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Abstract. Let k > 2 be an integer and G be a connected graph of order at least 3. A twin
k-edge coloring of G is a proper edge coloring of GG that uses colors from Zj and that induces a
proper vertex coloring on G where the color of a vertex v is the sum (in Zg) of the colors of the
edges incident with v. The smallest integer k for which G has a twin k-edge coloring is the twin
chromatic index of G and is denoted by x;(G). In this paper, we determine the twin chromatic
indices of circulant graphs Cy (1, ), and some generalized Petersen graphs such as GP(3s, k),
GP(m,2), and GP(4s,l) where n > 6 and n = 0 (mod 4), s > 1, k£ # 0 (mod 3), m > 3 and
m & {4,5}, and [ is odd. Moreover, we provide some sufficient conditions for a connected graph
with maximum degree 3 to have twin chromatic index greater than 3.

1. Introduction

Let G = (V, E) be a simple graph. A proper vertex coloring of G is a function from V to a given
set of colors such that adjacent vertices are colored differently. On the other hand, a proper
edge coloring of G is a function from E to a given set of colors such that adjacent edges are
colored differently. The minimum number of colors needed in a proper vertex coloring and a
proper edge coloring of G are the chromatic number and chromatic index of G and are denoted
by x(G) and x'(G), respectively. Thus x(G) < A(G) +1 and x'(G) > A(G), where A(G) is the
maximum degree of G.

Aside from the original notions of proper colorings, various graph colorings that use the sum
of colors to induce certain types of vertex colorings have also been studied in the literature.
Some of these studies are the works of Agustin et al. [1] and Slamin [7]. In [1], Agustin et al.
investigated the local edge antimagic coloring of comb product of some graphs and in [7], Slamin
introduced the distance irregular labelling of graphs.

In this paper, we focus on a relatively new kind of graph coloring called the twin edge coloring
which was introduced by Chartrand [9] and was initially studied in [2-4].

Definition 1.1. For a connected graph G of order at least 3, a proper k-edge coloring
¢ : E(G) — Zj for some integer k > 2 is called a twin k-edge coloring of G if the induced
vertex coloring ¢ : V(G) — Zj, defined by

d(v) = E c(e) in Zy,
eckE,
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where F, is the set of edges of G incident with v, is proper as well. The minimum £ for which
G has a twin k-edge coloring is the twin chromatic index of G, denoted by x}(G).

Since a twin edge coloring of G is a proper edge coloring of G, x}(G) > A(G). It has been
shown in [2] that every connected graph of order at least 3 has a twin edge coloring.

In [2], Andrews et al. obtained the twin chromatic indices of paths, cycles, complete graphs,
and complete bipartite graphs. Based on the results in [2], Andrews et al. [3] formulated
Conjecture 1.2 and verified it for permutation graphs of 5-cycle, grids and prisms, and trees
with maximum degree at most 6. Likewise, in [4], Conjecture 1.2 was also verified for several
types of trees such as brooms, double stars, and some regular trees. Also, the twin chromatic
indices of most of the graphs discussed in [3,4] are determined.

Conjecture 1.2. [3] If G is a connected graph of order at least 3 that is not a 5-cycle, then
xi(G) < A(G) +2.

Recently, in 2016, Lakshmi and Kowsalya [5] determined the twin chromatic index of wheel
graphs while Rajarajachozhan and Sampathkumar [6] determined the twin chromatic indices of
the square graphs P2, where n > 4, and C2, where n > 6 and the twin chromatic index of the
Cartesian product C,,,[JP,, where m,n > 3. Moreover, Tolentino et al. [8] verified Conjecture
1.2 for all trees of order at least 3.

In this paper, the twin chromatic indices of some graphs with maximum degree 3 will be
discussed, beginning with the circulant graphs Cy,(1, ) with n > 6 is even.

2. Circulant Graphs Cy,(1, 3)

Definition 2.1. Let n, m, and aq, . .., a,, be positive integers. An undirected graph with vertex
set V' = {vo,...,vp—1} and edge set E = {v;v;14, : 0 <i <n—1,1 <7 <m}, where subscripts
are modulo n, is called a Circulant Graph and is denoted by Cy(ay,...,an).

The following observation will be helpful.

Observation 2.2. [2] If a connected graph G contains two adjacent vertices of degree A(G),
then x;(G) > 1+ A(G). In particular, if G is a connected r-reqular graph for some integer r > 2,
then x;(G) > 1+r.

Lemma 2.3. Ifn > 6 is an even integer, then x}(Cn(1,%)) > 5.

Proof. Let n > 6 be an even integer and G = Cp(1, 5). Let E(G) = {e; = vivit1, fi = viviyz |
0 <4 < n — 1} (subscripts are computed modulo n). Since G is a cubic graph, by Observation
2.2, x;(G) > 4. We will show that x}(G) # 4.

Suppose on the contrary that xj(G) = 4; that is, G has a twin 4-edge coloring c. If
two different elements of Z4 are used to color the edges e;, €;1, €t and €it41 for some
i € {0,...,n — 1}, then (viy1) = cle;) + c(eir1) + c(fir1) = cleiyn) + cleirzn 1) + c(firr) =
d (UH_%_H), which would make ¢’ improper. On the other hand, if all elements of Z4 are used to
color the edges e;, e;y1, €it 1, and €itn41 for some i € {0,...,n — 1}, then any element of Z,
can no longer be used to color the edge fi+1. Therefore, for each i € {0,...,n — 1}, the edges
€y €itl, €t 2, and €itn41 are colored using exactly three different elements of Z4. Let w, x, ¥,
and z be the four distinct elements of Zg4.

First, we arrange the vertices vg, vy, ..., v,—1 of G consecutively in a regular n-gon.

Claim 1: c¢(e;) # c(eiy2) for each i € {0,1,2,...,n— 1}.

Suppose c(e;) = w = c¢(e;4+2) and ¢(e;y1) = = for some i. Then we may assume c(fi+1) =y
and ¢(fi42) = z. Since the edge e; ;21 is adjacent to the edges fi+1 and fit2, c(€;4241) = w or
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x. Without loss of generality, let c(¢;42+1) = w. Then c(e;12) € {z, 2} and c(e;1219) € {z,y}.
Since the edges €e;, €;4+1, i+, and €441 must be colored using exactly three different elements
of Zy4, c(eH%) = z. Using the same argument, for the edges e;y1, €;12, €it D41, and €it2+2;
Z\fﬂgf;l;jl&?snt'hat c(eiyzi2) = y. Therefore, (vipn 1) =w+y+2z = (viy2i2) and we get a

Suppose n = 6. By Claim 1, c(e;) # c(ejr2) for each i € {0,1,2,3,4,5}. Without loss of
generality, let c(eg) = w, c(e1) = z, and c(e2) = y. Since c(e2) # c(es) and c(eq) # c(eg = ep),
cleq) € {z, 2}.

Case 1: If ¢(eq) = x, then the coloring is as shown in Figure 1.(a). In this case, ¢/(v1) would
be equal to ¢/ (vy).

Case 2: If ¢(e4) = z, a similar argument (see Figure 1.(b)) gives ¢/(vg) = ¢/(v3).

Figure 1. Illustrating the coloring ¢ when n = 6.

Hence, x,(G) > 5 if G = Cg(1,3). Assume now that n > 8.

Claim 2: c(e;) # c(e;yn) for each i € {0,1,2,...,n — 1}.

Suppose c(e;) = w = c(€;4z) for some i. Then, we may assume that c(e;—1) = = and
cleiyn_1) = y. Then c(f;) = z and c(ei2) € {y,z}. If cleiz) = z, then c(fi1) = w.
Then c(vi-1) = w+ 2 + 2 = d(v;). Suppose c(ei—z) = y. Then c(e;12_2) € {w,2}. But
by Claim 1, c(e;on_ clejon) = w so c(ejLn_9) = z. Thus c(f;_1) = w. Therefore,
c’}Eng_l) = w(—iitgrz—i—?z) :#c’(z()zizz)) In any casef, ZcJ’r 2ioef:g)mes improper, z(xfcon)tradiction.

Claim 3: c(e;) € {c(e;1n-1),c(€;241)} for each i € {0,1,2,...,n —1}.

Suppose w = c(e;) & {c(eH%,l),c(eH%H)} for some i. By Claim 1 and Claim 2, we may
assume that c(e;12_1) = @, c(e;y2) =y, and c(e;241) = 2. Then ¢(f;) = z and ¢(fi+1) = .
Therefore, c’(vH%) =r+yt+z= c’(vi+%+1) and we get a contradiction.

Suppose c¢(ep) = w. By Claims 1 and 3, exactly one of the edges en_y and entq must
be colored using the color w. Without loss of generality, let c(eg,l) = w. Moreover,
we suppose c(e%) = x. Then c(ey,—1) # x; so by Claim 3, ¢(e;) = z. By Claim 3,
clezt1) € {c(eo) = w,c(e2)}. Since clez_1) = w and clez_q) # cleziq), clezi1) = cle2).
Similarly, c(ez42) € {c(e1) = x,c(es)}. Since c(ez) =z and c(ez) # c(ezt2), c(enta) = c(es).
Continuing this argument gives us c(e;) = c(ejpz41) for each j € {5+ 1,5 +2,...,n—1}.
Then c(en—2) = c(e(n-2)+24+1 = ez_1) = w. Therefore c(en—2) = w = c(eg = en) (see Figure 2),
contradicting Claim 1. Hence, x};(G) > 5. O
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Figure 2. Illustrating the coloring ¢ when c(e1) = .

We will show in the next theorem that the twin chromatic index of Cy(1, %), where n > 8
and n =0 (mod 4), is 5.

Theorem 2.4. Ifn > 8 and n =0 (mod 4), then x;(Cn(1, %)) = 5.

Proof. Let n > 8, n = 0 (mod 4), and G = Cy(1,%). By Lemma 2.3, x;(G) > 5. We will
show that x}(G) < 5, that is, G has a twin 5-edge coloring. We construct a 5-edge coloring
c: B(G) = Zs in G. Let E(G) = {e; = vjviy1, fi = vviyn : 0 < i <n— 1} Let

0 if 7 is even,
cle;) =¢ 1 ifiisodd and 1 <i< 7,
4 ifiisoddand 5§ <i<n-—1,

and ; "
2 if ¢ is odd,
c(fi) = { 3 if 7 is even.

It is straightforward to see that, by definition, c is a proper edge coloring. Moreover,

1 ifiisoddand § <i<n-—1,
d(v) = 2 ifiiseven and § <i < n,
Y1 3 ifiisoddand 1 <i< F,
4 ifiiseven and 2 <i < 3.
Then ¢ is also proper. Hence c is a twin 5-edge coloring of G. O

Figure 3 shows twin 5-edge colorings of the circulant graphs Cg(1,3), C1o(1,5), and C14(1,7).
Therefore, x}(Cr(1, 5)) =5 for n € {6,10, 14}.
We now formulate the following conjecture.

Conjecture 2.5. If n > 6 and n =2 (mod 4), then x;(Cyn(1,5)) = 5.
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Figure 3. Twin 5-edge colorings of Cg(1,3), C10(1,5), and Ci4(1,7).

3. Some Generalized Petersen Graphs

In this section, the twin chromatic indices of some generalized Petersen graphs will be discussed.
We begin with the generalized Petersen graphs G = GP(ms, k) where m > 3, s > 1, and
ged(m, k) = 1.

Definition 3.1. The Generalized Petersen Graph GP(n,k), n > 3 and 1 < k < n — 1 and

k # 5, has vertex set {ug,u1,...,un—1,%0,1,...,0p—1} and edge set {u;u;y1,u;vi, Vivigp 1 0 <
i <n — 1} with subscripts reduced modulo n.

Remark 3.2. Since GP(n, k) is a cubic graph, x;(GP(n,k)) > 4.

Throughout this section, for each ¢ with 0 < i < n — 1, we let e; = w;u;11, fi = u;v; and
e =vivipg. Let E={e;:0<i<n—-1}, F={f;:0<i<n—-1}and E' ={e,: 0<i<n-1}.

Lemma 3.3. Let G = GP(ms, k) where m > 3 and s > 1. If ged(m, k) =1, then G has a twin
(m + 1)-edge coloring. Therefore, x}(G) < m + 1.

Proof. Since ged(m,k) = 1, k # 0 (mod m). We construct a twin (m + 1)-edge coloring
¢: E(G) = Zmnt1 in G. For each i € {0,1,2,...,ms — 1}, let c(e;) = ¢ mod m and let
¢(f;) = m. Then by definition of ¢, c(e;) # c(ei—1) and ¢(f;)) = m & {c(e;),c(ei—1)} for
each i € {0,1,2,...,ms — 1}. Since m > 3, i # ¢ + 2 in Z,, so c(e;) # c(ei+2) for each
i€{0,1,2,...,ms — 1}. Therefore,

c(ui) = e(ei1) + [e(es) +m] # [e(es) +m] + c(eir) = ¢ (uiy1)

for each i € {0,1,2,...,ms — 1}. Note that GP(ms, k) = GP(ms, —k). If k =1 (mod m), then
—k # 1 (mod m) and we will consider GP(ms, —k) instead of GP(ms, k).

We may then assume that k& # 1 (mod m). Next, we define c(e}) = c(e;) for each
i€{0,1,2,...,ms — 1}. Then, c(f;) & {c(e,_.),c(e})} for each i € {0,1,2,...,ms — 1}. Since
k # 0 (mod m), i—k # i (mod m) so c(€,_,) # c(e}) for each ¢ € {0,1,2,...,ms—1}. Therefore,
c is a proper (m + 1)-edge coloring of G. Moreover, i — k # i + k (mod m) so c(ej_;,) # c(ej, ;)
for each i € {0,1,2,...,ms — 1}. Therefore,

¢ (v3) = elef_y) + [ele}) +m] # [ele}) +m] + (el ) = ¢ (i)

for each i € {0,1,2,...,ms—1}. Since k # 1 (mod m), i—1 # i—k (mod m) so c(e;—1) # c(e,_,.)
and
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for each i € {0,1,2,...,ms—1}. Therefore, ¢ is also proper and ¢ is a twin (m+1)-edge coloring
of G. O

Example 3.4. Figure 4 shows twin 6-edge colorings of GP(10,3) and GP(10,6). Since
6 =1 (mod 5), we apply the coloring on GP(10,4) instead of GP(10,6).

Figure 4. Twin 6-edge colorings of GP(10,3) and GP(10,6).

Observe that if G = GP(3s,k) where k is not divisible by 3, then x}(G) =4 =3+ 1 by
Remark 3.2 and Lemma 3.3. We formally state this observation in the following theorem.

Theorem 3.5. If G = GP(3s,k) where s > 1 and k Z 0 (mod 3), then x}(G) = 4.
Theorem 3.6. Let n > 3 be an integer. If n & {4,5}, then x,(GP(n,2)) = 4.

Proof. If n = 0 (mod 3), then by Theorem 3.5, x;(G) = 4. Therefore, we can just assume
that n #Z 0 (mod 3). Since x;(G) > 4, we only need to show that x;(G) < 4. We do this by
constructing a twin 4-edge coloring ¢ : E(G) — Z4 in G.

Case 1: Suppose n =1 (mod 3).

Let c¢(ep—1) = 0. For each i € {0,1,2,...,n— 2}, let

e(ei) = { imod 3 ifi# 0 (mod 3)
’ 3 otherwise.

Moreover, for each ¢ € {0,1,2,...,n—1}, let ¢(€}) = c(ej+1). Finally, let ¢(fo) = 2, ¢(fn—1) =1,
c(fn—2) = 3, and c(f;) = 0 for each i € {1,2,...,n — 3}. Therefore, by definition of ¢, it
is straightforwar to see that ¢ is a proper edge coloring of G. Observe that ¢/(u,—2) = 2,
(up—1) = 3 and for each i € {0,1,2,...,n — 3},

1 ifi=0 (mod 3)
d(u))=<¢ 0 ifi=1 (mod 3)
3 ifi=2 (mod 3).
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Moreover, ¢/ (v,—1) = 2 and for each i € {0,1,2,...,n — 2},

3 ifi=0 (mod 3)
dv))=<¢ 1 ifi=1 (mod 3)
0 ifi=2 (mod 3).

Hence, ¢’ is also proper and c is a twin 4-edge coloring of G.
Case 2: Suppose n =2 (mod 3).
For i €{0,1,2,...,n — 6}, let

(e1) = imod 3 ifi# 0 (mod 3)
A%)=1 3 otherwise.

and let (c(en—s),c(en—a),c(en—3),c(en—2),c(en—1)) = (0,3,1,2,0). Moreover, for i € {0,1,2,...,
n — 1}, let ¢(e}) = c(e;). Finally, let

(c(f1),c(fo), c(fu-1),c(fn-2),c(fn-3),c(fn-4),c(fn5)) = (2,1,3,0,2,1,3)

and let ¢(f;) = 0 for each i € {2,3,...,n — 6}. By definition of ¢, it is straightforward to see
that ¢ is a proper edge coloring of G. Observe that, for i € {2,3,...,n — 6},

1 ifi=0 (mod 3) 0 ifi=0 (mod 3)
du;))=¢ 0 ifi=1(mod3) and d(v;)=1< 3 ifi=1 (mod 3)
3 if i =2 (mod 3) 1 ifi=2 (mod 3).
Moreover,
¢ (u, uo, Un—1, Un—2, Un—3, Un—4,un—5) = (2,0,1,3,2,0,1)
and
CI(UL V0, Un—1, Un—2,Un—-3,Un—4, Un—5) = (37 2,0,1,3,2, O)
Hence, ¢’ is proper and c is a twin 4-edge coloring of G. ]

Theorem 3.7. If G = GP(4s,k), where s > 1 and k is odd, then x,(G) = 4.

Proof. Let G = GP(4s,k) where s > 1 and k is odd. Then k = 1 (mod 4) or k = 3 (mod 4).
Note that GP(4s,k) =2 GP(4s,4s — k). If k =1 (mod 4), 4s — k = 3 (mod 4). Therefore, we
may just assume that & = 3 (mod 4). We construct a twin 4-edge coloring ¢ : E(G) — Zj.

For each i € {0,1,2,...,4s — 1}, let ¢(e;) = i mod 4. Moreover, let ¢(f;) = c¢(e;+1) and

/

c(el) = c(eit2) for each i € {0,1,2,...,4s — 1}. By definition of ¢, the colors c(e;), c(€it1),
c(eiy2), and c(e;y3) are the four distinct elements of Z, for each i € {0,1,2,...,4s — 1}.
Therefore, c(f;) = c(eix1) & {c(ei—1),c(ei), c(eira) = c(e)} for each i € {0,1,2,...,4s — 1}.

Moreover,

c (uq) (ei) +c(fi)
e;) + c(fi)

(e:) +c(eir1)

[ N
o
NN N
&

+

\[\i/\_/
++ +
o QO O
—~~

= (ui1)
for each i € {0,1,2,...,4s —1}. Since k =3 (mod 4),i—k+2=i—1(mod 4),i+k+2=
i+ 1 (mod 4) and i + k + 1 =4 (mod 4). Therefore, c(ej_,) = c(e—g)+2) = c(ei—1). Thus,
c(fi) # clei—1) = c(€;_;) and c(e}_,) = c(ei—1) # c(eiy2) = c(e}) for each i € {0,1,2,...,4s—1}.
Hence, ¢ is a proper edge coloring. It remains to show that ¢/(u;) # ¢'(v;) and ¢ (v;) # ¢ (vitk)
for each i € {0,1,2,...,4s — 1}.
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For each i € {0,1,2,...,4s — 1},

d(ui) = clei-1) +cle) +c(fi) d(vi) = clej_y) +cle) +c(fi)
= clejg) +cler) + e(fi) = clei1) +cleg) + cleit)
# clel_y) +clepa) +e(fi)  and £ cler) + ofef) + cleit)
= cleg_y) +cleh) +c(fi) = c(firr) + clef) + clefyy)
= (v = (Vitk)
Hence, ¢ is a twin 4-edge coloring of G. O

4. Sufficient Conditions for Graphs with Maximum Degree 3
In this section, we provide some sufficient conditions for a graph with maximum degree 3 to
have twin chromatic index greater than 3. We begin by defining the following terms.

Definition 4.1. Let n > 2 and G be a graph with A(G) > 3. Let P(u,v) C G be a u— v path
of order n with deg(w) = 2 in G for each w € V(P(u,v))\{u,v}. Then P(u,v) is called an
internal path of G if deg(u),deg(v) > 3 in G and is called a pendant path of G if deg(u) > 3
and v is a leaf in G.

If u is a vertex of G and P is an internal or a pendant path of G such that w is an end vertex
of P, then P and u are incident with each other. Therefore, an internal path or a pendant path
P(u,v) is incident with the vertices u and v.

Lemma 4.2. Let T be a tree with A(T) = 3 and suppose that no two vertices of T of degree 3
are adjacent. Then x,(T') > 4 if one of the following holds:

(i) there exists a vertexr u of degree 3 such that d(u,xz) = 0 (mod 3) for each internal path
P(u,x) in T and d(u,y) € {1,k}, where k =2 (mod 3) for each pendant path P(u,y) in T;

(ii) there exists a verter u of degree 3 such that at least two internal paths of T' are incident
with w and d(u,z) =1 (mod 3) for each internal path P(u,x);

(iii) there exists a vertex u of degree 3 such that at least two pendant paths of T are incident
with u and d(u,y) =0 (mod 3) for each pendant path P(u,y);

(iv) there exists a vertex u of degree 3 such that one internal path P(u,z) of T is incident with
u with d(u,x) = 1 (mod 3) and one pendant path P(u,y) of T is incident with u with
d(u,y) =0 (mod 3);

(v) there exists an internal path P(u,v) of T with d(u,v) = 2 (mod 3) such that d(z,z) =
0 (mod 3) for each internal path P(z,x) of T (z € {u,v} and x & {u,v}\{z}) and
d(z,y) € {1,k}, where k = 2 (mod 3) for each pendant path P(z,y) of T (z € {u,v});
or

(vi) d(u,v) #Z 1 (mod 3) for each internal path P(u,v) in T and d(x,y) € {1,k}, where
k =2 (mod 3) for each pendant path P(z,y) in T.

Proof. Let Pl P2 P3 ..., P?bean ordering of all the internal/pendant paths of 7' (g > 3).
If P* = P(u,v) (1 <i < gq), then we let P' = P(u,v) = P'(u,v) with V(P'(u,v)) = {u =
Wh, WY, -+ Wy gy Wy,. = v} and E(P'(u,v)) = {e} = wjwj; : 0 < j < n; — 2} where

deg(u) = 3 and n; is the order of P’
If T has a twin 3-edge coloring ¢ : E(T') — Zs, then we have the following observations:

e ¢(E,) = Zj3 for each v € V(T') with deg(u) = 3;

e 0¢ {c(ef“_?)), c(eé)} for any pendant path P’ of order n; > 3 and for any pendant path P’
of order 2; and
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o c(e}) # —c(e},,) for ecach k € {0,n; — 3} if P is an internal path of order n; and
c(e}) # —c(e]) if P7 is a pendant path of order at least 3.

Moreover, for each pendant path P’(u,v) of order n; and for each internal path P'(z,y) of

order n;, the sequences (c(ep), c(eq), ..., c(e;, _5)) and (c(eh), c(€h), . .. (el _y)) are periodic of
period 3 such that, for a € {1, 2}
(0,a,—a,...,—a) and d(u,v) =0 (mod 3),
] j ] _J (0,a,—a,...,0) and d(u,v) =1 (mod 3),
(c(eg)s elen); - elen; 2)) = (a,0,—a,...,0) and d(u,v) = 2 (mod 3), (1)
(a,0,—a,...,a) and d(u,v) =1 (mod 3)
and
(0,a,—a,...,a) and d(z,y) = 2 (mod 3),
i i i (0,a,—a,...,0) and d(z,y) =1 (mod 3),
(c(e), cler), ye(en;—2)) = (a,0,—a,...,0) and d(z,y) = 2 (mod 3), (2)
(a,0,—a,...,—a) and d(z,y) =0 (mod 3)

For each case, we need to show that xj(T) # 3, that is, T" has no twin 3-edge coloring.
Suppose on the contrary that 7" has a twin 3-edge coloring ¢ : E(T') — Zs (for each case). Let
a € {1,2} and let c(P") = c((ef), c(€}), . . ., c(€, _y)) for each 1 <i < q.

Proof of 1: By equation (2), c(e})) € {1,2} if P'(u,z) is an internal path of T with
d(u,z) =0 (mod 3) (w) = u). Similarly, by our observation and equation (1), c(e}) € {1,2} if
PJ(u,y) is a pendant path of T with d(u,y) € {1,k}, where k = 2 (mod 3). Therefore 0 & c(E,,).
This contradicts the fact that c¢(E,) = Zs.

Proof of 2: In this case, T has at least three vertices of degree 3. By equation (2),
c(PY) = (0,a,—a,...,0) if P!(u,z) is an internal path of 7' with d(u,z) = 1 (mod 3). Therefore,
by our assumption, at least two of the edges incident with u are colored 0. This contradicts the
assumption that c is a proper edge coloring of T

Proof of 3: By equation (1), ¢(P?) = (0,a, —a,...,—a) if P!(u,y) is a pendant path of T
with d(u,y) = 0 (mod 3). Since d(u,y) = 0 (mod 3) for each pendant path P(u,y) in T', at least
two of the edges incident with u are colored 0 which is impossible since ¢ is proper.

Proof of 4: Let P'(u,x) be an internal path of T (w} = u) with d(u,z) = 1 (mod 3) and
let P7(u,y) be a pendant path of T (w} = u) with d(u,y) = 0 (mod 3). Then by equations (1)
and (2) we have c(e}) = 0 = c(e}), a contradiction.

Proof of 5: Without loss of generality, let P* = P(u,v) where w) = u. By our observation
and equation (1), we have c(e}) # 0 for any pendant path P/ (u,y) of T. On the other hand, by
equation (2), we have 0 & {c(e}), C(elnl_Q)} for any internal path P!(u,x) of T (z # v). Then we
must have ¢(efy) = 0. Using similar arguments, we can say that c(e},,_,) = 0. But by equation
(2), since d(u,v) = 2 (mod 3), ¢(P*) = (0,a,—a,...,a), a contradiction.

Proof of 6: By condition 1, we can just assume that 7T has at least two vertices of degree
3. Suppose T has at least two vertices of degree 3. We choose a vertex of T of degree 3 that
is incident with two pendant paths of T' and label it by u;. By assumption, there exists a
unique internal path P!(u,v) of T. We let P! = P*(u,v). By our observation and by equation
(1), we must have c(e}) = 0; so by equation (2) we have d(u1,v) = 2 (mod 3). We now let
v = ug. Since d(uy,uz) = 2 (mod 3), ¢(P!) = (0,a,—a,...,a) (w} = u1). By condition 5, we
can just assume that there exists an internal path P’(ug,w) of T with d(u2,w) = 2 (mod 3)
and w # u;. We let P2 = PJ(ug,w) and let w = wuz. Since d(ug,u3z) = 2 (mod 3),
c(P?) = (0,a,—a,...,a) or (0,—a,a,...,—a) (w3 = uy). Since T is finite, we will have a
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finite sequence of distinct internal paths P!, P2, ..., P™ such that for each £ € {1,2,...,m},
P’ = PYug,upi1), d(ug,uey1) = 2 (mod 3), ¢(PY) = (0,a,—a,...,a) or (0,—a,a,...,—a)
(w§ = uy), and d(um1,7) = 0 (mod 3) for each internal path P(umi1,7) (z # up) (if any).
Thus, we have 0 ¢ ¢(E,,,,,) which is impossible. O

It is straighforward to check that Lemma 4.2 is also true for any cyclic connected graph G
with maximum degree 3 if one of the conditions 1 — 5 of Lemma 4.2 holds for G. On the other
hand, condition 6 in Lemma 4.2 is not a sufficient condition for a cyclic connected graph G
with maximum degree 3 to have twin chromatic index greater than 3 as the example in Figure
5 shows.

Figure 5. A twin 3-edge coloring of a cyclic connected graph.

5. Conclusion

In this paper, we have shown that the twin chromatic index of a circulant graph Cy,(1, §) is 5 for
any even integer n > 6 with n = 0 (mod 4). On the other hand, we showed that the Pertersen
graphs GP(3s, k), GP(m,2), and GP(4s,l) where s > 1, k # 0 (mod 3), m > 3 and m ¢ {4, 5},
and [ is odd have twin chromatic index 4. Moreover, we provided some sufficient conditions for
a graph with maximum degree 3 to have twin chromatic index greater than 3.
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