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Abstract

Main goal of learning mathematics is students able to solve mathematics problems.
Students acquire high order thinking, e.g. critical and creative thinking, by solving
mathematical problems. Students also acquire habits of persistent and confidence in
unfamilitar conditions (NCTM, 2000). Actually, university students of mathematics
education had difficulties to solve a problem to prove of Real Analysis. Subjects of
the lecture can help students to have ways of mathematical thinking. The aim of this
research was to describe difficulties of students to solve a Real Analysis problem.
Three students had solved a problem while being interviewed by the researcher. The
interview was based on Polya’s heuristic of problem solving. The activities was
recorded by audiotape. The results were all students understand the problem. They
could determine what is known and target/unknown of the problem. One of the
students also had known concepts in the problem, but she could not synthesize the
concept to make a plan. Students lack in having problem solving scheme. It is
interwining between concepts in the problem and strategy of previous solved
problems.

Keywords: mathematical problem, problem solving, scheme, Polya’s heuristic, Real
Analysis

Problem solving is main goal of learning mathematics. In addition, students acquire
ways of thinking, habits of persistent and great curiosity and confidence in unusual situations
through mathematical problem solving (NCTM, 2000). Hudojo (2005) also stated that problem
solving in mathematics is a "must". The goal is students are ready to face an uncertain world.

Mathematical problem itself is a situation that requires the solution and for which the
solution path can not be seen directly by students (Krulik, 2003; Shumway, 1980; Sakshaug,
2002). Furthermore, Polya (1973; 1981) stated that there are two kinds of problems. They are
problem to find, and problem to prove. The main objective of problem to find is to find (to
form, produce, acquire, identify) a particular object that is part of the unknown of problem. In
this problem, students are asked to use the rules that have been studied previously for find
problem solution. The main part of the problem is (a) what to look for? (b) what data is
unknown? and (c) what the condition? Whereas, the goal of problem to prove is demonstrate
that a statement is true or false, but not both. The main part of this problem is hypothesis and
conclusion of a theorem that must be verified.

One of the course in Mathematics Education that require students to solve mathematical
problems is Real Analysis. Students need to synthesize knowledge of mathematics and logic
concepts in Real Analysis to prove a statement in the course. The condition enganges students to
think critically. Moreover, the problem in Real Analysis is often new for students. They need to
think creatively to solve it. Therefore, students should have high order thinking to solve
mathematical problems in Real Analysis.

Importance of problem solving is not followed by the students' ability to solve
mathematical problems, particularly in Real Analysis course. Students had difficulties to solve
some problem to prove of Real Analysis. Example of the problem is
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Let f:A - B and g: B — C be functions. Show that if g o f is injective, then f is
injective.
Students have learned about the concepts in the problem at the class. However, students were
still difficulties in solving it. One of the students’ solution of the problem is show in Figure 1.
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Figure 1. Student’s Solution of Real Analysis Problem

Students can solve mathematical problem, if they understand the concepts related to the
problem and have the appropriate problem solving scheme. Mairing (2011) stated that the
National Science Olympiad medalist in mathematics junior level can have the scheme, because
the medalist internalize his experience in solving problems as knowledge. Therefore, students
need to practice solving problems and internalize the way of thinking in solving problems as the
scheme.

Krulik (2003) stated that in problem solving, individual students use skills and
understanding that are developed earlier, and applying its into an unusual situation. This process
begins with the initial confrontation of the problem, and continue until a answer is obtained and
the student has tested resolution process (solution). Two words that are used in this definition
that should be considered, because the words have different meaning. The words are answer and
solution. The solution is the whole solution process from beginning to end. Whereas, the answer
is something that is “produced” at the end of the process. In the definitions, problem solving is
viewed as a process.

Cognitive psychologists define problem solving as a thinking directed to solve a
problem which involves both formation and selection of possible responses (Solso, 1995).
Thinking itself is defined as process of generating new mental representation through
transformation of information that involves a complex interaction between mental attributes
such as assessment, abstraction, imagination and problem solving. Marpaung (1987) stated that
thinking or cognitive process is a process that consists of receiving information (from outside or
from within the students), processing, storage and retrieval of information from students’
memory.

One of heuristics of problem solving related specifically to mathematics was expressed
by Polya (Polya, 1973). The heuristic is (1) understand the problem, (2) devise a plan, (3) carry
out the plan, and (4) look back. At first stage, students must understand a problem. The next
steps can not be done if they do not understand it. Matlin (1994) stated that there are two steps
that must be done to understand a problem. First, students need to pay attention to relevant
information by ignoring irrelevant information. Second, they determine how to represent a
problem. If students retain a problem as an abstract object (not representing it), then they will
face difficulties. Some effective methods for representing a problem are forming in (1) symbol,
(2) list, (3) matrix, (4) hierarchical tree diagram, (5) graph or (6) visual image.

At the devise a plan stage, students will be difficult to have an idea to devise a plan, if
they have a limited knowledge about concepts related to a problem. A good idea is based on
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students’ prior experience and knowledge. Just remembering is not enough to raise a good idea.
Students can not have an idea without collecting back the related facts. The facts that be needed
to solve a problem are previous mathematical knowledge. The knowledge is problems have
solved or theorems have learned by students.

Devising a plan and emerging ideas to solve a problem are not easy. The activities
require a prerequisite knowledge, good mental habits, and concentration/focus on the target. The
carrying out the plan is easier than devising a plan, what needed is patience. A plan provide an
outline way of solution. Students must convince themselves that the details of the
implementation in accordance with the outline. Furthermore, they must examine the details one
by one patiently until everything is clearly visible.

Now the students have implement the plan and write a solution, then they need to check
the solution. This is done by students so they have reasonable justification to believe that the
solution is true. Looking back can be done by check each steps of solution or the answer has
satisfy the model of the problem (Mairing, 2011, 2012)

Student’s difficulties in solving problem to prove in this study are viewed in terms of
the phases of Polya. At the first phase, why a student can not understand problem to prove in
Real Analysis? There are several possible causes: (a) the student does not understand the words
in the problem, (b) the student does not understand concepts that exist in the problem, (c) the
student can not identify important information of the problem, or (d) the student does not know
the target of proof (Pepe, 2004). Polya (1973: 6) stated that students can not solve a problem if
they do not understand it.

However, if the student understand the problem, why the student can not make a plan?
There are several possible causes (Weber, 2001; Muir, 2008): (a) the student does not have
knowledge about the strategies of prove, (b) the student does not have knowledge of the
theorems which are important and when these theorems are useful, (¢) the student does not have
knowledge when to use the strategy of syntactic and when not to use it, (d) the student has never
solve a problem that has similar structure to the problem encountered, (e) the student has solve
the similar problem, but the student can not take advantage of the plan of the previous solved
problem for devise a new plan, or (f) the student use the same plan for all problems encountered
include the problem is being solved.

At the next phase, why student can go wrong in carrying out the plan? Possible cause is
the student perform arithmetic operations without meaning (Llinares and Roig, 2008). The
mistake can be avoided, if the student check the solution.

Students’ difficulties in solving problem need to be fixed particulary in Real Analysis. If
lecturer knows the students common difficulties, then lecturer can anticipate better or can devise
a lesson plan that can minimize the difficulites. In order to know the difficulties, lecturer should
identify errors that are made by students in solving problem to prove. Furthermore, lecture need
to search factors that caused the difficulites. Based on the factors, lecture can implement
learnings to improve students ablity in solving problems.

Therefore, researcher conduced research which aim is describe the difficulites that are
made by mathematics education students in solving problem to prove of Real Analysis course
and the causative factors. The difficulites are described based on the heuristic Polya, e.g.
students difficulties in understanding problem, devising a plan, carrying out the plan and
looking back.

RESEARCH METHOD

The aim of this study is describe student’s diffuclites in solving problem to prove at
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Analysis Real course and the causative factors. The description is in the form of words,
sentences or student’s writing which obtained from problem based interviews. Therefore, the
study is descriptive-qualitative research.

The subjects is three mathematics education students from one of the university in
Palangka Raya that are learning Real Analysis course. The subjects were selected with the
following criteria: (a) the three students have different abilities in Real Analysis, and (b) the
students can communicate their thinking verbally. The ability is seen from the student activity in
the class.

Based on the aim of the research, the researcher designed a study with a summary of the
stages as follows.

1. The researcher select three subjects based on the criteria that have been determined.
2. The researcher determine a problem to prove.

The problem is
Prove that if f:A — B is injective and g: B — C is injective, then the
composite g o f is a injective map of A onto C (Bartle and Sherbert, 2011: 11).

3. The researcher develop list of questions (interview instrument) that is used to explore
student’s difficulities in solving problem to prove.

4. The researcher conduct interview based on the problem to the subjects. The interview divide
into four phases based on Polya’s heuristic: (a) the researcher ask to the subject to read the
problem, (b) the subject explain his/her understanding of the problem, (c) the subject explain
his/her plan to solve the problem, (d) the subject write the solution, (e) the researcher ask
some questions based on the subject’s solution, and (f) the researcher ask some questions to
explore how student check the solution. The interview is audiotaped.

5. The interview is transcribed and analyzed to obtain a description of the student’s difficulties
in solving problem to prove and the causative factors.

The stages are not linear. The summary of these stages can be seen in Figure 2.

Developing of Selection of the
Instruments Subjects
Research
Subjects
Data
— — — —|— — — — 1 Analysis

Student’s Difficulties
in Solving Problem

|
Problem I Problem based
| interview

Figure 2 Summary of the Research Stages

The data analysis technique use model of flow that is proposed by Miles & Huberman

(1992) that includes the following activities.
1. Data reduction is done by give coding to the interview transcripts of the students. Coding is
intended to mark the activities that are done by the students at every phase of problem
solving. The coding use four digit. First and second digit is subject’s name. Third digit is
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difficulty is made by subject based on Polya’s phases (U = understand, P = plan, C = carry
out the plan, and L = look back). Fourth digit is order of diffuculties in each phase of Polya.
2. Presentation of data is done by organizing the coding in a natural sequence. Natural sequence
here is based on the time sequence of each student activity in solving the problem to prove.
3. Drawing conclusions and verification. The conclusion is made by give meaning and
explanation of the results of data presentation. It is done by analyze the words/
phrases/sentences. Analyzing of words/phrases/sentences is done by: (a) read the interview
transcript, (b) focus on words/phrases/sentences that significantly interesting, (c) list the
possible meanings of the words/phrases/sentences that come to mind, and (d) back to the
transcript of the interview to determine the appropriate meaning (Strauss & Corbin, 1998).
These activitis is not hierarchical, but it is a tangle of interacting activities from before, during,
and after data collection.

RESULTS OF RESEARCH AND DISCUSSION

The researcher interviewed three subjects AT, MY and JN respectively. The interviews
were based on four phases of Polya.

AT's Difficulties in Solving Real Analysis Problem

Understanding Problem Phase. AT could determine the known and the unknown/target
of the problem and explain definition of injective function. However, she had dificulties to
explain definition of function composition and to find g o f(x) where f(x) =x+ 1 and
g(x) = x2%. AT had not meaningful understanding of composition function concept. The
researcher gave code ATU1 of the difficulties.

Devising Plan Phase. AT had difficult to devise plan. The citation of the transcript of
interview as follows (where R is the researher - translated into English):

R : Toshow g o f is injective, what will you do or write?

AT : First, the definition of injective function.

R :Then..

AT : Then substitute ... eh ... write if g circle f ... substitute ... appropriate to the
definition of injective function before.

R : Ok. There are three functions, f, g and g circle f, definition of which

function?
AT : gcircle f.
R : Andthen,,

AT : | think finish, Sir.

AT could not devise plan. Whereas, she had learn in the class how to solve a problem: “Let
f:A - B and g: B — C be functions. Prove that if g o f is injective, then f is injective”. The
previous problem has similar concepts to the problem. She could not use the solution strategic
of previous problem to devise solution plan of the problem. The student had not problem
solving scheme (ATP1). The scheme is formed by strategic of previous problems or relevant
concepts in the problem. Therefore, AT had doubtful to the plan (ATP2).

ME-293



Jackson Pasini Mairing / Student’s Difficulties In ISBN.978-979-99314-8-1

Carrying Out the Plan Phase. AT had difficulties in this phase. She made an error using
mathematical symbols of composition function (ATC1). It was caused by AT had not
meaningful understanding of the concept. Furthermore, she had not knowledge of problem
solving strategies. AT used the target/unknown of the problem as the known (ATC2). These
difficulities can see in Figure 3. The lack of understanding made AT cannot justify the solution
(ATC3).
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Figure 3. AT’s Solution

Looking Back Phase. AT had look back the solution and aware that the solution is not
correct yet. Nevertheless, she did not know where the error and how to fix it (ATL1). The
citation of the interview transcript as follows.

R : Did you check the solution?

AT : I did, but just look it.

R : After you look it, did you think the solution is true?
AT : Ifeelitisn’t true, Sir. I just know like this

MY's Difficulties in Solving Real Analysis Problem

Understanding Problem Phase. MY could determine the known and the target/unknown
of the problem. She had difficulty to find composition function g o f where f(x) = x + 1 and
g(x) = x? (MYU1). She said: “I never learn it”. Whereas, she had learn how to solve previous
problem in the class. MY did not relate the composition concept that was learn in the class to
existing schema in her thinking.

Devising Plan Phase. MY made an inappropriate plan. She used solution path of
another problem which differ in concept as the plan (MYP3). The problem is “prove that if f
and g are surjective, then g o f is surjective”. She was belief that the plan is appropriate, the
fact, it is not. The condition is called pseudoplan.

Carrying Out the Plan Phase. Based on the pseudoplan, she made a solution (Figure 4).
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Figure 4. MY’s Solution

MY used surjective concept into injective concept (MYC401, MYC402 and MYC403). The
pseudoplan become pseudosolutioning.

Looking Back Phase. MY looked back the solution. She wrote the solution twice. The
second (Figure 4) was revision from the first solution. She was belief that the solution is true,
the fact, it is not (MYL2).

JN's Difficulties in Solving Real Analysis Problem
Understanding Problem Phase. JN could answer definition of composition function and
injective function. She also could determine the known and unknown/target of the problem.

P : What is the known of the problem?

JN : fis function from A to B and g from B to C. And, g and f are injective functions.
P : What is the target?

JN : Prove g circle f injective.

Devising Plan Phase. JN had known concepts in the problem, but she could not
synthesize the concept to make a plan. She used example of the concepts to prove that g o f is
injective. She said: "... make a picture, Sir. Now match A to B, then from function f before to C
with function g by condition injective...”. JN did not have knowledge of problem solving
strategies (JNP4).

Carrying Out the Plan Phase. Based on the plan, she proved g o f is injective by giving
examples/pictures (JNC5). She did not use appropriate problem solving strategy.
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Figure 5. JN’s Solution

Looking Back Phase. JN did not look back the solution (JNL3).

The difficulties of both the students can see in Table 1.

Table 1, Students’ Difficulties in Solving Problem of Real Analysis

_— W

POLYA’S PHASE THE STUDENTS
AT MY JN
Understanding Problem Ul Ul -
Devising Plan P1, P2 P3 P4
Carrying Out the Plan C1,C2,C3 C4 C5
Looking Back L1 L2 L3
where:

Ul = student had not meaningful understanding of the concept in the problem.

3.

Ity

P1 = student had not problem solving scheme.

P2 = student had doubtful to the plan.

P3 = student used solution path of another problem which differ in concept as the plan
(pseudoplan).

P4 = student did not have knowledge of problem solving strategies.

C1 = student made an error using mathematical symbols of some concepts.

C2 = student used the target/unknown of the problem as the known.

C3 = student could not justify the solution because the lack of understanding of some
concepts.

C4 = student made pseudosolutioning.

C5 = student used example of the concepts to prove the problem

L1 = student did not know where the error and how to fix it.

L2 = student looked back the solution and belief that the solution is true, the fact, it is
not.

L3 = student did not look back the solution.

The student’s difficulties in solving Real Analysis problem have similarity and
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difference to other researchs. The dificulties U1, P1, P3, and P4 are similar to Weber (2001),
Pepe (2004) and Muir (2008). Whereas, the difficulties P2, C1 — C5, and L1 — L3 differ from
those researchs. Therefore, the results of this study enrich theories of student’s dificulties in
solving mathematical problem especially problem to prove of Real Analysis.
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