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Abstract

This study deals with the temporal instability of compound liquid jets. The presence

of an outer column of liquid which is totally immiscible from the inner fluid introduces

many interesting features in jet breakup dynamics. The governing equations which model

the behavior of a compound jet are in general rather complex due to the presence of

multiple free surfaces and different fluids. However, an asymptotic approach can be

used to yield a set of one dimensional equations which greatly simplify the resulting

analysis. We perform linear and nonlinear analysis to reveal many interesting features

of the compound liquid jets. The influence of gravity on the instability and breakup

of inviscid and viscous compound jets is also considered. Additionally, we estimate the

theoretical breakup lengths, breakup time and droplet sizes of such jets for varying key

parameters.
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Chapter 1

Introduction and literature

review

1.1 Introduction

The formation and rupture of liquid jets have been studied on scales ranging from the mi-

cro scale to the typical sizes of galaxies. A liquid jet emanates from a nozzle or orifice into

an ambient gas and takes the shape of a long cylindrical column. This process plays an

important role in many practical applications, for example, ink jet printing, diesel engine

technology, coating, manufacturing, agriculture, DNA sampling and nuclear fission [26].

Furthermore, the applications of liquid jet can be found in cooling of microchip compo-

nents [91] and targeted delivery of drugs to the site of disease [65]. We can easily explore

common occurrences of this phenomena many times in our daily life such as kitchen taps,

irrigation system, showers, perfumes or deodorants and sprayers. An example of higher

speed water jets is shown in Fig. 1.1, which are used to cut meat, tissues and metal

plates [26].

A jet of liquid belongs to the special class of free surface flows which are amongst the

most complicated flow situations found in fluid mechanics. It is very important to define
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Figure 1.1: Higher speed water jets, courtesy of Eggers & Villermaux [26]

the position of a fluid particle in free surface flow problems. The kinematic condition is

constructed to prescribe the position of a particle and mathematically it can be written

as

D

Dt
(r − S(x, t)) = 0, where

D

Dt
=

∂

∂t
+ u · ∇ (1.1)

and S(x, t) is the free surface which is the function of time and spatial coordinates. The

above equation (1.1) illustrates that a particle keeps its position on the free surface for

all time. In addition, dynamical conditions are essential to set the equilibrium on the free

surface. When the molecules of a fluid migrate from high energy to low energy levels the

surface area of jet is contracted. This process provides surface tension to a liquid which

is taken as energy per unit area of interface. Regarding to free interface the stresses due

to surface tension are balanced by the stresses produced by viscous forces and pressure.

The tangential stress condition on the free surface is formulated as

n ·Π · t = t · ∇σ (1.2)
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Figure 1.2: The figure shows the geometry of a free surface in cylindrical coordinate
system and dotted line represent the axis of symmetry.

where Π is the total stress tensor, σ is the surface tension, n and t are the normal and

tangent vectors to the free surface respectively which are shown in Fig. 1.2. Generally the

surface tension is taken to be constant unless a surfactant is present. The second stress

condition acting normal to the free surface is written as

n ·Π · n = σκ (1.3)

where κ is the mean curvature of free surface.

The instability in a liquid jet occurs due to the continuous disturbances (caused by,

for example, fluctuations in pressure or density) which grow along its free surface and

finally lead to its disintegration into a series of droplets. During this process the radius

of the jet near the breakup point becomes infinitesimally small, whereas the associated

velocity diverges to infinity. Consequently singularities occur in the equation of motion

because of the topological transitions at rupture.

The phenomenon of liquid jet breakup is categorized into four types of regime [47],

namely the Rayleigh regime, the first wind induced regime, the second wind induced

regime and the atomization regime. The images of these different regime are shown in the

Fig. 1.3. Usually the atomization regime and second wind induced regime are referred as
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Figure 1.3: Four types of breakup regime, (a). Rayleigh regime (b). First wind induced
regime (c). Second wind induced regime (d). Atomization regime, are shown in the figure.
It is taken from Lin & Reitz [46].

high speed regime, while the other two are low speed regime. The breakup of lower speed

regime has been found away from the orifice and the size of the droplets are similar to the

diameter of orifice. But in the case of high speed regime the droplets produced are much

smaller than the size of orifice and breakup occurs very close to the orifice. Moreover,

the liquid will not form a jet if the exit velocity is very low and furthermore viscosity

enhances this effect.

1.2 Classical work on liquid jets

In the late seventeenth century, the earliest work on jets appears in a book by the French

scientist E. Mariotte [51]. He explained that gravity is the main factor of liquid jet

breakup. It was Savart [77] who performed the earliest experiments on liquid jets. He

illuminated the jets with the sheet of light and examined the decay of liquid jet into

droplets. As a result he observed tiny modulations growing on the surface of jet which
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Figure 1.4: The image is taken from the Savart’s original papar [77] which shows the
perturbations growing on a water jet

are shown in the Fig. 1.4. In his experiments smaller droplets, which are often called

satellite droplets, are also seen between the main droplets. Savart concluded that break

up of liquid jet depends on inherent property of fluid motion but failed to identify the

surface tension the source of instability, despite it being discovered three decades prior to

his analysis. The first qualitative work on jet breakup has been done by Plateau [64] who

discovered that surface tension is the actual source which reduces the surface area of jet

and thus converts it into droplets.

The review of early work on liquid jets is given by Bogy [8] with more detailed reviews

by Eggers [24] and Eggers & Villermaux [26]. The literature regarding to the liquid jets

can also be found in the books of Anno [3], Middleman [53], Yarin [90] and Lin [48].
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1.2.1 Inviscid jets

The first significant mathematical analysis of the mechanism of instability in liquid jets

was performed by Rayleigh [70] who showed that capillary jet break-up is caused by surface

tension and the wave mode which grow quicker with the time (i.e. mode of maximum

instability). He realized that an optimal wavelength existed at which the perturbations

grew the fastest. The theoretical results of Rayleigh matched within a good degree of

accuracy with the experimental results of Savart. In this section we will summarize the

key findings of Rayleigh.

The linear instability of an infinitely long column of incompressible inviscid fluid can

be modeled by assuming a cylindrical jet in equilibrium state to which small disturbance

are imposed. Hence the radius of the jet takes the form,

r = s+ δ cos(kx) cos(mθ) (1.4)

where s is the radius, k is the wave number, m is an integer, δ is small initial disturbance,

θ is azimuthal co-ordinate and x is the axial length. By using the standard equation of

motion and considering the wave mode of the form exp(λt + i(kx + mθ)), where t is the

time and λ is wavelength, Rayleigh was able to get an eigenvalue relation given by

λ2 =
σ(ks)

ρs3
(1−m2 − (ks)2)

I ′m(ks)

Im(ks)
. (1.5)

Here ρ is the density of the fluid, σ is surface tension, Re(λ) is the growth rate, Im(λ)

is the frequency of the wave and Im(ks) is a modified Bessel function of order m. For

m 6= 0, we can say that disturbances are neutrally stable for Re(λ) = 0 which means that

λ is purely imaginary and waves are stable for Re(λ) > 0. The positive values of Re(λ)

are obtained by putting m = 0 in equation (1.5). In this case the waves are unstable for
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0 < ks < 1 and the mode is axisymmetric. The recurrence formulas of Bessel function;

Im−1(x) + Im+1(x) =
2m

x
Im(x) , I ′m(x) =

1

2
(Im−1(x) + Im+1(x)), (1.6)

can be used to obtain

λ2 =
σ(ks)

ρs3
(1− (ks)2)

I1(ks)

I0(ks)
, (1.7)

which is the Rayleigh’s classical formula for axisymmetric disturbances. The famous

Rayleigh mode which is most unstable mode and indicates the most unstable wave number

ks ≈ 0.697 corresponds to the maximum growth rate having wavelength λw ≈ 9.02s.

The characteristic breakup time, tb can be found by taking the inverse of growth rate

Re(λ) = 0.34(σ/ρs3)
1
2 , which is tb = 2.94(ρs3/σ)

1
2 .

1.2.2 Viscous jets

The instability of liquid jets in the presence of viscosity was investigated by Weber [88].

He concluded that the size of droplets become larger by increasing the viscosity which

consequently delay the process of break up. The characteristic equation derived by Weber

is given by

λ2 + λ
2µ k2

I0(kR)

[
I

′

1(kR)− kk̃I1(kR)I
′
1(k̃R)

(k2 + k̃2I1(k̃R)

]
=
σR

ρµ2

kR(k2 − k̃2)I1(kR)

(k2 + k̃2)I0(kR)
(1− k2R2), (1.8)

where k̃2 = k2 + λ
µ
.

1.3 A review on linear theory of jet instability

The purpose of studies on liquid jet instabilities is to investigate the growth rate of initial

disturbances, unstable wavenumbers, breakup lengths of jets, break up time and to verify

post rupture behavior. The phenomenon of jet break up is nonlinear in nature but linear
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analysis can be used to yield a good approximation for many aspects, for example, the

break up length and the size of main droplets produced and it indeed shows a good degree

of accuracy when compared with experiments. In linear temporal instability analysis

positive values of Re(λ) lead to perturbations which grow with the time and remain

uniform in space. In this case λ is taken to be complex i.e. λ = λr + iλi, where λr is

temporal growth rate and amplitude of disturbances will grow with the positive values of

λr. The wave number k will be real in temporal instability analysis and λi
k

is wave speed

where λi is frequency of oscillations.

Tomotika [85] extended Rayleigh’s original analysis by taking into account of very

viscous fluid surrounded by another viscous fluid to analyze the ratios of viscous forces

to the surface tension forces between the two fluids. The spatial instability of liquid jets

is introduced by Keller et al. [38]. They observed that the disturbances grow not only at

t = 0 but also grow along the surface of jet for later times. Also it was the experimental

observation of Lieb & Goldstein [43] that disturbances are minimal close to the orifice and

propagate as they travel along the jet. Keller et al. used the complex wave number i.e.

k = kr + iki, where kr is wave number and ki is spatial growth rate, the real part of λ is

taken to be zero which means λ is purely imaginary i.e. λ = iω. The Rayleigh’s temporal

mode is also described in this analysis; therefore we can say that the disturbances grow

temporally and spatially on the jet surface.

Recently, Amini & Dolatabadi [2] performed temporal and spatial instability analysis

of elliptic liquid jets. They used the one dimensional Cosserat equations which are sys-

tematically derived by Bechtel et al. [7]. This study reveals that elliptic jets are more

unstable than that of circular jets with growth rates being increased by enlarging the

ellipticities.
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The Weber number is defined as, We = ρsU2/σ, where σ is surface tension, ρ is density,

U is exit velocity of jet and s is the radius of orifice. It is evident that the stability

of a liquid jet is strongly dependent on Weber number and several authors observed a

singularity in their stability analysis at We = 1. Baird & Davidson [6] considered the

annular straight jets without gravity and found a discontinuity at We = 1. They observed

that singularity occurred due to large menisci at the nozzle. Finnicum et al. [27] described

the two dimensional liquid curtain under the influence of gravity. They also noticed the

singularity at We = 1 but it can be removed if the curtain leaves the nozzle in a given

direction. They demonstrated that the stability of a jet is affected by the angle with

which curtain leaves the orifice.

Spatial and temporal instabilities are also called convective instabilities, such instabil-

ities grow and propagate beyond the point of origin leading to disintegration of the jet.

Lieb & Goldstein [43] realized a new form of disturbances which grow more quickly than

the Rayleigh mode. This kind of instability is also called absolute instability and we can

observe it in the case of slow moving jets. Jets becomes absolutely unstable below the

critical Weber number which is dependent on the Reynolds number [45]. Moreover, it

was shown that the disturbances grow away from the point of origin as well at the point

origin.

1.4 A review on nonlinear jet dynamics

Linear theory reveals that the jet breakup should be uniform along its axis and the droplet

formed to be almost equal to the wavelength of any initial disturbance. But the forma-

tion of satellite droplets (which are produced due to the fine threads between the primary

droplets) is not predicted by linear theory. Hence, we need nonlinear analysis to study

the complete dynamics of jet break up. Yuen [93] was the first who took into account

the nonlinear effects of disturbances on the jet surface. The growth rate and cut-off wave
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number observed by Yuen are different from that taken in linear analysis. The theoret-

ical survey of Chaudhary & Redekopp [11] indicates the formation of satellite droplets

which can be controlled by forcing the jet to some suitable harmonics. Using higher or-

der perturbation theory, the qualitative prediction of unequal drop sizes is presented by

Chaudhary & Maxworthy [9, 10] but fails to identify the shape of fluid close to pinch-off.

We need to use the full Navier-Stokes equations to illustrate nonlinear jet dynamics

but it is very difficult to get the full numerical solution in the presence of free boundary

conditions. Keeping this fact in mind Eggers [25] obtained the one dimensional model us-

ing a long wavelength approximation. Although, Ambravaneswaran et al. [1] and Moseler

& landman [57] described the jet by presenting two dimensional and three dimensional

model respectively.

Lee [42] solved the one dimensional momentum equation of an inviscid jet numerically

and found non-uniformity in jet breakup due to satellites. The theoretical and exper-

imental analysis is executed by Lee & Pimbley [62] and predict that the satellites can

disappear if the distance between main drops is five to seven times the jet diameter. A

different approach is used by Schulkes [78] to investigate the nonlinear instability on the

surface of liquid jets. The equations derived by Schulkes are more accurate from those

presented by Lee. He obtained the numerical solution of a nonlinear set of equations and

mentioned the formation of satellite droplets.

Eggers & Dupont [25] studied the one dimensional model in the presence of viscosity

and investigated the bifurcation of a drop suspended from an orifice. The aim of their

study is to analyze the behavior of the singularity close to the neck region in the final

stage of rupture. The experimental photographs of Peregrine et al. [60] compared with

simulations of droplets of water suspended from an orifice and good agreement is found

between theory and experiment. A boundary element method is applied by Hilbing &
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Heister [35] to examine the evolutions of straight liquid jets and the formation of main

and satellite droplets for fixed wavelength. According to this analysis, a change in Weber

number, wavelength and magnitude of disturbances alter the size of droplet.

1.5 Instability analysis of compound jets

The two fluid jet or compound jet is the simple extension of a single jet which is composed

of an inner thread of fluid which is completely covered by outer immiscible liquid. This

type of fluid system contains two interfaces, an inner interface separating the core and

annular fluid while the outer one separates the annular and ambient gas region. The

mechanics of compound jet breakup into droplets is similar to single fluid jet but the

complication arises in the dynamics of compound jets. The applications of compound jets

can be found in fiber spinning and particle sorting [34]. The compound jets were used

by Hertz & Hermanrud [33] to develop a new method for ink jet printing. In addition,

encapsulation of one substance by another is one of the main application of compound jets

which relates to encapsulation and development of food additives [30], targeted delivery

of drugs [36, 52] and improvement of insecticides [61].

One dimensional temporal instability analysis of an inviscid compound jet is considered

by Sanz & Masueger [76]. They studied the influence of surface tension ratios, density

ratios and radii ratios of inner to outer fluids and established the breakup regimes and

finally compared the theoretical results with the experiment performed by Hertz & Her-

manrud [33]. The capillary instability of compound jets in the presence of viscosity is

presented by Radev & Tchavdarov [67]. By using two dimensional equation of motion the

influence of secondary fluid layer on the instability is investigated numerically and three

types of breakup regimes are identified in this analysis. Shkadov & Sisoev [81] analyzed

the two-layer axisymmetric capillary jet and applied the boundary layer approximation

to full Navier-Stoke equation to calculate the stationary mean flow. Furthermore, they
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examined the two types of axisymmetric disturbances related to the interface between the

layers and jet surface.

The spatial and temporal instability of an inviscid compound jet has been discussed

by Chauhan et al. [12]. The set of equations are solved in Fourier-Laplace domain and

then inverted back into real domain. Two types of growing modes (stretching mode and

squeezing mode) are found in temporal analysis, but the spatial analysis reveals that

the jet is absolutely unstable, with the development of convective instabilities for higher

velocities. Chauhan et al. [13] carried out the temporal instability of viscous compound

jet to control the drop size in jet breakup and compound drop formation. Numerical and

analytical approach is used to solve dispersion relation for two different cases.

Craster et al. [19] investigated the instability of compound liquid jets with a large

viscosity contrast between annular and core regions. Both linear theory and numerical

simulations are used to study the effect of viscosity in the neighbouring fluids. Compound

and annular jets at low Reynolds number has been studied by Ramos [69]. Craster et

al. [18] and Kwak & Pozrikidis [41] conducted the instability of compound liquid jet in

the presence of insoluble surfactants.

The absolute instability of an inviscid compound jet is reported by Chauhan et al. [14],

whereas Suryo et al. [83] examined the compound jet numerically. Rou et al. [73] in-

vestigated the linear instability of nonaxisymmetric viscous compound emanating in an

inviscid ambient gas. They solved the dispersion relation by direct numerical procedure

and concluded that the gas-to-shell density ratio and the Weber number which is defined

at outer interface (i.e. ambient gas and shell liquid layer) have large influences on the

growth of nonaxisymmetric instability modes.

Uddin & Decent [86] studied the instability of inviscid axisymmetric compound jets

falling under gravity. They considered one dimensional model of jet breakup by using

12



slender jet approximation and steady-state solutions of falling compound jet were deter-

mined. Moreover, a two-step finite difference scheme was used to study the effects of

key parameters on breakup and drop formation. More recently, the breakup of a non-

Newtonian shear thinning compound jet obeying Carreau model has been investigated by

Mohsin et al. [54]. Other related studies are reported by Radev & Gospodinov [66] and

Yoshinaga & Maeda [92].

Compound drops can be produced through co-extrusion process which requires un-

derstanding of the channel flow of extruded liquids. Wilson & Rallison [89] considered

Oldroyd-B fluids to understand the stability of co-extruded elastic liquids. Furthermore,

Loscertales et al. [50] used electrified liquid jets for the production of Micro and Nano

capsules (with diameter 10 & 0.15 micrometer) and the capillary break up of viscous fluid

encased by another viscous fluid has been demonstrated by Lister & Stone [49].

1.6 Experimental investigation on jets

Experimental observations suggest that the phenomenon of breakup and drop formation

in axisymmetric liquid jets is remarkably complex. During the first half of nineteenth

century experiments on free surface flows were performed by Savart [77] and Plateau [63].

Later on, Lenard [44] and Rayleigh [71] analyzed the structure appearing on free surface

evolutions with the help of photography which are shown in Figs. 1.5 and 1.6 respectively.

However, Hauser et. al. [32] and Edgerton [22] were able to study the jet dynamics in

time and more accurately by using high speed cameras.

In twentieth century many researchers followed the Savart’s idea to study the jet insta-

bility and different techniques were used to impose the frequency at the nozzle. Crane et

al. [17] applied disturbances of different wavelengths on the orifice through electrical vi-

brator, whilst Donnely & Glabberson [21] introduced disturbances by using loud speaker

and found growth of surface waves as a function of time.
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Figure 1.5: A sequence of pictures of a drop of water falling from a pipette [44], it is one
of the first series of photographs of drop formation.

Goedde & Yuen [29] scrutinized the behavior of the neck and swell region of the jet

through different ways. They calculated the diameter of the neck and swell region as

a function of time and demonstrated the dominance of nonlinear effects. Rutland &

Jameson [74] compared their experimental results with the nonlinear theory presented by

Yuen [93]. Although it was a good agreement but the satellites were seen at wave number

greater than 0.7 which was the contradiction between theory and experiment.

In modern research, high resolution equipments are used at microscale level to give more

details about the post rupture behavior, especially in the case of secondary filaments.

The appearance of secondary filament between the primary thread and departing drop

has been analyzed by Shi et al. [80] while observing a drop falling from faucet. Other

background references related to faucet dripping are Tate [84], Rayleigh [72] and Harkin

& Brown [31]. Similar kind of phenomenon was discussed by Kowalewski [40] in the case

of jet issuing from orifice and compared the results with Eggers 1D model [23]. Although,

the shape of pinch-off region matched with the experiment but post rupture results were

contrary to the experimental observation.
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Figure 1.6: A photograph of jet breakup which is reproduce from Rayleigh’s paper [71].

The experiments on compound liquid jets are performed by Hertz & Hermanrud [33]

and Kendall [39] who considered gas in a core region; hence the droplets formed upon

the breakup are hollow spheres. Recently, the experiment on the breakup of compound

jet to periodic excitations has been done by Chiu & Lin [16] and showed six patterns of

breakup.

1.7 Structure of thesis

In this thesis we focus on the instability and breakup of compound liquid jets. This

system of fluids has been given less attention in the literature as compared to the single

fluid jets and many interesting features arise when the rupture of inner and outer liquids

coincides. The preceding sections of this chapter contain the brief introduction and a

detailed review on the instability of single and compound jets.

In the next chapter, we review the work of Uddin [87] and reproduce the dispersion

relation to describe the linear instability analysis of an inviscid compound liquid jet. We
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also give the brief description of Lax-Wendroff method applied by Uddin [87] to examine

the non-linearity in an inviscid compound jet and discuss the results in more detail.

Chapter three is related to the non-uniform compound liquid jets. In this chapter, we

discuss some important results obtained in [55], where we considered an inviscid compound

jet falling under gravity. The dispersion relation is solved numerically using Ferrari’s

method and the numerical results are also checked using Muller’s method. Moreover, we

provide the nonlinear analysis of similar problem studied by Uddin & Decent [86]. In

both these cases, the steady state solutions for the centreline of the jet were found using

Newton’s method but we apply Runge-Kutta method to find the steady state solutions.

Chapter four deals with the two dimensional axisymmetric compound moving in a

vertical downward direction. We perform the linear instability analysis using full set of

governing equation which describe the evolution of interfaces of the compound liquid jet.

We then solve the resulting dispersion relation in a long wavelength limits and give the

graphical comparison between them.

In chapter five, we examine the instability of a two dimensional axisymmetric inviscid

compound jet falling vertically downwards under the influence of gravity. The steady

state equations are derived using an asymptotic method and the temporal instability is

determined using a multiple scale approach. The results are analyzed to investigate the

key features of the jet including theoretical breakup lengths.

In chapter six, we formulate the governing equations which describe the evolution of

the interfaces of an inviscid compound jet in a surrounding gas. We then perform the

linear temporal instability analysis to investigate the most unstable wavenumber and its

associated growth rate of disturbance. We also examine how gas-to-shell liquid density

ratio affects the dynamics of the jet.

16



In chapter seven, we aim to investigate the behavior and instability of an inviscid

compound jet which falls vertically under gravity in the presence of a surrounding gas.

The governing equations are formulated and then reduced into one dimensional form

using an asymptotic expansion. We solve this set of equations using Newton’s method

to determine a steady state. Thereafter, we consider the temporal instability of the jet

around this steady state. Furthermore, we investigate how key parameters, including the

surrounding gas density, alter the growth rate and most unstable wavenumber. Finally,

we use an approximation to estimate breakup lengths of the jet.

In chapter eight, we investigate the instability of viscous compound jet using linear

theory of instability and apply asymptotic method to reduce the set of equation into one

dimension and obtain dispersion relation to analyze the behavior of the jet with different

surface tension ratios, density ratios, radii ratios and viscosity ratios.

We examine the viscous compound jet falling under the influence of gravity in chapter

nine. The governing equations are formulated and one dimensional set of equations are

obtained using an asymptotic approach. The steady-state solutions are found using modi-

fied Newton method. In addition, we present linear temporal analysis to study the effects

of key parameters on the surface of compound jet and breakup lengths are also calcu-

lated. Finally, we performed the nonlinear analysis of one dimensional viscous compound

jet falling under gravity using finite difference scheme based on Lax-Wendroff method to

study the formation of satellite droplets.

In chapter ten, we give the conclusions of this work and suggest the future work related

to the compound liquid jets.
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Chapter 2

Uniform compound liquid jets

2.1 Introduction

Whether it is the investigation of single liquid jets or compound liquid jets the surface

instabilities play an important role in the jet breakup. The liquid jet emerging from the

orifice is inherently unstable and continuous growing disturbances lead to disintegration

of the jet into droplets. In the case of a single jet the free interface exists between the fluid

and surrounding gas but in compound liquid jet there are two interfaces; one separates

the inner and outer immiscible fluid and the other one lies between the outer fluid and

ambient gas.

A compound liquid jet contains core and annular regions; the fluid flow in the core region

is totally encased by the annulus of second liquid. Like the single jets, compound jets have

contribution in scientific developments and are important in many practical applications,

such as particle encapsulation, food manufacturing, targeted delivery of drugs and ink jet

printing. Most importantly, there are two types of modes namely, a stretching mode and

squeezing mode, which are found by considering the disturbances in temporal mode but

the stretching mode is dominant in compound jet instability [13]. A sketch of stretching

and squeezing mode is displayed in Fig. 2.1.
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Figure 2.1: Stretching and squeezing mode in compound jet, courtesy of Chauhan et
al. [13]

2.2 Linear Analysis

This section deals with a detailed review on the linear instability analysis of a uniform

inviscid compound liquid jet carried out by Uddin [87]. An inviscid compound jet issuing

from a concentric tube with the exit velocity U was considered (See Fig. 2.2). It was

assumed that the inner fluid is totally enclosed by the outer immiscible liquid and the outer

radius of the compound jet was denoted by a and the inner one was χa, where(0 < χ < 1).

Both the fluids were taken as incompressible and were considered in the cylindrical co-

ordinate system. The conservation of mass and the momentum equations were taken by

Uddin [87] as

∇·u[z] = 0, (2.1)

∂u[z]

∂t
+ u[z]·∇u[z] = − 1

ρ[z]
∇p[z], (2.2)

where z = I, O, subscripts I and O used for inner and outer fluids respectively. The
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Figure 2.2: Profile of a compound jet

kinematic conditions obtained at the interfaces of compound jet are

∂f

∂t
+ u[z].∇f = 0 on r = R(x, t), (2.3)

∂f

∂t
+ u[O].∇f = 0 on r = S(x, t) (2.4)

and the normal stress conditions are

p[I] − p[O] = σ[I]κ on r = R(x, t), (2.5)

p[O] = σ[O]κ on r = S(x, t), (2.6)

where p[z] is the pressure, t is the time, ρ[z] is the density of the fluids, κ is the curvature

of the free surface, σ[I] and σ[O] are the surface tensions at the inner and outer interfaces,

f = r − R(x, t) and f = r − S(x, t) define the free surface at the inner and the outer

interface respectively. Equations (2.1)− (2.6) were non-dimensionized using the following
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scales

x =
x

L
, u[z] =

u[z]

U
, w[z] =

w[z]

U
,

t =
tU

L
, r =

r

a
, p[z] =

p[z]

ρ[O]U2
, and ε =

a

L
.

Additionally, the dimensionless form of inner and outer radii of the jet at the nozzle

are R(0, t) = χ and S(0, t) = 1 respectively. Dropping the overbears for the ease of

convenience, Uddin [87] found the one dimensional set equations by posing the asymptotic

expansions, which are given by

u[z] = u
[z]
0 (x, t) + (εr)u

[z]
1 (x, t) +O((εr)2), (2.7)

w[z] = (εr)w
[z]
1 (x, t) +O((εr)2), (2.8)

p[z] = p
[z]
0 (x, r, t) + (εr)p

[z]
1 (x, t) +O((εr)2), (2.9)

R = R0(x, t) + εR1(x, t) +O(ε2), (2.10)

S = S0(x, t) + εS1(x, t) +O(ε2). (2.11)
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Substituting the above expansions into the original dimensionless equations and after

some considerable algebra, we are able to get the resulting equations

∂u
[I]
0

∂t
+ u

[I]
0

∂u
[I]
0

∂x
= − 1

ρWe

∂

∂x

(
σ

R
+

1

S

)
, (2.12)

∂u
[O]
0

∂t
+ u

[O]
0

∂u
[O]
0

∂x
= − 1

We

∂

∂x

(
1

S

)
, (2.13)

∂R2
0

∂t
+
∂(R2

0u
[I]
0 )

∂x
= 0, (2.14)

∂

∂t
(S2

0 −R2
0) +

∂

∂x
((S2

0 −R2
0)u

[O]
0 ) = 0, (2.15)

where ρ = ρ[I]/ρ[O] is the density ratio between inner and outer fluids, σ = σ[I]/σ[O] is the

ratio between inner and outer interfaces and We = ρ[O]aU2/σ[O] is the Weber number.

Linear instability analysis was then performed by assuming the small perturbations in

terms of 0 < δ << ε, that is,

u
[I]
0 (x, t) = u

[I]
0 (x) + δ exp(ikx+ λt) ûI , (2.16)

u
[O]
0 (x, t) = u

[O]
0 (x) + δ exp(ikx+ λt) ûO, (2.17)

R0(x, t) = R0(x) + δ exp(ikx+ λt) R̂, (2.18)
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S0(x, t) = S0(x) + δ exp(ikx+ λt) Ŝ, (2.19)

where x = x/ε and t = t/ε. Here, u[I](x) = u[O](x) = S0(x) = 1 and R0(x) = χ were

assumed as the steady-state solutions. The disturbances were considered in temporal

mode, so λ, which is the growth rate, taken in complex form that is λ = λr+ iλi and wave

number k assumed as a real number. By introducing the small perturbations in equations

(2.12) − (2.15) and choosing the linear terms in δ, the following characteristic equation

was obtained

λ4 − k2

2We
[(
χ2

ρ
+ (1− µ2))(1− k2) +

σχk2

ρ
(

1

χ2
− k2)]λ2

+
k4σχ

4ρWe2
(1− k2)( 1

χ2
− k2)(1− χ2) = 0, (2.20)

which is quartic in λ. The numerical results of equation (2.20) for the growth rate of

disturbances λr against the wavenumber k have been shown in Fig. 2.3, where we can see

two types of growing modes. The curve with the smallest growth rate is called squeezing

mode and the curve with the largest growth rate is known as stretching mode which is

responsible for the breakup.

2.3 Nonlinear Instability Analysis

Linear theory provides us an estimation of breakup lengths and drop sizes but unable to

reveal an accurate description of post rupture behavior of the jet. Therefore, we need an

approach to investigate the non-uniformity in the breakup and the formation of satellite

droplets which are experimentally observed processes. For this purpose, we will use a

numerical method to review the nonlinear analysis of an inviscid compound jet developed
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Figure 2.3: Growth rate of disturbances versus wavenumber, The parameters used here are
We = 10, σ = 1, ρ = 1, and χ = 0.5

by Uddin [87] with some more numerical results.

In order to perform the nonlinear analysis of the uniform inviscid compound jet, Ud-

din [87] modified the leading order pressure terms (that is p
[I]
0 = 1/We[σ/R0 + 1/S0)] and

p
[O]
0 = 1/(WeS0)) of equations (2.12) and (2.13) by including the full expression for the

curvature, which are given by

p
[I]
0 =

σ

We

[
1

R0(1 + ε2R2
0x)1/2

−
ε2R2

0xx

(1 + ε2R2
0x)3/2

]
+

1

We

[
1

S0(1 + ε2S2
0x)1/2

−
ε2S2

0xx

(1 + ε2S2
0x)3/2

]
(2.21)

and

p
[O]
0 =

1

We

[
1

S0(1 + ε2S2
0x)1/2

−
ε2S2

0xx

(1 + ε2S2
0x)3/2

]
. (2.22)

Although this technique is not asymptotically correct it is necessary to produce a cor-

rect equilibrium shape at breakup. Furthermore, the jet is unstable at arbitrary small
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wavelengths if we ignore the full expression of curvature terms.

A finite difference method was applied to solve the equations (2.12)− (2.15) by keeping

the fixed and uniform grid points. In addition, time integration method applied is an

explicit scheme which is based on two step Lax-Wendroff method. We first discuss the

two step Lax-Wendroff method in the following section. Since we will require such a

method in the chapter nine of this thesis.

2.3.1 Two step Lax-Wendroff Method

The Lax-Wendroff method is based on a finite difference scheme and it can be used to

solve the PDEs of the form

∂u

∂t
=
∂F(u)

∂x
, (2.23)

where F is the flux vector which generally depends upon u and spatial derivative of u.

The time derivative can be written as

∂u

∂t
=

un+1
i − uni
4t

, (2.24)

whereas the space derivative is denoted by

∂F

∂x
=

Fn
i+1 − Fn

i−1

24x
. (2.25)

Here uni = u(x0 + i4x, t0 + n4t) and Fi
n = F(x0 + i4x, t0 + n4t). In this case, i is

the time node, n is the space node, 4x is the spatial step size, 4t is an appropriate

time step, x0 is the initial value of x and t0 is the initial time. Hence, the resulting finite
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approximation takes the following form

un+1
i − uni
4t

=
Fn
i+1 − Fn

i−1

24x
. (2.26)

The above method is known to be unstable, therefore we use the approximation of the

form

un
i =

1

2
(uni+1 − uni−1), (2.27)

which implies

un+1
i =

1

2
(uni+1 − uni ) +

4t
24x

(Fn
i+1 − Fn

i−1). (2.28)

Finally, intermediate points at the half time step tn+1/2 and the half mesh points xi+1/2 are

introduced and the whole solution is moved one step to two step of the the Lax-Wendroff

scheme as

u
n+1/2
i+1/2 =

1

2
(uni+1 − uni−1) +

4t
24x

(Fn
i+1 − Fn

i ), (2.29)

un+1
i = uni +

4t
4x

(F
n+1/2
i+1/2 − F

n+1/2
i−1/2 ). (2.30)

The Fluxes F
i+1/2
n+1/2 are computed from the values of u

i+1/2
n+1/2 and this system will be solved

for all the points on the compound jet.

2.3.2 Nonlinear Temporal Solution

To obtain the nonlinear temporal solution, we can re-write the equations (2.12)− (2.15),

after substituting the full curvature terms and choosing A(x, t) = R2 and B(x, t) = S2,
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Figure 2.4: Radius of the compound jet at various mash points to check the accuracy. The
parameters are We = 31.2, K = 0.38, σ = 0.22, ρ = 1.2, ε = 0.01, δ = 0.01, χ = 0.5 and
4t = 10−6

as

u
[I]
t +

(
(u[I])2

2

)
x

= − 1

ρWe

(
σ

4(2A+ (εAx)
2 − ε2AAxx)

(4A+ (εAx)2)3/2
+

4(2B + (εBx)
2 − ε2BBxx)

(4B + (εBx)2)3/2

)
x

,

(2.31)

u
[O]
t +

(
(u[O])2

2

)
x

= − 1

We

(
4(2B + (εBx)

2 − ε2BBxx)

(4B + (εBx)2)3/2

)
x

, (2.32)

At = (Au[I])x, (2.33)

and

(B − A)t = ((B − A)u[O])x. (2.34)
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Figure 2.5: Profiles of an inviscid compound jet at the point of breakup for two different
disturbance wavenumber K = 0.38 (first) and K = 0.89 (second). The other parameters are
We = 31.2, σ = 0.22, ρ = 1.2, ε = 0.01, δ = 0.01 and χ = 0.5

This system of equations is solved for x ∈ [0, L], where L is the entire length of the jet.

The initial conditions for the uniform inviscid compound jet are taken as u[I] = u[O] =

S = 1 and R = χ. The imposed upstream boundary conditions at the nozzle are given by

u[I](0, t) = u[O](0, t) = 1 + δ cos

(
Kt

ε

)
, R(0, t) = χ and S(0, t) = 1 (2.35)

where δ is dimensionless initial amplitude and K is the wavenumber of imposed sinusoidal

disturbance. The downstream boundary conditions for u[I], u[O], R and S are obtained

by quadratic extrapolation of last interval mesh points. In this numerical simulation of

the evolution of compound jet, our stopping criteria was taken to be the time at which

the minimum dimensionless inner jet radius was 0.05 due to consistency with previous

work [59]. Using a value smaller than this, for example, 0.01 will not alter the resulting

observations as close to breakup the evolution of the jet, in particular the radius, changes

exponentially. Therefore, we took the location of this minimum point to be the location
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Figure 2.6: Inner and outer droplet sizes when the disturbance wavenumber K is varied. Here,
we have We = 32.2, σ = 0.28, ρ = 1.2, ε = 0.01, δ = 0.01 and χ = 0.5

of breakup. It is important to mention that, in some cases, when the outer fluid radius

may not be relatively small we assume that the the compound jet will break at this point.

Moreover, the size of the droplet can be measured by evaluating the volume of the fluid

between the breakup point and the closest adjacent minimum of the compound jet, which

is mathematically expressed as

Vdrop = π

∫
R2dx (2.36)

and drop radius will be equalled to the radius of sphere, that is,

R̂ =

(
3Vdrop

4π

) 1
3

. (2.37)

An example of checking the accuracy of the numerical scheme by refining the mesh

points has been given in Fig. 2.4. In this figure, we are showing the inner radius of the
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Figure 2.7: The evolution of the compound jet radius in time consisting two inviscid fluids
(top). The profiles of the compound jet at different times are also manifested, t = 0.4 (middle)
and t = 0.619 (bottom). Here, we have We = 32.2, σ = 0.28, ρ = 1.2, K = 0.52, ε = 0.01,
δ = 0.01 and χ = 0.5
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Figure 2.8: Breakup time of the compound versus density ratios and surface tension ratios.
Here, we have We = 40, K = 0.48, ε = 0.01, δ = 0.01 and χ = 0.5

compound jet at the point of breakup. The formation of multiple cores with compound

droplets for different disturbance wavenumber K is shown in Fig. 2.5, where we can

observe that the multiple core formation is most conspicuous. The size of compound

droplet and the core droplet for various values of the disturbance wavenumber is depicted

in Fig. 2.6, where we notice the decrease in the size of compound and core droplets

with increasing the wavenumber. In Fig. 2.7, we have shown the evolution of an inviscid

compound jet and we can clearly see that the inner thread behaves qualitatively different

at the time of breakup. Figures 2.8 and 2.9 are extensions of some of the figures found in

Uddin [87].

In Fig. 2.8, we present the breakup time of the compound jet for the given values of

the surface tension ratios σ the density ratios ρ. It is observed that the breakup time is

increased with ρ and is reduced for larger values of σ. Fig. 2.9 shows that the compound

jet takes more time to breakup for the higher values of the radii ratio χ. Moreover, the

optimum wavenumber is found to increase by decreasing the inner to outer radii ratio of
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Figure 2.9: Breakup time of the compound for the given inner to outer radii ratio χ. The other
parameters are We = 40, σ = 0.25, ρ = 0.34, ε = 0.01 and δ = 0.01.

the compound jet.
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Chapter 3

Non-Uniform compound liquid jets

3.1 Introduction

In the preceding chapter we have reviewed the linear and nonlinear instability analysis of a

uniform inviscid compound jet. The effects of gravity on the instability and the dynamics

of the compound jet were neglected and therefore the compound jet was constrained to

move in a parallel plane to its initial direction of motion. So, in this chapter, we describe

the theoretical investigations on a compound jet emerging from circular orifice and falling

under the influence of gravity.

Mohsin et al. [55] and Uddin & Decent [86] performed the linear and nonlinear analysis

respectively by assuming the compound jet in a cylindrical co-ordinate system. The exit

effects were assumed to be ignored and velocity profile was taken as u[z] = (w[z], 0, u[z]),

where the superscripts z = I and z = O refer to the inner and the outer fluids respectively.

Both the fluids were assumed to be incompressible and immiscible. It was denoted that

r = R(x, t) is the interface of inner fluid with the outer liquid, r = S(x, t) is the interface

of outer fluid with the quiescent gas, σ[I] is the surface tension at the interface r = R(x, t)

and σ[O] is the surface tension at the interface r = S(x, t). The density of the fluids was

denoted by ρ[z], and the pressure and the time were denoted as p[z] and t respectively.
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The gravity was taken as g = (0, 0, g). In addition, the surface tensions σ[I] and σ[O] were

assumed to be constant at the inner and the outer interface respectively.

The continuity equation and the momentum equation were formulated as

∂u[z]

∂x
+
∂w[z]

∂r
+
w[z]

r
= 0, (3.1)

∂u[z]

∂t
+ u[z]

∂u[z]

∂x
+ w[z]∂u

[z]

∂r
= − 1

ρ[z]
∂p[z]

∂x
+ g (3.2)

and

∂w[z]

∂t
+ u[z]

∂w[z]

∂x
+ w[z]∂w

[z]

∂r
= − 1

ρ[z]
∂p[z]

∂r
. (3.3)

These equations were complemented by the kinematic conditions and the normal stress

conditions. The kinematic conditions, at the interface r = R(x, t), can be written as

w[z] =
∂R

∂t
+ u[z]

∂R

∂x
, (3.4)

where z = I, O. Similarly, the kinematic conditions, at the interface r = S(x, t), were

w[z] =
∂S

∂t
+ u[z]

∂S

∂x
, (3.5)

where z = O. The normal stress conditions, at the interfaces r = R(x, t) and r = S(x, t),

were given as

p[I] − p[O] = σ[I]κ[I], (3.6)
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and

p[O] = σ[O]κ[O] (3.7)

respectively, where

κ[I] =

(
1 +

(
∂R
∂x

)2)− 1
2

R
−

∂2R
∂x2(

1 +
(
∂R
∂x

)2) 3
2

, (3.8)

κ[O] =

(
1 +

(
∂S
∂x

)2)− 1
2

S
−

∂2S
∂x2(

1 +
(
∂S
∂x

)2) 3
2

. (3.9)

The variables were nondimensionalized in a following way:

x =
x

L
, u[z] =

u[z]

U
, w[z] =

w[z]

U
,

t =
tU

L
, r =

r

a
, p[z] =

p[z]

ρ[O]U2
, and ε =

a

L
.

The dimensionless forms of inner and outer radii of the jet at the nozzle were taken as

R(0, t) = χ and S(0, t) = 1 respectively.

3.2 Asymptotic Method

The variables were expanded, after dropping the overbars, using an asymptotic slender

jet expansion of the form

{u[z], w[z], p[z]} = {u[z]0 (x, t), 0, p
[z]
0 (x, r, t)} +(εr){u[z]1 (x, t), w

[z]
1 (x, t), p

[z]
1 (x, t)}+O((εr)2),

(3.10)
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{R, S} = {R0(x, t), S0(x, t)}+ ε{R1(x, t), S1(x, t)}+O(ε2). (3.11)

After substituting the above asymptotic expansions in the equations (3.1) − (3.9), the

leading order continuity equation for the inner and outer fluids gives

w
[z]
1 = −1

2

∂u
[z]
0

∂x
, (3.12)

where z = I, O. The leading order kinematic conditions, at r = R(x) and r = S(x), give

∂

∂t

(
R2

0

)
+

∂

∂x

(
R2

0u
[I]
0

)
= 0, (3.13)

and

∂

∂t

(
S2
0 −R2

0

)
+

∂

∂x

(
(S2

0 −R2
0)u

[O]
0

)
= 0, (3.14)

respectively. The leading order normal stress conditions, at r = S(x, t) and r = R(x, t),

yield

p
[O]
0 =

1

S0We
and p

[I]
0 =

1

We

(
σ

R0

+
1

S0

)
(3.15)

respectively, where σ = σ[I]/σ[O] is the ratio of surface tension between inner and outer

fluid interfaces and We = ρ[O]U2a/σ[O] is the Weber number. By using equations (3.12)

and (3.15), the radial momentum equation (3.3) gives ∂p
[z]
0 /∂r = 0, that is automatically

satisfied. Substituting equation (3.15) in the axial momentum equation (3.2) for the inner

and the outer fluids, which implies

∂u
[I]
0

∂t
+ u

[I]
0

∂u
[I]
0

∂x
= − 1

ρWe

∂

∂x

(
σ

R0

+
1

S0

)
+

1

F 2
(3.16)
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and

∂u
[O]
0

∂t
+ u

[O]
0

∂u
[O]
0

∂x
= − 1

We

∂

∂x

(
1

S0

)
+

1

F 2
, (3.17)

where ρ = ρ[I]/ρ[O] is the density ratio of the inner fluid to the outer fluid and F = U/
√
Lg

is the Froude number, which gives a measure of the relative importance of gravitational

forces.

3.3 Steady State solutions

The steady state form of equations (3.13), (3.14), (3.16) and (3.17) is given by

∂

∂x

(
R2

0u
[I]
0

)
= 0, (3.18)

∂

∂x

(
(S2

0 −R2
0)u

[O]
0

)
= 0, (3.19)

u
[I]
0

∂u
[I]
0

∂x
= − 1

ρWe

∂

∂x

(
σ

R0

+
1

S0

)
+

1

F 2
, (3.20)

u
[O]
0

∂u
[O]
0

∂x
= − 1

We

∂

∂x

(
1

S0

)
+

1

F 2
. (3.21)

Uddin & Decent [86] and Mohsin et al. [55] solved the above system of equations using

Newton’s method but this can also be solved with the help of Runge-Kutta method. The

results using both the methods are identical and we therefore use the Runge-Kutta method

in this chapter. The initial conditions at the nozzle were specified as u
[I]
0 = u

[O]
0 = S0 = 1

and R0 = χ. By using the initial conditions and dropping subscripts zeros from the
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Figure 3.1: The steady state solutions for inner and outer jet radii for various Froude numbers.
Other parameters are ρ = 1, σ = 1, χ = 0.5 and We = 100.

variables for ease of convenience, we apply Runge-Kutta method to find the steady state

solutions. We present the steady state solutions, for various values of Froude number,

for the inner and outer radii of the compound jet in Fig. 3.1. We notice that a decrease

in Froude number, which corresponds to a greater influence of gravitational forces, leads

to a more rapid decay of jet radii along the jet which is expected due to the increased

acceleration in the vertical direction.

3.4 Linear instability Analysis

Linear instability analysis was then performed by assuming the small perturbations in

terms of δ, that is,

u
[I]
0 (x, t) = u

[I]
0 (x) + δ exp(ikx+ λt) ûI , (3.22)
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u
[O]
0 (x, t) = u

[O]
0 (x) + δ exp(ikx+ λt) ûO, (3.23)

R0(x, t) = R0(x) + δ exp(ikx+ λt) R̂, (3.24)

S0(x, t) = S0(x) + δ exp(ikx+ λt) Ŝ, (3.25)

where x = x/ε and t = t/ε. The disturbances were considered in temporal mode, so

λ, which is the growth rate, taken in complex form, that is, λ = λr + iλi and wave

number k assumed as a real number. By introducing the small perturbations in equations

(3.13) − (3.17) and choosing the linear terms in δ, the following characteristic equation

was obtained

[4RS]λ′4 − [8RS(ik(u[O] − u[I]))]λ′3

+

[
2ikR3

ρWe

(
ik

S2
− ik3

)
+ σS

(
ik

R2
− ik3

)
− (4RS(ik(u[O] − u[I]))2)

]
λ′2

+

[
2ikR( ik

S2 − ik3)
We

(S2 −R2)

]
λ′2 +

[
4k2R( ik

S2 − ik3)(u[O] − u[I])
We

(S2 −R2)

]
λ′

+
R( ik

S2 − ik3)
We

(
2k2(u[O] − u[I]))2 −

σk2R( ik
R2 − ik3)
ρWe

)
(S2 −R2) = 0. (3.26)

where λ
′
= λ+ iku[O].
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Figure 3.2: Growth rate of disturbances versus wavenumber for two different surface tension
ratios σ. The other parameters are We = 10, ρ = 1, and χ = 0.5

We solve the dispersion relation (3.26) by applying Ferrari’s method [4] (we have also

checked our results using Muller’s method [58]) and examine the instability and the

breakup of the compound jet. The purpose to solve this dispersion in a temporal mode

is to obtain the growth rate of disturbances for the given values of wavenumber k. We

choose the maximum value of growth rate of disturbances λ
′
max and its correspondent

value of wavenumber Kmax and both of these values give us the information about the

droplet size and the breakup of the jet.

As the compound jet is accelerating in the vertical direction, the steady state solutions

are the function of x, that is axial distance along the jet. The major results from this

section have been published by the author in Physics of F luids, (see Mohsin et al. [55])

and here we summarize the key observations. In Fig. 3.2, we plot the growth rate of

disturbances against the wavenumber k for two different values of the surface tension

ratio σ. We notice that the growth rate of disturbances becomes large if we increase the

value of surface tension ratio σ. Moreover, we find a competing mode at σ = 0.22 and
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Figure 3.3: Maximum wavenumber versus surface tension ratios σ at different locations of the
compound jet. The other parameters are We = 10, ρ = 1, and χ = 0.5

σ = 0.23. In Fig. 3.3, we find a large difference in maximum wavenumber kmax and it is

due to the competing mode propagating along the jet. It exists for a smaller value of the

surface tension ratio σ which we refer to a threshold surface tension ratio σ∗. We obtain

kmax at three different positions of the jet by increasing the surface tension ratio σ. It

can be seen that the there is a jump in the values of values of kmax at σ = 0.23 and kmax

increases when σ < σ∗ and then it decreases slightly when σ > σ∗. This trend is found

to be similar for all the values of x. Using the results of linear instability analysis, we

obtain the theoretical breakup lengths which are shown in Fig. 3.4. The breakup lengths

are found by varying the inner to outer radii ratio χ for two different values of the Weber

number. It is clearly noticed that the compound jet take more time to breakup for higher

values of the Weber number. In addition, the breakup length increase with the increases

in χ and we also observe the outer jet breakup at χ = 0.94 for We = 20 and χ = 0.91 for

We = 100.
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3.5 Nonlinear Analysis

In order to perform the nonlinear analysis, we first re-write the equations (3.13), (3.14),

(3.16) and (3.17), after substituting the full curvature terms and choosing A(x, t) = R2

and B(x, t) = S2, as

u
[I]
t +

(
(u[I])2

2

)
x

= − 1

ρWe

(
σ

4(2A+ (εAx)
2 − ε2AAxx)

(4A+ (εAx)2)3/2
+

4(2B + (εBx)
2 − ε2BBxx)

(4B + (εBx)2)3/2

)
x

+
1

F 2
,

(3.27)

u
[O]
t +

(
(u[O])2

2

)
x

= − 1

We

(
4(2B + (εBx)

2 − ε2BBxx)

(4B + (εBx)2)3/2

)
x

+
1

F 2
, (3.28)

At = (Au[I])x, (3.29)
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Figure 3.5: Breakup time of compound jet against wavenumber of disturbance at nozzle for
different values of Froude number, where σ = 1.0, ρ = 1.0, δ = 0.01, ε = 0.01, χ = 0.5, and
We = 20.

and

(B − A)t = ((B − A)u[O])x. (3.30)

This system of equations is solved for x ∈ [0, L], where L is the entire length of the jet.

The initial conditions are the steady state solutions found in the previous section. The

imposed upstream boundary conditions at the nozzle are given by

u[I](0, t) = u[O](0, t) = 1 + δ cos

(
Kt

ε

)
, R(0, t) = χ and S(0, t) = 1 (3.31)

where δ is dimensionless initial amplitude and K is the wavenumber of imposed sinusoidal

disturbance. The downstream boundary conditions for u[I], u[O], R and S are obtained

by quadratic extrapolation of last interval mesh points.
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Figure 3.6: Breakup time of compound jet against density ratios for different values of surface
tension ratios, where K = 1.0, F = 0.707, δ = 0.01, χ = 0.01, ε = 0.01, and We = 25.

Here, we provide some numerical results found by Uddin & Decent [86] to study the

dynamics of inner and outer fluids. From Fig. 3.5, we can see that the compound jet

falling under the gravity will be longer and more stable for small disturbance wavenumber

but if we increase the wavenumber at the nozzle the compound jet falling without the

influence of gravity takes more time to breakup as compare to the compound jet falling

with gravity. It is also noticed that the wavenumber at which the breakup time is minimal

decreases by increasing the Froude number.

In Fig. 3.6, the graph is presented between the breakup time of compound jet falling

under the gravity and the density ratios for different values of surface tension ratios. It is

observed that the breakup time is increased with ρ for different values of σ. Furthermore,

the breakup time reduces for larger values of σ. The profiles of an inviscid compound

jet for two different disturbance amplitude are shown in the Fig. 3.7 and the size of the

inner droplet in the presence of gravity and for the case of zero gravity by varying the

disturbance amplitude δ is shown in Fig. 3.8. It can be noticed that the droplet becomes
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Figure 3.7: Profiles of the compound jet for two different values of disturbance amplitude, that
is, δ = 0.01 (first) and δ = 0.05 (second), where σ = 0.22, ρ = 1.2, K = 0.38, ε = 0.01, χ = 0.5,
and We = 31.2.

large for the higher disturbance amplitude δ. Furthermore, we observe that the size of

the droplet reduces due to the presence of gravity.

Lastly, we can conclude that an increase in the Froude number lead to decrease the

optimum wavenumber and the compound jet falling under gravity takes more time to

breakup by increasing the density ratios and decreasing the surface tension ratios.
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Chapter 4

Two dimensional inviscid compound

jet

4.1 Introduction

We have so far described the instability analysis of a compound liquid jet using a one

dimensional model to capture the relationship between the jet radius and the jet axial

velocity. In this chapter, we aim to examine the linear instability analysis of a two

dimensional inviscid compound liquid jet. Basically, we are extending the analysis of

Uddin [87] and are including effects due to the flow in the radial direction. Therefore, we

require the full set of dimensionless equations to perform the linear instability analysis

of the compound jet. For ease of reference, we present the dimensionless continuity and

momentum equations, which are given by

∂u[z]

∂x
+ ε

∂w[z]

∂r
+
w[z]

r
= 0, (4.1)

∂u[z]

∂t
+ u[z]

∂u[z]

∂x
+
w[z]

ε

∂u[z]

∂r
= −ρ

[O]

ρ[z]
∂p[z]

∂x
(4.2)
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and

∂w[z]

∂t
+ u[z]

∂w[z]

∂x
+
w[z]

ε

∂w[z]

∂r
= −ρ

[O]

ρ[z]
1

ε

∂p[z]

∂r
, (4.3)

where z = I, O. The dimensionless kinematic conditions, at the interface r = R(x, t) and

r = S(x, t), are given by

w[z] =
∂R

∂t
+ u[z]

∂R

∂x
, (4.4)

where z = I, O and

w[z] =
∂S

∂t
+ u[z]

∂S

∂x
, (4.5)

where z = O, respectively. The dimensionless normal stress conditions, at the interfaces

r = S(x, t) and r = R(x, t), are

p[O] =
κ[I]

We
, where κ[I] =

(
1 + ε2

(
∂S
∂x

)2)− 1
2

S
−

∂2S
∂x2(

1 + ε2
(
∂S
∂x

)2) 3
2

(4.6)

and

p[I] − p[O] =
σκ[O]

We
, where κ[O] =

(
1 + ε2

(
∂R
∂x

)2)− 1
2

R
−

∂2R
∂x2(

1 + ε2
(
∂R
∂x

)2) 3
2

(4.7)

respectively. Here σ = σ[I]/σ[O] is the ratio of surface tension between the inner and

outer fluid interfaces, We = ρ[O]U2a/σ[O] is the Weber number and ρ = ρ[I]/ρ[O] is the

density ratio of the inner fluid to the outer fluid. The steady state solutions of the uniform

velocities are u[I] = u[O] = (0, 0, 1), which imply S0 = 1 and R0 = χ.
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4.2 Linear Instability Analysis

We now consider the linear temporal instability analysis of an inviscid compound liquid

jet. The evolution of the jet depends on the length scale x = O(1), but the disturbances

along the jet are much smaller and are comparable to ε when x = O(1). In other words,

we can say that the disturbances are typically of the order of jet radius a. Similar to

the approach used in previous chapter, we consider the traveling short waves of the form

exp(ikx + λt), where k = k(x) = O(1) and λ = λ(x) = O(1) are the frequency and

wavenumber of disturbances. Additionally, x = x/ε and t = t/ε are small length and

time scales. Thus, we have a multiple scale formulation as the perturbations grow along

the jet having wavelength of O(ε). Now we introduce small time dependent perturbations

to the steady state solutions which take the form

u[z] = 1 + δu[z](r) exp(λt+ ikx), (4.8)

w[z] = 0 + δw[z](r) exp(λt+ ikx), (4.9)

p[z] = p
[z]
0 (x) + δp[z](r) exp(λt+ ikx), (4.10)

R = χ+ δR exp(λt+ ikx), (4.11)

S = 1 + δS exp(λt+ ikx). (4.12)
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where 0 < δ << ε. Substituting the expansions (4.8)− (4.12) into the equations (4.1)−

(4.7) yield at leading order, or O(δ/ε),

iku[z] +
∂w[z]

∂r
+
w[z]

r
= 0, (4.13)

(λ+ ik)u[z] = −((δIz)
1

ρ
+ δOz)p[z]ik, (4.14)

(λ+ ik)w[z] = −((δIz)
1

ρ
+ δOz)

∂p[z]

∂r
, (4.15)

w[z] = (λ+ ik)R for z = I, O, (4.16)

w[z] = (λ+ ik)S for z = O, (4.17)

p[I] − p[O] =
σ

We
(k2 − 1

R2
0

)R, (4.18)

p[O] =
1

We
(k2 − 1

S2
0

)S, (4.19)

where δIz is the Kronecker delta symbol with free index z. Using (4.14) and (4.15) to

eliminate p[z], we get w[z] = 1
ik
∂u[z]

∂r
and substituting this result in (4.13), so that we have

∂2u[z]

∂r2
+

1

r

∂u[z]

∂r
− k2u[z] = 0, (4.20)
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which has solution

u[z] = C [z]I0(kr) +D[z]K0(kr). (4.21)

By using the value of u[z], we are able to get

w[z] =
1

i
(C [z]I1(kr)−D[z]K1(kr)). (4.22)

By using (4.14) in (4.21), yields

p[z] =
−(λ+ ik)

ik((δIz)ρ+ δOz)
(C [z]I0(kr) +D[z]K0(kr)), (4.23)

where I0(kr), I1(kr) and K0(kr), K1(kr) are the modified Bessel functions of first and

second kind respectively. To avoid the singularities, and to ensure finite values at r = 0,

we require that D[I] will be equal to zero.

Substituting the values of w[z] in (4.16) and (4.17), yields

1

i
(C [I]I1(kχ)−D[I]K1(kχ)) = (λ+ ik)R, (4.24)

1

i
(C [O]I1(kχ)−D[O]K1(kχ)) = (λ+ ik)R, (4.25)

1

i
(C [O]I1(k)−D[O]K1(k)) = (λ+ ik)S. (4.26)
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Similarly, using the values of p[z] from equation (4.23) in equations (4.18) and (4.19), we

get

−(λ+ ik)

ikρ
(C [I]I0(kχ)) +

(λ+ ik)

ik
(C [O]I0(kχ) +D[O]K0(kχ)) (4.27)

=
σ

We
(k2 − 1

χ2
)R,

−(λ+ ik)

ik
(C [O]I0(kχ) +D[O]K0(kχ)) =

1

We
(k2 − 1)S. (4.28)

By eliminating the C [I], C [O], D[O], R and S from equations (4.24)− (4.28), we are able to

arrive at following dispersion relation:

λ
′4

k2
[ (I1(kχ)K1(k)I0(k)K0(kχ)− I1(kχ)I0(kχ)K0(k)K1(k))

+ ρ ( K1(kχ)I0(k)I0(kχ)K1(k) + I1(kχ)K1(k)K0(k)I0(kχ)) ] +

λ
′2

kWe
[ β (I1(kχ)K1(kχ)K1(k)I0(k) + I1(kχ)I1(kχ)K1(k)K0(k))

+ ρ α (K1(kχ)K1(k)I0(kχ)I1(k) + I1(kχ)I0(kχ)K1(k)K1(k)) +

α ( I1(kχ)I0(kχ)K1(k)K1(k) + I1(kχ)K0(kχ)K1(k)I1(k)) ] −

+
αβ

We2
(I1(kχ)K1(kχ)II(k)K1(k)− I1(k)I0(kχ)K1(kχ)K1(k)) = 0. (4.29)
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In the above dispersion relation, we have

α = k2 − 1, β = σ (k2 − 1
χ2 )

and λ
′
= λ+ ik. If we take the long wavelength limit of (4.29), that is k −→ 0, we obtain

the following eigenvalue relation:

λ
′4 − k2

2We
[(
χ2

ρ
+ (1− µ2))(1− k2) +

σχk2

ρ
(

1

χ2
− k2)]λ′2 +

k4σχ

4ρWe2

(1− k2)( 1

χ2
− k2)(1− χ2) = 0 (4.30)

We note that (4.30) is identical to the dispersion relation found by Uddin [87] as shown

in chapter two of this thesis.

4.3 Results and discussion

The dispersion relation (4.29) is a quartic equation in λ
′

for the given values of k and

since only even powers of λ
′
appear, therefore we may use the quadratic formula to obtain

solutions for λ
′
. We now discuss the numerical results obtained by solving equation (4.29).

In Fig. 4.1, we plot the growth rate of disturbances for the given value of wavenumber k.

Here, we present the comparison between the full dispersion relation and the dispersion

relation obtained by Uddin [87] in a long wavelength limit. As anticipated it shows a good

agreement for k << 1 and there is a slight variation for k = O(1) values with the full

dispersion relation predicting slightly lower values for the growth rate for all wavenumbers.

The growth rate of disturbances versus the wavenumber k for two different values of

the surface tension ratio σ and the density ratio ρ have been shown in Figs. 4.2 and 4.3
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Figure 4.1: Growth rate of disturbances versus wavenumber, The parameters are We = 10,
σ = 1, ρ = 1, and χ = 0.5
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Figure 4.2: Growth rate of disturbances versus wavenumber for two different surface tension
ratios, The parameters are We = 10, ρ = 1, and χ = 0.5
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Figure 4.3: Growth rate of disturbances versus wavenumber for two different density ratios,
The parameters are We = 10, σ = 1, and χ = 0.5

respectively. We can clearly notice that the growth rate of disturbances increases with

the increase in surface tension ratio σ at the interfaces and the lower growth rates are

found for the higher value of the density ratio ρ. Figures. 4.4 and 4.5 give us the growth

rate of disturbances for two different values of the the Weber number and inner to outer

radii ratio χ respectively. It is seen that the growth rate of disturbances reduces at the

larger value of the Weber number. In addition, we analyze from the Fig. 4.5 that the

cut-off wavenumber and growth rate of disturbances become large by decreasing the inner

to outer radii ratio χ.
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Figure 4.4: Growth rate of disturbances versus wavenumber for two different values of Weber
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Figure 4.5: Growth rate of disturbances versus wavenumber for two different radii ratios, The
parameters are We = 10, σ = 1, and ρ = 1
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Chapter 5

Two dimensional inviscid compound

jet falling under gravity

5.1 Introduction

In the previous chapter, we have performed the linear instability analysis of a two di-

mensional inviscid compound jet but we ignored the effects of gravity on the dynamics

of the jet. Here, we will consider the same compound jet but we will investigate how

gravity affects the behavior of the compound jet falling in a vertical direction. We start

with the dimensionless equations found by Uddin [86] and Mohsin et al. [55] in which the

dimensionless continuity and the Euler equations are given by

∂u[z]

∂x
+ ε

∂w[z]

∂r
+
w[z]

r
= 0, (5.1)

∂u[z]

∂t
+ u[z]

∂u[z]

∂x
+
w[z]

ε

∂u[z]

∂r
= −ρ

[O]

ρ[z]
∂p[z]

∂x
+

1

F 2
(5.2)
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and

∂w[z]

∂t
+ u[z]

∂w[z]

∂x
+
w[z]

ε

∂w[z]

∂r
= −ρ

[O]

ρ[z]
1

ε

∂p[z]

∂r
, (5.3)

where z = I, O. The dimensionless kinematic conditions, at the interface r = R(x, t) and

r = S(x, t), are given by

w[z] =
∂R

∂t
+ u[z]

∂R

∂x
, (5.4)

where z = I, O and

w[z] =
∂S

∂t
+ u[z]

∂S

∂x
, (5.5)

where z = O, respectively. The dimensionless normal stress conditions, at the interfaces

r = S(x, t) and r = R(x, t), are

p[O] =
κ[I]

We
, where κ[I] =

(
1 + ε2

(
∂S
∂x

)2)− 1
2

S
−

∂2S
∂x2(

1 + ε2
(
∂S
∂x

)2) 3
2

(5.6)

and

p[I] − p[O] =
σκ[O]]

We
, where κ[O] =

(
1 + ε2

(
∂R
∂x

)2)− 1
2

R
−

∂2R
∂x2(

1 + ε2
(
∂R
∂x

)2) 3
2

(5.7)

respectively.

5.2 Steady State Solutions

We use the same set of steady state equations which we have discussed in chapter three

(obtained using an asymptotic method). The steady state equations are given by

∂

∂x

(
R2

0u
[I]
0

)
= 0, (5.8)
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∂

∂x

(
(S2

0 −R2
0)u

[O]
0

)
= 0, (5.9)

u
[I]
0

∂u
[I]
0

∂x
= − 1

ρWe

∂

∂x

(
σ

R0

+
1

S0

)
+

1

F 2
(5.10)

and

u
[O]
0

∂u
[O]
0

∂x
= − 1

We

∂

∂x

(
1

S0

)
+

1

F 2
, (5.11)

where σ = σ[I]/σ[O] is the ratio of surface tension between inner and outer fluid interfaces,

We = ρ[O]U2a/σ[O] is the Weber number, ρ = ρ[I]/ρ[O] is the density ratio of the inner

fluid to the outer fluid and F = U/
√
Lg is the Froude number, which gives a measure of

the relative importance of gravitational forces. Equations (5.8) − (5.11) are a system of

nonlinear ordinary differential equations with unknowns u
[I]
0 , u

[O]
0 , R0 and S0. To solve this

set of equations, we specify initial conditions at the nozzle, that is, u
[I]
0 = u

[O]
0 = S0 = 1

and R0 = χ. By using the initial conditions and dropping subscripts zeros from the

variables for ease of convenience, we integrate the system of equations and then apply

Newton’s method to obtain a spatially non-uniform steady state solution for the inviscid

compound jet which falls vertically downwards under the influence of gravity. We present

the steady state solutions, for various values of the Weber number, for the inner and outer

radii of the compound jet in Fig. 5.1. We notice that an increase in the Weber number

leads to slightly rapid decay of jet radii along the jet.

5.3 Linear Instability Analysis

We now consider the linear temporal instability analysis of an inviscid compound liquid

jet falling under the influence of gravity. The evolution of the jet depends on the length

scale x = O(1), but the disturbances along the jet are much smaller and are comparable
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Figure 5.1: The steady state solutions for inner and outer jet radii for various Weber numbers.
Other parameters are ρ = 1, σ = 1, χ = 0.5 and We = 100.

to ε when x = O(1). In other words, we can say that the disturbances are typically of the

order of jet radius a. We consider the traveling short waves of the form exp(ikx + λt),

where k = k(x) = O(1) and λ = λ(x) = O(1) are the frequency and wavenumber of

disturbances. Additionally, x = x/ε and t = t/ε are small length and time scales. Thus,

we have a multiple scale formulation as the perturbations grow along the jet having

wavelength of O(ε). Now we introduce small time dependent perturbations to the steady

state solutions which take the form

u[z] = u
[z]
0 (x) + δu[z](r) exp(λt+ ikx), (5.12)

w[z] = w
[z]
0 (x) + δw[z](r) exp(λt+ ikx), (5.13)

p[z] = p
[z]
0 (x) + δp[z](r) exp(λt+ ikx), (5.14)
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R = R0(x) + δR exp(λt+ ikx), (5.15)

S = S0(x) + δS exp(λt+ ikx). (5.16)

where 0 < δ << ε. We substitute the expansions (5.12) − (5.16) into the equations

(5.1)− (5.7) yield at leading order, or O(δ/ε),

iku[z] +
∂w[z]

∂r
+
w[z]

r
= 0, (5.17)

(λ+ iku
[z]
0 )u[z] = −((δIz)

1

ρ
+ δOz) p[z]ik, (5.18)

(λ+ iku
[z]
0 )w[z] = −((δIz)

1

ρ
+ δOz)

∂p[z]

∂r
, (5.19)

w[z] = (λ+ iku[z])R for z = I, O, (5.20)

w[z] = (λ+ iku
[z]
0 )S for z = O, (5.21)

p[I] − p[O] =
σ

We
(k2 − 1

R2
0

)R, (5.22)

p[O] =
1

We
(k2 − 1

S2
0

)S, (5.23)
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where δIz is the Kronecker delta symbol with free index z. Using (5.18) and (5.19) to

eliminate p[z] we get w[z] = 1
ik
∂u[z]

∂r
and substituting this result in (5.17), we have

∂2u[z]

∂r2
+

1

r

∂u[z]

∂r
− k2u[z] = 0, (5.24)

which has solution

u[z] = C [z]I0(kr) +D[z]K0(kr). (5.25)

By using the value of u[z], we are able to get

w[z] =
1

i
(C [z]I1(kr)−D[z]K1(kr)). (5.26)

By using (5.18) in (5.25), yields

p[z] =
−(λ+ ik)u

[z]
0

ik((δIz)ρ+ δOz)
(C [z]I0(kr) +D[z]K0(kr)), (5.27)

where I0(kr), I1(kr) and K0(kr), K1(kr) are the modified Bessel functions of first and

second kind respectively. To avoid the singularities, and to ensure finite values at r = 0,

we require that D[I] will be equal to zero. Substituting the values of w[z] in (5.20) and

(5.21), yield

1

i
(C [I]I1(kR0)−D[I]K1(kR0)) = (λ+ iku

[I]
0 )R, (5.28)

1

i
(C [O]I1(kR0)−D[O]K1(kR0)) = (λ+ iku

[O]
0 )R, (5.29)
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1

i
(C [O]I1(kS0)−D[O]K1(kS0)) = (λ+ iku

[O]
0 )S. (5.30)

Similarly, using the values of p[z] from equation (5.27) in equations (5.22) and (5.23), we

get

−(λ+ iku
[I]
0 )

ikρ
(C [I]I0(kR0)) +

(λ+ iku
[O]
0 )

ik
(C [O]I0(kR0) +D[O]K0(kR0)) (5.31)

=
σ

We
(k2 − 1

R2
0

)R,

−(λ+ iku
[O]
0 )

ik
(C [O]I0(kR0) +D[O]K0(kR0)) =

1

We
(k2 − 1

S2
0

)S. (5.32)

By eliminating the C [I], C [O], D[O], R and S from equations (5.28)− (5.32) and removing

subscripts from u
[I]
0 , u

[O]
0 , R0, and S0 for ease of convenience, we are able to arrive (after

lengthy algebra) at following dispersion relation:

λ
′4

k2
[ (I1(kR)K1(kS)I0(kS)K0(kR)− I1(kR)I0(kR)K0(kS)K1(kS))

+ ρ ( K1(kR)I0(kS)I0(kR)K1(kS) + I1(kR)K1(kS)K0(kS)I0(kR)) ] +

λ
′3

k
[ 2iρa1(K1(kR)I0(kR)I0(kS)K1(kS)− I1(kS)K0(kS)K1(kS)I0(kR)) ] +

λ
′2

kWe
[ β (I1(kR)K1(kR)K1(kS)I0(kS) + I1(kR)I1(kR)K1(kS)K0(kS))

+ ρ α (K1(kR)K1(kS)I0(kR)I1(kS) + I1(kR)I0(kR)K1(kS)K1(kS)) +
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α ( I1(kR)I0(kR)K1(kS)K1(kS) + I1(kR)K0(kR)K1(kS)I1(kS) )−We

ρ a21 k(I1(kR)K1(kS)K0(kS)I0(kR) +K1(kR)I0(kR)I0(kS)K1(kS)) ] −

2iλ
′

We
[a1ρα(K1(kS)K1(kR)I1(kS)I0(kR)− I1(kR)K1(kS)K1(kS)I0(kR)) ]

+
αβ

We2
(I1(kR)K1(kR)II(kS)K1(kS)− I1(kS)I0(kR)K1(kR)K1(kS)) +

ραka21
We

(K1(kS)I1(kR)I0(kR)K1(kS)− I1(kS)K1(kR)I0(kR)K1(kS)) = 0. (5.33)

In the above dispersion relation, we have

a1 = (u[I] − u[O]), α = k2 − 1
S2 , β = σ (k2 − 1

R2 )

and λ
′

= λ + iku[O]. If we take the long wavelength limit of (5.33) that is k −→ 0, we

obtain the following eigenvalue relation:

[4RS]λ′4 − [8RS(ik(u[O] − u[I]))]λ′3

+

[
2ikR3

ρWe

(
ik

S2
− ik3

)
+ σS

(
ik

R2
− ik3

)
− (4RS(ik(u[O] − u[I]))2)

]
λ′2

+

[
2ikR( ik

S2 − ik3)
We

(S2 −R2)

]
λ′2 +

[
4k2R( ik

S2 − ik3)(u[O] − u[I])
We

(S2 −R2)

]
λ′
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Figure 5.2: Maximum wavenumber versus surface density ratios at different locations of the
compound jet. The other parameters are We = 10, σ = 1, F = 1 and χ = 0.5

+
R( ik

S2 − ik3)
We

(
2k2(u[O] − u[I]))2 −

σk2R( ik
R2 − ik3)
ρWe

)
(S2 −R2) = 0. (5.34)

We note that (5.34) is identical to the dispersion relation found by the author [55].

5.4 Results and discussion

The dispersion relation (5.33) can be solved with the help of Muller’s method [58]. The

coefficients of this equation depend on x which is axial distance along the compound jet.

It is generally known that there is a wavenumber k which corresponds to the maximum

value of the growth rate of disturbances and we call it most unstable mode Kmax. This is

the wavenumber where liquid jet breakup and we can find droplet size by the help of this

value of wavenumber. In this analysis, we will see how gravity alters the most unstable

mode and the maximum growth rate of disturbance of a two dimensional compound liquid

jet.
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Figure 5.3: Maximum growth rate of disturbances versus surface density ratios at different
locations of the compound jet. The other parameters are We = 10, σ = 1, F = 1 and χ = 0.5

As the compound jet is accelerating in the vertical direction, therefore steady state

solutions are the function of x that is axial distance along the jet. Hence, the coefficients

of dispersion relation are affected as we move down the jet and obviously it will have a

strong influence on the breakup and the droplet size.

To examine the impact of gravity on the surface of compound jet, we display the

maximum wavenumber and maximum growth rate for the given values of density ratio ρ

at different location of the jet in the Figs. 5.2 and 5.3 respectively. It is observed that the

maximum wavenumber always increases gradually along the jet as we increase the density

ratio ρ but an increase in ρ leads to decrease the maximum growth rate of disturbances.

We show the similar graphs for the given values of the surface tension ratio σ in Figs. 5.4

and Fig. 5.5.

We find the large difference in the maximum wavenumber which is due to competing

mode propagating along the jet as discussed in chapter three. It can be seen that there is

a jump in the values of the maximum wavenumber Kmax at σ = 0.23, and Kmax increases
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Figure 5.4: Maximum wavenumber versus surface tension ratios at different locations of the
compound jet. The other parameters are We = 10, ρ = 1, F = 1 and χ = 0.5
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Figure 5.5: Maximum growth rate of disturbances versus surface tension ratios at different
locations of the compound jet. The other parameters are We = 10, ρ = 1, F = 1 and χ = 0.5
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Figure 5.6: Maximum wavenumber versus Weber number at different locations of the compound
jet. The other parameters are σ = 1, ρ = 1, F = 1 and χ = 0.5

when σ < 0.23 and it decrease slightly when σ > 0.23. The trend is similar for all values of

x. The growth rate of disturbance λmax increases with σ and x. We also perform the same

analysis for the case of Weber number in Figs. 5.6 and 5.7. We observe that the maximum

wavenumber is unchanged by varying the Weber number and there is reduction in the

maximum value of the growth rate as we increase the Weber number. The maximum

growth rate together with most unstable wavenumber increase with the axial distance x.

In Figs. 5.8 and 5.9, we show the maximum wavenumber and its associated maximum

growth rate of disturbances for two different values of the surface tension ratio σ against

the axial length of the jet respectively. It is found that the maximum wavenumber and

its associated maximum growth rate increase along the jet and produce the same effects

as we increase σ. The maximum wavenumber versus the axial length of the jet for two

different values of ρ is shown in Fig. 5.10, and similarly the maximum growth rate of

disturbances versus axial length of the jet is depicted in Fig. 5.11. Here, it is clearly

notice that the maximum wavenumber and its associated maximum growth rate increase
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Figure 5.7: Maximum growth rate of disturbances versus Weber number at different locations
of the compound jet. The other parameters are σ = 1, ρ = 1, F = 1 and χ = 0.5
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Figure 5.8: Maximum wavenumber versus the axial length of the jet for two different surface
tension ratios. The other parameters are We = 10, ρ = 1, F = 1 and χ = 0.5
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Figure 5.9: Maximum growth rate of disturbances versus the axial length of the jet for two
different surface tension ratios. The other parameters are We = 10, ρ = 1, F = 1 and χ = 0.5

along the jet and the most unstable wavenumber increases with the increase in ρ, while

the the maximum value of growth rate of disturbances decreases by increasing the inner

to outer density ratio ρ. Therefore, we can say that there will be smaller droplets if

we increase the density ratio and longer jet are produced if the density ratio ρ between

the fluids is higher. From the Figs. 5.12 and 5.13, we can see that the values of the

maximum wavenumber and the maximum growth rate increase by decreasing the radii

ratio χ and increase along the jet. It is important to note that in all these figures the

curves corresponding to x = 0 is equivalent to the zero-gravity case and therefore the

influence of gravity can be seen in comparison.

Finally, we will use the results of our linear instability analysis and aim to determine the

profile of waves traveling along the inner and outer interface to investigate the breakup

lengths of inviscid compound jet falling under gravity. In order to find the breakup length,

we require time t which we will obtain by integrating the inverse of steady state velocities

(in equations (5.10) − (5.11)) over the entire length of compound jet. Mathematically
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Figure 5.10: Maximum wavenumber versus the axial length of the jet for two different density
ratios. The other parameters are We = 10, σ = 1, F = 1 and χ = 0.5
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Figure 5.11: Maximum growth rate of disturbances versus the axial length of the jet for two
different density ratios. The other parameters are We = 10, σ = 1, F = 1 and χ = 0.5

71



0 0.5 1 1.5 2 2.5 3 3.5 4
1

1.5

2

2.5

3

3.5

4

4.5

5

5.5

x

K
m

ax

 

 

χ = 0.2
χ = 0.5

Figure 5.12: Maximum wavenumber versus the axial length of the jet for two different radii
ratios. The other parameters are We = 10, ρ = 1, F = 1 and σ = 1
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Figure 5.13: Maximum growth rate of disturbances versus the axial length of the jet for two
different radii ratios. The other parameters are We = 10, ρ = 1, F = 1 and σ = 1
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it can be expressed as t =
∫ x
0

1
u(s)

ds. This integral will be solved with the help of the

Trapezoidal rule in MATLAB. Using the results obtained in previous section to plot R

and S and choosing a value for ε and δ, we can determine the breakup length lb. The

breakup length is the location of the compound jet where, either inner and outer interface

touch or inner radius R approaches to zero. The profiles of the compound jet falling under

gravity have been shown in Fig. 5.14. The first profile is the example of inner jet breakup

where the inner radius R reaches to zero, while the second profile depicts the outer jet

breakup because in this case, instead of inner radius R approaches to zero, the outer

interface meets with inner one. The breakup lengths lb are determined by varying χ for

two different values of the Weber number and manifested in Fig. 5.15. It is observed that

breakup length increases with the increase in χ and decreases by decreasing the Weber

number. We also notice the qualitative change in the jet breakup that we have outer jet

breakup and the reason for this fact is the formation of neck which allow outer interface

to meet with inner interface. We can compare our results to the breakup lengths obtained

by the author [55]. Particularly, at ρ = 1, σ = 1, F = 1, δ = 0.002, ε = 0.01, χ = 0.6

and We = 20, the breakup length was found lb = 42 (see Fig. 3.4). In this analysis,

using the same parameter values, the breakup length we have lb = 45 which seems to be

a good agreement. There is small difference in breakup length because we consider two

dimensional compound jet as compare to the one dimensional model. Therefore, we can

say that our results are more accurate due to the addition of flow in a radial direction

of the compound jet. As we know that the liquid jet breakup is inherently nonlinear

phenomena, therefore linear theory cannot provide the accurate picture of later stages of

breakup but it provides a good prediction of breakup lengths and breakup times [26].

73



20 25 30 35 40 45 50
−2

−1

0

1

2

70 72 74 76 78 80 82 84 86 88 90
−2

−1

0

1

2

x/ε

interfaces touch here

Figure 5.14: Profiles of an inviscid compound jet. The parameters used here are χ =
0.62 (first), χ = 0.88 (second), σ = 1, ε = 0.01, ρ = 1, F = 1, We = 20 and δ = 0.002

0.5 0.6 0.7 0.8 0.9 1

30

40

50

60

70

80

90

100

110

120

χ

B
re

ak
up

 L
en

gt
h 

x/
ε

 

 

Inner Jet Breakup at We = 20

Inner Jet Breakup at We = 100

Outer Jet Breakup at We = 20

Outer Jet Breakup at We = 100

Figure 5.15: Theoretical breakup lengths of compound jet. The parameters used here are σ = 1,
ε = 0.01, ρ = 1, F = 1 and δ = 0.002
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Chapter 6

Inviscid compound jet moving in an

ambient gas

The instability of an inviscid axisymmetric two dimensional uniform compound jet moving

in a surrounding will be discussed in this chapter. We will see how the density of a

surrounding gas modifies the dynamics of a compound jet, in particular the growth rate

of unstable waves. Firstly, we formulate the governing equations of the compound jet

in the presence of surrounding gas and then we will determine the linear stability of the

resulting set of equations.

6.1 Problem Formulation

We consider an inviscid axisymmetric compound jet which emerges from a concentric tube

with the exit velocity U and moves in a surrounding gas. The outer radius of the compound

jet is denoted by a and the inner radius is denoted by χa, where 0 < χ < 1. It is assumed

that the compound jet, after issuing from a circular orifice, falls in a vertical direction.

It is also assumed that all the fluids are incompressible and immiscible. The geometry of

the compound jet is described in a cylindrical coordinate system (r, θ, x), where r is the

radial component, θ is an azimuthal component and x is the length of the jet. As we are
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assuming axisymmetric flow, the azimuthal components are taken to be zero. Therefore,

the velocity vector describing the flow can be written as u[z] = (w[z], 0, u[z]), where the

superscript z = I, O and A refer to the inner fluid, the outer fluid and the surrounding

gas respectively. Here we denote r = R(x, t) as the interface of the inner fluid with the

outer one, r = S(x, t) as the interface of outer fluid with the surrounding gas, σ[I] is the

surface tension at the interface r = R(x, t) and σ[O] is the surface tension at the interface

r = S(x, t). The density of the fluids is denoted by ρ[z], and the pressure and the time

are denoted as p[z] and t respectively. In addition, the surface tensions σ[I] and σ[O] are

assumed to be constant at the inner and the outer interface respectively.

The continuity equation and the momentum equation, which describe the resulting

dynamics of the compound jet, are given by

∂u[z]

∂x
+
∂w[z]

∂r
+
w[z]

r
= 0, (6.1)

∂u[z]

∂t
+ u[z]

∂u[z]

∂x
+ w[z]∂u

[z]

∂r
= − 1

ρ[z]
∂p[z]

∂x
(6.2)

and

∂w[z]

∂t
+ u[z]

∂w[z]

∂x
+ w[z]∂w

[z]

∂r
= − 1

ρ[z]
∂p[z]

∂r
. (6.3)

These equations are supplemented by the kinematic conditions and the normal stress

conditions. The kinematic conditions, at the interface r = R(x, t), are given by

w[z] =
∂R

∂t
+ u[z]

∂R

∂x
, (6.4)
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where z = I, O. Similarly, the kinematic conditions, at the interface r = S(x, t), are given

by

w[z] =
∂S

∂t
+ u[z]

∂S

∂x
, (6.5)

where z = O,A. For inviscid fluids, we have the classical free surface condition of constant

pressure and hence zero tangential stress condition. The normal stress conditions, at the

interfaces r = R(x, t) and r = S(x, t), are

p[I] − p[O] = σ[I]κ[I] (6.6)

and

p[O] − p[A] = σ[O]κ[O], (6.7)

respectively, where κ[I] is the curvature of the inner free surface and κ[O] is the curvature

of the outer free surface, which are given by

κ[I] =

(
1 +

(
∂R
∂x

)2)− 1
2

R
−

∂2R
∂x2(

1 +
(
∂R
∂x

)2) 3
2

, (6.8)

κ[O] =

(
1 +

(
∂S
∂x

)2)− 1
2

S
−

∂2S
∂x2(

1 +
(
∂S
∂x

)2) 3
2

. (6.9)

We can non-dimensionalize the velocity components with the initial jet velocity U at

the tube exit, that is w[z] = w[z]/U and u[z] = u[z]/U , the radial length with the outer

jet radius a r = r/a and the axial length with a characteristic wavelength L in the

axial direction x = x/L. The time and the pressure are scaled by t = tU/L and p[z] =

p[z]/ρ[O]U2 respectively. By assuming the jet is slender, we define a small parameter ε as
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ε = a/L << 1. The dimensionless forms of inner and outer radii of the jet at the nozzle

are R(0, t) = χ and S(0, t) = 1 respectively. After dropping the overbars, the resulting

dimensionless continuity and Euler equations can be written as

∂u[z]

∂x
+ ε

∂w[z]

∂r
+
w[z]

r
= 0, (6.10)

∂u[z]

∂t
+ u[z]

∂u[z]

∂x
+
w[z]

ε

∂u[z]

∂r
= −ρ

[O]

ρ[z]
∂p[z]

∂x
(6.11)

and

∂w[z]

∂t
+ u[z]

∂w[z]

∂x
+
w[z]

ε

∂w[z]

∂r
= −ρ

[O]

ρ[z]
1

ε

∂p[z]

∂r
. (6.12)

The dimensionless kinematic conditions, at the interface r = R(x, t) and r = S(x, t), are

given by

w[z] =
∂R

∂t
+ u[z]

∂R

∂x
, (6.13)

where z = I, O and

w[z] =
∂S

∂t
+ u[z]

∂S

∂x
, (6.14)

where z = O,A, respectively. The dimensionless normal stress conditions, at the interfaces

r = S(x, t) and r = R(x, t), are

p[O] − ρGp[A] =
κ[I]

We
, where κ[I] =

(
1 + ε2

(
∂S
∂x

)2)− 1
2

S
−

∂2S
∂x2(

1 + ε2
(
∂S
∂x

)2) 3
2

(6.15)

78



and

p[I] − p[O] =
σκ[O]

We
, where κ[O] =

(
1 + ε2

(
∂R
∂x

)2)− 1
2

R
−

∂2R
∂x2(

1 + ε2
(
∂R
∂x

)2) 3
2

(6.16)

respectively. Here σ = σ[I]/σ[O] is the ratio of surface tension between inner and outer fluid

interfaces, ρG = ρ[A]/ρ[O] is the density ratio of gas to the outer fluid, We = ρ[O]U2a/σ[O]

is the Weber number and ρ = ρ[I]/ρ[O] is the density ratio of the inner fluid to the outer

fluid. The steady states of inner and outer fluid are (0, 0, 1) and for the surrounding gas

is (0, 0, 0), which means S0 = 1 and R0 = χ.

6.2 Linear Instability Analysis

We now perform the linear temporal instability analysis of an inviscid compound liquid jet

moving in a surrounding gas. We therefore introduce small time dependent perturbations

to the steady state which take the form

u[z] = (δIz + δOz)1 + δu[z](r) exp(λt+ ikx), (6.17)

w[z] = 0 + δw[z](r) exp(λt+ ikx), (6.18)

p[z] = p
[z]
0 (x) + δp[z](r) exp(λt+ ikx), (6.19)

R = χ+ δR exp(λt+ ikx), (6.20)
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S = 1 + δS exp(λt+ ikx). (6.21)

where 0 < δ << ε. Substituting the expansions (6.17)−(6.21) into the non-dimensionalized

form of equations (6.10)− (6.16) yields at leading order,or O(δ/ε),

iku[z] +
∂w[z]

∂r
+
w[z]

r
= 0, (6.22)

(λ+ ik(δIz + δOz))u
[z] = −((δIz)

1

ρ
+ (δAz)

1

ρG
+ δOz)p[z]ik, (6.23)

(λ+ ik(δIz + δOz))w
[z] = −((δIz)

1

ρ
+ (δAz)

1

ρG
+ δOz)

∂p[z]

∂r
, (6.24)

w[z] = (λ+ iku)R for z = I, O, (6.25)

w[z] = (λ+ ikδOz)S for z = O,A, (6.26)

p[I] − p[O] =
σ

We

(
k2 − 1

R2
0

)
R, (6.27)

p[O] − p[A] =
1

We

(
k2 − 1

S2
0

)
S. (6.28)

where δIz, δOz and δAz are the Kronecker delta symbols with free index z.

Using (6.23) and (6.24) to eliminate p[z] we get w[z] = 1
ik
∂u[z]

∂r
and substituting this
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result in (6.22), we have

∂2u[z]

∂r2
+

1

r

∂u[z]

∂r
− k2u[z] = 0, (6.29)

which has solution

u[z] = C [z]I0(kr) +D[z]K0(kr). (6.30)

By using the value of u[z], we are able to get

w[z] =
1

i
(C [z]I1(kr)−D[z]K1(kr)). (6.31)

By using (6.23) in (6.30), yields

p[z] =
−(λ+ ik(δIz + δOz))

ik(δIzρ+ δAzρG + δOz)
(C [z]I0(kr) +D[z]K0(kr)), (6.32)

where I0(kr) and K0(kr) are the modified Bessel functions of first and second kind re-

spectively. To avoid the singularities, and to ensure finite values at r = 0, we require that

D[I] and C [A] will be equal to zero.

Substituting the values of w[z] in (6.25) and (6.26) yield

1

i
(C [I]I1(kχ)−D[I]K1(kχ)) = (λ+ ik)R, (6.33)

1

i
(C [O]I1(kχ)−D[O]K1(kχ)) = (λ+ ik)R, (6.34)

1

i
(C [O]I1(k)−D[O]K1(k)) = (λ+ ik)S, (6.35)
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1

i
(−D[A]K1(k)) = (λ)S. (6.36)

Similarly, using the values of p[z] from equation (6.32) in equations (6.27) and (6.28), we

get

−(λ+ ik)

ikρ
(C [I]I0(kχ)) +

(λ+ ik)

ik
(C [O]I0(kχ) +D[O]K0(kχ)) (6.37)

=
σ

We
(k2 − 1

χ2
)R,

−(λ+ ik)

ik
(C [O]I0(kχ) +D[O]K0(kχ)) +

λ

ikρG
(D[A]K0(kχ)) (6.38)

=
1

We
(k2 − 1)S.

By eliminating the C [I], C [O], D[O], D[A], R and S from equations (6.33) − (6.38), we are

able to arrive (after lengthy algebra) at following dispersion relation:

λ
′4

k2
[ (I1(kχ)K1(k)I0(k)K0(kχ)− I1(kχ)I0(kχ)K0(k)K1(k))

+ ρ ( K1(kχ)I0(k)I0(kχ)K1(k) + I1(kχ)K1(k)K0(k)I0(kχ)) +

ρ ρG( K1(kχ)I1(k)K0(k)I0(kχ)− I1(kχ)K1(k)K0(k)I0(kχ)) +

ρG ( I1(kχ)K0(k)I1(k)K0(kχ) + I1(kχ)K1(k)K0(k)I0(kχ)) ] +

λ
′3

k
[ρG(I1(k)K1(kχ)K0(k)I0(kχ)− I1(kχ)I0(kχ)K0(k)K1(k))
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−2 ρ ρG(K1(kχ)I0(k)K1(k)I0(kχ) + I1(kχ)K1(k)K0(k)I0(kχ))]

λ
′2

kWe
[ β (I1(kχ)K1(kχ)K1(k)I0(k) + I1(kχ)I1(kχ)K1(k)K0(k))

+ ρ α (K1(kχ)K1(k)I0(kχ)I1(k) + I1(kχ)I0(kχ)K1(k)K1(k)) +

ρG β ( I1(kχ)K1(kχ)I1(k)K0(k)− I1(kχ)I1(kχ)K1(k)K0(k)) +

α ( I1(kχ)I0(kχ)K1(k)K1(k) + I1(kχ)K0(kχ)K1(k)I1(k) ) −

WeρGk(I1(kχ)K0(k)I0(kχ)K1(k) + I1(kχ)K0(kχ)I1(k)K0(k)) +

WeρρGkI0(kχ)(I1(kχ)K1(k)K0(k) −K1(kχ)I1(k)K0(k))] +

2iλ
′

We
[ρG β (I1(kχ)K1(kχ)I1(k)K0(k)− I1(kχ)I1(kχ)K1(k)K0(k))]

+
αβ

We2
(I1(kχ)K1(kχ)II(k)K1(k)− I1(k)I0(kχ)K1(kχ)K1(k)) +

βρGk

We
(I1(kχ)K0(k)I1(kχ)K1(k)− I1(kχ)K1(kχ)I1(k)K0(k)) = 0. (6.39)
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Figure 6.1: Growth rate of disturbance λ
′
max against the wavenumber for various values of

gas-to-shell liquid density ratio. The other parameters are We = 10, F = 1, ρ = 1, σ = 1 and
χ = 0.5.

In the above dispersion relation we have

α = k2 − 1, β = σ (k2 − 1
χ2 )

and λ
′
= λ+ ik.

6.3 Results and discussion

As we are investigating the instability in temporal mode, therefore we solve dispersion

relation (6.39) for λ
′

using Ferrari’s method [4]. The numerical results of the equation

(6.39), for given values of wavenumber k, are displayed in Fig. 6.1. These curves are

showing the growth rate of disturbances versus wavenumber k for various values of gas to

shell liquid density ratio ρG. We see that the cut-off wavenumber and the growth rate of

disturbances become large by increasing ρG which is in agreement with Lin [48].
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Figure 6.2: Maximum growth rate [Re(λ′)]max against inverse maximum wavenumber (kmax)−1,
for various values of σ and χ. The other parameters are We = 100, F = 1, ρG = 0.001 and
ρ = 1. The symbols are for σ = 0.1− 4, while the dashed lines are for χ = 0.1− 0.9.

In order to explore the effects of the radii ratio χ and surface tension ratio σ in the

presence of ambient gas, we plot the set of curves, for inverse wavenumber and its asso-

ciated maximum growth rate, in the Figs. 6.2 and 6.3. These set of curves are obtained

by keeping σ fixed and varying χ and vice versa. It is important to mention that the rest

of parameters are kept fixed. Here, the curves for fixed χ and variable σ are presented

by symbols, while the dashed lines are obtained by keeping σ fixed and varying χ. We

observe that the dashed lines are continuous in nature for σ > 0.5, but there are some

discontinuities found in the small values of σ. On the other hand, the symbolic curves for

fixed χ and variable σ are vertical in nature for small values of χ and take an arc shape

for the large values of χ.

In Fig. 6.2, for the case ρG = 0.001 (typically for a jet composed of water surrounded

by air we have ρG = 0.001), we find some discontinuities for smaller surface tension ratios

σ which is due to the competing wave modes which propagate along the compound jet as

discussed in chapter five of this thesis. In this case, for σ = 0.1, no mode exist between
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Figure 6.3: Maximum growth rate [Re(λ′)]max against inverse maximum wavenumber (kmax)−1,
for various values of σ and χ. The other parameters are We = 100, F = 1, ρG = 0.005 and
ρ = 1. The symbols are for σ = 0.1− 4, while the dashed lines are for χ = 0.1− 0.9.

0.58 < kmax < 1.33. From further inspection of Fig. 6.2, we also notice that, at χ = 0.5,

there is no mode lying between 0.78 < kmax < 1.28. Moreover, the maximum growth rate

of disturbance and its corresponding maximum wavenumber increase with the increase in

fixed σ for all variable χ but reduce with the increase in fixed χ for larger values of σ,

while, for smaller values of σ, the most unstable wavenumber increases in the case of a

smaller fixed χ. In Fig. 6.3, similar set of curves are shown for the case where ρG = 0.005.

Again, we find the discontinuities at smaller values of σ which means that there is no

mode lying between 0.51 < kmax < 1.2 and no mode existing between 0.6 < kmax < 0.98

for χ = 0.4. By examining Figs. 6.2 and 6.3, we conclude that the the most unstable

wavenumber with its corresponding maximum growth rate increase by increasing the gas

to liquid density ratio ρG at all values of the surface tension ratio σ, inner to outer radii

ratio χ and along the axial length x of the compound jet. Therefore, we can say that the

droplet size and breakup length of the jet will reduce due to the presence of ambient gas

density.

86



Chapter 7

Influence of gravity on inviscid

compound jet moving in an ambient

gas

In this chapter, we incorporate the aerodynamics effects on an inviscid compound jet

which is falling vertically downwards under the influence of gravity. We formulate the

governing equations which describe the evolution of the interfaces of the compound jet.

We then use an asymptotic expansion to derive a set of one dimensional equations that

describe the steady state of the jet. We than consider the temporal instability of the

jet around this steady state. Moreover, we investigate how key parameters, including

surrounding gas density, alter the growth rate and most unstable wavenumber. Lastly, an

approximation is used to estimate the breakup lengths of the jet and make a comparison

with experimental data.

7.1 Problem Formulation

We consider an inviscid axisymmetric compound jet which emerges from a concentric tube

with the exit velocity U and moves in a surrounding gas. The outer radius of the compound
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jet is denoted by a and the inner radius is denoted by χa, where 0 < χ < 1. It is assumed

that the compound jet, after issuing from a circular orifice, falls in a vertical direction

under the influence of gravity. It is also assumed that all the fluids are incompressible and

immiscible. The geometry of the compound jet is described in a cylindrical coordinate

system (r, θ, x), where r is the radial component, θ is an azimuthal component and x is

the length of the jet. As we are assuming axisymmetric flow, the azimuthal components

are taken to be zero. Therefore, the velocity vector describing the flow can be written

as u[z] = (w[z], 0, u[z]), where the superscript z = I, O and A refer to the inner fluid,

the outer fluid and the surrounding gas respectively. Here we denote r = R(x, t) as the

interface of inner fluid with the outer one, r = S(x, t) as the interface of outer fluid with

the surrounding gas, σ[I] is the surface tension at the interface r = R(x, t) and σ[O] is the

surface tension at the interface r = S(x, t). The density of the fluids is denoted by ρ[z],

and the pressure and the time are denoted as p[z] and t respectively. The gravity is taken

as g = (0, 0, g). In addition, the surface tensions σ[I] and σ[O] are assumed to be constant

at the inner and the outer interface respectively.

The continuity equation and the momentum equation, which describe the resulting

dynamics of the compound jet, are given by

∂u[z]

∂x
+
∂w[z]

∂r
+
w[z]

r
= 0, (7.1)

∂u[z]

∂t
+ u[z]

∂u[z]

∂x
+ w[z]∂u

[z]

∂r
= − 1

ρ[z]
∂p[z]

∂x
+ (δIz + δOz)g (7.2)

and

∂w[z]

∂t
+ u[z]

∂w[z]

∂x
+ w[z]∂w

[z]

∂r
= − 1

ρ[z]
∂p[z]

∂r
, (7.3)
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where δIz and δOz are the Kronecker delta symbols with free index z. These equations

are supplemented by the kinematic conditions and the normal stress conditions. The

kinematic conditions, at the interface r = R(x, t), are given by

w[z] =
∂R

∂t
+ u[z]

∂R

∂x
, (7.4)

where z = I, O. Similarly, the kinematic conditions, at the interface r = S(x, t), are given

by

w[z] =
∂S

∂t
+ u[z]

∂S

∂x
, (7.5)

where z = O,A. For inviscid fluids, we have the classical free surface condition of constant

pressure and hence zero tangential stress condition. The normal stress conditions, at the

interfaces r = R(x, t) and r = S(x, t), are

p[I] − p[O] = σ[I]κ[I], (7.6)

and

p[O] − p[A] = σ[O]κ[O], (7.7)

respectively, where κ[I] is the curvature of the inner free surface and κ[O] is the curvature

of the outer free surface, which are given by

κ[I] =

(
1 +

(
∂R
∂x

)2)− 1
2

R
−

∂2R
∂x2(

1 +
(
∂R
∂x

)2) 3
2

, (7.8)

κ[O] =

(
1 +

(
∂S
∂x

)2)− 1
2

S
−

∂2S
∂x2(

1 +
(
∂S
∂x

)2) 3
2

. (7.9)
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We can non-dimensionalize the velocity components with the initial jet velocity U at

the tube exit, that is w[z] = w[z]/U and u[z] = u[z]/U , the radial length with the outer

jet radius a r = r/a and the axial length with a characteristic wavelength L in the

axial direction x = x/L. The time and the pressure are scaled by t = tU/L and p[z] =

p[z]/ρ[O]U2 respectively. By assuming the jet is slender, we define a small parameter ε as

ε = a/L << 1. The dimensionless forms of inner and outer radii of the jet at the nozzle

are R(0, t) = χ and S(0, t) = 1 respectively. After dropping the overbars, the resulting

dimensionless continuity and Euler equations can be written as

∂u[z]

∂x
+ ε

∂w[z]

∂r
+
w[z]

r
= 0, (7.10)

∂u[z]

∂t
+ u[z]

∂u[z]

∂x
+
w[z]

ε

∂u[z]

∂r
= −ρ

[O]

ρ[z]
∂p[z]

∂x
+ (δIz + δOz)

1

F 2
(7.11)

and

∂w[z]

∂t
+ u[z]

∂w[z]

∂x
+
w[z]

ε

∂w[z]

∂r
= −ρ

[O]

ρ[z]
1

ε

∂p[z]

∂r
. (7.12)

The dimensionless kinematic conditions, at the interface r = R(x, t) and r = S(x, t),

are given by

w[z] =
∂R

∂t
+ u[z]

∂R

∂x
, (7.13)

where z = I, O and

w[z] =
∂S

∂t
+ u[z]

∂S

∂x
, (7.14)

where z = O,A, respectively. The dimensionless normal stress conditions, at the interfaces
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r = S(x, t) and r = R(x, t), are

p[O] − p[A] =
κ[I]

We
, where κ[I] =

(
1 + ε2

(
∂S
∂x

)2)− 1
2

S
−

∂2S
∂x2(

1 + ε2
(
∂S
∂x

)2) 3
2

(7.15)

and

p[I] − p[O] =
σI

σO
κ[O]]

We
, where κ[O] =

(
1 + ε2

(
∂R
∂x

)2)− 1
2

R
−

∂2R
∂x2(

1 + ε2
(
∂R
∂x

)2) 3
2

(7.16)

respectively.

7.2 Asymptotic form of steady state solutions

In order to find the steady state solutions, we consider a quiescent gas [73], that is u[A] =

(0, 0, 0), and expand our variables using an asymptotic slender jet steady expansion of the

form

{u[z], w[z], p[z]} = {(δIz + δOz)u
[z]
0 (x), 0, p

[z]
0 (x, r)}

+(εr){(δIz + δOz)u
[z]
1 (x), (δIz + δOz)w

[z]
1 (x), p

[z]
1 (x)}+O((εr)2), (7.17)

{R, S} = {R0(x), S0(x)}+ ε{R1(x), S1(x)}+O(ε2). (7.18)

Substituting the above asymptotic expansions in the equations (7.10) − (7.16), we find

the leading order continuity equation for the inner and outer fluids is

w
[z]
1 = −1

2

∂u
[z]
0

∂x
, (7.19)
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where z = I, O. The leading order kinematic conditions (7.13) and (7.14), at r = R(x)

and r = S(x), give

∂

∂x

(
R2

0u
[I]
0

)
= 0, (7.20)

and

∂

∂x

(
(S2

0 −R2
0)u

[O]
0

)
= 0, (7.21)

respectively. The leading order normal stress conditions, at r = S(x, t) and r = R(x, t),

yield

p
[O]
0 =

1

S0We
+ p

[A]
0 , and p

[I]
0 =

1

We

(
σ

R0

+
1

S0

)
+ p

[A]
0 (7.22)

respectively, where σ = σ[I]/σ[O] is the ratio of surface tension between inner and outer

fluid interfaces and We = ρ[O]U2a/σ[O] is the Weber number. By using equations (7.19)

and (7.22), the radial momentum equation (7.12) gives ∂p
[z]
0 /∂r = 0, here z = I, O, that

is automatically satisfied. Since the surrounding gas is motionless, therefore the axial and

radial momentum equations of the gas implies ∂p
[A]
0 /∂x = 0 and ∂p

[A]
0 /∂r = 0 respectively.

We now substitute equation (7.22) in the axial momentum equation (7.11) for the inner

and the outer fluids, which implies

u
[I]
0

∂u
[I]
0

∂x
= − 1

ρWe

∂

∂x

(
σ

R0

+
1

S0

)
+

1

F 2
(7.23)

and

u
[O]
0

∂u
[O]
0

∂x
= − 1

We

∂

∂x

(
1

S0

)
+

1

F 2
, (7.24)
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where ρ = ρ[I]/ρ[O] is the density ratio of the inner fluid to the outer fluid and F = U/
√
Lg

is the Froude number, which gives a measure of the relative importance of gravitational

forces. Equations (7.20), (7.21), (7.23), and (7.24) are a system of nonlinear ordinary

differential equations with unknowns u
[I]
0 , u

[O]
0 , R0 and S0. To solve this set of equations

we specify initial conditions at the nozzle, that is u
[I]
0 = u

[O]
0 = S0 = 1 and R0 = χ. By

using initial conditions and dropping subscripts from the variables for ease of convenience,

we integrate the system of equations and then apply Newton’s method to obtain a spatially

non-uniform steady state solution for the inviscid compound jet, which moves in a gas

and falls vertically downwards under the influence of gravity. We already calculate the

steady state solutions of the above set of equations in chapter five of this thesis.

7.3 Linear Instability Analysis

We now consider the linear temporal instability analysis of an inviscid compound liquid

jet moving in a surrounding gas. The evolution of the jet depends on length scale x =

O(1), but the disturbances along the jet are much smaller and are comparable to ε when

x = O(1). In other words, we can say that the disturbances are typically of the order

of jet radius a. We consider the traveling short waves of the form exp(ikx + λt), where

k = k(x) = O(1) and λ = λ(x) = O(1) are the frequency and wavenumber of disturbances.

Additionally, x = x/ε and t = t/ε are small length and time scales. Thus, we have a

multiple scale formulation as the perturbations grow along the jet having wavelength of

O(ε). Now we introduce small time dependent perturbations to the steady state solutions

which take the form

u[z] = (δIz + δOz)u
[z]
0 (x) + δu[z](r) exp(λt+ ikx), (7.25)

w[z] = (δIz + δOz)w
[z]
0 (x) + δw[z](r) exp(λt+ ikx), (7.26)
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p[z] = p
[z]
0 (x) + δp[z](r) exp(λt+ ikx), (7.27)

R = R0(x) + δR exp(λt+ ikx), (7.28)

S = S0(x) + δS exp(λt+ ikx). (7.29)

where 0 < δ << ε. Substituting the expansions (7.25−7.29) into the non-dimensionalized

form of equations (7.10)− (7.16) yields at leading order,or O(δ/ε),

iku[z] +
∂w[z]

∂r
+
w[z]

r
= 0, (7.30)

(λ+ ik(δIz + δOz)u
[z]
0 )u[z] = −((δIz)

1

ρ
+ (δAz)

1

ρG
+ δOz)p[z]ik, (7.31)

(λ+ ik(δIz + δOz)u
[z]
0 )w[z] = −((δIz)

1

ρ
+ (δAz)

1

ρG
+ δOz)

∂p[z]

∂r
, (7.32)

w[z] = (λ+ iku
[z]
0 )R for z = I, O, (7.33)

w[z] = (λ+ ik(δOz)u
[z]
0 )S for z = O,A, (7.34)

p[I] − p[O] =
σ

We
(k2 − 1

R2
0

)R, (7.35)
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p[O] − p[A] =
1

We
(k2 − 1

S2
0

)S, (7.36)

where δIz, δOz and δAz are the Kronecker delta symbols with free index z and ρG = ρ[A]/ρ[O]

is the density ratio of gas to the outer fluid

Using (7.31) and (7.32) to eliminate p[z] we get w[z] = 1
ik
∂u[z]

∂r
and substituting this

result in (7.30), we have

∂2u[z]

∂r2
+

1

r

∂u[z]

∂r
− k2u[z] = 0, (7.37)

which has solution

u[z] = C [z]I0(kr) +D[z]K0(kr). (7.38)

By using the value of u[z], we are able to get

w[z] =
1

i
(C [z]I1(kr)−D[z]K1(kr)). (7.39)

By using (7.31) in (7.38), yields

p[z] =
−(λ+ ik(δIz + δOz)u

[z]
0 )

ik(δIzρ+ δAzρG + δOz)
(C [z]I0(kr) +D[z]K0(kr)), (7.40)

where I0(kr) and K0(kr) are the modified Bessel functions of first and second kind re-

spectively. To avoid the singularities, and to ensure finite values at r = 0, we require that

D[I] and C [A] will be equal to zero.

Substituting the values of w[z] in (7.33) and (7.34), yields

1

i
(C [I]I1(kR0)−D[I]K1(kR0)) = (λ+ iku

[I]
0 )R, (7.41)
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1

i
(C [O]I1(kR0)−D[O]K1(kR0)) = (λ+ iku

[O]
0 )R, (7.42)

1

i
(C [O]I1(kS0)−D[O]K1(kS0)) = (λ+ iku

[O]
0 )S, (7.43)

1

i
(−D[A]K1(kS0)) = (λ)S. (7.44)

Similarly, using the values of p[z] from equation (7.40) in equations (7.35) and (7.36), we

get

−(λ+ iku
[I]
0 )

ikρ
(C [I]I0(kR0)) +

(λ+ iku
[O]
0 )

ik
(C [O]I0(kR0) +D[O]K0(kR0)) (7.45)

=
σ

We
(k2 − 1

R2
0

)R,

−(λ+ iku
[O]
0 )

ik
(C [O]I0(kR0) +D[O]K0(kR0)) +

λ

ikρG
(D[A]K0(kR0)) (7.46)

=
1

We
(k2 − 1

S2
0

)S.

By eliminating the C [I], C [O], D[O], D[A], R and S from equations (7.41) − (7.46) and re-

moving subscripts from u
[I]
0 , u

[O]
0 , R0, and S0 for ease of convenience, we are able to arrive

(after lengthy algebra) at following dispersion relation:

λ
′4

k2
[ (I1(kR)K1(kS)I0(kS)K0(kR)− I1(kR)I0(kR)K0(kS)K1(kS))

+ ρ ( K1(kR)I0(kS)I0(kR)K1(kS) + I1(kR)K1(kS)K0(kS)I0(kR)) +
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ρ ρG( K1(kR)I1(kS)K0(kS)I0(kR)− I1(kR)K1(kS)K0(kS)I0(kR)) +

ρG ( I1(kR)K0(kS)I1(kS)K0(kR) + I1(kR)K1(kS)K0(kS)I0(kR)) ] +

λ
′3

k
[ρGu[O](I1(kS)K1(kR)K0(kS)I0(kR)− I1(kR)I0(kR)K0(kS)K1(kS))

+2 a2ρ ρ
G(K1(kR)I0(kS)K1(kS)I0(kR) + I1(kR)K1(kS)K0(kS)I0(kR))

+2iρa1(K1(kR)I0(kR)I0(kS)K1(kS)− I1(kS)K0(kS)K1(kS)I0(kR))] +

λ
′2

kWe
[ β (I1(kR)K1(kR)K1(kS)I0(kS) + I1(kR)I1(kR)K1(kS)K0(kS))

+ ρ α (K1(kR)K1(kS)I0(kR)I1(kS) + I1(kR)I0(kR)K1(kS)K1(kS)) +

ρG β ( I1(kR)K1(kR)I1(kS)K0(kS)− I1(kR)I1(kR)K1(kS)K0(kS)) +

α ( I1(kR)I0(kR)K1(kS)K1(kS) + I1(kR)K0(kR)K1(kS)I1(kS) )−We

ρ a21 k(I1(kR)K1(kS)K0(kS)I0(kR) +K1(kR)I0(kR)I0(kS)K1(kS)) −
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WeρG(u[O])2k(I1(kR)K0(kS)I0(kR)K1(kS) + I1(kR)K0(kR)I1(kS)K0(kS))

+WeρρGa3kI0(kR)(I1(kR)K1(kS)K0(kS) −K1(kR)I1(kS)K0(kS))] +

2iλ
′

We
[a1ρα(K1(kS)K1(kR)I1(kS)I0(kR)− I1(kR)K1(kS)K1(kS)I0(kR))

+ρG β u[O] (I1(kR)K1(kR)I1(kS)K0(kS)− I1(kR)I1(kR)K1(kS)K0(kS))

+Wek ρ ρG a4 I0(kR)(K1(kR)I1(kS)K0(kS)− I1(kR)K1(kS)K0(kS)) ]

+
αβ

We2
(I1(kR)K1(kR)II(kS)K1(kS)− I1(kS)I0(kR)K1(kR)K1(kS)) +

ραka21
We

(K1(kS)I1(kR)I0(kR)K1(kS)− I1(kS)K1(kR)I0(kR)K1(kS)) +

βρGk(u[O])2

We
(I1(kR)K0(kS)I1(kR)K1(kS)− I1(kR)K1(kR)I1(kS)K0(kS)) +

ρ ρG(ka1u
[O])2I0(kR)(K1(kR)I1(kS)K0(kS)− I1(kR)K1(kS)K0(kS)) = 0. (7.47)

In the above dispersion relation we have

a1 = (u[I] − u[O]), a2 = (u[I] − 2u[O]), a3 = ((u[I] − u[O])2 + (u[O])2 + 4u[O] (u[I] − u[O])),
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a4 = ((u[O])2 (u[I] − u[O])− u[O] (u[I] − u[O])2), α = k2 − 1
S2 , β = σ (k2 − 1

R2 ),

and λ
′
= λ+ iku[O].

7.4 Results and discussion

The dispersion relation (7.47) is a quartic equation in λ
′

for the given values of k and it

can be solved with the aid of Ferrari’s method. The coefficients of this equation depend

on x, which is the axial distance along the compound jet. The solution of equation (7.47)

gives us two types of growing modes, but we will focus on the mode with the largest

growth rate with the reasoning that this mode is responsible for breakup [76, 55].

As the compound jet, which is emerging in an ambient gas, is accelerating in the vertical

direction, the steady state solutions are function of x which is axial distance along the

jet. Hence, the coefficients of dispersion relation are altered as we move down the jet and,

this will have a strong influence on the breakup and droplet size.

Now we start our investigation and see how the ambient gas affects on the compound jet

which is falling under the influence of gravity. Therefore, for three different values of ρG,

the plots of maximum wavenumber versus axial length of the jet are shown in Fig. 7.1 and

similarly the plots of maximum growth rate of disturbance versus axial length of the jet

are depicted in Fig. 7.2. Here, it is clearly noticeable that the maximum wavenumber and

its associated maximum growth rate increase along the jet and produce the same effects as

we increase ρG. This implies that the breakup lengths and drop sizes will be shorter due

to the presence of gravity and ambient gas. To elaborate further, the influence of ambient

gas on the surface of a compound liquid jet, we produce the maximum wavenumber and

associated maximum growth rate for given values of ρG at different locations along the

jet in the Figs. 7.3 and 7.4. It is observed that the maximum wavenumber, together with

the maximum growth rate, always increases gradually along the jet as we increase the ρG.
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In order to explore the effects of radii ratio χ and surface tension ratio σ in the pres-

ence of ambient gas we plot the set of curves, for inverse wavenumber and its associated

maximum growth rate, in the Figs. 7.5 and 7.6. These set of curves are obtained by

keeping σ fixed and varying χ and vice versa. It is important to mention that the rest of

parameters are kept fixed in Figs. 7.5 and 7.6. Here, the curves for fixed χ and variable

σ are presented by symbols, while the dashed lines are obtained by keeping σ fixed and

varying χ. With reference to the Figs. 7.5 and 7.6, we observe that the dashed lines are

continuous in nature for σ > 0.5, but there are some discontinuities found in the small

values of σ. On the other hand, the symbolic curves for fixed χ and variable σ are vertical

in nature for small values of χ and take an arc shape for the large values of χ.

In Fig. 7.5, we have two sets of diagrams which are obtained at two different locations

of the jet, that is, at x = 1 and x = 2. It can be clearly seen that the most unstable

wavenumber and its associated maximum growth increase as x increases which implies

that the droplet sizes will be reduced and shorter jets will be formed due to the presence

of gravity. We find some discontinuities for smaller surface tension ratios σ, that is, for

σ = 0.1, no mode exist between 0.27 < kmax < 0.62 at x = 1 and 0.2 < kmax < 0.46 at

x = 2. From inspection of Fig. 7.5, we also notice that, at χ = 0.5, there is no mode

lying between 0.34 < kmax < 0.59 at x = 1 and 0.26 < kmax < 0.44 at x = 2.

Furthermore, the maximum growth rate of disturbance and its corresponding maxi-

mum wavenumber increase with the increase in fixed σ for all variable χ but it reduce

with the increase in fixed χ for larger values of σ, while, for smaller values of σ, the most

unstable wavenumber increases in the case of a smaller fixed χ. Similar set of diagrams are

demonstrated in Fig. 7.6 for the case where ρG = 0.005. Again, we find the discontinuities

at smaller values of σ which means there is no mode lying between 0.24 < kmax < 0.53 at

x = 1 and 0.18 < kmax < 0.42 at x = 2 and no mode existing between 0.39 < kmax < 0.48

at x = 1 and 0.27 < kmax < 0.37 at x = 2 for χ = 0.5. By examining Figs. 7.5 and 7.6,
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Figure 7.1: Maximum wavenumber kmax against the axial length of the jet for various values
of gas-to-shell liquid density ratio. The other parameters are We = 10, F = 1, ρ = 1, σ = 1 and
χ = 0.5.
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Figure 7.2: Maximum growth rate of disturbance λ
′
max against the axial length of the jet for

various values of gas-to-shell liquid density ratio. The other parameters are We = 10, F = 1,
ρ = 1, σ = 1 and χ = 0.5.
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Figure 7.3: Maximum wavenumber kmax against gas-to-shell liquid density ratios at various
locations of jet. The other parameters are We = 10, F = 1, ρ = 1, σ = 1 and χ = 0.5.
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Figure 7.4: Maximum growth rate of disturbance against gas-to-shell liquid density ratios at
various locations of jet. The other parameters are We = 10, F = 1, ρ = 1, σ = 1 and χ = 0.5.
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Figure 7.5: Maximum growth rate [Re(λ′)]max against inverse maximum wavenumber (kmax)−1,
for various values of σ and χ. The graphs from top to bottom represent x = 1 and x = 2
respectively. The other parameters are We = 100, F = 1, ρG = 0.005 and ρ = 1. The symbols
are for σ = 0.1− 4, while the dashed lines are for χ = 0.1− 0.9.
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Figure 7.6: Maximum growth rate [Re(λ′)]max against inverse maximum wavenumber (kmax)−1,
for various values of σ and χ. The graphs from top to bottom represent x = 1 and x = 2
respectively. The other parameters are We = 100, F = 1, ρG = 0.005 and ρ = 1. The symbols
are for σ = 0.1− 4, while the dashed lines are for χ = 0.1− 0.9.
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we conclude that the the most unstable wavenumber with its corresponding maximum

growth rate increase by increasing the gas to liquid density ratio ρG at all values of surface

tension ratio σ, inner to outer radii ratio χ and along the axial length x of the compound

jet. Therefore it is quite clear that the breakup lengths and droplet sizes of an inviscid

compound jet falling under gravity are reduced due to the presence of ambient gas and

the effects of gravity.

Finally, we will use the results of our linear instability analysis to determine the breakup

lengths of inviscid compound jet falling under gravity in the presence of ambient gas.

We note that linear theory is only valid for small disturbances and as such fails near

the vicinity of the breakup. However, as disturbances grow exponentially in temporal

analysis, linear theory may be used to provide an estimate of breakup lengths. We use

an approach similar to Mohsin et al. [55] whereby we determine the breakup times of the

liquid jet by plotting (7.23) and (7.24) to estimate the location of breakup. Using the

results obtained in previous section to plot R and S and choosing a value for ε and δ, we

can determine the breakup length lb. The breakup length is the location of the compound

jet, where either the inner and the outer interface touch or the inner radius R approaches

to zero. The breakup lengths lb are determined by varying ρG for two different values of

inner to outer radii ratio χ and are shown in Fig. 7.7. It may be observed that breakup

lengths decrease with an increase in ρG and conversely increase when we increase the

inner to outer radii ratio χ. This implies that the presence of ambient gas will shorten

the length of compound jet.

We can compare our results here to that presented by Hertz & Hermanrud [33], al-

though we note that in their experiment the jet issues horizontally and does not fall

vertically under gravity. For the experimental values considered by Hertz & Herman-

rud [33], we have ρ = 1, σ = 0, We = 9.38, ρG = 0, F = ∞ and χ = 0.488. In this

case we see that the same inner and outer fluid and we have (kmax)
−1 = 1.41 which is the
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Figure 7.7: A graph of breakup length against ρG, for different inner to outer radii ratios χ.
The other parameters are δ = 0.002, We = 100, F = 1, ε = 0.01, σ = 1 and ρ = 1.

same value found by Sanz & Masueger [76] and Hertz & Hermanrud [33]. For the case

of two different inner and outer fluids, where ρ = 1, σ = 2.6, We = 33.8, ρG = 0.001

and χ = 0.488, we have (kmax)
−1 = 0.625 − 0.704 when the Froude number F is varied

between 1−5. The experimental value of (kmax)
−1 calculated from [33] is 0.64 for the first

wave, whereas (kmax)
−1 = 0.6 is the mean value along the jet which agrees qualitatively

with our results for large Froude numbers.
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Chapter 8

Viscous compound liquid jet

In the preceding chapters of this thesis, we have discussed the instability of an inviscid

compound liquid jet in several scenarios. Now, we will examine the dynamics and in-

stability of a viscous compound jet issuing from a co-axial cylinder and falling vertically

downwards with the constant velocity.

8.1 Problem Formulation

The generalized form of the continuity equation and the Navier-Stokes equation for a

viscous compound jet will be,

∇·u[z] = 0, (8.1)

ρ[z]
(
∂

∂t
+ u[z]·∇

)
u[z] = −∇p[k] + µ[z]∇·T[z], (8.2)

where T = ∇U + (∇U)T is the deformation tensor, p[z] is the pressure, ρ[z] is the density

and µ[z] is the viscosity of inner and outer fluids. The superscript z = 1 and z = 2 denote

the inner and outer fluid respectively. In addition, both the fluids are assumed to be

incompressible and immiscible. Since the flow is axisymmetric, so there will be no flow
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along the azimuthal direction θ and velocity profile will be uz = (w[z], 0, u[z]). Therefore

the continuity equation and Navier-Stoke equations are formulated as,

w[z]
r + u[z]x +

w[z]

r
= 0 (8.3)

and

ρ[z]
(
u
[z]
t + u[z]u[z]x + w[z]u[z]r

)
= −p[k]x + µ[z]

(
u[z]xx +

1

r
(ru[z]r )r

)
, (8.4)

ρ[z]
(
w

[z]
t + u[z]w[z]

x + w[z]w[z]
r

)
= −p[k]r + µ[z]

(
w[z]
xx + (

rw
[z]
rr

r
)r

)
. (8.5)

The kinematic conditions of a viscous compound jet are given by

w[1](R, x, t) = Rt + u[1](R, x, t)Rx , w[2](R, x, t) = Rt + u[2](R, x, t)Rx (8.6)

and

w[2](S, x, t) = St + u[2](S, x, t)Sx. (8.7)

Tangential stress conditions for inner and outer interface of viscous compound jet can be

written as

2µ[2]Rx(w
[2]
r − u[2]x ) + µ[2](1− (Rx)

2)(u[2]r − w[2]
x ) = 2µ[1]Rx(w

[1]
r − u[1]x ) +

µ[1](1− (Rx)
2)(u[1]r − w[1]

x ), (8.8)

2µ[2]Sx(w
[2]
r − u[2]x ) + µ[2](1− (Sx)

2)(u
[2]
r − w[2]

x ) = 0 (8.9)
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and the normal conditions are given by

2µ[2]u
[2]
x (Sx)

2 + 2µ[2]w
[2]
r − 2µ[2](u

[2]
r + w

[2]
x )Sx + (pA − p[2])(1 + (Sx)

2)

= −σ[2]κ2(1 + (Sx)
2), (8.10)

2µ[2]u
[2]
x (Sx)

2 + 2µ[2]w
[2]
r − 2µ[2](u

[2]
r + w

[2]
x )Sx + (p[1] − p[2])(1 + (Rx)

2)

−2µ[1]u
[1]
x (Rx)

2 − 2µ[1]w
[1]
r − 2µ[1](u

[1]
r + w

[1]
x )Rx = σ[1]κ1(1 + (Rx)

2), (8.11)

here

κ1 =
1

ΓRR
− Rxx

Γ 3
R

(8.12)

and

κ2 =
1

ΓSS
− Sxx
Γ 3
S

(8.13)

are the radii of the curvature for inner and outer fluid interfaces with ΓR = (1 + (Rx)
2)1/2

and ΓS = (1+SRx)
2)1/2. Assuming no slip condition therefore the velocities at the shared

interface r = R(x, t) are continuous that is

u[1]·n = u[2]·n and u[1]·t = u[2]·t, (8.14)

where n and t are the unit normal and tangent vectors to the interface r = R(x, t). The

governing equations (8.1)− (8.13) can be non-dimensionalised with the help of following
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scaling

x =
x

L
, u[z] =

u[z]

U
, w[k] =

w[z]L

Ua
,

t =
tU

L
, r =

r

a
, p[z] =

p[z]

ρ[2]U2
,

where U is the exit velocity of the jet, a is the outer jet radius and L is the typical axial

length of the jet. Moreover, we let a
L

= ε << 1 which is the slender jet assumption. The

dimensionless continuity and Navier-Stokes equations are given by

w[z]
r + u[z]x +

w[z]

r
= 0, (8.15)

ρ[z]

ρ[2]

(
u
[z]
t + u[z]u[z]x + w[z]u[z]r

)
= −p[z]x +

µ[z]

µ[2]Re

(
u[z]xx + ε−2

1

r

(
ru[z]r

)
r

)
, (8.16)

ρ[z]

ρ[2]

(
w

[z]
t + u[z]w[z]

x + w[k]w[z]
r

)
= −ε2p[k]r +

µ[k]

µ[2]Re

(
w[z]
xx + ε2

(
(w[z]/

r /r)− (w[z]/r2) + w[k]
rr

))
,

(8.17)

where Re = ρ[2]LU/µ[2] is the Reynolds number. The kinematic conditions used at the

two jet interfaces r = R(x, t) and r = S(x, t) will take the form

w[1](R, x, t) = Rt + u[1](R, x, t)Rx , w[2](R, x, t) = Rt + u[2](R, x, t)Rx (8.18)

and

w[2](S, x, t) = St + u[2](S, x, t)Sx. (8.19)
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The dimensionless tangential stress conditions at each interface are given by

1

µ

(
2ε2Rx(w

[2]
r − u[2]x ) + (1− ε2(Rx)

2)(u[2]r − ε2w[2]
x )
)

= 2ε2Rx(w
[1]
r − u[1]x ) +

(1− ε2(Rx)
2)(u[1]r − ε2w[1]

x ) at r = R(x, t), (8.20)

2ε2Sx(w
[2]
r − u[2]x ) + (1− ε2(Sx)2)(u[2]r − ε2w[2]

x ) = 0 at r = S(x, t). (8.21)

Similarly, the normal stress conditions can be written as

2

Re(1 + ε2(Sx)2)

(
ε2u[2]x (Sx)

2 + w[2]
r − (u[2]r + ε2w[2]

x )Sx
)

+ (pA − p[2])

= − 1

We

(
1

ΓSS
− ε2Sxx

Γ 3
S

)
at r = S(x, t), (8.22)

2

Re(1 + ε2(Rx)2)
((ε2u[2]x (Rx)

2 + w[2]
r − (u[2]r + ε2w[2]

x )Rx)− (ε2u[1]x (Rx)
2

+w[1]
r − (u[1]r + ε2w[1]

x )Rx)) = (p[2] − p[1]) +
σ

We

(
1

ΓRR
− ε2Rxx

Γ 3
R

)
at r = R(x, t),

(8.23)

where ΓR = (1 + ε2(Rx)
2)1/2 and ΓS = (1 + ε2(Sx)

2)1/2, σ = σ[1]/σ[2] is the interfacial

surface tension, ρ = ρ[1]/ρ[2] is the density ratio, µ = µ[1]/µ[2] is the viscosity ratio and

We = ρ[2]U2a/σ[2] is the Weber number. Now, we will expand all the variables in the

form

ζ = ζo + ε2ζ2 + ε4ζ4 +O(ε6)

and assuming the leading order axial velocity components of both the fluids are indepen-

dent of radial direction. Similar expansions are applied by Ramos [69] and Craster et
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al. [18].

8.2 Leading order solutions

Substituting the expansion in equations (8.15)−(8.23), as a result we obtain the equations

into leading order form. The leading order continuity equation is

u
[z]
0x +

1

r
(rw

[z]
0 )r = 0, (8.24)

writing u
[z]
0 = Ui(x, t) which implies w

[z]
0 = Cz/r − rUzx/2 where Cz = Cz(x, t). As the

disturbances are assumed to be axisymmetric, we require a condition on the radial velocity

such that w[1] = 0 at r = 0 hence we require C1(x, t) = 0. The leading order kinematic

conditions are

w
[1]
0 (R, x, t) = Rt + U1Rx, w

[1]
0 (R, x, t) = Rt + U2Rx, (8.25)

w
[2]
0 (S, x, t) = St + U2Sx. (8.26)

We can also write these equations as

(R2)t + (R2U1)x = 0, (8.27)

(R2 − S2)t + ((R2 − S2)U2)x = 4C2. (8.28)
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The velocities of the inner and the outer fluid must be continuous at r = R(x, t) because

we are dealing with the viscous fluids which implies

u
[1]
0 (x, t) = u

[2]
0 (x, t), u

[1]
2 (R, x, t) = u

[2]
2 (R, x, t). (8.29)

Since we assume that the leading order axial velocities are independent of r, therefore we

can take U1(x, t) = U2(x, t) = U(x, t), so we have C1(x, t) = C2(x, t) = 0. The normal

stress at r = S(x, t) will be

(pA − p[2]) +
2

Re
w

[2]
0r = − 1

We
κ2. (8.30)

After putting the value of w
[2]
0 from equation (8.24), we get

(pA − p[2]) +
1

Re
Ux = − 1

We
κ2 (8.31)

and the normal stress at r = R(x, t) gives

(p[1] − p[2]) +
Ux
Re

(1− µ) = − σ

We
κ1. (8.32)

By ignoring the ambient air pressure of the surrounding pA, we can write the above

equations as

p[2] =
1

We
κ2 −

1

Re
Ux, (8.33)

p[1] =
1

We
(κ2 + σκ1)−

µ

ρRe
Ux. (8.34)
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The leading order tangential conditions are

u
[2]
0r = 0 and u

[1]
0r = 0 (8.35)

respectively. The axial equation (8.16) at O(1) is given by

Reµ[2]

µ[z]

(
ρ[z]

ρ[2]
(Ut + UUx)− p[z]0x

)
− Uxx =

1

r

(
ru

[z]
2r

)
r
. (8.36)

The general solutions for u
[1]
2 and u

[2]
2 will be

u
[z]
2 = Az(x, t)

r2

4
+Bz(x, t)logr + Cz(x, t), (8.37)

where

Az(x, t) =
Reµ[2]

µ[z]
(
ρ[z]

ρ2
(Ut + UUx)− p[z]0x)− Uxx. (8.38)

For the inner fluid, we must have the following conditions

u[1]r (0, x, t) = 0 and w[1](0, x, t) = 0. (8.39)

In order to avoid the singularity on u
[1]
2 as r −→ 0, we must take B1 = 0. The tangential

stress condition of O(ε2) at r = S(x, t) gives

2S0x(w
[2]
0r − Ux) + (u

[2]
2r + w

[2]
0x) = 0, (8.40)

we substitute the above equation and use (8.37) to obtain the expression for B2 as

B2 = 3S0S0xUx +
S2
0

2
Uxx −

S2
0

2
A2. (8.41)
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The tangential stress condition at r = R(x, t) gives at O(ε2)

3R0R0xUx +
R2

0

2
Uxx −

R2
0

2
A2 −B2 = µ

(
3R0R0xUx +

R2
0

2
Uxx −

R2
0

2
A1

)
. (8.42)

Substituting the values of B2, A1 and A2 in equation (8.42), we get

(S2
0 + (ρ− 1)R2

0) (Ut + UUx) = − 1

We
(S2

0κ2x + σR2
0κ1x)

+
3

Re

[
((S2

0 + (µ− 1)R2
0)Ux)x

]
. (8.43)

Removing the subscripts, the final form of momentum equation and kinematic equations

are given by

(S2 + (ρ− 1)R2)(Ut + UUx) = − 1

We
(S2κ2x + σR2

0κ1x)

+
3

Re
[((S2 + (µ− 1)R2)Ux)x], (8.44)

(R2)t + (R2U1)x = 0, (8.45)

(R2 − S2)t + ((R2 − S2)U2)x = 0. (8.46)

8.3 Linear Instability Analysis

In this section we will perform the linear instability analysis of viscous compound jet.

For this purpose, we will consider the traveling wave mode of the form exp(ikx + λt)

where x = x
ε

and t = t
ε

are the small time and length scales, k is the wavenumber and λ

is the frequency of disturbance. The basic state solutions of above system of equations

(8.44) − (8.46) will be U = S = 1 and R = χ. Now we will introduce time dependent
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perturbations to the steady state solutions which will take the form

U = 1 + δ exp(λt+ ikx)Û ′, (8.47)

R = χ+ δ exp(λt+ ikx)R̂′, (8.48)

S = 1 + δ exp(λt+ ikx)Ŝ ′, (8.49)

where δ is the small amplitude of the wave at the orifice.

To study the effects of viscosity on compound liquid jet we need to rescale the Reynolds

number, Re = εRe, as done by Uddin [87] in the case of curved liquid jets otherwise

we cannot bring the viscous term into the resulting equations. Moreover, the complete

expression of the mean curvature is required to prevent instability to modes with zero

wavelength and it is used by many authors, for example Eggers [25], Lee [42] and Garcia

& Castellanos [28].

8.3.1 Dispersion Relation

In order to obtain the dispersion relation, substituting the time dependent perturbed

solutions (8.47)− (8.49) into equations (8.44)− (8.46) and choosing the linear terms of δ,

we are able to get the following result

(λ+ ikU0)
2 +

3(1 + (µ− 1)χ2)k2

(1 + (ρ− 1)χ2)Re
(λ+ ikU0)−

k2

2(1 + (ρ− 1)χ2)We
[(1− k2) + σχ(1− k2χ2)] = 0. (8.50)

The above dispersion relation can be considered in two different ways, either by spatial

instability analysis or by temporal instability analysis. In the case of spatial instability

analysis the perturbations grow or decay in space over the jet and we will solve the

dispersion relation for k. Here k is taken as a complex, that is, k = kr + iki and λ is
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supposed to be imaginary, that is, λ = iω, where kr is wavenumber, ki is spatial growth

rate and ω is real frequency. In temporal instability analysis the disturbances are assumed

to grow in time along the surface of jet. In this case λ is supposed to be complex, that

is, λ = λr + λi and k is taken as a real, where λr is the temporal growth rate, λi is

the frequency and k is the wavenumber. In this section, we perform temporal instability

analysis by letting complex λ and real k. Therefore, the dispersion relation will be solved

for λ and its solution is given by

λr = − 3(1 + (µ− 1)χ2)k2

2(1 + (ρ− 1)χ2)Re
+

k

2

√
(−3(1 + (µ− 1)χ2)k

(1 + (ρ− 1)χ2
0)Re

)2 +
2

(1 + (ρ− 1)χ2
0)We

[(1− k2) + σχ(1− k2χ2)]. (8.51)

Differentiating the equation (8.51) with respect to k and then solving for k, we find the

wavenumber for which λr is maximum. As a result, we have

Kmax =
1

(2(1 + σχ3))1/4

√√√√ 1 + σχ√
2(1 + σχ3) +

3Oh(1+(µ−1)χ2
0√

1+(ρ−1)χ2

, (8.52)

where Oh is Ohnesorge number which is equal to Oh =
√
We/Re.

8.4 Discussion

The numerical results of equation (8.51) are shown in Figs. 8.1 − 8.6. In Fig. 8.1, we

show the growth rate of disturbances against the wavenumber for three different values of

inner to outer jet radii ratio. We notice that the growth rate of disturbances is increased

by increasing the inner to outer jet radii ratio. In Figs. 8.2 and 8.3 we analyze the
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Figure 8.1: Growth rate of disturbances against the wavenumber for two different values
of inner to outer radii ratio, where ρ = 0.5, We = 10, Re = 20, σ = 0.1 and µ = 0.8.

behavior of the Reynolds number and density ratio on the growth rate of disturbances

and it is clearly seen that the growth rate of disturbances becomes large by increasing

the Reynolds number and vice versa for the case of the density ratio. Similar plots are

produced for two different values of the Weber number, viscosity ratio and surface tension

ratio in Figs. 8.4 − 8.6 respectively. The increase in the density and the Weber number

lead to decrease the growth rate of disturbances, but the growth rate of disturbances and

the cut-off wavenumber increase with the increase in surface tension ratio.

The relationship between the maximum growth rate of disturbances and the inner to

outer radii ratios for different values of the surface tension ratio is depicted in Fig. 8.7.

Here we observe that the maximum growth rate of disturbances increases with the increase

in surface tension ratio. In Fig. 8.8, the plots are presented between maximum growth

rate of disturbances and the viscosity ratios for different values of Ohnesorge number, here

we notice that the increase in Ohnesorge number lead to decrease the maximum growth
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Figure 8.2: Growth rate of disturbances against the wavenumber for two different values
of the Reynolds number, where χ = 0.5, We = 10, σ = 0.1, ρ = 0.5 and µ = 0.8.
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Figure 8.3: Growth rate of disturbances against the wavenumber for two different values
of density ratio, where σ = 0.1, We = 10, Re = 20, χ = 0.5 and µ = 0.8.
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Figure 8.4: Growth rate of disturbances against the wavenumber for two different values
of the Weber number, where ρ = 0.5, χ = 0.5, Re = 20, σ = 0.1 and µ = 0.8.
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Figure 8.5: Growth rate of disturbances against wavenumber for two different values of
the viscosity ratio, where ρ = 0.5, We = 10, Re = 20, σ = 0.1 and χ = 0.5.
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Figure 8.6: Growth rate of disturbances against the wavenumber for two different values
of the surface tension ratio, where ρ = 0.5, We = 10, Re = 20, χ = 0.5 and µ = 0.8.

rate of disturbances. We also present the graphical results for the maximum growth rate

of disturbances against the density ratios for different values of the surface tension ratio

in Fig. 8.9 and the maximum growth rate of disturbances against Ohnesorge number

for different values of the density ratio in Fig. 8.10. From Fig. 8.9, we can say that

the maximum growth rate of disturbances is increased with the surface tension ratio but

small effects are noticed with the increase in density ratio as shown in Fig. 8.10. We

also check the maximum growth rate of disturbance against the surface tension ratio for

different values of the viscosity ratio in Fig. 8.11 and analyze that the maximum growth

of disturbance is decreased by increasing the viscosity ratio.

The maximum wavenumber versus inner to outer radii ratio χ for various values of σ is

shown in Fig. 8.12. We notice a non-monotonic behavior of a maximum wavenumber for

the case of different radii ratios χ. In Fig. 8.13, we present the maximum wavenumber

by varying the viscosity ratio µ and Ohnesorge number. We observe that the maximum
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Figure 8.7: Graph showing the maximum growth rate of disturbances against inner to
outer radii ratios for different values of the surface tension ratio, where We = 20, Oh =
0.149, ρ = 0.5 and µ = 0.5.
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Figure 8.8: Graph showing the maximum growth rate of disturbances against the viscosity
ratios for different values of the Ohnesorge number, where We = 20, σ = 0.4, ρ = 0.5 and
χ = 0.6.
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Figure 8.9: Graph showing the maximum growth rate of disturbances against the density
ratios for different values of the surface tension ratio, where We = 20, Oh = 0.149,
χ = 0.6 and µ = 0.5.
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Figure 8.10: Graph showing the maximum growth rate of disturbances against the Ohne-
sorge number for different values of the density ratio, where We = 20, σ = 0.4, χ = 0.6
and µ = 0.5.
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Figure 8.11: Graph showing the maximum growth rate of disturbances against the surface
tension ratios for different values of the viscosity ratio, where We = 20, ρ = 0.5, χ = 0.6
and Oh = 0.149.

wavenumber increases with the surface tension ratio σ but reduces with the Ohnesorge

number and the viscosity ratioµ. In Fig. 8.14, we display the numerical results between

the maximum wavenumber Kmax and the Ohnesorge number for three different values of

the density ratio ρ. We see that kmax increases with the density ratio ρ and decreases for

the higher values of Ohnesorge number. Furthermore, we provide the numerical results

of the Kmax for the given values of σ and ρ together in Fig. 8.15 and notice that an

increase in the values of σ and ρ leads to increase the Kmax which means the size of the

drop becomes smaller as we increase the density ratio between the fluids and the surface

tension ratio. From the Fig. 8.16, we can say that higher viscosity ratio µ between the

fluids reduces the most unstable mode of disturbances.
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Figure 8.12: Graph showing the maximum wavenumber against inner to outer radii ratios
for different values of the surface tension ratio, where We = 20, Oh = 0.149, ρ = 0.5 and
µ = 0.5.
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Figure 8.13: Graph showing the maximum wavenumber against viscosity ratios for differ-
ent values of ohnesorge number, where We = 20, σ = 0.4, ρ = 0.5 and χ = 0.6.
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Figure 8.14: Graph showing the maximum wavenumber against the Ohnesorge number
for different values of the density ratio, where We = 20, σ = 0.4, χ = 0.6 and µ = 0.5.
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Figure 8.15: Graph showing the maximum wavenumber against the density ratios for
different values of the surface tension ratio, where We = 20, Oh = 0.149, χ = 0.6 and
µ = 0.5.
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Figure 8.16: Graph showing the maximum wavenumber against the surface tension ratios
for different values of the viscosity ratio, whereWe = 20, ρ = 0.5, χ = 0.6 andOh = 0.149.
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Chapter 9

Analysis of viscous compound jet

in the presence of gravity

9.1 Problem Formulation

In this chapter, we will consider the viscous compound jet falling under gravity. Here, we

will examine that how gravity affects the instability and breakup of a viscous compound

jet. In the presence of gravity, the dimensionless continuity equation and the Navier-

Stokes equation can be written as

w[z]
r + u[z]x +

w[z]

r
= 0, (9.1)

ρ[z]

ρ[2]

(
u
[z]
t + u[z]u[z]x + w[z]u[z]r

)
= −p[z]x +

µ[z]

µ[2]Re

(
u[z]xx + ε−2

1

r

(
ru[z]r

)
r

)
+

1

F 2
, (9.2)

ρ[z]

ρ[2]

(
w

[z]
t + u[z]w[z]

x + w[k]w[z]
r

)
= −ε2p[k]r +

µ[k]

µ[2]Re

(
w[z]
xx + ε2

(
(w[z]/

r /r)− (w[z]/r2) + w[k]
rr

))
,

(9.3)
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where Re = ρ[2]LU/µ[2] is Reynolds number and F = U/
√
Lg is Froude number.

The kinematic conditions applied at the inner and outer interfaces are

w[1](R, x, t) = Rt + u[1](R, x, t)Rx and w[2](R, x, t) = Rt + u[2](R, x, t)Rx, (9.4)

w[2](S, x, t) = St + u[2](S, x, t)Sx. (9.5)

The non dimensional tangential stress conditions can be written as

1

µ

(
2ε2Rx(w

[2]
r − u[2]x ) + (1− ε2(Rx)

2)(u[2]r − ε2w[2]
x )
)

= 2ε2Rx(w
[1]
r − u[1]x ) +

(1− ε2(Rx)
2)(u[1]r − ε2w[1]

x ) at r = R(x, t), (9.6)

2ε2Sx(w
[2]
r − u[2]x ) + (1− ε2(Sx)2)(u[2]r − ε2w[2]

x ) = 0 at r = S(x, t) (9.7)

and normal stress conditions are given by

2

Re(1 + ε2(Sx)2)

(
ε2u[2]x (Sx)

2 + w[2]
r − (u[2]r + ε2w[2]

x )Sx
)

+ (pA − p[2])

= − 1

We

(
1

ΓSS
− ε2Sxx

Γ 3
S

)
at r = S(x, t), (9.8)

2
Re(1+ε2(Rx)2)

((ε2u
[2]
x (Rx)

2 + w
[2]
r − (u

[2]
r + ε2w

[2]
x )Rx)− (ε2u

[1]
x (Rx)

2

+w
[1]
r − (u

[1]
r + ε2w

[1]
x )Rx)) = (p[2] − p[1]) + σ

We

(
1

ΓRR
− ε2Rxx

Γ 3
R

)
at r = R(x, t),

(9.9)

where ΓR = (1 + ε2(Rx)
2)1/2 and ΓS = (1 + ε2(Sx)

2)1/2, σ = σ[1]/σ[2] is the interfacial

surface tension, ρ = ρ[1]/ρ[2] is the density ratio, µ = µ[1]/µ[2] is the viscosity ratio and
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the We = ρ[2]U2a/σ[2] is the Weber number. We now apply the following expansion

ζ = ζo + ε2ζ2 + ε4ζ4 +O(ε6)

and assuming the axial velocity components inner and outer fluids are independent of

radial direction. Introducing the above form of expansion in the equations (9.1)− (9.9),

the leading order of the continuity equation will be

u
[z]
0x +

1

r
(rw

[z]
0 )r = 0, (9.10)

writing u
[z]
0 = Uk(x, t) the above equation implies that w

[z]
0 = Cz/r − rUkx/2, where

Cz = Cz(x, t). Here C1(x, t) = 0 because w[1] = 0 at r = 0. The leading order kinematic

conditions are given by

w
[1]
0 (R, x, t) = Rt + U1Rx , w

[1]
0 (R, x, t) = Rt + U2Rx, (9.11)

w
[2]
0 (S, x, t) = St + U2Sx. (9.12)

The above equations can be written in the following form

(R2)t + (R2U1)x = 0, (9.13)

(R2 − S2)t + ((R2 − S2)U2)x = 4C2. (9.14)
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The velocities are continuous at the interface r = R(x, t) which requires

u
[1]
0 (x, t) = u

[2]
0 (x, t) , u

[1]
2 (R, x, t) = u

[2]
2 (R, x, t). (9.15)

Since the leading order axial velocities are independent of r, so we can write U1(x, t) =

U2(x, t) = U(x, t) which implies C1(x, t) = C2(x, t) = 0. The normal stress condition at

r = S(x, t) is given by

(pA − p[2]) +
2

Re
w

[2]
0r = − 1

We
κ2. (9.16)

By substituting the value of w
[2]
0 from the equation (9.10), we get

(pA − p[2]) +
1

Re
Ux = − 1

We
κ2. (9.17)

Similarly, we can write the normal stress at r = R(x, t) as

(p[1] − p[2]) +
Ux
Re

(1− µ) = − σ

We
κ1. (9.18)

By ignoring the ambient air pressure of the surrounding pA, we can write the above

equations can be written as

p[2] =
1

We
κ2 −

1

Re
Ux, (9.19)

p[1] =
1

We
(κ2 + σκ1)−

µ

ρRe
Ux. (9.20)
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The leading order tangential conditions are

u
[2]
0r = 0 and u

[1]
0r = 0. (9.21)

respectively. The axial momentum equation (9.2) at O(1) is

Reµ[2]

µ[z]

(
ρ[z]

ρ[2]
(Ut + UUx −

1

F 2
)− p[z]0x

)
− Uxx =

1

r

(
ru

[z]
2r

)
r
. (9.22)

The general solutions for u
[1]
2 and u

[2]
2 are

u
[z]
2 = Xz(x, t)

r2

4
+ Yz(x, t)logr + Zk(x, t), (9.23)

where

Xz(x, t) =
Reµ[2]

µz

(
ρ[z]

ρ[2]
(Ut + UUx −

1

F 2
)− p[k]0x

)
− Uxx. (9.24)

The following conditions must be satisfied for the inner fluid

u[1]r (0, x, t) = 0 and w[1](0, x, t) = 0 (9.25)

and Y1 must be equal to zero, otherwise there will be singularity at u
[1]
2 for r −→ 0. The

tangential stress condition of O(ε2) at r = S(x, t) will be

2S0x(w
[2]
0r − Ux) + (u

[2]
2r + w

[2]
0x) = 0. (9.26)

Using (9.24) and (9.26), we arrive at the following expression

Y2 = 3S0S0xUx +
S2
0

2
Uxx −

S2
0

2
X2. (9.27)
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The tangential stress condition of O(ε2) at r = R(x, t) can be written as

3R0R0xUx +
R2

0

2
Uxx −

R2
0

2
X2 − Y2 = µ

(
3R0R0xUx +

R2
0

2
Uxx −

R2
0

2
X1

)
. (9.28)

Finally, Substitute the values of Y2, X1 and X2 in equation (9.28), we have

(S2
0 + (ρ− 1)R2

0)(Ut + UUx) = − 1

We
(S2

0κ2x + σR2
0κ1x)

+
3

Re

[
((S2

0 + (µ− 1)R2
0)Ux)x

]
+ (S2

0 + (ρ− 1)R2
0)

1

F 2
. (9.29)

Removing the subscripts, the final form of momentum equation and kinematic conditions

are given by

(S2 + (ρ− 1)R2)(Ut + UUx −
1

F 2
) = − 1

We
(S2κ2x + σR2

0κ1x)

+
3

Re
[((S2 + (µ− 1)R2)Ux)x], (9.30)

(R2)t + (R2U1)x = 0, (9.31)

(R2 − S2)t + ((R2 − S2)U2)x = 0. (9.32)
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Figure 9.1: Steady state solutions of a viscous compound jet for two different values of
the Froude number, where Re = 20,We = 10, ρ = 0.2, µ = 0.8, σ = 0.6, and χ = 0.5.

9.2 Steady State Solutions

By using initial conditions (i.e. U = S = 1 and R = χ ), equations (9.30)− (9.32) can be

written into the steady-state form as,

(S2 + (ρ− 1)R2)(UUx −
1

F 2
) = − 1

We
(S2κ2x + σR2κ1x) (9.33)

+
3

Re
[((S2 + (µ− 1)R2)Ux)x],

R =
χ

U1/2
and S =

1

U1/2
. (9.34)

To obtain the steady state solutions, we substitute the values of R and S in the equation

(9.33) and then apply a second order finite difference scheme to discretize the equation
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Figure 9.2: Steady state solutions of a viscous compound jet for two different values of
the inner to outer radii ratio, where Re = 20,We = 10, ρ = 0.2, µ = 0.8, σ = 0.6, and
F = 1.
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Figure 9.3: Steady state solutions of a viscous compound jet for two different values of
the density ratio, where Re = 20,We = 10, F = 1, µ = 0.8, σ = 0.6, and χ = 0.5.

(9.33). We specify the boundary condition at the nozzle as U(0) = 1 and downstream

boundary condition is obtained by quadratic extrapolation of the last interval mash point.

The nonlinear equation (9.33) is solved at each step using a modified Newton’s method.

It is important to mention that we only compute the Jacobian for the first iteration, so

the guess at the next step uses the previous calculated solution. A similar approach is

used by Parau [59], for the case of the curved liquid jets. The numerical accuracy can

be checked by varying the grid interval ds and mash points N and it was found that the

results are dependent of ds and N when ds 6 0.1 and N > 200.

The steady state solutions of viscous compound jet falling under gravity have been

presented in Figs. 9.1− 9.7. Figure. 9.1 show that the inner and outer radii of a viscous

compound jet are reduced by decreasing the Froude number that means the velocity of

inner and outer column of fluid increases with gravity. The outer radius of the compound
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Figure 9.4: Steady state solutions of a viscous compound jet for two different values of
the viscosity ratio, where Re = 20,We = 10, ρ = 0.2, F = 1, σ = 0.6, and χ = 0.5.

jet is not affected by changing the inner radius as shown in Fig. 9.2

Figures 9.3− 9.5 depict that the radii of the jet are decreased with the increase in the

density ratio, while an increase in the viscosity ratio and surface tension ratio lead to

increase the inner and outer radius of the compound jet. We also check the effects of the

Reynolds number and the Weber number on the radii of a compound jet and display the

graphical results in the Fig. 9.6 and Fig. 9.7 respectively. Clearly, it can be seen that the

radii of inner and outer column of the fluid decrease by increasing the Reynolds number

and Weber number.

9.3 Linear Instability Analysis

In this section, we will examine the temporal instability of a viscous compound jet falling

under the influence of gravity. In order to perform this analysis we will perturb our steady
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Figure 9.5: Steady state solutions of a viscous compound jet for two different values of
the surface tension ratio, where Re = 20,We = 10, ρ = 0.2, µ = 0.8, F = 1, and χ = 0.5.

state solutions by small time dependent disturbances as

U = U0(x) + δ exp(λt+ ikx)Û ′, (9.35)

R = R0(x) + δ exp(λt+ ikx)R̂′, (9.36)

S = S0(x) + δ exp(λt+ ikx)Ŝ ′. (9.37)

where δ is the amplitude of the wave at the nozzle, k(x) is wavenumber, λ(x) is the

frequency of disturbances, x = x
ε

is the small length scale and t = t
ε

is the small time

scale.

We substitute the equations (9.35) − (9.37) into equations (9.30) − (9.32) and then

choose the linear terms in δ, we are able to arrive at the following result

138



0 1 2 3 4 5
0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x

R
a
d
ii

 

 

Re =  3
Re = 20

S
o

R
o

Figure 9.6: Steady state solutions of inner and outer jet radii for two different values of
the Reynolds number, where F = 1,We = 10, ρ = 0.2, µ = 0.8, σ = 0.6, and χ = 0.5.


αΛ + β(3k

2

Re
) σ

We
ζ 1

We
η

ikR2
0

2
R0Λ 0

ik((S2
0−R2

0)

2
−R0Λ −S0Λ

 ·

Û ′

R̂′

Ŝ ′

 =


0

0

0

 ,

The non-trivial solution of the above system of equations exist only if

det


αΛ + β(3k

2

Re
) σ

We
ζ 1

We
η

ikR2
0

2
R0Λ 0

ik((S2
0−R2

0)

2
−R0Λ −S0Λ

 = 0,
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Figure 9.7: Steady state solutions of a viscous compound jet for two different values of
the Weber number, where Re = 20, F = 1, ρ = 0.2, µ = 0.8, σ = 0.6, and χ = 0.5.

where

Λ = λ+ ikU0, α = S2
0 + (ρ− 1)R2

0, β = S2
0 + (µ− 1)R2

0,

ζ = −ik + ik3R2
0 and η = −ik + ik3S2

0

By solving the above determinant, we are able to obtain the following characteristic

equation

(λ+ ikU0)
2 +

3(S2
0 + (µ− 1)R2

0)k
2

(S2
0 + (ρ− 1)R2

0)Re
(λ+ ikU0)−

k2

2(S2
0 + (ρ− 1)R2

0)We
[S0(1− k2S2

0) + σR0(1− k2R2
0)] = 0. (9.38)
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The solution of equation (9.38) will be

λr = − 3(S2
0 + (µ− 1)R2

0)k
2

2(S2
0 + (ρ− 1)R2

0)Re
+ (9.39)

k

2

√
(−3(S2

0 + (µ− 1)R2
0)k

(S2
0 + (ρ− 1)R2

0)Re
)2 +

2

(S2
0 + (ρ− 1)R2

0)We
[S0(1− k2S2

0) + σR0(1− k2R2
0)].

Now, we will differentiate the equation (9.39) with respect to k and then solve it for k to

find the wavenumber for which λr is maximum. Therefore we have

Kmax =
1

(2(σR3
0 + S3

0))1/4

√√√√ σR0 + S0√
2(σR3

0 + S3
0) +

3Oh(S2
0+(µ−1)R2

0√
S2
0+(ρ−1)R2

0

, (9.40)

where Oh is the Ohnesorge number which is equal to Oh =
√
We/Re.

9.3.1 Discussion

In this section we discuss the numerical results which are obtain from equations (9.39)

and (9.40). By substituting k = Kmax in equation (9.39) we will get the expression for

maximum growth rate of disturbances of a viscous compound jet falling under gravity.

In the Fig. 9.8, we show the relationship between the maximum growth of disturbances

and the viscosity ratio at three different locations of the viscous compound jet. It is

observed that maximum growth rate of disturbances decreases with the increase in the

viscosity ratio. Similarly, the graphical results have been shown for the maximum growth

rate of disturbances against the Ohnserge number and density ratios in Figs. 9.9 and 9.10

respectively. Here we analyze that the maximum growth rate of disturbance is decreased

by increasing the Ohnserge number and the density ratio. We also examined the effects

of surface tension ratio on the maximum growth rate of disturbances in Fig. 9.11 and
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Figure 9.8: Maximum growth rate of disturbances against the viscosity ratios, where
χ = 0.5, We = 10, Oh = 0.158, ρ = 0.5, σ = 0.1, and F = 1.

notice that an increase in surface tension leads to increase the maximum growth rate of

disturbances.

Similarly, we plot the maximum wavenumber against the viscosity ratio and the Ohne-

sorge number at three different locations of a viscous compound jet in Figs. 9.12 and 9.13

respectively. It can be seen that the maximum wavenumber is decreased by increasing

the viscosity ratio and the Ohnesorge number. In the Fig. 9.14, the numerical results

are displayed for the maximum wavenumber against the density ratio at three different

location of the jet. Here we observe that an increase in density ratio leads to increase

the maximum wavenumber. Moreover, the maximum wavenumber is increased with the

increase in the surface tension ratio as shown in Fig. 9.15.

In the Fig. 9.16, we plot the maximum growth rate of disturbances against the axial

length of the compound jet for two different values of the Froude number. It is noticed

that the maximum growth rate is reduced with the increase in Froude number but it
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Figure 9.9: Maximum growth rate of disturbances against the Ohnesorge number, where
χ = 0.5, We = 10, σ = 0.1, ρ = 0.5, µ = 0.8, and F = 1.
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Figure 9.10: Maximum growth rate of disturbances against the density ratios, where
χ = 0.5, We = 10, Oh = 0.158, σ = 0.5, µ = 0.8, and F = 1.
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Figure 9.11: Plots of maximum growth rate of disturbance against surface tensions ratios,
where χ = 0.5, We = 10, Oh = 0.158, ρ = 0.5, µ = 0.8, and F = 1.

0 0.5 1 1.5 2
0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

µ

K
m

ax

 

 

x = 2
x = 1
x = 0

Figure 9.12: Maximum wavenumber against the viscosity ratios, where χ = 0.5, We = 10,
Oh = 0.158, ρ = 0.5, σ = 0.1, and F = 1.
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Figure 9.13: Plots of maximum wavenumber against Ohnesorge numbers, where χ = 0.5,
We = 10, σ = 0.1, ρ = 0.5, µ = 0.8, and F = 1.
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Figure 9.14: Maximum wavenumber against the density ratios, where χ = 0.5, We = 10,
Oh = 0.158, σ = 0.1, µ = 0.8, and F = 1.
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Figure 9.15: Maximum wavenumber against the surface tensions ratios, where χ = 0.5,
We = 10, Oh = 0.158, ρ = 0.5, µ = 0.8, and F = 1.
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Figure 9.16: Maximum growth rate of disturbances against the axial length of a compound
jet for two different values of Froude number, where χ = 0.5, We = 10, Oh = 0.158,
ρ = 0.5, µ = 0.8, and σ = 0.1.
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Figure 9.17: Maximum growth rate of disturbances against the axial length of a compound
jet for two different values of viscosity ratio, where χ = 0.5, We = 10, Oh = 0.158, ρ = 0.5,
σ = 0.1, and F = 1.
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Figure 9.18: Maximum growth rate of disturbances against the axial length of the com-
pound jet for two different values of the Ohnesorge number, where χ = 0.5, We = 10,
σ = 0.1, ρ = 0.5, µ = 0.8, and F = 1.
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Figure 9.19: Maximum growth rate of disturbances against the axial length of the com-
pound jet for two different values of the density ratio, where χ = 0.5, We = 10,
Oh = 0.158, σ = 0.1, µ = 0.8, and F = 1.

0 1 2 3 4
0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

x

λ m
ax

 

 

σ = 0.5
σ = 0.1

Figure 9.20: Maximum growth rate of disturbance against the axial length of the com-
pound jet for two different values of the surface tension ratio, where χ = 0.5, We = 10,
Oh = 0.158, ρ = 0.5, µ = 0.8, and F = 1.
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Figure 9.21: Maximum wavenumber against the axial length of the compound jet for two
different values of the Froude number, where χ = 0.5, We = 10, Oh = 0.158, ρ = 0.5,
µ = 0.8, and σ = 0.1.
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Figure 9.22: Maximum wavenumber against the axial length of the compound jet for two
different values of the viscosity ratio, where χ = 0.5, We = 10, Oh = 0.158, ρ = 0.5,
σ = 0.1, and F = 1.
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Figure 9.23: Maximum wavenumber against the axial length of the compound jet for two
different values of the Ohnesorge number, where χ = 0.5, We = 10, σ = 0.1, ρ = 0.5,
µ = 0.8, and F = 1.

increases along the jet. The plots between the maximum growth rate of disturbances

and the axial length of the compound jet for two different values of the viscosity ratio

and the Ohnesorge number have been displayed in Figs. 9.17 and 9.18 respectively. It

is observed that the maximum growth rate of disturbances is decreased along the jet by

increasing the viscosity ratio and the Ohnesorge number. Similar plots are presented for

two different values of the density ratio and the surface tension ratio in Figs. 9.19 and

9.20 respectively. It is found that the increase in the density ratio leads to decrease the

maximum growth rate of disturbances along the jet but the surface tension ratio raises

the maximum growth rate of disturbances over the entire length of the jet.

The curves in Fig. 9.21 are produced for maximum wavenumber against the axial length

of compound jet for two different values of the Froude number. Here we can see that the

maximum wavenumber is decreased by increasing the Froude number. Figures 9.22 and
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Figure 9.24: Maximum wavenumber against the axial length of a compound jet for two
different values of the density ratio, where χ = 0.5, We = 10, Oh = 0.158, σ = 0.1,
µ = 0.8, and F = 1.
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Figure 9.25: Maximum wavenumber against the axial length of a compound jet for two
different values of the surface tension ratio, where χ = 0.5, We = 10, Oh = 0.158, ρ = 0.5,
µ = 0.8, and F = 1.

151



35 40 45 50 55 60
−2

−1

0

1

2

x/ε

R
ad

ii

Figure 9.26: Profiles of a viscous compound jet. The parameters used here are σ = 1, ε = 0.01,
ρ = 0.3, χ = 0.5, We = 50, Oh = 0.224, µ = 4 and δ = 0.01

9.23 show that the increase in the viscosity ratio and the Ohnesorge number decrease

the maximum wavenumber along the jet. In Figs. 9.24 and 9.25, it is observed that the

maximum wavenumber increases down the jet for the higher values of the density ratio

and the surface tension ratio.

9.3.2 Breakup lengths

Finally, we investigate the breakup lengths of viscous compound jet falling under the

action of gravity. In order to find the breakup length we require time t which we will obtain

by integrating the inverse of steady state velocity over the entire length of compound jet.

Mathematically, it can be expressed as

t =

∫ x

0

1

u(s)
ds. (9.41)

The above integral will be solved with the help of the Trapezoidal rule in MATLAB.
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Figure 9.27: Breakup length of the compound jet for different disturbance amplitudes,
where σ = 0.5, ρ = 0.3, µ = 0.6, χ = 0.5, Oh = 0.141, F = 1, ε = 0.01 and We = 50

The profile of compound liquid jet has been shown in Fig. 9.26. The breakup lengths

of a viscous compound jet against the amplitudes of disturbances are presented in Fig.

9.27. Here we can say that the breakup length of the jet is decreased by increasing the

amplitude of disturbance. Therefore, the compound liquid jet takes less time to breakup

for higher amplitudes of disturbance. We also notice in Fig. 9.27 that there are number

of discontinuities, notably near δ = 0.01 and δ = 0.05. These are caused by a change in

the location of breakup due to the growth of disturbances. In the Fig. 9.28, we obtain the

breakup length against the surface tension ratio and compare the results with the zero

gravity case. We find the shorter breakup lengths in the presence of gravity which implies

that zero gravity delays the breakup of compound liquid jet. Moreover, the increase in

surface tension ratio leads to decrease the breakup length.

The effects of the viscosity ratio on the breakup of compound jet for two different values

of the Weber number are also considered in Fig. 9.29. It is noticed that breakup length
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Figure 9.28: Breakup length of the compound jet for different values of the surface tension
ratio, where ρ = 0.3, µ = 0.6, χ = 0.5, Oh = 0.224, ε = 0.01, δ = 0.01 and We = 20

increases with the increase in viscosity ratio and the Weber number. In the Fig. 9.30,

we analyze the effects of the density ratio on the jet breakup for two different values of

the disturbances amplitude. We find that the breakup length of a viscous compound jet

increases with the density ratio.
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Figure 9.29: Breakup length of the compound jet for different values of the viscosity ratio,
where ρ = 0.3, σ = 0.5, χ = 0.5, Oh = 0.224, F = 1, ε = 0.01 and δ = 0.01
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Figure 9.30: Breakup length of the compound jet for different values of the density ratio,
where µ = 0.3, σ = 0.5, χ = 0.5, Oh = 0.333, F = 1, ε = 0.01, δ = 0.01, and We = 100
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Figure 9.31: Breakup of a viscous compound jet for different values of density ratio, ρ =
1 (First) and ρ = 0.8 (Second). The parameters used here are σ = 1, K = 0.70, Re = 2100,
µ = 1, F = 0.7, We = 30, ε = 0.01 and δ = 0.01

9.4 Nonlinear Analysis

In the previous section, we performed the linear instability analysis. Now, we are looking

to obtain the nonlinear temporal solutions of a viscous compound jet falling under the

gravity. In order to solve the nonlinear system of unsteady partial differential equations

(9.30)− (9.32), we include the expressions for the pressure with full curvature κz instead

of leading order pressure terms. It is necessary for the correct reproduction of equilibrium

shape in the numerical simulations. A justification of retaining higher order pressure

term is provided by number of authors (for example, Eggers [25], Lee [42], and Garcia &

Castellanos [28]). The initial conditions for a viscous compound jet were given by steady

state solutions which we have calculated in the previous section. The imposed upstream

boundary conditions at the nozzle are given by

U(0, t) = 1 + δ cos

(
Kt

ε

)
, R(0, t) = χ and S(0, t) = 1 (9.42)
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Figure 9.32: Profiles of a viscous compound jet for different values of viscosity ratio, µ =
0.5 (First) and µ = 1.0 (Second). The parameters used here are σ = 1, K = 0.65, ρ = 1,
Re = 1000, We = 20, F = 0.8, ε = 0.01 and δ = 0.01

where δ is dimensionless initial amplitude and K is the wavenumber of imposed sinusoidal

disturbance. The downstream boundary conditions for U , R and S are obtained by

quadratic extrapolation of last interval mesh points. In this numerical simulation of

the evolution of compound jet, our stopping criteria was taken to be the time at which

the minimum dimensionless jet radius was 0.05. Therefore we took the location of this

minimum point to be the location of breakup.

In Fig. 9.31, we show the breakup of a viscous compound jet for different values of

density ratio ρ and we observe that the compound jet take more time to breakup for the

case of larger density ratio between the fluids. The profiles of the compound jet with

more viscous core region than the fluid of shell region and vice versa are presented in Fig.

9.32. The first profile shows the breakup for the case of less viscous core fluid than that

of the shell liquid while the second profile depicts the breakup for the case when inner

fluid is more viscous than the outer fluid. It is noticed that there is a thinner ligament

connecting the droplet and longer jets are produced for the case of large viscosity ratio.
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The profile of the outer jet breakup is presented in the Fig. 9.33.

From Fig. 9.34, we can see that the compound jet falling under the gravity will be longer

and more stable for small disturbance wavenumber but if we increase the wavenumber at

the nozzle the compound jet falling without the influence of gravity takes more time to

breakup as compare to the compound jet falling with gravity. It is also noticed that the

wavenumber at which the breakup time is minimal decreases by increasing the Froude

number.

The non-dimensional compound droplets and core droplets against the disturbances

amplitude δ are manifested in Fig. 9.35. It is clearly noticed that the drop sizes become

larger for the case of zero gravity. Moreover, we can see that the size of droplet increases

with the increase in disturbances amplitude δ. In Fig. 9.36, we show the breakup time

of a viscous compound jet falling under the gravity against the surface tension ratios for

different values of the viscosity ratios. It is observed that the compound jet take more

time to breakup for the case of large viscosity ratio. In addition, the increase in the

surface tension ratio σ leads to shorten the length of the viscous compound jet.

The breakup time of the compound jet against the density ratio for different values of

the disturbance amplitude δ is manifested in Fig. 9.37. We can see that the the compound

jet falling under the gravity takes more to breakup for the higher density ratio between

the inner and outer fluids whereas for the large value of the disturbance amplitude δ

we find the shorter jets. From the Fig. 9.38, we observe that the size of the droplet

reduces by varying wavenumber K. In addition, the droplet becomes larger for the higher

viscosity ratios. We also measure the droplet size for the given values of the density ratio

at different disturbance amplitudes in the Fig. 9.39. Here, we can notice that the droplet

becomes smaller for the higher values of the density ratio and the disturbance amplitude.

In the Fig. 9.40, we show non-dimensional satellite droplets by varying the viscosity

158



0 10 20 30 40 50 60 70 80 90 100

−2

−1

0

1

2

axial distance

ra
d

ii

Figure 9.33: Profiles of a viscous compound jet showing the outer jet breakup. The parameters
used here are σ = 1, K = 0.75, ρ = 1, We = 30, Re = 1100, µ = 1, F = 0.8, ε = 0.01, χ = 0.65
and δ = 0.01
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Figure 9.34: Breakup time of compound jet against wavenumber of disturbance at nozzle for
different values of Froude number, where σ = 1.0, ρ = 1.0, µ = 1, δ = 0.01, ε = 0.01, χ = 0.5,
Re = 2000 and We = 20.
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Figure 9.35: Inner and outer droplet sizes when the disturbance amplitude δ is varied. Here,
we have We = 40, Re = 3000 σ = 0.28, ρ = 1.2, µ = 1.0, ε = 0.01, K = 0.59 and χ = 0.5
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Figure 9.36: Breakup time of compound jet against surface tension ratio for different values of
viscosity ratio, where ρ = 1.0, K = 0.68, F = 1, Re = 900 δ = 0.01, ε = 0.01, χ = 0.5, and
We = 20.
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Figure 9.37: Breakup time of compound jet against density ratio for different values of dis-
turbance amplitude, where σ = 1.0, F = 1.0, K = 0.68, Re = 950, ε = 0.01, χ = 0.5, and
We = 20.
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Figure 9.38: Droplet sizes are manifested when the wavenumber is varied for different values
of viscosity ratio. Here, we have We = 50, Re = 2100, σ = 0.5, ρ = 1.0, F = 0.6, ε = 0.01, and
χ = 0.5
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Figure 9.39: Droplet sizes are manifested when the density ratio is varied for different values
of disturbance amplitude. Here, we have We = 30, Re = 2500, σ = 0.28, F = 1.0, µ = 1.0,
ε = 0.01, K = 0.59 and χ = 0.6

ratio. The satellite droplets are seen to be smaller with the increase in the viscosity ratio

µ. Furthermore, it is observed that large values of δ produce larger satellite droplets.
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Figure 9.40: Satellite droplets are shown when the viscosity ratio is varied for different values
of disturbance amplitude. Here, we have We = 35, Re = 3000, σ = 0.6, F = 1.0, ρ = 0.7,
ε = 0.01, K = 0.59 and χ = 0.6
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Chapter 10

Conclusions and Future Work

10.1 Conclusions

In this thesis we have investigated the temporal instability in compound liquid jets. We be-

gan our study with the one dimensional axisymmetric inviscid compound jet and extended

our analysis into the two dimensional model. We thereafter examined the aerodynamics

effects on the instability and breakup of compound jet. We also incorporated the effects

of viscosity into the core and annular region, and considered the influence of gravity on

the breakup dynamics and drop formation of inviscid and viscous compound jet. Here

we summarize the prominent results obtained in this thesis and suggest some projects for

the future work.

In chapter one, we gave the detail review on the previous studies of single and compound

liquid jets. The linear and nonlinear analysis of one dimensional inviscid compound jet was

discussed in chapter two. The dispersion relation obtained by Uddin [87] was reproduced

using linear theory and the nonlinear analysis studied by Uddin [87] was reviewed in detail

to understand the breakup dynamics and encapsulated drop formation in a compound jet.

Chapter three was related with the nonuniform compound liquid jets. An extensive detail

of [55] and [86] was given to reveal the key features of the compound jet. It was concluded
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that the breakup length of inviscid compound jet increases with the increase in radii ratio

χ and decrease for lower values of the Weber number. In addition, the inviscid compound

jet takes more time to breakup by decreasing the surface tension ratio and increasing

the density ratio. Moreover, the wavenumber at which the breakup time is minimal

decrease by increasing the Froude number. Some of these results have been published in

Physics of F luids.

We performed the linear temporal instability analysis of two dimensional compound

jet in chapter four. A dispersion relation was derived using full set of equation to obtain

the most unstable wavenumber and the maximum growth rate of disturbance. We also

presented the comparison between the full dispersion relation and the dispersion relation

obtained by Uddin [87] in a long wavelength limit. As anticipated it showed a good

agreement for k << 1 and there is a slight variation for k = O(1) values with the full

dispersion relation predicting slightly lower values for the growth rate.

In chapter five, we studied the effects of gravity on the instability and the breakup of

two dimensional compound jet. The steady state solutions were found first and thereafter

we considered linear temporal instability using full set of equations. We estimated the

theoretical breakup lengths by extending our linear analysis which seems to be more

accurate than the one dimensional analysis of Mohsin et al. [55] due to the presence of

radial flow of the compound jet.

An inviscid compound liquid jet emerging in an ambient gas was considered in chapter

six. Linear instability analysis gave us an eigenvalue relation which revealed that the

maximum growth rate of disturbance and the cut-off wavenumber became larger due to

the aerodynamics effects. In addition, the droplet size became smaller because of the

ambient gas density.
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Using linear theory, the influence of the surrounding gas on the instability of a com-

pound jet falling under gravity has been discussed in chapter seven. The steady sate

solutions have been used in the dispersion relation to examine the instability of the jet

at different locations along the jet. The maps are plotted to depict the behavior of gas-

to-shell density ratios by varying inner-to-outer radii ratios and surface tension ratios

together along the compound jet. It is found that, for each value of σ and χ, the growth

rate of disturbance becomes larger by increasing ρG (density ratio between the outer fluid

and the surrounding gas) and, the most unstable wavenumber increases with the increase

in ρG. In addition, we determined an estimate for the breakup lengths by extending our

linear analysis and observed that the shorter jets were generated for the higher values of

ρG.

In chapter eight, we considered viscous compound jet and governing equations were

reduced to one dimension by using asymptotic method. By considering the disturbances

in temporal mode, we first found a dispersion relation. Thereafter, we analyzed that the

maximum growth rate of disturbances and the most unstable wavenumber is increased

by increasing the surface tension ratio and the Ohnesorge number and decreased by in-

creasing the viscosity ratio. The most unstable wavenumber increases with density ratio

but maximum growth rate of disturbances decreases by increasing the density ratio. In

addition, the increase in inner radius lead to increase the maximum growth rate but most

unstable wavenumber increases when χ < 0.5 and decreases when χ > 0.5.

In chapter nine, we examined the effects of gravity on the viscous compound jet falling

vertically downward. Newton’s method is developed to solve the nonlinear set of differen-

tial equations for steady state solutions which implies that the radii of viscous compound

jet decrease by decreasing the Froude number. The maximum growth rate of compound

jet decreases along the jet if we increase the the viscosity ratio, the density ratio, the

Froude number and the Ohnesorge number, but it increases by increasing the surface
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tension ratio. The most unstable wavenumber along the compound jet is seen to increase

with the density ratio and the surface tension ratio. The most unstable wavenumber

decreases along the compound jet by increasing the viscosity ratio, the Froude number

and the Ohnesorge number. We also produced the breakup lengths of viscous compound

jet falling under gravity. The breakup length of the viscous compound jet falling under

gravity is decreased for higher amplitude disturbances δ. By increasing the Weber num-

ber leads to increase the breakup length. The breakup length increases by increasing the

density ratio and decreases for higher surface tension ratios. Moreover, it is observed

that the viscous compound jet takes less time to breakup in the presence of gravity. We

thereafter applied a numerical method, based on finite difference scheme, on one dimen-

sional system of partial differential equations to find the breakup time, main drop sizes

and the satellites droplets. From the results, we concluded that the reduction in surface

tension ratio σ and increase in viscosity ratio µ and density ratio ρ lead to produce longer

jets. In addition, the optimum wavenumber and the size of main droplet decrease due

to the presence of gravity, while the size of satellite droplets reduces with the increase in

viscosity ratio.

10.2 Future Work

This thesis is related with the axisymmetric compound liquid jets. The idea can be

extended towards the non-axisymmetric compound jets. The linear analysis can be per-

formed to investigate the non-axisymmetric disturbance around the jet particularly for the

case of compound jet emerging in a surrounding gas. We can also investigate the spatial

instability of inviscid and viscous compound jet falling under the influence of gravity. An

example of solving dispersion relation (3.26) in a spatial mode is shown in Fig. 10.1. In

this case, k is taken as complex that is k = kr+iki and λ is supposed to be imaginary that

is λ = −iω. We plot the spatial growth rate ki for the given values of the real frequency
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Figure 10.1: Growth rate of disturbances versus the wavenumber at the nozzle, The parameters
used here are We = 20, σ = 1, ρ = 1, and χ = 0.6

ω.

Linear and nonlinear analysis of a viscous compound jet can also be performed by

adding the surfactants in the inner and outer columns of viscous compound jet. Further-

more, a detailed examination of the stability of a compound jet incorporating temporal-

spatial analysis (similar to that considered by Kalliadasis et al. [37] and Ruyer-Quil et

al. [75]) along with a comparison with numerical simulations to identify the regimes,

where breakup of the jet is caused by the inner and outer interface touching, will be the

subject of future work. The absolute instability in a compound liquid jet moving in a

surrounding gas is not yet considered which is very important for the case of slow moving

jets.

We have discussed the nonlinear analysis of one dimensional inviscid and viscous com-

pound liquid jets using finite difference scheme based on Lax-Wendroff method. A bound-

ary element method can be applied on a two dimensional compound jet to examine the

nonlinearity in the breakup and post rupture behaviour in more detail. For this purpose,
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we can extend the analysis of Hilbing & Heister [35] who developed boundary element

method to study a single liquid jet.
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Appendix A

Temporal and spatial instability

of a non-axisymmetric compound

jet falling under gravity in the

ambient gas

The temporal and spatial instability of a non-axisymmetric compound liquid jet which

is moving in the surrounding gas and falling vertically under the action of gravity is

considered. We are currently working on this paper and are planing to submit in the

Physics of F luids.

Abstract

Droplet generated from the rupture of a compound jet can be used to produce encapsu-

lated droplets which have applications in a wide variety of industrial processes. In this

paper, we examine the instability of a three dimensional inviscid compound jet falling

vertically downwards in a surrounding gas under the influence of gravity. The steady

state equations are derived using an asymptotic method and linear instability is deter-

mined using a multiple scales approach. The results are analysed to investigate how the
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gas-to-shell density ratio affects key features of the jet.

A.1 Introduction

Whether it is the investigation of single liquid jets or compound liquid jets, surface insta-

bilities play an important role in the jet breakup. The liquid jet emerging from the orifice

is inherently unstable and continuous growing disturbances lead to the disintegration of

the jet into droplets. In the case of single jets the free interface exists between the fluid

and surrounding gas, but in compound liquid jet there are two interfaces: one separates

the inner and outer immiscible fluid and the other one lies between the outer fluid and

the surrounding gas. A compound liquid jet contains core and annular regions; the fluid

flow in the core region is totally encased by the annulus of second liquid. Like the single

jets, compound jets have many applications in scientific developments and are important

in many practical processes, such as particle encapsulation and food manufacturing [30],

capsule production in pharmaceutics [5, 15], targeted delivery of drugs [36, 52] and ink

jet printing [33].

Hertz & Hermanrud [33] performed the first experiment in the field of compound liquid

jets. They produced a compound jet by forcing a core fluid to emerge from a nozzle below

a stationary immiscible shell liquid. Sanz & Masueger [76] investigated the linear temporal

instability analysis of one dimensional inviscid compound jet. They found two types of

growing modes - namely, stretching mode and squeezing mode - and concluded that the

stretching mode has much larger growth rate than that of squeezing mode. This work

is further extended by Radev & Tchavdarov [67], Shkadov & Sisoev [81] and Chauhan

et al. [12]. It is essential to mention that the theoretical work of all these authors agree

qualitatively with the experimental study of Hertz & Hermanrud [33]. The temporal

instability of a viscous compound jet has been discussed by Chauhan et al. [13]. Uddin

& Decent [86] presented the non linear dynamic of an invisicd compound jet falling under
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gravity. More recently, Mohsin et al. [55] examined the influence of gravity on an inviscid

compound jet. They used a slender jet approximation to determine a one dimensional

model which describes the radial and velocity displacements of the inner and outer free

surfaces. In addition, they analysed the effects of key parameters in the presence of gravity

and estimated the location of breakup.

The purpose of this article is to incorporate the aerodynamics effects on a nonaxisym-

metric inviscid compound jet which is falling vertically downwards under the influence of

gravity. Although, Rou et al. [73] investigated the effects of ambient gas on a uniform

compound jet but they did not take into account the presence of gravity which acceler-

ates the jet in the vertical direction. In this paper, we aim to examine the behavior and

instability of an inviscid compound liquid jet which falls vertically under gravity in the

presence of a surrounding gas. We formulate the governing equations which describe the

evolution of free surfaces of the compound jet. We then use an asymptotic expansions to

derive a set of 1D equations that describe the jet. We solve this set of equations using

Newton’s method to determine a steady state. Thereafter, we consider the temporal and

spatial instability of the jet around this steady state. Furthermore, we investigate how key

parameters, including surrounding gas density, alter the growth rate and most unstable

wavenumber.

A.2 Problem Formulation

We consider an inviscid nonaxisymmetric compound jet which emerges from a concentric

tube with the exit velocity U and moves in a surrounding gas. The outer radius of the

compound jet is denoted by a and the inner one is denoted by χa, where 0 < χ <

1. It is assumed that the compound jet, after issuing from a circular orifice, falls in a

vertical direction under the influence of gravity. It is also assumed that all the fluids

are incompressible and immiscible. The geometry of the compound jet is described in a
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cylindrical coordinate system (r, θ, x), where r is the radial component, θ is an azimuthal

component and x is the length of the jet. The velocity vector describing the flow can be

written as u[z] = (w[z], v[z], u[z]), where the subscript z = I is for the inner fluid, z = O is

for the outer fluid and z = A is for the surrounding gas. Here we denote r = R(x, t) as

the interface of inner fluid with the outer one, r = S(x, t) as the interface of outer fluid

with the surrounding gas, σ[I] is the surface tension at the interface r = R(x, t) and σ[O]

is the surface tension at the interface r = S(x, t). The density of the fluids is denoted by

ρ[z], and the pressure and the time are denoted as p[z] and t respectively. The gravity is

taken as g = (0, 0, g). In addition, the surface tensions σ[I] and σ[O] are assumed to be

constant at the inner and the outer interface respectively.

The continuity equation and the Euler equation, which describe the resulting dynamics

of the compound jet, are given by

∂u[z]

∂x
+
∂w[z]

∂r
+
w[z]

r
+

1

r

∂v[z]

∂θ
= 0, (A.1)

∂u[z]

∂t
+ u[z]

∂u[z]

∂x
+ w[z]∂u

[z]

∂r
+
v[z]

r

∂u[z]

∂θ
= − 1

ρ[z]
∂p[z]

∂x
+ (δIz + δOz)g, (A.2)

∂v[z]

∂t
+ u[z]

∂v[z]

∂x
+ w[z]∂v

[z]

∂r
+
v[z]

r

∂v[z]

∂θ
+
v[z]w[z]

r
= − 1

ρ[z]
1

r

∂p[z]

∂θ
(A.3)

and

∂w[z]

∂t
+ u[z]

∂w[z]

∂x
+ w[z]∂w

[z]

∂r
+
v[z]

r

∂w[z]

∂θ
− (v[z])2

r
= − 1

ρ[z]
∂p[z]

∂r
, (A.4)

where δIz and δOz are the Kronecker delta symbols with free index z. These equations

are supplemented by the kinematic conditions and the normal stress conditions. The
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kinematic conditions, at the interface r = R(x, t), are given by

w[z] =
∂R

∂t
+ u[z]

∂R

∂x
+
v[z]

r

∂R

∂θ
, (A.5)

where z = I, O. Similarly, the kinematic conditions, at the interface r = S(x, t), are given

by

w[z] =
∂S

∂t
+ u[z]

∂S

∂x
+
v[z]

r

∂S

∂θ
, (A.6)

where z = O,A. For inviscid fluids, we have the classical free surface condition of constant

pressure and hence zero tangential stress condition. The normal stress conditions, at the

interfaces r = R(x, t) and r = S(x, t), are

p[I] − p[O] = σ[I]κ[I], (A.7)

and

p[O] − p[A] = σ[O]κ[O], (A.8)

respectively, where κ[I] is the curvature of the inner free surface and κ[O] is the curvature

of the outer free surface, which are given by

κ[I] =
∂

∂x

(
− 1

E[I]

∂R

∂x

)
+

∂

∂r

( r

E[I]

)
+

∂

∂θ

(
− 1

rE[I]

∂R

∂θ

)
, (A.9)

κ[O] =
∂

∂x

(
− 1

E[O]

∂S

∂x

)
+

∂

∂r

( r

E[O]

)
+

∂

∂θ

(
− 1

rE[O]

∂S

∂θ

)
, (A.10)

where

E[I] =

(
1 +

(
∂R

∂x

)2

+
1

r2

(
∂R

∂θ

)2
) 1

2

, (A.11)
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E[O] =

(
1 +

(
∂S

∂x

)2

+
1

r2

(
∂S

∂θ

)2
) 1

2

. (A.12)

We can non-dimensionalize the velocity components with the initial jet velocity U at the

tube exit, so we have w[z] = w[z]/U , v[z] = v[z]/U and u[z] = u[z]/U , the radial length

with the outer jet radius a that is r = r/a and the axial length with a characteristic

wavelength L in the axial direction as x = x/L. The time and the pressure are scaled by

t = tU/L and p[z] = p[z]/ρ[O]U2 respectively. By assuming the jet is slender, we define a

small parameter ε as ε = a/L << 1. The dimensionless forms of inner and outer radii

of the jet at the nozzle are R(0, t) = χ and S(0, t) = 1 respectively. After dropping the

overbars, the resulting dimensionless continuity and Euler equations can be written as

∂u[z]

∂x
+

1

ε

∂w[z]

∂r
+

1

ε

w[z]

r
+

1

εr

∂v[z]

∂θ
= 0, (A.13)

∂u[z]

∂t
+ u[z]

∂u[z]

∂x
+
w[z]

ε

∂u[z]

∂r
+
v[z]

εr

∂u[z]

∂θ
= − 1

ρ[z]
∂p[z]

∂x
+ (δIz + δOz)

1

F 2
, (A.14)

∂v[z]

∂t
+ u[z]

∂v[z]

∂x
+
w[z]

ε

∂v[z]

∂r
+
v[z]

εr

∂v[z]

∂θ
+
v[z]w[z]

εr
= − 1

ρ[z]
1

εr

∂p[z]

∂θ
(A.15)

and

∂w[z]

∂t
+ u[z]

∂w[z]

∂x
+
w[z]

ε

∂w[z]

∂r
+
v[z]

εr

∂w[z]

∂θ
− (v[z])2

εr
= − 1

ρ[z]
1

ε

∂p[z]

∂r
. (A.16)

The dimensionless kinematic conditions, at the interface r = R(x, t) and r = S(x, t), are

given by

w[z] =
∂R

∂t
+ u[z]

∂R

∂x
+
v[z]

εr

∂R

∂θ
, (A.17)
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where z = I, O and

w[z] =
∂S

∂t
+ u[z]

∂S

∂x
+
v[z]

εr

∂S

∂θ
, (A.18)

where z = O,A, respectively. The dimensionless normal stress conditions, at the interfaces

r = S(x, t) and r = R(x, t), are

p[O] − p[A] =
1

We

∂

∂x

(
− ε2

E[O]

∂S

∂x

)
+

∂

∂r

( r

E[O]

)
+

∂

∂θ

(
− 1

rE[O]

∂S

∂θ

)
(A.19)

and

p[I] − p[O] =
σI

σO
1

We

∂

∂x

(
− ε2

E[I]

∂R

∂x

)
+

∂

∂r

( r

E[I]

)
+

∂

∂θ

(
− 1

rE[I]

∂R

∂θ

)
(A.20)

respectively, where

E[I] =

(
1 + ε2

(
∂R

∂x

)2

+
1

r2

(
∂R

∂θ

)2
) 1

2

(A.21)

and

E[O] =

(
1 + ε2

(
∂S

∂x

)2

+
1

r2

(
∂S

∂θ

)2
) 1

2

. (A.22)

A.3 Asymptotic form of steady state solutions

In order to find the steady state solutions, we consider a quiescent gas as in [73], that is

u[A] = (0, 0, 0), and expand our variables using an asymptotic slender jet steady expansion

of the form

{u[z], v[z], w[z], p[z]} = {(δIz + δOz)u
[z]
0 (x), 0, 0, p

[z]
0 (x, r, θ)}

+(εr){(δIz + δOz)u
[z]
1 (x, θ), 0, (δIz + δOz)w

[z]
1 (x, θ), p

[z]
1 (x, θ)}+O((εr)2), (A.23)

{R, S} = {R0(x), S0(x)}+ ε{R1(x, θ), S1(x, θ)}+O(ε2). (A.24)
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Substituting the above asymptotic expansions in the equations (A.13−A.20), we find the

leading order continuity equation for the inner and outer fluids is

w
[z]
1 = −1

2

∂u
[z]
0

∂x
, (A.25)

where z = I, O. The leading order kinematic conditions (A.17) and (A.18), at r = R(x)

and r = S(x), give

∂

∂x

(
R2

0u
[I]
0

)
= 0, (A.26)

and

∂

∂x

(
(S2

0 −R2
0)u

[O]
0

)
= 0, (A.27)

respectively. The leading order normal stress conditions, at r = S(x, t) and r = R(x, t),

yield

p
[O]
0 =

1

S0We
+ p

[A]
0 , and p

[I]
0 =

1

We

(
σ

R0

+
1

S0

)
+ p

[A]
0 (A.28)

respectively, where σ = σ[I]/σ[O] is the ratio of surface tension between inner and outer

fluid interfaces and We = ρ[O]U2a/σ[O] is the Weber number. By using equations (A.25)

and (A.28), the radial momentum equation (A.16) gives ∂p
[z]
0 /∂r = 0 and azimuthal

momentum equation (A.15) gives ∂p
[z]
0 /∂θ = 0 here z = I, O, that is automatically

satisfied. Since the surrounding gas is motionless, therefore the axial, azimuthal and radial

momentum equations of the gas implies ∂p
[A]
0 /∂x = 0, ∂p

[A]
0 /∂θ = 0 and ∂p

[A]
0 /∂r = 0

respectively. We now substitute equation (A.28) in the axial momentum equation (A.14)
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for the inner and the outer fluids, which implies

u
[I]
0

∂u
[I]
0

∂x
= − 1

ρWe

∂

∂x

(
σ

R0

+
1

S0

)
+

1

F 2
(A.29)

and

u
[O]
0

∂u
[O]
0

∂x
= − 1

We

∂

∂x

(
1

S0

)
+

1

F 2
, (A.30)

where ρ = ρ[I]/ρ[O] is the density ratio of the inner fluid to the outer fluid and F = U/
√
Lg

is the Froude number, which gives a measure of the relative importance of gravitational

forces. Equations (A.26), (A.27), (A.29), and (A.30) are a system of nonlinear ordinary

differential equations with unknowns u
[I]
0 , u

[O]
0 , R0 and S0. To solve this set of equations

we specify initial conditions at the nozzle, that is, u
[I]
0 = u

[O]
0 = S0 = 1 and R0 = χ. By

making use of initial conditions and dropping subscripts from the variables for ease of

convenience, we integrate the system of equations and then apply Newton’s method to

obtain a spatially non-uniform steady state solution for the inviscid compound jet, which

moves in a gas and falls vertically downwards under the influence of gravity.

A.4 Linear Instability Analysis

We now consider the linear temporal instability analysis of an inviscid compound liquid

jet moving in a surrounding gas. The evolution of the jet depends on length scale x =

O(1), but the disturbances along the jet are much smaller and are comparable to ε when

x = O(1). In other words we can say that the disturbances are typically of the order

of jet radius a. We consider the traveling short waves of the form exp(ikx + λt), where

k = k(x) = O(1) and λ = λ(x) = O(1) are the frequency and wavenumber of disturbances.

Additionally, x = x/ε and t = t/ε are small length and time scales. Thus, we have a

multiple scale formulation as the perturbations grow along the jet having wavelength of
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O(ε). Now we introduce small time dependent perturbations to the steady state solutions

which take the form

u[z] = (δIz + δOz)u
[z]
0 (x) + δu[z](r) exp(λt+ ikx), (A.31)

v[z] = (δIz + δOz)v
[z]
0 (x) + δv[z](r) exp(λt+ ikx), (A.32)

w[z] = (δIz + δOz)w
[z]
0 (x) + δw[z](r) exp(λt+ ikx), (A.33)

p[z] = p
[z]
0 (x) + δp[z](r) exp(λt+ ikx), (A.34)

R = R0(x) + δR exp(λt+ ikx), (A.35)

S = S0(x) + δS exp(λt+ ikx). (A.36)

where 0 < δ << ε. Substituting the expansions (A.31−A.36) into the non-dimensionalized

form of equations (A.13− A.20) yields at leading order,or O(δ/ε),

iku[z] +
∂w[z]

∂r
+
w[z]

r
= 0, (A.37)

(λ+ ik(δIz + δOz)u
[z]
0 )u[z] = −((δIz)1/ρ+ (δAz)1/ρ

G + δOz)p[z]ik, (A.38)

179



(λ+ ik(δIz + δOz)u
[z]
0 )v[z] = −((δIz)1/ρ+ (δAz)1/ρ

G + δOz)p[z]ik, (A.39)

(λ+ ik(δIz + δOz)u
[z]
0 )w[z] = −(δIzρ+ δAzρ

G)
∂p[z]

∂r
, (A.40)

w[z] = (λ+ iku
[z]
0 )R for z = I, O, (A.41)

w[z] = (λ+ ik(δOz)u
[z]
0 )S for z = O,A, (A.42)

p[I] − p[O] =
σ

We
(k2 − 1

R2
0

)R, (A.43)

p[O] − p[A] =
1

We
(k2 − 1

S2
0

)S, (A.44)

where δIz, δOz and δAz are the Kronecker delta symbols with free index z and ρG = ρ[A]/ρ[O]

is the density ratio of gas to the outer fluid. Using (A.38) and (A.40) to eliminate p[z] we

get w[z] = 1
ik
∂u[z]

∂r
and similarly (A.38) and (A.39) gives v[z] = u[z]

rk
. By substituting these

result in (A.37), we have

∂2u[z]

∂r2
+

1

r

∂u[z]

∂r
− (m2 + k2)u[z] = 0, (A.45)

which has solution

u[z] = C [z]Im(kr) +D[z]Km(kr). (A.46)
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By using the value of u[z], we are able to get

w[z] =
1

ik
(C [z]I

′

m(kr)−D[z]K
′

m(kr)). (A.47)

By using (A.38) in (A.46), yields

p[z] =
−(λ+ ik(δIz + δOz)u

[z]
0 )

ik(δIzρ+ δAzρG + δOz)
(C [z]Im(kr) +D[z]Km(kr)), (A.48)

where Im(kr) and Km(kr) are the modified Bessel functions of first and second kind

respectively. To avoid the singularities, and to ensure finite values at r = 0, we require

that D[I] and C [A] will be equal to zero.

Substituting the values of w[z] in (A.41) and (A.42), yields

1

ik
(C [I]I

′

m(kR0)−D[I]K
′

m(kR0)) = (λ+ iku
[I]
0 )R, (A.49)

1

ik
(C [O]I

′

m(kR0)−D[O]K
′

m(kR0)) = (λ+ iku
[O]
0 )R, (A.50)

1

ik
(C [O]I

′

m(kS0)−D[O]K
′

m(kS0)) = (λ+ iku
[O]
0 )S, (A.51)

1

ik
(−D[A]K

′

m(kS0)) = (λ)S. (A.52)
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Similarly, using the values of p[z] from equation (A.48) in equations (A.43) and (A.44),

we get

−(λ+ iku
[I]
0 )

ikρ
(C [I]Im(kR0)) +

(λ+ iku
[O]
0 )

ik
(C [O]Im(kR0) +D[O]Km(kR0)) (A.53)

=
σ

We
(k2 − 1

R2
0

)R,

−(λ+ iku
[O]
0 )

ik
(C [O]Im(kR0) +D[O]Km(kR0)) +

λ

ikρG
(D[A]Km(kR0)) (A.54)

=
1

We
(k2 − 1

S2
0

)S.

By eliminating the C [I], C [O], D[O], D[A], R and S from equations (A.49 − A.54) and re-

moving subscripts from u
[I]
0 , u

[O]
0 , R0, and S0 for ease of convenience, we are able to arrive

(after lengthy algebra) at following dispersion relation:

λ
′4

k2
[ (I

′

m(kR)K
′

m(kS)Im(kS)Km(kR)− I ′

m(kR)Im(kR)Km(kS)Km(kS))

+ ρ ( K
′

m(kR)Im(kS)Im(kR)K
′

m(kS) + I
′

m(kR)K
′

m(kS)Km(kS)Im(kR)) +

ρ ρG( K
′

m(kR)I
′

m(kS)Km(kS)Im(kR)− I ′

m(kR)K
′

m(kS)Km(kS)Im(kR)) +

ρG ( I
′

m(kR)Km(kS)I
′

m(kS)Km(kR) + I
′

m(kR)K
′

m(kS)Km(kS)Im(kR)) ] +

λ
′3

k
[ρGu[O](I

′

m(kS)K
′

m(kR)Km(kS)Im(kR)− I ′

m(kR)Im(kR)Km(kS)K
′

m(kS))
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+2 a2ρ ρ
G(K

′

m(kR)Im(kS)K
′

m(kS)Im(kR) + I
′

m(kR)K
′

m(kS)Km(kS)Im(kR))

+2iρa1(K
′

m(kR)Im(kR)Im(kS)K
′

m(kS)− I ′

m(kS)Km(kS)K
′

m(kS)Im(kR))] +

λ
′2

kWe
[ β (I

′

m(kR)K
′

m(kR)K
′

m(kS)Im(kS) + I
′

m(kR)I
′

m(kR)K
′

m(kS)Km(kS))

+ ρ α (K
′

m(kR)K
′

m(kS)Im(kR)I
′

m(kS) + I
′

m(kR)Im(kR)K
′

m(kS)K
′

m(kS)) +

ρG β ( I
′

m(kR)K
′

m(kR)I
′

m(kS)Km(kS)− I ′

m(kR)I
′

m(kR)K
′

m(kS)Km(kS)) +

α ( I
′

m(kR)Im(kR)K
′

m(kS)K
′

m(kS) + I
′

m(kR)Km(kR)K
′

m(kS)I
′

m(kS) )−We

ρ a21 k(I
′

m(kR)K
′

m(kS)Km(kS)Im(kR) +K
′

m(kR)Im(kR)Im(kS)K
′

m(kS)) −

WeρG(u[O])2k(I
′

m(kR)Km(kS)Im(kR)K
′

m(kS) + I
′

m(kR)Km(kR)I
′

m(kS)Km(kS))

+ WeρρGa3kIm(kR)(I
′

m(kR)K
′

m(kS)Km(kS) −K ′

m(kR)I
′

m(kS)Km(kS))] +

2iλ
′

We
[a1ρα(K

′

m(kS)K
′

m(kR)I
′

m(kS)Im(kR)− I ′

m(kR)K
′

m(kS)K
′

m(kS)Im(kR))
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+ρG β u[O] (I
′

m(kR)K
′

m(kR)I
′

m(kS)Km(kS)− I ′

m(kR)I
′

m(kR)K
′

m(kS)Km(kS))

+Wek ρ ρG a4 Im(kR)(K
′

m(kR)I
′

m(kS)Km(kS)− I ′

m(kR)K
′

m(kS)Km(kS)) ]

+
αβ

We2
(I

′

m(kR)K
′

m(kR)I
′

m(kS)K
′

m(kS)− I ′

m(kS)Im(kR)K
′

m(kR)K
′

m(kS)) +

ραka21
We

(K
′

m(kS)I
′

m(kR)Im(kR)K
′

m(kS)− I ′

m(kS)K
′

m(kR)Im(kR)K
′

m(kS)) +

βρGk(u[O])2

We
(I

′

m(kR)Km(kS)I
′

m(kR)K
′

m(kS)− I ′

m(kR)K
′

m(kR)I
′

m(kS)Km(kS)) +

ρρG(ka1u
[O])2Im(kR)(K

′

m(kR)I
′

m(kS)Km(kS)− I ′

m(kR)K
′

m(kS)Km(kS)) = 0. (A.55)

In the above dispersion relation we have

a1 = (u[I] − u[O]), a2 = (u[I] − 2u[O]), a3 = ((u[I] − u[O])2 + (u[O])2 + 4u[O] (u[I] − u[O])),

a4 = ((u[O])2 (u[I] − u[O])− u[O] (u[I] − u[O])2), α = k2 − 1
S2 , β = σ (k2 − 1

R2 ),

and λ
′
= λ+ iku[O].
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Figure A.1: Growth rate of disturbances versus wavenumber for various values of m, The
parameters used here are We = 30, σ = 0.5, ρ = 1, and χ = 0.3

A.5 Results and discussion

The dispersion relation (A.55) is a quartic equation in λ
′

for the given values of k. We

aim to solve this dispersion relation numerically in both temporal and spatial growing

modes. An example of solving dispersion relation in a temporal mode is shown in Fig.

A.1.
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