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ABSTRACT

In this dissertation we first study Cramér type moderate deviation for partial sums of ran-
dom fields by applying the conjugate method. In 1938 Cramér published his results on large
deviations of sums of i.i.d. random variables after which a lot of research has been done
on establishing Cramér type moderate and large deviation theorems for different types of
random variables and for various statistics. In particular, results have been obtained for in-
dependent non-identically distributed random variables, for the sum of independent random
variables with p-th moment (p > 2) and for different types of dependent random variables.
In this work we establish Cramér type exact moderate deviation theorem for random fields.
We then show that obtained results are applicable to the partial sums of linear random fields
with short or long memory and to nonparametric regression with random field errors. We
also show that the result for linear random fields can be applied to calculate the tail prob-
ability of partial sums of various models such as the autoregressive fractionally integrated
moving average FARIMA(p, 3, q) processes. The results can also be used to approximate
the risk measures such as quantiles and tail conditional expectations of time series or spacial
random fields.

We also study the mutual information estimation for mixed-pair random variables.
One random variable is discrete and the other one is continuous. We develop a kernel method
to estimate the mutual information between two random variables. The estimates enjoy a
central limit theorem under some regular conditions on the distributions. The theoretical

results are demonstrated by simulation study.
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1 INTRODUCTION

1.1 MODERATE AND LARGE DEVIATIONS

Let Xy, Xs,... X,,,... be a sequence of independent random variables and let S,, =
X1 + X5 + ... + X,, be the sum of first n variables. Let i, = ES, and B? = var(S,) =
var(Xy)+var(Xs)+...4var(X,) be the expectated value and the variance of S,,, respectively.
The sequence {X,,} is said to satisfy the Central Limit Theorem if for any z;, 2z, € R

lim P(z1B, < S, — pin < 22Bp) = ®(22) — P(21),

n—oo

where ®(z) is the cumulative distribution function of standard normal distribution. In 1887
Chebyshev presented a wide class of conditions under which the Central Limit Theorem
holds. His theorems have then been refined by Markov and got their quite complete forms in
the works of Bernstein and Feller. In case z, unlimitedly grows as n — oo the accuracy of the
approximation of P(S, — u, > z,B,) under the conditions of Central Limit Theorem may
be quite small. The correction multipliers necessary for increasing the accuracy were first
presented in the Cramér’s theorem on large deviations ([9]). Let us consider an example that
shows how the typical result from this field looks like. Suppose that the random variables
X1, Xo,... X,,... all have expected value equal to zero and variance equal to 1. We then

have that u, = 0 and B,, = \/n. Then the probability of

Sy > zpv/n



is equal to 1 — F,(z,), where F,(z) is the cumulative distribution function of S,,/y/n. For
fixed z,, = z we have that

lim 1 — F,(z) > 1—®(2).

n—oo

If z,, depends on n and z,, — 0o as n — oo then we have that 1—F,,(z,) — 0and 1-®(z,) — 0
so that the above formula becomes useless. Thus, in this case we need estimations for the
relative accuracy of the approximation, that is, we need to estimate the ratio of 1 — F,,(z,)
to 1 — ®(z,). In particular, the following natural question arises: under which condition we

have that
1— Fo(zn)
1—®(z,)

—1 (1.1.1)
as z, — oo? This relation holds for any rate of growth of z, only in the case when all the
summands follow the normal distribution. In case the summands are not normal, that rela-
tion will hold only in the certain zones that have order not exceeding y/n. The "narrowest”
zones (those of logarithmic order) are obtained under the condition of existence of certain
moments. The extension of the logarithmic range to the order n®, a < 1/2, requires some
additional assumptions on the moments and the coincidence of certain number of moments
of X (that number depends on @) with the corresponding moments of normal distribution.
If those asumptions are not satisfied then the expression in the left side of is described
in terms of the Cramér series under the condition that the random variable has moment
generating function in a neighborhood of the origin. This condition has been referred to as
the Cramér’s condition.

Crameér’s results on moderate and large deviations have been then refined and devel-
oped by [49], [50], [51], [56], [2] and others. Moderate deviation theorems were also obtained
for various statistics such as U-statistics (e.g. [41]), L-statistics (e.g. [65]), M-estimators
(e.g. [31]) and rank statistics (e.g. [59]). However, the exact moderate deviation for random

fields under Cramér’s condition has not been well studied. These motivate us to focus on



establishing exact moderate deviation for random fields under Cramér’s condition in this

dissertation.

1.2 ENTROPY AND MUTUAL INFORMATION

Information theory studies the quantitative laws related to the transferring, storage
and processing of information. Information theory focuses on determining the average infor-
mation transfer rate and solving the problem of maximizing that rate by applying appropriate
coding. In order to address these questions, we should first establish a universal quantitative
measure of information which should be independent of the specific physical nature of the
transmitted messages. When we receive a message about certain event our knowledge of
that event changes as we get some information about that event. Note that if the received
message concerns a well-known event then, obviously, it does not carry any information. In
contrast, if the message concerns a little-known or an unknown event then it carries a lot of
information. Thus, the amount of information in a message about a certain event essentially
depends on the probability of this event. This is the reason that the probabilistic approach
lies in the basis of determining the measure of the amount of information. The measure
of the amount of information is based on the concept of entropy. Entropy is a measure of
the degree of uncertainty about the state of system (a random variable) X. What does
uncertainty mean and how to measure it? Let us consider the following example. Suppose
that we have two system: the first system is a die which has 6 states and the second system
is a coin that has 2 states. The question is which system’s state is harder to predict or, in
other words, which system has more uncertainty? The natural answer is that the first system
has more uncertainty which shows that the degree of uncertainty of the system depend on
the number of its possible states. However, that number is not the unique characterstic of
uncertainty. Let us consider two coins, say C; and C5, both having 2 possible states: tails
(T) and heads (H). Suppose that P(C; =T) = P(Cy = H) = 0.5 while P(Cy =T') = 0.999

and P(Cy = H) = 0.001. Obviously, the uncertainty of those two systems are different. The



first system has much more uncertainty comparing to the second system which is almost
always in the state T'. Thus, we see that the degree of uncertainty is also determined by the
probabilities of the states of the system. Information theory suggests entropy as a measure
of uncertainty. The entropy of a discrete random variable X € R? with the support set X

and probability mass function px(x), abbreviated as p(x), is defined to be

==Y p(z)logp(x

reX

Given two discrete random variables X and Y | taking values in X and ), we denote
their joint probability distribution as pxy(z,y), which is abbreviated as p(z,y), and the
conditional probability distribution for the variable y given z as py|x(y|x), abbreviated as
p(y|z). The conditional entropy H (Y |X) is defined as the entropy of the law py|x(y|z) =

p(y|x), averaged over x:

H(Y|X) ==Y px))_ plylz)logp(y|z)

reX yey
==Y > p(@)p(yle) log p(y|x) (1.2.1)
reX yey
= —> > plx,y)logp(y|z)
TeEX yey

The joint entropy

==Y plz.y)logp(z,y)

TeX yeY
of the pair of random variables X and Y can then be written as the entropy of X plus the

conditional entropy of Y given X:

H(X,Y)=H(X)+H(Y|X).



Analogously, the (differential) entropy of a continuous random variable X € R? with

probability density function f(z) is defined as

H(X) =~ | f(w)log f(a)dz

and the (differential) conditional entropy of two continuous random variables X and Y with

joint probability density function f(x,y) is defined as

HY|X)=— - f(z,y)log f(y|x)drdy.

The joint entropy is again defined to be H(X,Y) = H(X) + H(Y|X).

When we get a message about some system the uncertainty of that system reduces.
If everything is known about the system, then there is no point in sending a message. For
example, if we receive a message that Paris is the capital of France, then we will not receive
any information because we already knew that. But if we get data about unknown system,
then we get relevant amount of information and the more uncertain the state of the system
is the greater amount of information we will receive. Therefore, the amount of information
is measured by a decrease in entropy.

Now suppose that we have two random variables X and Y both of which are either
discrete or continuous. The (mutual) information that the variable Y contains about the
variable X (and vice versa) is defined to be the amount of reduced entropy of X after

observing Y. Analytically this is written as
I(X,)Y)=H(X)—- HX|Y).
Using the formula of joint entropy we can rewrite the mutual information as

I(X,)Y)=H(X,Y) - HY|X) - HX|Y) = HY) - HY|X),



which shows that the mutual information 7(X,Y’) measures the reduction in the uncertainty
of one of the variables due to the knowledge of the other variable, and is symmetric in X
and Y.

Another important concept of information theory that is closely related to the con-
cepts of entropy and mutual information is the so called relative entropy which is also known
as the Kullback-Leibler divergence. Given two probability distributions p(z) and ¢(z) over

a discrete random variable X, the relative entropy is defined to be

= x)lo p(z)
D(pllq) —;p( )1 B oa)

As the definition suggests, the relative entropy is defined only if for all z € X, g(z) = 0
implies p(x) = 0 and in that case the convention Ologg = 0 implies that the correpsonding
summand is equal to zero. Similarly, if the probability distributions are given over continuous

random variable then the relative entropy is defined to be

D(pllq) = /_OO p(x)log %dm,

where p(z) and ¢(x) are the corresponding probability density functions. Relative entropy is
a measure of how one probability distribution is different from a second, reference probability
distribution. It is not symmetric, namely, D(p||q) = D(g||p) is not necessarily true, however,
D(p||q) is always non-negative and it is equal to 0 if and only if the laws p and ¢ are identical.

The following formula shows the connection between the mutual information and the relative



entropy.

I[(X,Y)=H(X) - HX|Y)

== p(x)logp(z) + > > pla,y)logp(zly)

TEX zeX yey
==Y plx.y)logp(x)+ > > pla,y)logp(zly)
zeX yeY | ) zeX yeY (122)
S I
reX yey
= 5= S sl tog F
zeX yey LIy

= D(p(x,y)||p(x)p(y)).

The estimation of mutual information for the cases when the random variables X and

Y are either both discrete or both continuous have been studied by many mathematicians,
g, [34], [63], [40]; [, 271, [22], [23] [36], [37], [7].

However, there are only couple of results about the estimation of mutual information

of the mixed pair of random variables, where the first random variable is discrete and the

second one is continuous. This motivate us to focus on estimating the mutual information

of the mixed pair of random variables in this dissertation.

1.3 ENTROPIES IN THE THEORY OF LARGE DEVIATIONS

In previous two parts we presented the main definitions and concepts of two quite
broad fields of probability theory and statistics, namely, the theory of moderate and large
deviations and the information theory, which are the main topics of this dissertation. In this
part we will present the well known Sanov’s theorem which can be thought of as one of the

bridges that connects those two fields.



For a given sequence X7, X, ... of independent and identically distributed random

variables with mean 1 and variance o2 < oo let
L()\) = logE e
be its cumulant generating function and assume that

L(\) <oo forall A € R. (1.3.1)

If, as before, we denote by S, = X; + X5 + ... + X, the sum of first n variables then the

following theorem holds:

Theorem 1.3.1 (Cramér’s theorem). If the sequence X, Xo, ... satisfies then for any

x > pu we have

1 1
lim —logP{—Sn > x} = —L*(x),
n—oo N, n

where L* given by

L'(x) = sup {;x — L)}

is the Legendre transform of L.

Note that for the case X; ~Bernoulli(p) we have that L()\) = log(pe* + (1 — p)) and,

therefore, for 0 < z < 1

1—
L*(x) :xlogz—k(l—x)log 1 ’
p

which is the relative entropy of (x,1 — x) with respect to (p,1 — p).

Theorem 1.3.2 (Moderate deviation principle). Under the assumptions of Theorem

for any sequence a,, with \/n < a, < n we have that for all x > 0

2
n x
nlggo a2 log P{Sn un > man} 52



Let us now see how the definition of a function L*(z) can be generalized to cover the
setting where a sequence X, X, ... is from some metric space M and we are interested in

events of the type {X,, € A} where A C M is a Borel set.
Definition 1.3.2. Fiz a metric space M. A function I : M — [0, 00] is called

e a rate function if it is lower semicontinuous, which means that the level sets {x € M :

I(z) < a} are closed for any a > 0;
e a good rate function if the level sets are compact for any a > 0.

Definition 1.3.3 (Large deviation principle). A sequence of random variables X, Xs, ...

with values in a metric space is said to satisfy a large deviation principle with
e speed a,, — oo and

e rate function I,

if, for all Borel sets A C M,

1
limsup—logP{Xn € A} < — inf I(z),

n—oo Qp reCclA

1
liminf—logIP’{Xn € A} > — inf I(x).

n—oo  Q, r€intA

Thus, the above Cramér’s theorem basically says that %Sn satisfies large deviation
principle with speed n and good rate function L* while the moderate deviation principle says
that for any sequence \/n < a, < n the random variables S"a;n’m satisfy a large deviation

22

principle with speed a2 /n and good rate function I(z) = 35;.

Now suppose that we are given a sequence X, X, ... of independent and identically
distributed discrete random variables having finite support X and we want to find the fre-

quency of a given x € X among the first n samples. Then, by applying Cramér’s theorem,



for any 0 < a < 1 and z € X we can find the rate of decay of

P{%il{x} _ 2} > a}.

i=1

However, Cramér’s theorem cannot be applied in case when we want to find the frequency

of more than one symbol, like

1 n n

1
- 1Xz: > s T ]-Xz: Zb, 7b>0, b<1, y GX
{nz { x}_anz { x} } a a+ z,y

i=1 i=1

Such situations can be handled by applying the Sanov’s theorem which deals not with the

partial sum S, of first n variables but with their empirical measure

n

5¥() = 31X = 1)

=1

interpreted as a random element of the space M (X) of probability measures on X endowed
with the metric inherited from the embedding into RI*! given by the mapping p +— (u() :
r e X).

Theorem 1.3.3 (Sanov’s theorem). Assume that Xy, X, ... are i.i.d. random variables
taking values in a finite set X and denote by p € My(X) their distribution. Then the
empirical measures 6 () satisfy a large deviation principle on the metric space M;(X)

with speed n and good rate function J given by the relative entropies

szDwm=wamﬁg

More details and proofs of theorems presented in this section can be found in [43]

10



1.4 OVERVIEW

1.4 Contribution of the dissertation

The contribution of this dissertation is as follows:

e We established exact moderate deviation for random fields under Cramér’s condition.

e We applied our results to linear random fields with short or long memory, to non-
parametric regression analysis as well as to approximation of the quantiles and tail
conditional expectations for the spartial sums of linear random fields

e We gave an estimation for the mutual information of the mixed pair of random variables
where one of the variables is discrete and the other one is continuous.

e We conducted simulation study to confirm the theoretical results.

1.4 Dissertation Structure

The structure of this dissertation is organized in the following way. In chapter 2 we
obtain Cramér type moderate deviation theorem for random fields and present its applica-
tions. In chapter 3 we study the estimation of mutual information for mixed-pair random

variables and conduct simulation study to illustrate the theoretical results.

11



2 CRAMER TYPE MODERATE DEVIATIONS FOR RANDOM FIELDS

2.1 INTRODUCTION

In this chapter we study the Cramér type moderate deviations for random fields, in
particular linear random fields (often called spatial linear processes in statistics literature)
with short or long memory (short or long range dependence). The study of moderate devi-
ation probabilities in non-logarithmic form for independent random variables goes back to
1920s. The first theorem in this field was published by [32] who studied a particular case of
the Bernoulli random variables. In his fundamental work, [9] studied the estimation of the
tail probability by the standard normal distribution under the condition that the random
variable has moment generating function in a neighborhood of the origin (cf. below).
This condition has been referred to as the Cramér condition. Cramér’s work was improved
by [49] (see also [51], [52]). Their works have stimulated a large amount of research on
moderate and large deviations; see below for a brief (and incomplete) review on literature
related to this chapter. Nowadays, the area of moderate and large deviation deviations is
not only important in probability but also plays an important role in many applied fields,
for instance, the premium calculation problem, risk management in insurance (cf.[3]), non-
parametric estimation in statistics (see, e.g., [6], [64], [29], [30]) and in network information
theory (cf. [38], [39]).

Let X, X7, Xs,--+ be a sequence of independent and identically distributed (i.i.d.)

random variables with mean 0 and variance 0. Let S, = >_}_, X (n > 1) be the partial

12



sums. By the central limit theorem,

lim sup |P(S, > zov/n) — (1 — ®(z))| =0,

n—oo zeR

where ®(z) is the probability distribution of the standard normal random variable. If for a

suitable sequence c¢,,, we have

lim  sup P(S, > xoy/n)

—1| =0, 2.1.1

or P(S,, > xzoy/n) = (1 — ®(z))(1 + o(1)) uniformly over z € [0, ¢,], then Eq. is
called moderate deviation probability or normal deviation probability for .S,, since it can
be estimated by the standard normal distribution. We refer to [0, ¢,] as a range for the
moderate deviation. The most famous result of this kind is the Cramér type moderate
deviation. Under Cramér’s condition, one has the following Cramér’s theorem ([9], [49], [51],

[49], p.218; or [52], p.178): If x > 0 and x = o(y/n) then

P(S, > xzx/m — exp {j—;%i)} [1 L0 (x\;%lﬂ . (2.1.2)

Here \(z) = > o, ckz" is a power series with coefficients depending on the cumulants of
the random variable X. Eq. provides more precise approximation than which
holds uniformly on the range [0, ¢,] for any ¢, = o(y/n). The moderate deviations under
Cramér’s condition for independent non-identically distributed random variables were ob-
tained by [13],[49] and [61]. The Cramér type moderate deviation has also been established
for the sum of independent random variables with p-th moment, p > 2. To name a few, for
example, see [56], [44], [45], [42], [60], [2], and [14]. It should be pointed out that the ranges
the moderate deviations in these references are smaller (e.g., ¢, = O(y/logn)).

The Cramér type moderate deviations for dependent random variables have also

been studied in the literature. [16] and [25] studied the moderate deviation for m-dependent

13



random variables. [I7], [4] studied moderate deviation for mixing processes. [18], [19], [20]
and [I2] investigated the large and moderate deviations for martingales. [5] established
moderate deviation results for linear processes with coefficients satisfying » >°, i|a;| < oo.
[67] studied moderate deviations for stationary processes under certain conditions in terms
of the physical dependence measure. But it can be verified that the results from [67] can only
be applied to linear processes with short memory and their transformations. Recently [47]
studied the exact moderate and large deviations for short or long memory linear processes.
[57] studied exact moderate and large deviations for linear random fields and applied the
moderate result to prove a Davis-Gut law of the iterated logarithm. Nevertheless, in the
aforementioned works, the moderate deviations are studied for dependent random variables
with p-th moment, p > 2. The exact moderate deviation for random fields under Cramér’s
condition has not been well studied. For example, the optimal range [0, ¢,| and the exact
rate of convergence in had been unknown in the random field setting.

The main objective of this part is to establish exact moderate deviation analogous
to for random fields under Cramér’s condition. Our main result is Theorem [2.2.1]
below, whose proof is based on the conjugate method to change the probability measure
as in the classical case (see, e.g., [50], [51]). The extension of this method to the random
field setting reveals the deep relationship between the tail probabilities and the properties of
the cumulant generating functions of the random variables such as the analytic radius and
the bounds, for z within some ranges related to the sum of the variances and the analytic

radius of the cumulant generating functions of these random variables. Compared with the

results in [57] for linear random fields, Theorem [2.2.1) and [2.3.1|in this chapter provide more

precise convergence rate in the moderate deviations and explicit information on the range
0, ¢,], which is much bigger than the range in Theorem 2.1 in [57]. In this chapter we use
the following notations. For two sequences {a,} and {b,} of real numbers, a,~b, means
an /by, — 1 as n — 00; a, x b, means that a, /b, — C as n — oo for some constant C' > 0;

for positive sequences, the notation a, < b, or b, > a, means that a,/b, is bounded.

14



For d,m € N denote I'Y, = [—m, m]? N Z%. Section gives the main results. In Section
[2.3] we study the application of the main results in linear random fields and nonparametric

regression.

2.2 MAIN RESULTS

Let {X,;, n € N,j € Z%} be a random field with zero means defined on a probability
space (£, F, P). Suppose that for each n, the random variables X,,;, j € Z? are independent
and satisfy the following Cramér condition: There is a positive constant H,, such that the

cumulant generating function
Lynj(z) =logEe* i of X,; is analytic in D,, (2.2.1)

where D,, = {z € C: |z| < H,} is the disc of radius H,, on the complex plane C, and log
denotes the principal value of the logarithm so that L, ;(0) = 0.

Without loss of generality we assume in this section that limsup H,, < oo. Within
n—oo

the disc {z € C: |z| < H,,}, L,; can be expanded in a convergent power series

o

Lnj(’z) = ’YZ:'W Zka
k=1

where 7g,; is the cumulant of order k£ of the random variable X, ;. We have that v,;, =
EX,; = 0 and v2,; = Eng = Jflj. By Taylor’s expansion, one can verify that a sufficient
condition for (2.2.1)) is the following moment condition

m)
—0

EX| < 5

szz’m for all m > 2.

This condition has been used frequently in probability and statistics, see [51] p.55, [28] p.64,
[54] p.301, [68] p.164, among others.
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Denote

Sn:Zan7 mn— Zana

jezd jerd,

B,=> o0},  Fyx)=P(S, <z\/B,)

jezd
and assume that S,, is well-defined and B,, < oo for each n € N. The following is the main

result of this chapter.

Theorem 2.2.1. Suppose that, for alln € N and j € Z¢, there exist non-negative constants

Cnj such that

|Lnj(2)| < cnj, VzeCuwith|z| < Hy, (2.2.2)

and suppose that B,H?> — 0o as n — oo, and

Coi= Y cnj=O(B,HY). (2.2.3)

jezd

If >0 and x = o(H,\/B,,), then
1—Fu(z) x? x+1
1_—q)<x)—exp{H T ( \/_)}<1+O<I£L—\/B_n>>’ (2.2.4)
F(—z) _ a® x z+1
i =l Com)(e(iE)) e

= Z /Bkntk
k=0

is a power series that stays bounded uniformly in n for sufficiently small values of |t| and

where

the coefficients Bi, only depend on the cumulants of X,; (n € Z,j € 7).
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Proof. Since 71,; = 0, the cumulant generating function L,;(z) of X,,; can be written as

(e 9]

Lug(e) = logE e = 3~ ot
k=2

Cauchy’s inequality for the derivatives of analytic functions together with the condi-

tion ([2.2.2)) yields that

(2.2.6)

By following the conjugate method (cf. Petrov (1965, 1975)), we now introduce an
auxiliary sequence of independent random variables {Ynj}, j € Z4, with the distribution

functions

an(x) = eL"j(Z)/ edV,;(y),

—00

where V,,;(y) = P(X,,; < y) and z € (—H,, H,) is a real number whose value will be specified

later.
Denote
— ~ —2 — 2
mnj:Ean, Onj—E(an—mm) N
Sm,n: g an7 Sn: § any
jerd, jezd
T — 5] —2
M, = g Mo s B, = g T i
jEZA jeZ
and

F,(z) = P(S, < M, + 21\/ B,,).

Note that, in the above and below, we have suppressed z for simplicity of notations.
We shall see in the later analysis that the quantities S,,, M,, and B,, are well-defined for

every n and z € R with |z| < aH,,, where a < 1 is a positive constant which is independent of

17



n. Throughout the proof we will obtain some estimates holding for the values of z satisfying
|z| < bH,, where the positive constant b < 1 may vary but is always independent of n.
We will then take a to be the smallest one among those constants b. The selection of the
constants does not affect the proof since the z = z,, we need in the later analysis has property
z=0(H,).

Also, the change of the order of summation of double series presented in the proof is

justified by the absolute convergence of those series in the specified regions.
Step 1: Representation of P(S, < z) in terms of the conjugate measure

First notice that by equation (2.11) on page 221 of Petrov (1975), for any m € N, we have

P(Spn < 1) = exp{ > Lnj(z)} / ' e AP (S0 < y). (2.2.7)

. — 0o
jerg,

Note that the condition (2.2.3]) implies that C,, < co,n € N. From ({2.2.6)) it follows that for

any w with |w| < 2H,, and for any m € N we have

me\: Y ey
jerd, jerd k=2 k
h/kn‘y‘
< JEZF; ;

(2.2.8)

18



Therefore, for any v with |v| < $H, and z with |z| < $ H,,

Eexp{vS,.} = H Eexp{vX,;}

jerd.

H / vxdvn] H / nj(2) ezxdvnj (ZE)

d - d -

e ~ e (2.2.9)
= H e_L’ﬂj(z)/ (v+2) den] H e Ly (2) L,,Lg(’U'i‘Z)

jerd, —oo jerd.
— exp ( Z[Lnj(v +z) — Lnj(z)]) < 00, as m — 00.

jez

Hence, S, is well-defined and ?myn converges to S, in distribution or equivalently in proba-

bility or almost surely as m — oo.

For the z in P(S, < ), let f(y) = exp{—2y}1{y < x} and M > 0. By Markov’s

inequality, we have

E{ fmn)1{1 (Sma)| > M} }

<E { exp{—2S . 1 1{exp{—2Sn} > M}}

1

< { {exp{—Qz?m,n}}} ) {E {1{exp{—2§m,n} > M}}}

1
2

Jerd,
1
:L[He_[/m’(z Lnj( :| |:H€ nj Lnj( :|2
M jerd, jerd,

Hence, by ([2.2.8]) we have that for |z| < %Hn,

lim_ 1im sup E { £ (S0 {1 (S| > M} } =

M—00 moo
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Applying Theorem 2.20 from van der Vaart (1998), we have

/ e AP(Sn < y) — / e dP(S, <)

—00

as m — oo. And taking into account that

P(Smn <x)— P(S, <x)

and

exp{ > Lnj(z)} — exp{ > Lnj(z)}

jerd, jeZ

as m — oo we obtain from ([2.2.7) that

P(S, < 7) = exp{ 3 Lnj(z)} / " e ap(S, < y). (2.2.10)

jezd -

Step 2: Properties of the conjugate measure

From the calculation of (2.2.9) it follows that the cumulant generating function L,;(v) of

the random variable X,,; exists when |v| is sufficiently small and we have
Lj(v) = —Lyj(2) + Lnj(v + 2), (2.2.11)

j € Z%. Denoting by Viknj the cumulant of order & of the random variable X ,;, we obtain

7 o [dkzm(v)} _ dkLn](Z)
knj dvk  Ju=0 dzF

Setting k£ = 1 and k = 2 we find that

dLn' - nj
Ty = J(Z):Z Teng_e-1 (2.2.12)
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and

27, . ad .
2 _ TLy(2) _ 3 g =2 (2.2.13)

Hence, for |z| < %Hn, 2.2.12) imples

3] = | X | =

jEZ’i jEZd k=

klc, 3 3C,
_ZZ CJ’Z’ ]SFHZCW:E’

JEZL k=2 Hy jezd

(2.2.14)

which means that M, is well-defined and, as a function of z € C, is analytic in |z| < 1 H,.

Also, without loss of generality, we assume that

lim sup B ;[2 <1 (2.2.15)

By the definition of M,, and (2.2.12)), we have

_ZZ%"JJFZZ %m L1

jezZ ]EZd k= 3

(2.2.16)

It follows from ([2.2.6)) that

-2

00
2 : ’)/knj
k=3
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for |z| < by H,, and a suitable positive constant b; < 1 which is independent of j and n. This

together with (2.2.16) implies that for |z| < by H,

C, — C,
— )< < .
2A(B - ) < IVl < ol (Bt 52

Taking into account the condition (2.2.15)), we get that
M, « |z|B,. (2.2.17)

Moreover, (2.2.16) implies that for |z| < 1 H,,

|k1

M, ZB\<ZZ]”W |2
jEde3 Hy

e k—3 8 QCn

ZZ ”9]_]|k3— |Z]_|I7?{ )

€74 k=3

(2.2.18)

Also, by the definition of B,, and ([2.2.13), we have

Z%W i Z Z ana L2

jeza jezd k= 3

o B + Z Z ’Yk‘nj k_Q

jJEZI k= 3

(2.2.19)

It follows from ([2.2.6)) that

i fy;m] > klen; |2]F2 Cnj
=2 HE (k—2) = 21
k:3 =3

for |z| < beH, and a suitable positive constant by < 1 which is independent of j and n. This

together with (2.2.19) implies that for |z| < byH,,, B, is well-defined and




Condition ([2.2.15)) then implies that
B, x B, (2.2.20)

Furthermore, (2.2.19) and (2.2.6) imply that for |z| < $H,,

Z Z k'an |Z|

ezd k=3
< 2 |Z| Z Zk ﬁ (2.2.21)
]EZd k=3 n
28|z|C,
ST
Step 3: Selection of z
Let z = z,, be the real solution of the equation
M,
= 2.2.22
v == ( )
and let
x
t=t, = . 2.2.23
T B ( )
Then
Mn 1 = ')/knj _
'~ B~ IE. Z Z (2.2.24)
jezd k:?

By (2.2.14)) we know that If‘/[—B is analytic in a disc |z| < 1H,, and

<
nl T HEB,
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in that disc. It follows from Bloch’s theorem (see, e.g., Privalov (1984), page 256) that
(2.2.24]) has a real solution which can be written as

2=t (2.2.25)
m=1

1] < 1+3Cn_ 30, \*
2 ' H2B, H2B, )

Moreover, the absolute value of that sum in (2.2.25]) is less than %Hn. Condition ([2.2.3)

implies that there exists a disc with center at ¢t = 0 and radius R that does not depend on

n within which the series on the right side of ([2.2.25)) converges.
It can be checked from ([2.2.24]) and ([2.2.25)) that

H2
a1, = H,, and ay, = — B” Z V3n- (2.2.26)

2
JELe
Cauchy’s inequality implies that for every m € N,

Hy,
2R™’

|mn| <

Therefore, as t — 0, ay,t becomes the dominant term of the series in ([2.2.25). Hence, for

sufficiently large n we have
1
§tHn < z<2tH,, z=o0(H,)

and taking into account ([2.2.23)) we get

(2.2.27)

[\
g
3
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It follows from (2.2.8) and (2.2.14)) that for z < 3 H,,

(zM E ‘ %'CJF ¢, < 3,

jezZd

For the solution z of the equation ([2.2.22)) we also have

o0

— ’Yknj Vnj k
eMy =) Luj(z Z =22
jezd ]ede 2 jezd k=2
-y y e zamntm)
JEZ k=2 m=1
Yon; - 2.2.98
= 3 Bt =3 bt 2229
jezd =
HQB t2 H2B t3 Z k—3
2 H?B
H?B,t?
= ”T — H2B,t3)\, (1),

where A\, () = Y pe Bpnt” with By, = bierayn (HZB,) ™

Recall that the series Z | Gmnt™ converges in the disc centered at ¢ = 0 with radius
R > 0 that does not depend on n, and the absolute value of this sum is less than %Hn. We
see from that the function A, (¢) is obtained by the substitution of >°_| @,,,t"™ in a

series that converges on the interval (— Hn, 2H ). It follows from Cauchy’s inequality that

3C, 3
H2B Rk+3 — Rk+3’

which means that for [¢| < 3R, \,(t) stays bounded uniformly in n. In particular, by (2.2.26)

and ([2.2.28)), we have [y, = (%; ZjeZd Vang-
From now on we will assume that z is the unique real solution of the equation ([2.2.22)).
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Step 4: The case 0 <z <1

Now we prove the theorem for the case 0 < x < 1 using the method presented in Petrov
and Robinson (2006). Throughout the proof, C' denotes a positive constant which may vary
from line to line, but is independent of j,n and z. If f,(s) is the characteristic function of

Sn/v/ B, we then have that for |s| < H,v/B,,/2

fuls) = / ¢1dP(S, < uy/B,)

= [ evap(s, <y

— e { 3 Lfis/ VB |

jezd

Then

log fuls) = Y, Lus(is/VB.) = D > ”,’j;j (is/\/B,)"

jezd jezd k=2

:_27271] Q/B_f_ZZ'}/kn] —82/2—#227]67] /\/_k

jeza jezd k=3 JEZL k=3

Thus, using we get that for |s| < 0H,\/B, /2, with 0 < § < 1,

g ) 47721 = 5 Y (0 ) < () 00

j€Z4 k=3
Then, for appropriate choice of 9 we have that

6‘32/4|S|3(7n 6462/4|8|3

<C ,
HiVB, — HiB.

fuls) — e < C
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for |s| < 0H,v/B,/2. Now applying Theorem 5.1 from Petrov (1995) with b = 1/7 and
T = 6H,\/B,/2 we get that

sgp |F(x) — ®(2)| < (2.2.29)

Since 0 <z < 1, B,H? — 0o as n — oo, and A"(HK/BT) is bounded uniformly in n,

we have

exp{H\/_ (HV_>} 1+ O(H; ' B;Y?).

Together with condition (2.2.3), to have (2.2.4)) in the case 0 < z < 1, it is sufficient to show

11_—?8 - ”O(Hn(jB—n)’

which is given by (2.2.29)), since 1/2 < ®&(z) < ®(1) for 0 <z < 1.

So we will limit the proof of the theorem to the case x > 1,z = o(H,/By,).
Step 5: The case x > 1, x = o(H,\/B,)

Making a change of variables y ~» M, +y+/B,, and applying (2.2.22)), we can rewrite (2.2.10))

as

1— Fy(z) = eXp{ — AT+ Y Lnj(z)} /OO eXp{ - zyﬁ}dF

ot (/B ~10)/\/Bn
= exp { —zM, + Z Lnj(Z)} / exp { - zy\/En}an(y). (2.2.30)
jezd 0
Denote 7, (x) = F,(z) — ®(z) and we show that for sufficiently large n
sup [ra(z)] < —2 (2.2.31)
2 B -
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Let f,(s) be the characteristic function of (S, — M,)/v/B,. We then have that

T.(s) = 7eZS”dP(§n < u\/Ej +M,)

_ feww—Mn)/VB_ndP(?n <y)

= exp{ —isM, /\/En = Lnj(z)} 7e(z+i8/\/3_")ydP(Sn <)
jezd

—exp{—st/\/7 ZLW +ZLH]Z+28/\/7}
jezd jezd

Then by ([2.2.11) for|z| < 1H, and |s| < H,/B, /6 we have that

logf ——stn/\/7+ZLm zs/\/7

jezd

o l, 1, /=3 A3 ez Lng (v)
_—55 —{—6(25/ B”) [ d ]yzeiS/\/B_n’

y3

where 0 < 6| < 1. For |z| < $H, and |s| < 6H,\/B,/6, with 0 < § < 1, we have that

a? ZjEZd fnj( ) kn] k
‘ [ dy? : Lois/\/B_n - ‘ [ Z Z : ]y@is/\/B_n

- | Y s/ B “1

JEZI k= 3
480, B,\ *

<SS kk - 1)k -2 (s/\/7> (1_ 85;)

jezd k=3 "

48C,,
< iF “(1-0)""

Thus,
og 7, () + /2] < LG ) gy
3B,
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Then, for appropriate choice of 9 we have that

6—52/4|S|3C _52/4|5]3

H3\/B, H,\/B.,

Fals)—eP|<C

for |s| < dH,\/B,/6. Now applying (2.2.20) and Theorem 5.1 from Petrov (1995) with
b=1/r and T = 6H,\/ B, /6, we have (2.2.31)).

By (2.2.31)) we have

/000 exp{ —zy\/gn} dF,(y) / exp —zy\/>— —}dy—rn(O)
\/>/ ra(y exp —zy\/>} (2.2.32)
/ eXp —zy\/i— —}dy—l—oén,

ﬁ\

¢ __
HoVBp

Denote
I = / exp
0

where |a,| <

— zy\/gn — y;}dy = ¥(2\/ By)

—

and
> M, o —
L= { - = L bay = v(0,B,%),
2 /0 eXp \/B_n 2 y ¢( )
where

P(x) = 1;/—3()%) = eg /OO e‘édt

is the Mills ratio which is known to satisfy
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for all x > 0. Hence, by (2.2.27) and (2.2.20)) we obtain
a,  apzV/ B, L O

xl; T 22\ B,,

§C< 2 By, 1

+
zH,/B, H,/B,rz\/B,

IN
Q

1 1
(Hn\/Bn * Hn\/Bn$2>
C

IN

E

H,

Hence,

a, = IIO(—H,Z:E\/B_”)'

(2.2.33)

For every 1, < yo we have that ¥(y2) — ¥ (y1) = (y2 — y1)¥'(u), where y; < u < yo. As

for u > 0, ¢/ (u)| < w2, then using (2.2.3), .2.27), @.2.17), .2.18), (2.2.20) and (2.2.21)

2B, — zx/Bn\/En

we get that
— _1 —
I — ] = w’(u)‘ M,By? — 21/ B,
1 — —
§u2\/B—Mn_Z\/Bn Bn
1 _
< g (= 2B+
C 22C,
NGRS I
< C (xQ(Jn z|B, — B, )
~2?VB,\B.H} /B + /B,
< C (xQC’n N x2C, >
= 2B, \B,H: ' H/B,
< C (CCCn+ZE20n)_CCn
>~ Qj21/Bn Bnﬂg Han BﬁHg
C
< .
- H,vB,
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Hence,

|]2 — ]1| C . C < C ZE2 +1 < C
zly T L Bu(M, B, ) cH,/B(x) xH,W/B, =« H./B,’

which means that

I = 12<1 + 0( (2.2.34)

)

Finally, combining (2.2.30)), (2.2.22)), (2.2.23), (2.2.28)), (2.2.32)) and (2.2.33) we get

H2B,t? o Y —
1— F,(x) =exp { - "Tnt + H,%BntS)\n(t)} / exp{ — zy\/ Bn}an(y)

0

- exp{ - %: + anzB_nAn(HnjB_) } <\/];_7T11 + an)
{5 s e (i)

By (2.2.34]) and the fact that I, = ¢ (z), we see that

1— F,() . z3 ( > 110 < T )
—— - = X S — .
1-d(x)  CP\HB, "\H,/B, Ho,/B,
This proves (2.2.4). The proof of (2.2.5)) follows a same pattern and is omitted. O

For the rest of the chapter, we only state the results for z > 0. Since \,(t) =
> oo Bknt® stays bounded uniformly in n for sufficiently small values of [¢| and By, =

T ) ez Yany from the proof of Theorem [2.2.1} we have the following corollary:

6By

Corollary 2.2.2. Assume the conditions of Theorem hold. Then for x > 0 with

= O<(Hn\/B_n)1/3) we have

11_——?((3 =exp{ 372 ZVI”"JKHO(;;;_”))'

By jezd
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3

Notice that e > jeza Yanj = O(1) under the condition z = O((Hn\/Bn)1/3>. Also

B2
taking into the account the fact that for x > 0

2
6:1:/2

95\/2777

1—d(z) <

we obtain the following corollaries:

Corollary 2.2.3. Under the conditions of Theorem we have that for x > 0 with

= 0((t/ ),

1= Fue) = (1= @) exp {62—2/2 S %W} v O(zj_jg_n)‘

Corollary 2.2.4. Assume the conditions of Theorem and Y ;czaYan; = 0 for alln € N.
Then for x > 0 with x = O((Hn\/Bn)1/3>, we have

Fy(z) — ®(z) = 0(%)

Also as 1 — ®(x) ~ x\}ﬂe*"ﬂp, as r — oo, we have

Corollary 2.2.5. Under the conditions of Theorem if t = 00, © = o(H,\/B,), then

Fo(z+¢) — F,(x)

1_ —C
11— Fx) ¢

for every positive constant c.

2.3 APPLICATIONS

In this section, we provide some applications of the main result in Section 2.2 First,

we derive a moderate deviation result for linear random fields with short or long memory;
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then we apply this result to risk measures and apply a same argument to study nonparametric

regression.

2.3 Cramér type moderate deviation for linear random fields

Let X = {Xj,j € Z%} be alinear random field defined on a probability space (€2, F, P)

Xj = Z ;€5 i, ] € Zd,

YA
where the innovations e;,7 € Z¢, are ii.d. random variables with mean zero and finite
variances o2, and where {a;,7 € Z*} is a sequence of real numbers that satisfy >, ;. a < co.

Linear random fields have been studied extensively in probability and statistics. We
refer to Sang and Xiao (2018) for a brief review on studies in limit theorems, large and
moderate deviations for linear random fields and to Koul et al (2016), Lahiri and Robinson
(2016) and the reference therein for recent developments in statistics.

By applying Theorem in Section [2.2] we establish the following moderate devia-
tion result for linear random fields with short or long memory, under Cramér’s condition on
the innovations ¢;,7 € Z?. Compared with the moderate deviation results in Sang and Xiao
(2018), our Theorem below gives more precise convergence rate which holds on much
wider range for x.

Suppose that there is a disc centered at z = 0 within which the cumulant generating
function L(z) = L., (z) = logE e* of ¢; is analytic and can be expanded in a convergent

power series

)

L(z)=>

where v, is the cumulant of order k£ of the random variables ¢;,7 € Z¢. We have that

k _k
<

T

n=Eeg =0and v, =Ee? = o2, i€ Z%
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We write

Sn = Z Xj = Z bnjgj, (231)

jerd jezd
where b,; = ZieFd a;—;. In the setting of Section we have X,; = byjej, j € Z*. Then
it can be verified that for all n > 1 and j € Z% X,,; satisfy condition (2.2.1]) for suitably

chosen H,. In the notation of Section [2.2, we have
B,=0>> b,  Fu(z)=P(S, <a\/B,).
jezd

Hence, we can apply Theorem to prove the following theorem. Here, as usual (see,
e.g., [58]), we shall say that the function I(-) : [1,00) — R is a slowly varying function (at

infinity) if [ is a real-valued, positive and measurable function on [1, oo] and

for every A > 0.

Theorem 2.3.1. Assume that the linear random field X = {X;,j € Z*} has short memory,

1.€.,

A= Z la;| < 00, a:= Z a; # 0, (2.3.2)

i€z ieZd
or long memory with coefficients

ai = L(DB(/lDI ", i € Z4 Ji] #0, (2.3.3)

where o € (d/2,d) is a constant, I(-) : [1,00) — R is a slowly varying function at infinity

and b(+) is a continuous function defined on the unit sphere Sq_1. Suppose that there exist
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positive constants H and C such that
[L(2)| < C (2.3.4)

in the disc |z| < H. Then for all x > 0 with x = o(n%?), we have

1—d(z) P {WA”(W) } (1 + O(W)) (2.3.5)
where

k=0
is a power series that stays bounded uniformly in n for sufficiently small values of |t| and the

coefficients i, only depend on the cumulants of ¢; and on the coefficients a; of the linear

random field.

Proof. Since 7, = 0, we see that the cumulant generating function L,;(z) of the random

variable b, ;e;, j € Z4, is given by
L,j(z) = log E e*0ni%i =

Cauchy’s inequality for the derivatives of analytic functions together with the condition

(2.3.4]) yields that

k!C

Denote M, = max |b,j|. Then by (2.3.6), for any H,, with 0 < H, < 52— and for any z with
JEL "

|z| < H,, we have
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ZMH il” P |k<02| iHn|*
g 02, H? 2Cbing
el <

H — |bnan| - H?2

Hence,
2Ch2;H,  2CB,H?

C”:Z Hmz - = 02]32

jEZ4

Then by Theorem if B,H? — oo as n — oo, we have

a__—w:exp{H\/_ ( \/_)}(1+0<%)) (2.3.7)
for > 0,2 = o(H,v/B,).

If the linear random field has long memory then we have that (see Surgailis (1982),

Theorem 2) B,, & n*¥72*[?(n). As the function b(-) is bounded, then for j € 'Y we have

[bngl < C1 Y Ui = g])]i = 47
ield
2dn
< Cy Y ETN(R)ET o nfl(n),

k=1

where we have used the fact (see Bingham et al. (1987) or Seneta (1976)) that for a slowly

varying function [(x) defined on [1,00) and for any 6 > —1,

T 0+1
/1 yel(y)dywxg Jrl(lz)’ as T — 0o.

It follows from the definition of a; in (2.3.3) that (for sufficiently large n) M, = mazc |bnj|
€z

is attained at some j € I'Y. Hence, M,, = O(n?=2l(n)). We take H,, oc n~"*[~1(n) which
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yields

H,\/ B, x nd/2.

Then the result follows from (2.3.7)).

If the linear random field has short memory, ie., A = > . _,4la;| < oo, a :

Y iczd @i # 0, we can take M, = A and H, = %. Moreover, we also have

> bl <D0 laigl = @n+ D)"Y Jai| = A(2n+ 1)

jeza JEZ ield iezd

and

S ongl = 1> 0> aiil =+ 1) il = lal(2n +1)7,

JjEZ JEZ ield i€z
. d
which means that ;4 |by;] oc n.

As for all n € N we have that |b,;| < A by the definition of A, then

D, <A byl < A%(2n+ 1)%

jezZd jeza

On the other hand, for j € FCLln/2J we have that |b,;| > |a|/2 for sufficiently large n. Hence,

DAY bijz“z(zm/mﬂ)d.

c7d . —1d
JEZ ]EFLn/QJ

Thus, Y.z b2; o< n® and the result follows from (2.3.7). O

To the best of our knowledge, Theorem is the first result that gives the exact tail
probability for partial sums of random fields with dependence structure under the Cramér
condition.

Due to its preciseness, Theorem [2.3.1] can be applied to evaluate the performance of
approximation of the distribution of linear random fields by truncation. We often use the

random variable X" = > erd (i€ with finite terms to approximate the linear random field
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Xj = > ,epa@igj—; in practice. For example, the moving average with finite terms MA(m)
is applied to approximate the linear process (moving average with infinite terms). In this
case, Theorem also applies to the partial sum S = Z]EF% X = ZjeZd byye;. Here

only finite terms by are non-zero. Denote

By =0>> (br)’,  Fp(z)=P(Sy <ay/Bp).

jEZ4

Then for all x > 0 with x = o(n%?), we have

1— F™(x) o r+1
1—®(x) P {nd/zA" (nd/2> } (1 + O( nd/2 ))’
where
=2_ Gt
k=0
and where the coefficients 3} have similar definition as [j,. To see the difference between

the two tail probabilities of the partial sums, we have

3

LB {2 () () (o)
o {2+ 3020 () T} (105 )

here as in the proof of Theorem we take M, = maxX;cza |bnj|, H, = Ay =

maxeza [bys], Hy =

Mm?
H73 3
bn' )
= 11,5, 2 ()
jEZd j€ZA
m Hrys
Fon = ~ 12MmBm )
]EZd EZd
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If v3 # 0, 11_75;((’;)) is dominated by exp {n”;—%(ﬁgn — ﬁg}l)}. If v3 = 0, then By, = A7, =0

1—Fy ()
1—Fj(x)

and can be dominated by exp {z—zwln — B{’g)} which depends on whether v, = 0.
In general, Theorem can be applied to evaluate whether the truncated version X" is

11__5,51((?) for = in different ranges which

a good approximation to X; in terms of the ratio
depends on the property of the innovation ¢ and the sequence {a;,i € Z4}.

Theorem can be applied to calculate the tail probability of the partial sum of
some well-known dependent models. For example, the autoregressive fractionally integrated
moving average FARIMA(p, 3, q) processes in one dimensional case introduced by Granger

and Joyeux (1980) and Hosking (1981), which is defined as

Here p,q are nonnegative integers, ¢(z) = 1 — ¢12 — --- — ¢,2" is the AR polynomial and

0(2) =1+6,24--- 60,27 is the MA polynomial. Under the conditions that ¢(z) and 6(z) have

no common zeros, the zeros of ¢(-) lie outside the closed unit disk and —1/2 < § < 1/2,

the FARIMA(p, 3, q) process has linear process form X, = > ° ai,—;, n € N, with
0(1)

a; = m% + O(i™1). Here I'(+) is the gamma function.

2.3 Approximation of risk measures

Theorem [2.3.1| can be applied to approximate the risk measures such as quantiles
and tail conditional expectations for the partial sums S, in (2.3.1)) of linear random field
X ={Xj,j € Z%}. Given the tail probability a € (0, 1), let Q,, be the upper a-th quantile

of S,. Namely P(S, > Qu.n) = a. By Theorem [2.3.1} for all x > 0 with 2 = o(n%/?),

3

P(S, > 2/B,) = exp {#An (#) }(1 — ®(2))(1+ o(1)).
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We approximate Qn, by oV B,, where x = z, = o(nd/ 2) can be solved numerically from

the equation

3 x
The tail conditional expectation is computed as

Qa,nP SnZQa,n + * PSndew
(8.1, > Q) = 2ot )+ Jg., P(Sn 2 w)

P(Sn > Qa,n)
_ VB, [ y? y
= Qan + o« Jo. v exp W)\" <W> (1—®(y))dy,

which can be solved numerically. The quantile and tail conditional expectation, which are
also called value at risk (VaR) or expected shortfall (ES) in finance and risk theory, are
important measures to model the extremal behavior of random variables in practice. The
precise moderate deviation results in this article provide a vehicle in the computation of
these two measures of time series or spacial random fields. See Peligrad et al (2014a) for a
brief review of VaR and ES in the literature and a study of them when a linear process has

p-th moment (p > 2) or has a regularly varying tail with exponent ¢ > 2.

2.3 Nonparametric regression

Consider the following regression model

Yn,j = g(zn,j) + Xn,jv .] € Fiv

where g is a bounded continuous function on R™, z, ;’s are the fixed design points over
4 C 7 with values in a compact subset of R™, and X, ; = Y iczd GiEnj—; is a linear
random field over Z¢, where the i.i.d. innovations en,i satisfy the same conditions as in

Subsection [2.3.1] Regression models with independent or weakly dependent random field
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errors have been well-studied in the literature, see, e.g., El Machkoui (2007), E1 Machkouri
and Stoica (2010), Hallin et al (2004).
The kernel regression estimator for the function g on the basis of sample pairs
(2njs Yny), j € T4, is
gn(2) = Y wn(2)Yny,
jery,
where the weight functions w,, ;(-)’s on R™ have form

K ()

hn

Zierg K( Z_him ) .

wy;(2) =

Here K : R™ — R is a kernel function and h,, is a sequence of bandwidths which goes to
zero as n — oo. Notice that the weight functions satisfy the condition ;4 wn ;(2) = 1.

For fixed z € R™, let S, := gn(2) — Eg,(2). Then it can be written as

S, = Z W (2) Xy = Z bn,j€n.js

jerd jez

where by, ; = >, cpa Wni(2)a;j. Let B, = 0% icga Ui iy My = %%g\bnﬂ. Assume that the
innovations ,,; satisfy the Cramér’s condition (2.2.1)) with H,, oc M, . By the same analysis
as in the proof of Theorem m, if B,H? — ocoasn — 00,z > 0, x = o(H,\/B,), we derive
a moderate deviation result for S, = g,(2) — Eg,(z) that is similar to (2.3.7)). This result

can be applied to quantify the convergence rate of S,, = ¢,,(2) — Egn(z) — 0, as n — oo.

2.4 CONCLUSION

Under the condition proposed by Cramér we have obtained moderate deviation the-
orem for random fields. The indices of elements of the considered random fields belong to
N x Z%. Obtained result is consistent with the classical Cramér -Petrov theorem for the
partial sum of a sequence of independent and identically distributed (iid) random variables

and is also applicable to wide class of non iid random variables. In particular, applying the
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main theorem 2.2.1] we have obtained moderate deviation theorem 2.3.1] for linear random
fields with short or long memory. Theorem can further be applied to calculate the tail
probability of the partial sum of certain dependent models such as the autoregressive frac-
tionally integrated moving average FARIMA(p, 3, q) processes. Theorem can be also
applied to approximate the risk measures such as quantiles and tail conditional expectations

of time series or spacial random fields.
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3 ON MUTUAL INFORMATION ESTIMATION FOR MIXED-PAIR RANDOM
VARIABLES

3.1 INTRODUCTION

The entropy of a discrete random variable X € R? with countable support {zy, z», ...}

and p; = P(X = x;) is defined to be
H(X) = —sz‘ log pi,

and the (differential) entropy of a continuous random variable Y € R? with probability

density function f(y) is defined as

HY)=- » f(y)log f(y)dy.

If d > 2, H(X) or H(Y) is also called the joint entropy of the components in X or
Y. Entropy is a measure of distribution uncertainty and naturally it has application in the
fields of information theory, statistical classification, pattern recognition and so on.

From the definition of entropy it follows that the entropy of a discrete random vari-
able X having probability mass function p(x) is the expected value of —logp(X) = log zﬁ'
Analogously, the (differential) entropy of a continuous random variable Y with probability

density function f(y) is the expected value of —log f(X) = log . We will use this inter-

_1
X
pretation of entropy later on to define the corresponding estimator for a mutual information.

Before that let us first recall the definition and some basic properties of mutual information.
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Let Px, Py be probability measures on some arbitrary measure spaces X and Y
respectively. Let Pxy be the joint probability measure on the space X x Y. If Pxy is
absolutely continuous with respect to the product measure Px x Py, let % be the
Radon-Nikodym derivative. Then the general definition of the mutual information (e.g.,
[15]) is given by

dP
I(X,Y) = / dPxy log X (3.1.1)
XxY d

(P x X Py) '
If two random variables X and Y are either both discrete or both continuous then the mutual

information of X and Y can be expressed in terms of entropies as
I(X,)Y)=HX)+ H(Y)—-H(X,Y), (3.1.2)

where

H(X,Y)==> " pla,y)logp(z,y)

zeX yey

is the joint entropy of X and Y with p(x,y) being the joint density function of X and Y.
Given the above definitions of entropy and mutual information it is possible to derive certain
very natural properties of them. In particular, for random variables X and Y, which are

either both discrete or both of them are continuous, we have that

e H(X) >0 if X has discrete distribution;

H(X +¢) = H(X);

H(aX) = H(X) +log|a| if X is continuous;

H(aX) = H(X) if X is discrete, a # 0;

H(X,Y) = H(X) + HY|X) = HY) + HX]|Y)

o I(X,Y)=1(Y,X)=H() - H(Y|X);

I(X,X)=H(X);
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e /(X,Y) > 0 with equality if and only if X and Y are independent;

e Among PDFs f(x) with support [a,b], the maximum-entropy distribution is the uni-

form distribution;

e The Gaussian distribution has maximum entropy relative to all distributions over

(—o0, 00) with finite mean p and finite variance o?.

Property H(X,Y) = H(X) + H(Y|X) is called the chain rule of entropy.

However, in practice and application, we often need to work on a mixture of con-
tinuous and discrete random variables. There are several ways for the mixture. 1). One
random variable X is discrete and the other random variable Y is continuous; 2). A random
variable Z has both discrete and continuous components, i.e., Z = X with probability p and
Z =Y with probability 1 — p, where 0 < p < 1, X is a discrete random variable and Y is
a continuous random variable; 3). a random vector with each dimension component being
discrete, continuous or mixture as in 2).

In [46], the authors extend the definition of the joint entropy for the first case mixture,
i.e., for the pair of random variables, where the first random variable is discrete and the
second one is continuous. Our goal is to study the mutual information for that case and
provide the estimation of the mutual information from a given i.i.d. sample {X;, Y;}¥,.

In [I5], the authors applied the k-nearest neighbor method to estimate the Radon-
Nikodym derivative and, therefore, to estimate the mutual information for all three mixed
cases. In the literature, if the random variables X and Y are either both discrete or both
continuous, the estimation of mutual information is usually performed by the estimation of
the three entropies in . The estimation of a differential entropy has been well studied.
An incomplete list of the related research includes the nearest-neighbor estimator [34], [63],
[40]; the kernel estimator [1], [27], [22], [23] and the orthogonal projection estimator [36],
[37]. [7] studied the plug-in entropy estimator for the finite value discrete case and obtained

the mean, the variance and the central limit theorem of this estimator. [66] studied the
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coverage-adjusted entropy estimator with unobserved values for the infinite value discrete

case.

3.2 MAIN RESULTS

Consider a random vector Z = (X,Y). We call Z a mixed-pair if X € R is a discrete
random variable with countable support X = {x1,2,,...} while Y € R? is a continuous
random variable. Observe that Z = (X,Y) induces measures {1, i2, - - - } that are absolutely
continuous with respect to the Lebesgue measure, where p;(A) = P(X = z;,Y € A), for every
Borel set A in R%. There exists a non-negative function g(z,y) with h(z) := [o. g(z,y)dy be
the probability mass function on X and f(y) := >, gi(y) be the marginal density function

of Y. Here, ¢;(y) = g(z;,y), i € N. In particular, denote p; = h(x;),7 € N. We have that

fiy) = ~ai(y)

%

is the probability density function of Y conditioned on X = x;. In [46], the authors gave the

following regulation of mixed-pair and then defined the joint entropy of a mixed-pair.

Definition 3.2.1. (Good mized-pair). A mized-pair random variables Z = (X,Y') is called

good if the following condition is satisfied:

| lateoggte sty =3 [ o) losaw)ldy < .
X xRd i Rd

Essentially, we have a good mixed-pair random variables when restricted to any of

the X values, the conditional differential entropy of Y is well-defined.

Definition 3.2.2. (Entropy of a mized-pair). The entropy of a good mixed-pair random

variable is defined by

12 == [ glenosgedety ==Y [ a)lozatay
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As g;(y) = pifi(y) then we have that

H(Z)=— Z /Rd 9i(y) log g:(y)dy

== [ nhwospfin)dy

=~ wlosr [ 1)y =3 [ 1)l )i (3:2:3)
— Y plozn - Yo / iy log fily)dy

= H(X)+ ZpiH(Y\X = ;).

We take the convention log) = 0 and log0/0 = 0. From the general formula of the

mutual information (3.1.1), we get that

_ - ) log I\ Y)drdy
H00Y) = [ stenlon st
_ , o 9i(y)
B ; /]Rd 9:(y) log pif(y) W
— Z /Rd 9:(y) log g;(y)dy — Z /Rd gi(y) log pidy — Z /Rd 9:(y) log f(y)dy

— Z/]Rd pifi(y) loglpi fi(y)ldy — Zpi log p; /Rd fily)dy — /Rd f(y)log f(y)dy

dxdy

=S witowr [ sy + Yop [ ftog Fwdy = pilogri = [ | ) og f)dy
=-H(Z)+HX)+HY)=HY) =Y pHY|X =;):=HY)-) I
(3.2.4)

Let (X,Y),(X1,Y1),....,(Xn,Yn) be a random sample drawn from a mixed distri-
bution with discrete component having support {0,1,--- ,m}, and let p; = P(X = 1),

0<i<mwith 0<p; <1,) p; =1. Also suppose that the continuous component has pdf
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N
f(y). Denote p; = > I(X, =1i)/N, 0 <i<m, and let
k=1

N (3.2.5)
= =N (X = i) log fi(V)
and
HY)=-N"> log f(Ys) (3.2.6)

be the estimators of I; = p;H(Y|X =1i), 0 < i < m, and H(Y) respectively, where f;(y)
is the probability density function of Y conditioned on X = i, 0 < ¢ < m. Denote a =
(1,—1,---,—1)7. Let X be the covariance matrix of (log f(Y), (X = 0)log fo(Y), - , (X =

m)log fn(Y))T.

Theorem 3.2.1. a™a > 0 if and only if X and Y are dependent. For the estimator

I(X,)Y)=H — zm: I; (3.2.7)
of I(X,Y') we have that
VNI(X,Y)=I(X,Y)) = N(0,a"Sa) (3.2.8)
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gwen that X and Y are dependent. Furthermore, the variance a™>a can be calculated by

a'a = var(log f(Y)) + ZPiEi[IOg fi(Y)]2 - ZP? (Ei[log fz‘(Y)])2
2" plBilog fi(Y)log f(Y) = E;log f(Y) Elog f(Y) (3.2.9)

—2 ) ppjlEilog f(Y)][E;log f;(Y)],

0<i<j<m
where E; is the conditional expectation of Y given X = 1,0 <1 < m.

Proof. First of all, a™¥a > 0 since X is the variance covariance matrix. If a™>a = 0 then

r <1og FOV) = I(X =i)log fi(Y)> —a"Sa=0

=0

and log f(Y) — > I(X = i) log f;(Y') = C for some constant C'. But

log f(Y) — ZH(X =i)log f;(Y) = ZH(X — i) log ]J:((?)

Hence log LX) i Y) = C. Then fi(y) = ¢f(y) for some constant ¢ > 0 and for all 0 < ¢ < m.

But f(y) = > opifily) = cf(y) >t ypi = cf(y). Hence, ¢ = 1 and f;(y) = f(y) for all
0 <i<m. Then X and Y are independent. On the other hand, if X and Y are independent,

then f;(y) = f(y) for all 0 < i < m. Therefore, log f(Y) — > 7" I(X =4)log fi(Y) = 0 and
a™a = 0. Hence, a™a = 0 if and only if X and Y are independent.
Notice that the vector (H(Y), Iy, -, I,)T is the sample mean of a sequence of i.i.d.

random vectors

{(log f(Y2),1(X), = 0)1og fo(Ye), - ,1(Xy = m)log fm(Yi)) T},
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with mean (H(Y), lo, -, I,)T. Then, by central limit theorem, we have

H H

I I _
VN o — N(0,%),

I L,

and, given a™a > 0, we have (3.2.8)). By the formula for variance decomposition, we have

var (I(X = i)log fi(Y))
= E{var[l(X = i)log f;(Y)|X]} + var{ E[L(X = i)log fi(Y)|X]}

= E{I(X = i)var[log f;(Y)|X]} + var{I(X = i)Ellog fi(Y)|X]}

m

= E{I(X =) ) _var;(log f;(Y))I(X = j)}
3=0 , (3.2.10)
+ var {I(X ZEJ log f;(Y))I(X = j) }

= vary[log fi(Y E{I[ =9 } + ( i[log fi(Y) )2var{]I(X = Z)}
= pvar;[log fi(Y)] + (pi — p}) (Eillog fz‘(Y)])
= piEillog f;(Y)]? — p2 (Eiflog £:(Y)])

0 < i < m. Here var; is the conditional variance of Y when X =i,0 <17 < m. By similar

calculation,

o (10X =) log A(YV), X = ) log (Y) ) .

= —pip; [ Eilog f;(Y)][E; log f;(Y)],
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forall 0 <1i < j <m, and

Cov (I[(X =1)log f;(Y),log f(Y))
(3.2.12)

= pi[Eilog fi(Y)log f(Y) — E;log fi(Y)Elog f(Y)].

Thus, the covariance matrix 3 of (log f(Y),I(X = 0)log fo(Y), - ,I(X = m)log fin(Y))T

and therefore aT¥a can be calculated by the above calculation (3.2.10)-(3.2.12)). We then

have (3.2.9)). O

We consider the case when the random variables X and Y are dependent. Note that
in this case a™$a > 0 and we have (3.2.8). However, I(X,Y) is not a practical estimator
since the density functions involved are not known.

Now let K (-) be a kernel function in R? and let h be the bandwidth. Then
) = { i ok S0, =t - v
J#k
are the “leave-one-out” estimators of the functions f;, 0 < i <m, and
N A
L =—N"">"1(X;, = i)log fuu(V2) (3.2.13)

k=1

are estimators of I; = p;H(Y|X =), 0 <i <m. Also

N
H=-N"Y log fu(V) (3.2.14)
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is an estimator of H(Y'), where

Jily) = {(N - 1>hd} S K{(y - Y;)/h)

Jj#k
—1 m
{w-ve} SIS ren - ol - v/ (3:2.15
j#k =0
" Np;— 1,
- Z N _1 fzk(y)
=0
Theorem 3.2.2. Assume that the tails of fo,- - , fm are decreasing like |x|~®°, .-+ | |x|~* ,

respectively, as |x| — oo. Also assume that the kernel function has appropriately heavy tails
asin [29]. If h = o(N~'/®) and oy - - -, are all greater than 7/3 in the case d = 1, greater

than 6 in the case d = 2 and greater than 15 in the case d = 3, then for the estimator

I(X,)Y)=H - Em: I (3.2.16)
we have
VNI(X,Y)—I(X,Y)) = N(0,a"Sa). (3.2.17)

Proof. Under the conditions in the theorem, applying the formula (3.1) or (3.2) from [23],

we have

}A[ = H+O(N71/2)7 fO _ jO _'_O(J\]fl/Z)7 e fm _ *m _i_O(Nfl/Q).

Together with Theorem [3.2.1} we have (3.2.17)). O

We may take the probability density function of Student-t¢ distribution with proper
degree of freedom instead of the normal density function as the kernel function. On the
other hand, if X and Y are independent then I(X,Y) = I(X,Y) = 0 and we have that
I(X,Y) =o(N"/?).
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3.3 SIMULATION STUDY

In this section we conduct a simulation study with m = 1, i.e., the random variable X
takes two possible values 0 and 1, to confirm the main results stated in for the kernel
mutual information estimation of good mixed-pairs. First we study some one dimensional
examples. Let t(v, u, o) be the Student t distribution with degree of freedom v, location
parameter p and scale parameter o and let pareto(x,,,«) be the Pareto distribution with
density function f(z) = axz®z~@+YI(z > x,,). We study the mixture for the following four
cases: 1). t(3,0,1) and #(12,0,1); 2). ¢(3,0,1) and #(3,2,1); 3). ¢(3,0,1) and ¢(3,0,3); 4).
pareto(1,2) and pareto(1,10). For each case, py = 0.3 for the first distribution and p; = 0.7
for the second distribution.

The second row of Table [3.3.1] lists the mathematica calculation of the mutual infor-
mation (MI) as stated in for each case. The third row of Table [3.3.1] gives the average
of 400 estimates based on formula . For each estimate, we use the probability density
function of the Student t distribution with degree of freedom 3, i.e. #(3,0,1), as the kernel
function. We also have simulation study with kernel functions satisfying the conditions in
the main results and obtained similar results. We take h = N~'/5 as the bandwidth for
the first three cases and h = N~1/°/24 for the last case. The data size for each estimate is
N = 50,000 in each case. The Pareto distributions pareto(1,2) and pareto(1,10) have very
dense area on the right of 1. This is the reason that we take a relatively small bandwidth for
this case. To apply the kernel method in estimation, one should select an optimal bandwidth
based on some criteria, for example, to minimize the mean squared error. It is interesting
to investigate the bandwidth selection problem from both theoretical and application view-
points. However, it seems that the study in this direction is very difficult. We leave it as an
open question for future study. It is clear that the average of the estimates matches the true

value of mutual information.
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We apply mathematica to calculate the covariance matrix > of

(log f(Y),I(X = 0)log fo(Y),I(X = 1)log f1(Y))T

and, therefore, the value of aT>a for each case. The values of aT>a are 0.02189236, 0.3092179,
0.1540501 and 0.2748102 respectively for the four cases. The fourth row of Table lists
the values of (a"Xa/N)'? which serves as the asymptotic approximation of the standard
deviation of the estimator [ (X,Y) in the central limit theorem . The last row gives

the sample standard deviation from M = 400 estimates. These two values also have good

match.
mixture t(3,0,1) t(3,0,1) t(3,0,1) pareto(1,2)
t(12,0,1) t(3,2,1) t(3,0,3) | pareto(1,10)
MI 0.011819 0.20023 0.102063 0.201123
mean of estimates | 0.01167391 0.1991132 0.1014199 0.2010447
(a™Sa/N)Y/? 0.0006617 0.0025 0.0018 0.0023
sample sd 0.0006616724 | 0.002345997 | 0.001819982 | 0.002349275

Table 3.3.1: True value of the mutual information and the mean value of the estimates for

Pareto and t-distributions.
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Figure 3.3.1: The histograms with kernel density fits of M = 400 estimates. Top left:
t(3,0,1) and £(12,0, 1). Top right: #(3,0, 1) and #(3,2,1). Bottom left: ¢(3,0,1) and ¢(3,0, 3).
Bottom right: pareto(1,2) and pareto(1, 10).
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Figure 3.3.2: The Q-Q plots of M = 400 estimates. Top left: ¢(3,0,1) and ¢(12,0,1). Top
right: ¢(3,0,1) and ¢(3,2,1). Bottom left: ¢(3,0,1) and ¢(3,0,3). Bottom right: pareto(1,2)
and pareto(1, 10).

Figure 3.3.1] and |3.3.2] show the histograms with kernel density fits and normal Q-Q

plots of 400 estimates for each case. It is clear that the values of I(X,Y) follow a normal
distribution.

We study two examples in the two dimensional case. Let t,(u, ¥o) be the two dimen-
sional Student t distribution with degree of freedom v, mean p and shape matrix ;. We
study the mixture in two cases: 1). t5(0,1) and t95(0,1); 2). ¢5(0,1) and ¢5(0,37). Here I
is the identity matrix. For each case, po = 0.3 for the first distribution and p; = 0.7 for
the second distribution. Table B.3.2] summarizes 200 estimates of the mutual information
with b = N~'/% and sample size N = 50,000 for each estimate. We take ¢3(0,1) as the

kernel function. Same as the one dimensional case, we apply mathematica to calculate the
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true value of MI and (aT¥a/N)'/? which is given in formula (3.2.9). Figure [3.3.3 shows the
histograms with kernel density fits and normal Q-Q plots of 200 estimates for each example.
It is clear that the values of I (X,Y) also follow a normal distribution in the two dimen-

sional case. In summary, the simulation study confirms the central limit theorem as stated

in (3.2.17).

mixture t5(0, 1) t5(0, 1)
t25(0, 1) t5(0,31)
MI 0.01158 0.202516

mean of estimates 0.0112381 0.2022715

(a™¥a/N)'/? 0.0006577826 | 0.002312909

sample sd 0.0008356947 | 0.002315134

Table 3.3.2: True value of the mutual information and the mean value of the estimates for
t-distributions.
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Figure 3.3.3: The histograms and Q-Q plots of M = 200 estimates. Left: #5(0,/) and
t25(0,[) nght t5(0,[) and t5(0,3)

3.4 CONCLUSION

We considered a pair of random variables one of which is discrete and the other one
is continuous. In classical case, that is, in case when both random variables are of same
type, either discrete or continuous, the estimation of mutual information of two random
variables is usually done by applying the so-called 3H formula which allows to represent
the mutual information in terms of 3 entropies. Therefore, in order to estimate the mutual
information for the mixed-pair random variables we start from the most general formula
for mutual information and prove that a formula analogous to the classical 3H formula
also holds for this case and it involves an entropy of the so called good mixed-pair random
variables introduced in [46]. Then, after representing the mutual information of mixed-
pair random variables in terms of entropies we constructed estimators for each of those

entropies and, thus, we obtained an estimator I(X,Y) for the mutual information I(X,Y)
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given by [3.2.7] We have then shown that the Cetral Limit Theorem holds for the estimator
I(X,Y) and we have also derived the explicit formula for the variance of the limiting normal
distribution. Next we obtained an estimator 1(X,Y) of I(X,Y) given by . Compared
to the estimator I(X,Y) the estimator I(X,Y) is much more practical in the sense that it
only depends on the given data and on the choice of the kernel function. Then, under the
assumption that the tails of conditional density functions f;(y) of Y'|X = z; are decreasing
sufficiently fast at infinity and that the kernel function has appropriately heavy tail we have
shown that the estimator [ (X,Y) also enjoys Central Limit Theorem. Finally, we conducted
simulation study with discrete component X taking the values 0 and 1 with probabilities 0.3

and 0.7 respectively, and with continuous component Y following ¢-distribution and Pareto

distribution with different parameters. Our kernel function is the density function of ¢-

distribution with 3 degrees of freedom. Then, as the tables|3.3.1| and [3.3.2] demonstrate the

obtained values closely match the correpsonding theoretical true values.
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