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Abstract

Seiberg-Witten tau-function on Hurwitz spaces

Meghan White

We provide a proof of the form taken by the Seiberg-Witten tau-function on the Hur-
witz space of N-fold ramified covers of CP! by a compact Riemann surface of genus g,
a result derived in [10] for a special class of monodromy data. To this end we examine
the Riemann-Hilbert problem with N x N quasi-permutation monodromies, whose
corresponding isomonodromic tau-function contains the Seiberg-Witten tau-function
as one of three factors. We present the solution of the Riemann-Hilbert problem
following [11]. Along the way we give elementary proofs of variational formulas on

Hurwitz spaces, including the Rauch formulas.
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Chapter 1
Introduction

The tau-function is a central object in the theory of integrable systems, which for
our purposes appears in the context of a Riemann-Hilbert problem. To describe
the Riemann-Hilbert problem we start with a linear system of ordinary differential
equations defined on CP!,

(fi—\/I\J =ANT(N), T(\) =1, (1.0.1)
where A(A) is an N x N matrix-valued function with entries given by meromorphic
functions on CP!, with poles at the set of points A1, ..., A\ys; since the system is linear,
the singularities of any solution W(\) are confined to this set of points. By Cauchy’s
theorem we can always find local solutions away from the singularities Ay, ..., Ay/.
Global solutions necessitate analytic continuation, resulting in solutions which are
multi-valued under analytic continuation around a singularity [15].

Working in a neighbourhood of a point A\g ¢ {A1,..., Ay}, we find a local basis
of N solutions having nonzero Wronskian, and re-define ¥ to be the N x N matrix
whose columns are the N solutions. It is then simple to show using properties of the

determinant that outside of the points Ay, ..., Ay; the Wronskian is given by
A
WA W) =W (Ao; V) exp {/ tr(A(/\))] : (1.0.2)
Ao

and hence W(\) is non-singular (as a matrix) outside of the points Ay, ..., Ays. It follows
that under analytic continuation ¥(\) — V(A + £,,) around a contour ¢, containing
only the singularity A, the columns of W(A + ¢,,,) form a second basis of solutions
for the system [1.0.1] Hence U(X + £,,) and ¥()) are related by right-multiplication
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by some M, € GLy(C). In this way we obtain a monodromy representation of the
fundamental group of CP! \ {1, ..., A\ar} [15)].

The Riemann-Hilbert problem is the problem of finding differential systems of the
form which give rise to a given complex representation of the fundamental group
m[CPY\ {\1, ..., A }] [10]. We can always find such a system as long as we allow
the poles A(\) to have arbitrary order (we must exclude the possibility of essential
singularities), however, a system with poles of prescribed orders having the desired
monodromy representation may or may not exist [15]. In this work we will examine
the Fuchsian case, the case where A()) has only simple poles.

The Riemann-Hilbert problem is closely related to the theory of isomonodromic
deformations of systems of differential equations, that is, deformations which preserve
the monodromy representation. Isomonodromic deformation of the system pro-
duces a family of linear systems of partial differential equations

oV (A, a)
oA

which depend analytically on a deformation parameter a. The dependence of ¥ (A, a)

= A\, a)¥ (), a), (1.0.3)

on this deformation parameter is described by a second system of linear PDE’s. The
compatibility condition for the two systems of PDE’s yields a system of nonlinear
integrable PDE’s for A(\, a), called isomonodromy equations [13].

In the case of a Fuchsian system, the resulting isomonodromy equations are the
Schlesinger equations. The isomonodromic tau-function was first introduced by Jimbo
and Miwa for the Schlesinger system. For each solution of the Schlesinger system they
found a corresponding closed 1-form given by the (exterior) logarithmic derivative of
a holomorphic function on the space of deformation parameters: the Jimbo-Miwa
tau-function 7,/ 9].

More generally the isomonodromy equations form an extensive family of nonlinear
integrable systems which is of fundamental importance as a source of transcendents,
such as the six Painlevé transcendents. The full family of isomonodromic equations
arising from systems with arbitrary pole structure was written down by Jimbo, Miwa
and Ueno in [9], originally motivated by the appearance of Painlevé transcendents in
the correlation functions of certain quantum field theories. At the same they defined
the isomonodromic tau-function associated to a solution of a system of isomonodromic
equations.

Tau-functions are themselves important transcendents, appearing for example as



partition functions of integrable quantum theories [12|. They arise as part of the natu-
ral geometric structure of isomonodromy equations: all isomonodromy equations can
be formulated as completely integrable, non-autonomous Hamiltonian systems, with
isomonodromic tau-functions acting as generating functions for commuting Hamilto-
nians. For more details see |16].

More generally a tau-function can be defined in the context of a Riemann-Hilbert
problem, where its vanishing indicates that the problem has no solution. In this
thesis we compute the Seiberg-Witten tau-function, which appears as a factor in the
Jimbo-Miwa tau-function. Working in the context of the Riemann-Hilbert problem
for the case of quasi-permutation monodromies, we use the solution of this problem
as given in [12| to write down the solutions of the Schlesinger system, and ultimately
the Jimbo-Miwa tau-function following the method in [10].

The natural context for the N-dimensional Riemann-Hilbert problem with quasi-
permutation monodromies is an N-fold ramified covering of CP! by a compact Rie-
mann surface £, with ramification points at the singularities Ay, ..., A\p;: the solution
of such a problem is given by a meromorphic function on £. The cover is described
by a pair (£, f) in the Hurwitz space H, y consisting of equivalence classes of degree
N meromorphic functions f defined on a compact Riemann surface of genus g, with
the branch points of the cover given by the critical points of f.

We start in chapter 2 by introducing the Riemann-Hilbert problem with quasi-
permutation monodromies. We describe the system of partial differential equations
satisfied by a solution W of this problem, which encode how the solution depends on
the positions of the singularities Aq, ..., \j; under isomonodromic deformation. The
corresponding nonlinear system of isomonodromy equations is the Schlesinger sys-
tem; the corresponding isomonodromic tau-function, the Jimbo-Miwa tau-function,

is defined by the system of equations

Jln TIM 1 tr(d\If\Iffl)2
M- -~ 7/ 1.04
e 2aen. dA (1.0.4)

We end chapter 2 by describing in detail the correspondence between N x N quasi-
permutation monodromy representations of CP*\ {\y, ..., A/}, and compact Riemann
surfaces £ given by an N-fold ramified covering of CP!.

In chapter 3 we review some important background on compact Riemann surfaces,

including the Abel map which embeds a compact Riemann surface into its Jacobian



variety. We discuss the theta function, a holomorphic function associated to a com-
pact connected Riemann surface and defined on its Jacobian variety. In particular we
discuss the divisor of the theta function, and the conditions under which the theta
function is not identically zero.

These considerations will lead us to define a spinor, or half-differential, on a com-
pact connected Riemann surface, given by the square root of a holomorphic differential
whose only zeros are double zeros at each point in the theta function divisor. Us-
ing this spinor we are then able to define the prime form, a bidifferential E(P, Q)
holomorphic in both arguments. Together the prime-form and theta function are the
objects needed to define the solution of our Riemann-Hilbert problem.

Next we discuss the Bergman kernel, a meromorphic bidifferential B(P, Q) with
double poles on the diagonal. We prove that if wy,...,w, are a normalized basis of
holomorphic differentials on the covering space £ and ay, ..., a,,b1, ..., b, a canonical
basis for Hy(L,Z) then the Bergman kernel satisfies

/P ' B(P.Q) = 2risa(@). (1.0.5)

We also introduce the Szego kernel S(P, @), a meromorphic bidifferential with simple
poles on the diagonal. The Szeg6 kernel, or rather a modified version, is the main
component of the solution of the Riemann-Hilbert problem.

Using the Bergman kernel we can write down variational formulas, called Rauch
formulas, which describe the dependence of the normalized holomorphic differentials

Wi, ..., wy on the positions of the singularities Ay, ..., A\ps. Specifically,

1 . .
_ . () ()
Ornia( P) = res =23 wa (M) B(PAY),
4]51 (1.0.6)
_ am ) (k) _
OrnBap = — 168 —+ Zwa(/\] Jws(A™), Bag = - wp(P).
i<k €ba

We provide a proof of these formulas for the case where the singularities Ay, ..., Ay,
have arbitrary order. Finally, we prove a similar variational formula for B(P,Q),

namely

N
1 . A
_ G\ B\
o\, B(P, Q) Jes - ngl B(P,A\V)B(A\Y, Q). (1.0.7)



In chapter 4, we put these formulas to use in finding explicit forms for the differential
equations satisfied by 7;); and 7sy,. We show that the Jimbo-Miwa tau-function is

composed of three factors
TIM = TswTpg 12 @[ J(€2), (1.0.8)

where Tgy is the Seiberg-Witten tau-function; @[g] is the theta function with charac-
teristics p, q associated to the Riemann surface £, and €2 is a constant which depends
on the monodromies; and for (£, f) € Hyn, T5(L, f) is the Bergman tau-function

satisfying |10]

BY (P
ah’lTB('Ca f) = — res Teg( )7 (109)
o\ P=Pn df
where By, (P) is given by regularizing the Bergman kernel on the diagonal:
v(P)v
B (P)=| B(P,Q) — o Pp(Q) ; (622) , (1.0.10)
(f P U> P=Q
for some choice of meromorphic differential v on L.
Finally, we prove that 74y satisfies the equation
Olntsy 1 al W2(AD) - () ()
= Efef:n;—dA , 2 2_: dpln B(P,AY),  (1.0.11)

where r%) are constants determined by the monodromies. To this end we prove
several variational formulas describing the dependence of the prime form E(P, Q) on
the positions of A\q, ..., Ay for arbitrary points P, @), including branch points.

Ultimately we prove that the Seiberg-Witten tau-function takes the form

2 = ) \@yrrd
Tsw = H E()\mJ)\n] ) ) (1'0'12)

for arbitrary quasi-permutation monodromy data.



Chapter 2

The Riemann-Hilbert problem and

tau-function

2.1 The Riemann-Hilbert problem

We start by describing the Riemann-Hilbert problem, laid out in 12|, that provides
the context for our tau-function. The problem is to find a function ¥(\) € GL(N, C)
defined on the universal cover of CP' \ {\y, ..., Ay}, such that

1. W(A) is normalized to satisfy W(\g) = I at a point )y of the universal cover,
2. W(\) has prescribed right holonomy M., along each v € m[CP*\ {1, ..., Am },

3. ¥(A) has regular singularities at each of the points Aq, ..., Ay/.

By regular singularities, we mean that W(\) increases no faster than a power of
A — A, for X in a neighbourhood of A,,.

Let £1, ..., ¢y be a basis of generators for m [CP'\ {)\y, ..., \as}] with basepoint A,
chosen such that \,, is the only singular point interior to £,, (with the convention
that A\ = oo is exterior to any closed contour on CP'). Let My,..., My, be the
corresponding monodromy matrices in the representation of the fundamental group.

We assume that £y,0p ;... is the identity in 7 [CP'\ {\, ..., A\pr}], so that

MuyMayr1.. My =1. (2.1.1)
We also require that the singularities of ¥ are of the form

UA) ={Gp + O\ = X)) YA = N)C,, (2.1.2)



for G,,,C,, € GL(N,C) and T,,, = diag(t%), ...,t%v)); as a result, the monodromy

matrices M,, are diagonalizable (not necessarily simultaneously), with
M, = C te?™ IO (2.1.3)

We call the set {\,., My, Trn }X_, the monodromy data for our Riemann-Hilbert
problem, as it encodes all the monodromy properties of the solution W¥(\), namely
the monodromies and local expansions of W(\) at each \,,. As we shall see in chapter
4 the solution W(A) of this Riemann-Hilbert problem satisfies the system of linear

differential equations

aw LA
Sl (A 2.1.4

where A, = G,,T,,G!; in other words the system is Fuchsian.

2.2 The Schlesinger system and isomonodromic tau-

function

Closely related to our Riemann-Hilbert problem is the question of how the monodromy
data {\,, My, T, }_, depends on the positions of the singularities Ay, ..., \ys. We
therefore take a = (A1, ..., \y) € CV as our deformation parameter; under isomon-
odromic deformation, the system produces the family of systems of PDE’s

OV(A\,a) B
oN A=\

m=

U(\, a) (2.2.1)

—_

depending analytically on (A1, ..., \pr) € CY. We assume that A\ = oo is not a singular
point, so that 2%21 A, =0.

The requirement that the monodromies My, ..., M), be independent of the choice
of (A1,...,A\yr) € CV leads to a second system of partial differential equations, de-

scribing the dependence of W(\, a) on each of the singularities A,,:

(e e

Writing down the compatibility condition 05,0,V = 0,04, ¥ for the two systems[2.2.1]
and and taking residues at A = \,, and A = \,,, we immediately get a nonlinear
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system of partial differential equations satisfied by the coefficients A,,(a):
9An(a) _ [An(a), An(a)] _ [An(a), Am(a)]

7 W wans e ven wa A 223
dAn(a) [An(a), Am(a)]  [An(a), An(a)] -
N, __;:n< M—Am Moo= )

These are the Schlesinger equations. The solution W(\) of the Riemann-Hilbert prob-
lem with monodromy data {\,,, M, T, }M_, satisfies equation if and only if
the corresponding coefficients A,, satisfy the Schlesinger equations. Indeed, we can

identify the space of coefficients

{Ay, ..., Ay € End(CY) 1 Ay + ...+ Ay = 0} (2.2.4)
with the space of monodromy representations

{My, ... . My € GLN(C) : My - oo - My =1} (2.2.5)

of m[CPY\ {\,..., \y}] using the following holomorphic map, which is in fact a
locally analytic isomorphism (for more details see |2]). The coefficients Ay, ..., Ay
define an Ehresmann connection on the trivial holomorphic vector bundle of rank n

on CP!, given by

A Ap
cd— ) 2.2.
V:d ()\—)\1+ —i-)\_)\M)d/\ (2.2.6)

This connection is holomorphic on CP* \ {\;,...,A\ys}. Moreover the Schlesinger
equations are equivalent to the vanishing of the curvature of the connection, therefore
taking its monodromy around each of the singularities Ay, ..., Ay defines a monodromy
representation of 7 [CP\ {\y, ..., A\ar}.

Next, for a given solution of the Schlesinger system we can define a meromorphic

one-form, the Jimbo-Miwa-Ueno form:

M
1
Wiy = 5 > tr(AnA)d (A = Aa), 5= A, (2.2.7)
m=1

n#m

The Schlesinger equations imply that dw;ypy = 0. Moreover wyyp has only simple

poles- see theorem 2 of [14]. Hence we can find a holomorphic function such that

wimy = 0InTyp. (2:2.8)



This is the original tau-function discovered by Jimbo and Miwa and generalized
to non-Fuchsian isomonodromic systems by Jimbo, Miwa and Ueno in [9).

Let W(\) solve the Riemann-Hilbert problem outlined above. Since W(\) satisfies
the Fuchsian system we can express the coefficients A,, as

_ -1
A, = Jres U U dA. (2.2.9)

We can therefore rewrite equation to obtain the following differential equation

for the Jimbo-Miwa tau-function:

1 dUU—1? 9
—In7yy = = res tr( ) TIM

= 2.2.10
O\ 2 A=Am dx O\ 0 ( )

Let (©) denote the zero divisor of 7 in the universal covering of the space {{\,,}}_, €
CM :m #n = A\n # \}. Then as we shall see in chapter 4, if \,, € (©) for any
1 < m < M the solution of the Schlesinger system is singular. In this case the
Riemann-Hilbert problem corresponding to the monodromy data {\,,, M, T, }M_,

does not have a solution.

2.3 Branched coverings and quasi-permutation mon-

odromies

Our setting for all that follows will be a branched covering from a compact connected
Riemann surface £ to the Riemann sphere CP!- see, e.g., chapter 1 of |[6]. A branched
covering is a continuous surjection II : £ — CP! such that any A € CP! has an
open neighbourhood U whose preimage I17'(U) is a disjoint union of N open sets
each homeomorphic to U, with the exception of finitely many ramification points
Aly ey AN

Any such branched cover corresponds to a meromorphic function of degree N on
L, with critical points at the branch points of the covering. Let £, and £, both have
genus g, then two covers p; : £; — CP! and p, : L5 — CP? given by meromorphic
functions p; and py of degree N are equivalent if there exists a biholomorphic function
f L1 — L5 such that p, o f = p;. The space of equivalence classes of degree N
meromorphic functions on Riemann surfaces of genus ¢ is the Hurwitz space H, y.

The result of the cover is that £ consists of N copies of CP!, called sheets, glued

together at a finite set of branch points, each of which lies in the preimage of one of
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the points Aq, ..., \ys. Note that £ need not be connected. For any curve v in CP!
starting at a point A and P € L such that [I(P) = A, there is a unique curve I'- the
lift of - starting at P and projecting to 7.

The lift of a closed curve v € m[CP!\ {\1, ..., A\as}] need not be a closed curve in
m1(L). However the startpoint and endpoint of the lifted curve must project to the
same point A € CP!, with the endpoint uniquely determined by the homology class
of . In this way a closed curve v with basepoint A acts on the set II"}(\): for each
P € TI7Y(\) we take the corresponding lifted curve I' with startpoint P, and we map
P to the endpoint of I'.

We thus obtain a GL(N,C) representation of the group m[CP \ {1, ..., \a}H.
Specifically, for any point A € CP' let AU) € TI7'(\) be its preimage lying on the
jth sheet. Then for each of the generators £, of m[CP'\ {\{,...;\yr}], the lifted
curve I171(¢,,) in £ is a union of non-intersecting curves 60 0. Each of the
components ¢ has start and endpoints in the preimage of \,. We denote by 09 the
A&J’m[ﬂ)

component starting at AU ), and denote by its endpoint. Then j = j,,[j] if and

only if )\%) is not a branch point, so that the matrix corresponding to ¢, is

=0,

(M) = )i (2.3.1)

The matrices My, ..., M, have only one non-zero entry per row or column, and all
nonzero entries equal to 1; such matrices are called N x N permutation matrices and

are in one-to-one correspondence with elements of the symmetric group Sy .

Definition 2.3.1. We call the representation M a permutation representation if M,

is a permutation matriz for all v € w[CPY\ {1, ..., \ar}].

In this way we can associate a unique N x N permutation representation to any
N-fold branched covering IT : £ — CP!. The converse is also true. Given an N x N
permutation representation M of ; [CP\ {\y, ..., Ay }], we can glue N copies of CP?
together to obtain a unique compact Riemann surface £ (not necessarily connected)
and covering map II : £ — CP! with monodromies corresponding to M. For a

description of this construction see page 257 of |7]. In other words,

Lemma 2.3.1. There is a one-to-one correspondence between N x N permutation
representations of m [CP\{\1, ..., \ar} and N-fold ramified coverings of the Riemann

sphere by a compact Riemann surface with branch points projecting to A1, ..., Apr.
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If £ is connected- we can guarantee this by requiring that M cannot be decom-
posed into a direct sum of two or more permutation representations with respect to
the same basis in CV- it is easy to determine the branch points of the corresponding
cover and genus of £ from the representation M. Each M,, naturally acts as a per-
mutation of a basis ey, ..., ey for CV. Let O(ey, ), ..., O(ei, ) be the orbits under the
action of M,, and define |O(e;;)| = K9 for j=1,..., n(m). Then the branched cover
must have n(m) distinct points lying over the point \,,; the kY form a partition of
N specifying the number of sheets meeting at each of the n(m) points.

For each k,(%) > 2 the corresponding point over J\,, is a branch point of order

kY. The Riemann-Hurwitz formula for the branched cover therefore implies that the

compact connected Riemann surface £ must have genus

LD 1

2

g= ~ N +1. (2.3.2)

m=1 j=1

Note that we can sum over all points lying over the ramification points \,, instead
of just branch points, since the terms k%) = 1 do not contribute. In the following
chapters we will continue to treat ordinary points lying over A, like branch points of
order k% = 1. With this convention we can allow the possibility that M,, = I for
some 1 < m < M, in which case all points lying above \,, have order k%) =1.

Next, we call a matrix a quasi-permutation matrix if it has only one non-zero
entry per row or column, which need not equal 1. Such matrices form a subgroup
of GL(N,C), therefore it is possible to have a representation M in which M, is a
quasi-permutation matrix for any v € m[CP\ {\, ..., A\pr}]. In this case we call the
representation M a quasi-permutation representation.

To any quasi-permutation representation M we can associate a unique permuta-
tion representation M, by replacing all non-zero entries of matrices M., by 1. We can
then construct the branched covering corresponding to the representation M°. Hence
there is a natural correspondence between N x N quasi-permutation representations
of m[CPY\ {\y, ..., \ar}], and N-fold branched coverings of CP".

Unlike the N x N permutation representation, we clearly have more than one
choice of N x N quasi-permutation representation associated to the same branched
covering. From lemma we can see that two quasi-permutation representations
correspond to the same branched covering iff we obtain the same permutation repre-

sentation by replacing all nonzero matrix entries with 1.

11



It is easy to see that under a change of basis ¥ — WD for some D € GLy(C) the
monodromy matrices transform as M., = DM, D~ for all v € [CP' \ {\q, ..., A }].
Under such a transformation the tau-function is unchanged, since the term dU¥~! on
the right-hand side of equation is invariant. Since multiplication by a diagonal
matrix preserves locations of nonzero entries, we conclude that two quasi-permutation
monodromy representations are equivalent if they are related by conjugation by a
diagonal matrix D € GLy(C).

Moreover two matrices D and D’ related by scalar multiplication effect the same
transformation since det(D) cancels out from the determinant of M,. Therefore two

quasi-permutation representations are equivalent if there exists a diagonal matrix D
with det(D) = 1 such that

M, =DM, D" ¥ v em[CP'\ { A, ... Aar}]- (2.3.3)

We make two further assumptions about the quasi-permutation representation in

our Riemann-Hilbert problem.

Assumption 1. The representation M cannot be decomposed into a direct sum of

two other quasi-permutation representations with respect to the same basis in CV.

In this case the permutation representation M also does not have such a decom-
position, and consequently the associated branched covering L is connected. This
condition is weaker than the assumption that M is irreducible, since M may possess
a non-trivial subrepresentation so long as it is not a quasi-permutation representation.
Recall the representation is reducible if there is a non-trivial subspace of C invariant
under the action of the representation matrices; we then obtain a non-trivial subrep-

resentation by restricting the action of the representation matrices to this subspace.
Assumption 2. The monodromy matrices cannot be simultaneously diagonalized.

If this were not the case, the matrix Riemann-Hilbert problem could be decom-
posed into a direct sum of N independent scalar Riemann-Hilbert problems.

We are now in a position to determine the dimension of the space of N x N quasi-
permutation matrices corresponding to a given branched covering IT : £ — CP! by a

compact, connected Riemann surface L.

Definition 2.3.2. Let M(L) denote the space of all irreducible quasi-permutation
monodromy representations corresponding to the branched cover L, and let Q(L) de-

note the space of orbits of M(L) under the diagonal conjugation action of GLy(C).

12



Lemma 2.3.2. The orbit space Q(L) is a manifold of dimension MN — 2N + 1.

Proof. The space M(L) is (M — 1) N-dimensional: each M,, has N nonzero entries,
and specifying M — 1 of the monodromy matrices uniquely determines the Mth ac-
cording to equation Meanwhile the space of matrices D is parameterised by
N —1 diagonal entries of D, the Nth being uniquely determined by the normalization
det(D) = 1.

Going back to equation note that under the transformation ¥ — WD the
matrices A, ..., Ay transform as A,, — D~'A,,D. Exploiting the fact that the spaces
of monodromy matrices My, ..., Mj; and connection coefficients Ay, ..., Ay, are locally
isomorphic, we can determine the dimension of the orbits of M (L) by the dimension
of the corresponding orbits of connection coefficients.

The Lie group GLx(C) acting on its Lie algebra End(C") gives a coadjoint rep-
resentation of GLy(C) (in the case of a matrix Lie group the Lie algebra is equal
to its own dual), and hence the orbits of End(C”") under this action are symplectic
manifolds. Moreover the tangent space to the orbit O(A4,,) at A,, € End(C") is
isomorphic to End(C") /stab(A,,), where stab(A4,,) is the Lie algebra of the subgroup
Stab(A4,,) < GLy(C) of matrices commuting with A,,.

Now let the M-tuple (Aq, ..., Ay) correspond to some (My, ..., My) € M(L),
and let O(Ay, ..., Ayr) be the orbit under the action [2.3.3] which contains (A, ..., Ay).
The tangent space to the orbit at (A, ..., Ays) is isomorphic to the Lie algebra g of
the subgroup G = {D € GLy(C) : D diagonal, det(D) = 1}, modulo the matrices
in g which simultaneously commute with each of Ay, ..., Ay;. Note that such a ma-
trix cannot exist, since otherwise Ay, ..., Ajy; and consequently My, ..., M;; would be
simultaneously diagonalizable.

Therefore the orbits have dimension dim(g) = dim(G) = N —1, and the dimension
of Q(L) is given by subtracting this dimension from the dimension of M(L). O
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Chapter 3

Variational formulas on compact

Riemann surfaces

3.1 Compact Riemann surfaces

We start by reviewing some basic facts of compact Riemann surfaces, following [1].
Let £ be a compact Riemann surface of genus ¢ > 1. The first homology of L is
Hy(L,Z) = 7Z? and we can find a canonical basis of cycles ay, ..., ag, b, ..., b, with
intersection indices a,#ag = 0,b,#bsg = 0 and a,#bg = 1, whose homology classes
generate Hy(L,7Z) = 7Z*9. We can cut £ open to obtain a simply connected domain L
by picking a point Py € £ and representatives in m (L, Py) of (the homotopy classes
of) ay, ..., a4, b1, ..., by, and removing this set of cycles from L.

Next, the first cohomology has dimension 2g; we can find a basis of holomorphic

differentials wy, ..., w, normalized such that

/ wWg = 504,8, /b‘ wg = Ba/g. (3.1.1)

The resulting matrix B, which is symmetric and has positive definite imaginary part,

is called the normalized period matrix. Now to any v € m (£) we can associate a

/wl,...,/wg e 9. (3.1.2)
Y v

It follows from the Riemann bilinear relations that the set of such vectors form a

vector

nondegenerate lattice A. Namely, for any w,n € C(wy, ...,w,) the Riemann bilinear
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relations state [1]

/CwAn:::/aaw/ban_/aan/baw. (3.13)

We therefore define the quotient space J(L£) = C9/A; this space is an abelian variety
called the Jacobian variety of £. Next, for some choice of basepoint Fy € £ we define
the Abel map U : £ — J(L),

P
Uu(P) :/ we mod A, 1<a<y. (3.1.4)

Py
The Abel map is independent of the path of integration, since the integrals over
any two choices of path differ by an element of A. Moreover the differential dU =
(w1, ..., wy) of the Abel map is nowhere vanishing: there cannot exist a point in £ where
all holomorphic differentials simultaneously vanish. Otherwise by the Riemann-Roch
theorem there would exist a meromorphic function with only a single simple pole at
this point, contradicting that g > 0 [1].

More generally, for any divisor D = ) . k;P; where k; € Z,P, € L we define
U(D) = . kU(F;). The Abel theorem states that U(D) = 0 if and only if D = 0,
or equivalently D is a principal divisor (the divisor of a meromorphic function on £)
[1]. Consequently if U(P) = U(Q) for points P # @ in L, their difference P — @ is a
principal divisor; as before, the existence of a meromorphic function with this divisor
contradicts g > 0.

Hence the Abel map embeds L into its Jacobian variety J(L£). The Jacobian
variety will provide the setting to define a theta function associated to L in the
next section, and from there to define the prime-form. We also define the vector of

Riemann constants

Baa g P:P()—i-aﬁ
K, = o - Z [/ Us(P)wsg(P)|, 1<a<y. (3.1.5)

le P:PO

The vector —2K is equal to the Abel map of the canonical divisor class on £L: a divisor
Dyy_5 of degree 2g — 2 is the divisor of a differential iff U(Dy,_5) = —2K [1]. Note
that IC depends on both the basepoint Fy, and the choice of basis for m;(£). However
differentiating equation with respect to Py gives

dp,K = (9—1))  walP). (3.1.6)
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Using the above equation it is easy to see that the vector e = U(D,_1) + K is
independent of F.

3.2 The theta function and the prime-form

To any compact connected Riemann surface £ we can associate a theta function,
a quasi-periodic holomorphic function @[g] : C9 — C with periodicity properties
defined by the normalized period matrix B,s. The result is that the theta function
composed with the Abel map gives a multi-valued function on £, periodic around the
a- and b-cycles up to a non-vanishing multiplicative constant.

Given a symmetric matrix B € GL(g,C) whose imaginary part is a symmetric,
positive definite real matrix, and a choice of vectors called characteristics p,q € CY,

the corresponding theta function is defined by its periodicity relations

O[cl(z + ea|B) = exp (mip,) O[3](zB),

(3.2.1)
O[5z + B -e.|B) = exp (—miq, — miBaa — 27miz,) O[7](2|B),
for 1 < a < g [1]. The theta function also satisfies the heat equation
0*0[P](z 00[?](z
B6) _, ol
02,023 0B,z (32.2)
0"0[)(z) 90[gl(2) B
—  —4mi—2
0z2 0B .o

We can define a smooth function £ — C by taking ©[P](U(P)[B); then by the
periodicity relations for ©[7](z|B), under analytic continuation

O[(U(P + a4)[B) = exp(mip,)O[7](2|B),

(3.2.3)
O I(U(P + ba)|B) = exp(—miq, — miBaa — 21iU.(P))O[7](2|B).

We can differentiate the function ©[7](z|B) by noting that L Ua(P) = wa(P), and
hence
iwwwwzihmwm> wolF) (3.2.4)
op —~L 2=U(P) dx(P)’

where z(P) is a local coordinate in a neighborhood of P. From now on we suppress
the dependence of ©[?] on B.
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Next, we make some remarks about the role of the characteristics p,q. To each

choice of characteristics we associate a point in J(L), given by

11
= — -B . q. 3.2.5
e:=_-p+;B-q (3.2.5)

We can now state the following version of the Riemann vanishing theorem, which
explains the conditions for which the theta function is non-singular. For more details,

see chapter 5 of [1].

Theorem 3.2.1. We have O[F](U(P)) =0 on L iff e = U(Dy-1) + K where Dy, is
a positive divisor of degree g — 1 such that i(Py + Dy_1) > 0, for Py the basepoint of
the Abel map.

Otherwise, if O[7](U(P)) # 0, then e = U(Dy-1)+K for some divisor Dg_y = P+
.+ Pyoy such that i(Dg—1) = 1. In this case, the zero divisor of O[7](U(P) — U(Q))
is equal to Dy_1 + Q.

From now on we assume that p, q are chosen such that @[Z] % 0. For p,q € 79,
we have the additional relation |[1]

O[P](-2) = exp(mip' - Q)O[?](z). (3.2.6)

q

Hence when p’ - g is odd (respectively even), the function ©[2](2) is odd (even) as a
function of z and we call the characteristics p, q odd (even) half-integer characteristics.

When p*,q* are odd half-integer characteristics we denote A = %p* + %B -q*.
The condition that (p*)*-q* is odd guarantees that A Z 0 as a point in the Jacobian,
while clearly 2A = 0. Hence

U(2D5 ) =2A — 2K = 2K, (3.2.7)

so that 2D | is the divisor of a holomorphic differential [1]. We will show that this

differential is

wa(P).  (3.2.8)

z=0

wa(P) = |40 IU(P) ~U@)] _ =" 005 ](2)

Clearly (wa) > D2 ,, and by Theorem i(D2 1) = 1. Hence wy is the unique

g—1
differential satisfying (wa) > D3 |, and the divisor D satisfying U(D3* ; + D) = —2K

is also unique [1]. Since D = D2, satisfies the relation, (wa) = 2D5 ;.
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We therefore define a half-differential whose divisor is DgAf1 by taking

wa(P). (3.2.9)

z=0

WP) = | 3.0[%]()

Formally, a half-differential or spinor f(x)v/dz is a system of locally holomorphic func-
tions fi(x;) on each coordinate neighborhood x; : U; — CP! such that f;(x)y/dz; =
fi(z)4/dx; on all intersections U; N U;, and such that

dz; /%« [don _ (3.2.10)
dx; V dxy V dx;

on all triple intersections U; N U; N Uy [1]. With this definition we have the natural

property that whenever A is a spinor, h? is a holomorphic differential with only double
zeros, and conversely whenever a holomorphic differential w has only double zeros,
Vw is a spinor. There are 49 ways to choose the square roots, corresponding to two

possible assignments of half-periods for each of the a- and b-cycles [1].

Lemma 3.2.2. The spinor h(P) satisfies h(P+a,) = exp(mip},)h(P) and h(P+b,) =
exp(—migy)h(P).

Proof. Using equation [3.2.3

wa(P+a0) = exp (mip) [ ) (U(P) ~UQ))] = exp (2mip}) wa(P),
(3.2.11)
while
CL)A(P + ba)

- [@OEIwE L) U@,

_ [exp (—mic, — TiBao — 27i[Ua(P) — Ua(Q))) dpO[2)(U(P) = U (Q))] Pt

(3.2.12)
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*

since [O[P.)(U(P) — U(Q))]p+4,-q = 0. Finally,

WA(P + ba)
= [exp (—riq, — 7iBoo — 21U (P) ~ U(QD) O U (P) = U@+ )| .

= exp (—2miq}, — 2miB,a)
x [exp(—élm'[Ua(P) — Ua(Q)] + 27iB.,) dpO[P | (U(P) — U(Q)] ,

P=Q
= exp (—2miq}) [dp@[g:](U(P> - U(Q)]

P=Q
(3.2.13)
[l
We can now define the prime-form, the (—1/2,0) x (—1/2,0)-form
er P -U
pim - PP -U@) )

h(P)h(Q)
By oddness of @[2] we have E(P,Q) = —E(Q, P). With respect to either P or @, the
numerator has divisor DQA_1 + @ by Theorem and the denominator has divisor

(h) = DgA_l. Therefore the prime-form is holomorphic, with a simple zero at each
P = @ and no other zeros. Using[3.2.4] and [3.2.9| we have

Op (E(P,Q))
| T 0ORI@] P e —v@ya O
- h(P)h(Q)dz(P) o RPMQ) P
and therefore [8PE(P, Q)\/dz(P) \/dx(Q)}P_ = 1. Hence near the diagonal P = @),
the prime-form satisfies -
PV =a@ iy o
E(P,Q) = \/dx(P)\/dx(Q)+O(( (P)—2(Q))*), (3.2.16)

where z is a local coordinate on a neighbourhood containing the points P, (). Like the
theta function, F(P, Q) is not single-valued; using equation and Lemma [3.2.2]

E(P + a4, Q) = E(P,Q) = E(P,Q + aa),
E(P + by, Q) = exp[—7iBa — 2mi(U(P) — U(Q))]|E(P,Q), (3.2.17)
E(P,Q +b,) = exp[—miBao — 2mi(U(Q) — U(P))|E(P, Q).
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Together equation 3.2.17 and Lemma [3.2.16| imply E(P, Q) is independent of the
choice of odd characteristics p*, q*: since the a- and b-periods of E(P, Q) do not de-

pend on p*, q*, F(P, Q) must be independent up to multiplication by a holomorphic,
hence constant function, and Lemma [3.2.16| implies that the constant must be 1.

3.3 The Bergman and Szego kernels

We can now introduce the final two ingredients needed for the solution of the Riemann-
Hilbert problem. The Bergman kernel is a symmetric meromorphic (1,0) x (1, 0)-form,

having only a double pole at P = () with local behaviour

; + H(@(P),z(Q)) + O ((z(P) — z(Q))) | dz(P)dz(Q),
(3.3.1)

B(P,Q) =

where the non-singular part H(xz(P),z(Q)) depends on the coordinate chart [1].

Lemma 3.3.1. The normalization condition fPeaa B(P,Q) = 0 implies that

/P b B(P,Q) = 2miw.(Q). (3.3.2)

Proof. The proof follows from the bilinear relation for a meromorphic differential w
and a differential of the second kind 1 (a meromorphic differential having zero residue

at all its poles). The relation is [1]:

>\ [of e fof o] ¥ ]

where (wn)oo is the pole divisor of the product w(P)n(P). Inserting B(P,Q) and

/ Pn(P'>] WP)  (333)

Py

wa(P), all but one term on the left hand side vanishes by normalization of B and w,,

leaving

walP). (3.3.4)

| P'=P
_/Peba B(P,Q) = 27”1;3% [/’:Po B(P', Q)

Using the local expansion for B(P, Q) we have

es i ' w = res PP da(Pda(Q) w C W

ges UPO B(P ,Q)} o(P) es, [/ (P) - 2(Q)) o(P) 2(Q),
(3.3.5)

and the result follows. 0
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The Bergman kernel is related to E(P, Q) by [1]

B(P,Q) = dpdg <1n(E(P, Q)\/dz(P) \/dx(Q)> . (3.3.6)

In chapter 4 we will encounter the Bergman tau-function as one of the factors,
alongside the Seiberg-Witten tau-function, making up the Jimbo-Miwa tau-function.
The Bergman tau-function on the Hurwitz space Hy n is defined for a meromorphic
function f € Hyy. It is defined using the regularization of the Bergman kernel on

the diagonal: for an arbitrary Abelian differential v on £, this is the differential

BY (P) _ B(P, Q) _ U(P)U(Q)

reg 2 .
(1)
P=Q

The Bergman tau-function for f € H, y is given by the differential equation |10]

(3.3.7)

dln g B, (A\9) 1 1) \®)
D T ST AR AT B8

Finally let p, q be half-integer characteristics such that @[g](O) # 0 (in contrast
to the odd characteristics p*, q* used for the prime-form). We define the Szego kernel,
the (1/2,0) x (1/2,0)-form

1 ORIUP)-UQ))

P00 ERQ) (33.9)

S(PQ) =4

Using equations[3.2.17/and [3.2.3], under analytic continuation the Szego kernel satisfies

S(P + aq, Q) = exp(mip,)S(P,Q),

(3.3.10)
S(P + bom Q) = exp(—m’qa)S(P, Q)7

with the inverse factors for analytic continuation with respect to Q).

Lemma 3.3.2. Near the diagonal the Szegi kernel satisfies

S(P,Q) = m + ag(P) + O (x(P) — x(Q))} Vdz(P)y/dzx(Q). (3.3.11)
where
ao(P) =Y 0.,.0[*](2) zzogggj;. (3.3.12)




Proof. We have

(2(P) —2(Q)S(PQ) _  a(P)-x(Q)
P=Q dz(P\/dz(Q)  E(P,Q)\/dz(P+/dz(Q) . (3:3.13)
while
Op [(2(P) = 2(Q)) S(P,Q)]
ORI (P) - U(Q)drE(P,Q)
=S5O emoErg ) @) (33.14)
_10,,6[2](2) walP)
+ i (a(P) ~ 2(Q))

Ol E(P,Q)dx(P)

In the limit P — @ the first two terms cancel, leaving

i o, | (P = 2(@) 8(P.@)
P—Q \/d:v(P) \/d:v(Q) (33.15)
i [ - E2(R@)] | Eiad WOLI@] )
B Jdz(P)\/dz(Q) Jdz(P)\/dz(Q) S
Il

We can relate the Szegd and Bergman kernels using the following lemma from

Fay- see lemma 2.12 in [3].

Lemma 3.3.3. For any choice of e € CY9, we have
ORIU(P) - U(Q) + e)O[(J(U(P) - U(Q) —€)
o7 (e) EX(P, Q)
B(P,Q) + ZZ@ 0z, I O[7)(2)] _ wa(P)ws(Q).

a=1 =1

(3.3.16)

Now since p, q are even characteristics, using equation [4.1.8| we have

S(P,Q)S(Q,P) = =B(P,Q) =Y > 02,04, mO[*)(2)|,_ wa(P)ws(Q). (3.3.17)

a=1 g=1

Finally, in the next chapter we will need the following Fay identity, which can be
found as corollary 2.19 in [3]|. For any two sets of points Py, ..., Py and @, ..., Qn we
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have, writing P instead of U(P) inside the argument of the theta function to make
the equation more compact,
O[I(F — Qv+ 1)

N-1

det =617 (SN (P — @) +2) (el71@)

% Hj<k E(PJJ Pk)E(Qk7 Qj)
Hj,k E(PJ> Qk)

(3.3.18)

3.4 Rauch Variational Formulas

The Rauch variational formulas allow us to compute the first variation of the holomor-
phic one-forms and period matrix B,s with respect to the singular points Ay, ..., Ay.
We will need these formulas in order to write down the explicit forms of the differen-
tial equations satisfied by the Jimbo-Miwa and Seiberg-Witten tau-functions in the

next chapter.

Theorem 3.4.1. The dependence of the holomorphic differentials {wa}’_; and the
period matriz B.g on the position of the branch point X\, is given by the Rauch

formulas

N
1 . ,
- - (4) (4)
O, wWa(P) = Jres = Zwa(/\ NB(P,\Y),
=1 (3.4.1)
Ox,, Bog = — 1€es @Zw (A wz (AP
mBaf A=A d)\ (&3 B :

j<k
where \U) is the point projecting to A on the jth sheet.

To prove this theorem we make use of the fact that if two meromorphic differentials
on a compact Riemann surface have matching pole divisors and principal parts at each
pole, as well as matching a- and b- periods, then they must be equal. Indeed, in this
case taking their difference defines a holomorphic differential with vanishing a- and
b-periods, which must therefore be identically zero.

We also make use of the following lemmas.

Lemma 3.4.2. Let n(P) be a meromorphic differential on L. Then Z;VZI n(AD) s

a meromorphic differential on CP with residue at A = X, given by

Jes 2 ) = Y resn(P). (3.4.2)

J= QE—1(A\m)
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Proof. 1t is easy to see this from the corresponding contour integrals. Let é%) be the
lift of ¢,, to the jth sheet of the cover, where ¢, is the closed curve containing \,,
and no other branch points. Then
al 1
es Ay = — A@)
3, ;”( )= o /Aeg 2_ 1A,

(3.4.3)

Let A$}), e )\n(m be the set of distinct points projecting to A,,, and knll), o k"m(m) the

number of sheets meeting at each of these n(m) points. If A is a ramification point,
then taking the union of the curves ¢ on each of the k%) sheets meeting at 2D we

get a closed curve L; U ni containing A% and no other ramification points.

Otherwise if A is not a ramlﬁcatlon point, ¢ is a closed curve on its own.

Consequently
J)
Al;e>\sm Z n(A " omi Zl /P
’ ( ' (3.4.4)
= res 77
as required. O

Lemma 3.4.3. Whenever w(P) is a holomorphic differential on L, Zévzlw()\(j)) is

a holomorphic differential on CP*, and therefore

> w) =o. (3.4.5)

Proof of lemma. The only points A at which Zjvzl w(AD)) might fail to be holomor-
phic are the branch points. Let k,, be the number of sheets meeting at P,,, and let
)\7(7];) be the point projecting to A, on the jth sheet, so that P,, appears k,, times in
the sequence of points )\7(71), e )\%V).

Taking A = II(P), in a neighborhood of P = P,, we define the local parameter

= (A — Ap)/%m. The holomorphic differential has expansion

o) N

dy,

w(P) =Y A, {x&;—)\] i AeC (3.4.6)
; P=)\U
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where dz,,/d\ = -z} %, Note that under analytic continuation around A — A+ £,

we have z,, — e*™/¥mz . Therefore defining v = e2™/%m,
= dz
— A j(n+1 k md/\ "
W= Z k ; T~ (3.4.7)
The sum over j is zero for each 0 < k < k,,, — 2, and hence w is O(1). ]

Proof of theorem. We begin by proving the first equation in the case that P, is the
sole branch point projecting to A,,. As in the proof of lemma [3.4.3] let k,, be the
order of the branch point P,, and define the local parameter z,, = (II(P) — \,,)/%m
in a neighbourhood of P,,. For P near P, the holomorphic differential w,(P) has

= k=0 , .

Differentiating the above equation with respect to \,, and re-writing it in terms of

T,
O, wa(P Z o (1 — ﬂ) 2E=Km (PYda,,. (3.4.9)
The term of degree k — k,,, = —1 vanishes, leaving
O, Wa(P)
- {Co (1 — i) x4+ Oy (1 — k2'm) km 4+ Olf{:f 2,24+ O(2) | dzp,.
(3.4.10)

Otherwise for P near another branch point P, we have 0y, w.(P) = O(1)dz,(P).
In this case the right-hand side of equation is clearly also O(1)dz,(P). Thus
Oi,,wWa(P) is a differential of the second kind, with its only pole at P = P,,.

Moreover the a-periods of 0y, w, are zero as a result of the normalization of w,
(this fact is consistent with equation by normalization of B(P,Q)). We can
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therefore compute the b-periods of 9y, w, using the same method as Lemma [3.3.1}

g
GAmwa:Z[/ W,B/ axmwa—/ aAmwa/ w5]
bs =1 Gy by Gy b~

P
= 27 res {/ %xrf(p’)dxm(p/)} ws(P), (3.4.11)
=im Py m
G, —2 ws(Fn)

S| O, wa = 2mi
bs

k,, dx,,
Now using the expansion and lemma we can write

N
dx dz Cx,. -
Zom @)y — Zom — Zkm=2
Jes 2 7 a(AY) Jes wa(P) . (3.4.12)
Hence using lemma |3.3.1| we can re-write equation [3.4.11| as
T
O, Wa = / res — Y wo(A)B(P,AW). 3.4.13
bs Peby A=Am dA ]Zl ( )

To show that the integrands are equal it therefore suffices to show that they have
matching principal parts at P = P,,. Note that only the singular term of B(P, A1)

will contribute to the principal part. Hence for P and AY) sufficiently close to P, we

have
res Zwa P, A
- o dam (P)dzn, (AD)
= res —Zwa(/\m) = T+ 0(1)],
A=A Ky, £ (2 (P) — 2, (AD))
i (3.4.14)
= res — Z (A o+ Ci o (A9 + O(1)]
x| (4 Dal, (A2 (P) + O(1) | vy (AD)dary (P).
i=0
Applying lemma and discarding any terms that are not O(x,}!),
L
— (4) ()
Jes - w(AYYB(P,\Y)
7j=1
dr, | 1
= (e, 2] o [Culk = D2 (P) + o+ Ci s (P) + O] d(P),
AD=P,, Tm | Km
(3.4.15)
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and we recover the principal part of 0y, w.(P) in equation .

For the general case let P, ..., Py be the set of branch points projecting to Ay,.
In this case let AY) be the point projecting to A\, on the jth sheet, and let k%) be the
number of sheets meeting at )\%) so that P, = )\%) appears k%) times in the sequence
of points )\%), e AN

For P in a neighborhood of A9 we take A = [I(P) and define the local parameter
a9 = (- )\m)l/k%). Then dz') = (k%))_l(x%))l_k%) dX so that if A is an ordinary
point dr$) = d\. We have expansions of the form |3.4.8| and |3.4.10| at each of the
D AL

points A
However this time when we compute the b-period of 0, ,w, using equation [3.3.3]
we must sum over all the points Py, ..., P, in the pole divisor of 0y, w,. The result

is that

n(m) o
(4) o PZ .
Or,Wa = 271 » kv;.)—Qw (( .)), AU = p,, (3.4.16)
ba = ki) duy,
and lemma |3.4.2| once again gives
n(m) ) N () nm) o
dx dx . ()
o - m Uy = K —2 4.1
2 s P =g 2 e =3 g (G
1= J]= 1=
We therefore once again have
T
— _ () ()
Orntwo(P) = res dAZIW(A )B(P, A\9). (3.4.18)
j:

Now computing the b-periods of d),,ws(P) and using Lemma [3.3.1] gives us the

variation of the matrix component B,g:

A=Am

N
) 1 . .
OrnBag(P) = 2mi res — j§_1j Wa(AD)wg(AD). (3.4.19)

Finally, using lemma [3.4.3] we have

o »
OrnBap(P) = —4mi tes —+ Z;wa(/\(ﬂ))wﬁ(/\(’“)). (3.4.20)
1<

We end by proving a Rauch formula for the Bergman kernel.
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Theorem 3.4.4.
N
Or. B(P.Q) = res Z B(P,AY)YB(AY), Q). (3.4.21)
=1

Proof. Similar to before we show that the differentials on either side of equation|3.4.21
have matching periods, poles and principal parts with respect to P; by symmetry of
B(P, Q) the same equivalence will hold with respect to Q. Therefore fix Q.

Note that 0y, B(P, Q) has vanishing a-periods by normalization of B(P, @), while
lemma and theorem give

N
1 4 .
o, B(P, :am/ B(P,Q) =2mi res — Y wa(A)BOAY, Q),
/P L0 (P, Q) = 0y s, (P,Q) Jes oy jE_l (A)B(AY, Q)
(3.4.22)

which is clearly consistent with equation |3.4.21]

Next, assume temporarily that our fixed @ satisfies II(Q)) # A,,. Then since
B(P, Q) is holomorphic at all points P # @, an identical argument to the proof of
theorem shows that 0,, B(P, Q) has a pole at each ramification point project-
ing to A, with principal part consistent with 3.4.21] At P = @ we simply have

B(P,Q) = O(1)dx(P).

Otherwise if ) = P, for some ramification point P,, projecting to \,,, B(P, P,,)
is still holomorphic outside of P = P,,; the same argument shows that 0, B(P, P,,)
has poles at each ramification point P, # P,, projecting to \,,, and the principal
parts are found in an identical manner.

However we must check that the right-hand side of equation has the correct
principal part at P = P,,. Expanding B(P, P,,) at P = P,, we have

1 =~
B(P,P,) = | B +Y Dl (P)| dwy(P)dw,(Pn), Di€C, (3.4.23)
i=0
and differentiating gives
9 B(P, P,,)
" ()
_ LY ok, I T Dy,,—2
- {(1%— km> T, + Dy (1 km) A . z,” 4+ O(xy) | dr,(P).
(3.4.24)
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Finally, we set @Q = P,, in the right-hand side of equation [3.4.21] and show that the
expansion at P = P,, has the same principal part as|3.4.24] For P and A\U) sufficiently

close to P, we have

N

1 . .

— (4) (9)
Ar:eAsm ™ jEl B(P, A )B(A ,Pm)

N oo 7

1 . , .

o . i ()Y —2—1
= xos. E 1 X EO(Z + Da,, (A2, 27" (P) + O(1)
J: 1= -

Xl (A0)) [xm@) + 37 Dty (A | it (P)dits AD) (P,
1=0 h

(3.4.25)

The residue will simplify in the same manner as the residue in equation [3.4.14] with

the addition of a term resulting from the singular term in B(AY), P,,):

res Z i [Z(Z + Dl ANz 24P + O(1) | ) o (WD)

A=A T K [T (3.4.26)
k,, +1
= S (p),
and we recover the expansion [3.4.24] O
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Chapter 4

The Seiberg-Witten tau-function

4.1 Solution of the Riemann-Hilbert problem

The solution ¥ of the Riemann-Hilbert problem as stated in chapter 2 will depend
on several parameters. Firstly, the solution has the Szego kernel as a main ingredient
and therefore depends on the choice of characteristics p,q € C9.

Secondly, we introduce N parameters r@) e C corresponding to the points A
(with multiplicity) lying over a ramification point A,,. We require that r@) = if

AW = A® is a branch point. We further require that

N
> o =o. (4.1.1)

This fact will be justified later on, when we see that the residue of the solution A(\)

of the Schlesinger system at A = \,, is given by Zjvzl r$). As a result the number of

independent parameters among the r$) is

M N
MN—1-Y"3 kW) —1=MN-2g-2N+1, (4.1.2)
m=1 j=1

where we used the Riemann-Hurwitz formula from equation , and as usual k)
is the number of sheets meeting at the point )\%). Together with p,q we thus have
a total of MN — 2N + 1 independent parameters, which according to lemma [2.3.1
is enough to uniquely specify the solution W(\) corresponding to the monodromies

My, .o, Mo,
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Next, we discuss the contours on £ that will be used to tabulate the monodromies
of U around each v € m; [CP"\ {Ay, ..., Ay }]. Let S be a contour on £ connecting
the basepoint of the Abel map F, with each of the points )\g) for 1 <m < M and
1 < 5 < N, including both branch points and ordinary points. We require that the
basepoint A, of the contours ¢4, ..., £, does not coincide with the projection of S or
any of the set of cycles {aq, by }Y._, onto CP!. Letting () be the contour projecting

to £,, contained in the jth sheet, we define the intersection indices

IO =t 0aa, JI) =(Dob,, K =006, (4.1.3)

fori<m<Ml1<a<gandl<j;<N.

Finally, our solution for ¥ will involve the prime-form Ey on CP! lifted to L:
A—p
Vdrdp
Since dA has a double pole at A = oo, the lifted differential dA(P) will have double
poles at each of the N points projecting to co. Meanwhile using the local parameter

Ty = (A = A ) /%™ clearly dA\(P) has zeros of order k,, — 1 at each branch point P,,.

Eo(A\ p) = (4.1.4)

Therefore y/dA(P) is not a holomorphic section of a spinor bundle on L.

However, it is possible to define the lift such that the function h(P)/v/dX has
trivial automorphy factors along the basic cycles. This function, which has poles of
order 1/2 at each P,,, will have automorphy factor —1 along the cycles ¢, |11].

Next, consider the ratio

FP.Q) = B A= 11(P) = 11Q) (4.15)

As a result of our definition of the lift of v/d), the function f (P,Q) will have

holonomies exp (wip?,) around a,, exp (—miq}, — 2mi[U,(P) — Ua(Q)]) around b, and
exp(2mi(k,, — 1)) around /£,,.

Now we can finally describe how the solution W(\g, A) given in [12] is constructed.

Taking A sufficiently close to Ay, we define the germ of the component functions

Wi(Ao, A) : £ = CP' in terms of a bi-meromorphic function ¢ : £ x £ — CP":
Uii(Mo, A) = (A, A), 1<k j <N, (4.1.6)

where as usual A*¥) is the point on the kth sheet projecting to A. The function ¢ (P, Q)

is given by

O(P,Q) = S(P,Q)Es(A\, i), A=TI(P), p=TI(Q), (4.1.7)
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where S(P, Q) is the modified Szegd kernel

OF|(U(P) - U(Q

’ OlIQ)E( 11 )
and Q € €9 is the vector (2, = Zn]\le Zjvzl rUL(A)). Similar to the original Szegd
kernel, p, q are even half-integer characteristics chosen to satisfy @[2](9) £ 0.

Under a shift of basepoint from Fy to Fj,

(4.1.8)

)\(])

iirﬁ,ﬁ) /Powa+zzr / . (4.1.9)

m=1 j=1 m=1 j=1
The first term vanishes since the integral factors out of the sum, giving a constant
multiplied by Z%zl Zjvzl r{) = 0. Therefore ) is independent of the choice of
basepoint F.

Taking e = 2 in Lemma [3.3.17] gives the following relation between the modified

Szego kernel and Bergman kernel:
9 g
S(P,Q)S(Q, P)=—=B(P,Q) = > 82,0, mO[*)(2)],_wa(P)ws(Q). (4.1.10)
a=1 =1

The Szego kernel has the same automorphy factors as S(P, ) under analytic con-
tinuation around a- and b-cycles. These relations follow from the holonomy properties
of the theta function and prime-form in equations [3.2.3] and [3.2.17], and from the fact

that Zm 123 1T —O

We are finally ready to state the solution of the Riemann-Hilbert problem that

we defined in chapter 2.

Theorem 4.1.1. Let W(Ag, \) be the function given by analytic continuation of the
germ defined by equation from a neighbourhood of \g to the universal cover T
of CP"\ {1, ..., \ar}. Then W is non-singular and non-degenerate on T with reqular
singularities at each A\, and satisfies the normalization W (g, \g) = I. It solves the
Riemann-Hilbert problem outlined in section 1 with monodromy around A\, given by

the quasi-permutation matrix

(Mo = 05k

; . 1 1 : . .
e [2 Hku 03] = 3| KOS e+ ) - 18+ )
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where j,(j) is the sheet on which the contour ¢, ends.

Proof of theorem. First, we check the normalization condition W;x(Ao, Ao) = 0. In
the limit A\ — \g, equations [4.1.7] and [4.1.§| give

2O\ o) M N
lim (AU (()k)) = lim ————— O H H

A= Ao A= Ao E ’ m:l 1

(5)
AD, A )] . (4.1.12)
A

We require that \g be an ordinary point; therefore we have the local parameter
z(AD)) = X — )y in a small neighbourhood of A\ = )\(()j), and the local expansion
3.2.16| implies that
. EO()\7 >\0)
lim —————— = §p.

None of the factors in the product over m, ¢ are zero for A\ close to \g, and for
j = k the product equals 1. Therefore zﬁ()\(()j ), )\(()k)) = 0.

Next, setting setting P; = A9 and Q = )\(()k) in Fay’s identity and dividing
both sides by @[2](Q)N we have

O[PI(AD — A + Q)

ORI END, ALY
(Zjvzl ()\ A”’) ) [T, EQD A EQP AP
ol L OO

Therefore using equations [4.1.7] and [4.1.8| we have

det

(4.1.14)

QT

det [\I/k] ()\0, )\)]

N : ) ; i
O] (L (A9 = A) + Q) [1,_, Q0 A EOE AP
SRS [Lx EOD, A8

)
M N 0y
()\(J) pyse)) N
X H H det S [Eo(A, Ao)]
i e B, AR)
(4.1.15)
However note that for any )\éj ), A e,

N ) A N
> 109 - )] = [ 3w = (41.16)
j=1 Ao j=1
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by holomorphicity of w, (lemma , and therefore the theta function terms will
simplify to 1.

As a function of A, equation is holomorphic and nonzero outside the points
A, since in particular we have already shown det(W;;(\g)) = 1. Moreover this func-
tion has zeros at each \,,, with each distinct branch point P, lying over \,, contribut-

kglj)rn.

ing a factor z; . To see this, consider the grouping of factors

[1o EQO A BN AP
Hj,k E(/\(j)7 /\(()k))

[Eo(A Xo)]™ (4.1.17)

for A in a neighbourhood of A,,. This expression is nonzero since each branch point

1-ky)/2

P, lying over )\, contributes a factor of it resulting from the half-differential

Vd\, and a factor gy ten=1)/2 resulting from the terms such that AR\ and j < k.

Therefore the only zeros result from the factor

M”m (4.1.18)

which has the required zeros.
We will show that

det [T, (Ao, \)] = ﬁ ﬁ (4.1.19)

The right-hand side of equation [4.1.19 is clearly holomorphic and has zeros of the
required orders at each \,,. Therefore we need only show that it has the same
holonomies as the right-hand side of equation to show that the two expres-
sions must be equivalent up to multiplication by a holomorphic, hence constant func-
tion. Then since agrees with det[W;x (Ao, Ag)] = 1 we will have shown the two
expressions are equivalent.

Using equation the right-hand side of is invariant under analytic
continuation around a,; around b, has automorphy factor

M N
exp | —mi Z Z 1) [Boa + 2 [Us(AD) = UM | = exp (2mi2).  (4.1.20)
m=1 /=1

Using equation {4.1.15] we compute the holonomies of det(¥;;) and show that they
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match. Under analytic continuation )\((f) — )\g) + a, the theta function term con-

tributes a factor exp(mip?, ), while for analytic continuation around b, we get a factor

N
exp | —miq), — miBaa — 27i Z [Ua()\(j)) - Ua()\(()j))}] = exp [—miq), — TiBaa] -
j=1
(4.1.21)

Moreover the automorphy factors of the term 1/v/dX in the lift of Ey(), Ao) will
cancel the factor of exp(mip? ) under analytic continuation around a, and the factor
exp(—miq}) under analytic continuation around b,. Consequently equation
is invariant under analytic continuation around a,, since the prime-forms on L are
invariant.

Next, consider the determinant in the right-hand side of [£.1.15 Under analytic
continuation A — X\ b, the row corresponding to j = ¢ picks up an overall factor

which we can therefore factor out; this factor is

exp [—m > Z r® [Baa + 2[Ua(A?) — Uaugfg)}] = exp (27iQ) . (4.1.22)

m=1 (=1

Finally, the remaining prime-form terms have holonomy around b, given by

exp [—mz [Baa +2[U, (@) — ]+ mz [ aa £ 2[UL (AP — Ua(/\éj))]}]
i#j J=1
TiBaa + 2mi ZN: (AD)) — Ua()\(()j))]

7j=1

= exp = exp(miBaa)-

(4.1.23)

This factor cancels the remaining factor from the theta function that was not canceled
by Eo(A, Ag). Hence det(W;x (Ao, X)) has the correct automorphy factors of 1 around
aq and exp(2mi§)) around b,, proving equation [£.1.19]

Next, any singularities of W(\g, A) result from the factors [E(\Y), )\%))]’”%); and
from the lifted spinor 1/ V/d\, since d) has zeros at all branch points. These occur
only at the points A = ), and are clearly regular. Therefore ¥ is holomorphic and
non-degenerate on T.

Finally equation for the monodromy around \,, follows from the definitions
of the intersection indices, properties of the theta function and prime-form, and the

properties of the lifted spinor v/d\ discussed at the beginning of the section. O
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We end this section by showing that the differential system satisfied by W¥(\) is

indeed Fuchsian. To this end we need the following lemma, which follows from the

Fay identity [3.3.18] [12].

Lemma 4.1.2. For any A\, \g € CP' the function W (Ao, \) satisfies

Wir(Xo, A) = U3 (A, o), (4.1.24)

Theorem 4.1.3. The function V(\) defined by equations|4.1.7 and |4.1.8 satisfies a

Fuchsian system, that 1is,

dv
— =AN)Y(N). 4.1.25
L LY (4.1.25)
where A(X) has only simple poles.

Proof. Using Lemma the meromorphic function ¥, ¥~ is given by

N
(a0 h), =Y (AP A (A AD). (4.1.26)

vy
k=1

Clearly U,\¥! is non-singular outside of the points ),. We will show that this

function has simple poles at each \,, with residues Zjvzl i) corresponding to each

branch point )\g ) lying over \,,. For any P € L equations |4.1.7| and |4.1.8| give

<O g, In EO®,A)

z=U\®)—U\ )40

g
BAOAB D) = [Z 0, m0[%)(z)
a=1

+ 3 r00yIn EQW AD) + 0y In Ey(A — Ao) [ (AP, A]).
m,l

(4.1.27)

Let P, be a branch point of order kg{) lying over \,,, with corresponding residue rflk).

For A®) in a neighbourhood of P, the first term and final terms in the brackets are
holomorphic, as are the terms in the sum over m, £ corresponding to /\,(ﬁ) % P,. Next,

since E(A®), )\(()i)) is holomorphic and has its only zero at )\(()k),

EA® ANz, (A dz (M) = ao(A) + ar(A)2a(AP) + a2 (A2 (A®) + ..
(4.1.28)
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for some complex coeflicients such that ao()\(()i)) # 0, and hence

Oz, lao + a1, + agx? + ...] dz,,
ay + Aoy + ... X’ (4.1.29)

= 2,7 oo O08) + i + ]

n

Oy In EOA® Ay =

for some complex coefficients such that bo()\(()i)) # 0. For the remaining term, expan-

sion [3.2.16{ with local parameter x,(A*)) = (A — )\n)1/k£ﬁ) gives

aunwapn):{w} de, 1 1

E(P, P,) pox A - kq(lk) A=\, (4.1.30)

In the sum over m, ¢ in 4.1.27| there will be kg“) terms )\%) = P,, cancelling the factor
of (k¥))=1. Hence for \*) sufficiently close to P, equation [4.1.27] takes the form

(k) 0
i Tn i)y s+1—kF) i
Pa(A®, ) = [m—Ejbsué))xn“ ST W) o) | (AW AP, (4.1.31)
n s=0

Now choose a subsequence P; = )\gﬁ), ., PL= )\q(fL ) of distinct points lying above
A, of orders k%kl), o k%), Then for A sufficiently close to A, equation |4.1.26|becomes

—1
(\IIA\IJ )ij
(k)
Kk o e . N (4.1.32)
=D |5 | 2 T e O)s T (W) + o)
=1 m s=0 | s=0
where v = 62”"/1‘&[). The sum over powers of v is zero for s =0, ..., k) — 2, so that
. k(kl)r(kl) N r)
U =) "+ 0(1) = - O(1). 1.
(U0 ), lzlA—An+ (1) JZIA_A%JF (1) (4.1.33)

]

4.2 Solution of the Schlesinger system

With our solution of the Riemann-Hilbert problem in hand we turn to the Schlesinger
system. Assuming that the monodromies My, ..., M, do not depend on Ay, ..., Ay,
W(A) will satisfy equation [2.2.2] Equivalently A(\) will satisfy the Schlesinger equa-
tions 2.2.3
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Theorem 4.2.1. Let p, g and r'%) be independent of {Am}M_,, and let U(\) be defined
by[{.1.7]. Then the coefficients

A, (A dhy) = /\72’6/{9”{\1!,\\11_1} (4.2.1)

satisfy the Schlesinger system |2.2.3 outside of the hyperplanes \,, = A\, and the
zero-divisor of the tau-function. The latter is a submanifold of codimension 1 in

{Am}-space defined by the condition
Bp+q+Q € (0) (4.2.2)

where (©) is the divisor of the theta function with characteristics p, q.

Proof. Let { A\, M }M_, ¢ (©), and let ¥(\) correspond to the particular choice of
A M. Set \g = co. Then W()) is invariant under an infinitesimal translation

A — A +eofall A € CP!, since such a translation fixes \y = co. Hence
M
0=0T(\) =T\ + Y, T(N) (4.2.3)
m=1

Setting € = 0 gives ¥ + ¥y, +...+ ¥,,, = 0 and hence multiplying both sides of this
equation by U~1()) gives

AN =0T A = =) 0, v (4.2.4)

In other words the coefficients A,, in satisfy

o A,
i (4.2.5)

which is equation for \g = oco. The result now extends to arbitrary choice of

normalization point \g since we are free to move )y by a gauge-transformation of .

Equivalently, the coefficients A,, satisfy the Schlesinger system [2.2.2
Finally, the Schlesinger equations are clearly non-singular so long as \,,, # \,
for all m # n, and so long as the factor ©[Z](¢2) in the denominator of is non-

Zero. L]
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4.3 Tau-function for the Schlesinger System

We can now use our solution for Wy;(Ag, A) to explicitly write out the differential
equation satisfied by the tau-function. Since W(Ag, A) is independent of the
normalization point, for fixed A\ € CP' \ {\,..., Ay} we can take \g = \; then
PP AP) = ;). and

(W01 = lim (A9 AP, (4.3.1)

Y )\0—>/\
To this end we prove the following lemma.
Lemma 4.3.1. Fiz A € CP', and for each \9) projecting to \ let k%) be the number

of sheets to which A\9) belongs. Then for Ny sufficiently close to \, the matriz elements
Uii(A, o) satisfy

Wpi(A, Ao) = )\Od; )‘5*(/\(1'), AR AO) £ A
1 1 Xo— A\ . , , (4.3.2)
Wii(A, Ao) = 0 TR dn [WA(A) + W (A, A = A,
where W1(P) is the holomorphic 1-form
1 g
VAP) = gragiay Do % OLNE)|_ walP) (433
and Wy(P) is the meromorphic 1-form
M N
Wa(P) =Y > rPdpIn E(P,\9). (4.3.4)

m=1 j=1
Proof. When AW £ \(*) S (AU, X)) is non-singular so the first equation is an im-
mediate consequence of the definitions. Next, let AV} = A\*) and define the local
parameter z(AS)) = (Ao — A)/%X” near AY) = A0). Equation [3.3.11| gives us

Al Wiy (X do) = limy {W —ao(\V) + 0<x<Aé”>>]
X \/dx(/\gj))dx(xﬁ) A?l/\_odA)\’
= [(/\ 1\)1/1&) ap(AV) + O(SU()\éJ)))] ﬁ(k — )V
i, e\ o) = 5.
(4.3.5)
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Next, we have

A o 0 SV A6y
hm Wi (A, )\0)—)\101Ln/\ d>\2 a)\(()j)S()\O AUYE (Mo, A) + W . (4.3.6)
If () is not a branch point, then
(k)
A 21:18 @[ ]( )|U(P +Qwa M N E(P )\(k)) Ty
0pS(P,Q) = £
PSP Q) SNV EP. Qs(P HH 2@
ORIU(P) ~ U(Q) + )2 mE(P.Q) ﬁﬂ B
ORI )E(P,Q) o LE@AMY ]
(k)
eP)(U(P) - U(Q 0 YN E@ AP
q dpln E(P,\Y) i
* @[2](Q)EPde Z_UZI P )“]Hl EQAD)|
(4.3.7)
and hence
1 1
Otherwise, if ) = /\m is a branch point of ramification index k),
(k)
R _1 0.9[2](2)|u(p)- UQ)+Qwa L E(PA ék))
OrSE Q) = S Pl B (P, Q) da( P H,H B0
(k)
O[IUP)-U@Q) +Q) M TEP A
VdpIn BE(P,AY
" O[P1(Q)E(P,Q)dx(P) w&m P E,H E(Q,\M)
(k)
O[PI(U(P) — U(Q) + Q) 0 S o) BVCN
q —1)dpln E(P,\Y)
* ORI E(P, Q)dx(P Aggm( P eng Q.2
(4.3.9)
We can re-write the last two terms as
(k)
oPI(U(P) — [ EEAM ]
Ddpln E(P,\Y) i
SmaEEEr 2L AT E<@,A§k>>
(k)
O[IUP)-U(@Q)+9Q) n PN
— 4 kYWdpn E(P
O QEP.Qdz(P) " HH Q. >]
(4.3.10)
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Therefore

k)
E(P,Q)

;LHIQ OpS(P,Q) = lim

A BB, Qyan(p) |0 WalP) =

o (4.3.11)

which agrees with our equation for the case where ) has ramification index k) = 1.

Returning to equation [£.3.5] we have
lim Wy (A, A
Jim, ki (A5 Ao)

o B 1
Ao—A E()\(gj), A(R)) Ao

[W1<Aé”> + WA —

Note that limp_q S(P, Q) = limp_,q 1/E(P, Q) since all terms which differ go to 1 in
the limit. Using equation we therefore have

Eo(ho, A) . 1

Thus, finally,

: . o 1 () G)y _ k@ G\ 7k
)\10121)\ Wii(A, Ao) = )}(}Lﬂ/\ KD dr Wi(Ag") + Wa(Ag”") — K S(AG7, A™) s
SO AW) a
+ lim ——=.
Ao—A dNod\
The terms involving S cancel, leaving

1 . .

i . — () ()
/\lolr_>n/\ i (A, Ao) = O [(Wi(AD)) + W (A9 (4.3.15)
and the result follows. O]

Using this lemma, we can now compute the right-hand side of 2.2.10, Recalling
our requirement that Ag be an ordinary point, for A\q sufficiently close to an ordinary
point A we have

1 - .
a/\\Ilkj()‘a )‘0) = _JS(A(J)a )‘(k))a j 7£ ka

—iA (W (A9) + W (AD)]

(4.3.16)
aA\I[jj (/\7 )‘0) =
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hence equation gives

N
tr (D) (dN)? =23 SO, A SAB AD) + ST (AD) + Wa(AD)2,
j<k j=1
(4.3.17)
Since W1 (P) is holomorphic we have 3 W1(A9)) = 0 and therefore
N
Z W2(AW) = -2 Z Wi AW (AR,
= Tk (4.3.18)

= 23"} 0,,0%)(2)],_ 2, 012)(2)],_ooa(N)ws (D).

i<k a,p=1
Next, using Lemma

~

9 9
S()\(J')’ )\(k))g()\(k)’ )\(j)) = —B(\W A®) - Z Zazaaz/a@[ng)|zzgwa(>‘(j))w,3()‘(k))~

Therefore we can re-write equation [£.3.17] as

1
St (W) ==Y BA\D,AW)

i<k

5 90 9) SN WRECORREE)

j<k a=1 p=1

=Y D 3.000)(2)],_00:,05](2)] ,_gwa A )ws(\®) + 5 30, W (AD)

i<k a,5=1

N g M N
+3°33 0, mO[P(2)|,_wa (A )riVd,, In EAD), ALY,

7j=1 a=1m=1 (=1

(4.3.20)

Now, using the Rauch formula for w, from equation [3.4.1], we have

NG

M N g
c‘hmﬁzzzzrﬁﬁ)[ (D) +Argsm2/ —wa Ny dyo EAY,AD)|
M N g N
= ZZZZnﬁ) res wa()\(j))dzm lnE()\(j),)\fﬁ)),

(4.3.21)
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since SO0, w(X\,) = 0. Hence using the Rauch formula for B,, from equation
and the heat equation [3.2.2 we have

19) .
S OLEIO|B) = — 1esson,, Yo Xhos e 0aa 00, B2 2)],_oia A Jess (AP

N g

+ res. » Z Z 020 I O[P)(2)],_owa(A)ri d,, In E(D, AL)).

7j=1 a=1m=1 /=1

(4.3.22)
Therefore upon taking residues, we have
! W01’ (dN)?
R S
1 N (4.3.23)
- _ () () Z 2(3() p
== res 3 BOY,A®) + gstWQ (AD) + 65,0[P1(Q).
j<k Jj=
We have thus shown the following.
Theorem 4.3.2. The solution of the equation[{.3.23 is
T = Tswrs | O[2)(), (4.3.24)

where T 1s the Bergman tau-function from equation and Tsw 1is the Seiberg-

Witten tau-function.

4.4 Computation of Seiberg-Witten tau-function

We are finally ready to show that the Seiberg-Witten tau-function is given by the

expression

Bw= [1 BORAD)™ (4.4.1)

i A0

To this end we need to prove variational formulas for F(P, (), corresponding to the

cases where neither, one or both of the points P and () coincide with a branch point.

Lemma 4.4.1. For fived II(P),I1(Q) € CP!, we have

0 1 1 B(P, D)
aTln (P,Q)\/dx(P)\/dx(Q)):—QZAreAi a[d In W] . (4.4.2)
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Proof. We begin by taking dpdg of each side of the equation, leaving only those terms
which depend on both P and @), and showing equivalence. Using equation for

the Bergman kernel, the left-hand side becomes

) )
s lrda I B(P.QVE(PIix(Q) = 5 -B(P.Q). (44.3)
The right-hand side is
—li L dpdo [d, n E(P,AD) — d,, In E(Q, A9)]* 4.4.4
9 2y, anreQ en AT em I EAQ, : (4.4.4)

Only the cross-terms of the quadratic will survive differentiation with respect to both
P and @), therefore the right-hand side becomes

N N

1 ~ . 1 ‘
— (4) @ — — (4)
E /\r:(?\sm d)\dpdxm In E(P, A )dexm In £(Q, \V) E Eesm d)\B(P)\ ) (Q,AY)).

j:l j_l

(4.4.5)

The required equivalence now follows from equation [3.4.4] Therefore equation
is valid up to addition of a function of the form f(P) + ¢g(Q), holomorphic in P and
Q. Note that for P = @, both sides of equation vanish, and so f(P) = —g(P)
for any fixed P € L.

Next, we compare the a- and b-periods of both sides of equation The
a-periods of both sides are zero since F(P, Q) is single-valued under analytic con-
tinuation around a,. Under analytic continuation around b,, F(P, Q) gains a factor
exp(—7miBaa — 2mi(U(P) — U(Q))). Therefore the left-hand side has b, period equal
to —0h,, (MiBaa + 2mi(U(P) — U(Q))).

We will show that the right-hand side of equation has matching b, periods.

Under analytic continuation around b,,

1 E(P Ok
[d 1y PP 4 bay A )]

X E(Q,\D)
1 P E(P,\)7°

= — —dx bBaa 2me « dw 1 : i ’
0 { ” (m + m/}\(j)w ) + dg,, n—E(Q,/\(ﬂ))l
1 [ dA\y, ‘ P | Q Nk
— | mi—0y,, deﬂ:m+2mwa(}\(]))+/ B(P',)\(]))—/ B(Q', A | |
~ i |z, e 0

(4.4.6)
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where we have used equation [3.3.6] for the Bergman kernel. Consider the first term

in the brackets; using the Rauch formula for B,,,

. N
A K=l g AT ()Y (AR
m@,\mBaa =k, Jes — Zwa()\ Nwg(A™). (4.4.7)
i<k
This function is O(1) at A\U) = /\%), and so will not contribute any nonzero terms

when we take the residue at A = \,,, of 4.4.6] Therefore

1 1 E(P 4 ba, A9) R L E(PAD) ?
a | Gem E(Q, X)) dx | nE(Q,/\(j))

A P . A Q ) .
= 2w [ 00) 42 [ OB <2 [ BQAD)
P o
(4.4.8)

Multiplying by —1/2, summing over j = 1, ..., N, and taking residues at A = \,,, we
arrive at the b,-period of the right-hand side of equation [4.4.2

Q

27 P
— res —— {mwi()\(j))+/ wa()\(j))B(P’,/\(j))—/

AONB(O' \D)
A=A d)\ = P wa( ) (Q? ) )

0

P

, Q ,
= —midy,, Baa — 270 { aAmwa()\(J)) _ akmwa()\u))} 7

Py Qo
= —08y,, (TiBaa + 2mi(Un(P) — Ua(Q))),
(4.4.9)

where we have used the Rauch formula for 0y,, Baa. Therefore f(P) must be

single-valued as well as holomorphic, which is only possible if f(P) = constant =

f(pP)=f@=o. O
Lemma 4.4.2. For fized II(P) € CP* and P,, a point projecting to A\,
0 1 1 & B(PAD) 1
o " <E<P’ P) V/da(P) \/dxm(Pm)> RS W) p { oo I B0 30
(4.4.10)

Proof. We start by fixing () in a neighborhood of P,,, before eventually setting ) =
P,,. Define the local coordinates z(P) = II(P) and z(Q) = TI(Q), and the local
parameter 2,,(Q) = (A — Ay) %" where A = II(Q). Then dz,,(Q) =k, 'z} *dz(Q)
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and dz(Q) = d\. Note that P, may or may not be a branch point; if P, is an
ordinary point, k,, = 1 and dx,,(Q) = dz(Q). Now

In (E(P,Q)\/da(P)\/drn(Q))

1—kn, (4.4.11)
—In (E(P, Q)\/dx(Q)\/dx(P)) + %m (xmk—@)) .
Using equation we have
or,, In (E(P.Q)V/&(P)v/dz,(Q))
1 1 & E(P,ANTY 11—k,
=3 Ar:eksm 7 2. [ 2 11 EO. )\(j))] + 5 O, In (z,(Q)), (4.4.12)

47y 75

E(Q.A0)

Tk

- T ™ (Q)-

1 1 E(P AN 1k, —1

where 7 is a closed loop containing P, as an interior point, but not @) or P. If we set
() = P,, the second term will either be zero or infinite. However, as we will see, the
integral gains an additional term that exactly cancels it.

In order to take the limit ) — P,,, we must integrate around a loop & which

contains both + and ). By Cauchy’s theorem,

1 1 E(P, D)7
SRR k)

T ) ax | " G0

’ o ,  (4.4.13)
B N 1 | E(P,\) 1 o 1 iol E(P,R)
N 2 /\i)\m d)\ 7=1 o N E(Q7 A(])) 2 I%‘:Q d)\ S E(Q’ R> ‘

In the second term only the cross-terms of the quadratic will have non-zero residues,

since near R = () we have

O tn (B(Q. F)/(Q)V/e(R)) =~ + 0 ((0(Q) = (R)) . (1410
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Hence

1 1 [RlnE(P,R)r’

T 250 dA E(Q, R)

= ses ~duln (B(P, R)y/de(P)/da(R)dn (B(Q. R)/dx(@)/&:(R))
= doln (E(P.Q)Vix(P)ix(Q)) .

= g (B(P. QAP (@) — <250 (2, (Q))
— 20, (E(P. QAP Emm(@) - 55— Q)

(4.4.15)

Next, we set () = P,,, noting that

Oy, In (E(P, Pm)\/dm(P)\/dxm(Pm)) - [aAm In (E(P, Q)\/dx(P)\/dxm(Q)ﬂ

dz,,

#8000, I (BB G PI T (B

Q=Pp,

(4.4.16)

Now taking @ = P,, in equation [£.4.12] the integrals over v and 4 are equal and we

have

1 1

[8)% In (E(P, Q)\/dx(P)\/dxm(Q)>]QPm =5 e - le {dwm In E%Z(’(;;,—’)\)(\J(B)] 2

dz,,
Ok, (E(P, Ppn)/dx(P) Vdfﬁm(PW) '

(4.4.17)

Substituting this expression into equation gives the required equality. O

For the case where P = P, and () = P,, for distinct branch points P,, P,, pro-
jecting to \,,, the proof is analogous. In place of the singular term in equation
we obtain two singular terms, while in equation the contour integral will yield
residues at both R = P and R = () which ultimately cancel the two singular terms.

Suppose P = P, and () = P, are distinct branch points not projecting to A,,.
Then as long as [1(F),II(P,) are held fixed,

Oy, In (E(P, Q)\/dze(P) \/dxn(Q)> — 9, In (E(P, Q)\/dx(P)\/da:(Q)) . (4.4.18)
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since the additional terms will disappear when we differentiate with respect to A,,.
Therefore we can set P = Py, Q = P, in Lemma [£.4.1] and it does not matter if we
use the local parameters z,,, x4 or the local coordinates given by z(P) = II(P).

We finally come to the main result of this thesis.

Theorem 4.4.3. The solution of the system of equations

Olntey 1 > W3(A0)
D 220nn ; - (4.4.19)
where
M N
Wo(P) =YY rWdpn E(P,AY), (4.4.20)
m=1 j=1
15 given by
(@) (J) )
maw= [ EOG D)™ (4.4.21)
ADA
Proof. Using equation [£.4.21],
alnTSW 1 (@) _.(5) (4)
W = 5 . . Ty Tnj a)\m lnE(/\é 7)‘nj ) (4.4.22)
PYREDNL

Therefore substituting the variational formula from lemmas [4.4.1] and [4.4.2] and ex-

panding the quadratic we have

o1 1 )G i :
;Arsw -1 Z P9 res —Zdw In B, A®)d,, In B, A®)

_i Sl ri) Tes —Z{(dme (A0 A® )> + (do, M EQAD, A®))?|

DA
(4.4.23)

Note that since >, > r) =0, we have

> == 2 (4.4.24)

ADG) PYRESVY
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and hence we can re-write the second set of terms:

Z TK rn' Jres —Z dy, In E(AW Ak ))

AP
1 & 2
“X| X | g gy 3 mEOR )
n,J i s.t. k=1
1 & 2
:_Z Z ré) rl) res JZ(CZ% lnE()\(J),)\(k))) ,
n,j il s.t. " k=1
)\(’L):A’gﬁ
1 & 2
_ (@),.(5) - () (k)
= Z rp Ty res. d)\Z(dxnlnE()\J )
AD D) k=1
Thus, finally,
Olntsy 1 @), () i)y (k) (@) \()
=3 2. T /\rei\sm—ZdzelnE()\g A, In E(AD, A®)
)\(l);’é/\(])
1 1 & 2
2 k
tg 2 e Gr D (de BN,
1 | N Mo N
—— il (@),.(4) (1) (k) () (k)
=5 e dAZI lelrg rDd,, In EO, A, In B, \K),
=1 m,n=11,j=
2
81HTSW

1 | N[N
o = 5,1 az Zer)dxnlnE()\g),)\(k))

(4.4.26)
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Chapter 5
Conclusion

The main result of this thesis was the proof that the Seiberg-Witten tau-function
associated to the NV x N Riemann-Hilbert problem with arbitrary quasi-permutation

monodromy data takes the form

Tow = H EOAD A ()’”ﬁlj). (5.0.1)
N AN -

To this end we provided elementary proofs of the Rauch formulas for the normalized
holomorphic differentials and period matrix, as well as variational formulas for the
Bergman kernel and prime-form.

The Seiberg-Witten tau-function can be interpreted as a conformal block of a
conformal field theory with Wy symmetry. Equation was first derived in this
context in [5]. This link is only one example of a correspondence between isomon-
odromic tau functions and conformal blocks of CFTs currently under investigation.

Other examples include the Jimbo-Miwa tau-function; the N x N Riemann-Hilbert
problem with quasi-permutation monodromies is expressible in terms of correlation
functions of a conformal field theory describing N free massless chiral fermions, lead-
ing to a similar representation for the Jimbo-Miwa tau-function [4].

To give another example, more recently the solution of the Riemann-Hilbert prob-
lem for SL(2,C) monodromies was found to be given by linear combinations of confor-
mal blocks of Liouville theory for ¢ = 1. As a result the corresponding isomonodromic
tau-function was written as a linear combination of conformal blocks, and the Painleve
VI tau-function was shown to act as generating function for ¢ = 1 conformal blocks

of Liouville theory [8][4].

20



Bibliography

1]

2]

3]

4]

[5]

[6]

17l

8]

19]

M. Bertola. Riemann Surfaces and Theta Functions. URL: http://www.mathstat.
concordia.ca/faculty/bertola/ThetaCourse/ThetaCourse.pdfl

P. Boalch. “Symplectic manifolds and isomonodromic deformations”. In: Ad-
vances in Mathematics 163.2 (2001), pp. 137-205.

J.D. Fay. Theta Functions on Riemann Surfaces. Lecture Notes in Mathematics.
Springer Berlin Heidelberg, 2006. 1SBN: 9783540378150.

O. Gamayun, N. Iorgov, and O. Lisovyy. “Conformal field theory of Painlevé
VI”. In: Journal of High Energy Physics 2012.10 (2012), p. 38.

P. Gavrylenko and A. Marshakov. “Exact conformal blocks for the W-algebras,
twist fields and isomonodromic deformations”. In: Journal of High Energy Physics
2016.2 (2016), p. 181.

B. Gilligan and O. Forster. Lectures on Riemann Surfaces. Graduate Texts in
Mathematics. Springer New York, 2012. 1SBN: 9781461259619.

P. Griffiths and J. Harris. “Riemann Surfaces and Algebraic Curves”. In: Prin-
ciples of Algebraic Geometry. John Wiley & Sons, Ltd, 2011. Chap. 2, pp. 212—
363. I1SBN: 9781118032527.

N. Torgov, O. Lisovyy, and J. Teschner. “Isomonodromic tau-functions from
Liouville conformal blocks”. In: Communications in Mathematical Physics 336.2
(2015), pp. 671-694.

M. Jimbo, T. Miwa, and K. Ueno. “Monodromy preserving deformation of linear
ordinary differential equations with rational coefficients: I. General theory and
r-function”. In: Physica D: Nonlinear Phenomena 2.2 (1981), pp. 306-352.

o1


http://www.mathstat.concordia.ca/faculty/bertola/ThetaCourse/ThetaCourse.pdf
http://www.mathstat.concordia.ca/faculty/bertola/ThetaCourse/ThetaCourse.pdf

[10]

[11]

[12]

[13]

[14]

[15]

[16]

D. Korotkin. “Bergman tau function: from Einstein equations and Dubrovin-
Frobenius manifolds to geometry of moduli spaces”. In: arXiv preprint arXiw:1812.03514
(2018).

D. Korotkin. “Matrix Riemann-Hilbert problems related to branched coverings
of CPY. Tn: arXiv preprint math-ph/0106009 (2001).

D. Korotkin. “Solution of matrix Riemann-Hilbert problems with quasi-permutation
monodromy matrices”. In: arXiv e-prints, math-ph /0306061 (June 2003), math—
ph/0306061. arXiv: math-ph/0306061 [math-ph].

G. Mahoux. “Introduction to the theory of isomonodromic deformations of lin-
ear ordinary differential equations with rational coefficients”. In: The Painlevé

Property. Springer, 1999, pp. 35-76.

T. Miwa. “Painlevé property of monodromy preserving deformation equations
and the analyticity of 7 functions”. In: Publications of the Research Institute for
Mathematical Sciences 17.2 (1981), pp. 703-721.

J. Reignier. “Singularities of Ordinary Linear Differential Equations and Inte-

grability”. In: The Painlevé Property. Springer, 1999, pp. 1-33.

D. Yamakawa. “Tau functions and Hamiltonians of isomonodromic deforma-
tions”. In: Josai Mathematical Monographs 10 (2017). 1SSN: 13447777.

02


http://arxiv.org/abs/math-ph/0306061

	Introduction
	The Riemann-Hilbert problem and tau-function
	The Riemann-Hilbert problem
	The Schlesinger system and isomonodromic tau-function
	Branched coverings and quasi-permutation monodromies

	Variational formulas on compact Riemann surfaces
	Compact Riemann surfaces
	The theta function and the prime-form
	The Bergman and Szegö kernels
	Rauch Variational Formulas

	The Seiberg-Witten tau-function
	Solution of the Riemann-Hilbert problem
	Solution of the Schlesinger system
	Tau-function for the Schlesinger System
	Computation of Seiberg-Witten tau-function

	Conclusion

