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1 Introduction

Oligopolies in which firms sdl products of different qualities have been andyzed firg in Gabszewicz and
Thisse (1979). They concluded that price competition could yield either market outcomes where some
consumers prefer to refrain from buying (uncovered market configuration) or outcomes where al
consumers buy one of the two products (covered market configuration). The dternative which actudly
redlizes depends on the degree of product differentiation and the extent of consumers heterogeneity?.
Assuming that firms do not cover the market, Choi and Shin (1992) show thet the low quality firm will
choose aqudlity leve which is afixed proportion of the higher qudity's firm choice. On the contrary, Tirole
(1988) assumes that firms cover the market and shows that firms maximize product differentiation over the
available range of qudlities. In this discussion, we attempt first to provide a full characterization of the
quality choice, without assuming ex ante that the market is, or is not, covered. This will dlow us to
show that covered or uncovered market configurations are endogenous outcomes of firms drategic
interaction. The first who recognized this possbility is Wauthy (1996), andyzing a verticdly differentiated
duopoly where firms produce at no cost. He identifies the parameter ranges where elther a covered or an
uncovered market configuration arises in equilibrium , as wel as a range where a corner solution a the
price stage is obtained. Ecchia e Lambertini (1998) study a smilar modd with quadratic variable costs of
qudity improvements, so that the well known finiteness property does not hold (see Shaked and Sutton,
1983, Crampes and Hollander, 1995). They investigate the existence and characterization of pure strategy
subgame perfect equilibria for a fixed market Sze, conddering dternaively both the uncovered and
covered market configuration. Smilarly to Wauthy, they find a parameter range in which nether
configuration can be properly defined; however, when unit cods of investment in qudity are introduced,
they prove that a pure strategy equilibrium which contains a corner solution in the price subgame falls to
exig. Thisis dueto theincentive for the high-qudity firm to set aquaity such that the rival’ s sdes are driven
to zero.

We congder a verticdly differentiated oligopoly with quadratic fixed costs of quaity improvements (so
that, amilarly to Shaked and Sutton’s contribution, the finiteness property holds), andyzing whether in this

case pure-strategy subgame perfect equilibriawith a corner solution in the price subgame exists.



Contrarily to Wauthy, in our modd the high-qudity firm faces a trade-off in increasing its qudity: higher
product differentiation might lead to higher equilibrium prices, but a the cogt of an higher investment in
quality and possibly of alower market share.

With respect to Lambertini and Ecchia (1998), we dso find parameter ranges in which pure-strategy
equilibria don't exist. The presence of fixed costs, however, dlows equilibria with corner solutions and
possibly the disgppearance of equilibria will full coverage. Also, we compare our results to the qudity
choice that maximizes the total surplus of the economy. Contrarily to what happens in the previous literature
on the subject, we will show tha the welfaremaximizing choice of qudlities for a given didribution of
consumers characterigtics doesn't have to be found in the same market configuration of the equilibrium.

In the next section we will set up the modd. In Section 3 we derive the equilibrium in the price subgame,
while in Section 4 qudity choice will be discussed. Section 5 derives the welfare-maximizing choice of

quality levels and Section 6 presents some concluding remarks.

2. The model

The basc features of the modd used are standard in sudies of qudity differentiation with oligopolistic
competition (Mussa and Rosen, 1978, Gabszewicz and Thisse, 1979, Shaked and Sutton, 1982, Ronnen,
1991 and Congtantatos and Perrakis, 1998). The demand side of the market consists of a continuum of
consumers indexed by s, the taste parameter®. We assume that s is continuoudy and uniformly distributed
onaninterva [b,a], where a, b >0. For smplicity, we normdize the difference between the extremes of
the digribution to 1: a-b=1° Let u(s p;,q,)=max[0,sq; - p;] be the utility function for each
consumer, where >0 is the qudity of the product sold by firm i and p; the corresponding price. The
implicit assumption is that each consumer buys a most one unit of services. In case of no purchase, the
utility would be zero (notice that the assumption of unit purchase seems redigtic when deding with

professona services).

® Theintuition that firms are led to choose different qualitiesin equilibrium has been further investigated by Shaked and
Sutton (1982).

* 1t would be equivalent to assume that consumers differ on income, instead of tastes.

® This normalization implies that a> 1.



There are two potentid entrants to the market, identica in dl aspects. In particular, each of them is
congrained to offer only one quality, and faces the same fixed codts of developing the technology that
enablesthe provison of quality g These qudity-dependent fixed costs, C(g), and their respective margina
costs C'(g), are assumed to be increasing with g C'(3>0 and C"(3=0 for dl feasble quaities g [0,¥).
Throughout the andyss we shdl dso maintain the following regularity assumptions: C(0)=C'(0)=0 and that
limge ¥C'(Q)=¥. Margind costs of production are assumed to be constant (without loss of generality we
suppose they are equal to zero)®.

Competition between the two firmsis based on a three stage non-cooperative game. In the first stage, firms
choose whether or not to enter the industry. At the end of the first stage, each firm observes who entered
and who didn't. In the second stage each firm chooses the qudity of its service. Then, having observed its
rivals qudlities, in the fina stage of the game, each firm chooses its price. These assumptions are intended
to capture the idea that the price can in practice be varied at will, but a change in the specification of the
sarvice involves modification of the gppropriate "production facilities' (Shaked and Sutton, 1982).
Consumers are price and quality takers: given the two firms decisons, (q, pi)i=1.2, €ach consumer chooses
between purchasing one unit from firm 1, purchasing one unit from firm 2, or making no purchase.

The solution concept we employ is (pure-strategy) subgame perfect equilibrium. Firgt, note thet if only one
firm entered the market in the first Sage, it becomes a monopolist in the third; in this casg, it is easy to verify
that, if a<2, pu=(a/2), while the monopoly market share is[a/2, a]”.

Otherwise, if both firms enter the market, then the second-stlage subgame is characterized by a couple
(o, )1 [0,¥) [0, ¥); however, if the same qudlities are set, then the services become homogeneous and
Bertrand competition in the third stage would drive profits to zero. In modds of verticd differentiation then,
only the asymmetric case of different qudities has to be consdered, since there is no profitable deviation
conggting in setting equa qudities. In this respect, the drategies of the second stage could be equivaently

defined as (04,q.), 3 q., where the subscript H denotes the firm that has entered the market with a

® This seems to be a consistent assumption with the industry of professional services (see the second part of this
analysis). The main cost for lawyers, physicians, architects and so on is the fixed cost they have to pay for their
education period (in general terms, the longer their education, the higher the quality of the service that they can provide).
Instead, it does not seem that unit costs depend on quality (variable costs are thus constant).

"1f a<2, the monopoly will then serve only part of the market and the equilibrium will result in an "uncovered
configuration". Later in the paper, we will in fact assume a<2, in order to avoid the analysis of the "preemption” case.
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qudity that exceeds the one of the other firm (denoted with L); the former (latter) firm will be labded the
high-quality (low-quality) firn?.

3. Price competition

We will now focus on the Nash equilibrium of the third stage of the game in which both firms are active. In
this price subgame, qudlities (g+>q >0) are exogenous and in the equilibrium the two firms will obvioudy

et prices such that py>p.°.

Demand addressed to firm i (i=L,H) is defined by the set of consumers who maximize utility when buying

product i rather than product j or refraining from buying. Given (p4 , pL), we denoteby S=3(py, p, ) the
margind consumer who is indifferent between consuming either one of the two products and by sthe

consumer with the lower taste for quaity who however sill buys one unit of the (low-quality) product, that

is S:M and

ay - 9.
|
ye q
s=| - (1a, 1b)

In equilibrium some consumers may refrain from buying, as indicated in (1a). In this case we say that the
market is characterized by an uncovered configuration; otherwise we say that the market is covered.

Findly, snce g+>q_, dl consumers would prefer to use the high quaity service if py=p.. The high-qudity
firm may thus benefit from the possbility of preempting the market with alimit price, pL =p.th(qw -q

). This implies that, as pointed out origindly by Gabszewicz and Thisse (1979), three market

® Note that the two firms are ex-ante identical. If a subgame perfect equilibrium exists with firm 1 being the high-quality
firm, then a totally symmetric equilibrium with firm 2 being the high-quality also exists. From now on, however, we will
only label firmswithH and L.

°Infact, if pu£p, the low-quality firm would have no market share and overall (considering the quality-dependent fixed
costs suffered in the second stage for ) would get negative profits.

19 By definition, S satisfies S qy-py=Sq-p.. Accordingly, consumers with s>(<)s strictly prefer the high(low)-quality
product. Similarly, sisdefinedin (1a) suchthat sy, - p, = 0sothat if s< sthe consumer will refrain from buying,
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configurations may arise a the price equilibrium and they are characterized by the following demand

functions (p=(px, pL)):

(1) uncovered market: Dy(p)+D.(p)<1, D;>0, i=LH,

Dy (p)=(a- PH=PLy
Qu - Ao

Ph- P Po
D(p)=(———-—).
. du - AL do

(2) covered market: Dy(p)+D.(p)=1, D;>0,

Du(p)=(a- TH_Pu)

H L

Dy(p)= (2= Ph. p)2

H - Ol

(3) Preempted market: Dy(p)=1, D.(p)=0.

The Nash equilibrium in the price game is obtained in two seps. Given a, ¢ and g we first compute the
equilibrium candidates for each market configuration. Then, we identify the parameters congtellations such
that these candidates effectively yield the corresponding market outcome. In particular, we will identify four
intervals for the value of d,=a/b=a/(a-1), a rough index of consumers heterogeneity, whose bounds will

depend on the degree of product differentiation, i.e. on d;=0H/q:

3.1. Uncovered market configuration

In this case, the revenues of the two firms are

Bt By, TR(p)=p (Di P P

TR, (p)= pu(a- ’
" " an - AL an -d. a.

and the "relevant” portion of the best response functionsis':

1 Note that while the high-quality firm market share is the same in both covered and uncovered configurations, this
doesn't happen for the low-quality firm. Only in the first case the low-quality firm can modify the lower limit of its share
with aproper choice of p_ and q.



a(@y-9.)*+ P, Pug
Pu(pL)= ! 2L =5 pL(pPy)= 2}::]HL 2
50 that the equilibrium prices are:
« _2a0u(Qu-9L).  » _aq (g - 9.) 3
Pu = v P = 3)
4qy4 - 9, 4qy - Q.

Notice that both equilibrium prices depend postively on a (and then negatively on dp): the "more’
consumers vaue qudity, the greater the revenues for both firms, and this preference will be then reflected

on prices. Also, the high-qudity firm's share is dways twice as high as the low-quality firm's share and both

incresse with a:
(a- pH'pL):za au ; ( H'pL_&):a An 1
an - dL 4y - Q. On - 9L do 4y - a.

implying that as a increases, so that consumers preferences are more concentrated, the share of

"excluded" consumers decreases. Findly, it is noteworthy thet :TTp—L >0 only if g is auffidently smdl:
L

intuitively, increesng g would make the two services closer subdtitutes and push py and p. down.
However, as q increases, dso the low-quality firm's market share increases and this effect might prevall.
This price eguilibrium in an uncovered configuration exits however only if, as assumed,
Du(p*)+DL(p*)<1 or equivdently, only if

4d, - 1
d. 3 . (5)

p
4d,- 2

3.2. Covered market configuration
If thevalues of a, gy and g are such that (5) is not satisfied there might be however a price equilibrium

with a covered configuration, where al consumers purchase the service. In this case the revenue and the

2 These are restricted best responses, because for arelatively low value of py, the true best response of the low-quality
firmisto play asthe high-quality firm with some p.T (p.,¥). For the complete version of the best response functions and
the uniqueness of the price equilibrium in the uncovered configuration when both firms are active, see Ronnen (1991).
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"rdevant” portion of best response function for the high-quality firm are the same as in section 3.1 =3, while

for the low-qudity firm they are equa, respectively, to

R =p P @ 1);  p(py) =3Py - (- Dl - ) ©

O - Ao

S0 that the equilibrium prices are:

p: :(a+1)(2H - QL); pT_* :(2' a)(‘;H -q.) @

Notice that in this price equilibrium p,” depends negatively on a. The positive effect described for the
uncovered configuration is dominated by a decrease in the low-qudity firm's market share which pushesiits
price down. In fact, the low-qudity firm's share decreases with a and doesn't depend on the two firms
qudities.

(w_ (a- 1)):&_

dn - du 3

ﬂp** L

Moreover,
Tla.

< 0:increasng q. makes the two products closer substitutes and aways pushes p. (and

py) down. Asit happened in section 3.1, however, this equilibrium is defined only if at these prices we are
indeed in a covered configuration, as assumed. In particular, the price set by the low-quality firm should be
positive, a<2, while the consumer with the lower taste for quality should enjoy a non-negetive utility by

purchasing the (low-qudity) service,

@-1ag. 3 p.; (8)
in other terms
2dq +13

d,>2. 9

q

3.3. Corner solution and preemption

C) If the vaue of d, is such that not even the above condition is satisfied, that is if

i, -1 2d,+1
i _£d £

p
4d, - 2 dq-1

(10)

'3 See previous footnote.



ill an equilibrium with both firms operating in the market exists and it is characterized by a corner solution:
the high-qudity firm's best response function is the same as in (2), while the low-qudity firm quotes the

price which isjust sufficient to cover the market. The equilibrium pricesin this case are then:

a -
p|(_:|: qH2 qL,

pL =(a- L)a, (11)

In the corner configuration, p. depends positively on g and this appears counterintuitive. However, note
that an increase of g implies a relaxation of the congraint (8) and dlows the low-qudity firm to set an
higher price, closer to the unconstrained "optimum’. Also, while the low-qudity firm's share depends
pogtively on d, as in the covered configuration, it also depends on the (exogenous) qualities chosen in the
second stage, asin the uncovered configuration. Clearly, as d, increases, the trangition from an uncovered
to a covered configuraion is not smooth: for a sgnificant range of this parameter, as Wauthy (1996)
originaly underlined, the price equilibrium is a corner solution. The relevance of the result is due to the fact
that the nature of competition in this three configurations is different. When the market is covered, in fact,
price competition is a pure battle for market shares, while in the other two configurations part of this battle
is played during the second stage, as well, even if with different implications™. As product differentiation
increases, the low-qudity firm's share decreases in the uncovered configuration, because the increase in
p*n is counterbalanced not smply by an increase in p*. but dso by a greater amount of "excluded
consumers'. On the contrary, aslong as d, and d, are such that a corner solution is defined, the market is
totally covered, so that greater qudity differentiation is a clear advantage for the low-qudity firm.

If dy<2 the market will be preempted by the high-quality firm. The equilibrium is given by p” =0 and p°4
=(a-1)(cK - q). However, our interest is focused on Situations in which both firms are active, so that from

now on we will assume that dy> 2.

In concluson, unique price equilibria exist in every configuration; there is dearly an intrindc advantage for

the high-quality firm, which in every configuration enjoys higher revenues™. Also, in any eouilibrium price

(a - 1)qH
qH - qL
5t is easy to verify that in every configuration, a price strategy for each type of firm that makes the other firm's share

equal to 0 impliesfor the low-quality firm a price well under itsrival's price, while the opposite would happen for the high
quality firm: using its better quality the latter can "eliminate" the other product while maintaining an higher price. The

¥ The share for the low-quality firm in the covered configuration is 1-
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comptition intengfies as the qudity differentiation shrinks since then the two products become closer

subdtitutes. Findly, it isthe relative podtion of d, and d, which determine the relevant price equilibrium:

Proposition 1: The Nash equilibrium in prices and the associated market outcomes are determined as a

function both of population heterogeneity and the degree of product differentiation’.

Note that only dj, is exogenous to the modd. Qudities will be optimally chosen by both firms in the second
gage of the game. In the next section we will show how the market configuration isin fact endogenous to
the modd; in their choice of qudity, firmswill decide in which "environment” they want to play and this will

influence both the degree of market coverage and the nature of price competition in the last subgame.

4. The quality choice

Finding a perfect equilibrium for the second-stage game in which quality is chosen, and then price, is
equivdent to find a Nash equilibrium in qudities. The payoffs arise from any couple of qudlities being
defined by the (unique) equilibrium couple of revenuesin the "price choice" of the previous section.

Depending on the configuration, the tota revenues arising from the price equilibrium are the following:

_4QH2(C|H'C|L). * :qLQH(qH'qL).

(A) Uncovered configurationt TR, = . TR ;
(4qH 'qL)2 : (4qH 'qL)2
2 _ ) 2 )
(B) Covered configuration TR, = (a+1) (SH qL); TR, _(a-2) (;:‘H qL);
(C) Corner solution: TRS _(8Ay-aL). TRE = (a- 1)a.((2- a)gu - 9. )
A9y - d) 2qy -d.)

incentive in pursuing this strategy is then different between the two firms See Lemma 3 in Shaked and Sutton (1982) and
Polo (1991) for the covered and uncovered case, respectively.

16 See Gabszewicz and Thisse (1979) for aslightly different version of thisresult.
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In the absence of any quality-dependent fixed costs the Nash equilibrium strategy for the high-qudity firmis
quickly determined; independently of the market configuration, TRy depends positively on ¢}, so that if we
assume that there is a maximum qudlity EI that each firm can produce, then o= (_q Shaked and Sutton
(1982) examined this case congdering a covered market only (cases B and C), while Wauthy (1996)
pointed out more clearly that the choice of the low-qudity firm depends on the population characteridtics.
In his contribution, without quality-dependent fixed costs, one firm chooses the best available qudity and
the other firm either chooses afixed proportion of the best qudity or a quaity level which is determined by
population characterigtics. This determines whether the market is covered or not in the price game.

Our andys's welcomes the idea that the distribution of consumers tastes is a decisive factor for product
differentiation. When the digtribution is broad, we expect that quaity choices will result in the market being
served partialy, while when it is concentrated, a fiercer price competition cannot be avoided by the choice
of qualities. However, this result clearly depends on the absence of any cost in producing qudity, the main
implication of it being the dimination of any drategic dement in the high-qudity firm's behavior. Also, this
hypothes's dways insures the exisence and uniqueness of the Nash equilibrium in qudities with the high-
qudity firm setting its quality a the highest possible levd, thellow qudity firm can actudly choose the
configuration that brings it the highest profits.

If we recognize that investing in quality is costly™’, results might change: (1) (pure strategy) Nash equilibria
in qudities might not dways exig; (2) there are conditions which diminate the posshility of a particular
market configuration to actudly emerge in equilibrium; (3) while the equilibrium in qudities is dways
suboptimd, it is not clear whether, for a given digtribution of consumers tastes, the comparison with the
socid optimum should be performed conditional on the equilibrium market configuration. Even if we
wanted to restrict our attention to one particular configuration (as previous analyses often do), we need to
recognize that the socid optimum might imply a different market Sructure.

Findly, the absence of qudity codts is not particularly satisfying for regulation purposes. Consider for
ingtance the introduction of price floors with the god of increasing the average leve of quality. Without

cods, the high-qudity firm's behavior wouldn't change and the only effect would be an increase in the

¥ In the example of professional services, the cost of the investment in human capital seems indeed one of the most
important factors influencing the professionals' strategic behavior.
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quality chosen by the other firm'™®; the conclusion is that price floors would be dways welfare-improving. In
the remaining of this paper, then, we andyze what happens when we assgn a more active srategic role to
the high-qudity firm in its choice of qudity.

4.1. Fixed costs and quality choice

For a (pure drategy) Nash equilibrium in qudities to exist it must be that each player is playing his best
response; aso, if it exidts, it must be in one of the three configurations defined in Section 3. Our procedure
will then follow the following steps

1) we obtain the equilibrium candidates in qudities for a given market configuration by looking at both firms
best response function;

i) we check for which values of the parameter d, these equilibria are defined and if there exist sets of
vauesfor this parameter such that more than one configuration isfeasible;

iii) we check if, given part i), a least one of the two firms has any incentive to deviate by setting a quaity
which would leed to a price subgame in a different configuration;

Iv) we define the subgame perfect Nash equilibrium for different values of dp.

In order to find closed-form solutions at least for the equilibrium of the firgt two market configurations, it

seems gppropriate to assume here a specific functiona form for the cost function. From now on, then,
S 1.
Assumption 1. C(q)= Eq .

4.2. Partial market coverage
Focusing first on the uncovered configuration, Ronnen (1991) proved the existence and uniqueness of the

equilibrium :

Theorem 1 () There exigs a unique par (dw, d°L) in the uncovered configuration which stisfies the

following two conditions:

18 \When the price floor is binding (so that the low-quality firm has to increase its price above the market equilibrium level,
independently of the market configuration), the low-quality firm clearly reacts by increasing its quality in order not to
loseits market share.
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MR, (gy .0, ) =MC(q, ), g, T (0,g4)and MRy, (g, .0, )=MC(ay), an T (g, .¥);
(b) Both firms earn positive profits when (gt w, of L) is played;
(c) C"'(3B 0isaaufficient condition for the pair (0w, d°) to be an equilibrium.

Proof: see Ronnen (1991).

Using Assumption 1, the couple of qualities satisfying Ronnen’s theoremis (of 1 =.2533a7, ot . =.0482a°).
However, this couple indeed forms an equilibrium only if: (a) inequdity (5) is satisfied and (b) none of the
duopoligts have incentives to deviate and set a vaue for quaity which would bring the two firms to play the
price subgame in a different market configuration. Condition (b) will be discussed later, while it is essy to

verify thet (8) istrue only when d 3 4.70.

4.3. Full market coverage
If an equilibrium exids in the covered configuration it is unique and satidfies the principle of maximum
differentiation. In fact, the low-qudity firm's profits are

_ (a- Z)Z(QH -dL)
- 9

- C(qy). (12)

Clearly, they are decreasing in g, S0 that the latter will be set a the lower vaue that satisfies (9), thet is
2- a
2a-1

a.(ay)= Ay - (13)

2 -
The profit function for the high-qudity firmis p,, = @+l (gH ). %q,.z. , globally concave and with

aunique maximum that doesn't depend on q . The equilibrium quadity candidates are then:

(a+1)°(2- @) 10
9(2a- 1) '

(@*u=(a+1)? /9, g% =

B Also p*y=.1077a°% p* |=.0103a°, p*.> pF >0 and p** = *y(a’ -1)/(2a-1), p** = *(a -1)(2-a)/(2a-1), pP** >
p*.. Clearly, this last result would call for a study of entry in the market. We will avoid this problem during this
analysis; however, it seems likely that the results of Shaked and Sutton (1982 and 1983) on natural duopolies for the
covered configuration and the corner solution can be extended to the case of quality-dependent fixed costs. In the
uncovered configuration, a firm can aways enter the market with very low quality and obtain positive profits. Thus,
under these assumptions, the only possible equilibrium hasinfinitely many rivalsin the market. However if we modify the
structure of total costs. TC=C(q) +c, where ¢ is some "small" fixed entry cost, only finitely many competitors enter the
market, all with different qualities. The characteristics of the equilibrium are qualitatively identical to the ones shown in
the paper. On this point, see Ronnen (1991).
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Notice however that, contrarily to the previous case, both firms might suffer negative equilibrium profits, so
that in the first stage of the game one or both firms might stay out of the market.

In fact, while no redrictions have to be imposed on d, to sidfy (9), it is easy to veify tha
TP, /1d, <0, and that p**<0 if dy>2.93: for suffidiently high values of dj, the eguilibrium would

involve only one firm entering the market and behaving like a monopolig.

4.4. The corner solution

As for the corner market configuration, both firms profits are continuous and aways concave®. The
unique candidate for an equilibrium, (qﬁ ,qE) is the unigue non-complex solution of the following third-

order system of FOCs:

_i_(aqH - qL)(aqH - 2aq|_ +q|_) - Oy =0

(Qy - a. )?
(15)

|

|

; 2 2 2
,:__ (a- 1)(agp + 2949, - di - An)
)

q.=0
2(ay - d.)?

which cannot be obtained in closed form. However, using the Theorem of Implicit Functions we can prove
that the best response function of the low-qudity firm is aways increasing and concave while the one for

the high-qudity firm is concave, first increesng and then decressing. Also, defining gy = BRy (L)

andg. = BR (g ) as the two (continuous) best response functions, it is easy to show that BR (0)<0,

BR_ 1(0) <BRy (0) . These conditions are indeed sufficient for the existence and uniqueness of this
eqilibrium candidate™.

Smilarly to the two previous cases, this couple of qudities forms an equilibrium in a corner configuration
only if (a) inequdities (10) are satisfied and (b) none of the duopolists have incentives to deviate and st a

vaue for qudity which would bring the two firms to play the price subgame in a different market

% For general, well defined cost functions, an interior solution in a corner configuration for the quality choice actually

2..C 200 1\2

exists only if marginal costs are sufficiently steep, that is ﬂ_sz£0 if and only if MC'(qy )3 Ll)s. This
ThH Z(QH - qL)

condition is satisfied by Assumption 1.

2 Also, profits are always positive for both firms (see footnote 17).
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configuration. As for part (a), it is Imply a matter of computation to show that while the equilibrium
candidates aways satisfy (10) for low vaues of d, (d,=2 included), this is not true when d,>4.73.
However, an equilibrium may till exist where the two qudlities are optimally set such that of/(4-3a)=cf 4,
that is when the firg part of (10) is satisfied as an equdlity. In this case, there is in fact no incentive to
deviate inside the covered configuration for neither firms, even if the optima choice for the low-qudity firm
is postive only if d,<10. Then, the (unique) solution of the system (15) is a candidate for an equilibrium
only when 10<d,<2.

Also, notice that +* | corresponds to the upper bound for the low-quality firm that defines a corner
solutior?. Then, for agiven g *, the low-quaity firm's best-response in the covered configuration will be
aways beaten by the one in the corner solution, whenever this one is defined. As we noticed earlier, the
assumption on the cog function limits the exisence of an equilibrium with two operative firms in the

covered configuration to values of d, such that d, <2.93. This has the following implication:

Proposition 3 Quality-dependent fixed costs might exclude the existence of a duopoly equilibrium in a

covered configuration where firms move smultaneoudy. Thisisthe casewhen C(Q)= %qz .

In Wauthy (1996) the absence of any cogt for the investment in quality created exactly the opposite
Stuation. Contrarily to our case, there it existed a range for the parameter d, such that only the covered
configuration equilibrium was defined and an equilibrium there existed. Here, the equilibrium profits of the
low-qudity firm depends negatively on d, in both configurations, but the corner solution candidete is
defined for awider range of vauesfor d,, so that it aways creates an incentive for the low-qudity firm to
deviateif it hgppensto be in a covered configuration.

In any casg, it is noteworthy that the trandtion from uncovered market structures to covered ones is not
smooth. The nature of competition changes when the market is covered; in that case price competition

becomes a pure battle for market shares. No a priori condition should be imposed.

%2 The second inequality of (10) can in fact be rewritten as q £q, % . On this point, see also Lambertini and Ecchia

(1998).



4.5. The subgame perfect equilibrium

The andyss in subsections 4.2, 4.3 and 4.4 smply established that a subgame perfect equilibrium in
qudlities can exigt in an uncovered configuration or in a corner solution, and thet for a range of dy
(4.70<dy<10) both candidetes are defined. In order to find the subgame perfect equilibrium, however, we
il need to check whether one of the two players (or both) wants to deviate to another configuration, given
what the opponent does.

Congdering first (0,0 1), we can in fact prove that for some values of d, the high-qudity firm wants to

deviate to the corner solution. Given ¢ =.0482a?, this firm can fix

0482a

,2a-1_. p . 0482a% ,,
£ £ , 16

2-a WEZT3e (19
to maximize ph =p%(qy .9, ). This is indeed a profitable deviation if a<4.76. In particular if

2
4.72<d,<4.76, gf = p482a , whileif 4.70<d,<4.72 the optima devidion is an interior solution in the
a

interval (16). No other deviation is profitable for neither firms®, so in conclusion a subgame perfect
equilibrium exists in an uncovered configuration only if d,>4.76.

Considering the corner solution, we limit first our andysis to the case d,>4.73, so that of,. satidfies the first
part of (10) as an equality. Suppose for instance of 'y = of1/(4-34), so that of . =a/2 - 5/9. In this case, even
if the high-qudity firm has no incentive to deviate indde the configuration by setting an interior optimum,
some agebra shows that its profits are dways higher in an uncovered configuration, that is
PR =pw(dn.at ) >pPr(ay Oc) forany d,inthe rdevant interval®,

When 2<d,<4.73 a subgame perfect equilibrium may exist only in the corner configuration. However,
while there is no incentive to the low-quaity firm to deviate in the uncovered configuretion (even with

lespfrogging), when 4.72<d,<4.73 the high-qudity firm would find profitable to deviate in the uncovered

% So that condition (9) is satisfied. D stands for deviation. Note that for this deviation to be possible d,>4, but we are
clearly inthis case.

*Including |eapfrogging in another configuration.

% The same thing woul d happen if the first part of (10) would be set as an equality for the low-quality firm. In this case,

o= of(4-3a), where then of,;=2a/3 -4/9. Again, it happens that p ; =pi(qﬁ,qLD) >pf(qﬁ,qf) .
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configuration ~ with the optima choice of ofy which stisfies (5) gven oL

PR =Pw(ak At )>ph(ay ac)®. Inconduson:

Proposition 4 If d, >4.76 a unique subgame perfect equilibrium exists where both firms operate in an
uncovered market configuration. If 4.72<d,<4.76 no pure strategy subgame perfect equilibrium exigts. If

2<d,<4.72 a unique subgame perfect equilibrium exists with both firms operating in a corner solution. If

C(g)= %qz a subgame perfect equilibrium in a covered market configuration doesn't exists.

5 Weélfare analysis

The equilibrium in qudlities is dways suboptima. As we will see, the welfaremaximizing vaues (q,01)"
are dways gregter than the ones emerging from an "unregulated” equilibrium, even if it is not clear a priori
whether the socid optimum cdls for more or less qudity differentiation: the trade-off would be of course
between higher qudities and lower prices. It is important to notice, however, tha if the market
configuration is endogenous to the quality choice of the duopalidts, it is not obvious that the socid optimum
has to be found in the same market configuration of the equilibrium. To prove this point, we define the
socid optimum as the sum of consumer surplus and producer surplus (the latter being the sum of the two

firms profits); in other words:

PH - PL a 1
W:dH_thqLdt"'OH—pL tqy dt - E(qi +Qﬁ) (17)

- qu-adL

where s=p, /q, if the market is uncovered, otherwise s=a- 1. Prices are the usud ones emerging

from the Bertrand competition in the third stage of the game in a particular market configuration.’

? Finally, note that amonopoly can never be an equilibrium with quality dependent fixed costs.

A monopolistic firm in this market would always operate in an uncovered configuration. In fact, its total revenues,
TRy = p(a- p/qyw) , &e maximized in the third stage by py=aqu/2 and this brings a total market share strictly less than
one, as required. The quality choice in the second stage would be q,=a%4, but it exists an d,*>2 such that the low-
quality firm can profitably deviate and entering with positive profits in an uncovered situation if d,>d,* or in a corner
solution if 2<d,<d,*. On this point also see Ronnen (1991) and Wauthy (1996)

" \We are then considering the decision of a policy-maker who cannot control directly the price competition of the two
firms, but only quality investments.
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In order to find the socialy optimal market configuration for different values of d, we will follow a smilar
procedure to the one used for market equilibrium. First, we will find the welfare-maximizing choice of
qudities conditional on a particular market configuration. Second, we check if for particular intervas of
theindex d, more than one socidly optimal couple of quditiesis defined. Third, if this happens we compare
the total welfare of these two or more vaues to define the socidly optima couple of qualities.

For al market configurations, the maximization problem is the following?:

maxW =W(d, d,,)

qLau

st. 1) g,>q,30
2) py.p *0

In the uncovered configuration, congtraint (2) is actualy binding for the low-qudity firm, so that p"" =0%.
The socidly optimal choice would then be (0 1=.378597 , ", =.10443a?). Notice that both qualities
are higher than in the uncovered equilibrium; however, ther raio d, decreases. Since W_L,W_H >0, the
q ™q

welfare optimum requires, as expected, higher qudities but lower differentiation, in order to make price
competition tougher in the third stage. The resulting maximized welfare becomes:

W+=.080821a". (18)

This solution however is defined only if (5) is stidfied, thet isif d,25.14. When d, is lower, a policy-maker
needs to maximize socid welfare in another market configuration. If the market is covered, wdfare

becomes:

'5a2qL +14aq|_ B 8q| +5a2qH +4aqH - Ay
18

- 2(@ +a) (19)

where the sum of the firgt three terms of the numerator is negetive for d,> 2, implying that the principle of
maximum differentiation for the low-qudity firm [eq.(13)] holds here too. In this case
q" = (5a%+4a-1)/18> g * , (20)

and while the distance is obvioudy congtant, both qualities increase. The resulting maximized welfare is

% In other words, the social optimum is defined as the couple (g, ")) that maximizes social welfareif in thefinal stage
of the game, price competition is unregulated.
-gu0, - 2 +1295 1
HL L zq-l_z(q_Z_l_qﬁ)
(4qH - q_)

? The welfare function in this case isW+= %anH
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- 591a’ + 288a- 330a° + 175a° - 35+ 50° + 459a*

W
648(2a- 1)2

(21)

However, condraint (2) isnot binding for the low-qudity firm only when d,£ 2.42. Otherwise, the socialy
optimum qudity choice becomes (0w =2(2a-1)(a-1)/3, d¥". =(6a-4-2ad)/3) and the resulting
maximized wdlfare function is

" -5a* +8a® - 35a° +2la- 5
W _-5a a a 22)
p**LZO 9

A possible socid optimum is also available in the corner solution. In this case, we are unable to obtain a
closed form solution for ("<, q"“y); however, it is dways optimal for a socia planner to set p©.=0. In
other words,

1- a+q; 30
a’-3a+2+qg°

ofn= i (23)

At its turn, condition (23) implies that there might be values of d, such that condition (10) will not be
satidfied at the optimum, otherwise prafits for the low-qudity firm would become negetive again. In fact, it
IS just a mater of dgebra to show that a possble socid optimum is in fact defined only when
2.47<d,<5.15,

Findly, comparing tota welfare in (18), (21) and the one for the corner solution for the range of d, such

that more than one possible socid optimum is defined, we reach the following conclusion:

Proposition 51) if d,>5.15, asocid optimum is defined in both covered and uncovered configuration. The
uncovered market configuration will offer a greater totd surplus; ii) if 5.14<d,<5.15, a socid optimum is
defined in dl configurations. The corner configuration will offer a greater surplus; iii) if 2.47<dy,<5.14, a
sodid optimum is defined in both covered and corner configuration. The corner solution will offer a greater
totd surplus; iv) if 2.42<d,<2.47, asocid optimum is defined only in the covered configuration and both

firms enjoys pogitive profits, v) if 2<a<2.42 a socid optimum is defined only in the covered configuration

% See the expression for TR, at the beginning of section 3.
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and the profits for the low qudity firm are equa to 0. Also, the unregulated equilibrium configuration

doesn't dway's correspond with the welfare-maximizing market configuration.®

6 Conclusions

In our analyss we investigated the existence of a pure-strategy subgame perfect equilibrium in a verticaly
differentiated duopolies with fixed costs of quality improvements. Contrarily to the andysis conducted by
Wauthy (1996), where firms produce a no cog, the high-qudity firm has now an incentive to decresse
qudity in order to reduce production costs and/or increase its market share. Hence, a pure-strategy
subgame perfect equilibrium may fal to exist. This fact was ds0 recognized by Lambertini and Ecchia
(1998), who assumed variable costs for qudity improvements.

In this aspect, dso models of vertica differentiation with the finiteness property suffer from a problem of
non-existence of the equilibrium in pure strategies, smilarly to what hgppens with horizontaly differentiated
duopolies.

However, differently from that contribution, the degree of convexity of fixed qudity production codsin the
relevant parameter space doesn't prevent a unique equilibrium with a corner solution to exist. What
disgppears, given our assumption on fixed codts, is a subgame perfect equilibrium in which the market is
fully covered.

Findly, we showed that modds with vertica differentiation should be carefully used for policy analyss. The
welfare comparison between the equilibrium and the socid optimum should be performed without assuming
ex-ante a full or partid coverage of the market. For some parameter range, the socialy optima

configuration doesn't coincide with the one emerging in the unregulated equilibrium.

% For instance, when 5.14< d,<5.15 the unique market equilibrium is in the uncovered configuration, while the social
optimum isin the corner solution. Also, whena<2.47 the equilibrium isin the corner solution, while the socia optimum
is maximized in acovered configuration.
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