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Abstract. Gear mesh stiffness is an important indicator for condition monitoring of gears as its 
value has been found to decrease with initiation of crack. In the current study, the effect of crack 
propagation path on mesh stiffness has been investigated. Elliptical cracks with different values 
of semi major and semi minor axes have been considered with same values of crack lengths along 
these paths. ANSYS 19 software along with FRANC 3D has been used to model the gears with 
cracks induced. Structural analysis has been performed through Mechanical APDL. The values of 
mesh stiffness have been found to vary significantly with change in path of crack progression. 
Keywords: gear mesh stiffness, crack progression, crack length, elliptical path. 

1. Introduction 

Mesh stiffness is an important parameter for dynamic analysis of mating gears. It is a 
time-varying factor and its value jumps interchangeably between two limits depending on the 
contact ratio of the mating gears, i.e., average number of pair of teeth in contact. Because of the 
changing nature of gear mesh stiffness, dynamic analysis of gears is essentially nonlinear. Mesh 
stiffness also depends on many other parameters such as the direction of applied load, tooth 
geometry, gear material specifications, profile error and faults, if any. Mating gear teeth are 
subjected to fatigue loading and are thus susceptible to crack generation. Generation and 
propagation of cracks significantly affect the value of gear mesh stiffness. Thus, gear mesh 
stiffness also acts as an indicator for condition monitoring of gears. 

For healthy gears, mesh stiffness has been determined by several researchers over the last three 
decades [1, 2]. For calculation of mesh stiffness, gear tooth has been assumed to be a non-uniform 
cantilever beam subjected to bending, axial and compressive loads. Other factors considered in 
the determination of mesh stiffness include Hertzian contact and fillet foundation deflection. The 
values thus determined have been found to be in conformity with the values determined 
subsequently using numerical approach such as Finite Element Method (FEM). A substantial 
reduction in the values of mesh stiffness has been observed by Chaari et al. [3] when the stiffness 
was determined for gears with spalling and breakage using an analytical method. The values thus 
computed were compared with those obtained through FEM and were found to be in agreement 
[4]. Mesh stiffness for cracked gears have been determined in several other studies [5-11] 
considering these different parameters and varying crack length. Effect of varying crack depth and 
parabolic distribution was also studied [12]. The crack propagation depends upon the backup ratio, 
the ratio between the rim thickness and tooth height [13]. The initial crack angle also accounts for 
the crack propagation. The crack propagation path, for high backup ratios, tends to be smooth with 
a slight curvature and moves towards teeth. However, for low backup ratios, the propagation is 
through rim even with low crack propagation angles [14]. Both linear and parabolic crack 
propagation paths have been assumed by researchers for determination of gear mesh stiffness 
[12, 14].  
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From the above discussion, it is evident that effects of different parameters and varying crack 
length on gear mesh stiffness have been the main focus of earlier researchers. Though the path of 
crack propagation was considered in some of these studies, the effect of variation of path on gear 
mesh stiffness has not been studied in detail. Therefore, the effect of variation in crack propagation 
path on gear mesh stiffness has been investigated in the current study. Parabolic crack propagation 
paths with different geometries have been considered and the crack length has been gradually 
varied on these paths. The gear mesh stiffnesses for all these variations have been computed and 
a comparison among all these values concludes the paper. 

2. Theoretical background and mesh stiffness formulation 

Following the work carried out by earlier researchers [2-4], stiffness of gear pair in this work 
has also been determined considering the following factors: 1) tooth deflection due to applied 
external load assuming the tooth to be a cantilever beam; and 2) Hertzian contact deformation 
between mating teeth. Stiffness due to fillet foundation flexibility has not been considered in this 
study. Considering the deflection due to external load, the bending stiffness, 𝐾௕, axial stiffness, 𝐾௔, and shear stiffness, 𝐾௦ can be determined from Eq. (1), Eq. (2) and Eq. (3) respectively [15]: 1𝐾௕ = න 𝑃௕(𝑡)𝑄௕(𝑡)ఏ್భିఝభ 𝑑𝜏, (1) 

where: 

𝑃௕(𝜏) = 3 ൤cos𝜙ଵ ൜ ℎଵ𝑅௕ଵ − cos𝜃௕ଵ − cos𝜏 + (𝜃௕ଵ − 𝜏)sin𝜏ൠ − ℎଵ𝑅௕ଵ sin𝜙ଵ൨ଶ ሾ(𝜃௕ଵ − 𝜏)cos𝜏ሿ, 𝑄௕(𝜏) = 2𝐸 𝑊ሾsin𝜏 + (𝜃௕ଵ − 𝜏)cos𝜏ሿଷ,  1𝐾௔ = න 𝑃௔(𝜏)𝑄௔(𝜏)ఏ್భିథభ  𝑑𝜏, (2) 

where: 𝑃௔(𝜏) = (𝜃௕ଵ − 𝜏) sinଶ𝜙ଵ,   𝑄௔(𝜏) = 2𝐸𝑊ሾsin𝜏 + (𝜃௕ଵ − 𝜏)cos𝜏ሿ,  1𝐾௦ = න 𝑃௦(𝜏)𝑄௦(𝜏)ఏ್భିథభ  𝑑𝜏, (3) 

where: 

𝑃௦(𝜏) = ሾ3(1 + 𝜇)cosଶ𝜙ଵሿ ⎣⎢⎢
⎢⎢⎡2(𝜃௕ଵ − 𝜏)ሼsin𝜏 + (𝜃௕ଵ − 𝜏)cos𝜏ሽ· ൜(𝜃௕ଵ − 𝜏)(1 + cos𝜃௕ଵ)ଶ + cos𝜃௕ଵsin𝜏 − 𝐿ଵsin𝜏𝑅௕ଵ ൠ
+3(𝜃௕ଵ − 𝜏)tan𝜏sin𝜏 ൜ 𝐿ଵ𝑅௕ଵ − cos𝜃௕ଵ + (𝜃௕ଵ − 𝜏)sin𝜏ൠଶ⎦⎥⎥

⎥⎥⎤, 
𝑄௦(𝜏) = 5𝐸𝑊ሾsin𝜏 + (𝜃௕ଵ − 𝜏)cos𝜏ሿଷ. 

 
 

Some of the parameters used in the above equations, viz., 𝜙ଵ, 𝜃௕ଵ, 𝐿ଵ, ℎଵ and 𝑅௕ଵ for a spur 
gear are shown in Fig. 1. 𝑊, 𝐸 and 𝜇 represent gear width, modulus of elasticity and Poisson’s 
ratio respectively. 

Combining these effects, the stiffness for pinion (1) and gear (2) are determined from the 
following equation: 
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1𝐾௜ = 1𝐾௕௜ + 1𝐾௔௜ + 1𝐾௦௜ ,   𝑖 = 1,2. (4) 

Stiffness for Hertzian contact deformation is obtained from the following equation: 𝐾௛ = 𝜋𝐸𝐿4(1 − 𝜇)ଶ. (5) 

Equivalent or total stiffness of the pair of gears can be obtained as follows: 

𝐾௘ = ൬ 1𝐾ଵ + 1𝐾ଶ + 1𝐾௛൰ିଵ. (6) 

 
Fig. 1. Geometry of a spur gear tooth modeled as a cantilever beam 

Batch files are created in MATLAB for stiffness formulations as provided in the above 
equations. These batch files are used for the FEM procedures from 2D modeling to 
post-processing in ANSYS. Finally, a file including the deflection values of the nodes was 
produced; the nodal deflections could also be gained from the software interface. This process was 
repeated for each gear pair. Then to insert the crack in gears, meshed model file is transferred to 
FRANC3D software. ANSYS 19 has been used in this study for its compatibility with FRANC 
3D. Elliptical cracks are generated in gear teeth using the flaw insertion commands and input data 
of semi major and semi minor axes of the concerned ellipse. Propagation of crack to rim and crack 
to tooth are affected with the help of flaw rotation angles. 

3. Results and discussion 

Mesh stiffness formulation as discussed in the above section has been applied to a pair of spur 
gears. The geometrical details of the gear pair are provided in Table 1. As stated in earlier section, 
mesh stiffness has been calculated for a cracked tooth in the gear pair. The crack has been assumed 
to propagate in elliptical path which has been assumed to move towards both tooth and rim. 

Table 1. Geometrical details of Involute spur gear pair 
Parameter  Driving pinion Driven gear 

Module (mm) 5 5 
Number of teeth 𝑧 27 27 
Pressure angle (°) 20 20 

Addendum coefficient (ha*) 1 1 
Width (mm)  15 15 

Headspace coefficient (𝑐) 0.3 0.3 
Young’s modulus 200 GPa 200 GPa 

Gears have been modelled for Finite Element analysis using ANSYS 19 software and the total 
number of elements and nodes used in the generated mesh are 17264 and 28592 respectively. 
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Three different elliptical paths have been induced separately with the use of flaw insertion in 
FRANC 3D after importing the meshed gear from ANSYS. Static Structural analysis has been 
performed using Mechanical APDL launcher having update interval of 2.5 seconds. The paths 
have been varied considering different values of semi major and semi minor axes of the ellipses, 
which are enlisted in Table 2. 

Table 2. Details of elliptical crack progression path 
Path of crack progression Semi major axis (mm) Semi minor axis (mm) 

Ellipse 1 15 10 
Ellipse 2 20 15 
Ellipse 3 22 18 

All these elliptical paths have been assumed to initiate from the same point at the root of the 
tooth. Three different crack lengths of 1 mm, 2 mm and 3 mm respectively have been considered 
for a single set of elliptical crack path with one going towards tooth and the other going towards 
rim. 

The values of gear mesh stiffness calculated for the above cases have been plotted against 
pinion tooth rotation. Gear rotation that is sufficient to cover the total period of engagement of 
cracked gear tooth, has been considered for the present study. The plots thus obtained are shown 
in Fig. 2. 

 
a) 

 
b) 

 
c) 

Fig. 2. Plots of gear mesh stiffness vs. pinion rotation for crack length of: a) 1 mm, b) 2 mm, c) 3 mm 
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The plots reestablish the fact that with increase in crack length, there is reduction in the values 
of gear mesh stiffness. The plots also show significant variation in the values of mesh stiffness for 
different paths of crack progression. However, the effect of path variation is quite different for the 
three cases. Mesh stiffness values are found to be quite close to each other when the same ellipse 
moves towards tooth and rim except for the case of ellipse 1 with 2 mm defect. Changes in mesh 
stiffness values for different paths, i.e., for ellipses 1, 2 and 3 are also most significant in case of 
2 mm crack length as shown in Fig. 2(b). For 1 mm defect, highest values of mesh stiffness appear 
for ellipse 3 followed by ellipse 1 and ellipse 2. For 2 mm 3 mm crack lengths, mesh stiffness 
value changes in decreasing order of ellipse 1, ellipse 3 and ellipse 2. 

4. Conclusions 

The effect of crack propagation path on the mesh stiffness of a spur gear pair has been 
investigated in the current study. The cracks have been assumed to propagate along different 
elliptical paths defined by their semi major and semi minor axes. Crack lengths of 1 mm, 2 mm 
and 3 mm have been considered on all the paths for a comparative analysis. Finite element analysis 
has been carried out using ANSYS 19 software in association with FRANC 3D. Static structural 
analysis was also performed using Mechanical APDL. The numerical results obtained from this 
study show that there is significant variation in values of gear mesh stiffness for different paths of 
progression, the variation being maximum for 2 mm crack length. No significant variation has 
been observed between mesh stiffness values for crack propagation towards tooth and rim. 
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