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Abstract

The PhD project consists of two parts. The first part is about finite trees, realizations
and random walks. The second part is about the Hecke algebras of infinite trees and
buildings and the cohomology groups. We note that some examples of finite trees can be
generalized to the infinite cases. The words of finite length in the example of ultrametric
rooted trees with finite depth can be extended to doubly infinite chains in the infinite
homogeneous trees thus defining a Banach algebra.

As the background of the project, we study the topics of finite phylogenetic trees by
understanding the combinatorial and geometrical structure of rooted and unrooted discrete
BHYV tree space of n taxa. Certain types of random walks on the space of trees can be used
to model the evolution process. As a method to improve the computation of such random
walks, we realize some tree spaces into polytopes in Euclidean space where the vertices,
edges and faces indicate trees of different degenerate levels. In particular, we study the
links between the permuto-associahedra and the BHV tree-space. One specific realization
is called the secondary polytope, which is used to construct the associahedra, and we will
generalize this construction into more complicated examples and compare with the BME
polytopes of the BHV trees.

In order to study the random walks on tree space, we apply several classic methods
such as the eigensolutions of Markov chains, Gelfand pairs and spherical functions to
decompose the functions on tree space. We present some classic examples where these
methods solve the random walk explicitly. We consider biinvariant subalgebras of group
algebra which are commutative under convolution. These arise from Gelfand pairs where
spherical functions can be used to produce the eigenvectors of the transition matrix of the
random walk. We note that an example of the g-homogeneous rooted tree of a finite depth
is a good link to generalize the study from finite to infinite cases where the space is still
discrete.

The first example in the second part of the thesis is the infinite homogeneous trees
and we study the invariant subalgebra under the ¢! norm. The space can be discretized to
Z4 and we show that it is isomorphic to a Hecke algebra with single generator, the Hecke
operator which corresponds to the random walk generator. It is natural to consider some
key properties of the algebra, i.e. the spherical functions, character space, derivations and
b.a.i.. The main example we study is the Gelfand pair given by projective general linear
groups over p-adic numbers and the subgroup corresponding to the the p-adic integers,
where the example of the smallest dimension corresponds to infinite homogeneous trees

and examples of higher dimensions correspond to the Bruhat-Tits buildings of type A.



We claim that the Hecke algebras of these Gelfand pairs are isomorphic to the invariant
subalgebras of functions on the A lattice subject to weight conditions determined by p.
Based on the isomorphic algebras on the type A lattices, we consider the examples of
types A and B, with and without the invariance conditions under the Weyl group action
on the lattices. We show that the above examples are all finitely generated and the number
of generators in each case are equal to the dimension of the lattice in the Euclidean space.
We then compute cohomology groups of the algebras of functions on the weighted lattices.
We build up from the methods introduced in the examples of those similar to Z and Zl_i .
The general idea is to calculate the approximate formulae from the precise ones in Z and
Zi and iterate the process with an induction by reducing the degree of the leading terms.
We also expect this method can be generalized to the Hecke algebras of other Gelfand

pairs with corresponding weighted lattices.
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Chapter 1

Overview

In this chapter, we briefly outline the materials discussed in the contents. This PhD project
is motivated by finite phylogenetic trees and the aim is to investigate specific problems
related to the combinatorial, geometrical and algebraic structure of trees. The first part
of the thesis focused on the problems of finite dimensional examples, mainly on the combi-
natorial properties and random walks. We review some background in phylogenetics and
give our own realizations of certain tree spaces in terms of convex polytopes in Euclidean
space. The second part of thesis move on to the problems in infinite dimensional exam-
ples, namely the infinite homogeneous trees and buildings. We study the Banach algebra
of functions on the vertices of trees and buildings and state the link to the Iwahori-Hecke
algebras with the ¢! norm. We also study some cohomology groups of algebras of functions
on lattices which corresponds to the subalgebras of functions on trees and buildings via

an isomorphism.

Chapter [2| starts with a brief introduction to the topic of phylogenetic trees. We fix
the number of leaves to be n and consider the semi-labeled trees. We define a tree as a
connected graph with no cycles and specify the leaf vertices of degree 1 to be labeled and
the internal vertices to be unlabeled. For n > 3, the space of fully resolved semi-labeled
trees, denoted by &,, in Definition consists of all trees with all n leaf vertices labeled
by the set of n species and unlabeled (n — 2) internal vertices of degree 3. The discrete
phylogenetic tree space, denoted by S in Definition consist of all semi-labeled trees
with n leaves, including the trees in S, and the semi-labeled trees with internal edges
of degree greater than 3. Both S, and S are finite sets thus we consider them to be
discrete. By defining the adjacencies between the trees, e.g. by the nearest neighbour
interchange in Section [2.2.2] we can define a graph and study the simple random walk on
the corresponding graph.

We also define the continuous tree space 7T, by specifying the internal edge lengths for
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the trees in the discrete space S, as in Definition We embed the space 7, into the
Euclidean space R2"7'="=2 whose basis corresponds to the non-trivial splits of the n leaf
labels.

The new results are presented in Section We present the realizations of some tree
spaces which preserve the nearest neighbour interchange adjacencies and combinatorial
structures. We realize the permutations of n leaf labels on the permutohedron P, as an
(n — 1)-dimensional convex polytope in Section We then realize the space of fully
resolved trees with leaf labels in a certain permutation on the associahedron K, as an
(n — 2)-dimensional convex polytope in Section We apply the secondary polytope
construction to produce an explicit half-space presentation of K,,, with the proof using an
original idea of the folding process in Theorem We then combine the realizations of
P, and K, to construct the (n — 1)-dimensional convex polytope permuto-associahedron
K P,, which consists of all fully resolved trees in the discrete space S,, in Section [2.3.3
Finally we generalize the secondary polytope construction to construct a polytope of higher

dimension for the discrete space S,, as a generalized associahedron.

Chapter [3| is motivated by the topic of simple random walks on discrete tree spaces. We
consider the algebra of functions on a group G and on the homogeneous space X = G/K
where K is a subgroup. We present the definitions of finite Gelfand pairs and study
some examples where the bi-K-invariant subalgebra is commutative under convolution.
The spherical functions are applied to analyse the characters of the subalgebra. We will
clarify the relation between the lumpable random walk on the partitions generated from
the double cosets of a Gelfand pair (G, K) and the bi- K-invariant subalgebra of funtions
on the finite group G. The eigensolutions to the transition matrix of the simple random
walk on the homogeneous space G/K can be obtained from the spherical functions for
the Gelfand pair (G, K). In particular, we study the random walk on the vertices of the
Petersen graph, which corresponds to the discrete tree space S;. We also briefly outline
how the random walks on other discrete tree space can be lumped to reduce the dimensions

of the transition matrices for the simple random walks.

Chapter E| starts with the infinite homogeneous tree T,. We study the Gelfand pair given
by the automorphism group acting on T, and the subgroup which stabilizes a fixed vertex
xg. The Iwahori-Hecke algebra defined from the Gelfand pair is singly generated and can
be explicitly considered as an algebra on Z. We study the spherical functions, characters,
the existence of point derivations and bounded approximate identities of these algebras.
We introduce a new method of the shift matrix to compute spherical functions and charac-
ters. The main result is Theorem [£.25 which proves that the bi- K-invariant subalgebras of

functions on the p-adic infinite trees with ¢! norm are isomorphic to the So-invariant sub-
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algebras on integers where the multiplications satisfy the rules for multiplications between

Laurent polynomials with an wp-weighted ¢! norm.

Chapter |5 is a generalization from the example of the automorphism group acting
on T,. We consider the Bruhat-Tits buildings defined from the homogeneous space
PGL, (Qp) /PGL, (Zp), the projective general linear groups over p-adic numbers and in-
tegers. In particular, we set the group G = PGL, (@p) and the subgroup K = PGL, (Zp)
and show that the pair (G, K) is a weakly symmetric Gelfand pair. Some results still need
further justification so we present them as conjectures. The bi-K-invariant subalgebra of
functions on the building correspond to the algebra of functions on a Weyl chamber of
type A lattices which is isomorphic to Zﬁ_l, satisfying a multiplication rule *, determined

by the value of the prime number p.

In Chapter @ we study the algebra of functions on Type A and Type B lattices with the
wr-weighted ¢! norm. We also study the invariant subalgebra under the group actions
of S, and B,, on the corresponding lattices, namely A, ., and B, ., . We describe the
multiplication rules as the multiplications between the Laurent polynomials, the generators
and point derivations of the two types of algebras.

For the higher cohomology groups of singly generated algebras, we review some well
known methods to compute the cohomology groups of ¢! (Zy) on the point modules and
dual modules, with and without the weight condition wg on the ¢! norm. For the sim-
plicial and cyclic cohomology, we study an explicit construction of coboundaries for the
algebra ¢! (Zy) in [20]. The method is applied to derive an approximate construction of
coboundaries with finite inductive steps to compute the simplicial and cyclic cohomology
groups of the algebra Ay, which is isomorphic to the Iwahori-Hecke algebra generated
from the infinite homogeneous tree in Chapter[dl The main statement is presented in The-
orem We finish with a conjecture of the higher cohomology groups of the invariant
subalgeras of functions on the weighted type A and type B lattices under the Weyl group

actions.
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random walks



Chapter 2

Background and finite tree spaces

2.1 Introduction

Biologists use phylogenetic trees to analyse the evolution and structure of genes. Phylo-
genetic trees can be built by comparing DNA sequences using specific parts of the genome
[53], [61]. Trees play a very important role in many fields of biology such as bioinformatics,
systematics, and comparative phylogenetics [53]. Information can be obtained from a phy-
logenetic tree so that we give ourselves a better knowledge of evolutionary relationships
between species.

Trees have mathematical structures based on graph theory and the space of phyloge-
netic trees can be studied from combinatoric and geometric view points [9], [62] . Scientists
are keen to use mathematical tools to describe the space of evolutionary trees, which are
widely used by biologists and statisticians to analyze data numerically [4]. In a specific
version of tree space, the candidates for species on the leaves are fixed therefore we con-
sider the space to be finite. Within the space, the divergent patterns and their network of
paths give us numerous possibilities to infer the most likely evolutionary paths.

The space of phylogenetic trees is mostly studied by pure mathematicians analytically
[37], [26], [27]. Originally the finite dimensional problem was approached by the triangula-
tions of convex polygons, which are the dual graphs of a binary tree with fixed cyclic order
of the labels [28]. In the last decade, the study of tree spaces has exploded and attracted
different approaches from various directions [8], [9], [56], [23], [19], [57]. Therefore we
review some important results in this research subject and develop it into more general
cases.

The aim of this thesis is to investigate some pure mathematics developed for the study
of tree spaces in both finite and infinite dimensions. We start by sketching a classification
of tree spaces from different properties of geometry and combinatorics. We will then

move on to the relations and adjacencies within the same tree space (the random walk)
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and compare our analysis with others. There are also published results from different
perspectives and we would like to clarify the relationships between these approaches after
the analytic work [59], [52].

We would like to produce a result on the decomposition of functions on tree spaces
which use the Laplace operators from the adjacencies. The solution will be the decompo-
sition into eigenvectors giving harmonic analysis on tree spaces. Meanwhile, the random
walk on continuous spaces can be interpreted as the solutions to the heat equation and dif-
fusion processes in applied mathematics. Similarly, the eigensolutions from the adjacency
matrices will give us information including processes and paths of evolution by likelihood

in statistics.

In graph theory, a tree is defined to be an undirected graph T' = (E,V) which is
connected and without any simple cycles. Every pair of distinct vertices on a tree is joined
by a unique path which is a set of edges. We consider trees with no trivial internal vertices
of degree 2 in the unrooted cases. The only vertex we allow to have degree 2 is the vertex
that corresponds to the root in a rooted tree. A leaf vertezr is a vertex of degree 1 and a
leaf edge is the edge which is connected to a leaf vertex. A tree space T is defined to be
the collection of all trees that satisfy certain properties. We present some classic examples

of trees, their related expressions and embeddings.

Definition 2.1. Forn > 3, a star s, is a tree with n edges and (n+ 1) vertices, the only

internal vertex ig and the leaf vertices {vi,--- ,vn}.

The internal vertex ig has degree n and is connected with all leaf vertices and every
leaf vertex has degree 1 is only joined to the internal vertex ig. There are no internal edges
in this graph. We may consider the star tree as the fully degenerate phylogenetic tree of
n species. In the realization and the computation of metrics on tree spaces, the star tree
is often considered as the origin in the corresponding Euclidean space [5].

Note that the star tree is bipartite therefore there exists an eigensolution which corre-
sponds to the alternating eigenvector with eigenvalue —1 in the simple random walk on
the graph in addition to the constant solution with eigenvalue 1. In this case, the simple

random walk does not converge to a stationary distribution.

Definition 2.2. A tree is called semi-labeled if the leaf vertices are labeled and the internal

vertices are not labeled.

For a semi-labeled unrooted tree with n leaves, we choose X = {t1,to,...,t,} to be set
of leaf labels which correspond to the species. To simplify the labeling, we might replace

them with the set of numbers N' = {1,2,...,n}. For a semi-labeled rooted tree, one of
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the leaf labels is chosen to be the root. Note that in a binary rooted phylogenetic tree,
the leaf edge for the root has positive length therefore the internal vertex adjacent to the

root vertex has degree at least 3.

Definition 2.3. A permutation of X s a sequence: ir(1),ix(2),---sixn) where

{i1,12,...,in} = X and the group element ™ € S,,.

We start from a string given by a permutation of X. Sometimes we write the root label
R or 0 in front of the string so that it has length (n + 1). We then add brackets on the
string by the following rules. We pick a subsequence of consecutive elements of length at
least 2 in the string, i.e. the subsequence j1,...,jr where there exists ¢ such that j; = 4;4+
forall I =1,...,k. Then we put a left bracket to the left of j; and a right bracket to the
right of j on the string so that the subsequence ji, ..., ji is bracketed.

Definition 2.4. The partition given by a bracketed subsequence ji,...,jr of the sequence

in(1)s bn(2)s - - > In(n) 18 @ pair of disjoint subsets {j1,...,jx} and {X UR}\{j1,...,jr} of
the set X U R.

We then repeat the process by bracketing more subsequences of consecutive elements

of the string by choosing a subsequence Xj;, that satisfies that following conditions:
e the length of X, must be at least 2;

e the subsequence X; must not be identical to any subsequence that has been already
bracketed;

e given any previously bracketed sequence Xy, X and Xy can either be disjoint, or
one of them is completely included in the other i.e. the two brackets for Xy and X,

are compatible.

Remark 2.5. The first two conditions make sure that all bracketings are nontrivial and
the third condition defines the pairwise compatible relations of the set X U R for any two

distinct brackets.

The string is fully bracketed if there are not any nontrivial brackets to be added by the rules
above. Note that a single label in the string is also fully bracketed. In a fully bracketed
string, every bracketed subsequence consists of a unique partition of two disjoint bracketed
subsequences. Every single label in the string is also one of the two disjoint sets of the

partition for a unique larger bracketed subsequence.

Definition 2.6. A semi-labeled Newick string of X without edge lengths is a string of X

with compatible nontrivial bracketings.
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We will now construct the semi-labeled rooted binary tree from the semi-labeled Newick
string which is fully bracketed. The semi-labeled rooted binary tree will be constructed
by defining the vertices and edges which are (computer-)readable from the Newick string.
For the binary tree to be nontrivial we require n > 3. We start with the star tree s3 and
label one leaf vertex by the root label R. Then we find two subsequences A; and As whose
union is the full sequence A on the Newick string such that A; and As are both bracketed
or just consist of a single label. We then define both subsequences to be the children
of the root R and label them on the other two vertices of the star tree respectively. If a
subsequence X, consists of more than one labels, we label two vertices by the two disjoint
bracketed subsequences of its partition as its children and join each of these two vertices
to the vertex labeled X;; by an edge. We repeat this process on all subsequences until
vertices of children all correspond to single labels. We obtain a connected graph which is a
tree with (n+ 1) leaves labeled by the set X and the root R. The bracketed subsequences
on the internal vertices not only define the partition of splits, but also define the subtrees
as they are all in the semi-labeled Newick string format. An example of semi-labeled

rooted binary tree is given by the figure below.

Figure 2.1: The rooted binary tree constructed from the Newick string ((a, c) ,b) , ((d, e), (f, g))

Every fully bracketed semi-labeled Newick string and the rooted binary tree has a
planar embedding to a triangulated convex polygon and these two constructions have

many key properties in common.

Definition 2.7. A triangulation of a convex polygon with labeled edges is a cutting of the

polygon into triangles by connecting vertices with non-crossing line segments.

For a semi-labeled Newick string of X where |X| = n, we set the convex polygon to
have (n 4 1) edges and label the top edge as the root label R. Then we label the other

edges anticlockwise from R by the string of X. Every non-crossing line segment inside the
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convex polygon splits the edge labels into a partition of two disjoint strings with length at
least 2. The string without the root label R is a subsequence which can be bracketed. The
non-crossing condition for the line segments correspond to the property that all partitions
of the bracketings are compatible. When the convex polygons are cut into triangles, we
cannot add any other line segments which connect vertices and do not cross the existing
line segments. This property corresponds to the condition of the fully bracketed string.
Hence we construct the corresponding triangulation of the convex polygon from a fully
bracketed Newick string. The embedding of the rooted binary tree is by putting the
vertices inside the corresponding triangles of partitions and outside the labeled edges of
the convex polygon. We then join two vertices by an edge if their regions share a common

edge.

Definition 2.8. A triangulated convex polygon is the dual polygon of a semi-labeled

Newick string and the corresponding rooted binary tree if it satisfies two conditions:

1. the anticlockwise permutation of the edge labels apart from the root label R is the

same to the permutation for the sequence of the Newick string;

2. every partition of the edge labels given by a line segment inside the polygon is a
partition defined by a bracketed subsequence as in Definition [2.].

An example of the triangulation with the embedded binary tree of the above Newick

string is given by the figure below.

<
d

Figure 2.2: The triangulation of the dual polygon to the Newick string ((a,c),b), ((d,€), (f,9)).

As a triangulation defines a unique set of compatible partitions of X U R, it gives a full

bracketing of the semi-labeled Newick string of X which shows that it is also a one-to-one
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correspondence. There are C),_1 ways to triangulate a convex polygon where C,, is the
m-th Catalan number #ﬂ(%}?)

Conversely, it is also possible to construct a triangulated convex polygon from a binary
tree as both graphs are planar and we can place all leaves across the polygon’s edges and
connect the vertices through the partitions of leaf labels given by the internal edges of the
tree. The triangulated polygon which is constructed from the binary tree is not unique as
there are more than one planar embeddings given by the valid cyclic orders of the leaves.
We will then discuss the groups that act on the Newick strings and triangulated polygons,
thus find the invariance conditions of the embedded binary trees.

If we fix the root label R and the positions of the brackets, the symmetric group Sy,
acts on the permutation of elements of X. This group action preserves the shape of the
triangulation but changes the semi-labeling of the corresponding convex polygon.

We will now define a equivalence relation on the set of triangulated polygons and their

corresponding Newick strings which give the same binary trees.

Definition 2.9. Two semi-labeled Newick strings are said to be BHV-equivalent if all

partitions read from their corresponding bracketings are the same.

This implies the same equivalence relations on the triangulations for the dual polygon
due to the one-to-one correspondence.

If the polygon is regular, the dihedral group Dy, 1) acts on the semi-labeled trian-
gulated convex through rotations and reflections. The cyclic order of the elements in the
string X and the embedded binary tree is preserved under this action but the top edge
for the root label may change and the bracketing of the Newick string might be different.
Note that a rooted tree can also be unrooted if we do not specify the labeled leaf R as
its root. Given an internal edge in the triangulation that cuts the polygon into two small
semi-labeled polygons, the reflection of one of the two small polygons about the perpen-
dicular bisector of that internal edge, together with the labels, also fix the partitions, but
is likely to change the permutation of the labels. In the next section, we will enumerate
the number of fully resolved phylogenetic trees through the constructions of semi-labeled
Newick strings and triangulations and calculate the number of BHV-equivalent binary

trees by the invariance conditions given by the actions described above.
Example 2.10. The g-homogeneous rooted tree of depth n.

Let ¥ = {0,1,...,q — 1} be the alphabet where q € Z. A finite word w over X' is a
sequence w = 071 ...0y of length k where o; € X' for all j =1,..., k. We denote by X* the
set of words of length k and X° = () the empty word.

We define the graph T' = (V, E) of the finite g-homogeneous tree of depth n T, where
n > 2. First we define the vertex set V' to be (J;_, X* the set of words with length

10
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0 to n. Then we define the edge set E by the adjacency relations between the vertices.
Two vertices are connected by a single edge if and only if one word can be obtained from
the other by adding or deleting the final letter. Two vertices are adjacent if they are
connected. We can see that there are not any cycles in the graph therefore it is a tree.
The empty word ) is adjacent to the ¢ words of length 1 and every word of length n,
w = 01...0, € X" is adjacent to one word of length n — 1, w’ = o1...0,_1. Every
internal vertex corresponds to a word of length &k where 1 < k < n — 1 and is adjacent
to ¢ words of length k + 1 and one word of length £ — 1. The leaves are given by X",
the set of words of length n. All internal vertices have degree q + 1, therefore the tree is
homogeneous. Given an internal vertex v = o7y ...0; € ¥, we define T, to be the subtree
rooted at v. The subtree T, is a subgraph of T, ,, which consists of vertices of words of the
form vv’ where v’ € U;L;é“ X7 and the edges are given by the adjacency relations defined

above.

Figure 2.3: T 4, the binary tree of depth 4.

The symmetric group S; acts at every internal vertex and the automorphism group
Aut (Tqyn) acts on the entire tree. We define G, >~ S, to be the group that acts at the
internal vertex of the word v and there exists an isomorphism between G, and S, given
by 6,(7) = 0yr € Aut (Tq,n) where G € S;. The group G, ~ S, stabilizes all vertices
which are not on the subtree T,. For a word voy v € T, where the word v has length
k and v € U?:_éc_l X7, given a group element 7w € Sy and the corresponding element
Opr € Aut (']I‘qyn), we have 6, . (v0k+1v’) = um (0gs1) V. In the next chapter, we will
define the ultrametric on this space and identify a subgroup K which is the stabilizer of a
fixed word 00...0. We also consider the algebra of functions on the group and compute the
spherical functions of the commutative bi-invariant subalgebras arising from the Gelfand

pair of the automorphism group and the subgroup K.

2.2 Phylogenetic trees

In this section, we present various spaces of phylogenetic trees with n labeled leaves. We
will first define the discrete spaces given by the set of trees as graphs by considering the
case where all internal vertices have degree 3 and the case where some internal vertex has
degree at least 4. We will also define the continuous space of semi-labeled phylogenetic

trees where the internal edges are assigned with lengths.

11



Chapter 2. Background and finite tree spaces

We start by enumerating the tree shapes in the discrete semi-labeled tree space where
all internal vertices have degree 3 and introduce different representations of a semi-labeled
tree including the subtree splits, the quartet display and the trees and matchings of 2n
numbers [I7]. We will then describe the adjacency relations between the trees in the space
as an essential setting for a random walk e.g. the nearest neighbour interchange (NNI).
The settings will be applied in the next section where we realize the discrete tree spaces

to construct the polytope from the adjacency relations.

2.2.1 Combinatorics

In terms of a graph, for n > 3, a fully resolved semi-labeled phylogenetic tree with n
species on the leaves consists of n leaves, (n — 3) internal edges with positive lengths and
(n — 2) internal vertices of degree 3. A tree is said to be semi-labeled by the set of species
X if the leaves are labeled by distinct elements of the set X and the internal vertices
are not labeled. Normally we just define the set of n species X to be the set of numbers
N ={1,2,...,n}. As a graph, a tree can be rooted with a root label R or unrooted if
we do not specify a root label. If there is a root, we may define the root label to be the
number 0 as it satisfies the condition of a leaf on the graph of the tree.

A tree is either fully resolved if every internal vertex has degree 3 or degenerate if there
exists an internal vertex with degree at least 4. We start from the discrete tree space to
consider the trees as graphs and do not assign lengths to the edges. We will now define
the sets of semi-labeled trees for only the fully resolved case and the set which consists of

both fully resolved and degenerate trees.

Definition 2.11. The fully resolved discrete phylogenetic tree space S, s the set of fully

resolved semi-labeled trees with n leaves [9].

We will describe the structure of the adjacencies between the all trees in the set S, in
the next subsection [2.2.2)

Definition 2.12. The discrete phylogenetic tree space S is the set of semi-labeled trees

with n leaves which consists of both fully resolved and degenerate trees.

If we use the same set A for the leaf labels, we can see that S, is a subset of S}f. We
will first examine the combinatorial structure of S,, and compare with the Newick strings

introduced in the previous section [2.1

Definition 2.13. A split of a set X is a partition of X into two disjoint subsets {E, EC}.
Definition 2.14. A split {E EC} of X s nontrivial if |X| > 4 and 2 < |E| < |X]| — 2.
Definition 2.15. Two splits {E,EC} and {F, FC} are compatible if ENF € {E, F,@}.

12



Chapter 2. Background and finite tree spaces

This compatibility relation is also described for the bracketing of the Newick string in
Definition and Remark in the previous section where F and F can only be
disjoint or one of them is a subset of the other. For a fully resolved semi-labeled tree,
every internal edge generates a split of the leaf labels. This is because when we remove an
internal edge, the graph becomes disconnected and consists of two semi-labeled trees with
disjoint sets of leaf labels. Therefore every fully resolved tree determines (n—3) compatible
nontrivial partitions. Conversely, given (n — 3) compatible nontrivial partitions of the set
X, we can reconstruct the corresponding fully resolved tree [55].

To be precise, every internal edge is adjacent to four other edges which gives the
partition of four disjoint subsets of the leaf labels. The quartet display of an internal
edge of a semi-labeled tree T' with leaf labels X is given by Q(T') = (11, T2|T5,T4) of the
subtrees where the disjoint sets T1,715,13,74 € X with T UTo, UT3 UT, = X and the
notation | indicates the split {{T1 UTa},{T5 UTs}}.

For S, in a degenerate tree with n leaves, there are less than (n — 3) internal edges.
However we can still produce the set of compatible splits from the existing internal edges.
The star tree s, is the fully degenerate tree as the internal edges do not exist therefore
there are not any nontrivial splits of the leaf labels.

Given a tree T € S, every partition {E , EC} generated from an internal edge subdi-
vides the tree into two subtrees. Each one of the two subtrees has a special internal vertex
of degree 2 if we remove that internal edge. The subtree with the subset E for the leaf
labels is defined to be a cherry if |E| = 2. For n > 4, a tree has least 2 cherries. A tree is
called a caterpillar tree if it only has 2 cherries [9].

There are various ways to count the number of trees in the space of S, and we will
present three of them. The three methods are given by (I) the induction of building up
from the star tree s3 [21]; (II) the counting of BHV-equivalent triangulations of semi-
labeled polygon; (III) the matching algorithm that sets the one-to-one correspondence
between S,, and the disjoint unordered 2-subsets of (2n — 4) numbers [17].

Method (I): we verify that for n = 3, there is only one possible tree which is the star
tree with leaf labels {1, 2, 3} and there is no internal edge for a star tree. For n = 4, there is
only one internal edge and the three partitions for the three trees in Sy are {{1, 2}, {3, 4}},
{{1, 3},4{2, 4}} and {{1, 4} {2, 3}} Equivalently, the three splits correspond to the three
edges of the star tree s3 on which we insert the leaf edge labeled 4. Note that there are 4
leaf edges and 1 internal edge for the trees in S4. To construct a tree in S, we may insert
the leaf edge labeled 5 on any one of the 5 existing edges in a tree T' € S;. We then repeat
this inserting process, which means that to construct a tree in S from a tree in Sp_1,
we may insert the leaf edge labeled k to any one of the (2k — 5) existing edges on a tree
T € Sk—1 for k > 5 [21]. Every single tree T'in S can be constructed by this process. The

construction can be reversed by removing the labeled leaves, from n down to 4. Then we
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Chapter 2. Background and finite tree spaces

will know the positions for the inserting process for all labeled leaves. By induction, the
enumeration result of the number of trees in &, is given by the falling factorial number
(2n — 5)!.

Method (II): we can count the number of distinct trees from the fully triangulated semi-
labeled regular polygon with n edges and then quotient out the corresponding binary trees
which are BHV-equivalent given in the previous section [2.1] Every permutation for the
labels and a triangulation gives a dual graph of a fully resolved tree in S, as in Definition
The dihedral group Do, acts on the n-gon through rotations and reflections. Two
trees are also BHV-equivalent under the twisting of internal edges which corresponds to
the reflection of one of the two small polygons about the perpendicular bisector of the
corresponding internal line segment in the triangulation. The twisting does not allow
both small polygons to be reflected as this is one of the reflections generated from Ds,,.
Therefore every twist of an internal edge gives a two-fold symmetry which cannot be
generated from the dihedral group action as a twist only reverses the edge labels on one of
the two small polygons. These two actions, which are the dihedral group actions and the
(n — 3) twists of the internal line segments, preserve the set of splits thus preserves the
tree in S,,. All of the (n — 3) twists are independent from each other and also independent
from the dihedral group action Day, [9].

We enumerate the number of triangulated regular n-gons with n labeled edges, which
is given by [S,|Cp—2 where C,_s is the Catalan number and equal to the number of
triangulations of a convex n-gon. We also calculate the number of BHV-equivalent trees
which are embedded to these |S,| Cy,—2 labeled triangulated polygons. For a triangulated
regular n-gon with n labeled edges, any actions of the (n—3) twists and Ds,, give a another
triangulated regular n-gon which is BHV-equivalent to the original one. Hence the number
of BHV-equivalent triangulated regular n-gons can be obtained by the product of the sizes
of the independent twists and dihedral group action [9], which is given by |Da,|2" 3.
Therefore the size of the S, can be calculated by

|90 Cr2 n! (2n — 4)!
[Dan| 2772 on=2p(n — 1) ((n — 2)!)?

|Sn| = = (2n —H)I.

Method (III): We note that the number (2n — 5)!! is equal to the number of (n — 2)
unordered disjoint 2-subsets of (2n — 4) numbers. There indeed exists such matchings of
n pairs for a rooted tree of Newick string format with (n — 1) leaves [17]. We will state
the one-to-one correspondence between the matchings and trees. First we relabel the leaf
labeled n as the root R, alternatively denoted by 0. The idea is to view the graph as
hanging the tree up by its root. Then we express the tree in the Newick String format,
without the length of edges. We will then label the internal vertices from the original semi-

labeled tree to complete the labeling of the entire tree. As there exist at least two cherries
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in a fully resolved tree, we can spot them as the brackets (i1,i2), (i3,4),. .., (12k—1,92k)
which all consist of two leaf labels. We pick the bracket (j1,j2) if ji or j2 is the smallest
in the set {i1,42,...,42t_1, %2k} and write down the 2-subset with the two numbers from
this bracket {j1,7j2}. Then we replace this bracket by the number n in the Newick string
and obtain another Newick string. This process labels the corresponding internal vertex
on the rooted tree.

This process can be repeated by using the Newick string obtained from the previous
step, which equivalently chops off a cherry with the smallest number and then labels the
new leaf label with the next unused natural number. We repeat the process until all
internal vertices are labeled and the (n — 2) 2-subsets are written down. For example, the
matching process of the Newick string (((5, 2) ,4) , (3, 1)) are given by

((6:2,9).3.1) {131},
( 2),4),6) : {{1,3} .{2,5}},
((7,4),6) : {{1,3},{2,5}},

(8,

{{1 3}.{2,5}.{4,7}},
— {{1,3},{2,5},{4, 7},{6,8}}.

—
—
—

Two Newick strings are BHV-equivalent if their corresponding splits defined by the brack-
etings are identical. Therefore two Newick strings return the same matchings if they are
BHV-equivalent as they correspond to the same tree in S, given by the same splits.
Conversely, given (n — 2) unordered disjoint 2-subsets of a set of (2n — 4) numbers, we
are able to reconstruct the Newick string through the same process of spotting the cherry
with the smallest number. At the start, there exists a 2-subset where both numbers are
less than or equal to (n —1). Every 2-subsets which satisfy this condition is a cherry. The
internal vertex of the cherry with the smallest number will be labeled by the number n.
We then remove the 2-subset and also remove those two numbers in that 2-subset from
the big set of (2n — 4) numbers. Equivalently we remove that semi-labeled cherry from
the semi-labeled tree and label the previous internal vertex of that cherry with number n
as that vertex is now a labeled leaf vertex. We obtain another semi-labeled rooted binary
tree and then repeat the process of spotting the cherry with the smallest number. This
process gives a unique semi-labeled binary tree in the Newick string format which can be
reversed to obtain the matchings. Therefore the one-to-one correspondence gives us the

number of fully resolved trees in S,,, which is the number of (n — 2) unordered disjoint

i) T

2-subsets of (2n — 4) numbers, =21

We will now define the space of phylogenetic trees with n taxa with specified lengths
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for the internal edges. We always assume that the lengths of the leaf edges are strictly
positive. We do not include the data of the lengths of the leaf edges as the splits for leaf

labels are determined by the internal edges [9].

Definition 2.16. The continuous phylogenetic tree space 7, is given by the set of semi-

labeled trees of n leaves S with specified internal edge lengths.

Let the space S, be the tree space with leaf labels {i1, ..., 4, }. The number of nontrivial
splits is the number of subsets with 4, of the set of the n leaf labels with size of every
subset not equal to 0, 1, n — 1 or n. For n > 4, the number of nontrivial splits is therefore
27—l _ 1 — 2. We define the standard basis of the vector space R2"7'=n=2 ¢4 he

{1E tin € B, {E, EC} is a nontrivial split of leaf labels of S;} .

Every fully resolved tree T' € S, is determined by (n — 3) compatible splits which
correspond to the (n — 3) internal edges. We write E€T if {E, E°} is a nontrivial split of
leaf labels in 7. In 7, every internal edge which corresponds to a split { £, E¢} in the fully
resolved tree T' € S, has a positive length [p. We explicitly write a tree T" with internal
edge lengths as a vector ) perlglp € R2"'=1=2 where lg > 0 for all EET. Therefore in
Tn, the trees with the same set of compatible splits can be identified in a Euclidean region
isomorphic to Rif?’ with standard basis {1p : EET'}.

In 7, every fully resolved tree corresponds to a vector in RQn_l_”_Q, which is a unique
linear sum of the (n — 3) unit vectors for the (n — 3) compatible splits in the standard
basis of R2"'="=2 with strictly positive coefficients given by the internal edge lengths.

—n—2

Every degenerate tree corresponds to a vector in R2"! , which is the linear sum of

(n — 3) unit vectors for the (n — 3) compatible splits in the standard basis of R2" ' —n-2
with non-negative coefficients. A degenerate tree in S has less than (n — 3) internal
edges which generate less than (n — 3) compatible splits therefore the vector as a linear
sum of the (n — 3) unit vectors will have strictly positive coefficients for the splits which
correspond to the existing internal edges, and coefficients 0 for the unit vectors of the
non-existing internal edges. Hence every semi-labeled tree with n leaves with specified
internal edge lengths can be uniquely written as a linear sum of no more than (n — 3)

—n—2

unit vectors of the compatible splits in the standard basis of R2" with non-negative

=2 where the

coefficients. Therefore the space 7T, can be identified as a subset of R?:il
axes are labeled by the nontrivial splits of the leaf labels.

The space of a specific fully resolved tree with positive internal edge lengths is then
isomorphic to an RT};:S space as the (n — 3) positive entries in the corresponding vectors in

Rin_l_”% are given by the lengths of the internal edges for the (n — 3) compatible splits.

16



Chapter 2. Background and finite tree spaces

Definition 2.17. The space of a specific fully resolved tree T is the orthant of T in the
space of Tp.

The faces of an orthant consist of trees which can be written by less than (n — 3) unit
vectors in the standard basis of its corresponding compatible splits. The space T, consists
of all orthants of the fully resolved trees isomorphic to R’};S. The interior of these orthants
are all disjoint as their corresponding fully resolved trees do not have the same set of splits
thus their corresponding vectors in R?:ilfnﬁ have nonzero entries in different positions.
These orthants of the fully resolved trees are glued together in 7, which is isomorphic to
a subset of R

they have k splits in common and face is given by the vectors of those splits.

2"7'=n=2 Two orthants share a boundary face which is isomorphic to Ri if

In the space of 7T,, the star tree s, corresponds to the origin point which is the zero
vector. The star tree is also considered to be fully degenerate as there are not any internal
edges.

We can define a natural metric on 7, by the distance between the trees. If two trees
are in the same orthant, the distance will be given by the Euclidean distance between
their corresponding vectors. If two trees are in different orthants, we can define paths

~n=2 which corresponds

between them which only go through points in the subset of R2"!
to T,. The length of the shortest path is defined to be the geodesic distance and does not
necessarily go through the origin for two trees not in the same orthant [6], [50].

We can see that the space 7, can be embedded in an (2”_1 —-n— 2)—dimensional
Euclidean space but some other constructions have shown that the trees can be fit in a
much lower dimension of the Euclidean space [36].

Some stochastic process on 7T, are computed by changing the internal edge lengths and
going across the faces of orthants with certain rules. This can be set as a movement of
a point with some rules in the space of 7,,. Within an orthant of a fixed tree in S,,, the
change of internal edge lengths can be set as the diffusion on the space of ]Rﬁfg. We may
also define other spaces which have similar structures to 7,. For example, we can restrict
the lengths to be integers by setting a lattice of mesh points of Z?;S in ]R’};‘g. Then the
stochastic process which corresponds to the diffusion on the space Ri_g is replaced by a
another process on ZTJ:?’. The stochastic process will be given in terms of the random walk
and we seek the eigensolutions to the adjacency operators. We can also define another
space T,/ which consists of all trees in S} with a fixed positive total internal edge lengths
L. In this case, the star tree s, does not exist and within each orthant, the dimension
goes one lower as the vectors are in a subspace.

Our aim is to understand the adjacency relations between the trees in S,, and between
the orthants in 7,,. We will then apply the adjacency relations to realize the space of trees
into a graph in a Euclidean space of lower dimension to simplify the numerical compu-

tations of changing edge lengths and going across the orthants. The adjacency relations
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and realizations will give us better understandings to the property of tree spaces thus
simplify the numerical work to analyse the diffusions and stochastic process by reducing

the dimensions through the symmetry properties in the representations of S,,.

2.2.2 The nearest neighbour interchange and random walk

The random walk on the space of discrete semi-labeled phylogenetic trees S,, is generated
by the nearest neighbour interchange, or NNI [63]. Given an internal edge with internal
vertices v and v in a fully resolved tree, we may identify its four adjacent edges thus the four
subtrees A,B,C and D with the disjoint set of leaf labels {T A, Tp|Te, TD} as in the quartet
display. The NNI process regroup the four subtrees into one of the possible two partitions
apart from the original structure. If the original split is given by {T4 UTg,Tc UTp},
there will be two possible splits after the NNI process, which are {T4y UT¢,Ts UTp} and
{TyUTp,Tp UTc} as in the diagram below.

.
> 7 ?b\w

Figure 2.4: The nearest neighbour interchange at an internal edge with 4 subtrees A,B,C,D.

Note that the splits given by any other internal edges are preserved. When the cyclic
order of the leaf labels are fixed by Ta,Tp,Tc,Tp, the split {Tp UT4,Tp U T} is the
only possible outcome of the NNI process from the split {T4 UTp,Tc UTp}.

In the NNI process between trees in S,, we skip the degenerate tree with an internal
vertex of degree 4 for the case of the internal edge wv in the fully resolved tree shrinks
to a vertex. In &, the three fully resolved trees in the diagram are all neighbours of this
degenerate tree. In the NNI process, we are not allowed to stay in the same tree although
there exist three possible fully resolved trees from this degenerate tree. We also note the
(n — 2) compatible splits for the degenerate tree are included in each of these three fully
resolved trees.

Two fully resolved trees are BHV-adjacent if they differ by one nearest neighbour
interchange. Every fully resolved tree has (n — 3) internal edges which means that it is
adjacent to other 2(n — 3) fully resolved trees in S,,. Therefore we can define a graph
whose vertices are the fully resolved trees in S, and the edges are obtained from the

BHV-adjacencies [38], [60]. In the simple random walk on this graph, the probabilities of

1
2(n—3)"

moving from a vertex to all of its 2(n — 3) neighbours are equal to
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The four subsets in a quartet display on an internal edge are preserved under the NNI
process of that specific edge. But the quartet display on other internal edges will change.

In the continuous phylogenetic tree space 7, where the data of internal edge lengths
are isomorphic to Rﬁfg’, we regard the NNI process as one of the internal edge length
shrinks to zero and becomes a vertex of degree 4 and can still identify the 4 subtrees from
this vertex. The tree is now degenerate and on the topological boundary and on an (n—4)
dimensional face of an orthant. There are three ways to 2-2-split the 4 subtrees to make it
fully resolved again and one of them is back to the orthant of the previous fully resolved
tree. The problem of computing the geodesic distance applies the NNI process to find the
shortest path between two trees in the continuous space 7Ty, [5].

Within an orthant where the splits of labels are fixed, the random walk is isomorphic
to the diffusion on R7}:3 for the continuous space or isomorphic to the simple random
walk on ZT}:‘3 lattice if we restrict the edge lengths to be integers [49]. On the continuous
space T,, when the random walk goes across the topological boundary of the orthants, the
probability are often to be considered as equal to the three possible directions given by the
nearest neighbour interchange. We study the random walk by finding the eigensolutions
of the transition matrix on the vector space of probability measures which can be applied
to simulate the stochastic process and random walks. The dimensions for both of the
spaces S, and 7T, are huge therefore we seek other methods to simplify the calculations.
In Section [2:3] we consider the realization of tree spaces into polytopes which reduce the
dimensions to O (n) or O (n?). And in Chapter we seek analytic solutions to the random
walk under the invariance conditions of the group that acts on the tree space.

The space S4 only consists of three fully resolved trees and they are all BHV-adjacent

to each other. The smallest nontrivial example to consider is Ss.

Example 2.18. The space S¢ and the Petersen graph.

{1,2}

(3,5}

{3.4}\{“ |,:;}/l4';}

{2,4f 1,4}
/ \

1,5— {23}

Figure 2.5: The Petersen graph with compatible partitions for Ss.

The Petersen graph is a regular graph with 15 edges and 10 vertices of degree 3. The

vertices can be labeled as above where the every edge consists of two disjoint subsets of the
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set {1,2,3,4,5}. Every 2-subsets of the full set can be extended to a 2-3-split, which is the
only possible size of nontrivial partitions in S5 and S¢. We can see that the two partitions
for the two vertices of every edge are compatible. Therefore the 15 edges of the Petersen
graph and the 15 fully resolved trees of S are in one-to-one correspondence. The 10
vertices of the Petersen graph and the 10 degenerate trees with one internal edge of S; are
also in one-to-one correspondence. We also notice that two edges share one common vertex
if and only if they have a common split and correspond to the BHV-adjacency conditions.
Therefore the vertices and edges of the Petersen graph represent the degenerate and fully
resolved trees respectively in the space of Sf. The Petersen graph is also the dual graph
for the graph with vertices of S,, with the adjacency relations where the 15 fully resolved
trees are given as the vertices instead of edges and the 10 degenerate trees are given as the
triangles. If the sum of the lengths of the two internal edges are fixed, then every point
on the vertices can be identified as a Newick string with internal edge lengths.

The 10 vertices of the Petersen graph also represent the 10 degenerate trees where one
of the internal edge has length zero. The symmetric group S5 acts on the 5-set and the
stabilizer of a fixed partition is isomorphic to So x S3. In the stochastic process for the
discrete random walk, we will fix the size of splits and seek the eigensolutions on a set of
degenerate trees for the adjacency operators. The group S5 and the subgroup S x S5 form
a Gelfand pair. In Chapter [3] we shall use the properties of the Gelfand pair and further
reduce the dimension for the vector space of the random walk to find the eigenfunctions

which decompose the functions on the discrete space.

2.3 Realizations of different tree spaces

In this section, we seek better realizations of tree spaces as polytopes. As every binary tree
has a planar embedding in a semi-labeled triangulated polygon, we construct a simplicial
complex where the vertices correspond to the semi-labeled triangulated polygons. The
alm is to realize the simplicial complex of a tree space as a polytope in the Euclidean
space.

Throughout this section, we use the word “facet” for all lower dimensional boundaries.
We use the word “face” if a facet is (n — 1)-dimensional on an n-dimensional polytope.

We first construct the polytope in the Euclidean space where the vertices correspond
to the permutations of the (n + 1) leaf labels, namely the permutohedron P, which is
n-dimensional; i.e., given n unit vectors from the standard basis of the Euclidean space,
every point on the surface and inside P,, can be uniquely written as a linear sum of these
n vectors. Then we fix a permutation; i.e., the labels on the edges of the polygon, and
construct the polytope where the vertices correspond to the triangulations, namely the

associahedron K,. We apply the Dorman Luke construction [16] to construct the dual
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polytopes Py and K of the permutohedron and the associahedron. We prove that the
dimension of K, is (n — 1)-dimensional, thus always one lower than the dimension of P,.

Finally we obtain the associahedra with different permutations of the edge labels and
identify them on the faces of a dual permutohedron, namely the permuto-associahedron
K P,,, where the vertices correspond to the fully bracketed Newick strings of n leaf labels
with all possible permutations and bracketings (triangulations). We also outline a method
to realize the the space of S, using the secondary polytope construction and compare with

the balanced minimal evolution (BME) polytope [36] of the same dimension.

2.3.1 Realizations of the permutohedra

When we fix a root label in the discrete tree space S,42, we consider the binary trees
written in the Newick string format. The Newick string is a fully bracketed sequence
which corresponds to a permutation of the (n 4+ 1) leaf labels. Our first aim is to find the

realization of all permutations of the leaf labels in a Euclidean space.

Definition 2.19. The n-permutohedron is the convex hull of all permutations of the vector
(z1,%2, ..., Tny1) € R where x; # xy, for all j # k.

Definition 2.20. The standard n-permutohedron P, is the convex hull of all permutations
of the vector (1,2,...,n+1) € R**1,

The symmetric group Sp,+1 acts on the entries of the vector and total number of points
is (n + 1)!. We can verify that the all points of P,, v = (v1,...,v,41) € R""! lie on a
n-dimensional subspace satisfying the affine condition (v, 1) = Z?T v; = 3(n+1)(n+2).
The subspace is given by the orthogonal vector (1,...,1) therefore the permutohedron lies
in an n-dimensional subspace of R*t1.

Let E = {j1,72,--.,j1} be anontrivial subset of {1,2,...,n+ 1} with 1 < |E| < n. Let
1g € R"*! be the vector with value 1 in the ji-th, jo-th,...,j;-th entries and 0 elsewhere.

We define a hyperplane in R**! from the normal vector 1g as the set of points

E| |Ey +1)

QER”JFI- Z]_|

JjeEE

Definition 2.21. The half-space Hp, (F) of the nonempty subset E C {1,2,...,n+ 1}
is the set of points given by

|E| (|E] +1)

Hp (B):={veR": Z vj = (v,1g) > 5 ,

JEEEC{1,...n+1}

where 1 is the normal vector that defines the hyperplane for the half-space Hp, (E).
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The boundary of the half-space Hp, (F) is the hyperplane where the points are ob-
tained by the equality relation in Definition[2.21] The points which are not in the half-space
Hp, (E) are all on the same side of R™*! which is split by the hyperplane. The points in
the half-space Hp, (E) which are not on the boundary correspond to the strict inequality

in the definition.

Lemma 2.22. The permutohedron P, is in an n-dimensional subspace with half-space

representation given by the intersection of all half-spaces

Py = N Hp, (E).
E#0,EC{1,...n+1}

Proof. Given all permutations of the vector (1,2,...,n+ 1) € R**!1 the equality in the
condition of the half-space Hp, (E) holds for a vector v on the boundary. If a vector is
given by a permutation of (1,2,...,n + 1) and on the boundary of Hp, (F), then the first
I numbers {1,...,l} are in the ji-th, jo-th,... j-th entries of the vector for the nonempty
subset E = {j1,j2,...,51t S {1,...,n+1}.

We get the strict inequality if any number greater than [ appears to be in one of the j;-
jeE Y will be greater than w The
left hand side of the inequality in Definition can be considered as an inner product

between the vector v and another vector 1g € R™*! where the entries are either 1 or 0. All

th, jo-th,...,j;-th entries as the sum of the entries

of the hyperplanes that define the half-spaces are (n — 1)-dimensional in the n-dimensional
subspace of R*+1,
We have a natural mazimal flag of the set {1,2,...,n + 1} given by

=

DC{1}C{L,2}C - C{l,2,....n}C{1,2,....n,n+1}.

Every vertex v of the convex hull corresponds to a permutation of (1,2,...,n + 1) thus
corresponds to another unique maximal flag of the set {1,2,...,n+ 1}, given by the
positions in v for the elements in the natural maximal flag defined above, explicitly given
by

0C {1} S ey C - S {ud2s - dnt G {1025+ o5 Jins i1}

where jj is the position of entry with number k in v, i.e. v; = k.

Apart from the full set and the empty set, every set in the middle of a maximal flag
is a set F which corresponds to a half-space Hp, (E) and a defining hyperplane. Every
vertex which is a permutation of the vector (1,2,...,n+ 1) is then well defined by the
intersection of the n hyperplanes which correspond to the subsets in the maximal flag
for the positions of the entries in the n-dimensional subspace of R™*! given by the set of
points {g : Z?:ll T = Wléﬂ} The coordinates of a vector on the convex hull can

always be obtained by solving the (n + 1) linear equations, which are the n equations
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for the half-spaces and the one equation Z?Ill T = %2(7”2) for the fixed sum of the

entries. O

Remark 2.23. Note that during the proof, the mazximal flag for the vector v,

@ g {jl} g {jlajZ} g g {jlva""7j7’L} g {j1’j27"'7jnajn+1}a

where ji s the position of entry with number k in v, ie w; = k, also de-
fines a permutation (ji,j2.... Jn:Jnt1). If v = g(1,2,...n+1) for g € Shy1,
then we have (j1,j2,...,5n,dns1) = g 1 (1,2,...n+ 1) and we define the permutation

(1,725 - - Jn, Jn+1) to be the inverse permutation of v.

The lemma proves that P, is an n-dimensional convex polytope with a half-space
representation. We will describe the (n — 1)-dimensional faces and lower dimensional
facets of P,. Every (n — 1)-dimensional face of P, is on the boundary, i.e. the hyperplane
of a half-space that defines P, when the equality is achieved in the definition. Two faces
on the boundaries of the two distinct half-spaces Hp, (E71) and Hp, (E2) intersect on the
surface of P, if and only if one of the two sets, F1 or Es, is the subset of the other one.

There are also lower-dimensional facets on P,, given by the intersections of more than
two (n — 1)-dimensional faces. A 1-dimensional facet, which is a line segment on the
polytope, is given by the intersection of (n—1) faces which correspond to (n—1) nonempty
subsets of {1,...,n + 1} in the natural maximal flag. The (n — 1) half-spaces determine
the entries of (n— 1) numbers and there are only two positions left to put the two adjacent
numbers on. These two vectors differ by a swap of the two undetermined entries. If we
take the 1-skeleton of the polytope which is isomorphic to a graph, the two vectors which
correspond to the two vertices are connected by an edge and they are adjacent on the
graph. Moreover, if we relabel the vertices of P, by the inverse permutation of the vectors
for the coordinates, the edges of the 1-skeleton will be generated by a swap of two adjacent
entries in the relabeled permutations.

In particular, when |E| = 1 or n, the (n — 1)-dimensional faces of P, given by the
boundaries of the half-spaces Hp, (F) are isomorphic to the permutohedron P,_;. Faces
with such properties fix the position of the number 1 and there exists an isomorphism
from the vectors on a face to the vectors of P,_1 by shifting the vectors by the constant
vector (1,1,...,1). The two half-spaces Hp, (E) and Hp, (EC) are parallel as they are

determined by opposite normal vectors 1g and 1zc that define their hyperplanes.
Example 2.24. The permutohedron P;.

The first nontrivial example of a permutohedron is the convex hull of two points (1, 2)

and (2,1) in R? and the line segment is clearly 1-dimensional.

Example 2.25. The permutohedron Ps.
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The permutohedron P, consists of 6 points in R? which are the permutations of the
vector (1,2,3). They live in a 2-dimensional subspace given by the vectors v = (v1,v2,v3)
where v1 +v9 +v3 = 6. The convex hull of the 6 points is a hexagon and the 1-dimensional
faces, which are the edges of the hexagon, are given by the inequality of half-spaces Hp, (F)
for |E| =1 or 2, with the coordinates satisfying v; = 1 and v; + vy = 1+ 2 where j # k

on the faces.

(1,2,3) (2,1,3)

(1,32) 312

2,3,1) 3.2,1)

Figure 2.6: The permutohedron P;.

Example 2.26. The permutohedron Ps.

The permutohedron P; consists of 24 points in R* which are the permutations of the
vector (1,2, 3,4) thus in the subspace where the sum of entries are equal to 10. The convex
hull is a 3-dimensional polytope and the shapes of the 2-dimensional faces are hexagons
and squares. The hexagons are given by the hyperplanes for the half-spaces Hp, (E) for
|E| =1 or 3 and they are isomorphic to P5. The squares are given by the hyperplanes for
the half-spaces Hp, (E) for |E| = 2. This polytope can also be considered as a truncated
octahedron and we can recover the octahedron by sticking the pyramids back to the 6

square faces.
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Figure 2.7: The permutohedron Ps.

Definition 2.27. Given two n-dimensional convex polytopes P and P*, one is the dual

polytope [6])] of the other if they satisfy the following conditions:
1. the vertices of one correspond to the faces of the other;

2. the k-dimensional facets given by the intersection of the faces of one polytope cor-
respond to the (n — 1 — k)-dimensional facets given by the corresponding vertices of
the other polytope for 1 < k < n — 2 where the corresponding vertices are given by

condition 1.

Given an n-dimensional convex polytope P, we apply the Dorman Luke construc-
tion [I6] to obtain the the dual polytope P*. The process is to obtain the convex hull
from a set of points on a sphere which are given by the positive multiples of the corre-
sponding vectors on the faces of P. We give a detailed construction for the dual polytope
of the permutohedron P,, from the Dorman Luke construction.

The centre of the polytope P, is given by the average position of all vectors which
are the permutations of (1,2,...,n + 1). Therefore the centre Op has coordinates
(% +1,...,5+ 1). We can also verify that every permutation of (1,2,...,n + 1) have
the same Euclidean distance to the centre Op thus all vertices of the permutohedron P,
are on the S"~! sphere centered at Op .

Recall the (n — 1)-dimensional faces of P, given by the boundary of the half-spaces
Hp, (E). We define the centre of the face to the average position of all vertices on the
face. For a face given by the boundary of the half-space Hp, (E), the coordinates of the
centre of the face £ € R™*! has value ‘E|T+l at the k-th entry for all k € E and value
|E|+++2 at the j-th entry for all j € EC. Note that the point E is inside the sphere as the

corresponding (n — 1)-dimensional face is inside the ball.
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We take the S"~! sphere centered at O p, Which consists of all vertices of the permu-
tohedron P,, in the n-dimensional subspace of R"*! where the coordinates of the points
satisfy S tla; = t(n+1)(n+2) for z € R™"1. We define the vector E* which is a
point on the sphere such that the vector (i* -0 Pn) is a positive multiple of the vector
(Q* -0 Pn)' This point E* is unique as only one of the two intersections between the

sphere and the line given by the scalar multiples of (E -0 Pn) is positive.

Definition 2.28. We define the dual permutohedron P} to be the convex hull of the vectors
E*
P*

n

= conv{E: |E| > 1,E§{1,...n+1}}.

By this construction, the dual permutohedron P} is an n-dimensional convex polytope.
We can verify that both sets of vertices of P, and P} are on the same sphere. There are
(n 4+ 1)! distinct (n — 1)-dimensional faces on P where each (n — 1)-dimensional face
consists of n vertices. Every (n — 1)-dimensional face of the dual permutohedron Py is
an (n — 1)-dimensional simplex where the n vertices correspond to n distinct subsets of
the set of (n + 1) numbers. The n distinct subsets all have different sizes and generate a
maximal flag for the set of (n 4 1) numbers as the face corresponds to a permutation of
the (n + 1) numbers.

Every k-dimensional facet of Py is given by the convex hull of (k + 1) vertices which
correspond to (k + 1) subsets in a maximal flag of the set of (n + 1) numbers. Every
(n — k)-dimensional facet of P, is given by the intersection of k (n — 1)-dimensional faces
which also correspond to (k 4 1) subsets in a maximal flag of the set of (n + 1) numbers.
We can set the one-to-one correspondence between the k-dimensional facets of P and the
(n — k)-dimensional facets of P,, as both sets of facets are generated from (k + 1) subsets
from the maximal flags of the set of (n 4+ 1) numbers. Therefore P} can be considered as
the dual polytope to P, as the correspondence between the facets in all dimensions are
satisfied.

The 2-dimensional dual permutohedron P53 is still a hexagon as the dual graph of
a hexagon is also a hexagon. The 3-dimensional dual permutohedron P is a polytope
with 24 triangular faces which correspond to the 4! permutations of 4 numbers. The dual
permutohedron P consists of 14 points which correspond to the 14 half-spaces of P;. This
polytope can also be considered as sticking 6 square faces of 6 pyramids to the 6 square

faces of a cube as in the diagram below.
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Figure 2.8: The dual permutohedron P;.

2.3.2 Realizations of the associahedra

Recall the fully bracketed Newick string for a sequence of n letters and the corresponding
dual polygon of the embedded binary tree of the Newick string in Definition Defi-
nition and Definition [2.8 in section [2.1} Given a permutation of n leaf labels and a
specified root label, the binary trees of the fully bracketed Newick strings of these labels in
the permutation have planar embeddings as convex polygons whose edges have the same

permutation as the leaf labels.

Definition 2.29. The associahedron K, also known as the Stasheff polytope [58], is a
convex polytope whose vertices correspond to the triangulations of a conver (n + 1)-gon
with n edges labeled by the sequence apart from a root edge. Two vertices are connected
by an edge if their corresponding triangulated polygons can be obtained from each other by

removing a single diagonal and replacing by a different diagonal.

In this subsection, we will fix a permutation of the leaf labels and give an explicit
realization of the space of triangulations as a convex polytope, namely the associahedron
where the adjacency relation between the vertices of the polytope is restricted by the
nearest neighbour interchange in the space of discrete fully resolved trees. We use the
method of the secondary polytope [31] and give the half-space representation for the faces.

We obtain a new method of describing the faces of the associahedron in a folding
process which is described in detail in Theorem We also apply this idea of the
generalized secondary polytope of higher dimensions to realize the actual space of S, and
Tn. We will also produce a realization for the dual associahedron and show that it is
isomorphic to a subset of the corresponding trees in the continuous space 7.

It is well known that the associahedron K, is an (n — 2)-dimensional convex polytope

whose boundary is homeomorphic to the sphere S"~3 [58]. The vertices on the 1-skeleton
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of K,, and the triangulations of a convex (n + 1)-gon with fixed labels on the edges are in
one-to-one correspondence.

Two vertices of K,, are joined by an edge if their corresponding triangulations have
(n — 3) diagonals in common, i.e. their corresponding embedded fully resolved trees have
(n — 3) splits in common out of the (n — 2) splits of the leaf labels as the edge labels are
the same with leaf labels. Therefore the two fully resolved trees which correspond to the
two vertices on an edge of K, differ by precisely one split of the (n — 2) splits of the leaf
labels, which means that the two trees are BHV-adjacent and can be obtained from each
other through a nearest neighbour interchange.

In the secondary polytope realization, we will show that all triangulations which cor-
respond to the vertices on an (n — 3)-dimensional face of the (n — 2)-dimensional polytope
K,, have one diagonal in common and their corresponding fully resolved trees have one
split in common. Every (n — 2 — j)-dimensional facets of K,,, which is the intersection of
j distinct (n — 3)-dimensional faces, consist of vertices whose corresponding triangulations
have j diagonals in common; i.e., their corresponding fully resolved trees have j splits in
common.

As a graph, the sets of vertices and edges of adjacencies only generate the combinatorial
relations. The realization of the associahedron is to assign the vertices with vectors in the
Euclidean space such that the polytope constructed from the convex hull of these vectors
have clearer interpretation of the combinatorial relation from the geometrical structure.
There are many classic realizations of the associahedra [35], [42], [31], [54], [43]. We choose
the method of the secondary polytope construction as it has the symmetry of the dihedral
group Dy(,41) and gives the explicit half-space representation for both the associahedron

K, and the dual associahedron K.

We assume n > 4 for the convex n-gon. We give a natural labeling on the vertices
around a convex n-gon by the sequence (1,2,...,n). A diagonal ij is a line segment joining

the vertices i and j inside the n-gon with 2 < |i — j| < n — 2.

Definition 2.30. Two distinct diagonals are non-crossing if the two line segments do not

intersect inside the n-gon.

Two distinct diagonals 4151, i2jo are always non-crossing if they have a common vertex
on the polygon i.e.|{i1,j1} N {iz, jo}| = 1.

Every triangulation A of a convex n-gon can also be uniquely written as a set of (n—3)
non-crossing diagonals A := {i1j1,...,in—3jn—3}, where i; and jj are the labels on the

vertices. Alternatively we can express the triangulation A as the set of (n — 2) triangles

28



Chapter 2. Background and finite tree spaces

which constitute the full polygon
A= {Aijk 145k is a triangle inside the n—gon} .

If we place the triangulated n-gon on the R? plane, we can calculate the area of every
triangle area (Aijk) as well as the area of the n-gon given by the sum of the areas of all
triangles. Let V4, be the sum of the areas of the triangles with vertex j.

We define a vector space R™ with standard basis {e;};; labeled by the vertices of the

n-gon.

Definition 2.31. The vector Vo € R™ of the triangulation A is given by

V= ZVAjej = (Vay, Vag, -+, Va,) -
j=1

Remark 2.32. The vector Va € R™ of the triangulation A can also be obtained by

Va= Z area (Aijk) (ei +e; + ek) .
AijkGA

Definition 2.33. Given a convez polygon P with n labeled vertices {1,2,...,n}, the sec-
ondary polytope Q of P is given by the convex hull in R™, explicitly given by

Q(P) := conv{Va: A is a triangulation of P} .

To preserve the symmetries of the dihedral group, we choose the polygon P to be a
regular n-gon which can be put on the unit circle centered at the origin of the R? plane.
2mj

Every labeled vertex j on P has coordinates v; = <cos =4, sin 2%)

Lemma 2.34. All'V A € R” satisfy the following three affine conditions given in the form

of the inner product:

n

(Va, 1) = Z Va;, =3 area (P),

j=1
(VA,Veos) = Z Va, cos T 0,
= "
" 27
(V A, Vgin) = ZVA sin —= =0,
j=1

Proof. As the sum of the areas of all triangles in a triangulation is equal to the area of

the polygon P, we can see that the sum of the components in the vector V 4 is equal to

29



Chapter 2. Background and finite tree spaces

three times of the area of P, which gives us the first affine condition
(Va,1) Z Va; = 3 area (P)

We choose the P to be a regular n-gon which can be put on the unit circle centered at the

origin of the R? plane. Every labeled vertex j on P has coordinates v; = (cos 21 gin 2% )

The barycentre of the triangle ijk is given by
1
gt = g (oot vy + )

which is also the centre of mass of the triangle if we distribute the mass uniformly in the
interior of P. The position of the centre of mass vp € R?, which is also the barycentre of

‘P, can be calculated by the equation
area (P)vp = Z area( mk Vijk = ZVA vj.
AijkGA

As the centre of the regular polygon P is at the origin (0,0) of R?, we can obtain two affine
conditions for the components of V 4 for all triangulations A of P. The fixed x-coordinates

gives

(V A, Veos) Z VA cos —

The fixed y-coordinates gives

(V A, Vsin) Z VA sm

O

Remark 2.35. The following three methods of distributing the mass m over a triangle

give the same position for the centre of mass at the barycentre of the triangle:
1. put the entire mass m at the barycentre of the triangle;
2. put mass 2 at each one of the three vertices of the triangle;
3. distribute the mass m uniformly in the interior of the triangle.

In the vector V 4 for the triangulation A, the sum of the entries is equal to 3 area (P),
which can also be considered as the mass uniformly distributed inside the P with constant

density 3.
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We will now derive the half-space representation for the secondary polytope Q (P). Let
17 be a diagonal in the triangulated polygon P and we always assume that 1 <i< j<n
and 2 < j—i < n-—2 Setb,; = W Let v;; € R™ be a vector with value
cos (2”k +9ij) at the k-th entry if 1 < k <i—1or j+1 < k < n and with value

n
n

2 cos 0;; — cos (Q’Tk + Gij) at the k-th entry if ¢ < k < j.

Definition 2.36. The inner product (x,v;;) is evaluated as

J
(x,v4j) = Z T} COS (27;k + Hij> + ka (2 cos 0;; — cos <22k + Hij>> )

1<k<ij<k<n k=i
Remark 2.37. Note that all entries in v;; are greater than or equal to cos8;;.

Definition 2.38. The half-space H, (i,j) for the diagonal ij is given by the set of points
Hyg, (i,7) = {x € R": (x,v;;) < 3 area(P) :cl-j} ,

X . i 2v:os@i~sinM
where z;; = 5~ ((6] — 60 —4) cos b — 4Zi:1+1 cos (% + 9@’) — .

sin =&
n

Theorem 2.39. The secondary polytope Q (P) is an (n — 3)-dimensional polytope in the
(n — 3)-dimensional subspace of R™ given in Lemma with half-space representation

Q(P) = ﬂ Hg, (i,7) -

1,j:1<i<j<n,2<j—i<n—2

Proof. Originally, the regular n-gon P is placed on the unit circle centered at the origin
of the R? plane with labeled vertices k at (cos 2%]“, sin 27’;—]{) forall k =1,...,n. We rotate

_ (n—izg)mw

P anticlockwise by 0;; such that the line connecting ¢j is perpendicular to

the z-axis with the vertex i above the z-axis. After the rotation, the vertex k will have
coordinates (cos (% + Hij) ,sin (% + Ql-j)>.

First we consider the case where ¢j is a diagonal of the triangulation A. The diagonal
splits the triangulated polygon P into two triangulated polygons: the left polygon Py, with
vertices {i,i+1,...,7}, and the right polygon Pr with vertices {j,7+1,...,n,1,2,...,i}.
The triangles in Pz, and the triangles in Pr do not overlap and the two sets of triangles
constitute the set of all triangles in the triangulated polygon P thus cover the entire interior
of the polygon P. Regardless of how the two polygons Pr, and Pr are triangulated, their
areas are both fixed by area (Pr) and area (Pg).

The centre of mass for the left polygon Py, and the centre of mass for the right polygon
Pr are both fixed on the R? plane if we distribute the mass uniformly by a constant density

3 in the interior of all triangles inside P. The two centers of mass of the two polygons Py,
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and Pp can also be calculated by a weighted sum of the centers of mass of the triangles in
each side. By changing the distribution of the mass as described in Remark for every
triangle Ay, k,ks, We put the mass of value area (Akle ks) at the three vertices k1, ko and k3
respectively and the centre of mass will stay the same if the mass is uniformly distributed
in the interior of the triangles. Therefore the centers of mass for both polygons Py and
Pr will also stay the same at the centre of the mass if the mass is uniformly distributed
in the interior of the entire polygon P.

The above method for distributing the mass is equivalent to assigning the vertex k
with the value of the sum of the areas of all triangles with vertex k, which is equal to the
k-th entry of the vector V o by Definition We can obtain the centre of mass of the
right polygon Pg explicitly on the R? plane. The y-coordinate is always 0 as the centre
of mass of Pp is always on the z-axis. The z-coordinates x;; g is given by evaluating the

weighted sum
27k
3 area (PRr) zij,r = Z area Ak1k2k3 Z CoS ( + 6,
A koky 18 a triangle in Pp

Similarly, we can explicitly work out the coordinates (JIU L,O) for the centre of mass of

the left polygon P, where x;; 1, is given by
3 2rk
1
3 area (PL) Tij L = A Z . area (Aklk2k3) ZCOS (n + 92J>
Ak1k2k3 is a triangle in P, =1
The centre of mass of P is at (0,0) and can also be obtained from the weighted sum
3 area (Pr) (wij,,0) + 3 area (PR) (x45,r,0) = 3 area (P) (0,0).

We then reflect the left polygon P about the diagonal ij, i.e. fold the polygon P
along the line 75 so that the folded left polygon P} is to the right of ij. After the folding

process, every vertex k where ¢ < k < j have coordinates

2k 2k
(2 cos f;; — cos <7T + Gij) ,sin (W + Gij)> .
n n

The area of P} is equal to the area of Pr. The centre of mass <:1:;ij,0) of P can be

obtained from the reflected centre of mass of Pr, where

/
xT

ij,L = 2 cos 01']‘ — X44,L-
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Note that azgjL is fixed as x;; 1, is fixed.
The new folded object which consists of both P; and Pg, has a fixed centre of mass

(a:;j, ) on the x-axis where the value a:;j can be obtained from the weighted sum

o 3 area (P}) aj; 1, + 3 area (Pg) iR 3 area (Pr) xj; , + 3 area (Pr) ij r

v 3 area (P}) + 3 area (Pr) B 3 area (P)

Recall the two vectors V 4 defined in Definition and the vector v;; in Definition [2.36]
We can also obtain the fixed z-coordinate for the centre of mass of the folded object by
the weighted sum of mass of all vertices given as the inner product between the vector of

areas assigned to the vertices V o and the vector of the z-coordinates v;;

o (Va,vij) _ (Va,vij) .
Y3 Va,  3area(P) E

Therefore the equality of the half-space H,, (i,7) as in Definition is achieved for the
vector V 4 if ¢ is a diagonal in the triangulation A4; i.e., V 4 is on the hyperplane which
is the boundary of the half-space H,, (4,j). Note that x;; > cosf;; for all diagonals ij
inside P.

Since every triangulation A has (n — 3) distinct diagonals inside P, we can identify
the (n — 3) hyperplanes which are the boundaries of (n — 3) half-spaces correspond to the
(n — 3) diagonals. Therefore the corresponding vector V 4 is given by the intersection of

the (n — 3) hyperplanes in the (n — 3)-dimensional subspace of R™.

We will now consider the case where ij is not a diagonal in the triangulation A and show
that the vector V5 is indeed in the half-space Hy, (i,7) but not on the boundary, i.e.
the strict inequality of (V a,v;;) > 3 area (P) z;; is achieved.

If 45 is not a diagonal in the triangulation A, we draw a line segment that connects
the two vertices ¢ and j. The line segment ij crosses with other diagonals inside P. We
label the crossing points inside P by the set {ozl, . ,ap}. This additional line segment %7
will separate some triangles in the triangulation A into several small polygons. Note that
sum of all separated regions of triangles and small polygons are still fixed by 3 area (P).

We apply the additional triangulation: for the small polygons which are not triangles
inside P, we triangulate them individually by drawing non-crossing line segments joining
the vertices within the regions without creating any other crossing points apart from
{al, .. .,ap} inside P. After the additional triangulation, we obtain a vector V', =
(VAI, ..., V), ) € R" where the component V), is the mass assigned to vertex k, given by
the sum of the areas of all triangles with vertex k. For the entries of the two vectors V',
and V', we have VAk < Vp, forall k =1,...,n, and some strict inequalities are achieved

as some of triangles with vertex k£ are cut to smaller regions. We also assign mass V,, to
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the vertex o inside P, which is given by the sum of the areas of all triangles with vertex
oy for all [ = 1,...,p. We have the equation obtained by the fixed sum of the mass and

areas of all triangles
n P
Z Vi, + Z Vo, = 3 area (P).
k=1 =1

We then repeat the process folding along the line segment ij and obtain the fixed
centre of mass of the folded object, with coordinates (l‘ij, 0). The value of x;; is obtained

as a equation of the weighted sum given by

p
3 area (P) T = <V/A7 Vij> + Z Val COSs Gij.
=1

If we move the mass on the vertices {oq, ces ,ap} to the vertices {1,...,n} so that every
vertex k on the folded object has mass V,,, we eventually shift the centre of mass of the
folded object to the right of (z;;,0). Hence the strict inequality (V a, vi;) > 3 area (P) z;;
is achieved.

Therefore we obtain the half-space representation of the polytope K, in the (n — 3)-

dimensional of R™ as the intersection of half-spaces

Q(P) = ﬂ Hpg, (i,7) -

1,j:1<i<j<n,2<j—i<n—2

where a vector V 4 is on the boundary of the half-space Hg, (i, 7) if the diagonal j is in the
triangulation A. Every point V o on the secondary polytope is the intersection of (n — 3)

hyperplanes of the half-spaces given by the (n — 3) diagonals of the triangulation A. [

Every (n — 4)-dimensional face which is on the boundary of a half-space Hg,, (i,])
of the (n — 3)-dimensional polytope Q (P) is given by the convex hull of the vectors V 5

diagonal 47 is in the triangulation A
conv{Va : Ais a triangulation with diagonal ij} .

Two (n — 4)-dimensional faces intersect on the surface of Q (P) if their half-spaces corre-
spond to two distinct non-crossing diagonals. Every (n —3 — k)-dimensional facet of Q (P)
is given by the intersection of the k£ hyperplanes which are the boundaries half-spaces of
the corresponding k non-crossing diagonals inside P.

Every edge of the 1-skeleton of Q (P) can be considered as a 1-dimensional facet where
the two vertices of the edge correspond to the two triangulations of the two embedded
fully resolved trees which only differ by one split of the edge labels. Therefore the two

embedded fully resolved trees can be obtained from each other through a nearest neighbour
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interchange (NNI). Hence the construction of Q (P) preserves the adjacency relation for

both triangulations and the embedded trees.

We apply the Dorman Luke construction to obtain the dual polytope of Q (P) for the trian-
gulations of the regular polygon P, namely the dual associahedron K ;. The dual poly-
tope Q" (P) obtained from the Dorman Luke construction is also an (n — 3)-dimensional
polytope in the same (n — 3)-dimensional subspace of R™ with the secondary polytope
Q(P).

Define the centre of the secondary polytope Q (P) to be the average vector of all vectors

that constitute the set of vertices of the convex hull
0 ! 3 v
K, — A-
Cn72

A is a triangulation of P

Let P;; be set of triangulations of P with diagonal ;.

Definition 2.40. The centre of the (n — 4)-dimensional face H;; € R™ on the hyperplane
for the half-space Hg, (i,7) is given by the average vector of all vectors V o with diagonal

i in the triangulation A:
1

H,. =
Y|Pyl

> Va.
AEeP;;
Consider the (n — 3)-dimensional subspace defined in Lemma Let Hj; € R™ be
the vector on the S™~* unit sphere centered at O, with (Hfj -0 Kn) = v;; (H;; — Ok,,)

where v;; > 0.

Definition 2.41. The polytope Q* (P) is defined to be the convex hull of the set of vectors
H;
Q" (P) := conv{H;‘j 17 is a diagonal in 73}.

The (n — 4)-dimensional faces of Q* (P) correspond to the vertices of Q(P) thus
correspond to the triangulations of the convex polygon P. Every (n — 4)-dimensional
face of Q* (P) consists of (n — 3) vertices for the (n — 3) diagonals in the corresponding
triangulation. Therefore every (n —4)-dimensional face is an (n — 4)-simplex. Every point
on a face of Q" (P) can be uniquely written as a weighted sum of the (n — 3) vectors of
the (n — 3) vertices of that simplex > ;. Aj;HY; with 3°,.. y Aij = 1. The boundary of
Q* (P) is given by the union of all faces of Q* (P), which is homeomorphic to the sphere
S"~4 as the (n — 3)-dimensional polytope is homeomorphic to the (n — 3)-ball. Therefore
the set of points on the surface of Q* (P) and the set of points on the sphere S™~* are in
one-to-one correspondence.

Recall that every diagonal inside the polygon generates a split of the edge labels and

the leaf labels of the corresponding tree written in the Newick string format with a fixed
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permutation v. We pick the trees which can be written in the Newick string format with
permutation v from the continuous space 7,, and fix the sum of the internal edge lengths to
be 1 to obtain a subset ’7;1172 of T,,. Then every tree in the subset 7;L1y can be first identified
on a specific (n — 4)-dimensional face of Q* (P), and each one of the (n — 3) vertices of
the face corresponds to a diagonal in the triangulated n-gon, which also corresponds to a
split of leaf labels of that tree. Therefore the trees in the subset 7;172 of 7, and all points
on the surface of the polytope Q* (P), are in one-to-one correspondence.

Consider a triangulation A with edges labeled by the leaf labels of permutation v
and the embedded fully resolved tree T. The internal edge given by the split from the
diagonal ij has length A;; in the unique weighted sum for the point Zije A A H; with
Zije A Aij = 1 on the simplex. Therefore the space ’7;}72 is homeomorphic to the surface
of the polytope Q* (P).

Corollary 2.42. Let T, , be the subset of T, where all trees can be written in the Newick
string format with permutation v for the leaf labels. The space Ty, is homeomorphic to

the vector space R"73.

Proof. The space Ty, is the union of the subsets given by

7;7,,2: U 7;7,1,/y7

LeRy

where L indicates the total lengths of the internal edges.
The dual associahedron Q* (P) is homeomorphic to both the space 7;172 and the sphere
874, Therefore the sphere S"~* is homeomorphic to the space ELQ for all positive L.
The dual associahedron Q* (P) is in an (n — 3)-dimensional subspace of R™ which is
isomorphic to R"~3. We shift the polytope Q* (P) so that the centre O, is at the origin
and the vertices HY; are shifted to H;j on the unit sphere centered at the origin. We define

the cone of the triangulation A to be the set of vectors
{Z AijHj; tij is a diagonal in the triangulation A, A;; > O} .

Let A;; be the length of internal edge of the embedded tree given by the corresponding
diagonal A;;. As in Definition the cone of the triangulation A isomorphic to the
orthant of a tree T in the space 7T,, therefore isomorphic to ]R’j’[?’.

Then every face of the shifted polytope Q* (P), which is given by (n — 3) vertices on
the unit sphere, can be identified in the corresponding cone of of the triangulation A.

When we restrict the sum of the internal edges of the embedded trees to be bounded by
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Ly for the triangulations, i.e., take the union

the corresponding vectors in the cones of all triangulations is a set of points given by the
convex hull
conv {LOH;j :ij is a diagonal in 73} )

By the definition of Q* (P), the convex hull defined above is the scaled dual associahedron
constructed inside the (n — 3)-ball centered at the origin with radius Lo.

The vector space R"~3 is homeomorphic to the union of the zero vector and the S™*
spheres of all positive sizes, which is homeomorphic to union of the boundaries of the

scaled dual associahedra of all positive sizes. O

Remark 2.43. The homeomorphism between T, , and R"3 suggests that we can simplify
the numerical work of T, to the space of R"™3 for a set of specific trees which can be

written in the Newick string format with permutation v for the leaf labels.
Example 2.44. The associahedron Ks.

The associahedron K3 consists of two vertices which are connected by an edge. The

two vertices correspond to the two triangulations of a square.
Example 2.45. The associahedron K.

The associahedron K, is given by the five triangulations of a pentagon, which can be
constructed in R? and homeomorphic to the circle S'. Every edge in K4 corresponds to
a pentagon with one diagonal, which is the common diagonal of the two triangulations
which correspond to the two vertices of that edge in K4. The dual graph of Ky is also a

pentagon as there is no higher dimensional faces in Kj.

o
Y O

N =

Figure 2.9: The associahedron K4
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Example 2.46. The associahedron Ks.

The associahedron K5 can be constructed as a polytope in R? whose 14 vertices corre-
spond to the 14 triangulations of a labeled hexagon. Every vertex has degree 3 and is the
intersection of 3 faces. The 9 faces of K5 correspond to the 9 possible diagonals inside the
hexagon. If a diagonal cuts the hexagon into a triangle and a pentagon, the corresponding
face of the diagonal will be a pentagon which is isomorphic to Kj4.

If a diagonal cuts the hexagon into two quadrilaterals with separated regions, the trian-
gulation to each quadrilateral is a given by the associahedron K3 which is a line segment.
The triangulations of the two quadrilaterals are independent therefore the corresponding

face is a quadrilateral homeomorphic to the product K3 x K3.

Figure 2.10: The associahedron Ky

The dual associahedron K is the dual polytope of K5, with 9 vertices and 14 triangular
faces. The dual associahedron K7 is also called the triaugmented triangular prism and can
be constructed by sticking three pyramids to the three square faces of a triangular prism.
Every triangle corresponds to a triangulation and is adjacent to the other 3 triangles.
Every vertex corresponds to a diagonal inside the hexagon and there are six vertices of
degree 5 and three vertices of degree 4.

By Corollary and Remark we can identify the trees in the subset 7, , where
v is a fixed permutation of the leaf labels for the Newick string format of some trees in
Ts. The numerical work can be simplified to R? for the trees in the subset, which is an

improvement compared to the space of Tg defined as a subset of R'®.
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Figure 2.11: The dual associahedron K7

2.3.3 Realizations of the permuto-associahedra

We have shown that the permutohedron P, and its dual polytope P;_; are realizable
in the Euclidean space R"~! and homeomorphic to the sphere S"~2. Each one of the n!
distinct (n — 2)-dimensional faces of P corresponds to a permutation of n elements. The
associahedron K, and its dual polytope K are realizable in R"~2 and homeomorphic to
the sphere S"~3. Every vertex on the associahedron K, corresponds to a triangulation of
a convex polygon with fixed labels on the its (n + 1) edges.

We will give a brief description of the realization of the permuto-associahedron, the
polytope denoted by K P,,, where the vertices correspond to the triangulations of a convex
polygon with all permutations [40] of edge labels. We also present how the vertices of K P,
link to the semi-labeled fully resolved trees with (n+ 1) leaves in the discrete phylogenetic
tree space Sp41 and show that the adjacencies on K P, are restricted by the nearest

neighbour interchange in S41.

Definition 2.47. The permuto-associahedron KP,, also known as the Type A Coxeter-
associahedron [{0], is the convex polytope whose vertices correspond to the fully bracketed
strings of n letters of all permutations. Two vertices are connected by an edge of the 1-
skeleton of K P, if their corresponding fully bracketed strings can be obtained from each

other by one of the two actions:
1. a swap of two letters in a bracket which only consists of the two letters;

2. replacing one bracket with another bracket so that the string is still fully bracket i.e.

given three subsequences A1, As and Az which form a bracketed subsequence in the
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Newick string, the two bracketings (Al, (Aa, A3)) and ((Al, Ag) ,Ag) can be obtained

from each other by this action.

Recall the permutohedron P,_1 whose vertices are the vectors v € R™ which are
permutations of (1,...,n). Given (n+ 1) leaf labels {ig, i1, ...,i,}, we assign every vertex
(v1,...,v,) of P,_1 a permutation of leaf labels (io,ijl, el ijn) where the subscripts in
the permutation of the leaf labels are given by the inverse permutation of v apart from 4.

We also assign the same permutations of leaf labels to the corresponding faces of the
dual permutohedron P;_;. Note that ¢y is always fixed and corresponds to the specified
root label on the tree. Two faces on the dual permutohedron P;_; are adjacent, i.e.
their corresponding simplexes have (n — 2) vertices in common, if their corresponding
permutations of the leaf labels differ by a swap of two adjacent labels.

Loday’s explicit realization of the associahedron K, [43] proves that the vertices of
the polytope can be constructed as a subset of an (n — 2)-simplex. The faces of K, which
correspond to the diagonal j, (j + 2) can be set parallel to the faces of the (n — 2)-simplex
and the vertices in Loday’s realization which is constructed by truncating the simplex.
We define this realization of the associahedron as the polytope K, where the coordinates
of its vertices satisfy the above properties.

Similar to Kapranov’s realization by putting the associahedra around the vertices of
the permutohedron P,,_; [40], we construct the permuto-associahedron K P, by the convex

hull of points of the associahedra IC,, identically on all n! faces of the dual permutohedron

*
n—1°

Definition 2.48. Let K, ,, be the Loday’s realization of the associahedron on the face with
of the dual permutohedron P}

. constructed by the triangulations of the convex (n+ 1)-gon

with edges labeled by the permutation v with fized ig [24]. The polytope KP,, is given by

the convex hull
com){lCn&- : 1 1s a permutation of the leaf labels {ig,i1,...,in} with fived io} .

The polytope KP,, given by the convex hull is an (n — 1)-dimensional convex polytope
in the Euclidean space. As the vertices are placed in the interior of the (n— 2)-dimensional
faces of the dual permutohedron P;_;, the convex hull can also be considered as a trun-
cated dual permutohedron. The n! associahedra on the polytope KP,, can be identified on
the n! faces of the dual permutohedron Py_,. There are also additional (n—2)-dimensional
faces on the polytope KP, apart from the faces of the dual permutohedron P;_;. The
additional faces are given by the edges whose pairs of vertices correspond to the same
triangulation in the polygons with different permutation of edge labels which only differ
by a swap of two adjacent edge labels if these two labels are in the same triangle.

We consider the adjacencies between the vertices on the polytope KP, which are

40



Chapter 2. Background and finite tree spaces

given by the edges of the 1-skeleton of P, . Two vertices are joined by an edge in an
associahedron K, ;) if their corresponding sets of splits leaf labels differ by only one split,
which means that their corresponding embedded trees in S,41 are adjacent under the
nearest neighbour interchange.

Two vertices are joined by an edge in one of those additional faces if their corresponding
trees in Sy, differ by a twist of a cherry. A twist of only one cherry corresponds to a swap
of two adjacent edge labels not including iy. The swapping of two adjacent edge labels
changes the permutation of the edge labels and correspond to the two adjacent faces of
P*. The swap does not change any diagonals inside the (n+ 1)-gon thus preserve all splits
of the embedded tree. Therefore every pair of vertices which are joined by an edge on the
polytope is either a correspondence of a nearest neighbour interchange, or preserves the
splits of a tree in the space of Sp41.

The conditions of the permuto-associahedron are satisfied in the construction of P,
which shows that the realization is valid and the S, symmetry of the (n — 1) dimensional
polytope is preserved.

As the polytope K P, consists of points of all possible permutations and compatible

splits of the leaf labels, all trees in the discrete space S, 41 can be identified by 2"~

points.
The BHV-adjacencies in 8,41, i.e. the set of all nearest neighbour interchanges, can be

identified by the edges in the n! associahedra on the surface of K P,.
Example 2.49. The permuto-associahedron K Ps.

As shown in Figure the permuto-associahedron K Pj is a dodecagon, which is a
2-dimensional convex polytope. We can identify the 6 faces of the dual permutohedron
P5, which are labeled by the permutations inside the 6 edges of the dodecagon. Every
face which is labeled by a permutation is an edge and an associahedron K3, where the
vertices are given in the bracketings of the Newick string format labeled on the 12 vertices
of KP3;. The 6 unlabeled edges correspond to a swap of two adjacent labels in the same

bracket, which is a cherry in the embedded tree.
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(1,2),3 1,(2,3)

2,(

2.(

(3,2),1 3,(2,1)

Figure 2.12: The permuto-associahedron K Py

Example 2.50. The permuto-associahedron K Py

The permuto-associahedron K Py is a 3-dimensional polytope with 24 pentagon faces,

8 dodecagon faces, 6 square faces and 24 rectangle faces as shown in the figure below.

Figure 2.13: The permuto-associahedron K P,

Fach one of the 120 vertices can be identified in one of the 24 pentagons. Every
pentagon can be identified as an associahedron K4 with 5 vertices correspond to the tri-
angulations of a pentagon with specific permutations of edge labels which correspond to
the faces of the dual permutohedron P;. The edges which do not belong to any associa-
hedron connect to vertices which correspond to the same bracketing of two Newick strings
with the permutations differ by a swap of two labels in the same bracket which only

consist of those two labels, e.g. the two vertices which correspond to the Newick strings
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((il, (i3, i4)) ,ig) and ((il, (i4,i3)) ,ig) as they differ by a swap of the leaf labels i3 and
14 inside the bracket with two labels. The vertices on the square faces all correspond to
the bracketing ((i1,42), (i3,74)) and all of its permutations of the 4 leaf labels. A vertex
is on a dodecagon face if it is not on a square face. Every dodecagon face is isomorphic to
the permuto-associahedron K P;. We can identify the isomorphism by fixing the first or
the fourth leaf label of the Newick string with 4 leaf labels, the Newick strings with the

other three labels correspond to the permuto-associahedron K Pj.

2.3.4 Realizations of the space of finite phylogenetic trees

In this subsection, we first briefly present the balanced minimal evolution (BME) polytope
constructed as the convex hull of vectors in R(3) which correspond to the fully resolved
trees in the discrete tree space S,. Then we outline another idea of the realization of
the space S, from the method of realizing the associahedron as the secondary polytope.
These two realizations give two different families of polytopes of the same dimension in
the Euclidean space which may lead to further applications and numerical work.

Given a fully resolved tree T' € S, with leaf labels {1,2,...,n}, we define [;; to be
the number of internal vertices in the path from leaf ¢ to leaf j. We also have l;; = 0
and lj; = l;;. The values for [;; are integers with 1 < 4,7 < n — 2 for all pairs i # j [9].
We define a vector d € R() with subscripts of the components in the lexicographic
order d = (di2,d13, . .., din, do3, dod, .. ,dp—1 n). The vector 17 € R(2) is given by 1 =
(lia, 113, -y liny 123, loa, - -y ln—1 ). Let T € R(:) be the vector with components in the
lexicographic order which have values cg; = 27k, We may choose to multiply all entries
T _ gn—2.T

by 2”72 so that components in the vector x are all integers. Then every fully

resolved tree T € S, corresponds to a different vector x € R(2) [36].

Definition 2.51. The balanced minimum evolution (BME) polytope BM E,, for the dis-

crete fully resolved tree space S, is defined as

BME, = conv{xT T e Sn} ,
the convez hull in R() given by the vectors determined by the number of internal vertices
between any pair of leaves.

Given any leaf label i for a vector x! on the BME polytope BM E,,, we have a Kraft

T _ on—2
> wh=2""

i

equality [36] given by

These n equalities for the n leaves give the dimension of the BME polytope BME,,,
dim (BME,) = (5) — n.
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For example, the three fully resolved trees in BHVj, given in the quartet display
{1,2]3,4},{1,3|2,4} and {1, 4|2, 3}, correspond to the vectors (2,1,1,1,1,2), (1,2,1,1,2,1)
and (1,1,2,2,1,1). The three points given by the three vectors form a triangle in R®, which
is a 2-dimensional convex polytope.

Recent publications have described some of the facets on the BME polytopes and
outlined an idea to describe all faces of the maximum dimension and the adjacencies
between the vertices which correspond to the nearest neighbour interchange in S, [25],
[24].

However, we would like to have a realization of the discrete space S, as a convex poly-
tope which can be further applied to construct the dual polytope to realize the continuous
space T,. When we have a fixed cyclic order of the leaf labels, the embedded fully resolved
trees can be put in the dual polygon with fixed leaf labels on the edges in R?. If we do
not fix the cyclic order of the leaf labels of S, it is natural to consider them on the n
vertices of a standard (n—1)-simplex. We apply the similar idea of the secondary polytope
construction for the associahedra and generalize to higher dimensions; i.e., the generalized
secondary polytope for the triangulation of an (n — 1)-dimensional polytope. We outline

the idea of the realization which can be extended to further analysis.

Definition 2.52. Two hyperplanes are non-crossing inside a polytope P if the intersection

of the two hyperplanes are not in the interior of the polytope P.

Definition 2.53. A cutting hyperplane of the n-dimensional convex polytope P is an
(n—1)-dimensional hyperplane which is an (n—1)-dimensional convez hull of some vertices

of the polytope P.

Definition 2.54. A triangulation of an n-dimensional convex polytope P is a cutting
of the polytope into disjoint regions with the maximum number of non-crossing (n — 1)-

dimenstonal cutting hyperplanes inside P.

Note that the disjoint regions after the triangulation are still convex or non-concave.

We identify the vertices for every disjoint region Aj; ; inside P, given as vectors
in Euclidean space {jg,...,jx}. We will assign mass vol (Ajl...jkajl) to every vertex of
Aji . j, by the barycentric distribution which has the following properties. The sum of the
mass assigned to all vertices Zle vol (Ajlmjk,jl), are equal to its volume vol (Ajl--']'k)'
The centre of mass Aj, j,, which can be evaluated by the weighted sum of the vertices’

coordinates
k
vol (Ajl---jk) Ajl---jk = ZVOI (Ajl---jk’jl) Ji;
=1

have the same coordinates as the fixed barycenter of the region, for the case where the

mass is uniformly distributed within the interior of the region. This distribution of mass

44



Chapter 2. Background and finite tree spaces

to the vertices can always be achieved as the region is n-dimensional in the Euclidean
space, equal to the dimension of P, thus consists of at least (n + 1) vertices which are
not on an (n — 1)-dimensional hyperplane. This can be done by setting the mass at the
vertices as unknown variables and we can obtain precisely (n+ 1) equations. One of these
equations corresponds to the fixed sum of mass, which is equal to the volume of the region.
The other n equations correspond to the n components for the coordinates of the centre
of mass in the Euclidean space, which are equal to the entries for the barycenter of the

region.

Definition 2.55. For convex polytope P with m wvertices, let {e;};", be the standard basis
of the vector space R™ with subscripts labeled by the vertices of P. Let A be a triangulation
of P and wvol; be the sum of all mass assigned to the verter i. The vector Vo € R™ s
given by

m

Va= Z vol;e;.

i=1
Remark 2.56. The vector VA can also be expressed as

k

Va= Z Z vol (Aj1-~~jk7jl) €

Ajy...j, s a truncated region in P 1=1

where vol (Ajl...jkyjl) is the mass given by the volume of the region Aj, ;. assigned to the

vertex j; by the barycentric distribution.

Definition 2.57. The amended generalized secondary polytope Q for the convex polytope

P with m vertices is given by the convex hull
Q = conv{Va: A is a triangulation of P} .

We define the polytope X/ to be the convex hull of the middle points of all edges of
the standard (n — 1)-simplex in R™. The n vertices of the standard (n — 1)-simplex have
coordinates e; = (0,...,0,1,0,...,0) € R” where the only nonzero component 1 is at the

j-th entry. In R™, the standard n-simplex is explicitly given by the set of points

n
x:(xl,...,xn)Zwizl,ogwiglforizl,...,n

=1

The middle points of the edges of this standard (n — 1)-simplex have coordinates e;; =

ej; = (0, ceey %, cees %, .. .,0) where the only two nonzero components % are at the i-th

and j-th entries. The polytope X/ can be considered as a truncated n-simplex, which is

1 for

the union of the standard (n — 1)-simplex and the n half spaces defined by z; < 3
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j=1,...,n; i.e., the set of points whose components are all between 0 and % inside the

standard n-simplex. Therefore in R", the polytope X/ is explicitly given by the set of

points
= 1
Y= x=(x1,...,7p) inzl,ngi < 3 fori=1,...,n
=1
There are n faces of X}, given by the hyperplanes z; = % for j =1,...,n in the subspace

where the components satisfy > ; ; = 1. We will label these n faces by the n leaf labels
in the discrete tree space S, and consider the triangulations of X/. Note that every pair of
labeled faces ¢ and j do not have any common edge, but only have one point in common,
the vertex e;;. The other unlabeled n faces of X, are part of the original faces of the
n-simplex before the truncation, given by the hyperplanes z; = 0 for j = 1,...,n where
the components satisfy Z?:l z; = 1.

We will consider the hyperplanes that cut X/, into disjoint regions which satisfy the
conditions of triangulating an (n — 1)-dimensional convex polytope. For n > 4, let E be
a subset of the set of leaf labels with 2 < |E| < n — 2. Therefore the two sets E and E¢
constitute a nontrivial split of the leaf labels. We may always assume that the leaf label

n is in the subset E.

Definition 2.58. Let vp € R" be the vector with values 1 at the entries with subscripts
in the subset E and —1 at the entries with subscripts in the subset EC. The cutting
hyperplane E inside X! is given by the set of points

E = XGE;:(X,VE>:ZQU¢— ij:O

i€R jJEEC

We can see that a vertex e;; of the polytope X, is on the hyperplane E if ¢ and j are
not in the same subset E or EC. The hyperplane E also defines the half-spaces inside X ;
i.e., we obtain the inequalities for the vertices which are not on the hyperplane from the

split:
<eij,vE> > 0 if 1, € E,
(eij,vE) <0ifi,j € EC.

Two distinct vertices e;,;, and ej,j, are connected by an edge of XJ if and only if
’{il,jl} N {ig,ng = 1. Therefore every edge given by two adjacent vertices e;,;, and

€i,j, satisfies precisely one of the three following conditions.

e the edge is parallel to the hyperplane E, if the three numbers i, j1, jo are in the same
subset E or EY as it is on the parallel hyperplane defined by (e;;, vg) = 1 or —1;
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e the edge is on the hyperplane E, if i € E, ji,jo € E€ or i € E€, j1,js € E;

e the edge crosses the hyperplane at e; j, or e;,;, if ji and jo are not in the same
subset F or E°.

Therefore the hyperplane E cuts the polytope X/ into two disjoint regions without creating
additional vertices on the surface of X7 . Both regions are also convex polytopes and consist
of at least two labeled faces which correspond to the nontrivial split of the leaf labels.
Given two compatible nontrivial splits of the leaf labels ' and F', the two hyperplanes
E and F do not cross in the interior of the polytope X/,. The entries for the coordinates of
any interior points of the n-simplex are all nonzero and there does not exists any nonzero
solutions for the coordinates x that satisfy both equations below of the hyperplane if their

splits are compatible.

(x,vE) :Z@— Z zj =0,

i€E jeEC
(X, Vp) = g x; — E xzj =0.
ieF JEFC

Moreover, the two hyperplanes E and F cross on the boundary of the polytope X/, defined
by the facets with vertices e;; where 7 and j are not in same subset F or EC¢, and not in
same subset F or FC.

Therefore the (n — 3) compatible nontrivial splits of a fully resolved tree T' € S,
correspond to (n — 3) non-crossing hyperplanes inside the convex polytope X, which gives

a triangulation of X/, as every hyperplane E of a split generates the same split of the

n’

labeled faces of X/ . We will now define the amended secondary polytope of X/ given by

the convex hull of the vectors define by the triangulations of X .

Definition 2.59. Let A be a triangulation of X!, and vol (Ajl...jkajl) be the mass of from
the region Aj, . j, assigned to the vertex j; by the barycentric distribution. The barycentric
distribution is a symmetric distribution if the value vol (Ajl...jkajl) 1s invartant under the
group action that stabilizes the region Aj, ;. by permuting the n labels in the subscripts

of the vertices on X,.

Definition 2.60. Let V4 € RG) be the vector of the triangulation A of the convex

polytope X! where the mass is assigned to the vertices by the symmetric distribution.

By definition we have

k
VA = Z Z VBI (Ajl...jkyjl) e, = Z Vz)laeou

Ahmjk is a truncated region in X7/ =1 « is a vertex of X/,
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Definition 2.61. The amended generalized secondary polytope Q,, for the convex polytope

X! is given by the convex hull

9, = conv{VA : A is a triangulation of Z,'Z} ,

The dimension of the secondary polytope 9, is ( (g) - n) where (g) corresponds to
the number of vertices on X/ . The points on the secondary polytope Q,,, given in the
form of vectors in R(g), are in the subspace generated from the n affine conditions. One
affine condition is given by the fixed sum of mass and the other (n — 1) conditions are
given by the fixed position of the barycentre of the convex polytope X .

The secondary polytope Q,, and the BME polytope BM F,, have the same dimension
in the Euclidean space. Both realizations have reduced the dimension of the graph of the
discrete space S,, to the order of n?, which suggests a construction of the continuous space

T, in the same dimension.
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Chapter 3

Random walks, finite Gelfand

pairs and spherical functions

In this chapter, we study the definitions and properties of Gelfand pairs and spherical func-
tions and seek methods to solve the random walks given by nearest neighbour interchange
on the discrete tree spaces S, and S defined in Chapter 2.

Some examples of tree spaces we consider are relatively large and cost more than
exponential time to simulate numerically [53], [61]. We can produce the Markov chain
from the nearest neighbour interchange (NNI) process that generates the simple random
walk in S,, but the dimension of the transition matrix is (2n — 5)!l. Our aim is to find
the decomposed eigensolutions under the invariance conditions of the symmetric groups
acting on the tree spaces S, and S;;.

We also note that some tree spaces can be parametrized by a large group G and a non-
trivial subgroup K which form a Gelfand pair. Thus we apply the connection between the
Gelfand pairs and the simple random walks to find the characters and spherical functions of
the bi- K-invariant subalgebra ¢! (K \G/K ) which can be interpreted as the eigensolutions
of the transition matrix for the simple random walks.

The Gelfand pair (S, Spm X Sn—m) is used to solve the random walk on the split of the
leaf labels of the trees in S, and S;;. We outline a method to solve the spherical functions
from the Johnson scheme and the Bernoulli-Laplace diffusion model. In particular, we
present the solution for the random walk on the vertices and edges of the Petersen graph
which corresponds to S5 and S5.

The trees and matchings of 2n elements into unordered n pairs as defined in Method
(IT) of enumerating the number of trees in S,,4+2 in Section correspond to the Gelfand
pair (Sap, S20Sy,). The matchings only correspond to the set of fully resolved trees and do
not have the same NNI adjacencies and symmetry properties as the space of phylogenetic
trees [17].
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Chapter 3. Random walks, finite Gelfand pairs and spherical functions

The automorphism group Aut (’]Tq,n) acts on the rooted g-ary ultrametric trees of
depth n. The automorphism group Aut (Tq,n) and the stabilizer of a fixed leaf K, form
a Gelfand pair and is a model which can be generalized to the infinite case; i.e., Banach

algebras in the second part of the thesis.

3.1 Finite Gelfand pairs

Throughout this chapter we assume that the group G is finite and consider the ¢! norm
on the group algebras and the invariant subalgebras. We mainly use the definitions and
notations from [15].

Let G be a finite group and ¢! (G) be the algebra of summable complex-valued functions
on the group. For all f € ! (G), we have > geG |f (9)] < 0.

Let ¢4 € ?* (G) be the characteristic function on the group element g € G. We have
84(g9) =1 and d, (h) = 0 for h € G with h # g. The algebra ¢! (G) has a basis {59}geG

given by the characteristic functions on the group elements.

Definition 3.1. Given a group G and a subgroup K C G, a function f € /1 (G) : G — C
is right-K -invariant if for all g € G and for all k € K, we have f(g) = f (gk) and is
left-K -invariant if for all g € G and for all k € K, we have f (g) = f (kg).

The set of summable right-K-invariant functions ¢! (G/K) is a subspace of ¢! (G).
A function f € ! (G/K) satisfies f (h1) = f (hg) for all hy,hy in the same right coset
gK. Set Sy € (1 (G) = > hegi On to be the sum of characteristic functions of the group
elements h in the right coset gK. The right-K-invariant subspace ¢! (G /K ) has a basis
{5gK}chG given by the characteristic functions of the right cosets d,x = ZhGgK Op.

Let G acts on the space X and K be the stabilizer of zg € X. Then X is the
homogeneous space of G/K and for all x € X we have x = gz for some g € G. The set
of right cosets {gK} geG 18 isomorphic to the homogeneous space X.

We can then define fx € /! (X): X — C as the complex valued functions on X. The
values of fx are given by the right- K-invariant function f € ¢! (G) where fx(x9) = f(e)
and fx(g9zo) = f(g). Therefore the right-K-invariant subspace ¢! (G/K) has a basis
{62}, x for all z = gxg. The right-K-invariant subspace ¢! (G/K) can also be considered
as the algebra of functions on the homogeneous space X. When X is finite, the dimension
of /1 (X) is equal to the cardinality |X|. The basis is given by the set of characteristic
functions {d, : x € X}. For all y € X, we have

lify==x
Oify #x
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Chapter 3. Random walks, finite Gelfand pairs and spherical functions

Definition 3.2. Given a group G and a subgroup K C G, we define that a function
f € 1Y (Q) is bi-K-invariant if f is both left-K -invariant and right-K -invariant; i.e., for
all g € G and for all k1, ko € K, we have f (g) = f (kigka).

Definition 3.3. Let G be a finite group and K be a subgroup of G. The pair (G, K) is
called a Gelfand pair if the algebra ¢! (K\G/K) of bi-K -invariant functions under the

convolution multiplication  is commutative [15].

Lemma 3.4. Let (' (K\G/K) be the subalgebra of bi-K -invariant functions under the
convolution multiplication x. Then £* (K\G/K) closed is with respect to convolution.
That is, for all f1, f2 € (* (K\G/K), f1 * fa is bi-K -invariant.

Proof. For all ¢’ € KgK, there exists k1, ko € K such that ¢’ = kigks.

frx fa) (9) = D Algh) fa(h™Y) = filkighah) fa(h™Y)
heG heG
=Y filgkoh) fa(B71) = D filghah) fo (b ky )
heG heG

setting ' = koh
=Y Algh) (W) = [fi = f2] (9) -

WeG
O

Lemma 3.5. Given a group G and a subgroup K C G, Suppose for any g € G we have
gl € KgK. Then (G,K) is a Gelfand pair (Example 4.3.2 of [15]).

Proof. We assume that f(g) = f(g~!) for all f € ¢! (K\G/K) Then for f1, fo in this

algebra we get

[f1* f2](g Zfl gh) fa(h

heG

=Y filgh) fah)

heG

setting t = gh

=" fit)falg ™!

teG

=Y At falg™M)

teG

= [fox fAil(g™1).

By Lemma fo * f1 is also bi-K-invariant. Hence we have [f2 * f1](g71) = [f2 * f1](g).
Therefore [f1 * f2](g) = [f2 * f1](g),which shows that (G, K) is a Gelfand pair. O

o1



Chapter 3. Random walks, finite Gelfand pairs and spherical functions

Remark 3.6. If (G, K) is a Gelfand pair and g~ € KgK for all g € G, then (G, K) is

called a symmetric Gelfand pair.

Definition 3.7. Let (X,d) be a finite metric space and G be a group acting on X by
isometries i.e. d(gz,gy) = d(x,y) for all z,y € X. The action is 2-point homogeneous
(or distance-transitive) if for all (z1,y1), (z2,y2) € X x X such that d(x1,y1) = d (x2,y2),
there exists g € G such that gx1 = x2 and gy1 = yo [15)].

Let X be the homogeneous space G/K. Let G be the finite group that acts isometri-
cally and 2-point homogeneously on the metric space (X, d). The condition of the metric
d(x9,y) = d(y, o) implies that there exists g € G such that y = gzg and z¢ = gy for all
w0,y € X which further implies 2o = gy = g~ 'y and d (v, gz0) = d (mo,g_lxo). If K is the
stabilizer of g, then zog = kzg and d (k‘xo, k:g_lxo) =d ({L‘(], k‘g‘lxo) =d (:Eo,gk_lajo) =
d (x0,gxo) for all k € K, The equality d (:cg, kg_lfro) = d (zo, gxo) shows that there ex-
ists k¥ € G such that o = k'z¢ and kK'kg 'zg = gxg. Therefore we have ¥’ € K and
g ! € KgK thus (G, K) is a symmetric Gelfand pair.

We identify the following examples of groups and subgroups and show that they form

symmetric Gelfand pairs and present the links to the corresponding tree spaces.

Example 3.8. We consider the group that acts on the m,(n —m) splits of the leaf labels

on trees in the discrete tree space S} .

Let G be the symmetric group S,, acting on the m-subsets of the set {1,...,n} by
permuting the numbers. Let K be the subgroup S;, X S,_, which is isomorphic to the
stabilizer of the m-subset xyp = {1,...,m}. The homogeneous space X, which is the set
of all m-subsets of {1,...,n}, is isomorphic to G/K.

Let S be the tree space with leaf labels {1,...,n} . Every nontrivial split of a tree
T € S} is given by the partition of a subset of {1,...,n} and the complement of the subset.
In this example, we fix the size of the subset to be m and consider the splits correspond
to the m-subsets of the set of leaf labels {1,...,n}.

Lemma 3.9. The pair (Syp, Sy X Sp—m) is a symmetric Gelfand pair.

Proof. First we identify the double cosets. The group G acts transitively on the m-subset
of {i1,...,in} by

m{it, ..., in} = {7 (i1),...,7(in)}, forall m € G.
We have kxg = k and |kx N x| = |kx N x| for all k € K. For all k1, ke € K, we have

|k1gkazo N xo| = |k1g0 N 20| = g0 N 0],
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which shows that the double cosets of g are determined by the number of unmoved elements

in x( after the group action g:
KgK = {7 € GHﬂ'ZEU Naxo| = |gzo Nwo|} .

Given a group element ¢ € G and a number i € xy, we have either gip € x¢ or
gip ¢ xo. The group S, also acts on all subsets of {1,...,n}. We define the set
x1 = {ig € x0lgix € o} and the set zo = {zk € xo‘gik ¢ xo}. Then we have a partition
xo = x1 Uz and gzg = gx1 U gxe. Note that z1 Nxy = ¢, |gra Nxp| = |x2 ﬂgilxo‘ =0
and |gzo N xo| = }xo Ng~tag| = |gz1| = |21].

We have g lxzg N2 = (g*1 (1 U xg)) Nxzy = (g*1x1 N 3:0) U (g*1m2 N :Uo). Then

‘g_lxo N x0| = |x1 Nxo| = |21], i.e. if g stabilizes j elements in zq, then g~ also stabilizes
j elements in zy which implies |gzo N xg| = ‘ g 'z ﬂxg‘. Therefore g7' € KgK and
(G, K) is a symmetric Gelfand pair. O

Remark 3.10. Let d : X x X — Ry be the metric defined as d (z,y) = min{m,n—m} —
|z Ny| for all x,y which are the m-subsets of the set of n numbers. The action of S, on

the metric space (X,d) is 2-point homogeneous.

In the next section, we consider the random walk on the m-subsets of the set of n
numbers and the random walk on the double cosets given by the subalgebra of bi-K-
invariant functions. We may use this setting as the model of the random walks on the
trees in S and only consider the degenerate trees when the splits correspond to the m-
subsets. The eigensolutions to both random walks can be obtained from each other. When
n is small, the number of possible choices of m is also small and we will be able to use this
Gelfand pair to solve the random walks quickly. For n = 5, we have only one nontrivial
choice of m = 2 which corresponds to the random walk on the Petersen graph as described
in Example When n is large, the number of tree topologies given by the partitions

of the internal edges are not easy to compute [9].

Example 3.11. We consider trees in the discrete space Sy, and the matchings of the (n—2)

unordered disjoint 2-subsets of (2n — 4) numbers.

As described in Method (II) of enumerating the number of trees in S, in section[2.2.1]
we set up a one-to-one correspondence between the semi-labeled fully resolved trees and
the (n — 2) unordered disjoint 2-subsets of (2n — 4) numbers [17].

Let X be the family of all partitions of {1,...,2n} consisting of 2-subsets. The elements
x € X are of the form {{il, i}, {3,704}, ..., {ion—1, Zgn}} The symmetric group S, acts

on these n unordered pairs. For all w € Sy,
mr = {{ﬂ"il,ﬂ'iz} s {7Ti3,7Ti4} EEEE) {7'&'2'2”,1,71'1'2”}} .
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Set xg = {{1, 2} ,{3,4},...,{2n—1, 2n}} and let the subgroup K be the stabilizer of z.
(2n)!
2nn!*

The pair (S2,,525,) is a symmetric Gelfand pair [I7]. However the elements of X

We express K as the wreath product S S, and we can compute that | X| =

which belong to a double coset KgK do not have the 5,12 symmetry we expect to have
for S,,. The adjacencies are different from the nearest neighbour interchange [17] hence the
corresponding homogeneous space and double cosets from the Gelfand pair (Say,, S21.Sy)

do not correspond to the discrete metric structure of the space S, [9].

Example 3.12. We consider the g-homogeneous rooted tree of depth n, the ultrametric

space, the automorphism group Aut(T,,) and the stabilizer of the word 0. ..0.

As defined in Example in section the g-homogeneous rooted tree of depth n is
a graph whose vertices correspond to the words from the alphabet ¥ = {0,1,...,¢ — 1}
with length at most n. The automorphism group Aut (Tqm) is isomorphic to the n-iterated
wreath product S, -9, [7] and we define the subgroup K, to be the stabilizer of the
word 0...0 of length n.

Definition 3.13. Given two leaves of Ty, which correspond to the two words v =
1Ty € X" and y = y1---yp € X", we define the function d : X" x X" — Ry
as

d(z,y) =n—max{k:xz; =y; for alli < k}.

We see that d (x,y) = d(y,x) > 0 for all z,y € X™ and the equality holds if and only
if x = y. Note that for any three words z,y,z € X", the triangle inequality d (x,y) <
d(x,z) + d(z,y) can be obtained from the relation

d(z,y) < max{d(a;,z) —i—d(z,y)},

which is called the ultrametric inequality. Therefore the function d is a metric. This
metric d is called the ultrametric distance and (X", d) is called the ultrametric space. For
z,y € X" we have d (z,y) € {0,1,...,n}.

We denote the stabilizer of the word g =00---0 € 1" by

Kypn= {g € Aut (Tqm) 1g(x0) = xo} .

If the subgroup K, , stabilizes xq, then K, also stabilizes all words of the form 00---0
of any length less than n including the empty word ¢.

We identify the double cosets from the orbits of the leaves determined by the ul-
trametric d. For j € {0,1,...,n}, define the set of leaves (2, ; as the set of words
{a: e X" d(xo,x) = j}. The total numbers of words in each orbits are given by ‘Qn,O‘ =1
and |Qn7j} =(¢g—1)¢’~ ! for 1 < j < n. Given g,; € Aut (Tq,n) where d (xo,gn7j$0) =37,
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the double coset Kg, ;K is given by

KgniK = {g € Aut (Ty,0)

gro € Qnyj} .

Lemma 3.14. The pair (Aut (Tq,n) ,qu) is a symmetric Gelfand pair.

Proof. For all k € K, we have ke an
If g ¢ K,let x = grg =0---0x;---x, where the first nonzero letter x; € X\ {0} ap-

pears in the j-th position. Then we have y = ¢!

xzg = 0---0y; - -y, where the first
nonzero letter y; € X\ {0} also appears in the j-th position. Therefore d(:L‘ xo) =
d(y,r0) = n — j. We can see that g~! € KgK which implies that <Aut , K, )

O

is a symmetric Gelfand pair.

Remark 3.15. The action of Aut (Tqyn) on the metric space (X", d) is 2-point homoge-
neous [15].

In the next chapter, we study the automorphism group Aut (']I‘q) acting on the infinite
homogeneous tree T, and the stabilizer K of a fixed vertex xo. We use the 2-point homo-
geneous property to show that (Aut (Tq) , K ) is a Gelfand pair and study the properties

of the corresponding Iwahori-Hecke Algebra with ¢! norm.

3.2 Spherical functions

In this section, we introduce the definitions and some key properties of the spherical
functions for a commutative bi-K-invariant subalgebra of the group algebra ¢! (G). We
also present how the spherical functions link to the minimal idempotents of the bi-K-
invariant subalgebra for finite dimensions.

We consider the the bi-K-invariant subalgebra ¢! (K \G/K ) The subalgebra
o (K \G/K ) has a natural basis given by the set of characteristic functions on the double

cosets {YKHK}geG given by

lif he KgK
Yigr (h) =
0if h ¢ KgK
Remark 3.16. There exists a natural normalization for the set of bases {YK!JK}geG as

{YKigK} such that all elements in the set of bases have norm 1.
‘KQK‘ geG

Definition 3.17. Let (G, K) be a Gelfand pair. A bi-K -invariant function ¢ on G is a

spherical function if it satisfies the following conditions
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1. Forall f € ! (K\G/K) there exists Ay € C such that ¢ x f = Ap¢.
2. ¢ (1) = 1.

Note that the constant function ¢(g) = 1 is always a spherical function as for all g € G,

we have

o Fl) =D ol f(71) = | o F () | 6(9).

teG heG

The following statement is proved in Theorem 4.5.3 in [I5].

Theorem 3.18. A nonzero bi-K -invariant function ¢ is a spherical function if and only
if
1 2 0 (0kh) = 9(g)o(h)
keK
forall g,h € G.

Corollary 3.19. Let Yok € ' (K\G/K) be the characteristic function of the double
coset KgK. Let 645 (Ygr) = ¢(g). Then 0y is a character on the algebra (* (K\G/K)
given by the spherical function ¢.

Proof. The convolution product of two characteristic functions is given by

Vg * Yo (h) =Y Yiguie (ht_l) YKk (1)
teG

= Z YKglK (ht_l) YKggK (t)

teKga K
1 _
=——5 Y Yigx (hklgg 11€2)
7k26K

- 2
K[*
1
= m Z YKglk‘gzK (h)
keK

The identity element of /! (K'\G/K) for the convolution multiplication is the characteristic
function Yg1,Kx. We verify that the character corresponds to the characteristic function

of K1gK is x¢ (YKlG K) = ¢ (1g) = 1. Therefore the character is nontrivial.
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Given two characteristic functions of ¢! (K\G/K), by Theorem we have

1
Xo (YK * YEg i) = Xo 04| > Yigikgoie
keK

= Ilﬂ > @ (gikg2)

keK
=¢(g1) ¢ (92)
= X¢ (Vg x) X (YigK)

which shows that x4 is a character. O

Remark 3.20. Note that the characters are in the dual of (* (K\G/K). The dual of the
space £ (G) is given by £°° (G).

Let G be a finite group and (G, K) be a Gelfand pair with the number of orbits of
K on the corresponding homogeneous space X ~ G/K equal to N + 1. We apply the

following statements from [I5] to present the connection between the idempotents of the
subalgebra ¢! (K\G/K) and the spherical functions:

1. There exist N + 1 pairwise orthogonal spherical functions {¢j };V:O, including the
constant spherical function, ¢o(g) =1 for all g € G, by Corollary 4.5.6, Proposition

4.5.7 in [15].

2. /1 (X) decomposes into N + 1 distinct irreducible subrepresentations, by Theorem
4.6.1 in [15].

3. Every spherical function corresponds to a 1-dimensional irreducible subrepresenta-
tion in ¢! (X), Theorem 4.6.2 in [15].

The invariant subalgebra ¢! (K\G/K) is (N + 1)-dimensional and has a set of (N + 1)
distinct minimal idempotents {ei}i]i o which correspond to the natural basis of CNV*1. The
minimal idempotents satisfy ¢;e; = ¢; and ¢;e; = 0 for ¢ # j. Every minimal idempotent e¢;
corresponds to a character x; where x; (¢;) = 1 and x; (¢;) = 0 for i # j.

Every function f € ¢! (K\G/K) can be written as a linear sum of the minimal idem-
potents, given by f = Z;V:o aje;. We have fe; = agye; and x; (fe;) = x5 (f) x5 (¢j) = oy
forall 5 =0,1,...,N.

Let (G,K) be a Gelfand pair and {ngK};.V:O be the set of distinct double cosets
which constitute the finite group G as a disjoint union. Let {gb] }j.V:O be the set of spherical
functions for the subalgebra ! (K\G/K). We find the set of minimal idempotents {ei}i]\io

from the set of spherical functions.
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If ¢; is a spherical function, then there exists A; € C such that ¢; x ¢; = A\;¢;. Let
fi = A%qu be the scalar multiple of the spherical function ¢;. We have f; * f; = §j,
which shows that f; is an idempotent. Since all spherical functions are orthogonal, i.e.
¢j * ¢ = 0 when j # [, the set of scaled spherical functions {fj }j.vzo constitute the set of
minimal idempotents of ¢! (K\G/K).

3.3 Random walk on tree spaces

Random walks are widely used in simulating the data of discrete tree spaces [9]. Statisti-
cians require the probability distribution to analyze the stochastic process which simulates
the evolutions as a random walk with a transition matrix [9], [4]. The dimension of the
transition matrix is normally given by the size of the corresponding set which consists of
elements in S;;. The aim is to find the eigensolutions for the random walk which are given
in the form of eigenvectors and eigenvalues which predict the probability distribution after
certain steps without expanding the multiplications of the transition matrix.

The data given by the trees can be large but there might exist an invariance condition
between the trees under certain group actions on the labels. Thus we seek better methods
to simplify the random walk on a set of trees; e.g., to reduce the dimension of the transition
matrix by defining a partition of the set of the trees. The partition is normally given by
a lumping process as in Definition and the eigensolutions of the random walk on the
partition are preserved from the eigensolutions of the random walk on the original set
through an invariant group action.

In some particular examples, given a symmetric Gelfand pair (G, K), the random walk
is on the homogeneous space X ~ G/K and is lumpable (Definition to the random
walk on the partition of X given by the double cosets. We show that the adjacency operator
on the vector space of the partition is equivalent to the convolution multiplication of the
bi- K-invariant subalgebra of the group algebra thus find the correspondence between the
eigensolutions of the random walk and spherical functions of the subalgebra.

One obvious example to study is the random walk on the m-subsets of a set of n
numbers which correspond to the random walk on the m, (n — m)-splits of trees in S
and &,. We describe the lumpable random walk on the space of the m-subsets of a set
of n numbers and link to the Gelfand pair (S, Sy, X Sp—m). We also present that the
eigensolutions of the random walk can be interpreted as the spherical functions of the

commutative bi-invariant subalgebra defined from the Gelfand pair.

3.3.1 Lumpable random walk and eigensolutions

When we consider the random walks on the set X, we construct a graph G = (V,€) as a

realization of the space X. The set of vertices V correspond to the elements in X and the
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edges £ correspond to the adjacency relations in the random walks.
For z,y € X, let p(x,y) be the probability of moving from = to y in one step. The

transition matrix P = (p (z, y)) is a square matrix of dimension | X | with nonnegative

z,yeX
entries and satisfies 3 .y p(2,y) =1 for all z € X.

Definition 3.21. Let X be a finite set and vy be a probability distribution on X. A
(homogeneous) Markov chain with state space X, initial distribution vy and transition

matrix P is a finite sequence v, v1, ..., Vy, ... where vj = Pivy for all j € Z,..

Note that the distribution on X is normally given as a column vector so that the left
multiplication with the transition matrix P is still a column vector.

A distribution v € ¢! (X) is a stationary distribution if Pvp = vp. When the initial
distribution vq is given by a Dirac measure J,, we define that the Markov chain starts at
the point . We choose a starting position xy in the space and compute the probability
distribution after n steps of diffusion. In the discrete phylogenetic tree space S, a possible
initial distribution is the Dirac measure from the star tree which is fully degenerate.

Let G = (V,€) be a graph where there is at most one edge between two connected
vertices. We denote an edge by x ~ y if two vertices x,y € V are connected by an edge.
The probabilities of moving from a vertex x to its adjacent vertices are all equal. The

corresponding transition matrix P for the simple random walk is given by

1
degz

ifx~y
p(z,y) =
0 otherwise

Let Pg be a |V| by |V| matrix with entries given by p(x,y) as above. We verify that
> yevp (@, y) =1for all z € V. Hence Py is a transition matrix.

Definition 3.22. A simple random walk on the vertices V of the graph G = (V,€&) is
a particular case of Markov chain (Definition with state space V € 1 (V) and the

transition matriz Pg.

Remark 3.23. Multiple edges and self loops are allowed in the graph that defines the

simple random walk.

Given the discrete tree space S, we may define the graph as G = (V, &) where the
vertices V correspond to the trees in §;; and the edges correspond to the adjacencies, e.g.
the nearest neighbour interchange. We can also define a subgraph where the vertices are
given by a subset of §. The aim is to find the eigensolutions of the random walk on the
graph G given as the eigenvectors and eigenvalues.

Let X' = ij:o X, be a partition of the finite set X by the disjoint subsets
{X; };.V:O. Let {e,},cx be the natural basis of ¢! (X). Given a probability distribu-
tion v =3 .y v(z)e, € ' (X), we obtain the corresponding probability distribution on
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the partition X’ as the vector v’ = Zj-V:O v (X;) e; € 0F (X') where v/ (X;) = > aex, V()
Let Px be the transition matrix of a random walk on X and the sequence vy, v1,... be

the Markov chain with initial distribution vyg.

Definition 3.24. The random walk on X given by the transition matriz Px is lumpable
with respect to the partition X' if for any initial distribution vy € £* (X), the sequence of
the corresponding probability distributions on the partition X', v{, v}, ... is also a Markov

chain whose transition matriz does not depend on the choice of vg.

There exists a transition matrix P} for the partition X’ from the lumpable random
eyex By Proposition 1.10.2 in [15],
for all z € X;, y € X} and X, X}, € X', we require the transition matrix Py to satisfy

walk given by the transition matrix Px = (p (x, y))

ZyeXk p(x,y) is a constant p (Xj, Xk); i.e., the probability of moving from subset X; to
the subset X}, does not depend on the choice of x € X;. Therefore the transition matrix

P is an (N + 1) by (N + 1) square matrix given by

Py = (p (Xj’Xk))Xj,XkeX"

Let G = (X,€) be a finite, connected graph without self loops. Let d(x,y) be the
number of edges in the shortest path joining the two vertices z,y € X. We verify that

d(x,y) is always a nonnegative integer satisfying
1. d(z,xz) =0 for all x € X,
2. d(z,y) = d(y,x) for all z,y € X,

3. d(z,y) < d(z,z)+d(z,y) for all z,y,z € X where equality holds if the vertex z is in
the shortest path joining x and y.

Therefore (X, d) is a metric space and there exists a smallest N € Z, such that d(z,y) €
{0,1,...,N} for all z,y € X. We denote diam (X) = N = max {d(z,y) : z,y € X} by
the diameter of the graph. Note that a vertex y is a neighbour of a vertex z if d(z,y) =1
and the degree of a vertex deg(z) is the number of the neighbours of x. A graph is regular

if the degrees on all vertices are equal.

Definition 3.25. Let Ag, Ay,..., Ay : £1(X) — £1(X) be the linear operators on the
vector space £* (X) given by

(Aif) @)= > f).

yeX,d(z,y)=j

For j < —1or j > N + 1, we define the other linear operators A; : ¢! (X) — ¢! (X)

to be the zero operators.
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Consider the simple random walk on the regular graph G = (X, £) where the probabil-
ity of moving to one neighbours is @. The operator 4 is the identity operator. The
multiplication between the transition matrix Px and a probability distribution column

vector v € /! (X) can be obtained from the normalized operator A; as

1
Pxv=—"—Av.

deg(x)

The operator A is called the Laplace operator of the graph and normalized operator

1
deg(z)

Let G = (X, &) be a distance-reqular graph; that is, there exists a set of constants

A1 is called the random walk operator.

{agp, bo, co, a1,b1,c1,...,an,by,cny} forall 5 =0,1,..., N, one has
AJAl = CLjAjfl + bjA] + ajAj+1a

which implies A; = p; (A1) is a polynomial of A; with degree j. Therefore all distance
operators Ay, Ay, ..., Ax can be generated from the single generator A;. The algebra of
functions on the vertices of the finite graph G with operators Ag, Aq,..., Ay is also called
the Bose-Mesner algebra associated with the set of vertices X [41], [18], [39].

Let X; = {x € X : d(z,20) = j} be the subset of X where all vertices have distance
j away from the vertex zg. Then X' = Uj-V:O X is a partition of the finite set X. Let
{ex},cy be the natural basis of ¢! (X). We have A; (eg,) = pj (A1) (€z,) = Zzexj e
for all linear operators Ag, Ay, ..., An as defined in Definition [3.25

Consider the simple random walk on the distance-regular graph G = (X, &) which
is lumpable with respect to the partition X’. Let the probability distribution on X,
v € /1 (X) be invariant on the vertices which belong to the same subset X;. The basis

of the probability distribution which are constant on the subsets {X b }j.V:O on X are given
by the vectors ex, = Zzer e, € (1 (X) for all j = 0,1,...,N. The basis {exj };V:o
correspond to the natural basis {ej }j.V:O the vector space ¢! (X ! ) The random walk on
the partition X’ from the lumpable random walk on X is also generated by a single random
walk operator which corresponds to the Laplace operator Ay for ¢! (X) [15].

Let G be a finite group acting on the metric space (X,d) transitively and 2-point-
homogeneously where d(x,y) € {0,1,...,N} for all z,y € X. Let K be the stabilizer of
xo € X where the homogeneous space X is given by G/K. Then (G, K) is a symmetric
Gelfand pair. We choose X’ to be the partition of the double cosets KgK where every
double coset is a union of right cosets which correspond to a subset of X. Let X’ = U;V:O X;
be the partition of the orbits determined by the distance j from the element zy. The bi-
K-invariant subalgebra ¢! (K \G/K ) has a basis {Yng K};V_O given by the characteristic
functions of the double cosets.
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Define a graph with the set of vertices X with no self loops. Two vertices x and y
are connected by an edge if there exists g € Kg1 K such that gr = y. The characteristic
function Yk gox is the identity in the convolution multiplication in ¢! (K\G/K) and can

be considered as the zero-th power of any other characteristic functions.

Definition 3.26. The bi-K -invariant subalgebra ¢* (K\G/K) 1s singly generated if there
exists a function f € (* (K\G/K) such that all functions in (' (K\G/K) can be uniquely

written as a polynomial of §.

Remark 3.27. If the bi-K -invariant subalgebra £ (K\G/K) is singly generated by the
characteristic function Y4, i, then the characteristic functions of other double cosets can

be written as polynomial of Y g, k-

Assume that the bi- K-invariant subalgebra ¢! (K \G/K ) is singly generated by Yi g4, k-

The convolution multiplications between the characteristic functions are given by

N

Yigk * Vicgx = Y Vicg i
=0

Let P, = (p(j,l))jle{o 1N} be a square matrix labeled by the double cosets of the
Gelfand pair (G, K) where

|Kgi K| m;
|Kg;K||Kg1 K|

p(j,1) =

We verify that 0 < p(j,1) < 1 for all 5,1 € {0,1,...,N} and SN p(j,1) = 1 for all
j =0,1,...,N. Therefore P} is a transition matrix thus define a random walk on the
double cosets. Note that the scaled operator ‘};g% can be considered as the corresponding
random walk operator for the vector space £ (X ! ) with scaled characteristic functions as

the basis, given as

Vg K YigK Z Gl YKglK
|Kg1 K| !KQJK\ ’ IngKI

Lemma 3.28. The eigenvectors of the transition matriz Pl are given by the spherical
functions of the bi-K -invariant subalgebra ¢* (K\G/K)

Proof. Let X' be the partition of the homogeneous space X = G/K given by the cor-
responding double cosets. Let {e]} be the natural basis of ¢! (X ( ) ~ CN*L For
/= ZFO I (gj) YigK € A (K\G/K), we define the column vector v € ¢! (X’) as

Ny
vp=Y —f(g)e
=0 ’ KoK
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Note that {ej };\7:0 can be considered as another basis of ¢! (K\G/K) as e; is given by a
scalar multiple of the characteristic function Y,k for ¢ (X). This implies the one-to-one
correspondence between vectors vy and the functions f € ¢! (K\G/K).

Let ¢ be a spherical function of ¢! (K\G/K). By Definition there exists Ay € C

such that )

WYK%K * Q= A\p.
Therefore the vector vy is an eigenvector of the transition matrix Py with eigenvalue A4,
Le. Pivy = ApUg.

Conversely, if vg is an eigenvector of the transition matrix Py with eigenvalue Ay, then
¢ is a spherical function of ¢! (K\G/K). Every function f € ¢! (K\G/K) can be written
as a polynomial of the characteristic function Yk,  as f = py (YKg1 K) Therefore there

exists Ay € C such that py (YKglK) * Q= Ar. O

Remark 3.29. The random walk on X' given by the transition matriz P is the corre-
sponding lumped simple random walk on the graph G = (X, &) where x and y are joined

by an edge if there exists g € Kg1 K such that y = gx.

Let v € £* (X) be an eigenvector of the transition matrix for the simple random walk
on G = (X,&). The vector v* given by the group action k € K on the vertices X is still
an eigenvector if the graph and orbits of vertices given by the double cosets are invariant
under K. Therefore the average of all eigenvectors under the group action K, ﬁ Y ohek vk,
is also an eigenvector with the same eigenvalue.

The eigenvectors of the random walk on G = (X, £) which are invariant on the vertices
inside the same orbit given by a double coset, correspond to the eigenvectors of the lumped
random walk with transition matrix P . Therefore by solving the random walk on X', we

effectively obtain all eigenvalues and K-invariant eigenvectors.

3.3.2 Random walks on graphs of phylogenetic tree spaces

In this section, we consider examples of random walks on sets which are related to discrete
tree spaces. We show that the simple random walk on the permutohedra and the associ-
ahedra are lumpable. We also present the explicit eigensolutions for the lumpable simple
random walk on the vertices of the Petersen graph as the eigensolutions corresponds to the
random walk on the trees in S7 under the nearest neighbour interchange. The eigenvectors
of the transition matrix of the lumped random walk can be interpreted as the spherical

functions of the bi-invariant subalgebra defined from the Gelfand pair (S5, S2 X S3).

Example 3.30. We consider the simple random walk on the permutohedron P,_1.
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As introduced in Section [2.3.1] we label the vertices of the standard permutohedron
P,,_1 by the inverse permutation of the coordinates of the n numbers in the coordinates
in the Euclidean space R".

The vertices with the inverse permutations correspond to the sequence of the planar
embedding of the leaf labels on the binary trees. The 1-skeleton of the permutohedron
P,,—1 can be considered as a regular graph Gp, which does not contain any multiple edges
or self loops. The edges of Gp, indicate the adjacencies between the sequences of the leaf
labels. Two vertices are connected by an edge if their corresponding sequences of the leaf
labels differ by a swap of two adjacent labels in the sequence of n elements. Hence we can
see that every vertex of Gp has degree (n — 1).

As defined in Definition [2.21] given a half-space Hp, (E), we can identify the normal
vector 1 that defines the hyperplane of the half-space. A vertex with coordinates v € R™
is on the hyperplane if it satisfies

EE+1
(1) = Yoy = ELUELE D),

JjEE

Since all entries in the coordinates of vertices on F,,_1 are integers, the inner product

(v,15) =>] jeR Y always gives an integer for all vertices v of P,,_1. We can verify that

OB gy 1 < EOEED o,

which shows that the values of (v, 1) is the set of integers

EE:{!E!(!E\H) |E| (|E| +1) E| (|E] + 1)

5 , 5 +1,...,2+|E|(n]E|)}.

Therefore every vertex v € P,_1 can be identified in a set

Vi, ={{v,1p) =1l1€ Lp}.

Given a vertex with coordinates v, the (n — 1) neighbours of v € Vg, can only be in
one of the three subsets: Vg ;_1, Vg,; and Vg ;41 as the adjacencies are generated from a
single swap of two adjacent integers. The numbers of neighbours of v in all three subsets
are also fixed. Hence by Definition the simple random walk on Gp, is lumpable with
respect to the partition UleLE Vg, for all subset £ C {1,2,...,n}.

Example 3.31. We consider the simple random walk on the associahedron K, 1.

As introduced in Section given a permutation v € R” of n leaf labels, we obtain

a subset of trees in the discrete space S,, and S;;. The vertices of the associahedron K, _
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correspond to a subset of S,, which is a set of fully resolved trees with a fixed permutation
of leaf labels in their corresponding Newick string formats.

The adjacencies between the vertices of K,,_1 are given by one of the two neighbours
from the nearest neighbour interchange process which preserve the cyclic order of the leaf
labels. Therefore we can define the simple random walk on K,,_1 which can be considered
as the simple random walk on the graph Gk, , obtained from the 1-skeleton of K,_; with
the set of vertices {V 4 : A is a triangulation of the regular n-gon}. The dihedral group
Do, acts on the coordinates of the vertices from the secondary polytope realization of the
regular n-gon defined in Section [2.3.2]

Let VA be a subset of vertices of K,,_1 constructed from the secondary polytope realiza-
tion. A vertex V', is in the subset V, if the corresponding triangulated regular n-gon can
be obtained from the triangulation A through the Dy, action on the labeled coordinates
in R”.

Since the number of triangulations is finite, we obtain a partition |JVa which is a
union of disjoint subsets which constitute the set of all vertices on K,,_1. Every subset
V is invariant under the Do, action thus the simple random walk on Gk, , is lumpable

with respect to the partition J Va.

Example 3.32. We consider the simple random walk on the vertices of the Petersen

graph.

Let the vertices of the Petersen graph be labeled as below.

(3,5}

{3.4}\{275 Lﬁ}/ﬁ.;}

{2,4 {1,4}

/ \

(S} — )

Figure 3.1: The Petersen graph

The 10 vertices correspond to the set of 2-subsets X or the 2-3-splits of the
set {1,2,3,4,5}. Two vertices are connected by an edge if their corresponding subsets
are disjoint; i.e., the two corresponding 2-3-splits for the leaf labels of the discrete tree
space S; are compatible.

The transition matrix Px = (p ({il, io}, {J1, jg})) is a 10 by 10 square matrix labeled
by the 10 subsets. The nonzero entries are given by p ({i1,i2}, {j1,j2}) = & if {i1, 2} and
{j1,72} are disjoint.
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We define three subsets of the set of 10 vertices as follows:

XO = {{172}}
X1 = {{3,4},{3,5},{4,5}},
Xo = {{1,3},{1,4} ,{1,5} ,{2,3},{2,4} ,{2,5}} .
The partition X’ is given by X = XyU X; U X5. We can see that the simple random walk

on the Petersen graph is lumpable with respect to the partition X’ [49]. We obtain the

transition matrix P% for the lumped random walk on X’ as

1
0% o0
Py=|10 2
2 2
0 35 3

As the partition X’ is singly generated by the random walk operator, we can obtain the
eigensolutions by solving the equations of the eigenvalue A and express the entries of the
corresponding eigenvector as a polynomial of A. All eigenvectors of P§ are of the form
v = (1, 3,902 — 3) with eigenvalue . The three eigenvectors of Py are vg = (1,3, 6) with
eigenvalue 1, v; = (1, -2, 1) with eigenvalue —% and v = (1,1, —2) with eigenvalue %
We also note that the symmetric group G = S5 acts transitively and 2-point-
homogeneously on the set of 2-subsets X and the stabilizer of the subset {1,2} is iso-
morphic to the subgroup K = Ss x S3. The pair (G, K) is a symmetric Gelfand pair and
the partition X’ correspond to the partition G = KgoK U Kg1 K U Kgo K as a union of
the three disjoint double cosets. Therefore by Lemma we can obtain the spherical
functions of the bi-K-invariant subalgebra ¢! (K \G/K ) by normalizing the eigenvectors

of the transition matrix P% for the lumped random walk on the Petersen graph.

Example 3.33. We consider the simple random walk on the space X of the m-subsets of
the set {1,...,n}.

For n —m > 2, we construct a graph G, ., where the vertices correspond to the m-
subsets or m, (n — m)-splits of the set {1,...,n}. Two vertices are connected by an edge
if their corresponding m-subsets have exactly (m — 1) elements in common.

The symmetric group G = S,, acts transitively and 2-point-homogeneously on the
m-subsets {1,...,n}. The stabilizer of {1,...,m} is isomorphic to the subgroup K =
Sm X Sp—m. The pair (G, K) is a symmetric Gelfand pair [I5] and we can define the
metric space (X, d) as in Remark

The random walk on G, ,, is lumpable with respect to the partition X’ which corre-
sponds to the double cosets from the Gelfand pair (G, K). The bi-K-invariant subalgebra
A (K \G/K ) is also singly generated thus we can obtain the spherical functions from the
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eigenvectors of the lumped random walk.

Note that the m, (n—m)-splits of the set {1,...,n} correspond to the split of leaf labels
in the discrete tree space S;;. We may apply the eigensolutions of the lumpable random
walk on Gy, , to the random walk on a subset of S;; which only consists of degenerate trees

given by a single internal edge that indicates the m, (n — m)-splits of the leaf labels.

Example 3.34. We consider the random walk on the tree shapes of the space of fully

resolved trees S,.

We consider the simple random walk on the discrete tree space S,, with the nearest
neighbour interchange as the adjacencies. The transition matrix is (2n — 5)!!-dimensional
but does not have the symmetries from the symmetric Gelfand pair (Sa,, Sp 0 S2). The
symmetric group Ss, does not act transitively and 2-point homogeneously on the graph
of S, where the adjacencies are obtained from the nearest neighbour interchange.

We can still define a partition X’ of the space S,. The symmetric group S, acts
on the leaf labels, thus acts on all splits of the fully resolved trees. Two fully resolved
trees 11,15 € S, are of the same tree-shape if they can be obtained from each other by
permuting the leaf labels in all (n — 3) splits with a group element g € S,,. The partition
X’ is then given by the disjoint union of trees with different tree-shapes.

The simple random walk on S,, with the nearest neighbour interchange is lumpable
with respect to the partition X’ of the tree-shapes. The eigensolutions of the lumped
random walk may help us obtain an approximate distribution of different tree shapes for

small 7, but the number of tree-shapes grows fast for n > 10 [55].
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Infinite trees, buildings and the
cohomology groups of their

Banach algebras
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Algebras of automorphism groups

of homogeneous trees

In this chapter, we consider some algebras of automorphism groups of homogeneous
trees and buildings and the Iwahori-Hecke algebras of the corresponding infinite Gelfand
pairs [II]. These particular examples of Banach algebras are motivated by those which
arise from harmonic analysis on structures related to phylogenetic trees. The method is
to apply the properties of Gelfand pairs and spherical functions to solve some specific
random walk problems and to check the amenability and other homological properties of
those Banach algebra examples.

We start with a group acting on the vertices of the infinite homogeneous tree T, and
the subgroup which stabilizes a fixed point. We show that these two locally compact
groups form a Gelfand pair. We define the algebra of summable functions on the vertices
V of T, whose values are determined by the distance from a fixed vertex xo. The Laplace
operator which is given by the average adjacency relations, corresponds to the diffusion
or the simple random walk to the adjacent vertices [14].

By fixing the Haar measure to normalize the size of the subgroup, the algebra of inte-
grable bi-invariant functions on the locally compact group, is discretized to be isomorphic
to the Hecke algebra A, on Z, with ¢! norm. The Hecke operator can be understood as
the single generator of the algebra. The conditions for the eigenfunctions for the Laplace
operator can be worked out straightforwardly from the random walk equation, and scaled
to be spherical functions. We show that the bounded spherical functions indeed give the
values of bounded characters for the isomorphic Hecke algebra A,.

We use a shift matrix to compute the characters on A,;. The character space is
parametrized by an ellipse arising from a symmetrized bi-disc, generated by the set of
unordered pairs of points with fixed product on an annulus on the complex plane. We will

prove the existence of point derivations and bounded approximate identities given by the
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interior and the boundary of the character space.

4.1 The groups acting on the infinite homogeneous tree T,

A tree is a non-directed connected graph without any closed cycles. An edge is an un-
ordered pair of connected vertices (z;, ;). The vertices V in the infinite homogeneous tree
T, all have degree ¢+ 1 and there exists a unique path between any pair of vertices (z,y).

A sequence of vertices X,, = [zg, 1, ...,y is a chain if every adjacent pair of vertices
(xi,i+1) is connected as an edge and x; # x; for all 0 < i < j < n. The length of the
chain is d(zg, z,) = d(x,, xo) = n. This sequence of vertices can be extended to be doubly
infinite as [...,Z_N,..., Ty, TN, -]

A map g : V — Vis an automorphism if it is bijective, and (z, y) is an edge if and only
if (g(:ﬁ), g(y)) is an edge. Given a chain which is a sequence of vertices, every adjacent
pair of vertices form an edge. Under the automorphism, an edge (z,y) is mapped to
another edge (2/,y"). If X, is a chain then gX,, is also a chain. Therefore the composition
of two automorphisms maps one edge to another edge and also maps a chain to another

lis also an automorphism. The identity map is

chain. If g is an automorphism, then g~
an automorphism. Hence the set of automorphisms of the infinite homogeneous tree is a
group under composition.

We define G to be the group of automorphisms of T,. Hence G preserves all chain
structures on T,. The infinite tree T, is locally finite and homogeneous as all vertices
have the same degree ¢ + 1 with ¢ < oo, as the common cardinality; i.e., the graph is
(g + 1)-regular.

When ¢ = 1, the vertices of the tree Ty are isomorphic to the integers Z and there
exists only one doubly infinite chain. In this case, the group algebra is easier to compute
and we will discuss this example in a later section.

The group of automorphisms Aut (Tq) of the infinite homogeneous tree can be turned
into a topological group [22], [48]. For any W C Aut (Tq), W is open in the compact-open
topology. We also use the fact that T, is discrete and Aut (Tq) is a Hausdorff topological
group.

In general, we assume that ¢ > 2. We choose a subgroup K of the locally compact
group G where K is the stabilizer of a given vertex xg. Note that G is unimodular and K
is compact [51]. When ¢ is a prime number, we will show that (G, K) is a Gelfand pair
and the pair of p-adic projective general linear groups (PGL2 (Qp) ,PGLo (Zp)> is also a
Gelfand pair. The two bi-invariant subalgebras under the ¢!-norm from the two Gelfand

pairs are isomorphic to each other.
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For any j € Z., we define a set of vertices
V; ={z e V|d(z,z0) =j}.
For every V;, we define a subset of G as
Qj:ngK:{gEG:ngEVj}.

We fix a family (gj);io such that g; € §2;. This ensures that d(g;(xo),z0) = j and
2; = Kg;K, which shows that the group G is an infinite disjoint union of the double
cosets. The size of every orbit can be computed by enumerating the number of vertices

with the same distance away from xg, explicitly as
Vol = ‘{xOH =1 and ‘Vj| =(q¢+ l)qj_1 for ¢ > 2.

We will show that (G, K) is a Gelfand pair and compute the random walks on the
vertices of T in the following sections. We define the group algebra and the bi- K-invariant
subalgebra with L' norm by fixing a Haar measure. The commutativity from the property
of the Gelfand pair allows us to find the isomorphic Iwahori-Hecke algebra in a discretized

version.

4.2 The algebra of functions on the vertices on T,

The purpose of this section is to study the algebra of integrable bi- K-invariant functions
in L'(K\G/K). We present all bounded spherical functions of the Gelfand pair (G, K).
We set up an isomorphism from the algebra of bi- K-invariant functions in L'(K\G/K) to
a Banach algebra on the discrete space Z, and find the space of characters and describe
the topology. It is then natural to determine the existence of b.a.i. and point derivations

for the character space.

Definition 4.1. Let G be a locally compact, unimodular group and let K be a compact
subgroup. An integrable function f € LY(G) is said to be bi-K -invariant if f(kigk2) = f(g)
for all k1, ke € K and g € G, from Chapter II, Section 4 in [22] .

We write L' (K\G/K) for the space of all bi-K-invariant integrable functions on G.
We say that (G, K) is a Gelfand pair if fi * fa = fo  fy for all f1, fo € L' (K\G/K).

Lemma 4.2. L' (K\G/K) 1s closed with respect to convolution. That is, if f1,fo €
Lt (K\G/K) then fi x fo € Lt (K\G/K)
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Proof. For all ¢ € KgK, there exists ki, ko € K such that ¢’ = kygks.

[f1x f2] () = o fi(g'h) f2(h1)dh = o fi(kigksh) fo(h™")dh

= fi(ghkah) f2(h)dh = fi(ghkah) f2(h ™ ky M) dh
heG heG

setting ' = koh

= [ Rl = [+ 1) (0).
h'eG

Proposition 4.3. For all g € 2, we have g~' € ;.

Proof. Given any g € Aut (T,), suppose g € {2, we have d(zq, gzo) = d(9~ o, z0) = j.

The subgroup K acts transitively on all infinite chains starting at x¢ thus K acts on the

1

finite chains with length d(¢~ "o, z¢) and starting at xy. Hence K acts on the all vertices

x which have the same distance n from g, namely V;. This implies that there exists
k € K such that (kg~" )z = gxo and h = g~ 'kg~! € K, which shows that ¢g=! = hgk™!
and g~ € KgK. O

Corollary 4.4. The pair (G, K) is a Gelfand pair, i.e. L*(K\G/K) is commutative under

convolution.

Proof. By Proposition we have f(g) = f(g~!) for all f € L'(K\G/K). We show that
for all fi, fo € L'(K\G/K) where f; = fo almost everywhere, the convolution satisfies

fix falg) = fi(h) f2 (hflg) dh

heG

= |_nors ((g—lh)_1> ah

(setting h = ghy)

= /hleG fi(gh1) f2 (hl_l) dh

(as G is unimodular)

= /hleG fi (hflgfl) f2 (h1) dhy

= / fa(h1) f1 (hflg_l) dhy
hi€G
= fax i (971) :

By Lemma we have fo * fi(g7') = fo* fi(g). Thus f1 * fo = fox f1 for all fi, fa €
L'(K\G/K), which shows that the pair (G, K) is a Gelfand pair. O
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We will now define a basis for the bi- K-invariant functions L!'(K\G/K), the functions
on the vertices V and the functions on Z .
The basis of L' (K\G/K) is given by the characteristic function

1if g € £2;
00;(9) = ’
0 elsewhere

For a bi-K-invariant function on G, it is right invariant i.e. f(g) = f(h) if h € gK. We

therefore define the summable functions on the vertices V, fy € ¢1(V) as

PV —sC, folg) = / F(h)dh.

hegK

We can also define the basis of £1(V) by the characteristic function

1if x = gxg
59300 (x) =
0 elsewhere

Since f is bi-K-invariant function on G, the function on vertices fy is invariant on every
orbit set V;. Therefore the values of fy are determined by a radial function [29] fonZg,
which is defined to be

.f 1 Zy — C, f(]) = f(d(g:l,‘g,:l:g)) = }V]| fV(x) for g € 'Qj'

The basis for the radial function f € ¢ (Z4) is given by the characteristic function Y;

where
lifj=k
0if j #k

Yi(k) =

Fix the Haar measure on G by setting the mass of the subgroup K to be 1. By
normalizing the characteristic functions, we will show that there exists an isomorphism
between L'(K\G/K) and a Banach algebra on Z, with specific multiplication rules *;
given by the properties of T,.

Definition 4.5. Let A, = ('(Z,*4) be a commutative Banach algebra with multiplication

*q. Let {Yj};io be the normalized characteristic functions on Zy. Let Yy be the identity
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and Y1 be the single generator of Ay, given by

Yo %q Yo =Y,

q 1
Y, Y1 =—-Y, —Y, > 1.
m *q X1 q+1 m+1+q+1 m—1 for m =

For m > n > 2, the multiplication of x, in the algebra A, gives

-1
q 1 q—1 nz Yiin—2;

1y ~
q+1 m+”+(q+1)q"‘1 g+ 1 g/

Yo %q Yy =
j=1

Theorem 4.6. The Banach algebras L'(K\G/K) and A, are isomorphic. The isomor-

phism sends 0, to Yo and égn, to Y.

Proof. We note that normalized basis {Y;} for A, is a rescaling of the characteristic func-

tions do, € L'(K\G/K) as

1
Yi(j) = — _
() |Qj|L€G59,(g)dg

so that all Y; have mass 1.
For all 6, € L'(K\G/K) and Yj € A, define a linear map

0: LNK\G/K) — A,, 0 (5@ ) ~v;.

2
é é é 1
We need to show that for all m,n € Z, 0 <|(‘;T’n”| * |(‘;:|> =0 <|g::|> *q 0 <|g:|> =Yg Yo
When n =0,
002, * 0029 (g) 1 1
= = 80, (h)do,(h™"g)dh
|20 ][ £20] 12m] Jhea ’
1
=157 82, (hg™" )80 (K™ ") dh
12m| Jrea
1
= 5o, (hg~1)dh
O] Sy om0
1 1

= ——060,(97") = 500,(9)-
]2 97 = [ 0 (9)
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When m > n and n =1,

1
5ﬁﬁiﬁ?zll(|g) 10 Jye o MO (B )
(setting hy = hg)
- |9m791| hi€G O (hig™) e ()
1
= B[] Sy e, 22 1
= (o] Pane * 9,0

- (¢ + 1)qmll(q 1) ((q +1)¢"Y 1 4 (g +1)g"™ IYrInfl)

q / 1 /
=|—Y —_— .
<C]+1 m+1+q+1 ml)

When m > n > 2,

802, *00,(9) 1 -1
e = 602, (N)0g2, (™" g)dh
92042 12 1920] Jhea
(setting h1 = hg)
1
- 80, (h1g™ )80, (h~)dh
[2nl[90] Sy "2 19 V02 )din
1

S — 50, (hig~1)dhy
|Qm|’9n| h1€82,

(enumerating « € Vy,4n—2; such that hig~! e 2, and d(x,gilxo) =n)

n—1

80mn + Y (@ =) 60, o+ ¢"00,,_,
7=1

- 1
|2 424
1
I v q_lnzjyfgﬂ-n 2j 1 v
+1 m+n (]+1 (q+1)qn_1 m—n

Since the convolution multiplications in L' (K\G/K) are commutative, we have shown that
¢ is an isomorphism between L'(K\G/K) and A,, which proves that these two algebras

are isomorphic. ]

4.3 Random walk on T,, spherical functions and characters

To study the random walk on the vertices of the homogeneous tree T,, we define a linear
operator, the Laplace operator on the vector space of bounded complex-valued function

on V. For a function fy : V — C, we define the value of (Lfy)(x) to be the average of
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the values of all fy(y), where y is adjacent to x, expressed as

@)= =g ¥ )

d(z,y)=1

The Laplace operator can be used as the generator of the unweighted random walk on the
vertices through adjacencies.
Under the bi-K-invariance condition; i.e., the function on V is radial, we can also define

the corresponding Laplace operator to the radial function, L f : Z4 — C where

—~
&~
~
N~—
<D
I

1 .. q i . 4
 fi—1)+ 2 1), for j > 1
qulf(J )+q+1f(.7+ ), for j >

which can be seen as a weighted random walk between adjacent orbits of vertices.

A bounded radial function ¢ € £ (Z+) is an eigenfunction for the Laplace operator L
if it satisfies that for all j € Z,, there exists A € C such that (.ZAZJ) (j) = )\@Z(j), where
A is the eigenvalue. In this example, we can work out the values of @; from the adjacency

relations

(1) = Ay(0), (4.1)

b(j+2) = “’T%‘ +1) = ~4(j) for j >0, (4.2)

| =

where ¥(0) # 0 and an extra condition on A will be needed for the eigenfunction to be
bounded. We will work out the condition of boundedness explicitly by from the growth
rate later in this section. From the identity above we can show that ¢(m) = > ito A, j N
by induction. Note that we always have a,, ; = 0 if m+j is odd. For j # 0, the coefficients

am,j are given by

—j _m+j mt_ , mtj _ 0\ -
am,j:<—1>’”zqz(( = i (2 1)<q+1>7) ). (43)

For j = 0, we have
m+j

ns = 07 (T D @ 0700, (4.4

In Lemma [4.7] and Lemma we explain the conversion between the powers of Y7 and
natural basis of Ay, given by the set {Y]}jio The coefficients in the conversion between

the two set of basis are mostly used in numerical computations.

Lemma 4.7. For the algebra A,, set Y =Yy The natural basis element Yy, of Ay can be
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expressed as a linear sum of powers of the generator Y1, Yy, = Z;'n:o aijlj. For j # 0,

the coefficients a,, ; are given by
i e m+j _q ) m+j _ q )
amd‘:(—l)qu*% (( ;_1 )(q—i—l)]lq—i- ( 2]_ >(q—|—1)]> . (4.5)
For 5 =0, we have

L g (M

s = (0 (2 T ey, (4.6)

Proof. First we have agpp = 1 and a1,; = 1. For m > 2, the adjacency relation Y;,Y; =

1 .
T Yme1 + 7 Ym—1 gives

mj = qj_ilam_lhj_l + q_::-_]-am_ljj_kl for j > 2,
am,0 = qj_ 1am71,17
Um,1 = Qm—1,0 + ﬁam_l’l'
The values of a,, ; can then be verified by induction. O

Remark 4.8. As for the uniqueness, we know that the leading term ap, y, is the first non-
zero term. FEvery step by canceling the next term we can determine the other coefficients
downwards. Note that the odd terms from the top are all positive and the even terms
are negative. Although the sum of these coefficients 27:1 am,j s always 1, the value of
Z}n:l lam, ;| grows exponentially with growth rate %, which is not a good control to the

norm.

Lemma 4.9. The power of the generator Y* can be expanded as a linear sum of elements

in terms of the natural basis Yy, Y = ,En/OQJ Cn kYn—2k, where

k—1
n—p—1 n—p-—1 1l n—l-p—k k—n+1 n—2k—1
=> - [yp-n+1n—1-p yh-nt .
Cnk (( ke ) <k_p_1>)(q+ ) q +(g+1) q

p=0

Proof. Consider the expansion of Y1n+1 into Y{" x4 Y1. For n > 2, the coefficients c¢,41
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are given by

Cn+1,0 = mcn,oa
q 1 n
Cn+1k = Y 1cn,k + e 1cn,k_1 for1 <k< Lij’
Cn+ln/2 = Cnn/2 + (]_‘_710”7n/2_1 for even n,
1
Cn41,(n+1)/2 = mcn,(n,l)/g for odd n.
The values of ¢, can then be verified by induction. O

Remark 4.10. Since the coefficients of the expansion are all nonegative, the power of
Y1 in terms of the natural basis Yi also have mass 1. However the expansion of Y, into
powers of Y1 in the previous proposition does not have good control of the norm, despite

the sum of the coefficients is always 1.

Proposition 4.11. Let (G, K) be the Gelfand pair as above and v be a bi-K -invariant
function on G. Let 1y and ) be the corresponding functions on V and the radial func-
tion. Then 1 is a spherical function if and only if the bounded radial function 1; s an

eigenfunction for the Laplace operator L with 1 (0) = 1.

Proof. If 1) is a spherical function, from 1 (e) = 1 we know that the corresponding radial
function satisfies ¢(0) = 1. Let ¢)(1) = A, i.e. for all g € G such that d(zo, gzo) = 1,

Y(g) = A

Given an edge (z,y) such that gzg = = and hzy = y, we have d(gzg, hxg) = 1. Since

G acts transitively on V), we obtain further adjacency relations as
d(x0, 9" hao) = d(zo, kg~ hao) = d(x, gkg™ hao) = 1,

where there exists (¢ + 1) distinct k; € K such that gk;jg~thzo = y;, the (¢ + 1) distinct
vertices which are adjacent to x. Note that the (¢ + 1) vertices kjg~'hzg are the (¢ + 1)
neighbours of zg, therefore each one of the set K; = {k; € K|gkjg~thzo = y;} will have
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mass q% by the Haar measure 1 of K, as the (¢+1) disjoint sets of K; form K. Therefore

D(1)d(d(z, 0)) = (g~ h)y(g)

which shows that ¢ is an eigenfunction for the Laplace operator L with eigenvalue 1;(1) =
A

Conversely, we assume that the radial function ¢ is an eigenfunction for the Laplace
operator L with eigenvalue A and 1/;(0) = 1. The value of 1/;(1) = )\ is the eigenvalue. We
need to show that for all g,h € G, [, ¥(gkh)dk = ¢ (g)¢(h), where ¢ (g) = U(d(gxo, x0))
for all g € G.

For d(gxo,xz0) = m and d(hxo, o) = n, we have 1(g) = 1(m) and ¢(h) = ¥(n).

When g € K, it is trivial to show that ¢ (e) = ¢(0) = 1 and [, ¥(gkh)dk = (h). When

d(gzg,z9) = 1, from analysis of the disjoint set in the previous proof, we have

1

Y(gkh)dk = —— Yy (y)
/K ¢+l y|d(y,zh:;o>1

= (Lypw)(hao) = Mp(h) = P(1)d(n).

When m > n > 2, from the weight of the orbits in the multiplications, we expand

[ ¥(gkh)dk in terms of powers of (1) and prove that the expansion is indeed the product
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of ¢h(m) and (n).

-1 ~
q 1 - g — 1 ¥(m+n—2j)
Y(gkh)dk = ——yY(m+n) + —————Y(m —n) + .
A;( = ) @+1M”4( ) q+12; @
q m-+n R q m—n _
El— Z am+n,k¢<1)k + — amfn,kw(l)k
g+1 prd g+1 —
q— 1 n—1 1 m+n—27 ~
+ — — a 9 1)k
q+ 1 J; ¢ kzzo m-+n 2j,k¢( )
= Z am,jw<1)] Z an,kw(l)k
j=0 k=0
= (m)i(n),
which shows that 1 is indeed a spherical function. ]

By Lemma 4.2 and Lemma 4.3 of Chapter II in [22], we can also define the bounded
characters of A, from the spherical functions in L*°(K\G/K). A character x of the
commutative algebra A, is a bounded linear function x : A; — C such that x(¥,,Y,,) =
X(Y)x(Yy) for all Y;,,Y; € A,. For an eigenfunction ¢ where 9(0) = 1 and (1) = A,
let x» : A; — C be a function which satisfies (Y;,) = ¢)(m) for all m € Z,. Then we
have xx(Yy) = 1 and x (V) xa(Yn) = (m)d(n) = xa(YmYy) for all m,n € Z, from the

previous isomorphism 6, which shows that x is a character for A,.

Proposition 4.12. There exists a decomposed form for the bounded characters of the

algebra A,.

Proof. We will now compute the values of characters and spherical functions in the decom-
posed form from the above linear relations between adjacent terms, using a shift matriz.
We denote a basic edge by a column vector V; = (YjH,Yj)T € Ag, the linear operator
Sy € My(Ay) shifts the Y; vector by one step to Vj 1 as S2); = V41, explicitly expressed

g+l _1 . .
771 g Yier | _ [ Yiee , (4.7)

1 0 Y; Y+
Given x(Y7) = A, the eigenvalues p1, p2 of the matrix x (Sz) are the solutions to

+1 1
2o =0
q q

The corresponding eigenvectors of the distinct eigenvalues pp and uo are (uq, 1)T and
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(12,1)” respectively. We verify that the vector x (Y1, Yp) = (A, 1) is a linear combination
of the two eigenvectors with nonzero coefficients. Therefore we express x (Y7,Yp) as the
decomposed form

X (Y1,Y0) = an (p1, 1) + a2 (2, 1) (4.8)

where a1, ao are determined by the value of A and both nonzero. When py # ps, we have

A A —m
= s g = .
M1 — pe2 H2 — [

a7 (49)
Hence we work out the characters from the eigenvectors and eigenvalues of the shift matrix

as
. T . . T
X (51, Y5) " = x (8330) = (epd (1, 1) + azih (2, 1)) (4.10)

We cannot have the case where |u1| = |pu2| > 1 as the product of p; and ps is fixed to
be 1/q. The only case we have puy = pg is when py = pg = ¢ Y% and \ = 2qu1/12' In this

case, we compute the values of the characters as x (Y,,) = q%r—qlu’ln for m > 1. O

As the value of the character grows exponentially in terms of pu; and uo and to be
bounded by arbitrary powers of j, we require the norms of both u; and us to be bounded
by 1, to obtain the bounded characters. Therefore, every unordered pair

1 1
SWHSLqSWﬂSme=q} (4.11)

1

{r1, p2} = -

it
gives a unique bounded character in A,.

Conversely, every character yy in A, also determines an undered pair (p1, p2). Since

every character in A, gives a unique value of A = x\ (Y1) and the value X is the parameter

that affects the solutions to the equation for the growth rate p1 and po, thus the unordered

pair (u1, p2) is determined by the character y.

Lemma 4.13. The character space of A, is parametrized by an ellipse M4 centered at

the origin on the complex plane.

Proof. A character x) in A, is determined by the value x,(Y1) = A. Recall the sym-
metrized bi-disc [2], given by a set of points on the complex plane I' = {(u1 + pa, p1p2) :
0 <|u1| <1,0 < |uo| <1}. Let s = pq + po and p = pyps. Agler and Young showed that
(s,p) € I' if and only if

Is|] <2, and |s—3p|+ |p* <1
Since we have a fixed p = pips = %, the above inequality implies that
lgp —pl < g— 1.
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Set © = x + iy in the complex plane, the character space M4 we have is
[(g— Dz —ilg+ 1yl <q—1,

which is an ellipse centered at the origin. We can also check that |A\| < 1 for all ¢ > 1,
which agrees with the property of the random walk. O

Remark 4.14. The boundary of the character space OM 4 is achieved when one of p1 and
w2 has modulus 1 and the other has modulus %.
4.4 Point derivations and b.a.i

Definition 4.15. Let A be an algebra and x : A — C be a character. A point derivation
D on A is a linear function D : A — C such that

D (fif2) = D (f1) x (f2) + x (f1) D (f2), for all f1, f2 € A.

The function D(f) is a point bi-module to be evaluated by the multiplication with a

character in the character space.

Lemma 4.16. There exists an essentially unique point derivation D : Ay, — C for every
character x for which A € Ms\OM4.

Proof. For a character x, where x,(Y1) = A is not on the boundary of the ellipse, i.e.,
both |u1], |u2| are strictly less than 1, we have the unique expressions of the eigenfunction

and character as a polynomial of degree m
P(m) = xa(Ym) =Y am N = Pm(N).
§=0

We can define a point derivation on the basis term Y,,, € A, as Dy : A; — C,, where

Set 2/ = %(,u’l + wh) and phph = %, we have

o — :U/ o — //
'P (Z/) — 2 /1m + 1 /lm’
" = py —

which shows that D, (Y;,) is indeed bounded.
Since A, is singly generated by Yi, every element Y; of the natural basis of A, is a

unique finite sum of powers of Y7, the set of powers of Y; {Ylk}kez . also form a basis of
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Aqy. Every Y is also a finite sum of powers of (Y7 — AYp). Thus {(Y1 — AYg)"}nez, is also
a basis for A,.
To prove the uniqueness of Dy, we can choose the basis {(Y7 — AYy)"}nez, and the

identity Yy for A,. Given a point derivation D : A, — C,, we have

DY) ifn=1

D((Y1 = AY))") =nD(Yi = AYp)(z' = N)" 7| =
2'=A 0ifn#1

which shows that the point derivation D is determined by the value of D(Y7). Therefore

any linear multiple of D is also a point derivation of A,. O

Definition 4.17. A bounded left approximate identity for a normed algebra A is a bounded
net {ea}tocr with the property limyeqa = a for a € A. Bounded right and two-sided

approzimate identities are defined similarly. [10]

For the algebra A;, we seek a sequence (en),y~; which satisfies the condition of being
a b.a.i.. Lemma and Lemma are based on a suggestion of the external examiner.

Lemma 4.18. Let A be a commutative Banach algebra, J a closed ideal, (en)y>; @
bounded sequence in J. Suppose there is v € J such that Az = J and limy zey = x.
Then (en) is a b.a.i. for J.

Proof. Let b € J and let € > 0. By assumption there exists a € A with|b — azx| < e. Then

[ben — || <||(b — az)en|| +||a(zen — 2)|| +|az — b

< ellen|| +llall[lzen — || + e

As N — oo the middle term — 0. Therefore, for all sufficiently large N, ||beny — b|| <
(supyllen|| + 2) e. Since € is arbitrarily small, |[ben — b]| — 0. O

Lemma 4.19. Let x) be any character on A,. Then every f € ker (x) may be approxi-
mated by elements of the form g (Y1) (Y1 — AYy) where g is a polynomial.

Proof. We know from Lemma that there is a sequence of polynomials (h,,) such that
||An (Y1) = f|| = 0. Define the new polynomials (h;,) by hj, (X) = hn(X) — hn(A). Then
[ (42) = £ = | () = 33 (i (1)) Yo + (DY |

<|hn = Fll + |xa(fu = )] = 0

and the polynomial k!, (X) has a root at X = A, hence it has a factor of X — A, so we may
define ¢, (X) = hl, (X) /(X = \). O
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Proposition 4.20. There exists a b.a.i. for the kernel of every character x» on the

boundary of the character space.

Proof. By Lemma and Lemma it suffices to find a bounded sequence (ey) in
ker x» which also satisfies en *4 (Y1 — AYy) — Y1 — AYy. We seek a solution of the form
_ «—N-1
en =2 -1 ;Y
For f =Y, — AYy,

=

1
1>Y0+<a0+ +1a2—/\a1> Y:
N—2 ‘ 1
}:( Ao+ — g1+ +1%H>Y
J=

q q
+ | ——«a — A Yn_1+ ——an1Yn.
<+1N2 N1>N1 q+1N1N

Set B, = an—_k. We choose a; such that all middle terms vanish i.e. —Aa; + q%aj,l +

1
AT+ = 0, then

q 1
ABk = + qfork=2,...,N—2,
Bk q+15k+1 q+1/3k 1

which has the same form as for the difference equation to the random walk with the shift
matrix in Equation , and the terms in the eigenfunction corresponding to eigenvalue
A. By Remark[4.14] we consider the characters at the boundary of the character space; i.e.,
one of 1 and p2 has modulus 1 and the other has modulus %. Set |pu1| =1 and |pa| = é
Any middle terms «; of the form a; = Au;”? + By’ vanish for Y; when 1 < j < N — 1.
Choose ag =1 and B = 0.

For the condition x)(en) = Z;-V:_Ol a;xA(Yj) = 0, the equation

N-1

N-1 A= A—p
- — 2 —
apa(Yy) =1+ > Ap* u’f( >+M'§( >
=0 el H1 — H2 H2 — 1

A— A=) = g
=1+A[(N-1 (“2> 4 <“1> Z (“2>
H1 — H2 H2 =M1/ = \M1

=0

holds when
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Since \%\ = % < 1 and py # p2 # 0, we can choose large N such that

o (A2 ) s (22 5 () 40

k=1

Note that A\ # u9, as shown in Equation as the nonzero coefficients in the decom-
posed form of the characters. Since |A|~! grows like O(N), we have supy|lex|| < oo and
| f *q en — f|| = 0.

We introduce another variable Zy = (¢ + 1)qk/ 2-1y, . which has a simpler form in the

relations of the multiplication:

Zj x /1= Zj+1 + Zj,1 for j > 1,
q

7% 7o — )
j* 40 g+177

1 n—1
L * Ly = Zmyn + Lm—n + -2 ZZm+"_2j form >n > 2.
j=1

The power of Z; and Y7 can be computed as
- (Y g
1 q+1 1

5] k m
— g+ [ S S Ct—1—kk—m) (q) Tk

k=0 \m=0 q + 1

(NJE]

L%J k m
=@+ | D[ D Ctn—1—kk—m) <q> T Yo |

k=0 \m=0

where C(a,b) is the generalized Catalan number (a;rb) — (gﬂ)) Conversely, by induction
we can also rewrite Y;, as a polynomial of Y7 and Y, where Y acts as the constant term
in the polynomial. For an element f = Z?:o a;Y; = pp(Y1) in the algebra, the character
X can be calculated by xx(f) = pn(A), which is a polynomial in A. If xx(f) = 0, then
pn(Y7) can be factorized and one of the factors is (Y7 — A\Yp).

We have shown that en (Y1 —A\Yy) — (Y1 —AYy). Since f can be factorized as (Y1 —AY))g
when x»(f) =0, we have ey f = en (Y1 — A\Yp)g = (Y1 — A\Y))g, which proves that ey is a
b.a.i. for the character y. O

Remark 4.21. If there exists a bounded approzimate identity which is in the kernel of a
character x, there cannot exist a nontrivial point derivation. Given a b.a.i. ey € Kker x

such that exf — f and xa(en) = xa(f) = 0, for all f € ker xa, a point derivation D)y
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satisfies
D) (f) = Dalenf) = enDx(f) + Dr(en)f =0

For f ¢ ker x\, we can write f as f = enf'+ Yo, where Dy(cYy) = 0 as Yy is the identity
of Ay.

4.5 The isomorphism to a weighted subalebra of (' (Z)

As the multiplications in A, are not balanced, we seek an isomorphism between A, and
another commutative algebra on Z, with a weighted ¢!-norm. First we define the wp-

weighted ¢!-norm on Z, .

Definition 4.22. Let Z; be the characteristic function for j € Zy. The wr-norm of Z;
s given by
175, = B

Consider the normalized symmetric Laurent polynomials on with one variable z, Z, =
% (z“ + z*“) for a € Z,. The multiplications satisfy Z, *x Z, = % <Za+b + Z|a,b|>.

We define a commutative algebra on Z, with the wr norm and the multiplications be-
tween the characteristic functions {Zj}j z, satisfy the rules from the symmetric Laurent

polynomials on Z.

Definition 4.23. Let x be the multiplication rule given by the normalized symmetric
Laurent polynomials with one variable and {Zj }jeZ+ be the characteristic functions on
Zy. The algebra As ., is defined to be

Agon =L (L, x,0r) = f =Y i Zi || fll, = D lej IR < 00
=0 =0

Remark 4.24. We can extend the definition of wr-norm to Z; i.e., HZijR = RVl for
j € Z. Then the algebra Asg,, is the Sa-invariant subalgebra of ¢ (Z,*,wr), which is

Sa

given by AQ,wR = (Z+7WR)

Theorem 4.25. There exists an isomorphism between the Hecke algebra A, and As.,
when R = ¢%/2.

Proof. The algebra A, has generator Y7 and every element in the natural basis can be

written as

m
— E J
Ym = CLmijl .
J=0
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The algebra A, has generator Z; = % (z_l + z) and every basis element can be written
as

Lo, = a

M

i
o

Zi.

/!
m,j

For f = Z?io BiZ; € Ay, the wr-weighted ¢! norm is given by

[e.e]
71, =2 (el ).
WR )
7=0
We scale the generator Y; of A, to
1ot
2 2
v =1 2q Y3,

Define Y] = Yy and Y, ., =2Y, Y/ =Y,/ _, for m > 1. We have the following identities
Yoo % Yo = Yoo,

1
Y, % Y{ = 3 (Y1 + Y1), whenm > 1,

1
Yél*qYé:§(Yn’l+n+Yé%n), when m >n >0,

which satisfy the same multiplication rules for the basis elements {Zj };‘;0 of A p. For

m > 2, we compute Y, = ZT:O Bm,;Y; explicitly. The nonzero coefficients f3,, ; are given
by

1 m
Brmm = <q; > g2 for all m > 2,
q

—1 m
Bmo = — <q2> g~ 2 when m is even,

_ 2—1 m _ m
5m,m—2k = —q 2k (q_ 1) /Bm,m = - <q 2 q?2 2k foralll <k < 5

We verify that
supq*m/zHY,;LH < 0.
m

Define a linear map 0r 4 : A2, — Ag by
o0 o0
GR,q Zaij = Zoijj'.
j=0 3=0
From the multiplication rules above, we apply the identities to show that 6 4 is a homo-
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morphism as
Org (ZmZy) =Y, %Y, forallm,n € Zy.

When R = q%, we have

¥
o1 Zml =

Therefore the map 0r , is well-defined, linear and bounded from Aj ,, to A,.

Conversely, we can scale the generator Z; for As,, to be

9
Zy= 2.
q2 +q 2

For m > 2, define the elements Z;, € As,,, by induction

_q+1 1

T =22 T = s

We have the following identities

Zy Zy = Zy,,

1
7 g =4 g L h > 1.
mé1 g+1 m+1+q+1 m—1 when m >

For m > 2, we compute Z,, = ZT:O Ym,jZ; explicitly. The nonzero coefficients 7, ; are

given by
2q7m+1
Ymom = 1 1>
q2 +q 2
qg—1 _
Tm,0 = Tq Qm’

Ymm—2k = (¢ — Dg ™ 2k forall 1 <k < %

When R = q%, we verify that

sup||Z3, |, < oo

Define a linear map 04 r : Ay — Az wp by

00 o)
E — E N

9,173 Oéij = a]Zj.
Jj=0 J=0

From the multiplication rules above, we apply the identities to show that 0, r is a homo-
morphism as

00,1 (Yo *q Yn) = Z,,Z},, for all m,n € Z.

men>
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When R = q%, we have

123l
sup ——— < 00.
m [Vl
Therefore the map 0, r is well-defined, linear and bounded from A, to Az . ]
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Algebras of automorphism groups

of buildings and the wp-norm

For the projective general linear group over the p-adic numbers and p-adic integers, we
show that the quotient space PGL,, (Qp) /PGL, (Zp) has the structure of a Bruhat-Tits
building [I]. The building is homogeneous where the degree of every vertex is equal and
determined by the prime number p. The group PGL,(Q)) acts on the equivalence classes
of n-dimensional p-adic integer lattices which correspond to the vertices of the building.
We define the algebra of the bi-invariant summable functions on the vertices of the
building given by the Gelfand pair (PGLy(Qp), PGLy(Zy)) [47). There will be a set of (n—
1) distinct and independent Laplace operators generated by different types of adjacency
relations on the building. The Hecke algebra A, , on Z"} with ¢! norm, which is isomorphic
to the discretized bi-invariant subalgebra of the group algebra, will also have (n—1) Hecke
operators as the generators. There is a correspondence between eigenfunctions, spherical
functions and characters. The shift matrices for each algebra are more complicated to
compute. For n = 2 and n = 3 we conjecture an explicit description of the character space
and the existence of bounded approximate identities for the ideals given by certain points
in the space. In particular, we will study the Gelfand pair (PGL3 (@p) ,PGL3 (Zp)> and

the related Ay building and lattices [46].

By rescaling the normalized orbit, we obtain the multiplication rules of A,,, with the
same coefficients as the algebra of summable functions on the weighted (n—1)-dimensional
permutohedral lattice, ¢1(A,,,wr) where every vertex corresponds to a monomial. These
two algebras have isomorphic character spaces determined by the prime number p and the
weight conditions wg for the rescaling. The isomorphism between the character spaces
suggest that these two algebras are isomorphic to each other. We finish with a conjecture
that there exists an isomorphism between A,, , and the weighted subalgebra. The compu-

tation of derivations and bounded approximate identities will be easier and enable us to
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analyze the cohomology groups in later problems.

5.1 Lattices of p-adic numbers and the buildings

Throughout this section we denote by Q, and Z, the p-adic rational numbers and the
p-adic integers. Let G = PGL,(Q,) be the projective general linear group over p-adic
rational numbers, which is locally compact. Let the subgroup K = PGL,(Z,) be the
projective general linear group over p-adic integers. We recall some definitions of lattices
on p-adic numbers and show that the quotient space G/ K is isomorphic to the Bruhat-Tits
building.

Definition 5.1. Given a set of n linearly independent vectors {v;li = 1,...,n,v; € Qp},

an n-dimensional lattice of Q, is a set of vectors {v =3 " | vy € Zp}.

If we write {;v;} as column vectors, then the n x n matrix g = (ovi|agvs|. .. |anvy)
is an element in the general linear group GL,(Q,). Let P,(V) be the set of diagonal
matrices which are powers of the diagonal matrix diag(p,p,...,p). The projective general
linear group G = PGL,(Q)) can therefore be expressed explicitly as the quotient group
G = GLn(Qp)/Pr(V).

We know that every g € PGL,(Q,) can be written as a product of two matrices
g = (uilug|...|un)k = Mk, where M = (u1|ug|...|un) € PGL,(Qp) is an upper triangular
matrix and k € PGL,(Z,). We can assume without loss of generality that all column
vectors {u; }1 | form upper triangular matrix (uq|ug|. .. |u,) such that the diagonal entries
have value p% all 7 = 1,...,n. This shows that {u;|i = 1,...,n,u; € Qp} is also a basis
of the lattice.

Let £ be the set of all equivalence classes of lattices in Q, and Ly be a lattice generated
by M € PGLn(Qp). Two lattices Ly, jug|...[un) a0 Ly |vs]...[v,) are physically the same
if and only if for all (aq,...,ap) € thierezxists a ugc?ue (751, -+, Bn) € Zj such that
Yoy i = iy Biv, and for all (B1,..., B,) € Zy, there exists a unique (ag,...,an) €
Zy such that 7" | au; = Y00 Bivs.

Remark 5.2. We denote Lys the lattice with basis consisting of the column vectors in
M. The (projective) equivalence class [Ly,juy|...|uy)] 4] consists of lattices of the form
Loy |aus|...|oun) AN Lipiy, |plug|...[ptu,), Where a is invertible in Q, and | is an arbitrary
integer. Therefore the quotient G/K is isomorphic to the set of equivalence classes of

n-dimensional lattices of p-adic numbers.

Definition 5.3. The lattice L(y,|...|u,) @S said to be a sublattice of the lattice L. |v,) if
we have
Liwfoofun) & L

= H(v].|vn)-
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The lattice L ) is clearly a sublattice of Ly,|...|u,)-

puil...|pun

Definition 5.4. Two lattices Ly,|. |u,) and L are adjacent if we have

1. |vn)

CL

L G Liwi.cfon) & Lua . Jun)-

putl...[pun) >
There are at most n lattices My, M1, ..., M, _1 which are pairwise adjacent.

Example 5.5. Let My = I such that Lyy, is the lattice generated by the identity matriz
and M; =diag(p,p,...,p,1,1,...,1) for j=1,...n—1, the diagonal matriz with the first
J diagonal entries to be p and the last (n — j) diagonal entries to be 1. Then we have
L giagpp,..pyrto @ Lty 1 © Livgyy 5 S - @ M1 © L.

We explicitly list all the sets M; of different families of upper triangular matrices M
such that Lgiag(pp,...p)My & Lt & Lagy = Ly, for different families [ =1,...,n —1 as

;

M;; = 0 when i > j,

Mii S {lap}a

M;={ M € PGL,(Q,)| det M = p',

Mij € {0,1,...,n — 1}, when i < j, My = p and My; =1,

0 elsewhere

Note that the disjoint union of the right cosets M;K = {MK|M € M,} is a double coset
for G = PGL,(Qp) and K = PGL,(Z,) C G.

Definition 5.6. A lattice y generated by M, is said to be a type-i neighbour of another
lattice © generated by M, if there exists an element M' € M; such that M, = M'M,. We

denote this adjacency relation by y ~; x.
Remark 5.7. Note that y ~; = if and only if x ~p_; .

The size of every family M; can be computed by enumerating the number of matrices

in the above set. The number of lattices in M; is given by

’Ml’ =0y (17p7 o ’pn—l) = Z pzi:l ki, (51)

0<k1 <ko<...<k;<n—1

the [-th elementary symmetric polynomial of (1, D, .., p”_l).

Define a graph G,, whose vertices V correspond to the set of equivalence classes of
lattices above. Two vertices are adjacent and connected by an edge if their corresponding
lattices are connected by the description of sublattice relations above. The graph G, have

both the combinatorial and geometric structure of a building [30]. The building is locally
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finite and homogeneous and the degree of every vertex is determined by the prime number
p. Note that the infinite homogeneous tree T, also has these properties.

The group G = PGL,(Q,) is an automorphism group acting on the equivalence classes
of lattices and K is the stabilizer of the standard lattice generated by the identity matrix.
The isomorphism between the vertices V of the building and the equivalence classes of
lattices shows that G acts transitively on the ¥V and K stabilizes a fixed vertex xg which
corresponds to the identity matrix [I3]. Thus we have £ ~ G/K ~ V.

By Proposition 4.4.3 of [12], the double coset §2; = KgzK consists of all elements
which can be written as the form kjdiag(p®,...,p" )ks as the Cartan decomposition,
where k1, ko € K. We will clarify the notations which relate to the powers of the diagonal
entries.

Pick a representative vector ¢ = (aj,...,a,) in the equivalence class of
(Zm)5 /(1,1,...,1). Another vector b = (b1,...,b,) € Z" is said to be in the same
equivalence class with a if they differ by a multiple of the vector (1,1,...,1) or by a
permutation of the entries. There exists a unique m-vector in Zﬁlr_l from the equivalence

class of a-vectors in Z"/(1,1,...,1) with monotonic descending order given by
m = (m17m27"‘7mn—1) = (al —a2,a2 —asz,...,Anp—1 —Qn),

where @ = a; > ... > a,. Thus we can alternatively denote the orbit 2; by {2m,. Let
{es}i, be the set of canonical basis for Z"/(1,1,...,1) and {e; };‘;11 be the set of canonical
basis for Z"'. Note that >/  e; = 0. We can see that the space Z"/(1,1,...,1) is
isomorphic to the (n — 1)-dimensional permutohedral lattice, denoted by A,,—1. The m-

vectors in Zﬁ_l are in a Weyl chamber of the lattice.

5.2 The Gelfand pair (PGL,(Q,), PGL,(Z,))

We will show that the algebra of the integrable bi- K-invariant functions on G, L' (K\G/K)
is commutative and isomorphic to a Banach algebra EI(Z’}r_l, *p). We will use the following
facts to show that (G, K) is a Gelfand pair .

G is locally compact and unimodular by Lemma 8.1.5 in [65];

e K is a compact subgroup of G by Proposition 8.1 in [22];

the transpose ¢’ is also in the double coset KgK as g = kidiag(p®, ..., p% )k
implies that g7 = ki diag(p™, ..., p™)ki;

the transpose operation g — g7 preserves the Haar measure as G is unimodular by
Lemma 8.1.5 of [65].
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Theorem 5.8. Let G = PGL,(Q,) and K = PGLy(Zy). The pair (G, K) is a Gelfand

pair; i.e., the bi-K-invariant functions on G are commutative under convolution.

Proof. For all f1, fo» € LY(K\G/K) and g € G, we have the convolution between f; and

f2 as

fixfole)= | fi(h)fo (h’lg) dh

heG
(setting hy = h_lg)

= [ i (abi) fo ) d
h1€EG
T
= fi < ghyt >f2 hi) dhy
f o (o)) 2 (n0)
T
= h ( hi' gT> fo (h1) dh
Lo () o) 2 (00)
(Setting hy = h{)
= / fa (h2) f1 (hz_lgT) dhs
ho€G
= fa*x fi (QT) :
Since g7 € KgK, then by Lemma we have fox f1(g7) = foxfi(g). Thus fi*fo = fox f1
for all f1, f» € LY(K\G/K), which shows that the pair (G, K) is a Gelfand pair. O

Note that for n > 3, (G, K) is not a symmetric Gelfand pair as Kg 'K # KgK for most
g€ G.

We will now define a basis for the integrable bi-K-invariant functions L'(K\G/K),
the functions on the equivalence classes of lattices and the functions on Zﬁfl. We fix a
Haar measure such that the subgroup K has normalized mass 1.

We define a basis for L' (K'\G/K) by the scaled characteristic function as

]_ .
Yal9) = 1pden(e) = § 17
‘ 2‘ 0 elsewhere

We also define the summable functions on the equivalence classes of lattices which are

isomorphic to the vertices V of the building, fr € /(L) as

fr:G/K —C, fr(Ly,) :/ f(h)dh.

hegK
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The basis for £1(£) is given by the characteristic function

1if Ly =1L
5Lg (Lg’) = I I
0 elsewhere

We now define the summable functions on Z’}r_l, which are isomorphic to the vertices
of a Weyl chamber of the A,,_1 lattice A,_1, including the vertices on the boundary of
the chamber. The function f which corresponds to fr € £*(£) and f € LY(K\G/K) are
defined as

f:7277 — C, f(m) = |2l f2 (Lg) for g € 2.

The basis are given by the characteristic functions Yy, on the m-vectors in Z’}r_l as

lifx=m
Yin (X) =
0 elsewhere

Remark 5.9. Alternatively, for a € Z", we are allowed to express Ym =Y, if there exists
b= (b1,...,bn) such that m = (by — ba,...,by_1 — by), which is in the same equivalence
class of (Z™)" /(1,1,...,1) with the a-vector-

We will show that there exists an isomorphism between L!'(K\G/K) and a Banach

algebra on fo:l with specific multiplication rules x, given by the properties of G,.

Definition 5.10. We define the commutative algebra A, , = (1(Z"1, *,), where
Ya xp Yo =Ya,

1 jn—i

1<k1<ko<...<k;<n

forall j € {1,2,...,n—1}.

Alternatively, we may write the above equations in the form of Ym *p Yo and Ym xp Ye; by
the conversion stated in Remark [5.9.

Theorem 5.11. Recall the equivalence class of the a-vectors in Z"/(1,1,...,1) with
canonical basis {e;}]_; and the m-vectors in 21 with canonical basis {e;}!='. The
algebra of bi-K -invariant functions L'(K\G/K) is isomorphic to the commutative alge-
bra Ayp. The isomorphism sends the characteristic functions Y, of L'(K\G/K) to the

corresponding characteristic functions Yz of Ay p.

n—1, :

Proof. For n > 2 the commutative algebra A, , has got (n — 1) generators {Yej o1 e

every Y; € A, , can be uniquely written as a linear sum of products of the generators.
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For all normalized basis elements Y; € LYK\G/K) and Y; € A, define a linear map

0: LYK\G/K) — Anp, 0 (Y@’) ~ Y.

Denote m = (mq,...,my_1) € Z’}r_l and a representative vector in the equivalence classes
of Z"/(1,...,1), a = (a1,...,an), such that my = ap — ap_q for all k € {1,2,...,n — 1}.
We need to show that for all equivalence classes of the a-vectors in Z"/(1,...,1) and every

JeA{L2,...,n—1} 0(Yz x Yg,) = 0(Y3) % 0(Y,) = Ya #p Ye;. We will show the proof for
the multiplication with Ye, and the multiplications with the rest of generators just follow
from the usual steps.

1
YL Y. (g 605 () B, (h7'g) di

)= ][] e 2%

1 -1

- o] he%(sgel (n'g) dn.

For every h™! = k:fldiag(p_“l,p_“?, .. ,p‘“")k;1 where ki,ko € K and h™lg € (2, we
require g = kadiag(p®,p®2,...,p% ) Mks, where M € M;. For every upper triangular ma-
trix M € My, if M has value p at its i-th diagonal entry, then diag(p®, p®2,...,p% )M isin
the double coset Kdiag(p™,...,p% "1 ... p®)K. Since there are precisely p"~* elements
in M; with value p at its i-th entry, we can work out the integral of the characteristic

function as

I
<=
=
(7=
—
i}

7
o
J’_

[®
~

which shows that 6 (Y@’ x Y 1) =0 (Yé) #p 0 (YZ ). Similarly, we can show this equality
holds for the multiplications with all generators {Ye; }?;11, which shows that the two Banach
algebras are isomorphic to each other. O

Remark 5.12. For the algebra A, (Deﬁnition where ¢ = p is a prime number, the
two algebras Ay and A, are the same. By Equation , we have |M;| = p+ 1. The

multiplication rules x, and x4 are of the same form with the same coefficients.

1 p 1
Yarp VYo, =—— [ Y p*7*7a = — Y, +——Y;
a¥p e = 1<k<2p ater P ater p+1 atez

When n = 2, the m-vectors are just non-negative integers. The canonical basis of the a-
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vectors, e1 and e, correspond to +1 and —1 in the m-vectors. Then (a+ e1) corresponds

tom+1 and (a+ ez) corresponds to m — 1 in the m-vectors.

5.3 Typed Laplace operators and random walks

To study the random walk on the vertices of the building G,, we define a set of lin-
ear operators {Li}?:_f, where L; is the type-i Laplace operator on the vector space of
bounded complex-valued functions on the set of equivalence classes of lattices £ of the
p-adic numbers.

For a function fg : £L — C, we define the value of (L;f) () to be the average of the

values of all f.(y), where y is a type-i neighbour of x, expressed as

(Life) (2) = ! S fely).

gj (va s ’pnil) yroiT

Under the bi-K-invariance condition; i.e., the function on £ is determined by its cor-

Sn

arq, We can

responding position on a fixed Weyl chamber of the A,,_1 integer lattice A
also define the typed Laplace operators on to the functions on the integer lattice Aiﬁl,

[N/jf:Zifl — C, as

J ki

(I:Jf> (m) = 1 Z ngzl(n_ki)f m + Z (en_i) ,
=1

[M;] 1<ki <k2<...<k;<n =1 \ =1

for all j € {1,2,...,n}. By definition, we can see that the typed Laplace operators are

(2 (207) ) ) = (£ (£F) ) ().

The type-j Laplace operator parametrizes a weighted random walk to (?) directions on

commutative, i.e.

the integer lattice A,,_1. We will compute the eigenfunctions to the random walk, starting

with n = 3, and generalize the result to all n € Z, in the next section.

Proposition 5.13. Let (G, K) be the Gelfand pair (PGLy,(Qp), PGLy(Zy)) and ¢ €
L (K\G/K) be a bounded bi-K -invariant function on G. Let ¥y and Y be the corre-
sponding functions on the equivalence classes of lattices L and the function on the integer
lattice Ap_1. Then v is a spherical function if and only if the bounded radial function 1
is an eigenfunction for the Laplace operators {ii}?:ll with 1;(0) =1.

Proof. 1f 9 is a spherical function, from 1 (e) = 1 we know that the corresponding function
on the (n — 1)-dimensional permutohedral lattice A,_; has value ¢(0) = 1 at 0. For the
m-vectors in Z:Lfl ~ Ap_1, let i (ej) = \jforall j € {1,2,...,n—1}.
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First we show that zﬂ is an eigenfunction for the type-1 Laplace operator Li. Let
o be the lattice generated by the identity matrix I. Given two lattices = generated by
M, € PGL,(Qp) and y € PGL,(Q,) generated by M, such that y ~; x, we know that y
is a type-1 neighbour of x. Let M, be in the double coset {2,. Since G acts transitively

on L, we obtain more type-1 adjacency relations as

Ly, ~1 L,
<:>LM;1My ~1 Ly
<:>LkM;1My ~1 Lp

<:>LMka;1My ~1 LMam

where the (1+p+...+p" 1) distinct k; € My such that every M,k; M, 1M, generates a
a lattice y; which is a type-1 neighbour of  and these corresponding (1 +p+ ...+ p" 1)
right cosets are all disjoint. Not that each one of the set K; = {k € K|LMmkM;1My =y}
will have mass W by the Haar measure 1 of K, as the union of the disjoint sets
K; is K. Therefore, from the properties of the spherical function, we have

b (ex) d (m) = o (M; M) v (M)
_ / o (MMM, ) db
keK

= q—lkl Z Ve (y5)

Yj~1x

= (L1¢z) (z)
= (Lu) (m),

which shows that 1/; is an eigenfunction for the type-1 Laplace operator Li. Similarly, we
can show that 1) is an eigenfunction for all (n—1) typed Laplace operators with eigenvalues
{/\i}?:_f'

Conversely, we assume that the function on the (n — 1)-dimensional permutohedral
lattice zﬁ is an eigenfunction for all of the typed Laplace operators {Ei}?z_ll. The eigenvalues
for the (n—1) typed Laplace operators are ¢)(e;) = \; for all i € {1,...,n—1}. We need to
show that for all g,h € G, we have [ (gkh)dk = f(g)f(h). The steps of the proof is the
same for all dimensions. Since we have proved the n = 2 example, where the Gelfand pair
(PGL2(Qp), PGL2(Zy)) is isomorphic to the automorphism group and a selected subgroup

of T, in Section it is a repetition to show for general n-dimensional cases. O
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5.4 The A, lattice A, and the algebra A; ),

In this section, we consider the Hecke algebra of the Gelfand pair (PGL,(Qp), PGLy,(Zy))
with L' norm and the algebra A, p which are functions on the fln_l lattice. In Section
as shown in Equation , we have found the character space for the example
of n = 2 which is the only example of a symmetric Gelfand pair. We now start with
n = 3 and generalize the result to n-dimensional example based on our analysis for the
n = 2 case. We compute the bounded characters of the algebra from a shift matrix and
describe the character space A = {)\j};";ll. When n > 3, the characters of the algebra
A, p are parametrized by more than three variables. We finish with two conjectures for
the existence of point derivations and bounded approximate identities as the calculations
are much more complicated than the n = 2 case.

In Section we have shown that the algebra of integrable bi-PG L, (Z,)-invariant
functions on PGL,(Q,) is commutative and isomorphic to the Hecke algebra A, , by
Theorem When n = 3, we can view Az, as living on a Weyl chamber of the Ay
lattice Ay, which is a triangular grid. The lattice Ay consist of three types of vertices
which are determined by the determinant of the representative diagonal matrix in the
double coset Kdiag(p®™,p®,p®)K. The type-j vertices of As correspond to the double
cosets with the determinant of representative diagonal matrix equal to p’. The types for
the vertices can be easily computed by (a; + a2 + ag) modulo 3. Every vertex on the Ay
lattice Ay is adjacent to six vertices which form a hexagon. For a vertex of type j, three
of its neighbours are of type k and the other three are of type [, where {j, k,1} = {1,2,3}.

In this computation, we use the m-vectors in Z2 with natural basis {e1,ez}. In the
commutative algebra Az ,, the multiplications with generators Y, and Y, are expressed
in different forms. By definition for m = (my, mg), when both my, mg > 0, we have

1

Ye1Y(m1,m2) = p2 +p+ 1 (p2}/(m1+1,m2) +p}/(m171,m2+1) + 1Y7(m1,m271)) 9
1

Yez}/(mhmz) - m (pzyv(ml,mg—i-l) +p}/2m1+l,m2—1) + 1Yv(77u—l,mg)> .
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For m; = 0 or my = 0, we have

Ye, Yo = Ye,,

Ye, Yo = Ye2,
Ye1 Yim,0) = 2 +p+1 ( Yimi41,0 + (p+ 1)Y(m171,1)>7
Yeu Yirmi0) = e +p—|—1 ( p? +p Y1) + 1Y, - 10)>
Yei Y(0,mz) = 2 +p+1 < P’ +P Y1,mo) + 1Y 0,ms— 1)>
Yo Y(0,my) = m ( Yio,mot1) T (2 +1) }/(1,m271)) ;

where the coeflicients are slightly different to the general case due to the reflections on the
boundaries of the Weyl chamber.

By proposition [5.13] the values for the spherical functions in the algebra of bi-
PGL3(Zy)-invariant functions on PG L3(Q)), the eigenfunctions for the Laplace operators

and the characters for the algebra are given by the same form

7/)/\1,A2 <d1ag <pm1+m27pm2’ 1)> = ’(;)\1,)\2 (mla m2) = XA1,\2 (Ym) s

where

XA1,22 (YO) =

I

X)\l,/\Q (Yel) 1

I
> >

X (Yesz) 2.

Similar to Proposition we seek the shift matrices for the algebra As, to obtain

the decomposed form of the bounded characters.

Proposition 5.14. There exists a decomposed form for the bounded characters of the

algebra As .

Proof. We define a column vector Yy, = (Ym, Ym+e1,Ym+e2) € A3 - which can be seen
as a vector with entries which are the basis of three vertices which form a triangle on the
lattice. Define the linear operators S31,S32 € M3 (Agjp) such that 83 1Vm = Ym+e, and
8532Ym = YVm+e,- The linear operators 831 and Sz o shift the column vector Vi, along
the e1 and eg directions by one step, respectively. For m’ (m17 m’g) and m = (my,ms)

m —m m —m
where m} > m; and m} > my, we have Yy = 8311 18 5 *Vm. If we choose m; or
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mso to be 0, then the shift relations can be explicitly expressed as

Y(ml,o) Y(m1+1,0)
Sa1 | Yoo | = | Yom+20) |
Yim, 1) Yimi+1,1)
where
0 1 0
Ss1 = 0 (”;ﬁiﬁ;l) o B |,
and
Y(0,ms) Y0,mz41)
S3.2 Y1,m,) =1 Yamet |-
Y(0,ma+1) Y0,mz+2)
where
0 1 0
Sa=| 0 RN, B
1 (PHptly 0

T pPp p*+p ~©1

Define a function xy, x, : M3(Asp) — M3(C) by

X)\l,)\z (SZ) = X)\l,)\g (Sl) M’L]?

where S;; is the matrix entry in M3(As,) and M;; is a matrix unit in M3(C).
Similar to the method of computing the characters of A, in Section we use the

shift matrices Sz 1 and S32 to obtain
e (Vm) = X x (5?1153722%) = X122 (55711) Xt (55"22> X Vo). (5:2)

We verify that the column vector x (Vo) = (1, A1, A2)T is not an eigenvector of X, ,(S3,1)
OF X2 (S3,2). Therefore all eigenvalues of xa, 1,(S3,1) Or X, .2, (S3,2) contribute to the
growth rate in the decomposed form of characters.

By Equation , the values of X, x, (Vm) are obtained by computing the powers of
the two shift matrices. Therefore, for the character xy, », : 43, — C to be bounded on
all Y, we require both matrices X, x,(S3,1) and xa, 1, (S3,2) have eigenvalues bounded

by modulus 1, which indicate the growth rate of xx, x,(Ym) in terms of m; and ma.
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The eigenvalues of xx, x,(S3.1) and X, x,(S32) are the solutions of the equations
1 1 1 1 1 1
3 2
A1(1++> +)\2<++> 1——5 =0,
i p )M p 2 )T
1 1 1 1 1 1
3 2
1 —/\2<1—|—+>,u + M <++>,u2—:O,
? p p?)"7 p PP p?

which are obtained from the characteristic polynomials of X, x,(S3.1) and X, 1, (S3,2).

Let {11,112, 13} be the set of solutions to the first equation above with |ui1| >
|p12] > |pas] and {pa1, oo, pos} be the set of solutions to the first equation above with
|p21| < |poz| < |p23|. We obtain the following identities from the solutions:

1 1
o3 (111, pi2, 13) = 03 (f21, po2, f23) = o3 | 1, e

! (p11, 12, 113) _ 02 (21, po2, H123)
g1 (17%7]%> 02 <17%71%>

Ny = 22 (p11, 12, 13) _ o (p21, po2, H123)
g2 (17%7}%> g1 <17%7]%>

where o1, 092,03 denote the elementary symmetric polynomials. We can see that ps =

M12M13/p2a H22 = M11M13/P2 and pog = ml,ulg/pQ. Therefore the solutions to the second
equation is completely dependent on the first one. When the values of w11, 412, 13 are

distinct, the character x, x, can be explicitly written as the decomposed form

XA1,)2 (Y(m1,m2)> = Z am,j1,52 )‘{1 )‘%2
0<j1<m1,0<52<m2
= Craapy' p1s + Crsapy' pis’
+ Cor3pyy 17" + Coz1 gy 15
+ Ca12p75 p1y> + Caa173' ps

where Cjj1, are the chamber coefficients for the six Weyl chambers of the hexagonal lattice

on the plane. 0

As we require the modulus of all solutions to be bounded by 1, the modulus all six
values will also have a lower bound of z%' Therefore the character x, .\, is parametrized
by an unordered triple (u11, p12, 13) with fixed product 1%’ which are three points on an
annulus with interior radius ]% and exterior radius 1 on the complex plane.

The above computation shows that given a bounded character x, »,, we can find out
the bounded growth rate which is a triple (11, pt12, 13). And the elementary symmetric

polynomials of the triple are equal to the values determined by A; and As.
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Conjecture 5.15. Conversely, if we have an unordered triple (pi1, 12, 13) with fized
product % and every p1; satisfies 1% <|p;| £ 1, we can find a bounded character xx, x,

with A\ = aumizng) o, g Aoy = o2(12:413) - This construction gives X x, (Yo) =1,

g1 17%717% g2 17%11)%
XA1 s (Yel) = A1 and Xx, )\ (Ye2) = Xo.
We assume that |p1| > [12] > |p1s]. Let Ma,, be the space of (u11, 12, p13) that

parametrize the characters. Then we have

1 1
Ma,, = {(M11,M12,M13) 1> |pa1| > |pae] > [pas| > o Funziig = pg} (5.3)

Remark 5.16. We observe that the triple (p11, p12, 13) with a fized product for a charac-
ter of Asp is only determined by two values on an annulus on the complex plane. Similar

to the definition of the boundary of a symmetrized bi-disc [3], we clarify different types of
boundary points of Ma,, in Definition [5.17

Definition 5.17. We say that the topological boundary Ma, , is oblained when either

lp11] =1 or |uis| = # is satisfied, and the distinguished boundary of M, , is achieved
when both |p11] =1 and |u13| = ]% are satisfied.

We finish this section with the following conjectures which can probably be extended
from Lemma[4.16|and Proposition [£.20] These two statements can probably be generalized

to the cases for n > 3.

Conjecture 5.18. If (u11, 12, p13) does not belong to the distinguished boundary, then

there is a non-trivial point derivation on Asp.

Conjecture 5.19. There exists a bounded approximate identity for every character x, x,

where the corresponding triple (p11, 12, 13) for (A1, A2) is on the distinguished boundary
Of MA37P .

5.5 The weight condition on A lattices

In this section, we aim to show that the Hecke algebra A, , is isomorphic to another
commutative Banach algebra A, ., = ¢}(Z7 ' ,wg). The algebra A, consist of all
weighted bounded functions on the A, 1 lattice which are invariant under S, action on
the Weyl chambers. The weight condition wg of the lattice is parametrized by the prime
number p in the Hecke algebra A, ,.

Consider the A,_; lattice A,,_1 where n > 2. Recall the equivalence classes of a-
vectors in Z"/(1,1,...,1) with the canonical basis {e;}, and the m-vectors with basis

{e; }?:_11 of Z"1. Every vertex on A,_; can be uniquely expressed as a representative of
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an equivalence class of the a-vectors or an m-vector. Note that the entries of the a-vectors
do not have to be of descending order and the entries of the m-vectors do not have to be
positive for the vertices on all Weyl chambers of A, _1.

To each a-vector a = (ay,as,...,a,) € Z™ we assign a monomial (z2)* = z725% - - 297,
with the condition [ ; z; = 1 imposed to satisfy the quotient relation. The algebra of

summable functions on the lattice £!(A,_1)
f : An,1 — C

has the set of characteristic functions {Xg4}aca as basis. The multiplication between

n—-1
two characteristic functions on this lattice is clearly commutative. The multiplication
is explicitly given by the vector addition, generated by the multiplications of monomials
which are defined above. Therefore the algebra ¢!(A,,_1) is isomorphic to the set of infinite
Laurent polynomials where the ¢! norm is bounded.

The lattice A,,_1 consist of n! Weyl chambers, which are given by the elements in the
symmetry group 7 € S, to indicate the descending order ar(1) > ar@2) = ++* > ar(n). Fix
a value R > 1. We define the weight condition on the lattice to be

@], , = B8
where a1 > as > ... > ay.

We define an algebra of bounded functions on the weighted lattice A,,_1 to be

Meren={ ¥ (F@ = )| [L==1]

a€Ny_1 =1 =1

<00y, (5.4)

where wp, is the weight condition that defines the weight R (a) on the corresponding lattice
points and the weighted one norm of f is bounded. The weight condition wg is defined to
be invariant on the vertices which are invariant under the S,, action on the A,,_1 lattice.

The algebra of the functions on the lattice has an S,-invariant subalgebra generated
by Zm. Form = (my,ma,...,my_1) € Z’}r_l in terms of the m-vectors, the corresponding
truncated a-vector where a, = 0 is given by a = (a1,...,a,-1) € Z’f[l, where the en-
tries are in monotonic descending order. Therefore we have the basis of the S,-invariant

subalgebra as

Zm = @:nlz Hzﬂ(y ’ (5.5)

TeSy \Jj=1

for all a = (a1,...,an—1) € Zifl where the entries are in monotonic descending order.

Note that the every basis element Z; is given by the symmetric polynomials of n variables
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with certain powers of every monomial.

Definition 5.20. The S,-invariant subalgebra A, ., = El(ZT}r_l,wR) is given by

An,wR = gl(AnfhwR)Sn = Z (f(m)Zm) ||f||wR < o0

n—1
mEZ+

Note that the weight condition is multiplicative in a fixed Weyl chamber A°" | as

R(a+b) —H a+b’ 1 =|Zall,_,

7L

Every lattice point has n — 1 types of adjacent points, and the types are given by the
corresponding typed vertices in the Hecke algebra. There are n — 1 generators for the
Sp-invariant subalgebra, namely {Ze, Z;% The multiplication with a generator in the

algebra A, ., are given by the unbiased random walk on the lattice

1
ZmZe, = Z o' (5.6)

[9)
k) m’ezn—1 m’'~rm

where ~;, denotes the relation of type-k adjacency on the vertices of A,_1.

Recall the multiplication Y3 *), Yej and Y, *, Y, in the algebra A, , in Definition
By the conversion Equation , we seek a scaling Zé = CyZ, such that the multiplication
between the scaled variables Zé have similar coefficients as the multiplications Yy, *, Ye,
in A, ,. The only possible scaling that gives the same magnitude as the coefficients in the

multiplications between the generators of the p-adic algebras A, , will be

n+1)

C = A pZJ 1(]*7 ,

for a; > as > --- > an_1 > a, = 0 in the integer vector a, where A,, are the constants in
the scaling functions and m is the number of actual equalities in the array. We can check
that the centre of the lattice which corresponds to the constant vector in the quotient
always has weight 1 so that the scaling function is well defined on Z™ and Z"/(1,1,...,1).

Based on the isomorphism between the Hecke algebras As, and Aj,,, we aim to
reach the statement of a conjecture of the existence of an isomorphism between A, , and
Ay - Both algebras A, , and A, ., consist of bounded functions on a Weyl chamber
of the fln,l lattice AS’LI. Theorem showed that A, , with ¢! norm is isomorphic
to the Hecke algebra of the Gelfand pair (PGL,(Q,), PGLy(Z,)) with L' norm for all
prime numbers p. The prime number p parametrizes the condition of boundedness and
the character space. The characters of A,,, are parametrized by n points on an annulus

with a fixed product.

105



Chapter 5. Algebras of automorphism groups of buildings and the wr-norm

When p = 1, the ¢! norm for the algebra Ap,1 is unweighted and A, 1 is isomorphic
to the bounded functions on a Weyl chamber of the zzln,l lattice AS’LI. The characters of
this algebra are parametrized by n points on a circle with the fixed product to be 1, which
is not homeomorphic to the annulus.

The following statement is generalized from Theorem but requires further explicit

computation to complete the proof.

Conjecture 5.21. There exists an isomorphism between the Hecke algebra A, , and

An’wR ‘

The aim is to find a bounded linear map 6, r from A, , to A, ., which is an homo-
morphism and to find the inverse map 0r,. The steps follow from the proof of Theorem
4,29

We define the elements Yy, € A, , for all m € Z:i_l where the 1-norms are uniformly
bounded. We will construct these elements from the scaled generators of this algebra.

Both Banach algebras A,, , and A, ,,, have n—1 generators, namely {Yek }Z;i for A,
and {Ze, Z;ll for A, ;- We keep the identity term Yy = Yp and scale the generators of
App to

11 1
, Uj<1>57F"-’F
Yek:

(%)

In the algebra A, ,,, recall that every basis element Zy, € A, ., can be constructed

>pnzlkYek, forall k=1,...,n—1.

by induction Zmte, = (Z) ZmZe,— lower terms, which can be easily obtained from the
type-k adjacency relation Zy,Ze, = (% mekm Zyw. Thus every Zy, € A, ., can be
k

written as a linear combinations of powers of the generators uniquely as
n—1
/ l
Zom = > amy [ 25 |- (5.7)
I=(l1,0ln 1) €2 k=1

Similarly, we define the type-k adjacency relations between elements in the algebra

Ay p as

[u—

Yy, = > Y., forallk=1,...,n—1. (5.8)

m-ex n)
k m’€Z" 1 m’'~,m

These adjacency relations allow us to express the terms Y, € A, , explicitly by induction
for all m € Z’};l. We have all Y}, € A, in terms of the linear combinations of powers of

the scaled generators Ye'k. By expanding the powers of the generators, we will have Y}, in
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terms of a unique linear combination of the natural basis elements Yj € A, ;, as

n—1
!’ / Ny
Ya= ) G ] ] Yo
k=1

1I=(l1,0 I —1)€Z7

- Z (ﬁm,jyj) :

§=(1,mdnr LT

We need to show that the 1-norm of Y7, |

by some conditions on powers of p.

YrilHl = Zjezi—l | Bm.j| is uniformly bounded
There exist linear relations between the values of 3y, ;. Such relations are obtained
YI

from the adjacency equations of Y, Yo = ﬁ > v+ Where the coefficients for the
k

m’/~;m
expansions into the linear combinations of ¥j need to be equal for all j € Z’};l. Note that
the value of By, j is always zero if j is not of the same type with m.

Define the A,, ,-weight function on Zﬁlr_l by
S (S0 (=25 )me)

I, =™

=1 Zmll.,

when R = pnT_l.
By solving the linear equations of the adjacency relations, we can obtain all values of
Bm,j explicitly as
I, 1 Zwl,

fmj = om i — 15— = i,
m,j mJ’m—JHinﬂp rn.]HZm_jHiRv

where ¢y, j is a constant which is determined only by whether m is on any boundary of

the Weyl chamber and whether there are any zero entries in the vector m — j. Note that

all éyy j are bounded by Ple)0d) e pote that j € Am if B, ; # 0.

[
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For m = Y"1 myey, the 1-norm of Yy, can be computed by

Vaulli = 2 [Bmg|

. n—1
J€Z+

B1,1,.1),(1,1,.01
< Anp
- . EA:

HAM

Hm—JHA
B,1,.1),(1,1,01 HmHA [ & 1
= 1,1,... H Z e
(L1, Pl

HAnm ik:@HZkekHAnm

o

5(1,1,...,1),(1,1,, ”An — 1
< T ];[ > ———1,

HAM i=ollicexla, ,

which is the product of n — 1 sums of bounded geometric sequences. Thus, when R =

p"~ /2 there is a constant K, , such that HYAIH < Knplmll,, = Knpl|Zmll,, for all
-1
mecZ .

Since the construction of Y}, is unique for all m € Z:‘fl, we can alternatively obtain

’

another basis of the algebra A, ,, given by the set of elements {mY

My,

} where m € Zi‘l.

Define a linear map 0, r : App — Anwr by
Opr (Ye) = Zim, for allm € Z7".

Since both Y], and Zy, are constructed by induction from the generators, they satisfy the
same adjacency relations which are given by the type-k adjacency equation in the two
algebras. Thus we can check that the linear map 0, g is a homomorphism. Conjecture
would now follow if we knew that 6, r is surjective. This would require an upper

bound on || Zm||,,, by some constant multiple of 1Y
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Chapter 6

Algebras with weighted norms and

cohomology

In this chapter, we study the algebras of summable functions on weighted type A and
type B lattices where the characteristic functions on the lattice points are generated by
the corresponding Laurent polynomials. The weight conditions on the lattices are related
to the size of different orbits on the p-adic buildings in Chapter We also study the
invariant subalgebras under the corresponding Weyl group actions on the components of
the coordinates on the lattices. We clarify the character space for both cases, with or
without the invariance conditions, and study the existence of point derivations.

For the higher cohomology groups of the algebras of functions on weighted lattices,
we start with the algebras with single generator; e.g., summable functions on Z and Z,
with or without invariance conditions, with weighted or unweighted ¢! norm. We look
at some classical methods to explicitly find the second cohomology groups and derive a
inductive process on an example with the invariance condition under the weighted ¢! norm.
Finally we generalize the method for higher simplicial and cyclic cohomology groups on

the invariant subalgebras of functions on the weighted lattices with multi-generators.

6.1 Algebras of functions on weighted type A lattices

In this section, we consider ¢! (A,_1,wg), the algebra of summable functions on the
weighted A,_; lattice A,_1 and the S,-invariant subalgebra Apwp = o (An,l,wpb)s".
We will discuss the space of characters of the two algebras and the existence of point
derivations. In addition, we find the space of simplicial derivations for As,,,, which is
isomorphic to the algebra A, for the infinite homogeneous tree T, in Chapter

We recall the definitions of the algebra ¢! (A,_1,wr) and the invariant subalgebra

109



Chapter 6. Algebras with weighted norms and cohomology

Ap. oy from Section

MAnr,wr) =4 > | f@]]#" sz'l,Hf _<oop,
a€ln_1 i=1 i=1 R
An,wR = El(An—lva)Sn = Z (f(m)Zm) HwaR <0

n—1
meZly

Given n variables with fixed product 1, the basis of the algebra without the invariance con-
dition ¢!(A,_1,wRg), is given by the Laurent monomials of the n variables, 2 = H?Zl 23
with H?Zl zj = land a € A,—1. The invariant subalgebra A,, ., is isomorphic to the Hecke
algebra A,, , which corresponds to the building from the p-adic general linear groups, and
thus is generated by the (n — 1) elementary symmetric polynomials of the n variables. We

obtain the space of characters of A, ,, as

n
Maop = it |ITw = LR < || < Rforj=1,...,n
j=1

The characters on the generators Z, are given by elementary symmetric polynomials of

the set of n numbers { ,uj} as

n
j=1
XA(Zei):)\i:Ui(,Ula---aMn) fori=1,...n— 1.

The characters of the algebra ¢!(A, _1,wg) are parametrized by n ordered points on

an annulus with fixed product 1. The space of characters of £!(A,_1,wg) is given by

n
Mgty wr) = § (1155 pn) Hﬂj =LR'<|y|<Rforj=1,...,n
j=1

The character x, on each variable z; is given by X, (zj) = [tj.

It can be shown that a character x,, is determined by the sequence {Xu (zj) }711 with a
condition imposed for the product of the n values to be fixed. The set of analyticjfunctions
which determine a character indicate that every character is mapped to a set of n points
on an annulus on the complex plane with the fixed product.

The interior of the character space of the algebra ¢! (A,,_1,wr) is obtained when all n
points are not on the internal or external circle of the annulus. The topological boundary
is obtained when at least one point is on the internal or external circle whereas the dis-
tinguished boundary is achieved when there are precisely | %] points on the internal circle

and [ %] points on the external circle of the annulus.
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Lemma 6.1. Let x, be a character on M (Ap_1,wr) where X(zj) = pj for all j =

L,...,n. If xu is not on the distinguished boundary of My, the set of point

nflva)’
derivations H* (El (Ap—1,wRr) ’(Cﬁ> is in an (n — 1)-dimensional subspace of the linear

span of (Dy,, Dyys - Dy, ) with 3774 ,uj_lDM]_ =0 and Dy, = D(zj) forj=1,...,n

Proof. The functions in the algebra ' (A,,_1,wg) are given by the linear sums of monomials
2% where a is in the equivalence class of Z"/(1,...,1). Note that the product of the n
variables is 1; i.e., HJ 1% = 1. A point bi-module C, of the commutative algebra

0t (A,_1,wR) is evaluated by

2D (2) 2 = xu (%) xu (29 D ().

A point derivation is a bounded linear function D : ¢! (A, _1,wr) — C, satistying
D <§Q§Q> = 22D ( > + D (22) 2% with D(1) = 0. We expand D(1) as

D(z1z0...2n) = 2223 ... 2. D (21) + 2123 .. . 2n.D (22) + ... + 21 ... 2n—1D (2, ‘(C#

which shows that the n values of (D (z1),..., D (z)) are actually in an (n—1)-dimensional
subspace of C™.

We can always add any integer multiples of (1,...,1) to a vector a such that the
monomial Z, have positive powers on all n variables. Assume that all entries of a are

positive, then the linear function D can be expanded as

D (Z,) = Zajuj (6.1)

which shows that the point derivations is determined by the n values of D,,;.

We will consider the special case where the set of n points of the annulus for a character
Xu is on the topological boundary; i.e., [uj| = R or R™!. When |uj| = R, the function
D z}”) = aju?j _IDM is not uniformly bounded by ‘ z;-lj if D, is not zero. Since

WR
aj\ _ o a;—1
D <zj ) = ajjL;

D,;, when |p;| = R we have

|aj| ‘D#j
R
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Therefore ‘ D 15
R—l

< Rla;|7Y|D||, for arbitrarily large a;, hence ‘Dﬂj’ = 0. When |y;| =

)

(") o[,

|5 "

WR

and so by similar reasoning ‘DM’ = 0.

Therefore the value of D), must be zero if p; is on the internal or external circle of
the annulus for the character x,. When there are maximum number of points on the
boundary of the annulus, i.e. when we have a character on the distinguished boundary,

all values Duj must be zero. O

For n = 2, we consider the invariant subalgebra As .. By Theorem when R =
¢'/2, the algebra Aj o, is isomorphic to the Hecke algebra A, of the infinite homogeneous
tree T,. The multiplications and change of variables are easier to compute if we consider
A, where the multiplications with the generator corresponds to a balanced random

walk on the Z, lattice. Explicitly, we have
Agg =0 (A1, wr)? = F =D il fll, = D lej| R <00 g, (6.2)
3=0 J=1

where y; = % (zj + z_j) with y; = y_; and y;y, = % (yj+k + yj_k).

Definition 6.2. The simplicial derivations on an algebra A is the set of linear functions
D: A— A* such that

D (f1f2) (fs) = D (f1) (fafs) + D (f2) (fsf1), for all f1, f2, f3 € A.

Since A, is singly generated by Yj, we can derive that D(1)(Y,,) = 0 for all m € Z

and

D) (V) = —~

D(Ym+") o),
m-+n 1 ( 0)

which shows that D is determined by the sequence {D (Ylm) (1)}OO . It is not straight-
forward to compute the simplicial derivations of A, in terms of its natural basis. Since
this commutative algebra has one single generator Y7, it is possible to convert all Y,,, into
a linear sum of powers of Y;. The values of a,, ; from Lemma @ and ¢, ; from Lemma
will be used in the numerical computation.

Let HH'(A,) be the set of bounded simplicial derivations of A,. The map from
HH(A,) to Ay gives a correspondence from the simplicial derivation D : A, — A7 to a

sequence 7. Set 7, = D(Y,,)(1) We aim to prove that there exists a simplicial derivation
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D : Ay — A} if and only if the sequence 7 is bounded. Given a bounded sequence on Z
which determines the values of {D(Y},)(1)}5°,, we seek the general form of D(Y},)(Y;,) by

n=0>

converting the terms between the two different methods of expansions as

m n
DY) (Vo) =D [ D ams¥7 | | D ans?
§=0 k=0

(am,janﬂDm”‘“) <Yo>)

m
7j=0 k=0 I K

= Z <Cj+k,lam,jan,kMD(Y}Hﬂ—QZ) (YO)>
j=0 k=0 =0 J
m-+n

= Cm,n,iD(Y;) (Yb)
=0
m-+n

= Cm,n,iTia
=0

where the numerical computation suggests that " 7+™ [Cpppil < 1.

Lemma 6.3. The simplicial derivation D on the algebra Az, is determined by

a a
— = D (yaup) (1
2D () (1) +

D) () = 5 D(sa-s) (1)) fora £,

D (yn) () = 3D (y20) (1)

Moreover, if we define 7, = D(y,)(1), then| D] <||7|| -

Proof. After defining the simplicial derivation in Definition [6.2] we showed that every
simplicial derivation D(y,)(yp) can be written as a linear sum of Z?ié’ Cap D (yr)(1).
However we did not compute the values of the coefficients C, p; for the algebra A, of the
infinite homogeneous tree. The boundedness also needs to be clarified in both A, the
isomorphic algebra Asg ..

Let 7 be a sequence such that 7, = D(yy)(1) for all n € Z;. We need to show that for
all pairs (a,b) € Z2, the derivation D (y,) () is bounded by R*™||7|.

For b =0, we have D (y,) (yo) = D (ya) (y1). For a = b = n, it is clear that

D (yn) (90) + D () (90) = D (i) (1) = 5D (320) (1),

which implies that D (y,) (yn) = D (y2,) (1)
From D (y.u) (1) = D (ya) (y6) + D (v5) (ya), we will know the value of D (yp) (y4) once
we know the value of D (y,) (yp). Therefore we only need to find values of D (y,) (yp) for
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all positive integer pairs where b > a > 1.
We then consider the derivation D (y,) (y1). For m > 2, using the coefficients of a,, ;

from Lemma (4.7 with ¢ = 1, the expansion gives
D (ym) (y1)

m
=D (> amgyl | ()
=0

m .
J j+1
=D ; 1
Zj_i_lam:]yl ( )
7=0
"1 m m
1
=D Z% B (m n lam+1,j+1 + m_lam—l,j—H) y{ (1)
]:
1 m m
=—(—D 1 —D _1)(1)].
3 (2D o) )+ D ) (1)

For N =a+ b= 3, the only case is a = 2 and b = 1, which is included in the previous
calculation with m = 2.

We assume that D (ya) () = 3 (QLH)D(yHb) (1) + %D (Ya—s) (1)> is true for all
b>a>1and a+b < N. We have shown that it is true for all a > 2 with b = 1 and we
can obtain the values of all D (y1) (y,) from the values of D (y,) (y1). For a+b= N + 1,

we assume that it is true for all 1 < b <n. Whenm—n#2,fora=m—-1landb=n+1,
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(Ym—1) (Yn+1)

(Ym—1) (2Yny1 — Yn—1)
(Ym—

(

Ym—1) (2yny1) — D (Ym—1) (Yn—-1)
2ynYm—1) (Y1) — D (yn) 2y1Ym—1) — D (Ym-1) (Yn-1)
(mernfl) (yl) +D (ymfnfl) (yl) -D (yn) (ym) -D (yn) (ymf2) -D (ymfl) (ynfl)

m+n—1 m+n-—1
—FD _9) (1 —FFD _9) (1
D i) 0+ 2D (i) (1)

D (nn2) (1)

TR IR T e N e A M o o i i |

m—-—n-—1 m-—n-—1

+

m-—n m-—n—2

D W) (1) &+ —" D (g <1>)

n—m

3
+
S

#WD (Yn—m+2) (1)>

ml m=lp (Ym—n) (1)>

—D

m+n—2 m-—n
m—1 m—1
m-+n m-—n—2

D (-2 (1))

The first term 2= D (y,,4,) (1) is clearly bounded by ||7|| R™*". The maximum value of

m+n
m—1
m—n—2

is uniformly bounded by (m — 1)e||7||. Therefore we have

|Ym—n—2]|| is achieved when m —n — 2 = log R. Hence the norm of the second term

1

R =R
<elr|mR™< £
log R

mﬁgigD (ym—n—Q) (1)
[1Ymt1 |y

Il = Clirll,

which indicates that D (yn—1) (ynt1) is bounded by (1 + C)||r|| R™*".
Hence for all positive integer pairs (a,b), the simplicial derivation is bounded if and

only if the sequence 7 is bounded. O

Remark 6.4. The isomorphism between A, and As,,, shows that there indeed exists a

simplicial derivation for Ay, as well as the Hecke algebra As,, with (* norm of the Gelfand
pair (PGL2 (Qy) , PGLs (2,)).
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6.2 Algebras of functions on weighted type B lattices

In this section, we consider ¢! (Z",wr), the algebra of functions on the Z" integer lattice
with respect to the wr-weighted ¢! norm. We assume that the characteristic functions
multiply as the Laurent polynomials of n independent variables. In particular, we compute
the invariant subalgebra B, ., = o (Z”,wR)B" where the functions on the lattice are
invariant under the action of the Coxeter group B, which acts on the n-hypercube. We
start from n = 1 and n = 2 and then generalize to higher dimensions by finding the space

of characters and study the existence of the point derivations of the two algebras.

Given a point a = (a1, ...,a,) € Z" on the integer grid, we express the characteristic
function on at the point a as the Laurent monomial 2% = H;L:1 z?j.

Definition 6.5. The wgr norm of a characteristic function z% on the Z" integer lattice is

given by a weighted £ norm as
28], = RE=1 1

The Weyl group B, acts on the Z" integer lattice by alternating the signs and permut-
ing the n entries of the coordinates. We have |B,,| = 2"n!. The wr norm of a characteristic

function [|2¢(|,,,. is fixed under the By, action on the coordinates.

Definition 6.6. The algebra of summable functions on the weighted Z™ integer lattice is

given by
BnaWR, = (Z" wr) = f: Z CaZ® HfH <
a€eZm™ WR
For all i =1,...,n, a character x,, of the algebra 0Y (Z™, wg) is given by

Xﬁ('zi) = Hi,

Xp (Zz'_1> =

n
X (22) = [T i
i=1

For the characters to be bounded, we require R~! < |u;| < R for all i = 1,...,n. Thus
the character space is parametrized by n ordered points on an annulus where the radii are

R~' and R for the internal and external circle on the complex plane as

R*lg|ui|ngorauj:1,...,n}.

Moz wr) = {(Ml, cees Bn)

We consider the B, -invariant subalebgra B, ., = o (Z”,wR)B ™. The values of the

functions on the vertices of Z™ are invariant if and only if the coordinates of these points
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can be obtained from each other by alternating the signs and permuting the entries.
There are 2™n! Weyl chambers on the Z™ integer lattice. We pick a specific chamber
which consists of the vertices a € Z™ such that a; > a2 > ... > a, > 0. Every vertex in
this chamber corresponds to a vector in Z} where the entries are in monotonic descending
order. We use another vector m € Z! which corresponds to a unique element in this
chamber, given by m = (a1 — a2, a2 — as,...,an—1 — an,a,). The basis of By, o, is given

by the set of B,-symmetric Laurent polynomials, denoted by Zy, or Z, as

1 oo
T = 2= ] 22
9g€Bn

with HZQH = Hgﬁgu for all g € B,,. In particular, we have Bi,,, = A2p-

Explicitly, the algebra B, ., can be considered as summable functions on the lattice
points of a Weyl chamber of the Z™ lattice. We denote the characteristic functions on
the lattice points of the specific Weyl chamber by the By,-symmetric Laurent polynomials
from the algebra ¢! (Z", wg). We have

Buwn =31=3 cmZm |l < oo

mez’

Proposition 6.7. Every B,-symmetric Laurent polynomial Zy € By, ., 15 generated by

the elementary symmetric polynomials of the set of polynomials

{(z1+z11>,...,(zn+z;1)},

namely

G;t:O'j <<21+21_1),(,22—1—22_1),...7<zn+zn1)>7 1< <n;

i.e., every symmetric polynomial Zy, can be uniquely written as a linear sum of powers of

the elementary symmetric polynomials as

n .
Jk
+ + +
Zmzpm<01,...,an>: g amij<Uk)
jezr k=1

Proof. The elementary symmetric polynomials O'ji are in fact the element Ze; € B, wp,

where {e; }?:1 are the canonical basis of the m vectors in Z'}. Let Z, = Zy, where m =
(a1 —ag,as —as,...,ap—1 — ap, ay). Given any a € Z} and the corresponding m € Z7,

m,
we expand the product [];_, (Uf) * and observe that the term with the highest power
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is indeed Zy, and the coefficient of this leading term is fixed to be 1. For a = (a1,...,an)

and b = (by,...,b,), the expansion is given by

n :l: mr
H (ak ) = Zm + lower terms
k=1

=Za+ Y YatZs
bezn

where the coefficient v, is nonzero only when b; < a; for all entries of @ and b. This
step can be repeated until there are no other terms apart from the elementary symmetric
polynomials. Then we can recover the symmetric polynomial Zy, in terms of a linear sum
of powers of the elementary symmetric polynomials. The coefficients in this construction
are fixed as we have no choice for the leading term thus have no alternative route for the

repeated steps of the induction. O

We apply some concepts of the symmetrized bi-disc from [2] The symmetrized bi-disc

is a set of points in C2, given by
I'={(z+w,zw) | |2 <1,Jw| <1} C C2.

The topological boundary of I' is achieved when either z or w has modulus 1. The distin-
guished boundary of I' is achieved when both z and w have modulus 1. The royal variety

of I' is achieved when z = w.

Lemma 6.8. The character space of Ba .y, Mg, is parametrized by the symmetrized

bi-disc.

Proof. The two elementary symmetric polynomials that generate this subalgebra are

O'li:ZLO: <21+Z;1)+(22+251),

+ -1 -1 —1_-1 -1 -1
0y =211 =222+ 2] 22+ 2129 +2 2z = (zl—i—zl ) <22+2’2 >

Every character x, is determined by A1 = x) (Uf) and A2 = x\ (Oét), which can be

considered as the sum and the product of the pair {(z1 + z1—1> 7 <z2 + z2—1>

As described in the examples of A, and Az, the character space of A; and Ay,
are both parametrized by an ellipse on the complex plane, which is homeomorphic to a
unit disc. The boundary of the ellipse is achieved when |z| or |z71| is on the boundary of
the annulus.

Therefore the character space of Ba,, is parametrized by the symmetrized bi-ellipse.

Both ellipses are homeomorphic to the unit disc which implies that this character space is
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also parametrized by the symmetrized bi-disc. O

Remark 6.9. In general, it can be proved that the character space of By, oy, 1S parametrized

by the symmetrized n-disc

Fn:{(01(zl,...,zn),...,an(zl,...,zn)) ‘ |zj\§1fo7’allj:1,...,n}C(C",

which is homeomorphic to a set of n unordered ellipses thus corresponds to the set of n

unordered points on an annulus of the complex plane.

Let x) be a character on B, ,,, the character on the elementary symmetric Laurent

polynomials are evaluated as

(o) == (o) o ()

Similar to the point derivations of the algebra of functions on the type A lattice, a
point derivation D € H* (51 (Z",wg),C A) for a character x, is determined by the n values
(D(21),...,D(zy)). If the modulus of x; is equal to R or R, then we have D(z;) = 0.

We will now calculate the point derivations on the Bj-invariant subalgebra B, ., by

computing the derivative of the polynomial of the generators by the chain rule.

Lemma 6.10. Given a character x) not on the distinguished boundary of the char-
acter space, the set of point derivations H' (Bn,wR,(CA) is given by the linear span of
(Dx,, Dy, ..., Dy, ) with D (Zej) — Dy, forallj=1,...,n.

Proof. For a character y, in the interior of the character space, i.e. R > |u;| > R~ for
all j =1,2,...,n, we consider the unique expressions of the character as a polynomial of
AL A2 A XA (Zm) = Pm (A, A2, .0 Ap).

We define a point derivation Dy; : By, ., — Cy by

d

 (Zm) == — (Pm (41,92, - - -, Yn))

D,
dy;

D)\j?

Y1=A1,.,Yn=An,

for all j = 1,2,...,n. This shows that every point derivation D is determined by the set
n

of values {D)\j} . We need to find the condition for the boundedness for all characters

j=1
X in the character space.

We consider the symmetric polynomial which corresponds to Z, as a homogeneous

polynomial with positive powers of 2n variables. namely f, (zl, ey Zny 2] Lo ) 2 1). For
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n =2,
ZQ :fg (Zb 22, Zl_lv zz_l)
al az al az
= e () e (w7 () (=)
az ail az al
+ 27225 + (zl_l) zyt + 27 <22_1) + (21—1> <22_1>
We set y; = 0 ((x1+2-1),...,(zn + 2_p)), the j-th elementary symmetric polynomial
of the n sums of pairs (z1 +x_1),..., (zn + z_y). For a continuous function f, on the 2n
variables x1,...,2,,2_1,...,Z_y,, we have

fg(&i) :fg(xla-"7xn7x—17"'ax—n) :Pm(y17y27"'7yn)'

The derivative can also be evaluated as

d

@j (Pm (ylayQa s 7yn))

= ifg @i)

Y1=Al,eYn=An

_ —1
TI=[ ey Tn =, T 1= L T =[in

a f:I: _
dy] 8xk LI oo T = T 1= T =g

"‘de_k 0 fa(zs)

k=1 dy.j 8$_k 1”1:#11-‘-)$n:l/¢n,1371:#71,...’a:,n:lL;l
d (xg(l) ‘e .CEg(j)) o
= Z dy; ) (x - )fm (Qi) S ST I
gEB, g(1) - - - Tg(j) s Tn=Hn, e T =[n

dx

Note that none of the values of fliy; and ‘]’“ depend on the choice of m or a. When
R™' < |ugx| < R for all k = 1,...,n, all partial derivatives a%’kf@ (gi) and a%kfg (gi)
are uniformly bounded by HZQ HWR

We consider the case for the character x on the topological boundary of the character
space. When the corresponding unordered set of points on the annulus, {u1, ..., u,} has
precisely k values with modulus equal to R or R™!, there exists an element ¢ in the Weyl
group B, such that the partial derivative m fm (gi) is unbounded if j < k.
In this case we require D), to be zero for the point derivations to be bounded for all
1<j<k.

Furthermore, when a character is on the distinguished boundary of the character space,
i.e. all n values of {y1,...,u,} are equal to R or R™1, all D, need to be zero, i.e. there

does not exist any nontrivial point derivations. ]
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6.3 Higher cohomology of algebras with single generator

In this section, we consider the examples of higher cohomology groups of algebras of
functions on Z, with weighted and unweighted ¢! norm. We also consider the higher
cohomology groups of functions on Z, with or without the invariance condition of Sy for

the weighted case.

6.3.1 Second cohomology of algebras on Z and Z,

Definition 6.11. A bounded 2-linear map ¢ from A? to the bimodule Y is a 2-cocycle if
for all a,b,c € A, we have

do(a,b,c) = ap(b,c) — ¢(ab, c) + ¢(a, be) — ¢p(a,b)c = 0.

Definition 6.12. A bounded 2-linear map 5 from A to the bimodule Y is a 2-coboundary
if
d9p(a,b) = ¢p(a)b — (ab) + ay(b)

for some bounded linear map Y from A toY.

We denote the linear space of the 2-cocycles by Z2?(A,Y) and the linear space of the
2-coboundaries by B?(A,Y). The second cohomology group H?(A,Y) is defined by the

quotient

_ Z*AY)
H2(AY) = BAY)

The proofs for Lemma and Lemma [6.14] are well known. We will apply the ideas

from the two lemmas to the algebras with the weighted ¢! norm.
Lemma 6.13. H? (¢ (Z4),Co) = 0.

Proof. A bounded 2-linear map ¢ from ¢! (Z,) to the point bimodule Cyq is a 2-cocycle if

it satisfies
5(;5 (Zal 202 ZCL3) — Zal¢(za2 ZCLS) _ ¢ (Za1+a2 Za3>
+ ¢ (z‘“,z“”‘“) — ¢ (27,2%2) 2% = 0.

When n = a1 + as +ag and aq, ag # 0, the 2-cocycle equation shows that ¢ (z“1+“2, za3) =
) (z“l,z“2+“3) = f(2") for some bounded function f. When a; # 0 and a3z = 0, we have
6 (2%1,2%2,2%) = —¢ (211%2,1) = 0.
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Define ¢ (2"1) := —¢ (2™, z) for n > 0 and ¢ (1) := ¢(1,1). For a,b # 0,

Sp(2", 2%) = p(2%)2" — (2FP) + 2%4p(2)

_ —¢(Za+b) — ¢<za+b—l’z).

We also have d¢(2%,1) = 0 when a > 1, 6¢(1,2°) = 0 when b > 1 and dy(1,1) = (1) =
o(1,1).

Let ¢ = ¢ — 0¢. For a,b # 0, we have ¢/(2%, 2°) = ¢(2%, 2°) — d9(22, 2°) = f(24FP) —
f(z00=1+1) = 0. With ¢/(1,1) = 0,¢/(2%,1) = ¢/(1, 2°) = 0, we obtain that the function
1) cobounds ¢.

O

Lemma 6.14. #> <€1 (Z+) ,C%) =0.

Proof. We consider the algebra of summable functions on Z, with the unweighted £ norm.

We write the characteristic functions as the monomials { 2 }joi

0°
The character space of the algebra ¢! (Z.) is given by a unit disc centered at the origin
on the complex plane. We consider the point module C:.
2

Set w = z — % and we have ||lw||" = (%)n The 2-cocycles equation can be written
in the form of powers of w. The set of powers of w span the set of powers of z and
w" = <z - %)n = Z;LZO(—I)”_j (’;) (%)ni] 2J. We will define a 2-coboundary function v
that cobounds ¢ and then show that 1 is bounded.

Define v (w”“) = —¢ (w",w) for n > 0 and (1) := ¢(1,1). We apply the proof in

Lemma [6.13] For a,b # 0, we have
5i) (wa7wb) — o (W) wb — (wa—i-b) + w (wb>
= () = o (w0 )

We also have §1(w?, 1) = 0 when a > 1, 6¢(1,w’) = 0 when b > 1 and §(1,1) = (1) =
6(1,1).

Let ¢/ = ¢—d1. We can show that ¢ (w?®, w®?) = 0 for all a, b € Z therefore ¢'(2%, 2°) =
0 as the powers of z are spanned by the powers of w.

We will show that 1 is bounded by induction. First we verify that

6 =v (1wt 3) = =6(Lw)+ 30011 = ~6(1,) + (L1,

which indicates w (z)‘ < 2[|¢].
We assume that [ (2™)| < 2\¢[| + 2 |¢(1, 2)| for all m < n.
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Consider dv (2", z), as ¥ and ¢ satisfy the inequality

‘ zz‘—‘éwz z)‘ on

L) — o +m) \ <9l
we have

1
[ <9l + 5 [5G + 5 [
<19l + o5 [ + 5161+ gy [92)] + [0

< 2[l¢ll +2[¥(2))|
< 2llgll +2[¢(1, 2)]

which proves that |¢(2"1)| is indeed bounded by 2||¢|| + 2|¢(1,2)|. Hence ¢ is well
defined. ]

The proof for the following statement applies a similar method from Lemma In

general, we assume the weight condition wg to have R > 1.
Lemma 6.15. H? (' (Z4,wr),Cy) =

Proof. We consider the algebra of summable functions on Z, with the wp weighted ¢!
norm. We write the characteristic functions as the monomials {ZJ } . With the weight
condition wg, a monomial 2™ has weight R™.

The character space of the algebra I! (Z, ,wg) is given by a disc with radius R centered
at the origin on the complex plane. Consider the point module C; where the point 1 is in
the interior of the character space.

The method is similar to the proof of Lemma Set wy = z — 1. Then w? has
weight HwﬁH = (R+ 1)" Define ¢(w’™) := —p(w?,wy) for n > 0 and (1) := ¢(1,1).
We can show that ¢ = ¢ — 61 on I'(Z,,wr)? is always zero; i.e., gb’(wi,wi) =0 and
¢' (2%, 2%) = 0 for all a,b € Z, . To prove that ¢ is bounded, we have the inequality

607, 2)| = 60", 2)] = [0(2) — W=+ + 9| < B
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to give
)| < B ol + [w(2)] + [v(=")
< RMY] + [0(2)] + B0l + [o(2)] + (")
< =R+ (0 1) [0
< R (RJE + elogR> Il
which proves that ¢ is bounded and || < (% + %) 9. O

The below statement is a new result.
Proposition 6.16. #? (61 (Z,wr) ,Cl) =0

Proof. We define A, = (Y(Z,,wg) and A, = (Y(Z_,wg), therefore A = (Y (Z,wg) =
Ay & A_. We use the Laurent monomials as the basis and use the weight condition
|z2™|| = R™! on the characteristic functions.

Define w, = z—1and w_ = 27! —1. We have —w,w_ = wy +w_. Then the positive
and negative powers of z can be expressed in terms of wy and w_ separately. We have
shown that H?(A;,C;) = 0 in Lemma and we can show that H?(A_,Cy) = 0 with
the same method.

Define (1) := ¢(1,1) which agrees on both Ay and A_. Define (w}t!) =
—¢(w?, wy) and P(w™ ) = —¢(w",w_). By the inequalities shown at the end of Lemma
1) is bounded on both Z and Z_ therefore bounded on all Z. Set ¢’ = ¢ — 5. We
have ¢/ (2%, 2°) = 0, ¢/(27%,27%) = 0, ¢/(w?%,w%) = 0 and ¢/ (W, w?) =0 for all a,b € Z.

We will now need to show what conditions ¢'(2%,2%) satisfy when a > 0,b < 0 or

a < 0,b> 0. Consider the 2-cocycles equation, for all a1, a2, as € Z,

¢/ (21, 2%2) (")
— Za1¢/(za2’za3) _ ¢/(Za1+a2’za3) + ¢/(Za172a2+a3) _ ¢/(Za1,za2)za3 —0. (*)

By taking a1 = 1, ag = —1 and a3z = 1, we have
qb/(zilv Z) - ¢/(1’ Z) + ¢/(Z7 1) - (ZS/(Z?Zil) =0.

The middle two terms vanish, hence ¢'(z71, 2) = ¢/(z,271).

Suppose a > 1. Taking a; = —a, a3 =1 and a3 = —1 in Equation (%), we have
QZS/(Z_G', Z_l) - ¢,(Z_a+17 Z_l) + ¢/(z—a’ ]-) - ¢/(z—a’ Zl) =0.
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The middle two terms vanish, hence ¢(z7%,2) = ¢'(z, 27 1).

If b > j > 1, then taking a1 = b, ap = —j and a3 = 1 in Equation (%), we have
¢/(Z_j7 Z) - ¢/(Zb_j7 Z) + ¢/(va Z_j+1) - ¢/(2b7 Z_j) = 0.
The second term vanishes, hence
d)/(zb? Zﬁj) - ¢/(Zb7 ZﬁjJrl) = (bl(zij? Z) = d’l(z’ Zﬁl) (**)
For b > a > 1, a summation of Equation (%) gives
a . .
SO(#E ) = Gt ) = ) = 1) = ¢ ) = ad (227,
j=1

Similarly, by taking a; = 1, a2 = —j and a3z = b and apply the summation as above,
we obtain that for all b > a > 1,

We then consider the cases where the signs are alternated. The analysis is by swapping

z and 2z~ ! in the previous arguments. For all b < a < —1, we have

Therefore, for any m,n > 1, we have shown that
¢ (zim,sz") = min(m,n)¢’ (z, z_l) .

Now define ¢/(2%) := 3|a|¢/(z,27!), which shows that 1 is uniformly bounded by
|¢|l’, hence uniformly bounded by ||¢||. For a,b both non-negative or non-positive, we
have §1(2%,2%) = 0 and 0¢'(2%,27%) = min{|al,|b|}¢'(z,27"), which proves that ¢” =
¢ =6 =¢— 56+ =0, where " = 1) + 9 is uniformly bounded by ||| O

Theorem 6.17. H* (Az.,,Ci) = 0.

Proof. We consider the Ss-invariant subalgebra of ¢! (Z,wg). The algebra As,,, is gen-

24271 A o
2

erated by a single generator y; = and all variables of the form y,, = can

be written as yn,, = >, am,jyl'. Similarly, we set w = y; — 1 and define ¢ (w" ™) :=

¢ (w™,w) for n > 0 and ¥ (1) = ¢(1,1). Now we have three sets of elements: the powers
o0

Yj

_w Y1
of R the powers of o and o .

span; i.e., each set of elements can be expressed as a linear sum of other set of elements.

. It is obvious that these three sets have the same

From Lemma [6.15 we know that ¢ — §i vanishes on the powers of w. Therefore we need
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Y 00

to check that ¢ is uniformly bounded by ||¢|| on this set {%} ) against their weight.
J:

Recall the coefficients of a,, j from Lemma and ¢y, ; from Lemma with ¢ = 1. We

compute v (y,,) explicitly from the relations between the variables of y,,, y1 and w as

Y (Ym) =9 Z aﬂw’y{

J )
= Zamj Z i? w” +¢(171)
j=1 k=1
m J .
= _Zam,j Z <Z:>¢ (wk_law) +¢(171)
j=1 k=1
m J ]
- _ZamJ Z <k>¢<(y1 _l)k 1,’[1}) +¢(171)
j=1 k=1
m 7 . k-1 E—1
== ans [ (1) [ (" e ) o
j=1 k=1 =1
m 7 . k—1 E—1 [1/2]
S 3 Dl (AT D oY N (i [C T D e Il ERIR Y
j=1 k=1 =1 i=0
The numerical computation suggests
m—1
U () = =0 [ 2D pym—posn = 1| + (2m2 = m+1) (1, 1). (6.3)
p=1

This can be proved by induction from the relation

Y (Ynt+1) = 29 (Yn) + 290 (Y1) — ¥ (Yn—-1) — 20 (Yn, y1) -
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By Equation || we calculate the size of ‘1/1 (ym)‘ by

m—1
[0 @)l < | 3 2R+ DpR™ 7 4 (2m = m+1) | ]
p=1
2
The first term is bounded by Qgﬁgé) lym || and the second term is bounded by % | Ym]|-
Hence for all weight conditions wr where R > 1, the v function is well defined. O

Definition 6.18. An n-cochain ¢ € C" (A) is cyclic if

¢(a0,a1, . ,an_l) = (—1)” (al, . ,an_l,ao)
for all ag,ay,...,an_1 € A.

A bounded 2-linear map ¢ from A2 to the dual module A’ is cyclic if for all a1, as, ag €

A, we have

¢ (a1,a2) (ap) = ¢ (ao, a1) (a2) = ¢ (a2, ao) (a1) -

The cyclic map ¢ is a cyclic 2-cocycle if d¢ = 0.
A bounded linear map 1 from A to the dual module A’ is cyclic or antisymmetric if

for all a1, ag € A, we have

Y (a1) (a0) = —¢ (ao) (a1) -

The map v is a cyclic 2-coboundary if §1 (a1, a2) (ag) = ¥ (a1) (a2a0) — ¥ (ara2) (ag) +
¥ (az) (apar). We denote the linear space of the cyclic 2-cocycles by ZC? (A) and the linear
space of the 2-coboundaries by BC? (A). The cyclic cohomology group HC? (A) is defined

by the quotient

_ ZC*(A)
HC? (A) = B (A)

Lemma 6.19. HC? (¢! (Z4,wp)) ~ CL.

Proof. Consider the algebra A = (' (Zy,wgr). The dual module is defined to be

2M (272, 29) = ¢(292, 23)(2902%). The 2-cocycles equation is given by

Gp(2%1, 22, 299) (2%0) = (22, 2%)(2790F M) — (24172, 2%%) (27)
+ gb(zal’zag-‘rag)(zao) _ ¢(z“1,za2)(z“3+a°)

=0.
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For a 4+ b > 0, we define

a+b P

b
1 o 0 i b
»(z")(2") = Do 2 =Y e ]
j=1
where a summation term is zero if a = 0 or b = 0. Given a bounded ¢, we have

b)) < — Zwu R Sl R | ZJg R, ()

J=1

which shows that ‘w(z“)(zb)’ is bounded by ||¢|| against the weight of (2%)(z"). We expand
the 2-coboundary equation §i(z*, 2%2)(2%3) from the 1) defined above and obtain that

(2, 292)(2%8) = —p(2%, 22)(2%3). The only function which cannot be cobounded is
the function ¢ (1,1) (1) supported by the triple (2°,2°,2°) as 6 (1,1) (1) = ¥(1)(1) = 0.
Therefore we have HC?(I'(Z,wg)) ~ C. O

We will now move to the invariant subalgebra and show that the second cyclic coho-

mology group is also one-dimensional.
Theorem 6.20. For R > /2, HC*(As.y) ~ CL.

Proof. The only term we cannot cobound is ¢ (1,1) (1). Given ¢ € ZC?(Ag,), we will
find bounded v (yml) (me) for all a,b € Z, such that éy = ¢.

As the algebra A, is generated by a single generator y;, it is possible to apply
the similar construction of 1 in the proof of HC?(I*(Zy,wr)) in Lemma to define

o (f) (sh) s

o) () == 0 () (o) -2 () (47)

Jj=1

Therefore 1 (Ym, ) (Ym,) can be expressed as a linear combination as

(0 (ym1 me Z Z aml,]1@m2,32¢( ) ( )

71=0j2=0

This construction makes 1 antisymmetric and §ip = ¢. We will now show that 9 is
bounded.

First, we consider 0¥ (yo, yo) (yn). This gives us ¢ (yo) (yn) = ¢ (yo,%0) (yn). The norm
estimate is straightforward to show that ’@Z) (yo) (yn)’ = |qz5 (Y0, Y0) (yn){ < R"||¢||. By the
antisymmetry property, we have ¥ (y,) (y,) = 0.
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Then we consider the first example that needs conversion into powers of y1, ¥ (y1) (y2).

The expansion gives

¥ (1) (92) = ¥ () (297 — o)
=20 (1) (v) = (31) (w0)

- _g <¢ (v1, %0) (y%) = o (y1) (1) — ¢ (yhy%) (3/0)) + ¢ (Y0, %0) (Y1)

= _%¢ (y1,90) (y2) + %(b (y1,92) (yo) + §¢ (y1,y1) (v1) + ¢ (y1,91) (11)

which shows that W (y1) (yg)‘ < 2R3||¢]|.
We will prove by induction that all ’LZJ (ym1) (ymg) are bounded by R™T™2||¢|| 2;;23.

Let Ky = max{|¥(Ym, ) (Ymy) : m1+ma < N}. By our previous remarks, Ko < R?||¢||
and K < 2899

We have verified the cases of m; + mo < 3, my or my = 0, and m; = mo. By the

- +
antisymmetry property, we are now left to check the cases where 1 < my < ™52,

Let N = mq + msy, and choose a such that

¥ (ya) (yn—a)| = maX{W(yz’) (yn-i)| :1<i < N2_ 1}'

This set is nonempty as ‘1/1 (y1) (yN_1)| is in the set. We have

0% (Yar Ya) (YN-24) = 2 (Ya) (YaYN—24) — ¥ (YaYa) (YN—-2a) = & (Yas Ya) (YN—24) ,

which simplifies to

2¢ (Ya) (YN—-a) =¥ (Y24) (YN-24) = 29 (Ya) (waw) — % (¥0) (YN—2a) +2¢ (Yas Ya) (UN—2a) -

As ¢ (ya) (yn—q) is chosen to be the function which has the largest norm of all ¢ (yml) (ymz)
such that m; +ms = N, we have W (y24) (yN_ga)‘ < WJ (Ya) (yN_a)‘. Hence,

’@Z) (Ya) (nya)‘ < ‘277[) (Ya) (UN—a) = ¥ (Ya) (nya)‘
< ‘277[) (Ya) (UN—a) — ¥ (y24) (nyQa” .

And we use the setting that a is a positive integer and strictly less than % to have a < %

and a 4+ |[N — 3a| < N — 2, which shows that |9 (ya) <y|N,3a|> < Ky_s.
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The inequalities give

% (Ya) (yn—a)| < |20 (Ya) (YN-a) — ¥ (Y20) (YN—24)|
< 2|9 (ya) (un—3a)| + ¥ (Y0) (Yn—24)| + 2| (Yas Ya) (Yn—24)|
< 2|9 (Ya) (Un—-3a)| + ¢ (0, 10) (UN-2a)| + 2 |® (Yas Ya) (YN—24)]
<2Kn—o + RV 7?||¢] + 2RN|¢] -

Using the inductive hypothesis for Kn_s, we obtain that

_ 2(1 + 2R?) 2R* +1
Ky < RN72 — =1 142R?| <RN|¢| =——
v<R ||¢||< o+ +R>_R||¢|| e
which shows that v is indeed bounded for R > v/2. ]

6.3.2 Simplicial and cyclic cohomology of algebras on Z

In this section, we study higher simplicial and cyclic cohomology groups of some singly
generated algebras. We first consider the algebra ¢! (Z,) and the higher simplicial and
cyclic cohomology groups HH" (51 (Z+)) and HC" (ﬁl (Z+)). We present the method
introduced in [20] with an explicit construction of cobounding in the algebra ¢! (Zy). The
aim is to apply a similar method to the algebra Ay, with the weighted wr norm. We
use a finite induction method to find an explicit construction of the coboundaries for the
higher simplicial and cyclic cohomology groups. We use a setting of similar notations in
[44], [33], [34] and [32] to define the cohomology groups.

Let A be a Banach algebra and the dual A’ be an A-bimodule. Let the n-cochain ¢
be a bounded n-linear map from A" to A’, denoted by ¢ € C™ (A, A’).

Definition 6.21. The n-cochain ¢ is cyclic if we have
¢ (wi,wa, ..., wy) (wo) = (—=1)"¢ (wo, w1, ..., wn—1) (Wy) .
Definition 6.22. We define a map § : C™ (A, A') — C"*! (A, A') as
0"p (w1, wa, ..., wpt1) (W) = @ (wa, ..., wpe1) (wWowr)
+ zn:(—l)jéb (w1, w2, ..., wjwjt1, wnt1) (wo)
j=1
+(=1)"¢ (wi, - .., wp) (wnt1wo) -

Definition 6.23. The n-cochain ¢ is an n-cocycle if §¢ = 0.

130



Chapter 6. Algebras with weighted norms and cohomology

Definition 6.24. The n-cochain ¢ is an n-coboundary if there exists ¢ € C™1 (A, A/)
such that ¢ = 6" 4.

Definition 6.25. The n-cochain ¢ is a cyclic n-coboundary if there exists cyclic ¢ €
C"1 (A, A') such that ¢ = "1y

We denote the linear space of all n-cocycles by Z" (A, A’ ) and the linear space of all
n-coboundaries by B" (A, A’). We use the fact that B" (A, A’) is a subset of Z" (A, A').
The n-th simplicial cohomology group is defined by the quotient

Zm(AA)

HH" (A) = H" (A, A) = L)

We denote the linear space of all cyclic n-cocycles by ZC™ (A, A’ ) and the linear space of
all cyclic n-coboundaries by BC™ (.A, A ) The n-th cyclic cohomology group is defined by
the quotient

N ZC" (A A)
HEA = pem 4,y
For w = w ® - @ w, ® wy € @' A we write ¢(w) as the n-cochain

¢ (w1, wa, ..., wy) (wo).

We start with a discussion on the pre-dual of the algebra A, . We consider the algebra
Ay = (' (Zy) where the characteristic functions at all nonnegative integers m € Z, are
given by the monomials z™. The algebra A is singly generated by z. First we consider the
subalgebra of polynomials with finite sums of powers fLr and then extend to the Banach

algebra A, .

Definition 6.26. Define single-variable-splitting map § : Ay, — A, @ Ay as 5(2") =
S 2 ® 2 forn >0 and 5(1) = 0.
Definition 6.27. Define the product map 7: AL @ Ay — A| as (z“ ® zb> = 2920 =

Za—l—b

Note that 2 (78) (2") = 2", which is the identity map of the monomial 2" for n > 0.
We consider an elementary tensor product w = 2 ®- - - ® 2% @ 249+ Q- - - Q 2+ @ 290
for the algebra A, . We always assume that n > 1. Let N = ZZI(I) aj, be the total degree

of w.
Definition 6.28. Define the face maps dj : R A, — QAL as

dj (w) = (-1)Y29" @ @2%2%+1 @ ... ® 2% ® 2% for1 <j<n+l.
Definition 6.29. Define the wrap around pinching map df : ®”+2 fLr — ®"+1 f~1+ as

dg ('LU) — ZCL2 ® . ® Zan+1 ® Z“OZCLI'
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Definition 6.30. Define the splitting map s7 == Q"' Ay — ®"T2 AL on the k-th

variable of an elementary tensor product w as
J
sy (w) = TZ‘“ ® - ®5(%) Q- @2 ®2% for 1 <k <n+1.

Letw=w1® - -Qw, € ®”+1 A be a tensor product of the algebra A. Let the cyclic
equivalence relation be generated by the map ¢ : ®n+1 A— ®n+1 A be defined as

t(w)=(-1)"we @+ @ wpt1 @ wy.

Definition 6.31. The cyclic equivalence class CCy, (A) is a subspace of @™ A generated

by the cyclic equivalence relation as CCp (A) = @™ A/(w — t(w)) ¢ Q" A.

Set d" = Z”H d? and s" = Zﬂ sp. Sometimes we write d and s as the abbreviation

=0 %5
of d"* and s".

Lemma 6.32. The proof is stated in [20]. For w € CC,, (fhr), we have

(s”_ld"_1 + d”s") (w) = w.

Proof. We expand (s"‘ldn_1 + S”d”) (w) and obtain the cancellations as the following

terms:
n+1
2 disi(w)
s”—ld@—l +dsp, =0, for 1 <j<k<m,
P ld” Ydi sy =0, for 1<k <j<n,
SZ ldg Yrdyst,, =0, for 1 <k<n-—1,
syt - dp s+ dEsi, =0, for 1<k <n
sttdp~t 4+ dyst 4+ dyst =0,

which shows that
n+1

(s”_ldn_l + d”8"> Z dpsi(w
O

Definition 6.33. Let w = 2% ® --- ® 2%+ be an elementary product in ®”+1 A, We
define another split map sjj := ®”+1 /Lr — ®”+2 fLr on an elementary tensor product
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st (w) = —— D (7 @2t g 0)
=1

for a; #0. And si(w) =0 if a; = 0.
Set s = s™ + si.

Lemma 6.34. Forw e ®" ' A, we have
(8/n—1dn—1 4 dnsln) (’UJ) = w.

Proof. We consider the additional terms apart from the terms in Lemma The addi-

tional terms cancel as follows:

sod; +djsg =0, for 2 <j<n-—1,
dos1 + dp4150 = 0,

Sndo + dosn+1 + doso = 0,

sodo + spdy + disg = 0.

Hence we have (s’"‘ldn_l + d"s’”) (w) = w. O

Remark 6.35. Note that the maps d;, sy, Z?:o d; and ZZ;% sk are all continuous on the
tensor product of algebra of finite sums of powers of z and the space is dense. The splitting
maps are all bounded because of the averaging factor % in the coefficient. Therefore we

can apply the same setting to the Banach algebra of infinite sums of powers Ay.
The two theorems below are presented in [20].

Theorem 6.36. Let n be a positive integer greater than 1. We have
1. HC™ (Ay) ~ Cl if n is even.
2. HC" (A4) ~ 0 if n is odd.

Proof. Let ¢(w) be a cyclic n-cycle. We consider the function ¢ where ¢ (zo, el zo) (zo) =
1 and 0 elsewhere. If n is even and the function v cobounds ¢, then we have ¢ = dp. As
P (zo, . ,zo) (zo) =0 and oy (ZO, ceey zo) (ZO) = 0, the function ¢ cannot be cobounded.
If n is odd, we have ¢ (ZO, e zo) (20) =0.

Recall the operator s and d on the predual of the tensor products. Set ¥ (w) =
¢ (s (w)). The dual of s on the function ¢ is given by s*¢ (w) = ¢ (w).

We apply the identity map (sd 4+ ds) on w in Lemma and obtain that

¢ ((sd + ds) w) = §s*p(w) + s*6p(w) = dvp(w).
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Theorem 6.37. Let n be a positive integer greater than 1. We have HH" (A4+) ~ 0.
Proof. Let ¢(w) be an n-cocycle and ¢ be an (n—1)-cochain. If n is odd, d¢(1,...,1)(1) =
#(1,...,1)(1) = 0. If nis even, set ¥(1,...,1)(1) = ¢(1,...,1)(1). In general, we set
Y = s"*¢. We apply the identity map (s'd + ds’) on w in Lemma and obtain that

6 ((sd+ds') w) = 65" B(w) + 5 66(w) = 3 (w).

O]

We now move to the invariant subalgebra Ay, with a single generator y; and the
characteristic functions on Z, multiply as y,yp, = % (yaH, —|—y|a_b|>. We consider the
algebra of weighted polynomials flgwa given by the finite powers of y; with the same
multiplication rule to A .

Definition 6.38. For w = Z;V:o oy € AQMR, the degree of w, deg(w) is defined to be
the largest j where a;; # 0.
The algebra Ay, can be extended from AgwR given by the infinite sums of powers of

y1. Define the map s : flgwa — /IZ,wR, @ A2,wR as

n—1

F(Wn) =2 Yni ®Yi + 10 @ yn (6.5)
=1

for n > 2. We also define § (y1) = yo®y1 and § (yo) = 0. We define the same product map
7 as in the algebra A, where 7 (yo ® ¥») = yays- Note that the map 75 on the algebra

As ., has got a similar form to the map on Ay as
7§ (Yn) = nyn + (terms with degree strictly less than n).

We can check that the lower terms in this expansion are uniformly bounded against the
weight of y,.
Given an elementary tensor product w = ya, @ - @ Ya; ® Ya;, @+ @ Yap 1 @ Yag, WE

define the pinching and splitting maps similarly to the maps on the tensor product of A, .

Definition 6.39. Define the face maps d;-‘ : ®"+2 flg,wR — ®"+1 AQ,wR as
d? (’U)) = (_1)jyal @ Ya;Ya;11 PXEERNY Yan 41 & Yag fO?” 1< ] <n-+1.

Definition 6.40. Define the wrap around pinching map di : @2 Az, — @™ As
as

dg ('UJ) = ya2 Q- yan+1 & yaoyal'
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Definition 6.41. Define the splitting map s == @ Aswp — @™ Aswy on the

k-th variable of a non-trivial elementary tensor product w as

—1)J ~ .
SZ(U}):( ) ya1®"'®5(yak)®"'®yan+1 ®ya0 fOTlS]Sn—l—l,

where N ="}, ap > 0 is the called the degree of w.

For n > 2, set d" = Z?;L& d? and s" = Z;Lll sp. We will show that the map
(s”_ldn_1 + s"d”), abbreviated as sd + ds, is an approximation of the identity map;
i.e., an identity map plus an error term with small norm.

Consider a tensor product W =W ®--- @ Wy41 € ®"+1 AQ#’-’R where W; € ./ZlgwR for

j=1,...n+ 1. Define the map ¢ : ®"+1 AQ,wR — ®n+1 AQ,wR to be
t(W)=(-1)"Wo® -+ @ Wpp1 @ Wi.

Define the cyclic equivalence class CC,, <.,[l27wR) =" Ag o (W —t(W)) C Q" Ag

to be the subspace which is generated by the cyclic equivalence relation.

Lemma 6.42. Let w = Yo, @ QYa; @Ya; 1 @ " @Ya,,, be an elementary tensor product
in the cyclic equivalence class CCy, (.flgwa) with degree N > 2. Then (sd+ds —1) (w)
has degree at most N — 2.

Proof. We expand (s”_ldn_l + d”s”) as

n n n+1ln+1

n—1 m—1 mn .n
DD ST ) > disg
k=1 j5=0 k=0 k=1

and consider the following different types of terms.

Type 1:disp, for 1 <k <n+1,

Type 2 : sz_ld?_l +djspyq, for 1 <j <k <n,
Type 3 : sz_ld?_l +dj s, for 1<k <j<n,
Type 4: sy tdy~t +dgsi,y, for 1 <k <n-—1,
Type 5: sy 'yt + dp s+ dispy, for 1<k <n

Type 6: st tdy~t + dgsi, | + dg st
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For the elementary tensor product w = y4 ® -+ ® Ya; @ Ya;,y @+ ® Ya,,,, we have

Typel: for 1 <k <n+1, disp (w)
CLk—l

1
= Nyal QK- AkYay, + Z y‘ak—2i| @ Yani1
i=1

a
= Nkw + terms with degree at most N — 2;

Type 2: for 1 < j<k<n, <sz_1d;-l_1 + d}lszﬂ) (w) =

; 1 1
_1ytRE = R 8 .
v <N N — 2min{aj7aj+1}> Yo @00 Y)aj—aj1] ©s (y“k) © O Yans;

Type 3: for 1 <j <k <mn, <3Z_1d?_1 + d?szﬂ) (w) =

; 1 1
I AVE 0N - ®3 .
(=1) (N N — Zmin{aj,aj+1}> Yay © - &5 (yak) ® Y9aj—aj| @ @ Yapirs

Typed: for1 <k <n-1, (szfldgfl + dgsZH) (w) =

N N —2min{ag, ant1} a2 ag an lao—ant1]s

Type 5: for 1 <k <mn, (32_1%‘_1 +dp 5 + dZsZH) (w) =

1 1
_1 k N A S DY .
=1 (N N — 2min{ay, ak+1}> Yy © 70095 <y|akak1|) © - O Yanyas

Finally, we have

Type 6 : (szfld’g_l +dyspq + dg#f) (w)

1 1 5
N (N N - 2min{a1,an+1}> Yo & & Yan @3 <y|“1*“”*1|> ’

which consists of terms of degree at most N — 2 under the cyclic equivalence relation.
We rename the terms of degree less than N as the error terms. The sum of the type

dis, terms in the summation is precisely w plus error terms which have degree at most

N — 2. All the other types of terms in the summation have degree at most N — 2; i.e.,

these are all error terms. We will then estimate the size of the error terms. O
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Set wp = w and w; = (sd 4 ds — 1)7 (w).
Corollary 6.43. For all j > L%J + 1, we have wj = 0.

Proof. As wji1 = (sd+ ds — 1) (w;), we can see that the highest possible degree of w41
is always 2 less than the highest possible degree of w;, otherwise 0. Therefore w; =
(sd +ds — 1)? (w) has degree at most N — 2j for j < |5 ]. After apply the (sd + ds — 1)

map L%j times on the original w, the result will have degree 0. O

As the norm of w; may be greater than the norm of w, we seek an alternative way to

estimate the error terms in the inductive process of the map (sd + ds — 1).

Lemma 6.44. Given the weight condition wgr, for all R > 1, there exists a positive integer
No and a constant C, such that||(sd + ds — 1) (w)|| is bounded by C,|lw| if N < No or
bounded by ||w|| if N > No.

Proof. For large N, consider different types of error terms in the expansion of
(sd+ds—1) (yn) from Lemma The norm of Type 1 error terms are estimated

by the summation HZfi 1_1 Ylaj,—2i||| With other fixed coefficients, which is a geometric pro-

gression. If a; = 0, then we get value zero for the coefficient (% — m) in the
R}

Type 2, 3, 4 or 5 expansion. The norm of Type 2, 3, 4 and 5 error terms are estimated

to & R~2% |jwo|| or & R~2%+1|jwp||, which is bounded by NiRQ. We compute the size of the

first error terms wy by adding up all types of error terms to obtain that

(n+1)2 4n?
(R2_1)  NR? ol

4
ol = s+ ds — 1) )] < (N
We will later pick a positive integer Ny and for the degree of w where N > Ny and define

W1 = W1 high + W1 low,0-

For N < Ny, we write

W1 = W1,low,0s

where w1 pign consists of terms with degree at least Ny of w1 and wy jow,0 consists of terms
with degree less than Ny of wi and wy jow,0-

When N > Ny, we can compute the size of the two sets of error terms as

4(n+1)2RN  4n?RN
N(®_-1) | NRZ'
4(n+1)2RNo 4n2RNo
N®_1) | NR

w1 nign | <

le,low,OH <
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Fix Ny = %. Then for all N > Ny, we have [|w| < 3|lwol|, which indicates both
Hthith and leleW7OH bounded by %Hon.

When N < Ny, we have

8(n + 1)?

ﬁ”@%” = Cn [lwoll -

w1 10w, =llw]l <

O

For N > Ny, we write wg = wonigh- Then (sd 4 ds — 1) (w) may consist of terms of

degree both greater or less than Ny, i.e. w1 = w1 = W1 high + W1 low,0- We define

(sd+ds—1) (wj,high) = Wj+1high T Wj+1,low,0

and

(sd +ds — 1) Wjlowk = Wjlow,k+1s

where the high and low in the subscripts indicate the terms with large and small degree.
Every specified error term is precisely obtained from a unique previous error term. There-
fore there does not exist any interactions between the error terms with large and small
degree during the computation of the powers of (sd + ds — 1) and we use the diagram

below to show the relation as
W0, high — W1 low,1 — e — 0

!

W1 high — W2 low,1 — —

!

Y1 1ow, | 20 |

W low,| Mo | > 0

W) N-Ng —w — s —w — 0

5 warl,low,l

. N—N, N
1 ;high [ =52 |+1,low,| 52|

where the vertical arrows indicate the the large error terms and the horizontal arrows
indicate the small error terms when applying the (sd + ds — 1) map. The vertical arrows

only come out from the large error terms therefore the arrows don’t cross. This setting
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implies that

j
Wj = Wj high T E Wj—k low,k-
k=0

‘We have a norm control of the error terms as
1

lwg+1iowoll < 5 l[wsignl|
1

w541 mign| < 5| mignl|

ij,low,k+1H < CN()ij,low,k:H 5

for all j,k > 0. From the degree-decreasing lemma above, we also have %ij7hith = 0 for
all j > | Y520 | and ||wjjow,k | = 0 for all & > |52 ].

To compute the norm of all error terms precisely, we have

| 550 |25

S wimien] < D0 27 flwl| < lwl|

j=0 §=0
and

By | %0 ]

D wistaowia]] € > Ok Jws]|

k k
< Clow s
For N < Ny, we have
1Y)

le,low,kH < CNOHUJH .
k=1

As in Remark we extend the setting of s and d maps to the Banach algebra
As ., and compute the simplicial and cyclic cohomology groups with a verification of
the boundedness to the coboundaries. We apply the same argument to the n-cocycle
¢(1,...,1)(1) in Theorem[6.36|and Theorem [6.37]to check whether the function supported

by terms with zero degree can be cobounded.

Theorem 6.45. Let n be a positive integer greater than 1. We have
1. HC" (A2wy) ~ C if nis even.
2. HC™ (Agwy) ~ 0 if n is odd.

Proof. As ¢ is cyclic, we cannot cobound ¢ (yo, - - ., ¥o) (yo) and its scalar multiples when

n is even. When n is odd, we have ¢ (yo,...,%0) (yo) = 0. Given a bounded function in
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the cyclic n-cocylce ¢ € ZC™ (.AWR) where the total degree of the monomials in ¢ are not

zero, we shall construct a bounded cyclic function 1 such that dy = ¢.

We write ¢ (w) = ¢ (Yar,---»Yan) Yans,) for w = yo, ® -+ @ ya,,, and ¥ (w) =
) (yal, e yan_l) (Ya,,) for w = y4, @ - - ®1y,, . The d operator in the pre-dual corresponds
to the dual operator ¢ where d¢ (w) = ¢ (dw) = 0.

Set ¢o = ¢. Define by (w) := s*¢ (w) = ¢ (s (w)). We have

¢ ((sd +ds)w) = ¢ (w+w1) = 35" (w) + "¢ (w) = o (w),

which implies

dtho (w) = ¢ (w) + ¢ (w1),

Now define w; = (sd + ds — 1)” wg and ¢; (w) := s*¢ (w;). We have
i (w) = 05" (wj) + s%9¢ (wj) =¢ ((Sd + ds) wj) =0¢ (’Ll)j) +¢ (wj+1) .
Let ¢ = ZJL:%OJ (—1)74;, we have
|

6 (w) = > (=1)7 (& (w5) + 6 (wy11) ) = & (wo) + (~1)!

j=

o

N
2

JQS(WL%O =¢(w),

[en]

which shows that ¢/ cobounds ¢ when the degree IV is nonzero.
We will now show that ¢ is indeed bounded. If N < Ny, we simply have wi = w1 jow,0
and

Jwi]] =]|witowo0]| < Cr llwl-

In this case, we can compute ||¢|| straightforwardly as

<6 (s"w)

< D llwilllls™ il
0

j
< (2C10w + 2)||9[[[w]] -
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When N > Ny, we have

7=0

L3

<> |6 (smwy)|

j=0

| 55N | | 2570 ) | B

< Y sl winien] + > D Is™ M| wjows
j=0 j=1 k=0

<lis"l[ll@lllwll + Ciow | #l[lw]l
< (2Ciow + 4[| 9ll]w]],

which shows that v is bounded by (2C)y + 4) for all N > 1.

We define another splitting map sj := ®"+1 ./ZlQ,wR — ®n+2 AQ,wR as

()RS
N

Sg (’U)) = 2Ya1—i @ Q@ Ya, @ Yany1+i ® Yo

i=1
+ Yo K- & Yay, @ Yap+1+a1 ® Yo
for a1 # 0 and s (w) = 0 for a; = 0.

Lemma 6.46. Set s = s+ s9. Let w € Q""" Ay, with degree N > 2. Then
(s'"d+ ds' — 1) (w) has degree at most N — 2.

Proof. We compare the new map to the previous (s’ d+ds' — 1) and notice that the fol-

lowing terms are additional to the terms computed in the cyclic case:

sodj +djsg for 2<j<n-—1,
dos1 + dn+150,

Sndo + dosn+1 + doso,

sodo + sody + dysp.
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The expansion of these terms give

for2<j<n-—1, (sodj + djs()) (w) =

. 1 1 a1—1
-1 j+n+1l [ & p '
(=1) N N-— 2H1in{aj7 aj+1} ; Yar—i & ® y‘a]-—a]-_,_1| @ Yapi1+i © Yo

1 1

_q)dtnt 2 .
+ ( ) N N _ 2 min{aj7 aj+1} yO ® ® y‘aj—aj+1| ® yan+1+a1 ® yOﬂ

(sndo + dosn+1 + doso) (w) =

1 1 3
(N N - 2min{a1,an+1}> Yar © O Yo & 5 (ylal*a"”') ’

(Sodo + sodq + d180) (w) =

! L |a§2 (9 & & &
N N -2min{ai, a2}/ 4 Ylar —az|=i Yan & Yana ki =40

1 1
- (N B N — 2min{a17 aQ}) Yo - ® Yan ® yan+1+‘a17a2| ® Yo

a1—1

1
for a1 > 2, (dos1 + dn+150) (w) = N Z; Ya1—i @+ @ Yay, @ Yjay,y1—ils
1=
for a1 <2, (d031 + dn+180) (w) =0,

which shows that these terms consist of elementary tensor products of degree at most
N —2. O

Now we estimate the norm of error terms after j steps of inductive process; i.e., to
compute the size of (s'd + ds’ — 1)’ (w).

Lemma 6.47. Given the weight condition wg, for all R not close to 1, there exists N
such that H(s’d—i— ds' — 1) (w) ’ is bounded by Hy,||w|| if N < N§ or bounded by |w|| if
N > N|.

Proof. We have computed the extra error terms in (s’ d+ds' — 1) (w) which are not in-

cluded in the calculation of (sd + ds — 1) (w). From the expansions we observe that
H(S’CH— ds' — 1) (w) — (sd + ds — 1) (w)” <||(sd + ds — 1) (w)]],

which implies H (s'd+ds' —1) (w)” < 2||(sd + ds — 1) (w)||. Note that there is a factor of
% in both norms. Therefore we use the value of Ny obtained from Lemma and set
N, = 2Ny. This completes the classification of the high and low error terms similar to the

cyclic case. O
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Set wy = w and w; = (s'd +ds' — l)j (w). For N > Nj, we write w = W pig-
Then (s'd + ds’ — 1) (w) may consist of terms both greater or less than N{, i.e. w] =

/ !
W} pigh + W) 10w 0 We define

/ / / / /
(s'd+ds' —1) (wj,high> = Wjt1 high T Wjt1,low,0

and

(s'd+ds" — 1) W1ou & = W) iow k15
as we defined w; with high and low terms for (sd + ds — 1)7 (w)
Theorem 6.48. Let n be a positive integer greater than 1. We have HH (./427WR) ~ 0.

Proof. The proof follows the same the steps as in Theorem [6.45 O

6.4 Future work

In this section, we consider the higher simplicial cohomology groups for the invariant
subalgebras A1, and By, on the weighted type A and type B lattices for k > 2. The
computations for the cohomology groups and the verification for the boundedness of the
coboundaries are yet to be done. Both Ay, and By, have k generators hence it is
natural to consider the analysis of the higher simplicial cohomology groups of the algebra
I (Z’;) in [32].

The algebra ¢! (Zﬁ) has k generators, namely the set of variables {zj}§:1 for the
polynomials. Set A = ¢! (Z;) and Z = ¢! (N), a closed ideal of A. Theorem 7.5 in [32]

states that up to topological isomorphism,

1. HH" (el (Zﬁ)) ~0ifn > k.

2w (1 (24)) — @)

~ n+1
We consider the pre-dual ®n A (Z’i) For n > k, there exists a bounded contracting

N 1 ~ 2
homotopy map s"t! : ®n+ o (Z’i) — ®n+ o (Zﬁ) and a bounded face map d"*! :

®n+2£1 (Zﬁ) — ®n+1€1 (Z’i), abbreviated as s and d respectively, such that the map
(s”d" + d”“s"“) is the identity map. This shows that given an elementary product
w € ®n+1€1 (Zi) with positive degree, we have (s"d" 4 d"*1s"™!) (w) = w. For a
bounded n-cocycle ¢, we take the dual map s* to define ¥ = s*¢ that cobounds ¢. The
face map d is given by the dual of the § map defined in Definition hence the map d

preserves the degree of w. We will analyse the property of the map s and show that it

/
<I®"®A®k_"> ] it n < k.

maps an elementary tensor product w to homogeneous terms with the same degree.
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A nt1
Lemma 6.49. Let the map s be defined as above and w € ®n+ A (Zﬁ) be an elementary
~ 1 ~ 2
tensor product with degree N > 0. There exists a map s : ®n+ o (Zﬁ) — ®n+ o (Zﬁ)
A 42
such that s(w) € ®n+ o (Zﬁ) also has degree N > 0.

Proof. Since (sd + ds) is the identity map, (sd + ds)(w) = w has degree N. Let wqeg; be

the terms in w with degree j. Then we have

w = Z ((ds(w))degj + Sd(w)degj) =d Z (S(w))degj + Z (Sd(w))degj = Wdeg N -
J=0 Jj=0 j=0

Without loss of generality, we can set (sd(w)) deg j and (s(w)) degj 1O be zero for all j # N.
Set 3(w) = s(w)geg n- Then 5 is a map such that (3d + d3) is the identity map. Hence we
can use § as the contracting homotopy map s where s(w) consists of homogeneous terms

of degree N. 0

We aim to compute the higher simplicial cohomology groups for the algebras on the
weighted type A and type B lattices and their invariant subalgebras under the Weyl group
actions. The statement for the conjecture of the higher simplicial cohomology groups on
these algebras are similar. Let A be one of the following algebras or invariant subalgebras:

0t (A, wgr), £ (Zk, OJR), Ak+1.wp and By o,.. Up to an topological isomorphism,
1. HH" (A) ~0if n > k.
2. HH" (A) is (i)—dimensional if n <k.

For n > k, in each one of the cases of the above algebras and subalgebras, there are some
computational difficulties to obtain the precise bounded n-coboundaries.

The first example is Akﬂ,wR = (' (A, wR), the algebra of summable functions on
the wgr-weighted k-dimensional Ay lattice. As described in Section the characteristic
functions on the vertices of A; are isomorphic to the monomials of k£ variables with non-
negative powers. The k variables in the monomials can be used as the k generators of
the algebra. As the weight condition wg is multiplicative on the lattice Ay, for n > k, we
define a bounded contracting homotopy map s; : ®n+1/~lk+17wR — ®n+2/~lk+17wR such
that for all n-cocycles ¢ € ZC" (Ak+1,wR>7 the bounded cochain ¢ = sj‘&¢ cobounds ¢.

As the contracting homotopy map s on the tensor product of the algebra ¢! (Zﬁ) is
homogeneous, the contracting homotopy map s on the tensor product of the algebra
-"Ikﬂ,wR also preserves the powers of the variables, thus preserve the norm on the wg-
weighted A; lattice.

We then consider Bk,wR =/ (Zk,wR>, the algebra of summable functions on Z*

with the weight condition wg. The construction of the contracting homotopy map sz :

144



Chapter 6. Algebras with weighted norms and cohomology

~ n+l ~ A n+2 ~ A n+1 ~ i
® Brwr — &  Biw, on an elementary tensor product w € Q' By, is the same

as the contracting homotopy map s for the algebra ¢! (Zﬁ) if the powers on all variables
in w are all positive or all negative. When there exist both positive and negative powers
on the variables of w, the contracting homotopy map sz might be different. The analysis
will also base on the construction of the 2-coboundaries of HC? (El (Z,w R)), where we used
different constructions of 1 for vertices on different sections of Z2.

The invariant subalgebras under the corresponding Weyl group actions, A1, and
By ., can both be considered as algebras on Zﬁ with weight conditions wgr and multi-
plication rules given by the symmetric Laurent polynomials. The face map d, which is
the dual map of § defined in Definition [6.22] is not homogeneous on an elementary tensor
product w € ®n+1Ak+1,wR or w € ®n+18k7wR. If we take a similar homogeneous con-
tracting homotopy map s4 or sp on an elementary tensor product w of Ay41 ., O By wp
as the contracting map s on an elementary tensor product of ¢! (Z’i), there might not
exist any terms with the same degree of w in (sad + dsa) (w) or (spd + dsp) (w); i.e., the
maps (s4d + dsa) and (spd + dsp) might not be the approximations of the identity maps
on the two subalgebras.

However it might be possible to construct a contracting homotopy map on an elemen-
tary tensor product of the k generators in the invariant subalgebras. In this case, it is
hard to estimate the norm of the precise contracting homotopy map obtained from the
operations on the powers of generators. One possible route is to analyse the properties of
the coefficients used in the transform between the linear sums of symmetric polynomials

and the powers of the generators which are the elementary symmetric polynomials.
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