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The Effect of Time-Jitter in Equispaced
Sampling Wattmeters

Domenico Mirri, Gaetano luculano, Gaetano Pasini, and Fabio Filicori

Abstract—This paper evaluates the effect of time-jitters in function not only of the measurand, i.e., the mean cross power,
the equally spaced sampling wattmeters on the hypothesis of and of the superimposed jitters but also of all the parameters

jitters uncorrelated with the input signals. The general case of \yhichy can influence it. Those parameters are not knawn
two distinct time-jitters is considered, one common to the two

channels and the other different for each one of them. The priori and occur as nuisance, or incidental, quantities; the
performance of the wattmeter has been evaluated by considering Value of each of these parameters is regarded as a realization
the asymptotic statistic parameters of the output. It has been of a random variable witha priori probability distribution
shown that the different time-jitters introduce a bias and that which must be consistent with the prior information available.

both time-jitters contribute to the variance of the output. In any ; ; P ; e
case, time-jitters introduce further bandwidth limitations which By using this criterion, the uncertainty can be quantified

must be taken into account in the wattmeter accuracy evaluation. through the asymptotic mean square errqr of the output of
The theoretical results have been compared with simulated and the wattmeter referred to the measurand, i.e., the mean cross
experimental findings. Experimental results were obtained with a power of the input signals.
prototype in which both common and different time-jitters were In Section I, the effect of time-jitter in the equally spaced
separately added to the equally spaced sampling instants of the g4 5)ing wattmeter is analyzed and the output is expressed as
two input channels. In both cases, all the results were in good - S . .
agreement with theoretical expectations. a function of the sampling |r_1$t.ants. In Sect|or_1 I, th.e criterion
for the performance analysis is applied to this particular case.
In Section 1V, the expressions of the asymptotic statistic
parameters of the output of the wattmeter are given on the
hypothesis of jitters uncorrelated with the input signals, and the
I. INTRODUCTION theoretical findings are compared with the simulated results.
) ] ) In Section V, the measurement results of a prototype in which
ANDOM fluctuations with respect to the nominal sameommon and different time-jitters can be separately added to

I\ pling time are commonly called timing jitter. Its effectthe sampling instants of the input channels are compared with
in the amplitude and phase estimates of sampled signals ik theoretical ones.

[2] and on the recovery of a signal from noise by averaging
[3] has been studied by different authors. In a previous paper,
we investigated the effect of time-jitter in digital wattmeters
based on equally spaced sampling techniques on the hypothesis II. THE OUTPUT OF THE WATTMETER
of a time-jitter common to the voltage and current channels IN THE PRESENCE OFTIME-JTTER
and uncorrelated with the input signals [4]. In this paper, the )
study has been generalized by also considering the effect okt US suppose that the voltaggt) and currenti(¢) of
different time-jitters in each channel. a single-port d_eV|ce are alternated signals with perigd
Because time-jitter introduces random fluctuations in ti{Berefore, the instantaneous cross powét) = wv(t)i(t)
sampling instants of the voltage and current channels, f8tering the one-port is periodic with the same peflgcand
effect can be evaluated by adding two random intervals §8n be expressed as a function of the Fourier series(#)f
each nominal sampling instant, one common to the two inp@fd i(t) as follows:
channels of the wattmeter and one different for each channel.
Therefore, the difference between the corresponding sampling

Index Terms—Frequency response, performance analysis, sam-
pling wattmeters, time-jitter, weighting function.

+oo 4 oo
instants of the two channels is slightly random. (t) = v(t)i(t) = Z Z V. I, 2 (mtn) it
A criterion previously introduced by the authors [5]-[7] has 0 T
been used to assess exact statements about the performance m#0  n#0
of equally spaced sampling wattmeters in the presence of o = Jamafit
time-jitters. To this end, the output quantity is expressed as a = Z Z Vinlg—me
q=—00 M=—00
m#q
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wheref, = (1/11), V_,, =V}, I, =1, g=m+n, where &, (—fT.) = ®7(fT.) and ®,(0) = 1. Further, we
indicate by®(fT.) the characteristic function of the variable
+oo Xi
Pp= > Valyp )
m=—o< . +OO )
mz O(fT,) = M{H?™ITXey = / F@)e? T gy (6)

with P_, = Py the gth harmonic component ob(t) with O(—fT.) = &*(fT.) and ®(0) = 1.

(frequency-domain convolution) and The generic discrete output of the sampling wattmeter,
N marked with an integek, is an estimate of%, [see (3)] and
1 t < " can be deduced by forming a weighted average of theNast
Po = T, /t_T1 p(r) dr = Z_: Vindp, (3) successive values of the instantaneous power [see (1)]
mz#0

N-1

T / <yl
is the mean value qf(¢), i.e., the value of the measurand. Thid * = Z aiv(th—s)i(ti—i)
equation is a generalization of the Parseval theorem applied Z:foo 4o
to the two periodic signals(t) andi(t) and shows that the — _ Z Z VL,
average cross powéf,, I of eachmth Fourier component of N
the input signals must be added to determine the total average mz£0  n#0

N—-1

L ’ 77
E aiCJQﬂ'fl("ltk—i'i'"tk—i)
=0

power [8]. +o0 +o0 N-1 ' , .
For the digital implementation of a wattmeter, the instanta- = > > Valg—m »_ ase/>ilmti—itlemmti]

neous cross powei(t) = v(t)-i(t) is evaluated by multiplying L =0

the sampled values of the instantaneous voltage and current. m#q

The sampling technique considered here is theoretically of an @)

equally spaced type, i.e., any sampling instant differs from the , ,
preceding one by a constant 14y where the random variableg_, andt/_, are the sampling

instants of the voltage and current channels
ti=ti1+T.=iT, + 7o 4) they =70+ (k— i+ Xnei + Xj_; )1 8

"o . . "o

wheret is an integer/’. is the sampling interval, ang is the B =m0+ (k=04 Xpoi + Xy )T ©)
shift between the initial sampllr_wg instant and th_e time origin @hpyiously, ¢, and ¢/_. are mutually interdependent due
p(t). In the synchronous case, is related to the instantaneousg the common componen¥;_;; further, their mean values
voltage or current through the synchronizing circuit, while iggincide with (4) ifi is substituted withi — .
the .asytl.chror\ous ong is independent O_f It. . By taking into account (8) and (9), (7) can be rewritten as

Time-jitter introduces random fluctuations with respect tgy|lows:
the nominal sampling instants both in the voltage and current

. X . + +

channels. For example, the noise associated with the clopk _ = = J2mqfi (ro+kT,)
. Al — Z Z Vranfrne

generator can cause common random independent fluctuations 2= =~ <~
in the sampling instants; the unpredictable temporal variations mio
of the aperture delay of each sample and hold (S/H) of the vy
two channels produces instead different random effects in the Z o I2R U Te (32 AT (X m X +g—m) X))
sampling instants of each of them. Therefore, the effects of P ’
time-jitter must be analyzed by considering separately the (10)

sampling instants of the two channels, and each of them

can be determined by adding to the second term of (4) twhich defines the influence of both common and different
guantities: X, 7., common to the two channels, an¥/Z, time-jitters on any measured valu@,; time-jitters are rep-
for the voltage channel aK/'7. for the current channel (the resented by the random variablé§,_;, X} _;, and X} _,.
random variables are written in boldface). The three variablééhen time-jitters are missing [(10) wit,_;, = X} _, =

X;, X/, and X/ are theith ones of three independent sets oK’,_, = 0], the discrete output of the equally spaced sampling
random continuous variables with null mean value. We assumvattmeter can be easily deduced by recalling (2) [4]; in
that the two variables<! and X/ have the same distribution particular, by imposing:;; = 1/N, the synchronous sampling
with a common density functioffi (x) and their characteristic strategy can be studied [5], [6], [9], in which strategy tNe

function is defined as follows: sampling instants are taken inperiods7;
,
(I)l(ch) _ M{@j?ﬁfTCXZ(} _ M{CJQﬁfTCXz{,} fch = N (ll)
+oo
— / 2T £ (2 do (5) With r a positive integer having no common submultiple with
—00 N.
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Ill. CRITERION FOR THE PERFORMANCE ANALYSIS 1.5E-3

The output quantity?, = f(70,X,, X}, X7) in (10) (1-|<1>1(fT-12)
depends not only on the time-jitters through the vecilis '
X, X)) of the random variables(;_;, X}_;, Xi_. (with 1.0E-3
¢t = 0---N — 1), but also on two paramete(g, 7o) which
are unknowre priori. Although these parameters are essential
to evaluateP;, they are a nuisance in the formulation of

5.0E-4

exact statements about the performance. The labeling fark " /
identifies a generic discrete output of the instrument; therefore,
the integerk is random in nature because it can be considered /

i B 0.0E+0 - _
randomly picked up from a sequence 2% 4+ 1 successive 00E+0 2053  40E3  60E3  8OE3  LOED
potential measurement occasiofish < k < +h), each b /T,

of which has an equal chance of being selected. In the

asynchronous case, the shiff is strictly related to the turn- Fig. 1. Plot of the weighting functiofl —|®1(fZ.)|?) in (15) in the pres-
on instant of the instrument. Instead, in the synchronoﬁgce of different jitters in two channels with normal or uniform distribution.
operation, the shifty depends on the synchronizing circuit

used and, possibly, also on the waveform of the signal at itdere

input. In both cases, the value of is not knowna priori . . . . .

arlljd one is led to interpret any value of as an outcgme of Vir{Pk} = JL/[{(P’“ - JL/[{P’“})Q} = JL/[{Pi} - %2{1)’“}

a random variable with a continuous set of values uniformly _ ) ) . )
distributed in some generic time intervall/2 < 7, < +7/2 IS the asymptotic variance whilé,—1/{ P+ } is the asymptotic
(7" being unknown) which ideally encompasses all the possilidéas.

circuital implementations. Therefore, we introdugeas a

discrete random variable uniformly distributed in the interval V. THEORETICAL AND SIMULATION RESULTS
(—h,+h) andry as a continuous random variable uniformly
distributed in the time interva(—7"/2,+7/2). Obviously,
the variability of the output in the synchronous samplin
strategy without time-jitter is due uniquely to the hypothesize

By assuming that the correct scaling conditifi,' a; = 1
is satisfied [4], it can be shown that the asymptotic mean output
cf"“e can be expressed as follows [see (A6) in the Appendix]:

variability of 7o [5], [6]. The statements oh and 7" are R I . )
subjective guesses based on available known properties of the M{Py} = > Vb @y (mfiT)] (14)
measuring instrument. i

On the basis of the proposed criterion, the output quantity
Py = f(r0, X, X}, X}) becomes a function of the randomwhere ®,(f7.) is the characteristic function common to the
variables k, 7o, and of the vectorsX,, X/, X/) of the two random variablesX’, and X which characterize the
random variableX, ;, X;_;, X7_,) (withi=0,--- N —1) different time-jitters of the two channels (5). From (14), we
used to obtain the output correspondingktoAn appropriate deduce that the presence of separate time-jitters in the two
characterization of the output uncertainty can be obtained 8§annels determines an asymptotic bias which depends on their

evaluating the statistical parametersiyf, i.e., the mean value common characteristic function

M{P;} and the mean square ermf{(P — F,)?}. In order . +o0

to incorporate all thea priori chances into the instrument's Bias = Py — M{Px} = Z Vi IF (1 = |21 (m AT ).
performance, in the asynchronous case the number of the - m=—00

measurement occasions, i.24,+ 1, must be sufficiently large mEo (15)

and theoretically tend to infinite; in the synchronous one, it i particular, the characteristic function results
the excursion of the initial shiftg, i.e.,T’, which must tend to _
infinite [6]. Therefore, in any case, we consider the asymptotic ®1(fT) = sinc(2b, f1.) (16)

statistical parameters, i.e., the asymptotic mean . . . .
P ymp in the case of a uniform distribution in the intervab; T, or

M{P}y = lim  M{Py) (12) By (fT.) = e 27T (17)

or h—oo

in the case of a normal one with mean zero and standard
deviation o;. To compare the effects of these two random
distributions, we can assume for both the same variance, i.e.,
o2 = b?/3. In Fig. 1, the two weightg1 — sinc®(2b, f7}.))

and the asymptotic mean square error

E = M{(Px — Py)*} and(1 — e—4(®o:/7:)" are plotted as functions f 77, in the
-7 L, range of the weights from zero to 1192. It should be noted
- Vir{P’“} + (P - JL/[{P’“}) that, in this range, they practically coincide. It is interesting to
— P2y 2P AP 4 P2 13) Observe that, according to .th|s plot, the sepa(ate t|.m(.a-1|t.ters. in
H{ ) 0 H{ ) 0 13 the two channels actually introduce a bandwidth limitation in
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TABLE | signals. The results are reported in Table I, whBies_, is
MAXIMUM FREQUENCY fmax CORRESPONDING TOTWO PREFIXED the theoretical asymptotic biaBjas is the estimated one, and
UpperLiMITS (10~3,10~*) oF THE THEORETICAL ASYMPTOTIC Bias N
WHEN b1 = 0.01 FOR SINUSOIDAL INPUT SIGNALS WITH Py = 1 W. S T R
THE DIFFERENCE ABias WITH RESPECT TO THESIMULATED VALUE ABL&S B Bljs Bljs
ABias IS GIVEN FOR FOUR DIFFERENT VALUES OF THE PHASE is their difference. The experimental results of the simulated
Bias W) e (kH2) Py (W) B ABias :c?ns(;mg;ent are in very good agreement with the theoretical
1-1073 43.55 1.0 0 0.46-10~1* On the hypothesis of a rectangular filtering window
1-1073 43.55 1.0 30 -0.13-107*  1/N in (10)], the asymptotic mean squared error (13) in the
11077 43.55 1.0 45 —-0.41-107*  presence of different and common time-jitters can be expressed
1.107° 43.55 10 60  -075-107* as (18), shown at the bottom of the page [see (A6) and
1'1971 13.75 10 0 0-967'1071 (A13) in the Appendix], whered,(f7.) and ®(f7.) are
T 13.75 1.0 80 —0.16-107%  the characteristic functions of the random variables which
L 1“_4 g;: 1'8 2(5) 0'_16'1“_4 characterize the different and the common time-jitters of the
1-10 ' i 0.23 - 10 two channels (5) and (6), respectively, whitg( 1) is the
frequency response of the digital filter [4]
the input signals, if we assume that the measurement bias due H(fT,) = ¢~ T-(N=D) sinc(N 1) (19)
. . . . C - . .
to time-jitter should not exceed the contributions due to other sinc(f1.)

causes of error in the wattmeter. In fact, once the parameteiccording to (18), it can be easily shown that, fértending

+0,T. has been fixed, the bandwidth of the instrument due {g infinite, the residual asymptotic mean square error coincides
the time-jitter can be deduced by imposing a maximum valy@th the squared bias

of the weight in (15). 9

In order to validate (15), a synchronous wattmeter with a " 9
sampling intervall, = 200 us was simulated. By assuming N E Z Vil (1= [@1(m L))
f1 = 50 Hz, » = 1, and consequently’V = 103 according e (20)
to (11), the asymptotic bias in the absence of time-jitter {fe to the fact that (see [4, eq. (8)])
null and only the spectral components’ multiple integer of 0. forg#£0
N f1 = 50 kHz contributes to the estimated mean value (see lim |H(gfiT.)]* = { 1’ ; 4 o
[4, eq. (8)]). In the presence of different time-jitters in the two e L
channels, the average cross powgyl’, of eachmth Fourier In the case of two sinusoidal input signals at frequeficy
component of the input signals, weighted by the squaréidcan be shown that the asymptotic variance, when the effect
modulus|®;|? of the common characteristic function, givef the common time-jitter is negligible, can be expressed as
a contribution to the asymptotic mean value (14), leading follows:
the corresponding bias according to (15). On the hypothesis of wia 2
a uniform distribution of the sampling instants in the intervaf, = 2AVily |2{_(1_|¢1(f1T)| )+ (AT H (AT }
+b, 7T, with +b; = +0.01, the upper limit of the frequency P2

{§ DA - (T 22

= Bias?

(21)

(fmax) Of the input signals for two given upper limits of the +7
asymptotic bias (10*> and 10*) was theoretically deduced _ _
from (15). By assuming a unique spectral component at thi§€ normalized quantity

frequencyf..x and a unit mean power, the asymptotic bias 0% = 02 /2\V It )?

was estimated for four phase shiftsbetween the two input

+oo
2
E= MUP =Py} =g q_z_:m m;m 3 Vol Vo oo |01+ 1) AT)P
mAq mtq
"l?ég nlig
2
+oo +oo 1
+q:§_joo m;m V@1 (mAT)l-m®1((g = m) AT @G ([ H(GH T =
mzq
mz#£0
o0
—2P, Z Vi | @ (mfiT.))? + P2 (18)

rn;éO
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Fig. 2. Plot of the normalized varianeed, = o2/2|V;, I}, |> (22) as a

function of fT. in the presence (thick Iine)T)r absence (thin line) of time-jitters
different for the two channels, on the hypothesistdf;, = £0.01, N = 10
and input signals in phase.

Fig. 3. Shape of the weight’? (25) as a function both of 7. andb (2b7.
is the time interval in which each sampling instant is uniformly distributed).

- TABLE I
COMPARISON Ao BETWEEN THE THEORETICAL & AND

SIMULATED i ASYMPTOTIC STANDARD ERROR IN THE asymptot|c variance [See (18)]

PRESENCE OFONLY DIFFERENT TIME-JITTERS AND UNDER THE 9 9 i 21170
SAME OPERATING CONDITIONS CONSIDERED FORTABLE | E-=0"=2 Z [Py "W (g f1T0) (24)
q=1
g (W) fmax (kHZ) PO (W) ¥ A}T

- = where [4, eq. (16)]
0.999 1073 43.55 1.0 0 —0.068 - 10~* 1 . Q(NfT)

41-103 43.55 1.0 30 30-10—% 2 2 2 SLC c
L4110 03010 WA (fT) = & A= |[2(fL)]) +1(fT)"———

2.00- 1073 4355 1.0 45 —0.19-107* N sinc”(f1,)
3.16-1072 43.55 1.0 60 0.084-10~* (25)
0.315-1073 13.75 1.0 0 —0.17-107% ) ) ) ) ) o
0.446 - 10—3 13.75 1.0 30 0.081.10-4  With W2(0) = 1 is a function which weights the contribution
0.631-10-3 13.75 1.0 45 _o0.12.10—¢  of each spectral component of the instantaneous power to the
0.998 - 103 13.75 1.0 60 —0.24-10—%  asymptotic variance. Finally, when the effect of all the random

variables is negligible, we can assume alB¢f7,.) = 1
and the weighting function (24) becomes coincident with the

. . . . - ._square of the modulus of the frequency response of the digital
for input signals in phase is plotted in Fig. 2 as a functio i#ter used, as it is well known [4].

of fT., in the presence (thick line) and absence (thin line) o

. oo ) o It can be noted that, in the special casé ef 0.5, (23)—(25)
different time-jitters, on the hypothesis of sampling mstan%ad to the results found for a random sampling strategy
uniformly distributed in the jitter intervatb, 7. with +b, =

40.01, N = 10. These values ofh, and N were assumed proposed by the authors [10]. In this case, in fact, as it can

; L T : be seen from the plot in Fig. 3, a time-jitter with uniform
in order to highlight the effect of time-jitter; in partlcular,d‘Ftribution withb = 0.5 gives better frequency-independent

the variance at the frequencies corresponding to the nu . : i . .

) erformance in the high frequency range; therefore, this special

values of the spectral response of the filter [see (19)] becorrfes e . .

. . . . .fype of “jitter” actually corresponds to a convenient sampling

increasingly greater with frequency, while those correspondlrg%fate

to the peak-amplitude values are instead attenuated. ay-
The asymptotic standard error has been computed, accord-

ing to (22), under the same operating conditions considered

for Table |, and Table Il reports the comparison with the A sampling wattmeter witil, = 50 ps has been realized

corresponding simulated valu¢do = o — ). to experimentally evaluate the effects of time-jitters. To this
When the effect of both the random variabl&é and x” €nd, the sampling time generator of the wattmeter has been
due to the different time-jitters is negligible, we can assurr{EOdiﬁed in order to sum separately_common or different time-
&,(fT.) = 1. In this case, we obviously obtain the samdtters to the equally spaced sampling |nstant§ of thg voltage
results already outlined in [4], i.e., the asymptotic mean of tﬁ’@d current channels; the selected random distribution of the

output coincides with the mean value gfft) sampling instants has been the uniform one. By imposing
N = 32 and by considering 2 successive measurements,

the effects of common and different time-jitters have been
evaluated (on the hypothesis of input signals in phase) at the
frequencies of the input signals corresponding to null values of
and the asymptotic mean squared error coincides with tthee digital filter [see (19)] in the range 5.0-9.7 kHz of the input

V. EXPERIMENTAL RESULTS

JL/[{Pk}IPO (23)
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TABLE I TABLE IV
NORMALIZED THEORETICAL ASYMPTOTIC BIAS Biasy = Bias /Py (15) AND THEORETICAL VALUES OF THE NORMALIZED STANDARD ERROR

. on = o [V2|P,| (24), BXPERIMENTAL ONES o7, AND THEIR
STANDARD ERROR 0y = & (22) AND THEIR DIFFERENCESABiash;, N =2 /2P| (24) A
N =9

"
Ao’y WITH RESPECT TO THEEXPERIMENTAL VALUES, WHEN ONLY DIFFERENCE A0y, WHEN ONLY COMMON TIME-JTTERS ARE

DIFFERENT TIME-JTTERS UNIFORMLY DISTRIBUTED IN THE INTERVAL PRESENT, UNDER THE SAME OPERATING CONDITIONS OF TABLE |lI

+0.0947. ARE PRESENT, AT FREQUENCIES OF THESINUSOIDAL INPUT

SIGNALS CORRESPONDING TONULL VALUES OF THE DIGITAL FILTER (19) f (H2) on (W) Ui\'r (W) Aoy (W)
F(H2)  Biasy (W) ABiasiy W) ox W) Ach (W) 5000 0.0314 0.0378 0.0064
— — 53125 0.0333 0.0368 0.0035
5000 0.00795 0.0026 0.0224 0.0069 5625 0.0352 0.0386 0.0033
5312.5 0.0898 0.0031 0.0238 0.0086 5937.5 0.0372 0.0402 0.0030
5625 0.0101 0.0019 0.0252 0.0072 6250 0.0391 0.0402 0.0011
5937.5 0.0112 0.0025 0.0266 0.0091 6562.5 0.0410 0.0426 0.0016
6250 0.0124 0.0018 0.0280 0.0077 6875 0.0429 0.0461 0.0032
6562.5 0.0137 0.0028 0.0294 0.0074 7187.5 0.0448 0.0480 0.0032
6875 0.0150 0.0032 0.0308 0.0098 7500 0.0467 0.0459 —0.00077
7187.5 0.0164 0.0025 0.0322 0.0086 7812.5 0.0486 0.0511 0.0025
7500 0.0178 0.0024 0.0336 0.0075 8125 0.0465 0.0526 0.0021
7812.5 0.0193 0.0023 0.0351 0.0096 8437.5 0.0523 0.0547 0.0024
8125 0.0209 0.0018 0.0365 0.0064 8750 0.0542 0.0568 0.0026
8437.5 0.0225 0.0027 0.0379 0.0095 9062.5 0.0561 0.0563 0.00024
8750 0.0242 0.0031 0.0393 0.0092 9375 0.0579 0.0591 0.0012
9062.5 0.0259 0.0037 0.0407 0.0083 9687.5 0.0597 0.0607 0.00097
9375 0.0277 0.0043 0.0421 0.0073
9687.5 0.0296 0.0044 0.0436 0.0069

asymptotic mean and the asymptotic mean square error. It has

. . . . _been shown that an asymptotic bias appears when different
§|gnals. Table i rgpqrts, n t_he presence of only dlfferent tIm(?l’me—jitters for the two channels are present (a typical example
jitters uniformly d|§tr|buted in the mtervatb;@c with by = js the time-jitters separately introduced by each S/H); this

0:094, the theoretical values of the normalized asymptoti. .« ~an be deduced by weighting the mean cross power of
bias Biasy = Bias /fy (15) and standard ermovy = 0 jndividual Fourier components of the input signals with a
o /\/§|mezl| (22) and their differenceABias’y, Ad’y with function that is the complement to the squared modulus of the
Ezspect to the experimental findings AnalogousTg/ Table (§PmMon c_haracteristic func’Fion of the time-jitters. I_n order to

) ' obtain a bias comparable with the accuracy of the instrument,

reports, in the presence of only a common time-jitter uniforml%e maximum freauency of the input sianal must therefore be
distributed in the same interval, the theoretical values of the 9 y b 9

. _ limited. The simulated and experimental results obtained with
normalized standard erroty = o/ V2| (24), together the a prototype wattmeter are in very good agreement with the

experimental ones’, and their differenceAc’y, under the theoretical findings.

same operating conditions of Table Ill. Bearing in mind that Th€ asymptotic mean square error is influenced both by

we are considering causes of error, the experimental res@fnmon and separate time-jitters. The general expression of
are in good agreement with the theoretical findings. the asymptotlc.mee.lr) squared error has been theoretlca!ly de-
duced, and a simplified expression of the asymptotic variance
has been deduced in the presence of only different time-jitters
) L for the two channels on the hypothesis of two sinusoidal
This paper evaluates the effect of time-jitter on the equaliy,,t signals. When the effect of the different time-jitters
spaced sampling wattmeter. Time-jitter introduces rando@l negligible, the asymptotic variance can be obtained by
fluctuations with respect to the nominal sampling instan{Seighting each spectral component of the instantaneous power,
both in the voltage and current channels; it can be causedé%|uding the dc one, with a convenient function. Due to
elements which are common to the two channels, or differeflese effects, a further bandwidth limitation is introduced. Both
The latter makes the sampling instants of the two channgig,jated and experimental results, obtained with a prototype
slightly different. wattmeter, have confirmed the validity of the theoretical

The effect of time-jitter can be evaluated by superimposir}%dings for each of the two types of time-jitters.
two random intervals on the nominal sampling instants, one

common to both input channels and the other separate for each
channel. We postulate that the two random variables, which
take into account the separated time-jitter, are identically For the evaluation of the statistical meanBf, we must
distributed and that time-jitters are uncorrelated to the inpobnsider the simultaneous contributions of the independent
signals. random variables, and & and of the independent random
According to a criterion previously introduced by the auvectorsX,, X}, and X}. The components of each random
thors, the performance of the instrument has been evaluatedtor are mutually independent and identically distributed
by considering the statistical properties of the output, i.e., teéth a common probability density which is independent from

VI. CONCLUSIONS

APPENDIX
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k. By introducing the random variables and k into (10), NoL N1
we deduce Z Z a;agy
+o0 +o0 =0 7=
- - 27 f1 [my Hm't, H(g—mt) (g —m ) .
M{Piy= 3" 3 VilpmM{e™h7} M{e bty At Hammt =)t h
e o
mz0 Z Z Z Z VmIq m m’Iq —m/’
27 q LI T, N-1 j2mq o T, g=—00 q'=—00 m—;oo m =—oc
. JergjiRLc L JETG 1l mz#q 7 7
M{e 1 ZZ:% a;e o) :’:lf;%
jongfiXy T j2mfimX), N—-1 N—-1
- M{e k-t M {e ki) . Z Z a;ay M{Cﬂﬂfl(q—l—q’)m}M{Cj%fl(q—l—q’)kTC}
. M{e]’QTffl(’]—Tn)X;;ii}' (A1) = = — N

] . . ] o ] . o127 fu(gi+d V)T, M{ejQWfl((IXk,i'i'q,Xk,i/)Tc}
The continuous random variablg is uniformly distributed in -

the interval T’ ) M{Cj%‘—fl [mt;m+m’t;H,+(q—m)X;;77.+(q’—m’)X};,i,1Tc}
—

: 1 T2
M{mhmy = — / ST gt = sine(qgfiT). (A2) (A7)
T J 1
The discrete random variabkeis uniformly distributed in the ) , .
interval 2k + 1 By applying (A5), forg+ ¢’ # 0, we obtain
+h j2n ! j2w oL
M{ei2n Ry 1 Z 02 IR, %{612 fila+a )kTC} — ]L/[{CJQ fi(g+d") 0} = 0. (A8)
2h+1 =
sincqfiT5(2h + 1)] For ¢+ ¢ = 0 ands = ¢, recalling (5) we have

- sine(qf17Te) ’ (A3)

By recalling that®(f7.) is the characteristic function of the
vector X, (6), we have

e~ 92mf1q(i—i )T, M{eﬂwqfl Te(Xg ,—Xg_ ) }
—

M{ejQﬂ'fch [rnX;s_i+rn'X;s_i,+(qfrn)X;;_7_ 7(q+rn')X”_i,1}

M{eijﬂ'lekfiTC} _ /—l—oo f(x)ejq%-flacTC dr — ‘P(qfch). = %{C
- Ag) =2+ m) AT (A9)

2w 1T, [(rn+rn’)X;s_7_ 7X;;_7_ )] }

In the asynchronous or quasi-synchronous case, the asymptotic

mean is derived by considering the limit, fér tending to Finally, for ¢q+¢’ = 0 ands¢ # ¢/, recalling (5) and (6) we have
infinite, of (A3), and in the synchronous one the limit, fbr

tending to infinite, of (A2) [6]; in both cases, it results in =927 f1ali=iNTe g pfoi2maiTeX g~ Xg i)}

0, forqg#£0

M{CjQﬂ'fch[rnX;s_z_+rn’X;s_7_,+(qfrn)X;é_i7(q+rn’)X”_7_,]}
1, forqg=0"

M{GijhkT"} — M{GJQW’If1TO} — { (A5)

—j2m f1q(i—i")Te I
Therefore, by recalling (5), the final expression of the asymp=" ° e |2(gATI Pr(m AT 21 (' fiT2)

totic mean ofPy given by (Al) becomes

- - 01((g = m) AT (—g = m) AT, (A10)
M{Pey= ) VIl |®i(mfT Z a;  (A6)
mh:l;go =0 We can summarize these results as follows:

where ®,(f7.) is the common characteristic function of the
Vectors&; and X;/ M{@j?ﬁfl ["”t;vfi+nl,t;v,i/+(’1_"’)t;v,7i+(’1,_"’,)t;,i/1
To evaluate the asymptotic mean square error (13), we must =

first determineM{f’i}. By introducing into (7) and (10) the 0, for ¢ # —¢

random variables, andk, we can write =4 (A9), forg=—¢ andi=71 (A11)
(A10), forg=—¢ andi #7'.

~2
M 1P} By recalling these results and the equality

1 p— N—-1 N— N—1 N— 1 N—
q—z_:oo q,:z_:oo nl;oo Z Vran m rn I m Z Z Z Z + Z Z (A12)
na e R e
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+o0 +o0
%{pi}: z z 2 Vg Vi I g |21 ((m 4+ ) A1 T Za

+oo
+ Z Z Z Vrnq) mfl )q rn(I)l

g=—00 Mm=—00
mztq m # q
m##£0 m #£0
N-1

(g = M) ATV 1 (m! AT gy @1((—q — m!) A1) | R(q AT || H (1 T0) —Za?

“+o0 “+o0 “+o0 N-—-1
oy Z Vil e Vi I g | @1 (m 4+ ') f1 T IQZa
g=—0o "lZ;OO m =—oco
mzq rn,;é—
mz£0 rn’;éOq
2
+o0 N-1
+ > Z V@1 (mf1T) I m®1((q — m) A T)| | R(AT)) ||H@hT)P =) af|  (A13)
=—0o0 | m=—oc :=0
! mzq ’
m##£0
(A7) becomes (A13), shown at the top of the page, where nonlinear signal conversionProc. Inst. Elect. Engvol. 136, pt. A, no.
3, pp. 141-150, May 1989.
= a7 (A14)

is the frequency response of the digital filter.
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