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Abstract

Let C[a,b] be the set of all real-valued continuous functions defined on a
closed interval [a, b]. It is a commutative Riesz algebra space with unit element e,
where e(x) = 1 for every x € [a, b]. As in the real numbers system R, we define
C[a, b] of the extended of C[a, b]. In this paper, we shall generalize the notions of
outer measure, measure, measurable sets and measurable functions from C[a, b] into
Cla, b]. This paper is a part of our study in Henstock-Kurzweil integral of functions
define on a closed interval [f, g] < C[a, b] which values in C[a, b].
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INTRODUCTION

Some properties of real-valued continuous function defined on a closed interval were
studied by several authors. Bartle and Sherbert [2] mention some of its properties are bounded,
it has an absolute maximum and an absolut minimum, it can be approximated arbitrarily closely
by step functions, uniformly continuous, and Riemann integrable.

In this paper, C[a, b] denotes the set of all real-valued continuous functions defined on a
closed interval [a, b]. Further discussion of C[a, b] can be shown in classical Banach spaces
such as Albiac and Kalton [1], Diestel [4], Lindenstrauss and Tzafriri [5], Meyer-Nieberg [6],
and others.

In development of mathematical analysis, sometimes we need to extend of definition, such
as measure. For example, Boccuto, Minotti and Sambucini [3] define Riemann sum of a
function f: T — R, where R is a Riesz space, is

n

S(F,D) = ) f(tD(E)D
i=1

where D = {(E;, t;),i = 1,2, ...,n} is 6-fine partition of T and u is a Riesz-valued measure R,
that is u: X — R where X is the o-algebra of all Borel subsets of T. In their definition, they
assumed that R is Dedekind complete Riesz space. Now, if we take R = C|[a, b] that is Riesz
space but not Dedekind complete, interesting for us to discuss a C[a, b]-valued measure.

The aim of this paper is to construct a C[a, b]-valued measure and to discuss some of its
properties, including measurable sets and measurable functions. The construction of the C[a, b]-
valued measure could be applied to construct integral of C[a, b]-valued functions.
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PRELIMINARIES

Before we begin the discussion, we give an introductory about C[a, b] as a Riesz space and
a commutative Riesz algebra. Let C[a, b] be the set of all real-valued continuous functions
defined on a closed interval [a, b]. It is well known that C[a, b] is a commutative algebra with
unit element e, where e(x) = 1 for every x € [a, b], over afield R. If f, g € C[a, b], we define

f<ge fx)<gk), f<gefx)<gkx) and f=ge f(x)=gKx)

for every x € [a, b]. The relation " < " is a partial ordering in C[a, b] because it satisfies

(i) f < fforeveryf € Cla,b],

(i) f<gandg<h = f <hforeveryf,g h € Cla,b],

(if<gandg<f =f=g.
Therefore (Cla, b], <) , briefly C[a, b], is a partially ordered set. Further, the C[a, b] satisfies

(i) f<g=>f+h<g+h forevery h € C[a,b],

(i) f < g = af < ag forevery a € R*.
Therefore, C[a, b] is also Riesz space. If f, g € C[a, b], we define fg with

(fg)(x) = f(x)g(x) forevery x € [a,b].

Hence, C[a, b] will be called a commutative Riesz algebra with unit element e. The Riesz
spaces and commutative Riesz algebras more in-depth discussion can be found in [6] and [9].

So far, if f, g € Cla, b] with f < g, we define
(f,g) =1{heClabl:f <h<g}

[f,g] ={h€Clabl:f <h<g}
(f,©) ={h€Cla,b]:f <o},
[f,00) ={he€Clabl:f <h},
(—0,9) ={h € Cla,b]:h < g},

(—o0,g]l ={h € Cla,b]:h < g}.
If f,g € C[a, b], we define f v g,fAg|fl,fT, f~ with

i) (F VPO =5up,py, 6,900},

(i) (F A (x) = infrepqpm{f (%), ()},

(@ii)) |f](x) = |f(x)| for every x € [a, b] ,

. oy (f)iff(x)=0

W ="t 20

—,~_ (0, iff(x) =0

0 1=y <0
Bartle and Sherbert [2] showed that if f,g € C[a,b], then fVv g, fAgIfl,ft and f~ are
members of C[a, b]. Explanation of infimum/supremum of set and limit of sequence on C[a, b]
can be shown in [8].

DISCUSSION

We shall construct a C[a, b]-valued outer measure. We need an extention of the system
of C[a, b] as follows:

Cla, b] = C[a, b] U {—x, 0}
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and we call it the extended system of C[a, b]. If f, g € C[a, b], we have f + g € C[a,b] and
fg € Cla,b]. The enlargement of the operations between +o € C[a,b] and f € C[a, b] are
defined as follows:

(i) —wo<f <owforevery f € Cla,b],
(i) f+oo=0w andf —o = —w forevery f € Cla, b],
(iif) fro=oandf-—ow = —oforevery f € Cla,b] and f > 0,
(iv) froo=—candf-—ow =ooforevery f € Cla,b] and f < 6,
(V) oo+ o =o0and —owo + (—o0) = —oo, and
(Vi) r0o=0+—0=286

where 6 is null element of C[a, b] with 6(x) = 0 for every x € [a, b].

Definition 1. A function pu*: 2¢1@2] — C[a, b] is called a C[a, b]-valued outer measure, briefly
outer measure, if it satisfies the following properties:
(i) u*(4) = @ forevery A € 2¢lab]

u(@) =6,
(i) A,B € 2¢l@bl where A € B = u*(A) < u*(B), and

(iii) {Ap} c 261221 = y*(Uno1 Ap) < Soey 1 (An) -

If f,g €Cla,b] with f < g and I = (f,g) is a open interval, we defined a C[a, b]-
valued interval function £ by
D =g—F.

Next theorem is a example there is a outer measure on Cla, b].

Theorem 2. A function u*: 2¢1%21 — ([a, b] that defined

u (A = /\{Z 2(I,): I, is open interval for everyk € Nand A c U Ik}
k=1

k=1
isa outer measure on C[a, b].

Proof. It is clear that u*(A) = 6 for every A € 2€12P] Since @ < A for every A € 2¢[@P] then
®c (- %%) for every n € N. Therefore, we have

w' @) =infe((- %%)) - igf{%} — 0.

Given two sets A, B c C[a, b] arbitrary where A c B. If u*(B) = oo, it is true that u*(4) <
w*(B). If u*(B) < oo, then for every real number ¢ > 0 there is a sequence {(f,, g»)} € C|a, b]
such that B € Up—1(f, 9n) and Yo—1(gn — fn) < u*(B) + €e. Since A c B, then we have
A € U%1(f, gn), hence 1 (A) < 31 (gn — f,). Thus, we have

p(A) < u*(B).

Given a sequence {A,} c C[a, b] arbitrary. If there is m € N such that u*(4,,) = o, it is true
that 1" (Un=14n) < Xn=14"(4,). If u"(4,) < oo for every n € N, then for every real number
g > 0 there is a sequence {(f,x gnk)} € Cla,b] such that A, © Ug=1(frk gnr) for every
n € N and
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ce
Z(Qn,k — far) <u(4y) + on
k=1

For every n € N, we obtain Up-1 A, © Up=1 Ur=1(fnk» Gn k) and

<U ) Zz(gnk f”")<z(“(‘4n)+ ZM(An)+£e

n=1k=
thatis, " (Un=14n) < Yp=1 1" (4). [

Next, we know a C[a,b]-valued measure (the explanation of o-algebra of set A,
measurable space (X, A) and their properties can be shown in [7]).

Definition 3. Let X € C[a, b] be a nonempty set and (X, A) be a measurable space. A function
u: A — Cla, b] is called a C[a, b]-valued measure on (X, A), briefly measure on X, if
(1) wu(A)=06foreveryAe A

u(@) =0,
(i) {A,} c A where 4,, N A,, = @ for m # n, then u(Us=1 4,) = Yr—q u(45)

Let X < C[a, b] be a nonempty set and u a measure on measurable space (X, A). A measure u
is called a finite measure if u(X) < oo and a measure u is called a a-finite measure if there is a
sequence of measurable sets {X,,} € A such that X = Uy-; X, and u(X,,) < oo for everyn € N.
If u is a measure on (X,A), a pair (X,A,u) is called a measure space. A measure space
(X, A, 1) is called complete if B € A with u(B) =6 and A c B implies A € A. Some
properties of measure on (C|a, b], A) are given in Theorem 4, Theorem 5 and Theorem 6.

Theorem 4. Let (C[a, b], A, 1) be a measure space. If A,B € A and A € B then u(A) < u(B).
Proof. IfA S BthenB =AU (B — A) where An (B — A) = @. So we have

p(B) = u(A) + u(B — A) = u(A). u

Theorem 5. Let (C[a, b], A, u) be a measure space. If {A,} € A where A;,,; € A; for every

i € Nand u(4;) < wothen
H (ﬂ An> = 1111_13(}0 1(Ay)

- - - - n=1
if it has limit.

Proof. Set A = N2, 4;, we have 4; = AU (U;21(4; — A;41)) with An (4; — A;41) = 0 for
every i € N. Then u(4,) = u(A) + X2, u(A; — Ajy1) and A;11 N (A; — A1) = @, we have
p(A; — Air) = p(4p) — p(Aiyq).

If lim,,_,, u(4,,) exist, we have
n-1

u(Ay) = p(A) + Z(u(A ) = K(At1)) = u(4) + lim z(u(A ) — 1(Ais1))

=u(4) + u(Al) — lim u(4y),
that is, ﬂ(nﬁ—l‘qn) =u(4) = llInn—)oo #(An) u
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Theorem 6. Let (C[a, b], A, ) be a measure space. If {A,,} € A then
p <U An) < z 1(An).
n=1 n=1

Proof. Set B; = A, and B, = A, — (U 4;) for every n > 2. Then B,, € A, for every n and
B;n B; = @ foreveryi # j. Thus u(By) < u(4,) for every n and

#(O An) = i u(By) < i 1(Ay) . ]
n=1 n=1 n=1

Measurable Sets
We introduce a definition of a y*-measurable set.

Definition 7. Aset E c C[a, b] is said u*-measurable if every A < C|a, b] we have
pr(A) = (ANE)+u (ANES).

Some p*-measurable sets on C[a, b] is given in Theorem 8 as follows.

Theorem 8. The following statements are true:
() ©andCJa,b] are u*-measurable,
(il) IfE c C[a, b] is u*-measurable, then E€ is u*-measurable,
(iii) If Ey,E, © C[a, b] is u*-measurable, then E; U E, and E; N E, are p*-measurable.
Proof. We only prove (iiii). Consider An (E; UE,) = (AN E,) U (A NE,N Ef) that implies
(AN (ELVUE)) Suw (ANE) +p (ANE, nEF) (a)
Since E, is u*-measurable set, then we have
w(AnES) = ((ANEF) nEy) +p* ((ANEF) nES ) or
w ((ANES)NE;) = w (AN ES) — u*(An (E; U E)C). (b)
Subtitution (b) into (a), we have
(AN (ELUE)) +u (AN (B UE)S) S u (AnE) +u (AnEf) = u(A).
Thus, E; U E, is u*-measurable set. Based on this result and a statement (ii), we have E; N E, =
(ES U ES)® u*-measurable. n

Theorem 9. If Ey, E,, ..., E, € C[a, b] are disjoint and u*-measurable sets, then for every

A c C[a, b] we have
n n
u* <A n U Ek) = Z w(ANEy).
k=1 k=1

Proof. We shall prove by mathematical induction.
That is clear true for n = 1. Next, we assume the theorem is true for Ey, E5, ..., E,,_; Sets, that is
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I (A n UEk> = ni#*(A N Ey)

k=1

is true for every A c Cla, b].

Since E}, disjoint sets, we have

n
An(UEk>nEn=AnEn
k=1
n n-1
An(UEk>nE,§=An E .

k=1 k=1
Since E,, is u*-measurable set for every n, we have

n n-1
u*<AﬂUEk) =u*(AnEn)+u*<An UEk>
k=1

k=1

and

n-1

=W ANEY+ ) wAnE)
k=1
n
=Zu*(AnEk). .
k=1

Theorem 10. If {E,}is a u*-measurable sets sequence, then

e
n=1
is a u*-measurable set.
Theorem 11. If A is a collection of all u*-measurable sets on C[a, b], then A is a a-algebra on
Cla, b].
Proof. Since @ € A then A # @. Based on definition, if E € A we have E¢ € A, and based on

Theorem 10, if E, € A then Uy-4 E,, is u*-measurable set. [

Let X c C[a, b] be a nonempty set. If A is a collection of u*-measurable subsets of
Cla, b], we have a measurable space (X,A) that is generated by a measure u* as defined in
Theorem 2.

Theorem 12. Let X c C[a, b] be a nonempty set and (X, A) be a measurable space. A function
u: A — Cla, b], formulated by

u(E) = w(E),
is a measure.

Proof. u(E) = u*(E) = 6 for every E € A and u(@) = u*(®) = 0. If {E;;} € A and E, are
disjoint sets, with Theorem 9 and replace A = C|a, b] we obtain
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I (O Ek) =u (O Ek) = Zn: 1 (Ey) = i 1(Ex)

k=1
for every n € N. [

Measurable Functions

Before we discuss a measurable function on a p*-measurable set, we introduce a
characteristic function and a simple function on C|a, b].
Let (C[a, b], A, n) be a measure space and E < CJa, b]. A function

xg:Cla,b] = C[a,b]
is called characteristic function on E if

e heE

If E{, E,, ..., E, are u*-measurable sets and c;, ¢y, ..., ¢, € R, a function

n
Q= Z CkXEy
k=1

is called a simple function on E = Uj-, E; u*-measurable set. A simple function ¢ is said in
the form canonical representation if E;, E,, ..., E, are disjoint sets. Every simple function
always can be represented in canonical representation. In what follows, we shall always assume
that every simple function is in the form of canonical representation if there is nothing further
information. If ¢ and v are simple functions on set E, then ag and ¢ + i are simple functions
on set E for every a € R.

Before defining a measurable function on a u*-measurable set, we need a terminology what
is called “almost everywhere”. Let P(h) denote a statement concerning the points h in a set E.
We say that the statement P(h) holds true almost everywhere on E or P(h) holds true for
almost every h € E if there is A ¢ E with u*(A) = 08 such that P(h) holds true for every
heE —A.

Definition 13. A function F:E C C[a,b] - C[a,b] is said to be measurable on a u*-
measurable set E if for every number € > 0 there is a simple function ¢ on E such that

|F(h) —p(R)| < ee
almost everywhere on E.

By the definition, it is clear that every simple function on u*-measurable set E is
measurable on E.

Theorem 14. If F,G:E < C[a,b] —» C[a,b] are two functions such that F and G are
measurable on u*-measurable set E, then for every number a € R functions aF and F + G are
measurable on u*-measurable set E.

Corollary 15. If F;:E € C[a,b] - Cla,b] (i =1,2,..,n) are functions such that F; is
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measurable on u*-measurable set E for every i =1,2,..,n, then for every a; ER (i =

1,2, ...,n), a function
n
Z a;F;

i=1
is measurable on y*-measurable set E.

Teorema 16. If F:[f, g] = Cla, b] is continuous function, then F is measurable on [f, g].

Proof. Interval [f, g] is u*-measurable set. If F is continuous function on closed interval [f, g]
then F is uniformly continuous on [f, g], that is, for every number ¢ > 0 there is number n > 0
such that for every s,t€|[f,g] with [s—t| <ne we have |F(s)—F(t)| <ee. Let

{fo il Ufv, fal, ) [fn-1, ful: fo = frand f,, = g} be a partition on [f, g] such that f,, — fi—q <
ce for every k = 1,2,...,n. If we take Ay = [fr_1, fx] and a; = SUP,¢(q b]{F(fk)(x)} € R for

every k, then we obtain a simple function

n
Q= Z CrXay
k=1

|F(h) —p(h)| < ee
for every h € [f, g], that is, F is measurable on [f, g]. ]

on [f, g] such that

CONCLUSION AND SUGGESTION

From the discussion results above, we conclude:

1. There is a C[a, b]-valued measure that is generated by C[a, b]-valued outer measure.

2. A continuous function that defined on a closed interval subset of C[a, b] is measurable on
it.
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