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Abstract Hermite-Hadamard type inequalities related
to convex functions are widely being studied in functional
analysis. Researchers have refined the convex functions as
quasi-convex,  h-convex, log-convex,  m-convex,
(or,m)-convex and many more. Subsequently, the
Hermite-Hadamard type inequalities have been obtained
for these refined convex functions. In this paper, we firstly
review the Hermite-Hadamard type inequality for both
convex functions and log-convex functions. Then, the
definition of composite convex function and the
Hermite-Hadamard type inequalities for composite
convex functions are also reviewed. Motivated by these
works, we then make some refinement to obtain the
definition of composite log-convex functions, namely
composite-¢g* log-convex function. Some examples
related to this definition such as GG-convexity and
HG-convexity are given. We also define k-composite
log-convexity and k-composite-¢* log-convexity. We
then prove a lemma and obtain some Hermite-Hadamard
type inequalities for composite log-convex functions. Two
corollaries are also proved using the theorem obtained; the
first one by applying the exponential function and the
second one by applying the properties of k-composite
log-convexity. Also, an application for GG-convex
functions is given. In this application, we compare the
inequalities obtained from this paper with the inequalities
obtained in the previous studies. The inequalities can be
applied in calculating geometric means in statistics and
other fields.

Keywords  Convex Functions, Hermite-Hadamard
Inequalities,  Composite  Log-Convex  Functions,
GG-Convex

1. Introduction

Let ¥ SR —>E pe a convex function on J with
c,deJ suchthat c<d. Then

d
W(C+dj5d_]_-(:£l/l(r)drgw 1)

2

is known as the Hermite-Hadamard inequality.
Let ¢[c,d]—[¢(c),@(d)] be continuous,
increasing and differentiable on (c,d).

strictly

Dragomir and Mond [1] refined the Hermite-Hadamard
inequality in (1) for log-convex functions. The result

obtained is as follows:

Let y/:[c,d]—>(0,oo) be a log-convex function, then
the inequality

d
Inw[#JSd—icilnw(r)drSM )

is known as an inequality of Hermite-Hadamard type for
log-convex functions.

The definition of composite convex function was given
by Dragomir [2]. The definition is stated below:

Definition 1. A function :[c,d] — & is composite-¢™
convex on the interval [c,d] if the composite convex
function e t:[@(c)e(d)] =% is convex on
[#(c).p(d)].

Let 1:[c,d] = E be a composite-¢* convex function
on [c,d], then
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voo H((1-p)a+rB)<(1-y)yop (@) +ywop t(B) ()

holds for any «, B e[p(c).@(d)] and » <[0,1]. It can
also be seen that this is equivalent to

l//oco_l((l—y)(p(m)ww(n)) <(1-y)w(m)+yp(n) (4)

forany m,ne[c,d] and y<[0,1].

Dragomir [2] also introduced the concept of
k-composite convexity by assuming that v :[c,d]—> 1,
where 1 is a real number interval and k:I =% is
continuous and strictly increasing on .

Definition 2. y:[c,d]— 1 is said to be k-composite
convex on [c,d] if the composite function koy is
convex on [c,d].

Since ¢:[c,d]—[¢(c),@(d)] is continuous, strictly
increasing and differentiable on  (c,d), with
w:[c,d]— I, where | is an interval of real numbers and
k:I — E is a continuous function on | that is strictly
increasing on |, Dragomir [2] also considered:

Definition 3. A function w:[c,d]—> | is

k-composite-p™ convex on [c,d] , if kowop 1 is

convex on [¢(c),(d)].

Clearly, the above definition is equivalent to the
condition

kow oo L((1=7)p(m)+re(n))
<(L-y)(key)(m)+y(kow)(n)

forany m,ne[c,d] and y <[0,1].

The Hermite-Hadamard inequality for composite-¢
convex function has already been proved by Dragomir [2].
The result is given below.

Theorem4. Let ¢:[c,d]—>[p(c).o(d)] be a
continuous strictly increasing and differentiable on
(c,d) . If ¥:[c,d] =% is composite-p™" convex on
[c.d], then

Ww—l((p(f:);co(d)j

(2-7y)p(c) +7¢(d)j
2

+(1—7)wo¢‘1((1‘7)¢(c)+(1+7)(/)(d)j o

®)

-1
Sy (

2

1 d
S o@ - p@ e (7 )

< %[W o0 L (1-7)p(c) +7p(d) +(1—y)t//(d)}
_V©+p()
- 2
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forany y<[0,1].

Dragomir [3] then refined the concept of composite
convex function and obtained the definition of composite
h-convex function. Furthermore, the Hermite-Hadamard
inequalities for composite h-convex function were
obtained.

Recently, Kashuri et al. [4] defined composite preinvex
functions and k-composite preinvex functions. They
obtained some Ostrowski inequalities for these functions.

2. Composite Log-Convex Functions

In this paper, we extend the definition above to define
composite log-convex functions as follows.

Definition 5. A function w:[c,d]—>(0,oo) is said to
[c.d] if

woo L [p(c).(d)] - (0,0) is log convex on [p(c),p(d)].

be  composite-g  log-convex  on

If w:[c,d]—(0,%) iscomposite-¢* log-convex on

[c.d], then we have

Inyop ™ ((1-7)a+75)
S(1—?)["“#ow‘l(a)}y[lnv,w—lw)} (7

On the other hand, the above inequality is equivalent to

vop H((1-y)a+1p)

< [v/o(o_l(a)Jl_y [t// ow_l(ﬂ)}y ©

forany o, Be[p(c),o(d)] and y<[0,1].

Note that the above inequality is also equivalent to

oo L ((L-7) o) +70M) <[wmP [wm)} . ©

From Definition 5, suppose that
nelc,d]c (O, oo) then condition (9) becomes

(70 )< [ [y )y

forany m,ne[c,d] and y <[0,1], which is GG-convex
as considered in [5].

By letting ¢(n) = —}/, then condition (9) becomes

p(n)=Inn,

(10)

W(%J < [‘/’(m)]l_7 [V/(n)]}/ (11)
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forany m,ne[c,d] and y <[0,1], which is HG-convex
as considered in [5].

Next, we extend the concept of k-composite convexity
from Definition 2 to define k-composite log-convexity as
follows:

Definition 6. A functiony :[c,d]— (0,%0) is said to be
k-composite log-convex on [c,d], if kolny is convex
on [c,d].

Hence, the concept of k-composite-¢* log-convexity is
also introduced.

Definition 7. A function y :[c,d]— (0,0) is said to
be k-composite-¢™ log-convex on [c,d], if kelnyop™t
is convex on [¢(c), ¢(d)].
The above definition can also be illustrated by the
following inequality:
kolny oo™ (1= 7) p(m) + 7(n)
<(1-y)(kelny)(m)+y(kelny)(n)

forany m,ne[c,d] and y <[0,1].
Let k be strictly increasing on (O,oo), then the
inequality (12) is equivalent to

(12)

Iny o9 ((1-7) p(m) + y(n))
<k7L[(L=7)(kelny)(m)+ 7 (kelny)(n)]
forany m,ne[c,d] and y <[0,1].

(13)

3. Some Refinements

In this section, we obtain the Hermite-Hadamard
inequalities for composite-¢* log-convex function using
the definitions which have been given in the previous
section. Before the desired inequalities could be obtained,
we state and prove the following lemma:

Lemma 8. Let y:[c,d]—(0,0) be a log-convex
functionon [c,d]. Then

In [c+d)
72

< yiny E0E120)
(1) my E722 2000 (14)

1 d

B yInp(c)+Iny ((1-y)c+yd)+(1-y)Iny(d)
B 2

< Iny(c)+Iny(d)
2

forany y<[0,1].

Proof.  Consider the Hermite-Hadamard inequality for

Hermite-Hadamard Type Inequalities for Composite Log-Convex Functions

log-convex function (2) and apply it on [c,(1-y)c+yd],
where y €[0,1] . Then, we obtain

C+(1—}/)C+;/d)

((1—7)C+yd—c)|ny/( 2

< J.él_}/)cﬂld Iny (z)dz

Iny(c)+Iny ((1-y)c+yd)
> .

<((@-y)c+yd—c)

The above inequality is equivalent to
7|nw[(2—7)20+7d J

1 (A-y)c+yd
Sﬁv[c Iny (7)d

crIny©)+yiny (A-y)c+yd)
< ; .

We repeat the same process, but this time on interval
[1-y)c+yd,d] with y€[0,1] to obtain

(1_7/)|m//[(1_7)c"2‘(1+7)dj

(15)

T

1 d
SEI(]_—]/)C-{-)/d Inl//(f)d‘l' (16)
< (l—y)lnl//((l—}/)c+yd)+(1—y)|ny/(d)-

2

The second and third inequality in (14) are obtained by
adding up (15) and (16). As the log-convexity property
holds, then the following inequality is obtained:

mw(wjﬂw).w(wj

2

2 |”W(7(W)+(l—y)(wn

ZInw(%}.

Thus, we have proved the first inequality in (14). The
fourth inequality can be obtained by log-convexity

property.

Theorem 9. Suppose that ¢:[c,d]—[p(c),p(d)] is @
continuous strictly increasing function and differentiable
on [c,d]. Suppose also that y :[c,d]—>(0,0) is
composite-¢* log-convex on [c,d], then

|Wo(p—1(¢(0);¢(d)j

(2-y)p(c) +7¢J(d)j

-1
<ylnyo
yinyop ( 2

(17)

+(1—;/)Im//o¢_1[
L1 o)
- o(d) - p(c) 'o(C)

_rinp(e)+ Iny o9~ ((1-7)0(c) + 70(d)) + (L) Iny(d)
- 2

A=)+ 1+ y)w(d)j
2

Iny (7)¢'(r)dr

< |m//(C)J;|HV/(d)



Mathematics and Statistics 8(3): 334-338, 2020

forany y<[0,1].

Proof.  From inequality (14), we have for

a,Belp(c),p(d)] and y<[0,1] that

1 a+ﬂj
2

nyop (
Sylnww—l(@—y)zawﬂ]

+(1_7/)|m//0¢—1((1_7)a‘;(1“‘7)/3)

(18)

<ﬁfflnwo¢_l(r)dr

S%[ﬂnwocfl(a)+lnw0¢_1((1—7)a+7ﬂ)
+(1—7)|nwo¢_l(ﬂ)}

Iy op @) +inyop~l(p)
< . .

If wetake a=¢(c) and B =¢(d), then we get
mww—l(w(C)w(d)]

2
s”nv,w—l[%;)ww@}

+(1—y)|m,,w—l((l‘”‘/’(c);(l* 7)(0(0'))

(19)

o),
=) (p(c>J () MV oe T (e)dr

_7Ip(©+Iny o (1-7)p(0) + 9(d)) +(1-7) Iny(d)

2

< |n!//(C)+2|nW(d).

By using the change of variable ¢t (r)=u,uelc,d]

we have 7 =¢(u), dz =¢'(u)du and

J(ﬂ( )

_ d
o(c) MY oo 1(T)dz'=jc Iny (u)e'(u)du

and by (19), we get the result as in (17).

Corollary 10.  Let ¢:[c,d]—[¢(c).o(d)] be a
continuous  strictly increasing function that s
differentiable on (c,d) . If w:[c,d]—>(0,0) is

composite-¢~* log-convex on [c,d], then

Wo(p—l(w(C);(p(d))

- e
Swow—l(wj y

‘//o(p_l[(l—ﬂf)(ﬂ(c)‘;(1+7)¢(d)j(17 )
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o),

<00 7o oy 0 eI

S\/'//(C)yt//(d) o H((1-7)p(e)+10(d))  (20)

<V (e (d)
forany y<[0,1].

This result is obvious by applying the exponential
function to each side of the inequality in (17).

p:[c,d]>[p(c).o(d)] be a
continuous strictly increasing function and differentiable
on (c,d) and k:(0,=) = E is a continuous function on

Corollary 11. Let

(0,oo). If :[c.d]—(0,) IS k-composite-¢* log-convex
on [c,d], then

,nv,o(p—l(fp(C);@(d)j

Sk—l{yko|n(//w—1((2—7)¢(0)+7¢(d)j

2
H(1-p)ko |nwo¢‘1((l_7)“’(c) +(L+ 7)¢(d)ﬂ

2

-1 1 peld), ,
= Lﬂ(d) w(c)I(c) In'//(f)‘p(f)df}

< [5[7'( oIy (c)+kolny oo 1 ((1-7)p(c) + 70(d))

+(1—y)ko|ny/(d)]]
Sk_l[kolnz//(c)Jrkolnz//(d)}

IN

2
(21)
forany y<[0,1].
Proof. From (17), we have
kOInWO¢_1(Mj
sykoInv/o¢_1((2—7)€0(;)+7(p(d)j
+(1—7)koIm//ogo_l((l—J’)ﬁﬂ(C);(1+7)t/7(d)]
o(d ) (22)

<o ey K (D)o (F)ae

<[ rkempe) +keiny oo™ (1- 7)o+ o))

+(1-7)kelny(d)]

< kelny(c)+kelny(d)
a 2

forany y€[0,1].

Taking k™1 into (22), we get the desired result as in
(21).
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4. Application for GG-Convex
Function

If we take ¢@(n)=Inn, nelc,d]c(0,x) , then
w:[c,d]—(0,0) is [c,d] with
k:(0,=2) - &, k(n)=Inn. By making use of Corollary
11, we obtain

v(ed) sy (Y707 Jy v (Vel7at7 |

1 ?Im//(n)dn
In%c n (23)

< T T @ (T

<y (cw(d)

for any y <[0,1]. This result can be compared to the
inequalities obtained in [1], [6] and [7].

For further discussion, the result obtained in this section
can also be compared to the inequalities of
Hermite-Hadamard type related to GG-convex functions
as obtained in [8-10].

GG-convex on

<exp

5. Conclusions

The definition of composite convex function can be
refined for some other functions, such as h-convex
function, log-convex function and (o, m)-convex function.
Composite h-convex function was defined by Dragomir
[3], composite log-convex function is defined in this paper
and composite (o,m)-convex function can be explored in
future research.

The defined functions are used to refine the
Hermite-Hadamard inequalities. The results obtained are
related to GG-convexity, which can be applied in
calculating the geometric means, especially in the field of
statistics.
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