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Abstract. A vertex coloring ¢ : V(G) — N of a non-trivial connected graph G is called a set
coloring if NC(u) # NC(v) for any pair of adjacent vertices v and v. Here, NC(x) denotes the
set of colors assigned to vertices adjacent to . The set chromatic number of G, denoted by
xs(G), is defined as the fewest number of colors needed to construct a set coloring of G. In this
paper, we study the set chromatic number in relation to two graph operations: join and comb
prdocut. We determine the set chromatic number of wheels and the join of a bipartite graph
and a cycle, the join of two cycles, the join of a complete graph and a bipartite graph, and the
join of two bipartite graphs. Moreover, we determine the set chromatic number of the comb
product of a complete graph with paths, cycles, and large star graphs.

1. Introduction
A vertex or edge coloring ¢ of a graph G is said to be neighbor-distinguishing if ¢ induces a
vertex labelling in which every pair of adjacent vertices in G is assigned distinct labels. Aside
from the well-studied proper vertex coloring, various neighbor-distinguishing colorings have also
been introduced and discussed in the literature (for examples, see [3], [4], [6], [7], [8])-

In [5], Chartrand, Okamoto, and Zhang introduced and explored the following neighbor-
distingushing vertex coloring that makes use of neighborhood color sets.

Definition 1.1. [5] For a nontrivial connected graph G, let ¢ : V(G) — N be a vertex coloring
of G where adjacent vertices may be assigned the same color.

(i) For a set S C V(G), define the set c(S) of colors assigned to the vertices of S by
c(S) ={c(v) :v e S}

(ii) The neighborhood color set of v, denoted by NC(v), is the set ¢(N(v)); that is, NC(v) is
the set of colors of the neighbors of v.

(iii) The coloring c is called set meighbor-distinguishing, or simply a set coloring, if
NC(u) # NC(v) for every pair u,v of adjacent vertices of G.

(iv) The minimum number of colors required in a set coloring of G is called the set chromatic
number of G and is denoted by xs(G).

In their paper, Chartrand et al. studied the set chromatic numbers of some families of graphs
and established some bounds for the set chromatic number in terms of other graph parameters.

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
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It is clear that xs(G) < x(G). Moreover, results from [5] on the lower bound for x are presented
below.

Proposition 1.2. [5] For every graph G,

(i) xs(G) = [logy(x(G) + 1)1,
(it) xs(G) > 1+ [logy(w(G))],
where x(G) and w(G) are the chromatic and clique numbers of G, respectively.

In this paper, we will study the set chromatic number of graphs in relation to two well-studied
graph operations: join and comb product. Section 2 will focus on the join of graphs. Our results
cover wheels and the join of a bipartite graph and a cycle, the join of two cycles, the join of a
complete graph and a bipartite graph, and the join of two bipartite graphs. Meanwhile, section
3 focuses on the comb product of graphs. We will determine the set chromatic number of the
comb product of a complete graph with paths, cycles, and large star graphs.

2. On the set chromatic number of the join of graphs
We present the definition of the join of two graphs below:

Definition 2.1. Let G and H be two vertex-disjoint graphs. The join G + H of G and H is
the graph whose verter and edge sets are given by

V(G + H)=V(G)UV(H),
E(G+ H) = E(G)UE(H)U{gh:geV(G),heV(H))}

It is well-known that x(G + H) = x(G) + x(H). In relation to the set colorings, the join
of graphs has been studied in [10] by Okamoto et al. In particular, they have established the
following sharp bounds:

Theorem 2.2. [10] For every two graphs G and H,
max{xs(G) + [loga w(H) 1, xs(H) + [logo w(G)[} < xs(G + H) < x5(G) + xs(H) + 1,
where w(-) denotes the clique number of a graph.

Moreover, they also considered the join of graphs with complete graphs.

Theorem 2.3. [10] For a graph G and a positive integer p,
XS(G) +p—-1< XS(G + Kp) < Xs(G) + p.

While Theorems 2.2 and 2.3 focused on bounds for the set chromatic number of joins, our
results focus on the exact set chromatic number of a join of two graphs from well-known graph
families. We begin with the following.

Proposition 2.4. Let W,, be the wheel graph of order n. Then xs(Wy) = 4 and xs(W,) = 3
forn >5.

Proof. The wheel graph Wy is a complete graph of order 4. Hence, xs(Wy) = 4. For
n > 5, without loss of generality, suppose W,, = C, + K; such that C,, = wvi,ve,..., v, v1
and V(K1) = {vwg}. Suppose n is even; then x(W,) = 3, which implies that xs(W,) = 3
as well. Now, suppose n is odd. Then x(W,) = 4 and xs(W,) > 3. We define a coloring
c:V(W,) = {1,2,3} as follows:

1, i€{0,1,2,n},

c(vi)=1 2, iisoddand3<i<n-—1,
3, jiseven and 3 <i<n-—1.

Then (refer to Fig. 1), it is easy to see that c is a set 3-coloring of W,,. Therefore, xs(W,,) = 3
for n > 5. OJ
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Figure 1. A set 3-coloring of W,,, with odd n > 5.

We now consider the join of a bipartite graph with another bipartite graph, an odd cycle, or
a complete graph.

Theorem 2.5. Let B be a bipartite graph.
(i) If H is also a bipartite graph, then xs(B + H) = 4.
(i) If Cy is an odd cycle, then xs(B + C3) =5 and xs(B + Cy) =4 for n > 5.
(i11) If p is a positive integer, then xs(B + Kp) = p + 2.
Proof. (i) Since x(B + H) = 4, it follows that xs(B + H) is 3 or 4. Suppose there is a set
3-coloring ¢ of B + H; then ¢ := cly(p) and c2 := |y (g are set colorings of B and H,

respectively. Clearly, neither ¢; nor co can use all 3 colors; so we can assume that ¢ uses
colors 1 and 2 while ¢y uses colors 1 and 3.

{1,3} {1,2,3}

° 2 . I | . . 1oql
|p./1 ° o o0 ° | | ° ° PR 30 |
(1.2.3] B % 2

Figure 2. A join of two bipartite graphs B and H.

As shown in Fig. 2, if v € V(B), then NC(v) € {{1,3},{1,2,3}}. On the other hand, if
w € V(H), then NC(w) € {{1,2},{1,2,3}}. Since x(B) = x(H) = 2, there must be a
vertex p in B and a vertex ¢ in H whose NC is {1,2,3}. Since p and ¢ are adjacent in
B + H, this proves that we cannot use 3 colors. Therefore, xs(B + H) = 4.
(ii) First, we have
4 = Xs(C?)) + Hogz w(Bﬂ < Xs(B + 03) < X(B + Cg) = 5.

Then xs(B + C3) = 4 or 5. By using an argument similar to that in (i), we can show that
B + (5 has no set 4-coloring; hence, xs(B + C3) = 5.

Now, consider B + Cj,, where n > 4. Then xs(B + Cy) > xs(Cn) + [logyw(B)] = 4.
Suppose B has partite sets V7 and Vo and C,, = wq,v9,...,0n,v1. Define a coloring
c:V(GQ) —{1,2,3,4} as follows:
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2 ie{1,2,n}
1 ) o 9y ) 9y .
c(v) = { 2’ z g “;1’ and c(vi)=1¢ 3, diisoddand3<i<n-—1,
’ 2 4, 7isevenand 3 <i<n —1.

Then, it is easy to see that c is a set 4-coloring of B + C,; refer to Fig. 3. Hence,
xs(B+ Cy) = 4.

[2,3,4} {2,3,4} {2,3,4}

Vllo 10 « o e lo
V2| & v *
{1,2,3,4} {1,2,3,4} {1,2,3,4}

Figure 3. A set 4-coloring of B 4+ C),, n > 4.

(iii) By Theorem 2.3, p+ 1 < x4(B + K;) < p+ 2. Suppose c is a set coloring of B + K, that

uses only p+1 colors. Then |¢(K))| = p and we can assume that ¢(K,) =N, := {1,2,...,p}.

Let By and By be the partite sets of B. Then there is a non-isolated vertex v in B

(without loss of generality) for which ¢(v) = p+ 1. If y € By is a neighbor of v, then

c(y) € N,. Suppose c(y) = j € N,,. Let z be the vertex in K, whose color is also j. Then
NC(z) = Npy1 = NC(y), which is not possible. Therefore, x4(B + K)) =p + 2.

O

We also determine the set chromatic number of the join of two odd cycles.

Proposition 2.6. Let n,k > 3 be odd positive integers. Then

| 6, ifn=k=23,
Xs(Cn + Ch) = { 5, otherwise.

Proof. Suppose C,, = v1,v2,...,v,,v1 and Cp = uy,us,...,ur,u1. Let G = C, + C;. Then
Xs(G) > xs(Cp) + [logaw(Ck)| = 4. It is easy to show that G is not set 4-colorable. We now
consider four cases:

Case 1: n =k = 3. Since G = C3 + C3 = Kg, xs(G) = 6.
Case 2: n =3 and k > 5. Define a coloring ¢ : V(G) — {1,2,3,4,5} as follows:

1, i=1, 1, ie{1,2,k},
clvi)) =< 2, =2, and c(u;)) =4 4, iisoddand 3<i<k-—1,
3, 1 =3, 5, 7isevenand 3 <i¢ <k —1.

Then (refer to Fig. 4), it is easy to see that c is a set 5-coloring of G. Therefore, xs(C3+C)) =5
for k > 5.
Case 3: n,k > 5. Define a coloring f : V(G) — {1,2,3,4,5} as follows:

1, i€ {1,2,n}, 1, ie{1,2,k},
flvi) =14 2, iisodd,3<i<n-1, and f(u) =< 4, 7isodd, 3<i<k -1,
3, tiseven, 3 <i<k—1, 5, iiseven, 3 <i<k—1.
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Figure 5. A set 5-coloring of C,, + Cf, with odd n, k > 5.

Then (refer to Fig. 5), it is easy to see that ¢ is a set 5-coloring of G. Therefore, xs(Cp,+Cf) =5
for n,k > 5.
O

3. On the set chromatic number of comb products of graphs

In [5], Chartrand et al. studied the set chromatic number of a family of graphs denoted by Gy, ;,
which is defined as follows: for an integer n > 2, G, is the graph of order n + ¢ obtained from
K, with V(K,) = {v1,v2,...,v,} by adding ¢t new vertices ui,ug,...,us (if ¢ > 1) and joining
each wu; to v; for 1 <4 < t. Their result for this family of graphs is as follows:

Proposition 3.1 (Chartrand et al. [5]). Forn >2 and 0 <t <n, xs(Gnt) =n.

When ¢ = n, the graph G, 5 is, in fact, cor(K,,)—the corona of K; that is, it is the graph
obtained by adding a pendant edge at each vertex of K. The notion of the corona a graph can
be generalized using the notion of comb product (or rooted product), which we define below.

Definition 3.2. The comb product (or rooted product) of a graph G and a rooted graph H
is the graph obtained by taking |V (G)| copies of H, and for every vertex v; of G, identifying v;
with the root node of the ith copy of H.

More formally, if V(G) = {g1,....9n}, V(H) = {h1, ..., hm}, and hy is the root of H, then the
rooted product of G with H, denoted by G >p,, H, has vertex set V = {(gi,h;) : 1 <i<n,1 <
j < m} and edge set E = {(g0, ) (g hn) - gigh € B(G)YUU {95 ) (g5, ) - By, € ECH)).

Hence, cor(K,) is, in fact, K,, >, P», where r is any vertex of P,. A direct consequence of
Proposition 3.1 is the following.
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Corollary 3.3. Let n > 2, m > 2, and r be a pendant vertex of Py,. Then xs(K, >, Pp) = n.

The comb product of graphs is a well-studied graph operation and has been considered in
relation to several graph parameters and labellings (for examples, see [1], [2], [9], [11], [12]).

In this work, we focus on the comb product of complete graphs with well-known graph
families. We present below our first result, which concerns the comb products of complete
graphs with cycles or paths. The proof is based on a technique used for the proof of Proposition
3.1 in [5].

Theorem 3.4. Let H be a cycle Cs (s > 4) rooted at any vertex r, or a path P; (t > 3) rooted
at a vertez v that is not a leaf. Then forn >3, xs(K, >, H) = [1(1+ 8 +1)].

Proof. Denote the quantity [%(1 +v8n + 1)] by k,. First, notice that in constructing K, >, H,
each vertex of K, is connected to two nonadjacent vertices of a copy of H. Thus, since xs(H) < 3
and k, > 3, the result follows directly from the case where H = P5, rooted at a non-pendant
vertex r.

Now, suppose H = Pj3, rooted at a non-pendant vertex r. For simplicity, we denote K,, >, H
by G, and we label its vertices as shown in Figure 6.

Figure 6. Labels of vertices in K, >, Ps.

First, we show that xs(G,) < k, by constructing a set coloring ¢ of G, that uses at
most k, colors. Let Sy, Ss,...,S, be all the 1-subsets and 2-subsets of {2,3,...,k,}. Then
m = (k"l_ 1) + (knz_l) and it follows that m > n. Hence, we can define the coloring ¢ so that
clx) =1for all x =z, i = 1,2,...,n, and {c(x;;) : j = 1,2} = 5, for i = 1,2,...,n. Thus,
NC(z;) = {1} US; and NC(z;;) = {1} for i = 1,2,...,n and j = 1,2. Since the S;’s are
nonempty and disjoint, it follows that c is a set coloring.

We now show that xs(G,) > k, by showing that any set coloring of G, uses at least k,
colors. To this end, suppose c is a set coloring of GG, that uses p colors. We split the proof into
three cases:

Case 1. Suppose c¢ colors the vertices x1, x2, ..., x, using n colors. Then p > n. Since n > 3
implies n > k,, we must have p > k,,.
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Case 2. Suppose c¢(x) =1 for all x = z;, i = 1,2, ...,n. Then for each ¢,

{1t if{e(zin), e(zin)} = {1},
NC(z;) = {1,a}, if {e(xin),c(zi2)} = {1,a} or {a},
{1, a,b}, if {c(xin),c(xi2)} = {a,b},

where 1 < a,b < p. Clearly, the case where NC(z;) = {1} is not possible since this would also
make NC'(z;;) = {1} for j = 1,2. Hence, since c is a set coloring, we should have at least
n different neighborhood color sets of the form {1,a} or {1,a,b}, where 1 < a,b < p. Then
(pzl) + (pgl) > n, which is equivalent to p > k.

Case 3. Suppose c({x1,x2,...,xn}) = Np:= {1, ..., £}, where 2 < ¢ < n—1. Let S be the subset of
{1, z2, ..., xy } satisfying the following condition: for any = € S, there is a vertex y # x in S for
which ¢(x) = ¢(y). For convenience, we assume that S = {1, %2, ..., 7|5} Since 2 < <n -1,
we must have |S| > n — £+ 1. Moreover, for z; € S,

Ne,  if {e(zin), e(zi2)} € Ny,
NC(.%l) = Ny U {a}, if {C($i71), C(:L’@Q)} —Ny = {a},
N, U {a, b}, if {C($i71), C(:ZJZ'72)} —Ny = {a, b},

where ¢ < a,b < p. Since c is a set coloring, only at most one z; in S can have NC(z;) = Ny.
Hence, we should have at least |S| — 1 different neighborhood color sets of the form N, U {a}
or Ny U {a,b}. Then (pfe) + (pgf) >1S|—1>(n—¢+1)—1=n—¢ which is equivalent to

20 —1 / 1
p > {@ +4/2n+ % — 26—‘. Then p > €=2,I31,1.i.?n—1 |V2 +1/2n + 1 26“ . It can easily be

verified that this minimum occurs when ¢ = 2; hence

3 15
p2|72+ 2n4—‘2km

since n > 3.

Therefore, in any case, any set coloring of G,, that uses p colors must have p > k,. O

In Theorem 3.4, the case where H is the cycle C3 was not considered. This is because, in
this case, in constructing the comb product K, >, C3, each vertex of K, is connected to two
adjacent vertices of a copy of C3. For example, the comb product K3 >, C3 has set chromatic
number 3; an optimal set coloring is shown in Figure 7. We consider the rest of this exceptional
case in Proposition 3.5.

Proposition 3.5. Let H be the cycle Cs, rooted at any vertexr. Then forn > 4, xs(K,>, H) =

[L(3+ VB8 —=T)].

Proof. Denote the quantity %(3 + v/8n — 7)} by k, and the graph K, >, H by G,. First, note
that k, > 4 for n > 4. We show that xs(G,) < k, by constructing a set coloring ¢ of Gy,
that uses at most k,, colors. Let Si, 59, ...,.S,, be all the 1-subsets and 2-subsets of {3,4, ..., k, }.
Then m = (k"l_2) + (k”2_2) and since n > 4, it follows that m > n — 1. Hence, we can define the
coloring ¢ so that ¢(z1) =2, ¢(x) =1for all z = 2; (i =2,3,...,n), {c(z1,) : j = 1,2} = {3,4},
and 1}uUs if |.S, 1
. ; if |S;] =
{C(wi,j>1]:1,2}:{ { }Usz’ ifIS:'I:2:
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(1.3} {1.2}
@ (3

(1.2} (1.3}

Figure 7. An optimal set coloring of K3 >, Cs.

for i = 2,...,n. Thus, NC(x1) = {1,3,4}, NC(x;) = {1,2} U S;,i =2,3,...,n, {NC(z1;) : j =
1,2} = {{2,3},{2,4}}, and

g _ {{1}7 {1,@}}, if Sz = {CL},
{NClwij):j=1,2} = { ({La}. {1.b}}, S, = {a,b},

where a and b are distinct integers from 3,4, ..., k,. Since the S;’s are nonempty and disjoint, it
follows that c is a set coloring.

We now show that xs(G,) > k, by showing that any set coloring of G, uses at least k,
colors. To this end, suppose c is a set coloring of GG, that uses p colors. We split the proof into
four cases:

Case 1. Suppose c¢ colors the vertices x1, x9, ..., x, using n colors. Then p > n. Since n > 4
implies n > k,, we must have p > k,.

Case 2. Suppose ¢(x) =1 for all x = z;, i = 1,2, ...,n. Then for each ¢,

{1}, if {e(win), c(wie)} = {1},
NC(zi) = {La}, if{c(zin), c(wi2)} = {1, a} or {a},
{17 a, b}) if {C(m’hl)a C(xi,Q)} {a’v b}7

where 1 < a,b < p. Clearly, the case where NC(z;) = {1} is not possible since this would also
make NC(xz; ;) = {1} for j = 1,2. Moreover, the case where NC(z;) = {1, a} is also not possible
since in this case, we would have c(z;) = c(x; ;) for some j or ¢(x;1) = c¢(z;2). Hence, we should
have at least n different neighborhood color sets of the form {1,a,b}, where 1 < a,b < p. Then
(pgl) > n, which is equivalent to p > %(3 +V8n+1) > ky.

Case 3. Suppose c({z1,x2, ..., xn}) = Ny := {1, ..., ¢}, where 2 < £ < n—1. Let S be the subset of
{1,229, ..., } satisfying the following condition: for any = € S, there is a vertex y # x in S for
which ¢(z) = ¢(y). For convenience, we assume that S = {1, 2, ..., z|g}. Since 2 < <n —1,
we must have |S| > n — ¢ + 1. Moreover, for x; € S,

Ng,  if {e(miq), e(mi2)} C Ny,
NC(z;) = Neu{a}, if {c(zi1),c(xi2)} — Ny = {a},
NoU{a, b}, if {e(xin),c(zi2)} — N = {a, b},

where ¢ < a,b < p.
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e (Case 3.1 Suppose ¢ = 2. Then none of the z;’s can have NC(x;) = Ny. Then we must have
(pzz) + (p;Z) > |S| > n — 1, which implies p > k.

e Case 3.2 Suppose 3 < ¢n — 1. Then only at most one of the z;’s can have NC(z;) = Ny.
Then we must have (? Ie) + (7 ;Z) > |S| — 1> n — ¢, which implies

20-1 1 , 201 1
Pz |T5—+gVBn—8lH1| > min | To— 4 VB -8I+1|.

=3,...,n—1 2
It can be easily verified that the minimum occurs when ¢ = 3; hence,

p>[2.5+0.5V8n — 23] > ky,

since n > 4.

Therefore, in any case, any set coloring of GG, that uses p colors must have p > k,. O

We now determine the set chromatic number of the comb product of complete graphs with
star graphs of large order.

Proposition 3.6. Let n > 3 and H be the star graph K14, ¢ > n, rooted at the vertex r that is
not a leaf. Then xs(K, >r H) = [1 4 logy(n+1)].

Proof. Denote the quantity [1+logy(n+ 1)] by k, and the graph K,, >, H by G,. Label
the vertices of K, as x1,x9,...,x, and for each ¢, label the leaf vertices adjacent to x; as
Ti1y L5255 Ligq-

First, we show that xs(G,) < k, by constructing a set coloring ¢ of G,, that uses at most kj,
colors. Let S1,Ss, ..., Sy, be the set of all nonempty subsets of {2,3, ..., k,}. Then m = 2F» — 1
and it follows that m > n. Hence, we can define the coloring ¢ so that ¢(z) = 1 for all x = a;,
i=1,2,..,n,and {c(x;;) : j =1,2,...,q} = S; for i =1,2,...,n. Thus, NC(z;) = {1} U S; and
NC(x;j) ={1} fori=1,2,...,n and j = 1,2,...,¢. Since the S;’s are nonempty and disjoint, it
follows that ¢ is a set coloring.

We now show that xs(G,) > k, by showing that any set coloring of G, uses at least k,
colors. To this end, suppose c is a set coloring of GG, that uses p colors. We split the proof into
three cases:

Case 1. Suppose c¢ colors the vertices x1,x2, ..., x, using n colors. Then p > n. Since n > 3
implies n > k,,, we must have p > k,.

Case 2. Suppose c¢(x) =1 for all x = z;, i = 1,2, ...,n. Then for each 1,

1},  if{e(wiy):j=1,2,...q} = {1},
NC(w:) = { {1}5%, if ﬁ;w i =1,2, 3{ = }1% UT or T,

where T is a nonempty subset of {2, ..., p}. Clearly, the case where NC(x;) = {1} is not possible
since this would also make NC(z; ;) = {1} for all j. Hence, since c is a set coloring, we should
have at least n different sets 7. Then 2P~ — 1 > n, which is equivalent to p > k.

Case 3. Suppose c({x1,x2,...,xn}) = Np:= {1, ..., £}, where 2 < ¢ < n—1. Let S be the subset of
{1, z2, ...,z } satisfying the following condition: for any = € S, there is a vertex y # x in S for
which ¢(x) = c(y). For convenience, we assume that S = {1, %2, ..., z|g}. Since 2 < <n -1,
we must have |S| > n — ¢ + 1. Moreover, for x; € S,

N Ne,  if {c(mij):j
NC(x;) _{ NeUT, if {e(zig) 2 j

727"‘JQ} g va
2, ...,q} — Nz = T,
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where T is a nonempty subset of {¢ + 1,...,p}. Since ¢ is a set coloring, only at most one x;
in S can have NC(z;) = Ny. Hence, we should have at least |S| — 1 different sets 7. Then
2=t —1 >8] —1>(n—£+1)—1=n— £, which is equivalent to p > [£ + logy(n — £+ 1)] >

, 2I§1in ) [¢+logy(n — €+ 1)]. It can be easily verified that this minimum occurs when ¢ = 2;
=4,0;.., 11—

hence
p=[2+]logy(n—1)] > ky
since n > 3.
Therefore, in any case, any set coloring of G, that uses p colors must have p > k,. O

4. Conclusion

In this paper, we considered the set chromatic number in relation to two well-studied graph
operations: the join and the comb product. While previous research revealed sharp lower and
upper bounds for the join of two graphs, our results pertained to the exact set chromatic numbers
of the joins of two graphs from well-known families. Moreover, continuing a previous result on
the corona of complete graphs, we determined the set chromatic number of the comb product
of complete graphs with paths, cycles, and large star graphs.
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