for instance, we may understand how income profile
performs on the basis of assigned funds by the related policy. A more complex framework must be
introduced where each individual gains her income from more than one source. The generic income
unit is y;5, which is the j-th component of income of individual . Since the population of N individuals
is subject to m distinct income factors, let S = N x m be the number of income units in our society.

Each individual is endowed with an income vector, and every income vector collects all in-
come sources of the related individual, that is the i-th individual is associated to the vector y; =
(Y1, Y2i, - - -, Ymi) € R, Assuming that at least one of the coordinates of each income vector is strictly
positive, we call Y = {y1,...,ym} € Ri the set of income vectors. In other words, we are supposing
that the factors Fi,...F,, are employed to generate Y, i.e., there exists a production function f(-)
such that Y = f(F1,... Fm).

Note that the circumstances where not all individuals are affected by all income factors is taken
into account as well, i.e., some income is allowed to be zero. If the i-th individual is not affected by



the j-th factor, we posit y;; = 0, always requiring that at least one of the incomes of the same factor
is strictly positive, i.e., for each individual i there exists at least one factor Fj such that y;; > 0.

In order to construct a measure of inequality when more than one income factor affects the
population, we can separately take into account each factor and evaluate the inequality level caused
by each source.

We take into account a social welfare function for differentiated income components as follows:

m N
W(yll;-“ame = ﬁZZUm yzj

j=11i=1
mN

l (ng\[_l Up1(yp1) n Z;QNH Up2(yp2) T Zp N(m—1) Upm(llpm))

m N N N

If we indicate with

—

JN
Wiy yni) = > Upi(up)s
p=N(j—1)+1

then obviously
Wi (y1js- - yny)
)

W(y117 cee ’me) =

1

consequently the expression becomes the average of m different welfare functions where each one
of them is associated to a different factor and received an equal weight on welfare orderings. If we

replicate the procedure carried out in the one-factor setting, we have that, for all factors j = 1,...,m:
1—e
1 N Ypj
1— B Zp T1—e
Wiy ung) = Willejs -5 Yes) = Uj(yej) <= (9)

1~
log Yej = 77 2op=1108 Yp;

Assuming that a unique inequality aversion parameter is required, we can define the form of the
utility function. Calling Y, the income vector associated to factor F;, by (9) we are able to determine
the multi-factor ede y.; as in the standard one-factor Atkinson setting, i.e.

1
1 e .
Yej = |:N Zévzl y;,j :| if e (0, 1)
; (10)

N .
Yej = [H;\; ypj] if e=1

forall j =1,...,m. If we call u; = vazl yi; the mean income related to the j-th factor, we

N

can simply express the Atkinson inequality measure as [4(Yr,) =1 — Yei , and even more generally
1
L Ve
IA(Y]:h ,]:k) =1- EZ )
el
for £k = 2,...,m. We are ready to introduce a new formulation for an Atkinson-based index of

inequality Z4(Y).



Definition 1. Given the income distribution Y € Ri and the factors Fi,...Fn,, the multi-factor
Atkinson index of inequality To(Yr, . 7, ) is given by:

1
e N 1—¢| T-¢
N 1< _,, {Z:ly j }
1= j=1 + if €€(0, 1)
m m Ep:l Ypj
1 I s
Ta(Yr..r,)=1-— 29 = . (11)
st I ¥
N —m [ =1 ypj]
==y | e if e=1
m Zp:l Ypj

Note that when m = 1, the two indices coincide: 14(Y) = Za(YF)?.

Furthermore, if we call £ (V) the Atkinson index of equality calculated with respect to the j-th
factor, it is straightforward to prove the following identity, which connects the one-factor index with
the multi-factor index:

Ta(Y)=1- ;ijEg(Y). (12)

3.2 The Atkinson index as the characteristic function of a cooperative
game

We are going to carry out a decomposition of the inequality index (12) based on values or power indices
such as the Banzhaf value* and the Shapley value®. Such approach has been adopted in literature
on inequality assessment, in particular we refer to theoretical background decomposition based on
Shorrocks [28], [29]; whereas important applications are developed by Shorrocks [30] and Chantreuil
and Trannoy [7]%. This technique leads to establish the marginal contribution of each factor to the
aggregate inequality level, by looking upon factors as if they were players of a cooperative game.
A complete theoretical construction of inequality games, including a rich overview of their relations
with factor decomposition and Shapley value, has been recently provided by [8]. We will confine our
attention to the cooperative game structure which is appropriate for our outgoing/incoming transfer
setting and deduce some of its properties to delve into its economic significance.

Call P = {Fy,...,Fn} the set of players. In such game, coalitions of factors are supposed to be
defined rigorously as follows:

Definition 2. S C P is a coalition of factors if for all j € S, there exists at least one income yq;
N
szl Ypj
My

different from the arithmetic mean

Consequently, when we evaluate inequality related to some factors, we rule out all constant factors,
i.e., all elements which assign the same income to all individuals or types. The characteristic function

3Furthermore, the index introduced by Definition 1 can be viewed as the arithmetic mean between the standard
Atkinson indices: it is easy to show that if e € (0,1)

_Za(Vr)+- -+ Za(VF,)
m

4The Banzhaf value was initially introduced in [4] in 1965 as a power index for voting games and subsequently
axiomatized and generalized to arbitrary cooperative games.

5The Shapley value is a world famous solution concept in Cooperative Game Theory, initially introduced in [27] in
1953 and then widely employed in Election Games, Bargaining Theory and many other areas. An exhaustive overview
of power indices, including axiomatization and applications, is [23].

6Pignataro [24] proposes an application of Shapley value in the opportunity egalitarian environment.
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of the game is the inequality function Z4(Ys), i.e., the multi-factor Atkinson index evaluated at S,
which can be any coalition of factors, such that:

N 1—e =
AN N v ]
Tal¥s) =1 \S|Z =15 2

N
jeS jES Zp:l Ypj

: (13)

for all S C P, S #0. In (13), |S]| indicates the cardinality of the set S C P. In order to describe
a correct cooperative game structure, the characteristic function must be well-defined, in that it has
to vanish when it is evaluated at the empty set. Basically, when no income source is considered,
inequality must not be different from 0, but clearly the expression (13) does not vanish in that case.
Hence, we can establish it by convention: Z,(Yy) = 0, that is the maximum equality is attained
when no factors are taken into account. This hypothesis is crucial to construct a cooperative game,
but on the other hand it is easy to show that such a game is neither monotone nor superadditive.
Furthermore, it is not a simple game, so many classical properties of cooperative games do not hold.
In particular, we can prove its subadditivity property:

Proposition 3. The game (Z4, P) is subadditive, i.e. for all coalitions S, T C P, such that
SNT =10, we have that:
IA(YSUT) < IA(Ys) +IA(YT). (14)

Proof. Employing (13) yields:

1
N 1—e| I—¢
[szl Ypj 6}

Ta(Vour) — Ta(Vs) — Ta(Yr) = 1- 2 3"

— 1
N
|5+ T jesuT Zp:l Ypj
N . N .
+N7 155 Z [szl yIll;€:| 1 + N7 12‘ Z [szl y;;5:|
N o N
5] jes szl Ypj 7] jeT szl Ypj
N 1 N 1
< l—e| —¢ l—e| —¢
_ 1 N7 1= [Zp 1 Yp; ] [ p=1Ypj ]
o R o] B R B IR
jes Zp:l Ypj jET Zp 1 Ypj
N . . .
+N7ﬁ Z [szl y;;6:| + Nﬁ 155 Z [szl y;;6:| o
~ ~ - ...
151 jes Zp:l Ypj 7 jET Zp:l Ypj
|T| 5]
-1 —Za(Y, 1—-TZx(Y7r)) =
_ -5+ T| +|T| = 1T|Za(Ys) +|S| = |S|Za(YT) <0
|S +1T| ’
after exploiting that |S + T'| = |S| + |T|, thus completing the proof of (14). O

The subadditivity property may suggest a further interpretation of the framework: typically, the
subadditive cooperative games are cost games, that is games where the value function indicates a
measure of cost assigned to each coalition, which can be viewed as the social cost of inequality in
our case. In such games, subadditivity enlightens that players or coalitions have an incentive to form
coalitions to lower their costs with respect to the individual costs they would have to afford without
cooperating (see [11], Chapter 2, for example).
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In a general theoretical setup, also with an arbitrarily large number of factors, these values are
helpful to determine the marginal contribution of each factor to inequality.

To explain this procedure, we begin by adapting the standard definition of Shapley value and of
Banzhaf value to our framework:

Definition 3. The Banzhaf value of the game (Za, P) is a vector

/B(IA) = (/81 (IA)v s a/Bm(IA)) eR™

such that: L

B;i(Za) = g1 Z (Za(S) —Za(S\{5})), (15)

SCP, jeS

forallj=1,... m.

Definition 4. The Shapley value of the game (Za, P) is a vector
(Za) = (91(Z4), ..., ¢m(Za)) € R™

such that:

o= Y mTBSIZDl G 6y s ), (16)

|
SCP, jes m
forallj=1,... m.

Both values may be employed to define the marginal contributions of factors to inequality. For
example, in a 3-factor case, calling the factors F1, F2 and F3, 81(Z4) and ¢1(Z4) respectively amount
to:

1
B1(ZTa) = 1 Za(Yi7, 70 701) — Za(Yr 7)) + Za(Y(r, 70y) — Za(Yimy )+

+Za(Y(r, 7y) — Za(Yr,) + Za(Yr,) — Za(Yy)]
and

1
$1(Za) = 6 2Za(Yir, 77y) = ZaYr 7)) + Za(Yir 7)) — Za(Yirmy )+

+Za(Yir, 7)) — Za(Yr,) + 2(Za(Yr,) — Za(Yp))] -

As is well-known, when the factors (or players) are 2, the Banzhaf value and the Shapley value
coincide.

One of the standard notions of Cooperative Game Theory which seems to be helpful in this
framework is the concept of ezxcess of a coalition with respect to a given allocation. In our case,
an allocation is a vector (ur,...,u,) € R™ such that > ;" u; = Za(Yr,, .. 7,). We can apply the
standard definition:

Definition 5. Given an allocation u € R™, the excess of a coalition S with respect to u is the
following number:

e(S,u) =Ta(Ys) = Y ui. (17)

€S

Provided that the inequality driven by all factors is given by Za(Yr, . . 7, ), an allocation is

any vector representing a method for sharing such social cost among factors (the Shapley value is

an allocation, whereas the Banzhaf value is not). Therefore, choosing an allocation has the same

meaning of attributing the cause of inequality to several factors according to some scheme, so the

excess of a set of factors may measure the difference between the real inequality-based cost provoked

by a group of factors and the cost which is attributed to those factors by this assignment. If we set

emin (1) := min {e(S,u) | 0 # S # P},

we can define two further relevant solution concepts (see [14]):
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Definition 6. The set
Core(Za) ={ueR™ |ui+---+un =Za(Yr,, . F,), €min(u) >0}

is the core of the game (Za,P), i-e. the set of all allocations whose excesses are non-negative.

Definition 7. Given an allocation u € R™, such that u; < Za(Yx,) for alli=1,...,m", if O(u) is
the (27! — 2)-dimensional vector of all excesses e(S,u), where ) # S # P, arranged in lezicographic
order, the nucleolus of (Za,P) is the unique u* that lexicographically mazimizes ©(u) over the subset
of all such allocations.

In particular, the nucleolus, introduced by Schmeidler [25] in 1969, can be quite meaningful for
our purpose. Namely, because the nucleolus minimizes the maximum difference between the actual
cost and the sum of contributions in a feasible distribution of costs among factors, we might interpret
it as the distribution of costs which represents the aggregate cost in the most suitable way. Extending
this characterization to inequality leads to design the nucleolus as a precise indicator of each factor’s
marginal contribution. An related idea is developed in the next Subsection.

3.3 Assessment of the social cost of inequality

Given the structure of the cooperative game, we extend the analysis decomposing the Atkinson index
in terms of cost of inequality or wasted income, see Blackorby [6]. As a general rule the cost of
inequality formula measures the fraction of total income which could be sacrificed with no loss of
social welfare if the income sources were to be equally distributed, i.e., ede among individuals. By
taking into account all factors Fi, ... F,, employed to generate Y, (11) can be expressed as:

1 mye_ m 1 1ye 1 m 1L — Yej
Za(Y :1_75 J:§ _ J ) — E: My~ Jei )
A7) m ; (m mu) m < Wi

=1 =1

M, i.e., the difference between

Thus the cost of inequality due to the j-th source is Ca(Yz,) =

J
the average income due to the j-th factor minus the j-th ede in the society in relative terms. The
multi-factor Atkinson index of inequality can then be interpreted as the average cost of inequality
induced by factors Fi, ..., F,, into the society, i.e.:

Because we can formulate the standard Atkinson index of inequality due to the factor coalition S
as follows:

1

= o e

S
Yo Zl |1 Zz 1 Yij
Ia(Ys)=1- == = ’ (18)

Hs s
1SN T T
Z‘S‘l Zz 1 Yij

the ede-income for the involved distribution is then defined as:

|57
- if ec(0, 1)

Sl=

if e=1

7Also known as an imputation, see for example [14] or [23].
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1

1 1—e .
Ye, s = |:S|N lSl Zz 13/” :| if e€ (07 1)

U=

S| 74N .
Ye,s = [HL:H Hi:l yij} if e=1
From now on, we consider € € (0,1) and we rely on the following notation: §g is the ede-income

associated to the factor coalition S. .
Hs —Ys

Consequently, we can define 4(Ys) = and adopt a cooperative game approach to

evaluate the cost of inequality. Loosely speaking, we introduce a cost allocation game (C4, P), where
Ca(Yy) represents the least cost of in terms of saving when no factors are taken into account. Since we
are interested in measuring the effect of communitarian policy, we may take into account a cooperative
game (L4, P), whose characteristic function is defined as follows:

Definition 8. We call welfare loss function the following characteristic value:
S) = ZCA(YJ:]‘) - ’CA(YS)v
jeS
forall S CP.

Note that the above convention on the value of the empty set entails £4(0) = 0, so the cooperative
game is well-defined. Some properties of the function introduced in Definition 8 can be investigated.
The following Propositions collect some results.

Proposition 4. L4(S) =3",.s Ca(Yr,) — Ka(Ys) is positive for all S € P\ 0.
Proof. If S € P\ 0, we have that:

IS| |S|

6! Js U5} Js
LA(S) = (1—)—1+:S_ —14+ £ =
935 (1- 1) 1 B g S B
'i': U5y J ZS|: 0,
=19 - J 1+|S|5721 248 —5 >07
=1 Hi Z‘glﬂﬁj =1 i le j
because |S| —1 > 1. O
Proposition 5. If
is > 0F, and  Ca(S) > Ea(F) (19)
then for all S C P\ F;, we have that LA(S U F;) > La(S).
Proof.
LA(SUT)—La(S) = 1-H gy 989 g 95 _
Hj HSuUj Hs
= 14+ Usui _ Ui _ Us
Hsuj 1221 s
Since psy; = Il‘g\% we can rewrite:
1+ (151 +1) gsu, _&_yfs2
ISTps + i py ps
Ysuj Yi _Us

|S| s +pj  py ps

14



If 95 > 9; then 9su; > 95, therefore

" Usuj 7&7@752 " Yi Y _9s _
IS\ s +pj  py ps IS|pus + i wj ps
B Us | Uikg — 95 (ST ps +py) Us S| s X
—1- Y5 S —
ths (IS| s 4 15) p ps (IS ps + pg) g

s (1S s + pg) — s (IS| pspy + 13) — 951 ps
B pips (IS s + py) a
1S pgud + s — S| pspyis — 159s — 15| g,

a pps ([S] s + 1)

First, note that
,u?us — u?@s >0 since pgs —19s by definition

Second, note that
S| pip% — S| pspifs — 1S|n%d; = mims — pids — psi;

this is positive when

wilus —9s) > psy; so that
Hs—¥s Ui
Hs L

we can express this condition as

CA(S) > 5,4(.7:]')

Thus £4(S U J) — L4(S) is monotonically increasing whenever the cost of inequality associated
to the coalition S is higher than the equality originated by the evaluation of income sources j.
O

In particular, the latest Proposition intends to capture the marginal effect of the CAP-driven
factor. The welfare loss function is constructed similarly to the excess function. In a sense, to the
extent that a procedure for minimizing it may be carried out, we would find a correct evaluation of
marginal contributions. We expect that relevant developments can be made in applying the same
procedure that yields the coordinates of the nucleolus, provided that some minor differences occur.
What might provide interesting information on the distance between the standard and the multi-
factorial approach to the evaluation of inequality is the determination of the conditions under which
a multi-factor index of inequality has the same form of a nucleolus in this setup.

4 Income profiles designed on CAP

4.1 European Common Agricultural Policy

We first describe how the transfers’ scheme within European Countries contributes to the EU budget
and how getting funds from the CAP (direct aid, export refunds and several kinds of subsidies)
implies potential redistribution among farmers. CAP program started in 1962 and was reformed
many times. The general idea towards supporting agriculture remains along years in order to ensure
a level playing field for farmers competing in the internal and on the global market with a common
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set of objectives, principles and rules. Without a common policy, Member States would proceed
with their own national policies with variable scope and with different degrees of public intervention.
Instead the CAP ensures common rules in a single market promoting also a common trade policy
since potential re-nationalization of agricultural policy should have a high risk of distorting the
common market principle, with diverging support levels and types of policy mechanisms. The CAP
budget nowadays is entirely devoted on income support for farmers, projects in rural development
and protection of the environment and support of the market when weather shocks occur (for a
simple overview, see [10]). In 2006 CAP accounted for 46.7% of the total budget, whereas for 2014-
2020 such quota is projected to be considerably cut, probably to around 30%. The CAP plan has
also been affected by wide-ranging criticism (see among others, [16] and [22]) concerning oversupply,
inappropriate environmental development, creation of artificially high food prices and lack of equity
among Member States. The CAP costs European taxpayers on average over € 40 billion per year or
in other terms almost 40% of the total EU budget. That is a significant amount of money in particular
if we take into account that farming accounts for less than 2% of the EU’s workforce. Yet the share
of the budget devoted to CAP spending has fallen sharply: 20 years ago, it was 70%. Moreover, the
CAP has been reformed significantly, most recently in 2003, when a deal was struck to complete the
switch of most CAP subsidies from price supports to direct income payments. After this reform has
been fully implemented, some 90% of EU farm support will be classified as “non trade-distorting”.
Perhaps it is helpful to summarize some basic notions on the EU budget (for more details, see [31]).
EU’s resources are of three kinds: Traditional Own Resources, consisting of duties that are charged
on imports of products coming from non-EU States, which account for 11% of the total budget; the
resource based on VAT, applied to each Member State’s own harmonised VAT revenue, accounting
for approximately 12% of the budget; the resource based on GNI, which is the largest source of
revenue and accounts for around 76% of EU’s budget. As can be noted, these three sources are
not completely tax-based, whereas our assumptions characterize the transfers of each State to the
EU only in terms of fiscal contributions. To simplify computations, we consider that each Member
State’s total contribution to the EU budget is shared among the different types of its population
in compliance with the related income profiles, and assuming progressive taxation in all Countries,
consequently with the tax rates.

4.2 Multi-factor approach to CAP

Now let us consider the framework outlined in section 2: in the i-th State, &k different fiscal types and
3 different income factors are considered. We denote as Net Income (NI), the difference x; —y;, while,
Incoming Transfers (IT) corresponds to z; — (x; — y;), plus a further factor which is not influenced
by the transfers scheme. Assuming that a share of individuals’ incomes are not subject to taxation,
the third factor at hand indicates the possible tax-free rent (TR) earned by the different types, say
&ni > 0 is the rent earned by the h-th subgroup of individuals in the i-th State. Since we are going
to aggregate income information relying on types, we will assign the arithmetic means of incomes or
rents of the involved subgroups to each type. We will subsequently evaluate inequality with the help
of the above Atkinson index formulas, with € € (0, 1) as a suitable aversion parameter. We can fill
the following table to describe factors and types:

16



Tax-free Rent Net Income Incoming Transfer
7T PT
—1 &hi —1(Zhi — Cr1Thi
Type 1 h;lgl hfl( ’ i) 0
P1 p1
p1+p2 5 p1+p2
h= 1 Shi h— 1(xhi - Ch1$h¢)
Type 2 Lh=pitl > P1t 0
P2 P2
p1F-Fpi ) p1t TP o ) D, —5t
T ! h=p1+-+p;_1+1 Eni Zh:p1+m+pl,1+1(l’hl Ch1$hz) he1 (ail(h)die 1)
ype
pi pi Di
. 0
p1+-Fpk ) P1t TPk . )
h=p1+-+pr_1+1 é‘hz Zh:p1+m+pk,1+1(x}” - Chlxhz)
Type k 0
Pk Pk

The related arithmetic means computed over columns are:

p1++Pk

UTR = 1 M 4+t h=pi+-+pr-1+1 Eni
k P1 Pk 9

)

pm—
JnT = 1 zlzl(ﬂth; — Ch1Thi) " n Zh:p1+...+pk71+1(x}n’ — Ch1Thi)
NI = — ..
k P Pk

1 Pi
wiT = ?171 Z (ail(h)die*&l) .

h=1

In order to employ them in (11), we must keep in mind that the fiscal types are k although each
type collects individuals with more income levels, so that the following multi-factor Atkinson index
of inequality is obtained:

YNT n yIT) :

"z
Za(Yrr, N1, 17) =1— 7 (yTR +
UNT mrr

3 \urr

where §rgr, yn1 and g7 respectively correspond to the multi-factor ede determined in (10), i.e.

1
1—€] T—¢
L[ (B
QTR = T <Zh1 ghL) 4+ ( h=p1+-~+pr_1+1 ’ (20)
ki P Pk
1
€ tot 1—€] T—¢
UnT = ! ( h (i = C’”x’“’)>1 4t hpn et pre_1+1(Thi = Ch1Thi)
k%e b1 Pk ’
(21)
1 P1 1—e¢ ﬁ
gIT = k% (Z (ail(h)di€6t1)> . (22)
| \r=1

Consequently we will achieve the multi-factor Atkinson index as follows:
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1

1—€] T—¢
p1 1—e P1+-+Dk . )
= (Zh—l §h2> et < h=pi+-+pr-1+1 Eni

1 Y41 Pk
Za(Yrr, N1, 1T) =1 — 3 +
g ’ p1t-+p
3 D he Shi T 2 hpittp_+1 Ehi
b1 Pk
1
1—e p1+-+Dk 1—€] 1=¢
TS < e (Thi — Chwhi)) P heps b pro 141 (Thi = Ch1Thi)
P1 Dk
+ +
T Fpr
e (Thi — cpizni) hmp 4ty 41 (Thi = CR1Thi)
_|_ . _|_
p1 Pk
1
__e _ l—e] T—¢
puk™ 75 (S (aa()die))' ]
(23)

ey (aig(h)die=t)

In our case, the set of players is P = {T'R, NI, IT} and it is easy to sort out the factors’ marginal
contributions to inequality, in particular the coordinates of the Banzhaf value are:

1 T9rr  20n1 | 20rT >
Ia)=-[1- + + , 24
Brr(Ta) 4 ( 3urr  3uns  3pur (24)

1 TInr | 20rr . 20rT )
Ta)=-(1- + : 25
Bi(Za) 4 ( 3unr  3uTr 3T (25)

1 e 29rr | 29NT >
Ta)=(1- + + : 26
Prr(Za) 4 ( 3urr - 3urr  SpNT (26)

It is straightforward to compute the coordinates of the Shapley value of the game as well:

1 119rr  SYn1 | SYrT )
Ta)=-(2- n , 27
¢rr(Za) 6 < 3urr  OGunr  6prr 27)
1 11gn1 |, 5Yrr | SUIT )
Ta)=>(1- + + , 28
on1(Za) 6 ( 3uns  6urr  Oprr (28)
1 119 U Uy
drr(Ta) = ~ <1 _ Uyrr SYTR 5yNI> . (29)
4 3urr  burr  6uns

Finally, we are going to evaluate the welfare loss function £4(+) in this case. The values that it takes

are the following:
La({TR}) = LA({NT})) = La({IT})) = 0;

LA{TR,NT}) = 1— Yrr _ YNI n Ye {TR,NI} |
’ HTR  HUNI H{TR,NI} 7

LA({TR, IT}) —1_ Yrr _ YiT + ye,{TR,IT};
HTR  HIT K{TR,IT}

£A({NI7IT}) —1_ YNi  Yir i ye,{NI,IT};
KNI HIT H{NTIIT}
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LA({TR,NI,IT}) =2 — Yrr  Yni  YiT 4 ye,{TR,NI,IT}.

HTR  MUNI urr H{TR,NI,IT}
Also in this case, the calculation of the Banzhaf value and of the Shapley value of this game can be
easily carried out.

5 Concluding remarks

The success of European policies in achieving its objectives primarily depends on changes determined
on income distributions of people involved. We replicate a typical environment of this policy in
order to observe its own effect on inequality terms. Our exercise tends to construct a preliminary
characterization of a simple outgoing/incoming transfer scheme to see on one side, the simple effect
of a targeted policy on the income profile of a society and then to show on how a multi-factor analysis
on this issue may normatively provide different suggestions in terms of welfare loss. To the best of
our knowledge, a theoretical setting about the impact of such transfers on inequality distribution of a
State is still missing in the ongoing literature. Thus we first investigate the properties of the Atkinson
index in this framework and employ them to propose a comparison between levels of inequality before
and after the transfers process. Conditioned on the profitability condition, we may infer that the effect
of transfers on inequality may be ambiguous. In case of no-tax area, the reduction in inequality is
easier to be accomplished in the ex-post (after transfer) distribution. We also believe that higher
interpretation of inequality on a targeted policy can be provided by taking into account each income
profile among different sources. Indeed a multi-factor methodology is more useful since it allow
to distinguish the marginal contribution of each factor. Our exercise was first to decompose the
Atkinson index by income sources ¢ la LY [21] and then to propose it as a characteristic function of
cooperative game (see Chantreuil and Trannoy [7] and Shorrocks [30]). We propose a measure of the
welfare loss characterized by the difference between the aggregate cost of inequality captured among
income sources and the cost of inequality in the entire income profile. Positivity and monotonicity
are demonstrated. Other properties are still to be completed.
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