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Abstract

Tue THOMPsON FamiLy of groups F < T < V are well-known as

interesting (counter-) examples in group theory. Working algebraically
with these objects is difficult, and yet the groups are computationally
tractable. For instance, T and V are infinite simple groups; despite this,
both are finitely presented.

This thesis studies the middle group T, using the piecewise-linear
function point of view. We present a solution to the conjugacy problem
in this group, adapting the approach of Kassabov and Matucci? to
the same problem in F. Conjugacy of elements in T was shown? to
be decidable by Belk and Matucci; however our approach constructs
explicit conjugators (when they exist). Later, we refine the description

given by Matucci® of nontorsion elements’ centralisers in T

* % %

The first chapter introduces the world of Thompson'’s groups. The
sections on cyclic order, the generalised groups PLg ¢ and groupoid PL»,
and on the Cantor space are particularly important for readers interested
in the rest of the thesis.

The second chapter discusses Thompson’s groups from a dynamical
point of view. We summarise how F, T and V rerrange the interval,
noting the distinction between dyadic and nondyadic points. Focussing
on T, we introduce the rotation number and explain what we can learn
from it. Amidst all this we present a number of intermediate results,
forming a toolkit for use in later chapters.

The third chapter studies conjugacy in T. We narrow the search space
by finding constraints that a conjugator must satisfy. Next, we break
the conjugacy problem into a search for a coarse and fine conjugator, the
product of which—if they exist—is a bona fide conjugator. We solve
these search problems,* and thus solve the conjugacy problem in T.

In the fourth chapter, we study element centralisers in T via a particu-
lar group extension. We focus on nontorsion elements, providing small
details missing from Matucci’s proof which identifies the extension’s
kernel.> We explain how to find the size of the extension’s quotient, by
reducing the problem to a search for coarse conjugators.®

The final chapter describes the extension structure of Cr(«) in more
detail.” We do so by classifying « into one of four cases. In all but
one case, this extension splits (as a wreath or direct product); in the
remaining case, we identify® exactly when the extension splits (again as
awreath product). In each case, we describe the centraliser’s structure®
in terms of integer parameters. We then show how to construct® an
element of T whose centraliser has a given list of parameters.

! Kassabov and Matucci 2012.
2 Belk and Matucci 2014.

3 Matucci 2008, Chapter 7.

4Lemma 3.3.2 and Algorithms 3.3.5
and 3.4.8.

5 Theorem 4.2.1 and Remark 4.2.2.
¢ Algorithm 4.2.3.

7 Section 5.2.

8 See Proposition 5.2.15 and the
summary in in Theorem 5.3.2.

? Proposition 5.2.17.

10 Corollaries 5.2.6, 5.2.16, 5.2.18, 5.2.23
and 5.2.31.
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Introduction

IN THIS THESIS we present two main results. The third chapter describes
a solution! to the conjugacy problem in T which recovers an explicit
conjugator whenever a conjugator exists.

Theorem A. The conjugacy search problem in T has an effective solution.

The final chapter exhibits the centraliser of a nontorsion element « € T
as a group extension and details? the structure of this extension.

Theorem B. Let € T be nontorsion with rotation number p = p/q in
lowest terms. Matucci expresses Ct(B) as a particular group extension. This
extension is nonsplit if and only if

* p#0,

* B has a dyadic important point, and

* (17 does not have a qth root with a fixed point.

Otherwise the extension splits as a wreath or direct product.

These results build upon the work of Kassabov-Matucci® and Bleak-
Kassabov-Matucci,* respectively.

* % %

Chapter 1 sets the scene, by defining the main trio F < T < V
of Thompson'’s groups. F was originally introduced in the 1960s in
connection with Richard J. Thompson’s work on logic and associativity.
Today, F and its many generalisations form an ever-expanding family
of groups, and provide a rich source of interesting problems, examples
and counter-examples in group theory.

Thompson’s groups are sometimes called chameleons, because they
have many different definitions and appear in many different contexts.
We can see F, T and V via generators and relators using a finite
presentation; as automorphism groups® of a certain algebra studied by
Jénsson and Tarski; as homeomorphism groups of the Cantor set or
other fractals®; as groups of tree-pair diagrams; as the ‘geometry group
of the associative law7”’; and as groups of certain piecewise-linear (PL)
functions either on the unit interval or on the whole real line.® While
we use other technologies, we focus on the PL function point of view
in particular, so that we can use the approach of and results from
Kassabov-Matucci’s article.

After defining F as a group of PL functions, we carefully explain
how these correspond to tree-pair diagrams. Doing so also helps to
establish our notation, in which functions are placed to the right of

Xiii

! Theorem 3.4.9.

2 Theorem 5.3.2, but see also Sec-
tion 5.3.

3 Kassabov and Matucci 2012.
* Matucci 2008, Chapter 7.

®K. S. Brown 1987; Higman 1974.
®Belk and Forrest 2018.

7 Dehornoy 2005.
8 Brin and Squier 2001.

We define F, T and V in Section 1.1.



their arguments—see page xvii. To generalise to T, we need to define
PL maps on the circle which preserve orientation. To pin down the
meaning of ‘preserve orientation” we introduce the idea of a cyclic
order, which is modelled by a ternary (rather than binary) relation. For
completeness, we give a definition of V, though we don't present any
results regarding V in this thesis.

Next, we introduce the generalised groups PLg c(J), which allow us
to vary the permitted breakpoints S, permitted gradients G, and the
domain | of our functions. Particularly important are the subsets of
one-bump and almost one-bump functions; these help us to decompose
elements of F into simple building blocks. To facilitate this decomposi-
tion it’s helpful to work with “Thompson-like” maps whose domains
are not equal to their codomains. We define these formally, noting that
the collection of such maps form a groupoid we call L. To close
our introduction, we define the Cantor set C and identify it with the
Cantor space d7; of infinite binary strings. This interacts nicely with
tree pair diagrams (which can be described using finite binary strings),
and will later allow us to identify the important points of an element.

Chapter 2 views elements of T as discrete dynamical systems on the
circle. We emphasise that our group elements are not just functions,
but objects that push points through an orbit over time. Here we
introduce some of the key ideas behind our later arguments, for
instance: the distinction between dyadic and nondyadic points on the
circle; reducing problems in T to problems in F using conjugation by a
rotation; and the notion of the rotation number.

In order to classify the orbits of single points under an element of V/,
we give an overview of revealing tree-pairs, introduced by Brin® and
later studied by Salazar-Diaz.'° From these authors’ work, we learn that
every element of T has finitely many isolated periodic points, which
can be located directly from a revealing pair. These points are called
important," usually when thought of as points in the Cantor space. We
propose the name important points for their images in [0, 1] or the
circle, to highlight the fact that a dyadic important point can have two
important preimages. We can learn much from about an element «
from these points x, in particular by studying one-sided gradients at x.

Suppose we have two finite lists of points on the circle, both of the
same size. We say that these can be aligned if there is an element 6 € T
which sends the points of the first list to points of the second. Put
differently, the lists are alignable if some element of T restricts to a
bijection between the two lists. We explain how to determine if two
lists are alignable, and how to construct an aligning map 6 if so. We
do so by reducing to the analogous problem for F. This is our first
instance of a formal search problem.

Chapter 3 studies conjugacy in T'. In its introduction, we summarise
the literature on conjugacy in Thompson’s groups. There are two

Xiv

The objects in this paragraph are
introduced in Section 1.2.

This paragraph’s material features in
Section 2.1.

9 Brin 2004, Section 10.
10 Q. P. Salazar-Diaz 2010.

Revealing pairs are introduced in
Section 2.2; the discussion regard-

ing important points takes place in
Section 2.3.

1 This term was introduced in the
article Bleak and O. Salazar-Diaz 2013,
after Corollary 2.3.

This alignment problem is discussed in
Section 2.4.



important pieces to highlight for our purposes. Firstly, an article of
Belk and Matucci'? gives a unified approach to solving the conjugacy
decision problemin F, T and V by using their strand diagram technology.
They do not construct explicit conjugators (which would solve the
corresponding search problem), though we suggest that this may be
possible by studying their notion of a ‘cutting path’. Secondly, the
article of Kassabov-Matucci mentioned earlier solves the conjugacy
search problem (and more) in F. Let us also mention the full conjugacy
invariant for F provided by Gill-Short,* itself based on work of Brin—
Squier. 14

In passing, we also mention an article by Barker, Duncan and the
author® which discusses the power conjugacy problem in V. The
current author contributed to this article by correcting a lemma of
Higman; without this patch, Higman’s solution to the conjugacy
problem in V was incomplete. (The first complete solution was given
by Salazar-Diaz.1%) Alongside this article, the author has also written
a collection of Python scripts'” to perform computations in F, T and
V. These scripts also produced TikZ code for the plots and tree pair
diagrams used throughout this document. While this article and
software are not part of this thesis, this work was part of the author’s
PhD project, and so we include it here for completeness. Note that other
software is available: in particular we note Roman Kogan's nvTrees,
later modified by Collin Bleak to form vTrees.

After its introduction, the third chapter proceeds by establishing
constraints on conjugators. The key ideaisif a” = f, then the behaviour
of y at a point x determines the behaviour of y on the a-orbit of x. We
can attempt to use this idea to build a conjugator y, though we have
issues like well-definedness and breakpoint locations to deal with. We
go on to establish Theorem A, by breaking the search for conjugators
into a search for coarse and fine conjugators. The former boils down
to the alignment problem solved at the end of Chapter 2; the latter is
essentially a conjugacy problem in F, which can solve thanks to the
work of Kassabov-Matucci. We prove that the algorithms we describe
are correct and terminate.

Chapter 4 begins again with a summary of the literature. The main
source for centralisers in T is a chapter of Matucci’s thesis, representing
joint work with Bleak-Kassabov-Matucci. Before diving into that, we
review the structure of element centralisers in F, based on the article of
Kassabov-Matucci. As hinted at in earlier chapters, we are able to use
their results to learn about the centralisers of elements of T which have
fixed points. This is achieved using conjugation by a rotation, which
usually makes an element of T look like an element of F.

The chapter of Matucci’s thesis mentioned above studies central-
isers in T, and related groups of circle homeomorphisms. With his
collaborators, he expresses the centraliser of an element as one of two
group extensions, depending on whether the element in question has

XV

12 Belk and Matucci 2014.

13 Gill and Short 2013.
4 Brin and Squier 2001.

15 Barker, Duncan and Robertson 2016,
For the focus of the author’s contribu-
tion, see the article’s Remark 4.15.

16 Q. P. Salazar-Diaz 2010.
17 Robertson 2015.

18 Kogan 2008.

Constraints on conjugators are dis-
cussed in Section 3.1; the search for
coarse and fine conjugators is covered
in Sections 3.3 and 3.4, respectively.

% Algorithms 3.3.5 and 3.4.8.

This review takes place in Section 4.1.



finite or infinite order. We focus on the infinite order case, reproducing
Matucci’s proof which identifies the extension’s kernel and quotient.
He shows that the kernel is contained in an F-type element centraliser;
we provide? a missing detail which shows that this containment is an
equality. Matucci et al also observe that its quotient is finite cyclic. We
point out?! that we can compute the order of this quotient, by using
our solution to the conjugacy search problem.

Finally, Chapter 5 identifies the last piece needed to understand
these extensions: knowledge of how the quotient conjugates the kernel.
We consider a series of examples?? which give us a flavour of what
to expect. In particular, we exhibit an example? whose centraliser
extension does not split. Next, we begin a general analysis of Cr(«)
(for @ nontorsion) by breaking the problem down into four separate
cases. Our cases are distinguished based upon the existence of dyadic
important points and whether or not the rotation number is zero.
Having a dyadic important point makes things easier; without it, we
need to constantly check that we are not constructing conjugators
possessing nondyadic breakpoints. Life is also easier with rotation
number zero, since we can appeal to results in F; without it, orbits of
points wrap multiple times around the circle, making it harder to see
how centralisers work.

Each case follows a similar routine:?* we define a block form for «,
and show that this lets us easily write down centralising elements with
small rotation number p > 0. Then we explain how to find a maximal
block form, which produces centralising elements with p > 0 minimal.
From maximal block forms, we can directly observe the extension
structure of Cr(a). All in all, we establish Theorem B after handling
each case in turn. To complete the story, we explain in each case how
to build a centraliser with given parameters.

* % ¥

Future work. Kassabov and Matucci execute a four-step plan? to solve
the simultaneous conjugacy problem in F (and F-like groups). Together,
their first two steps solve the conjugacy problem, whereas their third
step involves understanding the intersection of element centralisers.
The results of this thesis establish the first two steps, and hopefully
make a contribution towards the third step. In the future, perhaps it
will be possible to continue generalising this plan to T.

While we do not discuss it in this thesis, Matucci’s thesis also gives
the centraliser of a torsion element as a group extension. Martinez-
Pérez and Nucinkis generalise? this to the groups T, (X) parameterised
by a ‘Cantor algebra’ . It would be interesting to see how much of
the nontorsion extension structure found here carries through to this

more general setting.

xvi

This material features in Section 4.2.

20 Remark 4.2.2.

2 Algorithm 4.2.3.

22 Gection 5.1

2 Example 5.1.6, with some calcu-
lations deferred to Appendices A
and B.

% The four cases make up Section 5.2,
and are summarised in Section 5.3.

% See the introduction to Chapter 3.

2 Martinez-Pérez and Nucinkis 2013.



NorAaTION

We’ll constantly be working with the action of a group G on a
space X. To distinguish these two types of object, we'll use Greek
letters a, 5,7, ... € G to denote group elements? and Roman letters
a,b,c,... € X todenote points in the space.

The cyclic groups of finite order n and infinite order are denoted
by Z, and Z, respectively. We usually think of Z, as the integers
{0,1,...,n =1} under addition modulo 7.

Let u be a finite word over the binary alphabet {0, 1}. We use [u]
to denote the standard dyadic interval in I = [0, 1] with address? u.
Similarly, we use [u] to denote the set of infinite binary strings with u
as a prefix. The middle-thirds Cantor set is denoted C, and is homeo-
morphic to the Cantor space d7; of infinite binary strings. We typically
work with the latter.

The interior, closure and boundary of a subspace A are denoted A°,
A and A, respectively.

We choose to always act on the right-hand side of an expression,
using juxtaposition to denote the result. This means a point x is sent
by a group element « to an element xa. Consequently, we conjugate
group elements according to the rule af = ~1ap. Our shorthand for
Xisacted onby a’is ‘X O a’

To be consistent, we will use the same convention when dealing
with ordinary functions. An input x is fed in to the left of a function «a,
with output xa. This can be extended into a ‘pipeline” of composition
by placing additional functions «, 3, ... to the right. Thus our law
of composition reads x(af) = (xa)p. This matches the notation
Thompson and McKenzie used? for right-actions of permutation
groups. Thompson later adopted® a hybrid approach: see the table
below.

Under this scheme, the left, right and two-sided derivatives of a
at x are denoted x~a’, x*a’ and xa’, respectively. To clarify messier
expressions involving derivatives, we place points in square brackets
and functions in round brackets, using a centred dot to denote multi-
plication in R. For example, the chain rule reads x(ap)’ = xa’ - [xa]p’.

Let ¢: X — Y be a function. The restriction of ¢ to a subset W C X
is denoted qb|w If in addition Y = X, i.e. if ¢ maps X to itself, then the
fixed point set {x € X | x¢ = x } is denoted Fix(¢).

postcompose on

input from left right

left (x)ap = ([x]B)a (x)ap = ([x]a)B
right ap(x) = a(flx])  ap(x)=plalx])

Xvii

7 We make an exception for the usual
generators xo and x1 of F.

% For example, [0] = [0,1/2], [00] =
[0,1/4] and [001] = [1/8,1/4]. See
Definition 1.1.4 and the discussion
following it for full details.

» McKenzie and Thompson 1973,
above Definition 0.1.

% Thompson 1980, also above Defini-
tion 0.1.

Four possible ways to denote the eval-
uation of a composition. Thompson
used the lower-right option; the UK
typically uses the lower-left option. We
use the upper-right option, which pre-
serves the order of function symbols,
agrees with the domain — codomain
notation, and matches the left-to-right
order English is read in.



SUMMARY OF CONTRIBUTIONS

Let us briefly describe the material in each chapter, highlighting (to
the best of our knowledge) the author’s contributions.

The material in Chapter 1 is largely standard.

Chapter 2 discusses more technical details, but again is largely
standard. We translate Proposition 2.1.4 to the language of the Cantor
space in Lemma 2.1.5; the result is not new, but this particular phrasing

is. In Section 2.2, we say nothing new whatsoever about revealing pairs.

In Section 2.3 we discuss a version of important points suitable for the
action of T on the circle. Our discussion in Section 2.4 of aligning points
with T is new. With that said, we do make use of Kassabov—Matucci’s
ideas in this section; we prove our result by reducing to one of theirs.

Chapter 3 is mostly new material. We are not aware of anyone using
a framework similar to ours in Section 3.1. In Sections 3.3 and 3.4, our
solution to the conjugacy search problem in T is new; but we note
that it is heavily inspired by Kassabov—Matucci’s solution to the same
problem in F.

Chapter 4 presents further background information. The material
in Section 4.1 is a re-expression of Kassabov—Matucci’s results on

centralisers in F, or otherwise an argument implicit in Matucci’s thesis.

Remark 4.2.2 is new, and addresses a small gap in an argument of
Matucci. Algorithm 4.2.3, and the material following it, is also new.
Chapter 5 is entirely original.

xviii



1.1

1.1.1

The Thompson family of groups

To GET sTARTED, we introduce the extended family of Thompson's
groups. We start by defining the main trio—namely F, T and V—and
explain the ‘tree pair diagram’ calculus for computing in these groups.
There are many groups which generalise beyond this trio, but we only
introduce the family most relevant to our purposes, which relaxes the
restrictions on gradients and breakpoints. Finally we define Cantor
space, and explain how it can be useful when working with Thompson'’s
groups.

THE MAIN TRIO OF GROUPS

The Thompson in question is Richard J. Thompson, who introduced ! his
now eponymous groups in connection with his work on associativity.
It did not take long for them to become recognised as a source of
unusual or interesting examples in group theory. Thompson showed
that T and V are finitely-presented, infinite simple groups. While there
are other examples of groups with these three properties,2 T and V
were the first such groups to be discovered.® Later, F and V were used
by Thompson and McKenzie* to construct finitely-presented groups
with unsolvable word problem.

Today these groups—and a growing family of generalisations—
are studied in their own right. The first introductory paragraph in
Matucci’s thesis expresses why they capture researchers’ interest: in
particular he notes® that ‘[e][ven though the groups have a simple
definition, many questions prove to be a challenge.” Brin has referred
to Thompson's groups as chameleons, recognising the wide array of
research areas in which these groups appear. In his words,® ‘we see
that Thompson’s groups have the ability to be interesting objects in
many settings.’

Perhaps the most hands-on definition describes each group as a
collection of piecewise-linear (PL) functions. The standard introduction
to this point of view is Cannon, Floyd and Parry’s survey article.” Strictly
speaking, we should say ‘piecewise-affine’ in place of piecewise-linear.
However, as Kassabov and Matucci note,® ‘this abuse of language is

now common’.

Thompson’s group F

Definition 1.1.1. A dyadic rational (a dyadic for short) is a rational
number of the form a/ 2b for integers a, b € Z with b > 0. The set of
such rationals is a ring, denoted Z[1/2].

! Thompson 1965.

2 Burger and Mozes 1997, Unlike T
and V, the groups constructed here are
additionally torsion-free!

3 Scott 1992.

* McKenzie and Thompson 1973.

> Matucci 2008, p. 1.

6 Brin 1996.

7 Cannon, W. Floyd and Parry 1996.

8 Kassabov and Matucci 2012, footnote
onp.3.

Express any number x as a binary
number B.b1byb3 ..., and let x;, be the
truncation of this string to n binary
places. Then x, — x; hence the
dyadics are dense in the reals.



THE MAIN TRIO OF GROUPS

X0 X1

Definition 1.1.2. Let [ = [0, 1] be the unit interval. Thompson’s group F
is the set of PL homeomorphisms I — I with

¢ finitely many linear segments,
¢ gradients equal to integer powers of two, and with
¢ breakpoints (x, y) at dyadic rational coordinates.

This set forms a group under the operation of function composition,
which is usually denoted by juxtaposition (c.f. the remark on page xvii).

Because each linear segment has a positive gradient, the elements
of F are all increasing functions on I. In particular, every element a € F
fixes the minimal point 0 and fixes the maximal point 1.

We can generate F using only two elements xo and x1; these are
shown in Figure 1.1. The usual presentation involving this pair is®

(x0, x1 | [xoxyt, x5 x1xo], [xox]t, x5 2x123]) . (1.1)

The relators can be made simpler at the cost of adding more generators,
resulting in the alternative presentation

{x0,%x1,%x2,... | x,;lxnxk = xu41 fork < n).

There are other useful presentations for F too: see Dehornoy!® and
Lodha-Moore. "

AT FIRST GLANCE, it seems a little awkward to perform calculations in
this group. Imagine working out the composition of

0+1(t—0) if 0 <t<lp
txg =31a+ (t=1p) if 1<t <3 (1.2)
1+2(t—34) if 3h<t<l1
with
0+14(t-0) if 0 <t <3/

tx1 =1{3/s+ (t—3/) if 3a<t<7fs (1.3)
1o+ 4(t—7f) if 7fs<t<1.

XoX1

Figure 1.1: Two example elements

X0, x1 € F, together with their com-
position xpx1. We will usually use
Greek letters to denote group elements,
but these x; are already named as in
Cannon, Floyd and Parry.

We define the breakpoints of a PL
function « to be the endpoints (x, y)

of each linear segment of . In an
abuse of our notation, we sometimes
just call x a breakpoint, since we can
recover y = xa. This convention—
using x-coordinates alone—is normally
used in the literature.

For example, the points (0, 0) and
(1,1) are breakpoints of every function
a € F. In the literature, we’d just say
that 0 and 1 are breakpoints of every
such a.

° Cannon, W. Floyd and Parry 1996,
Section 3.

We never make use of a presentation
for F: these are just included for
completeness.

10 Dehornoy 2005.
1 Lodha and Moore 2016, Section 3.



THE MAIN TRIO OF GROUPS

The computation would be routine, but also tedious and unenlighten-
ing. To avoid this, it’s worth thinking a little more carefully about how
we can construct and represent an element of F.

Suppose we have a generic element o € F. Name the x-coordinates
of its breakpoints 0 = xp < x1 < --- < x, = 1. Each of these n +1
numbers is a dyadic rational, and the list partitions the interval into
n cells {[xi, xi+1] }o<i<n- Call such a list a dyadic partition of the unit
interval. The breakpoints’ y-coordinates give us a second partition
0=1yo < y1 <---<yu=1. Because both lists have the same size, we
can completely describe a by specifying that it is the unique function
mapping [x;, X;+1] linearly and increasingly to [y, yi+1].

Do all such pairs of partitions correspond to an element of F? The
answer is no. The lists x;: 0 <12 < 1and y;: 0 < 1/4 < 1 are perfectly
valid dyadic partitions with the same length, but the PL map induced
by them would send [1/2, 1] — [1/4, 1], with gradient 3/4+ + 1/2 = 3/2. This
is not a power of two, and so the corresponding function does not
belong to F. Thus we cannot allow ourselves to use any old pair of
dyadic partitions.

The solution is the notion of a dyadic subdivision, which is a stricter
form of dyadic partition. We define this recursively by two rules:

1. Thelist 0 < 11is a dyadic subdivision of I.

2. Ifxp < -+ < x; < Xxjp1 < -+ < Xy is a dyadic subdivision of I, so
tooisxg < -+ < x; <M < Xjy1 < -+ < X, where m = (x; + xj3+1)/2.
The resulting partition is called an expansion of the former, having
subdivided the interval [x;, xi+1].

In words: we start with the whole interval and cut it exactly in half.
We are then allowed to repeatedly cut any subinterval into exactly half.
These subintervals always take the form [a/2", (a + 1)/2"] for integers
a,n > 0witha+1 <2". Any interval of this form is called a standard
dyadic interval.

We may now take two dyadic subdivisions with the same number
of cells, and use the same recipe as before (ith cell mapped linearly
to the ith cell) to build a PL function. Call the result of this a dyadic
rearrangement. Because a standard dyadic interval’s width is always a
power of two, we will find that a dyadic rearrangement is always an
element @ € F. Conversely, given any element a € F, we may choose N
sufficiently large such that « is linear on every standard dyadic interval
of width 27N, Each of these intervals is mapped to some other standard
dyadic interval, because each linear segment has gradient equal to a
power of two. Hence « is a dyadic rearrangement.

Proposition 1.1.3. F is exactly the group of dyadic rearrangements of the
unit interval.

Figure 1.2 shows an example of a rectangle diagram,’? a kind of
schematic for reasoning about elements a, € F.We can compute with

0 1/2 3/4 1

0 1/4 1/2 1

Figure 1.2: The element x¢, viewed
as a dyadic rearrangement. The top
and bottom edges of this rectangle
are a pair of dyadic subdivisions
which define xy. We call this kind of
visualisation a rectangle diagram.

0 1/2 3/4 1

0 1/2 5/8 3/4 1

Figure 1.3: We can compose elements
by stacking their rectangle diagrams.
This is xo on top of x1, corresponding
to the product xpx1. The result need
not immediately be a rectangle dia-
gram. Here we had to add extra dotted
lines because the interval [3/4, 1] is not
mapped linearly by xox1; nor is [0, 1/2]
mapped linearly by (xox1)7".

12 The name ‘rectangle diagrams’ was
used in Cannon, W. Floyd and Parry
1996, above Example 1.2; they attribute
the idea to Thurston.
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THE MAIN TRIO OF GROUPS

these diagrams: to build a rectangle diagram for af, stack a diagram
for a on top of a diagram for . To collapse the stack down to a single
rectangle, we may need to cut the dyadic partitions into smaller pieces
(as in Figure 1.3). This is because we need a finer dyadic subdivision to
ensure that each subinterval [u, v] of a’s domain is sent to an interval
[a, va] which is mapped linearly by B. To keep things balanced, any
refinements we make to a’s domain partition need to be reflected by

refinements to s range partition.

Tree pair diagrams

As nice as these visualisations are, we can’t hope to use them for
extended calculations. If we have very fine subdivisions, we’d need
to be able to draw rectangle diagrams very accurately! Is there a
compromise—a graphical notation which describes dyadic partitions
without literally drawing them in the plane?

Definition 1.1.4. For our purposes, a binary tree is a directed graph T
with at least one vertex, satisfying the following properties.

Tree. T is connected and contains no (undirected) cycles.

Rooted. T has exactly one vertex with indegree 0. This vertex is called
the root of T.

Full binary. Every vertex has outdegree 2 or 0. Such vertices are called
internal vertices and leaves, respectively.

Ordered. A node’s outward edges point to its children, which are
ordered into a left child and a right child.

A small number of examples—including a caret—are shown in Fig-
ure 1.4.

The infinite binary tree 7; (see Figure 1.5) is the union of all finite
binary trees.’® It can be defined explicitly as the graph with vertex
set {0,1}, that is the set of all finite strings over {0, 1}. The empty
string € is the root of 75; the left child of a string w is w0, and the right
child is w1. The string w corresponding to a given vertex is called the
address of the vertex. Its length |w| is the number of binary digits used
to form the string; note that |e| = 0.

Apart from 7;, we will only be interested in finite binary trees (since
these describe elements of F, see below). Thus when we say “binary
tree”, we usually mean “finite binary tree”.

/\

Figure 1.4: A forest of three binary
trees. We always draw parent vertices
above their children, and left children
to the left of right children; in other
words, our trees grow downwards.

Left: the second smallest possible
binary tree, called a caret. Right: an
unbalanced tree. This one in particular
is called a right vine.

13 That is, the union taken after identify-
ing roots with roots, left children with
left children and right children with
right children.

We write letters of an alphabetina a
teletype font family. For instance,
we write |1| = 1. Variables denoting
letters or strings of letters are set in
serif italics as with other variables.

Figure 1.5: (An approximation of) the
infinite binary tree 7;. For each n > 0,
there are exactly 2" vertices whose
address has length n.
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The graph structure of 7 is exactly the inclusion structure on the
set of standard dyadic intervals. This is because we have a largest
such interval, I = [0, 1], and any such interval [a, b] splits into two

smaller ones: the left child [a, (a +b)/2] and the right child [(a + 1) /2, b].

Applying this rule repeatedly, we see for example that vertices with
addresses 00000 and 1001 correspond to the intervals [0, 1/32] and
[%/16,10/16], respectively. We use [w] to denote the standard dyadic
interval with address w.

If T is a binary tree, we can identify the root of T with the root
of 7;. Identifying left (right) children in T with left (right) children
in 7; allows us to see T as a subtree of 73, and so give addresses to T's
vertices. We will usually identify a vertex with its address.

If we collect together the standard dyadic intervals associated to the

leaves of a finite binary tree T, we recover a dyadic subdivision* of I.

Thus we can use a pair of finite binary trees with the same number of
leaves to represent an element of F.

Definition 1.1.5. A tree pair diagram is a triple (D, £, R). Here D and R
are finite binary trees with the same number of leaves, called the domain
and range trees respectively. The entry ¢ is a bijection from the leaves
of D to the leaves of R.

These parameters determine an element a € F (later T or V) as
follows: if d¢ = r then «a linearly maps the standard dyadic interval
[d] to the interval [r]. We say that the triple (D, £, R) is a tree pair
diagram for a.

The leaves of a binary tree are ordered by the lexicographic ordering
of their addresses. For instance, the domain tree of xg in Figure 1.7
orders its leaves 1 < 2 < 3 because 0 <jex 10 <jex 11. When working
in F, our group elements always preserve the order of the interval, so
our leaf bijection must in turn preserve the order of the leaves. This
means that ¢ is redundant as far as F is concerned—though we’ll see
shortly that it’s needed for the supergroups T and V.

Why should we bother with tree pair diagrams? After all, they're
just a graphical means to denote two dyadic subdivisions. Their
usefulness becomes apparent when we need to perform computations
in F. All the computations needed to compose and invert PL maps can
be replaced by simpler (and non-numeric) operations on tree pairs.

TREE PAIR DIAGRAMS FOR A GIVEN ELEMENT ARE NOT UNIQUE. Suppose
(D, ¢, R) is a tree pair for «, and pick any leaf d of D. Let D’ be the
result of attaching a caret to D at d; similarly let R’ be the result of
attaching a caret to d’¢. Then (D’, {’, R’) is also a tree pair for a. Here
¢’ sends the left (right) child of d to the left (right) child of d¢, and
otherwise behaves as ¢ does. This process of attaching two carets is
called expanding the tree pair; we say that (D’, £/, R’) is an expansion of
(D, £, R). The reversal of an expansion is called a contraction. If a tree
pair cannot be contracted, it is said to be reduced.

[0,1]
RN
[0,1/2] ['/2,1]
/N /N

[0,/a] [*/a,%/s] [2/a,3/a] [3/s,1]

Figure 1.6: A small part of 73, labelled
with standard dyadic intervals.

4 The root corresponds to the trivial
subdivision 0 < 1, and each internal
vertex of T with address a describes an
expansion which subdivides [[4].

1 S — 3
2 3 1 2
1/>\ X1 1/>\
3 4 2 3

Figure 1.7: Tree pair diagrams for x
and x1. To aid the eye, we use dashed
lines to denote edges which belong to
one of D and R, but not both.

A= Al
FéK

Figure 1.8: Two alternative tree pairs
for xp; compare to Figure 1.7.
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Proposition 1.1.6. Every element of F has a unique reduced tree pair
diagram, formed by repeatedly contracting until contraction is no longer
possible.’> Moreover, different reduced tree pair diagrams describe different
elements of F, so F is in bijective correspondence with the set of reduced tree
pair diagrams.

While the uniqueness of reduced tree pairs is useful, being reduced
is often too restrictive for our needs. Often a larger tree pair gives a
more informative description of a given element in T. This is made
precise using Brin’s notion of a revealing pair, which we discuss briefly
in Section 2.2. For now, we’ll see that being able to expand and contract
lets us perform computations in F.

Suppose we are given two tree pairs (A, ¢, B) representing a € F
and (C, m, D) representing § € F. How can we find a tree pair diagram
for the product af? We can always expand to new tree pairs (A’, £, B)
and (C’,m’,D’) such that B’ = C’. Then their product is given by
removing the intermediate trees and composing leaf bijections. In
symbols, multiplication is given by

(A, ¢,B))-(B',m',D') = (A, O'n, D).

The smallest choice for B” = C’ is B U C; we formally define the union
of binary trees in Definition 2.2.1.

We illustrate this with an example, using the tree pairs in Figure 1.7,
to compute a tree pair for the product xox;. To do so, we need to
expand our input tree pairs to larger pairs with five leaves.

A. X0 A o\ X1 1@\
xoxp=| 1 S T 3 N T A
1 2

3 4 2 3
= 2 1 12 3 1 2 75
3 4 5 3 4
4 5
1 X0X1
= 2 7 1
3 7 3 4
4 5

Because the tree pairs for the identity element all take the form
(X,1id, X), it follows that inverses are given by

(A,€,B)'=(B, ¢, A).

15 To prove the first sentence, use
Newman'’s Diamond Lemma, as
in e.g. Baader and Nipkow 2008,
Lemma 2.7.2.

This expansion corresponds to sub-
dividing dyadic partitions. Expanding
so that B’ = C’ ensures that af acts
linearly on the intervals corresponding
to the leaves of A’.

Figure 1.9: A tree pair diagram for xal.
Effectively, we just took the diagram

in Figure 1.7 and reversed the arrow.
Strictly speaking, we also inverted

the leaf bijection—though this isn’t
immediately obvious since id ™! = id.
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Note that we can invert a tree pair directly, whereas multiplication is
only defined up to equivalence tree pairs.

Thompson’s group T

Our next group T is defined as a group of maps of the circle S?,
rather than the interval I. We think of the circle as the quotient space
[0,1]/{0 ~ 1}, or alternatively as the quotient R/Z. This allows us to
use 0 as a fixed origin for the circle.

We will need an orientation of the circle, to generalise the orient-
ation of I defined by the binary relation <. To define a cyclic order
systematically, we’'ll need to use a ternary relation.1®

Definition 1.1.7 (Cyclic order). Let X be a set. A ternary relation R on X
is a subset R C X°. We write x — y — z to mean that (x, y,z) € R.
Such a relation is called a cyclic order on X if it satisfies the following
axioms, for any elements u, x, v,z € X.

Cyclicity. Ifx - y — z,theny — z — x.

Antisymmetry. If x — y — z, then it is not true that z — y — «x.
Transitivity. If x > y - zandx —- z —» u, thenx — y — u.
Irreflexivity. If x — y — z, then x, y, z are pairwise distinct.

Totality. If x,y,z are pairwise distinct, then either x — y — z or

zZ—> Yy —>X.

If these axioms are satisfied, whenever x — y — z we say that the list
of points x, y, z is in cyclic order.

Notation There doesn’t seem to be a universally agreed-upon notation
for expressing that three points are in cyclic order. Some authors write
(x,y,2) € R explicitly; others write R(x, y, z) or use juxtaposition to
say xyz; yet another alternative is [x, y, z] or (x, y, z). As mentioned
above, we will use the notation” x — y — z. This extends to the
shorthand x¢g — --- — x,_1, which means that that x; — x;41 — Xi2
forevery 0 < i < n—2. If n € {1,2} then the shorthand has no
meaning: in these circumstances xg — --- — x,_1 is a Vacuously true
statement.

We will often use make use of a list of points x, ..., x,—1 for which
Xg = -+ — Xy—1 — X0 (even in the cases'® n = 1 or 2). wrapping back
around to xj ensures that our list of points winds around the circle
exactly once (c.f. Figure 1.10).

We define open, closed and half-open arcs from x to z # x by the

formulae

[x,z] =(x,z)U{x,z}

(x,z] = (x,z) U{z}.

(x,z)={yeX|x—>y—z}

[x,2) =(x,z) U {x}

Notice for instance that X = (x,z) U [z, x], due to the totality axiom.

16 See e.g. Tararin 2001 for more details.

17 We suggest reading this relation as ‘y
is between x and z'.

18 Read literally, xg — - -
means

C T Xp-1 7 X0

X0 — Xo when n =1, and

X0 — X1 — Xo when n = 2.

The former is meaningless; the latter is
always false, by the irreflexivity axiom.
To get around this, when n = 1 or 2

we define the shorthand xg — --- —
Xn—1 — Xo to be vacuously true. To

be explicit, this applies when there

is at least one explicit arrow after the
— -.. — shorthand, and when the first
and last points (xo here) are equal.

Note that we don’t define arcs (x, x) or
[x, x] from and to the same point.
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At first glance, the transitivity axiom doesn’t look like the usual
notion of transitivity for a binary relation. However, if we omit the
initial “x —” from each relation, the axiom reads

ify -zandz —u, theny — u,

which looks reassuringly like the transitivity we are familiar with for
binary relations. In this way, we can ‘cut” our cyclic order at x to create
anew linear order <, on S! \ {x}, defined by

y<yz ifandonlyif x -y —z. (1.4)

Indeed, one way to view a cyclic order is as a family of linear orders."”
Remark 1.1.8. We might guess that the transitivity axiom takes the form
ifx->y—zandy >z —>u, thenx -y —u.

This is not equivalent to the transitivity axiom in Definition 1.1.7, and

it is not a correct model of circular order—see Figure 1.10.

Definition 1.1.9. Let S! = [0,1]/{0 ~ 1} be the circle. Also let
Ro = {(x,y,2z) € [0,1) | x < y < z}, where < is the usual order
on [0, 1). We define a cyclic order R on the circle by the formula

R:ROU{(y/Z/x) | (x/y/Z)ERO}U{(Z/x/y) | (x/]//Z) ERO}-

In our visualisations, x — y — z will mean that the anticlockwise arc
from x to z passes through v.

The circle is equipped with a metric defined on points 0 < x, y < 1
by d(x,y) = min{|x — y|, 1 — |x — y|}. For instance, d(1/3,2/3) =
min{1/5,23} = 13 and d(®/s,10) = min{7/0,29} = 2/o. Addition and
subtraction on the circle are always evaluated modulo 1. This means
that x — e — x — x + € always holds true, for any point x and
distance € < 1/2.

WITH THAT OUT OF THE WAY, we can make a concrete definition of T.

Definition 1.1.10. Let S! = [0,1]/{0 ~ 1} be the circle. Thompson’s
group T is the set of orientation-preserving? PL homeomorphisms
S — S! with

¢ finitely many linear segments,

* gradients equal to integer powers of two, and with
¢ breakpoints at dyadic rational coordinates.

This set forms a group under function composition.

Just like in F, a given element a € T will map each standard dyadic
interval of width 2~V linearly, provided N is sufficiently large. In

y
Z .\/::\\// u

x
Figure 1.10: Certainly x — y — z
and y — z — u, but it is not true that
x — y — u. In terms of our shorthand
notation, we have x — Y=z U
Problems start occurring when we
travel more than once round the
circumference of our circle. This is

characterised by the fact thatx — y —
z — u — x is false.

19 Calegari 2004, Definition 2.2.1

R s called the cyclic closure of Ry.

2 On a linearly ordered set like I,
‘orientation-preserving’ meant that

x <y = xa < ya. With a cyclic
order, ‘orientation-preserving’ means
thatx - y -z = xa — ya — za.

—_—
3 1
1 2 3 4

Figure 1.11: An example element a € T.
Because the domain and range trees
are identical, @« must have finite order
dividing the number of leaves.
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other words, the linear segments can be still be described by a pair
of dyadic subdivisions of the same size. What’s new is that elements
of T no longer have to fix the point 0, which is always fixed by every
element of F. Indeed, elements of T need not fix any part of the
circle whatsoever—see Figure 1.14 for instance. This allows us to
have nontrivial torsion elements?! in T; in contrast, there are no such
elements in F (c.f. Equation (1.5) and Proposition 2.3.19, respectively).

Say the domain and range of a € T is partitioned into standard
,D,_1 and Ry, ...
information is required: we need to specify how the { D; } are mapped

dyadic intervals Dy, ... ,Ry-1. One extra piece of
to the {R;}. As elements of T are continuous functions preserving
cyclic order, we need only choose a single domain interval D; and
specify its image D;a@ = R;. Then continuity leads us to conclude that
Disra = R} for each k, with subscripts modulo 7.

To represent this on a tree pair diagram, we make use of the leaf
bijection ¢ in Definition 1.1.5. The range tree’s leaves no longer have to
be labelled 1, ..., n from left to right; instead, any cyclic permutation
of these numbers is permitted. Thus we have to take a little more
care when multiplying, to make sure we correctly compose the leaf
bijections. For instance, if « is the element shown in Figure 1.11, then

4 4 2 4, 2
a? e R
3 1 3 1
1 2 3 4 1 2 3 4
4 2 4
— =id.
3 3

1 2 1 2

Remark 1.1.11. As currently defined, the elements of F are not literally

(1.5)

elements of T (since functions I — I are not literally functions S* — S!).
How do we settle this against our earlier claims that F < T? We have a
number of different options.

1. Let 7t be the quotient map I — S! which identifies 0 with 1. Any
element a: I — I in F must fix the point 0 and must fix the point 1.
This ensures that there is a continuous map ag: S! — S! satisfying
niag = an. Now ag € T because ap inherits the breakpoint and
gradient properties of a.

Because the process of replacing a — «y is reversible?? and respects
composition, it describes an embedding F < T. Informally, we
make F look like T by bending the interval into a circle—see Fig-
ure 1.13. In doing so, F becomes the subgroup of T whose elements

2 We can construct an element &« € T
with any given order nn € N as follows.
Pick a tree S with n leaves, and use
this as the domain and range tree of a.
Then define o to map the ith leaf of S
to the next leaf in the circular ordering.

1/

Figure 1.12: To adapt the rectangle
diagrams introduced in Figure 1.2

to T, we need replace the the top and
bottom intervals by circles. We’ve done
so here using an annulus. The element
visualised here is a from Figure 1.11.

1) 0

3/
Figure 1.13: The element xo € F

displayed as a circle homeomorphism
fixing 0.

24

Figure 1.14: The element a € T from
Figures 1.11 and 1.12, displayed as a PL
map on [0, 1) with a discontinuity. As
the graph never crosses the diagonal

y = x, a has no fixed points.

2 Given ay, define a by setting ta =
tagfor0<t<landla =1.
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fix 0.

2. Alternatively, we could make T look more like F. Because we view

the circle S' as [0,1]/{0 ~ 1}, we can see a function @y € T as
a function a: [0,1) — [0,1). If Oag € 0, then this function « is
continuous (and belongs to the restriction of F to [0, 1). Otherwise
Ocag # 0, which means « will contain a discontinuity at the point?
where ap wraps around from 1 to 0.

All in all, we can see T as a group of PL bijections [0,1) — [0,1)
which are right-continuous (see Figure 1.14). Since any element
of F can be recovered from its restriction to [0, 1), we obtain an
embedding F — T.

3. A third option is to regard F and T as being groups of (equivalence

classes of) tree pair diagrams. Then F is literally a subgroup of T.

4. In Section 1.2.3 we introduce Cantor space, and in particular the

Cantor space 97, consisting of infinite binary strings. We can view
F, T and V (the latter defined below) as groups of homeomorphisms
of Cantor space; this is arguably the most natural way to think
about Thompson’s groups. From this point of view, the subgroup
relationships F < T < V are immediate. Even better, we don’t need
to spend effort worrying about the difference between [0, 1], [0, 1)
and S': we have just one ambient space permuted by the main trio
of Thompson’s groups.

Remark 1.1.12. We can augment Presentation (1.1) to form a presentation
for T. In addition to xg and x1, we require only one new generator ¢
which allows us to cyclically permute leaves. Cannon-Floyd-Parry
show 24 that four extra relations (in addition to the two between the the
x;) are sufficient to build a presentation of T.

Thompson'’s group V

The largest of Thompson’s main trio can be again defined as a group
of PL functions on the interval. We take the viewpoint of Item 2 of
Remark 1.1.11, thinking of our elements as right-continuous functions «
to and from [0, 1). This allows discontinuities to exist for @ (and not
just its derivative like in F).

Definition 1.1.13. Thompson’s group V is the set of right-continuous PL
bijections [0, 1) — [0, 1) with

¢ finitely many linear segments,?
¢ gradients equal to integer powers of two, and with
* breakpoints at dyadic rational coordinates.

This set forms a group under function composition.

10

2 Specifically, as we approach (0aj!, 1)
from the left, we jump down to
(0ay?,0).

Figure 1.15: Cannon-Floyd-Parry’s
generator c for T. Despite being

only of order three, c can be used in
conjunction with xg and x1 to produce
any element of T (which can have
arbitrarily large order).

# Cannon, W. Floyd and Parry 1996,
Section 5.

 Strictly speaking, the linear segments
are now closed on the left and open on
the right.
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Unlikein T, elements of V can have arbitrarily many discontinuities—
compare Figures 1.14 and 1.16. Thus if we have two dyadic subdivisions
D and R with the same number of cells 7, there are no restrictions
on how V must send D’s cells to R’s cells—any of the n! matchings
describe a valid element of V. The tree pair approach to V is perfectly
valid too—to accommodate V, we just allow an arbitrary bijection £
between the leaves in a diagram (D, ¢, R).

Because V allows us total freedom to rearrange tree pair leaves (or
to rearrange subdivisions, if you prefer), its elements exhibit a vast
variety of behaviours. To see this, let G be any finite group, viewed
as a permutation group on n elements {1,2,...,n}. Choose a binary
tree D with n leaves, and number the leaves 1, ..., n. Then the set of
tree pair diagrams {(D, ¢, D) | € € G} is a subgroup of V isomorphic
to G. Thus every finite group embeds into V! In contrast, the finite
subgroups of T are exactly the cyclic groups.?

To identify and control the new behaviour possible in V, it is
useful to work with carefully chosen tree pair diagrams called revealing
pairs—see Section 2.2.

We can further augment Cannon-Floyd-Parry’s presentation for T
(Remark 1.1.12) to form a presentation for V, again using only one
new generator 7. In addition to CFP’s six relations, we need to add
a further eight relations? to account for the introduction of . More
recently, Bleak and Quick have produced? a ‘human-interpretable’
presentation with 3 generators and 8 relations; Tietze transformations
reduce this to 2 generators and 7 relations.

(OTHER POINTS OF VIEW

There are many different tools and languages we can use to study
Thompson’s family of groups. (Indeed, this is partly why these groups
interest so many researchers!) In this section we introduce other ways
to think about the main trio, and some generalised Thompson groups
which are will be relevant later.

Generalised gradients and breakpoints

We can tweak the definition of F to define a similar group with different
choice of gradients and breakpoints.

Definition 1.2.1. Let S be an additive subgroup of R and let G be a
subgroup of the multiplicative group {g € R.o | Sg = S}. We define
the group PLg ¢(I) to be the group of PL homeomorphisms I — I with

¢ finitely many linear segments,
¢ gradients in G, and with
® breakpoints’ coordinates in S X S.

As usual, I denotes the unit interval [0, 1].

11

Figure 1.16: An example element

p € V, which turns out to have order 5.
We have not drawn the discontinuity
markers for the sake of clarity.

% Geoghegan and Varisco 2017, The-
orem 3.1.

% Cannon, W. Floyd and Parry 1996,
Section 6.
2 Bleak and Quick 2017.

/
/

T
1 —2
2 3

Figure 1.17: Cannon-Floyd-Parry’s
generator 7 for V. This provides a
non-cyclic leaf permutation, which can
be used together with xg, x1 and ¢ to
produce any element of V.

1 3
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We use the notation of Kassabov-Matucci.?” For completeness, we
note that PLs g(I) is called G(I; A; p) by Bieri-Strebel® and F(¢, A, P)
by Stein.? Our S (resp. G and I) corresponds to Bieri-Strebel’s A (resp.
P and I) and Stein’s A (resp. P and ¢).

There are three important choices of gradient and breakpoints to
highlight. Taking S = Z[l2] and G = 2Z = {2" | n € Z} yields
Thompson’s group F. We write PL; as shorthand for PLzj1,; oz. On
the other hand, taking S = R and G = R yields the largest group of
this type, with no restrictions on gradients or breakpoints. We write
PL, as shorthand for PLgr Rr.,. If is often convenient to work in this
group when we want to reason about the PL nature of the functions
being studied, and not the distinction F makes between dyadics and
nondyadics.

In the middle lies the choice S = Q and G = Q-g, which we denote
as PLq for short. We can think of PLg as an approximation to PL.
in which computation is feasible, since computers can work with
rationals, but not reals. All of these sit inside the full group Homeo.(I)
of increasing homeomorphisms of the interval.

By changing these functions to be orientation-preserving maps of
the circle, we get a family PLg(S') of PL homeomorphisms of S'.
Important examples are T = PLy(S!) and PL,(S'); again these sit inside
the full group Homeo. (S!) of orientation-preserving homeomorph-
isms. Similarly, using right-continuous functions on [0, 1) yields a
V-like family of groups.

Ir we HAVE A compacT INTERVAL | C R with endpoints in S, we
define PLs g(J) to be the group of PL homeomorphisms | — ] subject
to the same restrictions as in Definition 1.2.1. Let [; and ], be two such
intervals. If the symbol PLs ¢ is one of the three cases PL;, PLg or PL.
above, then the groups PLg ¢(J1) and PLs G(J>) are isomorphic. This is
not true for general parameters S and G.

There are two natural definitions® of PLg (J) when | has endpoints
notin S.

Definition 1.2.2. Let S and G be as in Definition 1.2.1. Also let
J = [j1, j2] and K be compact real intervals with | € K and JK € S.

The groups PLEE(]) and PLgf‘é( ]) are defined to be

PLEY(]) = {a ; | @ € PLsg(K) fixes j and o}
and PLE()) = {a € PLsg(K) | ta =t forallt € K\ J}.

Any element of PLfS]aé( J) can be uniquely recovered from its restriction

to J, so we can think of this group as containing functions | — J. If we
do so, then PLfsll"ié(]) is a subgroup of PLER(]).

What's the difference between these groups? If J] C S then these
groups are identical to PLs (). For each « in PLgf‘é (J), the left gradient

j; @’ and right gradient j; a’ at ]’s endpoints must be equal to 1, since

12

% Kassabov and Matucci 2012, Sec-
tion 2.1.

30 Bieri and Strebel 2016.

31 Stein 1992.

32 Kassabov and Matucci 2012, Re-
mark 9.5

3 Kassabov and Matucci 2012, Re-
mark 2.2. Our group PL1 is their
group PLEX=I\/,

o

2/3

1/3

1/3 2/3

Figure 1.18: Let | = [1/3,2/3] and

K = I. The element y € F is such that
the restriction of y to J is in PL;Q“(]),
but y is not in PLgat( J). (‘Rest’ stands
for ‘restriction’.)
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beyond these points « is the identity. If one of |’s endpoints, say ji, is

not in S, then we must have an internal gradient j;"a’ also equal to 1.

In this case, the initial gradient of ac| ; cannot be steep (> 1) or shallow
(< 1); hence the term ‘flat’. In contrast, there is no such restriction on
jia' (orjya)ifa € PLrSe,g( J), allowing the latter group to contain more
elements—see Figure 1.18.

In short, we have PLgf‘é( < PLg‘fg(]). Equality holds if d] € S;
otherwise the equality might not hold.

We will want to work with the fullest possible set of PL functions

later, so we make the convention that PLg ¢ always refers to PLrsezt.

Finally, Kassabov and Matucci define® three subsets of PLg c(]).

Their dynamics are relatively straightforward, so functions in these
sets will be important objects of study in later chapters.

Definition 1.2.3. Let | = [ji, j2] be a real interval. We define two sets
(in fact semigroups) of functions

PL;;(J) ={a €PLsc(]) [ ta <tforallj1 <t <)}
and PL;(J) ={a €PLsc(]) | ta>tforallji <t <j>}

whose graphs are strictly below (above) the diagonal. Elements in
either set are called one-bump functions. One-bump functions also
belong to a larger set

PLng(]) ={aePLsc(]) |ifta =t forsomej; <t <jp thent ¢S }

whose elements are known as almost one-bump functions. In this larger
set, elements’ graphs may cross the diagonal—but if so, their gradients
cannot change while crossing. Notice that id ¢ PL(SJ <)

Almost one-bump functions are a useful collection of ‘building
blocks’, because any function in PLg¢(J) can be formed by gluing
together almost one-bump functions and copies of the identity. This
allows Kassabov and Matucci to reduce much of their analysis in
PLs,G(J) to only consider almost one-bump functions—a strategy we
will use too.

More piecewise-linear maps

So far, we have only spoken about piecewise linear maps to and from
the same interval, say X. Later we will want to consider PL maps on
another interval Y, and it will be useful to have a way of producing
maps on Y from maps on X.

Definition 1.2.4. Let X and Y be compact real intervals. We define
PLy(X,Y) to be the set of PL homeomorphisms X — Y with

¢ finitely many linear segments,

¢ gradients equal to integer powers of two; and with

13

34 Kassabov and Matucci 2012, Defini-
tions 2.3-2.4.

For instance, x¢ in Figure 1.1 is a one-
bump function below the diagonal; its
inverse x 1 is the same, but with graph
above the diagonal. In the same figure,

x1 is not a one-bump function.

See y in Figure 1.18 for an example of
an almost one-bump function on [0, 1]
which is not one-bump.

(el
N

Figure 1.19: The simplest PL, map
X:[0,1] — [0,1/2] has only one
linear segment. The same is true of its

inverse L.

Notice that we do not require the
endpoints (or ‘exterior breakpoints’)
dX or dY to be dyadic.
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¢ interior breakpoints at dyadic rational coordinates.

Maps of this form are called PL, maps, or sometimes said to be
Thompson-like. The set of such maps is written PLy(X, Y). If we take
Y = X, we obtain the group PLy(X, X) = PLy(X). If X is not dyadic,
this is the larger group PLEESt(X) rather than the smaller PLgat(X).

Claim 1.2.5. The category PL, defined below is a groupoid.
* The category’s objects are compact intervals X, Y C R.
* The morphism set between X and Y is PLy(X, Y).

* Morphisms f: X — Y and g: Y — Z are composed using function
composition.

To establish this we'll need to consider the gradient of a composition
of functions; we’ll do so by making use of the chain rule from single
variable calculus. Except for the identity, the PL functions f we're
considering have at least one breakpoint x. At such points, the left- and
right-derivatives x* f” and x~ f” exist but are not equal, so the two-sided
derivative x f” will not exist. Thus we need to use a one-sided version
of the chain rule.

Proposition 1.2.6 (One-sided chainrules). Let f: A — Bandg: B - R
be functions defined on open intervals A, B C R, and let x € A be some point.

* Suppose that f is increasing on some interval [x,x + €. If the right-
derivatives x* f” and [x f1* g’ exist, then the right-derivative x* (f )’ exists
and is equal to the product x* ' - [x f]* g of the first two derivatives.

* Suppose that f is increasing on some interval [x — €,x]. If the left-
derivatives x~ ' and [x f]~ g’ exist, then the left-derivative x~(f g) exists
and is equal to the product x~ f’ - [x f]” g’ of the first two derivatives.

Note that every PL, map is left-differentiable everywhere except for
the left endpoint of its domain. The symmetric statement obtained by
swapping the roles of ‘left” and ‘right” is also true.

Proof of Claim 1.2.5. First we check that L, is a category. The identity
morphisms idx are just the identity functions id: X — X in PL,(X).
Function composition is associative, but we should check that f €
PLy(X,Y) and g € PLy(Y,Z) implies that fg € PL(X,Z). Let X =
[x0, x1] and Z = [z, z1] be the domain and codomain of fg.

Gradients. Let L be any linear segment of the product f g. The domain
of L contains a point x # x; at which the right-derivative x* f” exists.
We know then that x f # x1 f, and so the right-derivative [x f]* ¢’
exists. These gradients are integer powers of two; in particular they
are positive, so f is increasing at x. The one-sided chain rule applies,
telling us that x*(f g)’ = x* f - [xf]*¢’. This is a product of integer
powers of two, so is itself an integer power of two. Thus all linear
segments L have a permissible gradient.

14

PLy([0,1]) = F
id

1

w5 Xy
NP7
x1 S [0,1] S x0

S 0,12l
Z

PLy([0, 1/2])

Figure 1.20: A schematic illustrating a
very small part of the groupoid P.L,.
Functions with the same domain and
range X, form a group PLy(X). We can
think of maps between different sets,
say X: X — Y, as ‘converting” between
PLy(X) and PLy(Y).

This will also help establish our non-
standard notation for the derivative: a
superscript + or — indicates a direction,
and - denotes multiplication in R.

We really are making use of the fact
that f is locally increasing here. E.g.
if f were is decreasing to the right

of x instead, we’d have to use the rule

X(fy =xtf - [xfl7g

In particular, this proof explains why
F is a group—something we asserted
without proof earlier.
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Finitely many linear segments. We certainly have two ‘extreme’ break-
points (xg, zo) and (x1, z1) at the endpoints of our intervals. Since f
and g are continuous, all other ‘internal” breakpoints of f ¢ occur
when x*(fg)" # x7(fg)’. Using one-sided chain rules, we conclude
thatx* f" - [xf]*g" # x~f" - [xf]¢’. This implies that x* f" # x~ f’
or [xf]*g" # [xf] g (possibly both). In other words, if x is a
breakpoint of f g then x is a breakpoint of f or x f is a breakpoint
of ¢.% This shows that there are finitely many breakpoints (hence
finitely many linear segments) of fg.

Internal breakpoints. As noted above, for each breakpoint (x, x f g) we
know that x is a breakpoint of f or x f is a breakpoint of g. If both
options hold, then the coordinates are dyadic by definition of f
and g.

If only the former option holds, then x is dyadic and we know that
(xf, x f g) lies within a linear segment L of g. The points of L—say
(v, z’)—satisfy z’ = sg+2/(y’ —s), where i is an integer and (s, s ) is
an endpoint of L with dyadic coordinates. Thusx fg = sg+2/(x f—s).
The right-hand side is a combination of dyadic rationals, so x f g is
also a dyadic rational.

If only the latter option holds, then x f and x f g are dyadic and
we know that (xf, x f g) lies within a linear segment L of f. Its
points—say (x’, y’)—satisfy y’ = s f +2!(x’ —s), where i is an integer
and (s,sf) is an endpoint of L with dyadic coordinates. Thus
xf = sf +2/(x—s), which rearranges to x = 27/(x f —s f) +s. Again,
x is a combination of dyadic rationals, so is a dyadic rational itself.

Thus f g is a PL, map.

To make PL; a groupoid, we need an inversion map. Any PL, map
f: X — Y is a homeomorphism, so is invertible. Thus our inversion
map is just the ordinary inversion of functions. However, we need to
check that f': Y — X is PL,. The reasoning is similar to the above.
Briefly: there is a bijection between linear segments of f and f~!: take
the segment S of f to the segment S~! of f~! whose domain is the
image of S. Thus f~! has a finite number of segments. The gradient
of S71 is the reciprocal of the gradient of S, so is an integer power of two.
There is also a bijection between breakpoints: (y, x) is a breakpoint
of f~1if and only if (x, y) is a breakpoint of f. The latter has dyadic
coordinates, so the former does too. O

In passing, we note that Matucci has spoken of a different object
called Thompson’s groupoid ¥, in relation to strand diagrams.*

Claim 1.2.7. Let G be a groupoid. For any object X € G, the set G(X) of
maps X — X is a group. Let Y € G be another object. If there is a groupoid
map L: X — Y, then G(X) is isomorphic to G(Y). An isomorphism
G(X) — G(Y) is given by -*: a > a* = Z7laX.

15

% The converse implication is false.
Take an internal breakpoint x of f
andsetg = f~!. Thenxf isan
internal breakpoint of g, but x is not a
breakpoint of fg = idx, since the latter
has no internal breakpoints!

~

(x0Z) 7

X[)Z

N
7

Figure 1.21: The product x(X is a more
complicated PL, map [0, 1] — [0,1/2].
Its inverse map [0,1/2] — [0, 1] is also
shown.

% Matucci 2008, p. 25.

In particular, if Zisa PLy map X — Y
then PLy(X)% = PLy(Y).
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We call this isomorphism a local conjugation by . We say ‘local’
because this conjugation only makes sense for the PL, maps X — X; it
ignores all the other maps in PL,.

Another way to express this claim is that vertex groups in a connected
component of a groupoid are all isomorphic.?” The change of basepoint
isomorphism38 is a famous instance of this result in algebraic topology.

Proof. Pick group elements «, 8 € G(X). The conjugation described
above is a homomorphism, because (Z'aZ)(Z ') = ' (ap)L.
The kernel is trivial, because Z'aX = idy implies @ = Zidy 27! =
YY7! = idx. The map is surjective, because y € G(Y) is the image of
Lyrt e G(X). o

Claim 1.2.8. Let X and Y be compact real intervals with dyadic endpoints.
Then PLy(X) = PLy(Y).

Proof. Partition X into standard dyadic intervals, then do the same
for Y. If the partitions have a different number of cells, subdivide a
cell in the smaller partition. This adds one more cell to P; repeat until
the partitions have the same number of cells. Say our partitions are
Xixp<--<xpand Y:yp <:--- <y, WedefineamapXZ: X — Y
by stipulating that X linearly maps [x;, xi+1] to [y;, yi+1] (as we did in
Section 1.1.1). Now X is a PL, map: in particular, it has the correct
gradients, because the width of each segment’s domain and range is an
integer power of 2. By the claim above, we see that PL,(X) and PLy(Y)
are isomorphic, via a conjugation by X. O

Remark 1.2.9. If the ratio of the width of Y to the width of X is a power of
two, then we can choose X: X — Y to consist of a single line segment,
as in Figure 1.19 for example. Otherwise we will need to partition X
and Y, then subdivide. This could potentially introduce arbitrary
choices and produce different maps X, hence different isomorphisms
PLy(X) — PLy(Y). Thus the recipe we have given does not produce a
canonical isomorphism.

In later chapters, we won't worry about this too much—we just need
to get our hands on any PL, map X: X — Y, in order to explicitly work
with an isomorphism -*: PLy(X) — PLy(Y).

Brown'’s article® gives more details on groupoids, and a thorough
motivation for their study.

Cantor space homeomorphisms

Finite binary trees describe dyadic subdivisions well, but they don’t
give us a natural way to talk about the points x € I. At best, we can
only approximate x with smaller and smaller dyadic intervals. We can
formalise this by using infinite rather than finite addresses.

Notation 1.2.10 (Working with infinite strings). Let x = x1x2... be an
infinite string over an alphabet A. Any substring of the form x; ... x,

16

% Cohen 1989, Chapter 3.
38 Munkres 2000, Sections 51-52.

Say for instance that we have three
cells, and need to expand the partition
to four cells. Which of the three should
we subdivide?

% R. Brown 1987.
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for n > 0 is called a prefix of x; this includes the empty string € when
n = 0. An infinite substring of the form x,x,41 ... forn > 1is called a
suffix or tail of x.

Ifa = ay...a, is a finite nonempty string, we denote by a the infinite
string aaaa--- = (a1...a,)(a1...a,)---. The smallest string ¢ such
that a = g is called the minimal generator of a. The left cyclic shift of a
is the string a“ = a; ... a,4;. Repeatedly cycling left i times yields the
string a%t =qa;1q...a,aq . ..4;, with subscripts modulo #.

If x takes the form x = x1 ... x,4, we say that x is eventually repeating
and call a a repeating tail of x. Note that x can also be written as
X1...XpA187 - Apd] = X1 ...Xpa1a%, so a< is also a repeated tail of x.

Definition 1.2.11. The boundary of 7; is the set a7, = {0, 1N of
sequences of binary digits. To be explicit, its elements are infinite
strings s = 515253 ... with no restrictions on the pattern of digits. If u
is a finite binary string, we define the cone below u to be the set

[u]={us|s€dlz}.

It has the same cardinality as 975, namely [2N| = |R|. We equip 973
with the topology# generated by the cones below each finite string
u € {0,1}". We call the resulting topological space the Cantor space
(see Remark 1.2.13).

This is a specific instance of the Gromov boundary of a hyperbolic
space X. Formally this consists of equivalence classes of geodesic rays
in X, but the tree structure of 7; means that we can describe everything
using binary strings only.4!

When equipped with the topology above, the Cantor space J7; is
homeomorphic to the Cantor set C. In the construction of the latter
set, we divide an interval into two parts. This leaves us with a left and
right subinterval—hence the connection to 7; in Figure 1.23. The full
construction is as follows.

Definition 1.2.12. The Cantor set C is a subset of the interval I construc-
ted by an iterated function system. We delete the open middle third
of [0, 1], leaving us with the subset C; = [0,1/3]U[2/3,1]. A scaled down
version of this procedure is applied to the connected components of Cy:
we delete the open middle third of the two remaining intervals. This
results in a set C, consisting of four disjoint intervals, each of length 1/o.
The process is repeated, yielding a sequence {C; },,cn of subsets in
which the nth term is a disjoint union of 2" intervals of length 37".

The Cantor set C is defined as the intersection of all C,. Its topology
is the subspace topology inherited from I.

The natural homeomorphism ¢: d7; — C is given by the formula
(5152...)¢ = 2 ,en(25,)37". The idea is to turn a string s = s1s2. ..
over {0, 1} into a string s” = s7s} ... over {0,2}, by replacing every 1
with a 2. The result is then interpreted as the infinite ternary expansion

of a real number s¢ = 0.s]s;.... For instance, take the string s =
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O Tf we give {0, 1} the discrete topo-
logy, the topology we are describing
is exactly the product topology on
HHE]N { 0,1 }

Figure 1.22: The cone [01] below
u=0IL.

41 See Kapovich and Benakli 2002 for
more details.
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01 € 7. This becomes a ternary string s’ = 02 € {0, 2}, which we
interpret as an infinite ternary expansion s¢p = 0.0222--- € C. Thisis a
geometric series with sum s¢ =1/3 € C.

Remark 1.2.13. Some authors reserve the term ‘Cantor set” exclusively
for the subset C C I constructed by removing middle thirds. The
Cantor set can be characterised purely topologically: every totally
disconnected, perfect, compact, metric space is homeomorphic to the
Cantor set.®? Such spaces are called Cantor spaces, and d7; in particular
is called the Cantor space.

For our purposes the infinite string notation is most useful, so we
will work with the Cantor space 07, throughout this thesis.

There is a natural surjection 7 from the Cantor space to the interval I.
An infinite string s = s1s5 ... is interpreted by 7 as the infinite binary
expansion 0.s15 ... of a real number s7 = N 5427" (c.f. the map ¢
above). Even better, 7 is continuous. To see this, let U C I be an open
subset.®® For each x € U, there is a standard dyadic interval [w, ] such
that x € [w,] € U. The inverse image [w,] 7! is a cone [w,], which
is open. Then Unt™! = (Uyeyl[w]) 77! is the union U,y [wy] of open
sets, and hence open. In short, 7t allows us to use the Cantor space to
reason about the interval I.

There is a price to pay for this: 7 is not injective. To see this, consider
the infinite strings x = 10 and y = 01. The former has image x7 = 1/2,
which is equal to the image ym = 1/4 + 1/8 + 1/16 + - - - = 1/2 of the latter.
More generally, let s1 . ..5,-11 be a finite string ending in 1. Then the
distinct infinite strings s1...s,-1 10 and s; . ..s,-101 are both mapped
by n to the real number z with finite binary expansionz = 0.s1...5,-11.
This phenomenon# occurs exactly when z is a dyadic rational, because
the dyadics are exactly the numbers with finite binary expansions. So
nondyadics have exactly one preimage under .

The rationals Q have binary expansions which are eventually re-
peating. In (0,1), these expansions take the form x = 0.ab. If x is
not dyadic, then the repeating tail is unique up to cyclic shifts (see
Notation 1.2.10). Otherwise there are two possible repeating tails 0
and 1, as noted above.

There are two natural choices of metric to use on the Cantor space.
Letx = x1x2... and y = y1y2 ... be two points in d7;. First there is
the metric diirgs(x, ¥) = |x¢p — yP| obtained by restricting the usual
metric on [0, 1] to the middle-thirds Cantor set C. The second metric
is easier to define in terms of strings. If x = y then set d(x,y) = 0;
otherwise there is a maximal index k > 0 for which xx = y;. We define

18

Figure 1.23: The correspondence
between Cantor set construction
steps C;; and the vertices of 75.

2 Willard 2004, Corollary 30.4.

# We give I the topology it inherits
as a subspace of R under the usual
topology. This means e.g. that the
intervals [0, €) and (1 — €, 1] are open
inI, forall € > 0.

4 This is the same mechanism which
causes the decimal expansions 0.9
and 1.0 to be equal. See also Fig-

ure 2.17 for a visualisation.
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C ﬁ::fé%:::; 0T, ——% [0,1]
[ulp < t[u] b > [ul
[0,1/3]NC <—— [0] —— [[0] =[0,1/2]
[2/3,1]NC <— [1] —— [[1] = [1/2,1]

d(x,y) = 27K in these circumstances; this is the width of the smallest
standard dyadic interval [x1 ... x¢]] containing both x and y.

We will typically work with the latter metric since we prefer to
work with infinite strings and the Cantor space d7;. Fortunately, the
topologies generated by dinirgs and d are the same as the topology
generated by the cones (as in Definition 1.2.11).

Tuae CANTOR SPACE IS A KIND OF COVER of the interval (via 7t), so we can
lift elements of V to maps on the Cantor set. The recipe is the following:
.,d, be the
addresses of the leaves of D. The Cantor space version of a, & say, is

take a tree pair diagram (D, ¢, R) for « € V, and let dy, ..

defined on the cone [d;] below d; by the formula
(dib1bybs...) & = (d;i€)b1bybs. .., (1.6)

for any infinite binary string b1b, . ... This is compatible with 7 in the
sense that 47t = ma. Working over the Cantor space d7; instead of [0, 1]
has its advantages, because the space d7; itself distinguishes between
approaching a dyadic s from the left and the right. For example, the
left-hand limit x — (1/2)” corresponds to the point 01 € 975, whereas
the right-hand limit x — (1/2)* corresponds to 10. This is useful when
elements of V exhibit different behaviour either side of breakpoints—
see the discussion surrounding Figure 2.15.

In the light of Equation (1.6), one way to generalise Thompson’s
groups is to a group of functions which rearrange infinite strings.
We might insist that the rearrangement is performed by a finite-state
transducer.®> Informally, this is a simple computer which switches
between a finite set of states Q. The transducer is in exactly one state
g € Q at any given time. A computation step is performed by reading
a binary digit b as input. Two things happen: the transducer outputs
a sequence b’ of binary digits, and changes to a new state 4° € Q
(possibly g’ = g). The output word b’ and new state q” are entirely
determined by the input digit b and previous state 4.

An element a € V will always be represented by a transducer
with an ‘echo state” e. In this state, the transducer reads in a digit b,
immediately outputs the same digit and remains in state e. (See
Figure 1.25, and compare with Equation (1.6)). This preserves the tail
of an infinite string, once we have read as input the address of an
interval on which «a acts linearly. Transducers without an echo state
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Figure 1.24: The Cantor set C is
connected to the Cantor space d7; via
the homeomorphism ¢. The map 7
continuously projects onto the unit
interval I = [0, 1]. The examples
demonstrate how 7 ‘reattaches’ the
intervals which remain after deleting a
middle third during the construction
of the Cantor set.

start

1/e

1/1 0/01

g

0/00
/ 0/0

<)

1/1

Figure 1.25: A transducer on the
input and output alphabet {0, 1}
corresponding to xg € F. The ‘x/y’
notation is short for ‘read x, then
write y’. The symbol € stands for the
empty word.

start

1l/e

1/1 0/01

g

0/00
/ 0/1

B

1/0

Figure 1.26: If we modify the echo
state to flip digits 0 < 1, the resulting
transducer does not model an element
of V. Instead, it first applies xg € F,
then reflects each cone [0], [10]

and [11] about their midpoint.

 For a rigorous definition, see
Grigorchuk, Nekrashevych and
Sushchanskii 2000.
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(e.g. Figure 1.26) describe new homeomorphisms of the Cantor space;
see for instance the articles of Grigorchuk et al, Bleak et al and Aroca.*

“ Grigorchuk, Nekrashevych and
Sushchanskii 2000; Bleak, Donoven
and Jonusas 2017; Aroca 2018.
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The dynamics of Thompson’s groups

A FRUITFUL WAY TO THINK OF THOMPSON’S GROUPS is to consider their

elements as being discrete dynamical systems.

Definition. A discrete dynamical system?! on a space X is a homo-
morphism I': Z — Homeo(X). The space X is called the phase space,
and the integers Z model time.

Such a system is determined entirely by the homeomorphism at
time point 1, say y = 1I' € Homeo(X). Points x € X are mapped
through their orbit O, = {x(tT) = xy' | t € Z}.

In our context, the phase space X is either the interval [0, 1], the
circle S! or the Cantor space d7;; our homeomorphisms y are elements
of F, T or V. Rather than study a Thompson group element y directly,
we’ll study its orbits, to see how y rearranges points in X. This is
particularly advantageous, since an element y need not act nicely on
the set of standard dyadic intervals (i.e. on 73); at best, we have only a
partial action. For example, the image of [0, 1/2] under y in Figure 2.1
is [0, 3/s]—which is not a standard dyadic interval.

AcTiONS OF THOMPSON’S GROUPS

This chapter serves as a ‘toolkit”: a collection of minor results for
use later. To get things started, we study how the Thompson groups
rearrange the points of the interval (or if you prefer, the points of the
Cantor space). Later we specialise to the action of T on the circle.

Dyadics versus nondyadics

The first thing to emphasise is the distinction between dyadic and
nondyadic points. Let G be one of the groups F, T or V, and take a
linear segment of a generic element o € G. This segment is described
by an equation of the form y = yo + M(x — x¢), where (xg, yo) is an
endpoint with dyadic coordinates and M = 2™ is a power of two. If x
is dyadic, then y is formed by adding, multiplying and subtracting
other dyadics—so y = xa is dyadic.2 Conversely, if y is dyadic then
x = ya~!is dyadic by the same kind of argument. This shows that
each of the three actions I © G permute the dyadics (and hence their
complement, the nondyadics) in [0, 1]. The upshot is that the dyadics
are first-class citizens—perhaps not a surprise given their prominence
in Definitions 1.1.2, 1.1.10 and 1.1.13 of F, T and V.

How are the dyadics in [0, 1] divided into orbits under Thompson's
groups? For starters, F must preserve the minimum and maximum
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! Strictly speaking this is a reversible sys-
tem, since we are rearranging X with
homeomorphisms. More generally we
could modify X with endomorphisms,
which need not have an inverse—let
alone a continuous inverse. Then we’d
need to use N to model time.

0 1/3 2/3 1

Figure 2.1: Ast — oo, the powers
v,¥?,...,y%, ... of y from Figure 1.18
move points away from the sources 0
and 2/3, limiting on sinks 1/3 and 1.
Each of these four sources and sinks
is fixed by y. This is summarised in
the sketch below the graph, which is
known as a phase portrait in the theory
of dynamical systems.

2 We have already made use of this
argument in the proof of Claim 1.2.5.
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elements of the interval, being a group of order-preserving transforma-
tions. Thus {0} and {1} are orbits of size one under F. Any remaining
dyadics x = a/2" and x’ = a’/ 2" must be minimal elements of standard
dyadic intervals X and X’. Because x, x” ¢ {0, 1}, we may assume that
both X and X’ contain neither 0 or 1.> Choose dyadic subdivisions
D and D’ containing X and X’, respectively. We may expand these
subdivisions so that they contain the same number of cells, and so
that X and X’ have the same index in their respective partitions. The
element of F corresponding to the modified subdivisions D and D’
must then map x to x’.

Now we complete the story for T and its supergroup V. As noted
above, any element @ € T must send 0 (now identified with 1) to a
dyadic. It is now possible that Oa # 0: for instance, « in Figure 1.14
sends 0 — 1/1. Then an element § € F can be used to send Oa to any
other dyadic. Thus T (and hence V) act transitively on the dyadics in
st=1o0,1).

We summarise with a lemma.

Lemma 2.1.1 (Behaviour on dyadics). Every element of F fixes 0 and
fixes 1. The actions of

* F on the dyadics in (0, 1), and
o Tand V on the dyadics in S*
are transitive.

The observation above—that we can move dyadics to other dyadics—
is worth formalising. As Cannon-Floyd-Parry explain,* we can actually
map sorted lists of dyadics to sorted lists of dyadics using F.

Lemma 2.1.2 (F aligns dyadics). Let xo < --- < x, and yo < --- < Yy, be
dyadic partitions.> We can construct an element « € F such that x;a = y;
for each i simultaneously. Thus F acts transitively on the set of ordered dyadic
partitions with k components, for each k.

Sometimes it’s not enough to map points to points. The nextlemma®
allows us to join up (or ‘glue’) pre-existing maps from subintervals to
other subintervals.

Lemma 2.1.3 (Extension of partial maps). Let I1,...,Ir € [0,1] be a
family of intervals I; = [a;, b;] whose endpoints a1 < by <ay <bp <--- <
br-1 < ax < by are all dyadic. Let |1, ..., |k be another family of intervals
Ji = [ci, di] whose endpoints satisfy the same conditions. Assume that

* bi=ajifandonlyif d; = ci11;
* a1 =0ifand only if c1 = 0; and
* by =1lifandonlyifdi = 1.

Suppose that y;: I; — |; is a PLy map for each i. Then there exists a map
I' € F such that F| [ = Vi for each i simultaneously.
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3If 1 € X, replace X with its left child.

* Cannon, W. Floyd and Parry 1996,
Lemma 4.2.

® As defined above Proposition 1.1.3.

6 Matucci 2008, Lemma 4.1.5. Our
quoted result is not exactly that written
by Matucci: we allow our intervals to
share endpoints, and more carefully
handle the case when 0 or 1 belongs to
the intervals in question.
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The action on the rationals

More generally, if x is a member of some ring R < R which contains
the dyadics Z[!/2], then y = xa belongs to R if and only if x € R, for all
a € G. Thus G permutes R N I, and also the difference (R \ Z[!/2]) N I.
The action on the rationals R = Q will be particularly important (see
Lemma 2.3.10). Kassabov and Matucci” specify when two rationals in
(0,1) belong to the same orbit under F.

Proposition 2.1.4. Let x = 2'm/n and y = 2¥p/q be rational numbers
in (0,1), where t,k € Z and m,n, p, q are odd integers with ged(m, n) =
ged(p, q) = 1. Then thereisay € F such that xy = y ifand only if n = q
and

p=28m (mod n)

for some R € Z.. Moreover there is an algorithm which constructs such an
element 7y if the above condition is satisfied.

Their result is easier to state if we use the infinite address notation
for points in the Cantor space.

Lemma 2.1.5. Let G be one of the groups F, T or V. Let x,y € (0,1) be
rational numbers, with binary expansions x = 0.ab and y = 0.cd such that
b#l#d.

Assume that b and d are minimal generators® for b and d. Then x and y
belong to the same orbit under G if and only if b is a cyclic permutation of d.

Proof. The second assumption is necessary to handle the fact that
dyadics have two binary expansions: see the discussion after Defini-
tion 1.2.12.

Let @ € G belong to one of Thompson’s groups. There is a finite
prefix w of x = ab such that @ maps [w] linearly onto its image. Any
prefix longer than w also has this property, because [w0] and [w1]
are subintervals of [w]. Extending w if necessary, we may assume w
takes the form w = ab"c, where c is a prefix of b—say b = cd. Then

x = wdcd = wdc = wbl<l. This is sent by a to xa = (wa)W, so the
cyclic permutation condition on b and d is necessary for x and y to
share an orbit.

In the other direction, let d = b so that d = uv and b = vu, where
|v| = i. Rewrite x as x = a?u = aviio = avd. We may assume that av
and c both contain at least one 0 and one 1. If not, replace a and ¢ with
the strictly longer strings ab and cd. This works because ab” and cd™
are prefixes of x and y respectively, and x, y ¢ {0, 1} have addresses
with at least one of each binary digit. Let y be the PL, map [[av] to [[c]
consisting of one linear segment. Invoke Lemma 2.1.3 to construct an
element I' € F which restricts to y. Then xT = avyd = cd = y. Thus
the cyclic permutation condition is sufficient for x and y to share an
orbit. m]

This lets us partition Q N [0, 1] into orbits under F. Firstly, both 0
and 1 belong to orbits of size one; all other dyadics belong to the same
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7 Kassabov and Matucci 2012, Proposi-
tion 6.18.

8 See Notation 1.2.10



2.1.3

ACTIONS OF THOMPSON’S GROUPS

orbit. A nondyadic is represented—up to cyclic shifts—by the minimal
generator for its binary expansion’s repeating tail (i.e. b above). To
select a unique representative, choose the cyclic shift of b which is
minimal under the lexicographic order.

In T and V, the dyadics including 0 and 1 form a single orbit. The
nondyadics are broken into the same orbits as in F.

Rotations

In this and the following section, we consider dynamical systems on
the circle S!, rather than the on interval I or Cantor space d7;. This is
because we want to discuss the group T later in the thesis, rather than F
or V. With this in mind, we need to work in the group Homeo,(S?) of
orientation-preserving homeomorphisms, rather than the larger group
Homeo(S?) of all homeomorphisms. Working in the smaller group
excludes the maps which reverse orientation, including e.g. reflection
maps.

One important class we do have at our disposal is the collection of
rotations. These are parameterised by an angle s, which may be taken
to be any real number 0 < s < 1. (Our angles are in units such that a
rotation by 1 is a rotation through 2n radians.) The rotation by s is
the map ps which sends x — x + s mod 1. Its inverse element is the
rotation p_; through the same angle in the opposite direction.

When working in Thompson's groups, we don’t have access to the
full group of rotations. If s ¢ Z['/2] is not dyadic, then p, would
map the point 0 to s. But this is impossible, because we know from
Lemma 2.1.1 that T permutes the dyadics in S'. So suppose otherwise
that s = a/2". To construct ps € T, let D be the tree pair with 2" leaves,
each of depth n. Label these 1, ..., 2" from left to right. Let ¢ be the
permutation of the leaves of D which sends leaf i to leaf i + 2 mod 2".
Then (D, ¢, D) is a tree pair for ps.

Thus the rotations inside T are precisely the dyadic rotations. The
set of such maps forms a subgroup of T, isomorphic to the Priifer
2-group

Z(2%) = ({&ntnen | 81 =1d, §2,1 = gu) = Z['12)/Z,

where the generator g, corresponds to the rotation py-». See e.g. Rot-
man”® for more details.

This next result isn’t deep at all, but it does highlight an important
connection between F and T.

Lemma 2.1.6. Let x € S! be dyadic. The stabiliser Ty = {a € T | xa = x}
of x is exactly the conjugate FPx.

Proof. First suppose that @ € Ty. Because x is dyadic, p—y € T and
so aP* € T also. The calculation Opyap_x = xap_x = xp_x = 0
shows that this conjugate fixes 0, and hence belongs to F. Thus
a = (aP-x)Px € FPx,

24

P3/8

Figure 2.2: The dyadic rotation by 3/8.
The tree pair diagram (D, /, R) uses the
same tree twice, so we’ve abbreviated
this by only drawing R. The domain
tree is labelled 1, ..., 8 as usual.

® Rotman 1995, Section 10, in particular
Theorem 10.13 and Exercise 10.5.
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Conversely, given p € F, the conjugate ff* € Ffx is in T. This
conjugate maps x to xp_xfpx = 0px = 0px = x, 50 pP* € T. O

We'll reuse the idea on a number of occasions: if § € T has a dyadic
point x of interest, we can ‘pretend’ that € F and that x is 0. Then
hopefully we can use our knowledge of F to our advantage. We achieve
this via conjugation by a dyadic rotation. When viewed graphically,
this conjugation translates a function’s graph along the diagonal— see
Figure 2.3.

Here’s an example of this pretending in action, in which we general-
ise our earlier gluing result (Lemma 2.1.3) to T.

Lemma 2.1.7 (Extension of partial maps). Let I1, ..., Iy C S! be a family
of closed arcs I; = [a;, b;] with dyadic endpoints. Suppose that any two arcs
intersect either trivially or at a common endpoint. Let J1,...,Jx € S 1 pe
another family of closed arcs J; = [c;, d;] with the same properties. For each i,
assume that b; = a; for some j if and only if d; = c;.

Suppose that y;: I; — |; are PLy maps. Then there existsamap I’ € T
such that F| L =Vi for each i simultaneously.

Proof. LetX: x1 — ... = x, — x1 be the points of the set {a;,b; | 1 <
i < k} with duplicates removed. Similarlylet Y: y; — ... =y, — 11
be the points of the set {c;, d; | 1 < i < k} with duplicates removed.
The “assume that. ..’ condition tells us that n = m, and that [x;, x;+1] =
I; for some j if and only if [y;, yi+1] = J; for the same i and j.

Now we rotate our partitions’ points so that they include zero.

Introduce new linear partitions
Xp—x, =X":0, X2p—x;, -+ XnpP-x
and Yp_y =Y 0, y2p—y1, s YnPy: s

of the interval [0, 1], and write I; =Ijp-x and ]]’. = Jjp-y,- Lety] denote
the PL; map y/ = p+x,yip-y,- The chain of domains and codomains is

p*-’fl Vi P*yl
’ . . ’

SO y; maps I} - ]]’.. As all the points involved are dyadic, we can

invoke Lemma 2.1.3 to yield an element I € F such that F” = )/; for
]

each j. Then defineI' = p_y,I"p,,,, noting thatI' € TFT C T. The

restriction of I to [ is
rilj = (p—xlr/p+yl) |[j
=pP-xn r/|1; P+
= P-x1P+x1YiP-n P+
= ’)/] P

as required. m]
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)
aP1/8 o

Figure 2.3: An element « € F and its
conjugate ”1/8 € T. The blue graph
is obtained from the red graph by
translating along the vector (1/8,1/8).
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2.1.4 The rotation number

Unfortunately, the rotation maps account for only a small proportion of
orientation-preserving homeomorphisms a € Homeo, (S'). However,
every such a has a ‘nearest’ rotation that—in some sense—best approx-
imates a. This idea is made precise by the Poincaré rotation number of a,
which we define and discuss below. For a thorough treatment of the

rotation number, see Katok and Hasselblatt!? or Bleak et al.1 10 Katok and Hasselblatt 1995,
Chapter 11.
Definition 2.1.8 (Rotation number). Let a be an orientation-preserving ! Bleak, Kassabov and Matucci 2011.

homeomorphism of the circle. Choose a lift #: R — R of a, via the
covering map 7: R — S! which sends x — x mod 1. We define the
rotation number rot(a) to be the limit

~1

rot(a) = lim x”‘n—‘x mod 1 € R/Z, @.1)
which always exists and is independent of the choices of point x and A A
lift @ used. 1 7~ 4 03
For the sake of convenience, we always take our rotation number in 4 4
the interval [0, 1) so that we don’t have to identify numbers that differ 23 vz
by an integer. When specifying a rational rotation number p/q, we o

assume 0 < p < g and g > 0 are coprime. In the special case p = 0, we
take g = 1.

Proposition 2.1.9. The rotation number operator rot(-) has the following
properties.

1. The rotation number of ps is s.

2. If m € Z then rot(a™) = m rot(a).
Figure 2.4: This element o € T \ F fixes

3. rot is invariant under conjugation in Homeo,(S?). 1/3 and 2/3. Thus rot(a) = 0.

4. rot(a) =0 if and only if o has a fixed point. Note that fourth property is the special
case of the fifth property where g4 = 1.

5. rot(a) = p/q € Q/Z in lowest terms if and only if « has a periodic orbit
of length q. If this is the case, then all periodic points are in size q orbits
under a.

Let & € T. The fourth property tells us that if & € F then rot(a) = 0,
since any element of F fixes dI = {0,1} pointwise. The converse is
false: see Figure 2.4.

The fifth property does not tell us what the numerator of rot(a)
is. Suppose that x € S! is fixed by a? and choose a lift @ of a.
Then xa% = x + p for some integer p. In prose, this means that the
point x is wound p times around the circle by af. It follows that
xa@™l = x + mp, for any integer m. Let r, be the nth term of the
sequence in Equation (2.1). Then

xa™ —x mp P

Tyg = ———— = — = mod 1),
mg _— ma " a ( )
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which shows that (7,,4)m>1 is a convergent subsequence of (7,)n>1.
Since we know that the larger sequence has a limit rot(«), it must be
equal to the subsequence’s limit, namely rot(a) = p/q.

In short: the numerator of a rational rotation number counts how
many times a periodic orbit wraps around the circle before returns to
its starting position.

Lemma 2.1.10 (Finding the rotation number). Suppose a € Homeo.(S?)
has a finite orbit X = {xo — -+ — x4-1 — Xo} of points in the circle,
enumerated in circular order. Let xoa = xp,. Then rot(a) = p/q in lowest
terms.

Proof. The orbit of x is traced out by a in the order
X = Xp = Xop > -+ Hx(q—l)p = Xgp = Xo,

with subscripts modulo g. Because this list is the entire orbit X, we
know that p has order g in the additive group Z, of integers modulo 4.
This means that gcd(p, ) = 1 and hence lem(p, q) = pq. We see that x
returns to its original position for the first time after g applications of a.
In doing so, xo winds around the circle p times. So rot(a) = p/q. O

In short, we can read off a rotation number given only a finite orbit.
In the other direction, once we know « has a rational rotation number,
we can immediately break down a finite set permuted by « into orbits.

Lemma 2.1.11 (Rotation number determines actions). Let X = {xy —
-+ = Xy-1 — X0 } be a nonempty finite set of points in the circle permuted
by o € Homeo, (S!). Write rot(a) = p/q in lowest terms. Then:

1. X consists of t = n/q orbits of size q. The orbit containing x; is
{X) = Xjur = Xjaar = 0 > Xy — X5}

(expressed in cyclic order rather than orbit order).

2. The action X O a is given by xja = Xj4pt, foreach 0 < j < n. In
particular xja* = x .y, where k = p~! (mod q).

Proof. As all finite orbits under a must have size q (Proposition 2.1.9.5),
we know that n = gt for some integer . Write xoa = x;. Since a
preserves the cyclic order on X, we know x;a = xj,; for each j, with
subscripts modulo 7. We know that x;a% = x4 = x;. The rotation
number tells us we have wound p times around the circle, so we have
qgi = pn. Rearranging yields i = pn/q = pt. Finally, we know k = p~!
(mod ¢) exists because p and g are coprime. Then x jak = Xjipkt = Xj+t,
since subscripts are modulo 7. ]

Since the rotation number is an invariant of conjugacy (Proposi-
tion 2.1.9.3), we immediately obtain the following corollary.

Corollary 2.1.12. Let X C S be a finite set permuted by conjugate elements
a and B. Then the actions X O a and X O f are identical.

27

That is, k is the unique integer 0 <

k < g such that pk =1 (mod q). This
number k is the multiplicative inverse of
p modulo 4.



ACTIONS OF THOMPSON’S GROUPS

ROTATION NUMBERS MAY VERY WELL BE IRRATIONAL, e.g. take the
rotation by 1/ V2. If so, o is a “wild’ automorphism, and its orbits are
qualitatively different'? to those of an element with rational rotation
number. Fortunately, the next theorem tells us that the elements
of T have rational rotation number (so are not ‘wild"). It is originally
due to Ghys-Sergiescu,’® though other proofs later followed.* Our
proof makes use of the ‘revealing pair’ technology, which we’ll see in
Section 2.2.

Theorem 2.1.13. Every element of T has rational rotation number. Moreover
every rational x € Q/Z is the rotation number of some element o € T.

Proof. To compute the rotation number of @ € T, choose a revealing
pair (D, ¢, R) for a. We will see later (in Remark 2.2.9) that we can
always find a point x in a finite orbit. Then Proposition 2.1.9.5 tells us
that rot(«) is rational.

To construct’® o € T with rotation number 1/4, let D be any tree
with g leaves, labelled 1 < - - - < ¢ in left-to-right order. Define f by the
tree pair diagram (D, ¢, D), where ¢ sends the ith leaf to the (i + 1)th
leaf modulo g. Call the leaves uy, . .., u4-1 in left-to-right order, and
let x; be the left endpoint of [u;]. Then X = {xg — - —= x,_1 = %0}
is a finite orbit of points under a, with xpa = x;. We conclude from
Lemma 2.1.10 that rot(«) = 1/4. Then Proposition 2.1.9.2 informs us
that rot(a?) = p/gq. O

The rotation number is a powerful tool to have at our disposal. For
starters, we use it to show that the only periodic points under F are
fixed points.

Lemma 2.1.14. Suppose that a € F has a periodic point xa" = x with
n # 0. Then xa = x.

Proof. As a € F, we must have O = 0, so rot(a) = 0/1 by Propos-
ition 2.1.9.4. Then all finite orbits under a have size 1, by Proposi-
tion 2.1.9.5.

For a more direct proof, let O = {xa' | i € Z} be the orbit in question
Seeking a contradiction, assume |O| > 2 and write m = min O. Then
m < ma. As F preserves orientation (i.e. linear order) we have m < ma!
for each positive integer i. But then we’d conclude that m < ma" = m,
which is nonsense. O

With that said, the rotation number is not all-powerful. It is not
a homomorphism Homeo,(S!) — R/Z, nor a homomorphism T —
Q/Z; see for example Figure 2.5. However, it is a homomorphism
when restricted to certain subgroups of homeomorphisms.'

Theorem. Let G < Homeo, (S') have no nonabelian free subgroups. Then
the rotation number is a homeomorphism G — R/Z.

In the next lemma, we use Proposition 2.1.9 to explain why the
following result'” about circle homeomorphisms fails for T.
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12 Katok and Hasselblatt 1995, Table
above Theorem 11.2.9.

13 Ghys and Sergiescu 1987.

" Liousse 2005; Calegari 2007; Burillo
et al. 2009; Bleak, Kassabov and
Matucci 2011; Diller and Lin 2017.

> Bleak et algo beyond this construc-
tion and provide an embedding
Q/Z — T; see Bleak, Kassabov and
Matucci 2011.

16 Matucci 2008, Theorem 6.2.1, pub-
lished in Bleak, Kassabov and Matucci
2011, Lemma 1.8.

7 Matucci 2008, Lemma 7.1.2.



2.2

REVEALING PAIRS

Lemma 2.1.15. Let G be one of the groups Homeo.(S!) or PL.(S!). Every
torsion element of G is conjugate to a rotation.

Proof that this is false in T. Inshort: T doesn’t contain enough rotations.

In more detail, let @ € T have finite order 4 > 2 and suppose that
g is odd. Then « and any of its conjugates have rotation number
rot(a) = p/q, for some integer p coprime to 4. So the only conjugate
of a which could be a rotation is p,/,. But p/q is not dyadic, because
q >2isodd. Hence p,/, ¢ T. m]

REVEALING PAIRS

The previous section tried to discuss the big picture, explaining how
Thompson’s groups act on spaces as a whole. Now we want a much
smaller picture: we’ll examine the orbit of single points x under a
single element a.

Not all tree pair diagrams are created equally. A given element
a € V has a unique minimal tree pair diagram, but this doesn’t always
give us a clear picture of how « rearranges the interval. Take § from
Figure 1.16 for instance. Without tracing through the orbit of points
or intervals, it’s difficult to see how § behaves. If we add a caret to
the domain tree at address 1, we obtain the slightly larger tree pair

as in Figure 2.6. Crucially, the domain and range trees are now equal.

Hence  can be seen as a permutation of the leaf labels {1,...,5}. Its
order must therefore divide 5!, and certainly be finite.

What is it about this larger tree pair that allows it to better describe
the action of § on the interval? We turn to Brin'® and Salazar-Diaz"
for the answer. Alternatively see Bleak et al.?

Definition 2.2.1 (Operations on binary trees). Let D and R be two
binary trees, viewed as subtrees of the infinite binary tree 7;. The
union D U R is the subtree whose vertices belong to at least one of D
and R. The intersection D N R is the subtree whose vertices belong to
both D and R. The difference D \ R is the subforest of D whose vertices
belong to D and are not internal vertices of R. Figure 2.7 illustrates
these operations with examples.
The leaves of D N R are partitioned into three types.

e Leaves of both D and R. These are called neutral leaves.
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Figure 2.5: Two elements «, f € T with
rotation number 0. Their product a8
has rotation number 5/6, so the rota-
tion number is not a homomorphism
T — R/Z. Compare with Figure 6.4 of
Matucci’s thesis.

Figure 2.6: Another tree pair diagram
for g from Figure 1.16.

18 Brin 2004, Section 10.

19 Q. P. Salazar-Diaz 2010, Section 3.
2 Bleak, Bowman et al. 2013, Sec-
tion 4.1.



REVEALING PAIRS

e Leaves of D which are internal vertices of R. These are roots of R\ D.

¢ Leaves of R which are internal vertices of D. These are roots of D \ R.

When (D, ¢, R) is a tree pair, we denote the intersection D N R with
solid edges and the differences D \ R and R \ D with dotted edges.

Definition 2.2.2 (Attractors and repellers). Let d; be aleaf of D \ R in
a tree pair (D, €, R). Its iterated augmentation chain (IAC) is the maximal
sequence di, ...d, which

¢ contains no element more than once, and
* has the property that d;{ = d;y1 for1 <i < n.

Then dy, ..., d, are neutral leaves, and r = d,, € is a leaf of R \ D. We
call d,,¢ the target of the IAC, and n the length of the IAC.

We call d; a repeller if the address of r is a prefix of the address of d;.
In this situation 7 is the root of the component of D \ R containing d;.
The binary string s such that dy = rs is called the spine of the repeller.
Since dia" = r, we see that disa” = d for a repeller d;.

Dually, we call r an attractor if the address of d; is a prefix of the
address of r. In this situation dy is the root of the component of R \ D
containing r. The binary string s such that r = d;s is called the spine of
the attractor. This time we see that dia” = dis for an attractor d.

Remark 2.2.3. It would be nice to maintain the distinction between
a acting on infinite strings and ¢ acting on finite strings (the tree
pair’s leaves” addresses). In practice, we blur the lines a little: when
convenient, we define dwa = d{w, for some finite—possibly empty—
string w over {0,1}. (Compare to in Equation (1.6)). For instance,
when we say above that disa” = d; for a repeller, we really mean that

disa™ =d€"s =rs=d;.

We don't define the image of an interval vertex u of D under «, because
there is no guarantee that « maps [u] linearly to its image: perhaps
[u] contains a breakpoint. Thus there is no need for « to act nicely on
the vertices of 77; we only have a partial action.

DNR

neutral leaves

30

€ €
00 01 00 01
D R
€ €
00 01 00 01
DUR DNR

1

00 01 A
D\R R~\D
Figure 2.7: Four operations displayed

for two binary trees D and R of
different sizes.

Figure 2.8: A schematic overview of
a tree pair (D, ¢, R). The leaves of the
intersection are denoted by a dotted
black line.



REVEALING PAIRS

Definition 2.2.4. A tree pair (D, ¢, R) is called revealing if every con-
nected component of D \ R contains a repeller and every connected
component of R \ D contains an attractor. The leaves of D \ R which
are not attractors are called sources; dually the leaves of R \ D which
are not repellers are called sinks.

The tree pair for y in Figure 2.9 is not revealing: the components
of D \ R with leaves labelled 5, 6 and 7, 8 do not contain repellers.
Fortunately, Brin explains?' that we will always be able to find a
revealing pair for a given element.

Proposition 2.2.5. There is an algorithm which can construct a revealing
pair for a given element a € V.

Any given element has infinitely many revealing pairs, and there
need not be a unique minimal revealing pair.?

THE KILLER FEATURE OF A REVEALING PAIR is that it gives us a complete
description? of the orbit of any point x in the Cantor space d7;, and
hence any point in the interval I. We give a brief overview of the details
here.

Say we have a revealing pair (D, ¢, R) fora € V,and let x = x1x>. ..
be a point in the Cantor space. There is exactly one leaf d of D which is
a prefix of the infinite string x, so that x = dy1y> ... for some digits y;.
We can partition the leaves of a revealing pair’s domain tree into three
kinds of (partial) orbits:

1. Finite cycles of neutral leaves under «;
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Figure 2.9: In this tree pair diagram,
the leaf with address 000 is a repeller
and the leaf with address 0110 is an
attractor. Note that the components

of D \ R below addresses 10 and 11 do
not contain repellers.

21 Brin 2004, Lemmas 10.2-10.6.

Figure 2.10: Having added a caret
toD at 001 and to R at 001a = 01,
we obtain a new pair (D’, £, R’)

for @ which is revealing. We have
highlighted the spines in red to
emphasise the attractor and repeller
leaves.

2. P. Salazar-Diaz 2010, Remark after
Claim 16.

2 Brin 2004, Proposition 10.1;
O. P. Salazar-Diaz 2010, Claim 5,
Lemma 4
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2. TACs coming from a repeller, or leading to an attractor; which leaves

3. TACs coming from a source and leading to a sink. These are known
as source-sink chains.

The behaviour of d under a and the tail Y = y1y5 ... completely
determine the orbit of x. We will demonstrate this by explicitly
computing the translate xa™. To do so, write M in the unique form
M =kn+m,wherek € Zand 0 < m < n.

Finite cycles The first option is the most straightforward. Suppose
., d, withd,a = d, {d;.
It follows that d;a” = d;{" = d;, so we may directly compute

d = d;belongs to a finite cycle of leaves, say dy, . .

xakn+m — (diy)ak”am = diak”amY =dia™Y =di Y

with subscripts modulo 7. We see that x belongs to an orbit of size n
under a.

Repellers  Suppose d belongs to a repeller IAC dy, . . ., d,, with spine s;

say d = d;. First let the tail Y of x be the specific string 5. Observe that

xa =d;sa” =diat15a"
=disata®  =di(ss)a"a’!
= (dis)a"5a ™ = di5a’!

=dia'~15 =d;5 =x.

It follows that xa*™*™ = xa™ = xa™ = d;,,,s, for integers k € Z,
0 < m < n and with subscripts modulo n. Once again, x belongs to an
orbit of size n under a. The points in this orbit (d;s for 1 <7 < n) are
called repelling periodic points, since they lie under the IAC of a repeller.

Now assume we have any other tail Y # 5, so that x is near? to—but
distinct from—our previous point. Rather than give a full description
of the orbit of x here, we show in the next paragraph that a forward
translate xa' lies below a leaf in a source-sink chain. Then we can
deduce the orbit of x once we have described the orbit of points below
a source-sink chain below.

Let p > 0 be maximal with the property that Y = s?Y’, and let r
be the target of the IAC containing 4. We can uniquely write Y’ as
a concatenation Y’ = zY”, where z is the address of a leaf of D \ R
relative to r. Then z # €, and we note that z # s (by the maximality
of p). The orbit of x is the same as the orbit of

xa~ D+ p = gy g =D o (1+1)p
= dy Yo
= dysPzY” VP
= dysP " PZY”

=rzY”.
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1 2 2 3
Figure 2.11: This revealing pair for 6
exhibits all types of IACs.

* 000 is a repeller, with target 00;

* 001 is a source, with target the sink
010;

e 0Olisarootof R\ D, with target the
attractor 011;

¢ 10 and 11 form a cycle of neutral
leaves.

As in Figure 2.10, the spines are
highlighted in red.

1 2

Figure 2.12: This revealing pair for e
has an repeller at 000. Its IAC has
length two, moving to 01, before
reaching the target of 00. The repelling
periodic point 0 is sent by € to 010

and then to 0 again, forming an orbit
of size 2. In contrast, the attracting
periodic point 1 is fixed by e.

#Let N be the length of the address
of d;. Then0 < d(x,d;5) < 27V,
(See the discussion of metrics after
Definition 1.2.12.)
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r'na az Am ai
. ce .
. ce .
T r
Sr £y 2 n tq Sa
. L .
1 C1 Co Ck Cr&x Am

This last string sits in the cone below rz. The leaf at this address is a
source for the pair (D, I, R), due to the properties of z above.

Attractors  The attractors in the revealing pair (D, ¢, R) for a are
precisely the repellers of the revealing pair (R, 71, D) for a™!. Thus a
similar analysis of orbit structure can be undertaken for attractors.

Suppose that a leaf a of R is an attractor with spine s, and let a be
the target of the IAC dy, ..., d,. The upshot is that the n points of the
form x = d;s belong to a single orbit, and are called attracting periodic
points. Any other point x” below any d; has a translate x’a™ which lies
below a source in the revealing pair.

Source-sink chains Finally, d = c; could be part of an IAC ¢y, ..., ¢k
starting at a source. It must be the case that ¢, ¢ is a sink. If not, then ¢, ¢
is an attractor, meaning c; would be a root of R \ D. But sources are
leaves of D \ R, so c; would be both strictly below and strictly above a
leaf of R—which is absurd. This explains why sources are joined by
their IACs to sinks.

Let’s set up our notation (see Figure 2.13).

® Letcy,...,ck be the IAC of a source being studied. The target of
this, ¢, ¢, is a sink.

® Letrq be the repeller in the same component of D \ R as the source cy.

IthasanIAC rq,...r, and spine s,. Then r,as, = r1.

* Leta,...,a, be the IAC whose target is the attractor a,,a in the
same component of R \ D as the sink cya. Its spine s, satisfies
1S, = Ay Q.

We now compute the orbit of the leaf ¢; under a. By definition
cial = ci+j for1—1i < j < k —i. Continuing forward, the next image
leaf is cya = aqt,. Let M > 0 be an integer written uniquely in the form

M=pm+j,forp € Zand 0 < j < m. We compute
c;af M = o aaM = gyt oM = apafal™t, = ajsgtu .

For the backward orbit of c1, set N = pn +j > 0 with p € Z and
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Figure 2.13: A schematic of the nodes
involved in a source-sink chain. There
are three IACs involved: that of a
repeller, an attractor and a source. The
left (right) tree stands for a generic
component of D \ R (R \ D). The
middle vertices stand for neutral leaves.
Note that the IACs may have different
lengths, despite the picture suggesting
otherwise.



REVEALING PAIRS

0 <j < n. Then

cial 7N = a7 N =y at,a"a™N = a7 a7 P

=r—ja "t = ri_jsht,,

M js a distinct

with subscripts modulo 1. We see that each image c;a
leaf of 73, so ¢; and any point x = ¢;Y below it lie in an infinite orbit.
We can say more about the orbit of x. In the forward direction

(again with M = pm + j), we move to

xak—i—+1+M — Ciak_i_+1+MY — a]-sfth.

This limits on the periodic sequence whose (pm + j)th term is a;s,.

Specifically, the base two logarithm of the term-to-term distance is at
most —|a;| — pls,|, so this distance tends to zero as p, M — co. But this
periodic sequence is an orbit of repelling periodic points, as we saw
earlier! Similarly, the backwards orbit moves through the points

xa TN = g TNy = sP Y

(with N = pn + j as above). The sequence with (pn + j)th term
1-jmod nSr is an orbit of attracting periodic points. The base two
logarithm of the term-to-term distance is —|71-; mod | — p[sr|, s0 again
the distance tends to zero.

We see that the orbit of x converges to (and emerges from) a limit
cycle. Informally, points x are pushed out from an orbit of repelling
fixed points; pushed forward below a source-sink chain for a finite
time; then they are drawn forever towards attracting fixed points.

We summarise with a proposition.

Proposition 2.2.6. Let a € V, and think of a as a homeomorphism of the
Cantor space 97 or interval 1. We can fully describe the orbit of x € 7
(hence xm € 1) given a revealing pair for a. In particular:

o There are finitely many maximal cones (maximal standard dyadic intervals)
which have a finite orbit under «. Each of these is fixed pointwise by a
power of a.

» Excluding these, there are finitely many isolated points with a finite orbit
under a. These are classified as either attracting or repelling.

* This finite amount of data can be determined algorithmically by constructing
a revealing pair.

 All other points belong to an infinite orbit under a. Their orbits move
away from repelling periodic orbits and towards attracting periodic orbits.

Remark 2.2.7. Suppose we have a source-sink chain leading from a
repeller r to an attractor a. Let x and y be the associated attracting and
repelling fixed points. Since these points are ‘linked” by a source-sink
chain, we might guess that they must have the same period. This is
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Figure 2.14: The repelling fixed
point 000 is fixed by a, and the at-
tracting fixed point 011 has order 3
under a. This is despite the fact that
they are linked by the source-sink
chain 001 +— 010.



2.3

BEHAVIOUR NEAR PERIODIC POINTS

false, as Figure 2.14 shows. With that said, under an element o € T all
periodic points must have the same order—see Proposition 2.1.9.5.

REVEALING PAIRS ENABLE US to give a concise proof of the next lemma.

It was proven using revealing pairs by Bleak et al.?, who attribute the
result to Burillo et al.?

Lemma 2.2.8. An element o € V has finite order if and only if it can be
described by a tree pair whose domain and range tree are equal.

Proof. Let (D, ¢, R) be a revealing pair for a finite order element a.

This pair cannot have any attractors or repellers, or else some point x
would have an infinite orbit under @. Thus both D \ R and R \ D are
empty, so D = R.

On the other hand if (D, ¢,D) is a tree pair for «, then ¢ is a
permutation of the leaves of D. Thus « has finite order equal to the
order of £. ]

Remark 2.2.9. A similar argument shows that every element @ € V must
have a periodic point. Choose a revealing pair (D, ¢, R) for a. If this
pair has a cycle of neutral leaves, then any point below any of these
leaves lies in a finite orbit. Otherwise there are no such cycles. Then
D # R,so D\ Rand R\ D are nonempty. Then the pair has at least one
attractor and at least one repeller, so « has an (attracting or repelling)
periodic point.

BEHAVIOUR NEAR PERIODIC POINTS

The simplest possible behaviour in a dynamical system is a point x
which the system moves back to itself after a finite time (possibly
immediately). These points have much to tell us about the system in
question. From a group-theoretical viewpoint in particular, suppose

that a” = g and that xa* = x. Then xy = xafy = xy(y~1aky) = xypk.

In words, points in a finite orbit under a get sent by conjugators into
a finite orbit of the same size under . There’s nothing special about
Thompson’s group here—this is just how conjugation interacts with a
group action. The point is that a group action can reveal information
about the group which is hard to discern from a purely algebraic point
of view.

In this section, we will use the knowledge we gain from revealing
pairs to describe what happens near to periodic points. We saw there
were two types of periodic points—those under cycles of leaves, and
others below attractors and repellers. We distinguish these two types
topologically, then go on to study the second kind—called ‘important
points’—in particular. Our aim is to describe in more detail how
important points influence the dynamics of elements of T.

We will denote by Fix(f) the points of the interval fixed by g € V.

When working in T, the same notation will refer to fixed points in the

circle.

% Bleak, Bowman et al. 2013,
Lemma 4.4.
% Burillo et al. 2009, Proposition 6.1.
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2.3.1

BEHAVIOUR NEAR PERIODIC POINTS

Important points for V

Let d be an attractor or repeller with spine s for @ € V. Then x = ds
belongs to a finite orbit under « of attracting or repelling periodic
points. We saw that all infinite orbits lie below source-sink chains.
These diverge from repelling periodic points and converge to attracting
periodic points. Assembling this information into a graph yields
the train tracks and flow graphs introduced by Bleak et al.” They are
useful for summarising the global dynamics of an element of V. Up
to the right notion of equivalence, flow graphs in particular serve as a
conjugacy invariant.

In short, the attracting and repelling periodic points are very signi-
ficant in determining the orbits of an element a. Let us give them a

name.28

Definition 2.3.1. Let (D, ¢, R) be a revealing pair for a € V. The
important points I, of a are the points of the form us al € 975, where i
is an integer, and u is an attractor or repeller with spine s. All other
points y € d7; \ I, are called unimportant.

This definition depends on a choice of revealing pair for . Salazar-
Diaz’s thesis? describes how all revealing pairs for @ can be obtained
from one another, via moves called ‘rollings’. If R is a revealing pair
for a, it can be checked that any rolling S of R yields the same set of
important points as R. Thus we are justified in referring to these points
as being important points of a, without reference to a revealing pair.

Why do we care about important points in Cantor space? We could
use the map 7t: 97, = I (from Section 1.2.3) to project from the Cantor
space to the interval, and then look for analogous points in I. However,
doing so gives us a blurrier picture with less information. This is part
of why Cantor space is the natural space for studying V

Let’s try an example: consider a from Figure 2.15. The point x = 011
is important for a, and in particular x is fixed by a. On the other hand
take y = 1000. Its forward orbit is

1000 — 1100 — 1110 > 11110 --- > 1"0 > ... ;

this contains infinitely many elements, and so y is not an important
point for & We see that x and y have different dynamical behaviours.
In particular, x is important whereas y is not. This distinction is lost
if we move to the interval, because the images x7 = yn = 1/2 are the
same. To recover the two different behaviours, we need to spend extra
effor taking one-sided limits. In this example we have (1/2)*a = 3/4+ and
(*2)*a’ =1 from the right, whereas (12)"a = 1/2and (1/2)"a’ = 1/2 from
the left.

TrE NExT cLAM follows immediately from the study of revealing pairs
earlier: in particular, from Proposition 2.2.6 and Lemma 2.2.8.
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%7 Bleak, Bowman et al. 2013, Sections
4.2-4.3.

2 Bleak and O. Salazar-Diaz 2013, after
Corollary 2.3

2 Q. P. Salazar-Diaz 2010, Section 3.5.
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Claim 2.3.2. There are always finitely many important points I, of an element
a € V. Moreover, |1,| = 0 if and only if a has finite order.

In the next lemma, we give a topological characterisation of an
element’s important points.

Lemma 2.3.3. Let @ € V, and let P be the set of points in 7, in finite orbits
under . Then 1, is the set of isolated points of P.

Proof. First we show that important points x are isolated in P; then we
show that unimportant points y € P are not isolated in P.

Take x to be an important point. Then we can write x = ds, for some
leaf address d such that either dsa” = d or da” = ds. To show x is
an isolated point of P, we must produce a neighbourhood of x which
contains no other points of P. We demonstrated in Proposition 2.2.6 that
[d] is such a neighbourhood, because all points in [d] \ {x } belong to
infinite orbits (which either attract to or repel from x). Thus important
points are isolated in P.

The unimportant points in finite orbits y € P are those below a leaf e
in a neutral cycle of leaves. To show y is not an isolated point of P,
we must show that any neighbourhood U of y contains a point z € P
distinct from y. Such a neighbourhood U must contain an open set of
the form [u], where u is a prefix of y. Let v be the longer of the two
words e and u, so that y € [v] C [e] N U. Then any point z € [v]\ {y }
is in [e], so must have a finite orbit. Hence z € P, which shows that y
is not isolated in P. ]

The following lemma uses the characterisation to identify important
points of powers &' —without constructing a revealing pair for a'.

Lemma 2.3.4. Let o € V and 0 # i € Z. Then the important points I(c)
and 1(a') are equal.

Proof. For a fixed value of 7, let P; denote the points x € d7; in finite
orbits under a’. The following statements are equivalent.

e x € Py

e xa" = x for some n # 0.

x =ds e [d] y € [u]
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Figure 2.15: Above: a revealing
pair for an element a € V. Below:
the element a viewed as a right-
continuous map I — I.

The two preimages (1/2)n™! € 973
have different dynamical behaviour:
one is fixed, whereas the other is
attracted to 111.

Figure 2.16: Schematic illustrating

the proof of Lemma 2.3.3. In this
example we have u = el, so thate isa
proper prefix of u” = 1. The horizontal
arrows are meant to suggest that [d] is
attracted towards the attractor x.
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e xa™ = x for some m # 0.

e x € P;.

This shows that P; = P;. Take the subset of isolated points on both
sides to see that I(a?) = I(«). O

We conclude with a short—but important—observation about im-
portant points.

Lemma 2.3.5. An element o € V permutes its important point set 1.

Proof. This is immediate from Definition 2.3.1: if u5a’ is important, so
too is usa’*l.

Alternatively, we could make use of the topological characterisation
above. Our element @ must map its set of periodic points P to P, or
else the points in P wouldn’t be periodic! The restriction a| p:P—P
of a to P is a homeomorphism, and so must preserve all topological

properties of P. In particular, a| p preserves the isolated pointsof P. O

Important points for T

In the rest of this thesis, we're going to work with the action of T on
the circle S!. We'll still want to use important points, along with all
the information we have at our disposal from the study of V. To keep
things in order, it's worth establishing definitions specific to T and S'.

Definition 2.3.6. Let 7t: d7; - I be the projection map from Sec-
tion 1.2.3, and let ¢>: I -» S! be the projection map which identifies 0
and 1. Define 719 = mt¢h: d7, — S! to be their composition. The import-
ant points of an element a € T are the points in the image I, 79 C S'.
All other points y € S! are called unimportant.

When it is clear from context that we are working with the action
S1 9 T of T on the circle, we shall simply call these the important points
of a. In this circumstance, we’ll drop the map 7y and refer to the
important point set as just I,, or occasionally I(a) if « is replaced by a
complicated expression.

Much of what we know about important points from Proposi-
tion 2.2.6 applies to important points t00.* We saw that points x € 97;
in infinite orbits move away from and converge to the orbits of import-
ant points (for V). As the projection map 7p: 97z - S! is continuous,
it must preserve limits. Thus we see that points x7p € S! in infinite
orbits for T move away from and converge to the orbits of important
points for T.

The following is another example where important points exhibit
the same behaviourin T and V.

Lemma 2.3.7. Leta € T.

1. 1, is finite; it is empty if and only if a has finite order.
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% Though as noted after page 36, the
picture becomes a little blurrier after
projecting to S'.
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2. Let 0 # i € Z. The important points of I(a) and I(a') are equal.

3. The element o € T permutes its important point set I,.

Proof. These follow from Claim 2.3.2, and Lemmas 2.3.4 and 2.3.5,
respectively. ]

Just like in V, we have a topological characterisation of important
points for T.

Lemma 2.3.8. Let I(a’) be the important points (for T) of an element o’ € T.
Then I(a’) = P’, where P’ C S' is the set of points in finite orbits under
a eT.

Proof. Inthis proof, primed symbols refer to the circle S!, and unprimed
symbols refer to the Cantor space d7,. We canview o’ € T asan element
a € V, where the latter acts on Cantor space d7;. These actions S Ly o
and d7; O a are compatible because?! amy = mpa’.

First we show that I(a’) C JP’. Take an important point x € J7;
for @ € V, so that xmp € S! is important for &’ € T. Now x must be
of the form x = 45, for some finite strings s and d (c.f. Lemma 2.3.3).
To show that x1p € dP’, we must show that any neighbourhood U’ of
x7o contains a point not in P’. As 1 is continuous, the inverse image
u=umn; ! is a neighbourhood of x. This means there is some basic
open set [1] with x € [u] C U. Let v be the longer of the two words d
and u, so that x € [v] C [d] N U. Our study of revealing pairs shows
that every point z € [v] \ {x } C U belongs to an infinite orbit (repelled
from or attracted to x). Thus our neighbourhood U’ contains a point
zmg € Un = U’ in an infinite orbit,? which establishes x € dP’.

Letrot(a’) = p/q in lowest terms. Then all finite orbits under o’ (and
a) have size g, by Proposition 2.1.9.5. This means that P’ = Fix(a¥).
Now P’ is closed, because fixed point sets of continuous maps : X —
X in a Hausdorff space X are closed. Hence dP’ C P’.

To finish the proof, let y’ € Sl be unimportant for a’. If y’ ¢ P’ then
y’ ¢ dP’ (by the paragraph above), so assume otherwise that y’ € P’
has a finite orbit. We will explain how to find a neighbourhood U’
of ¥’ contained within P’. Our argument breaks into two cases.

Suppose y' is nondyadic. Then y’ has exactly one preimage y € y'n;! C
P. We know y is unimportant and has a finite orbit,® so y € [e] C P
lies below a leaf e in a cycle of neutral leaves. Applying 7o, we
see that i’ € [[e]] C P’. Because y’ is nondyadic, y’ belongs to the
interior of [[¢]. Thus we may take U’ = [[e]°.

Suppose y' is dyadic. Then y’ has two preimages: o with tail 8, and 1
with tail 1. Again, each y; is unimportant and belongs to a finite orbit
so, each y; € [e;] C P lies below a leaf e; in a neutral cycle of leaves.
Applying 9, we see that y’ € [[e;] for both i. Set U’ = ([eo]] U [[e1])°.
If y' € [[ei]° for some i, then y € U’. Otherwise y’ is the right
endpoint of [e1]] and the left endpoint of [eg ]|, so again y € U’.
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31 That is, @ and a’ are topologically
semiconjugate (via 7).

32 The infinite orbit O, cannot project
onto a finite set under g, because
each point in the circle has at most two
preimages under mg. (Dyadics have
two preimages; nondyadics have one.)

% Argue as in sidenote 32: the orbit
of y cannot be infinite, as could not
project onto the finite orbit of y”
under 7.

Y1 Yo

leal ¥ [eoll
Figure 2.17: Schematic illustrating the
case of a dyadic unimportant point y’
with two preimages y; € d7;. We've
drawn d7; as the middle-thirds Cantor
set C here, to emphasise the distance
between yp and 1.

C
%14
Sl
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In both cases, there is an open set U’ contained in P’ and contain-
ing y’. This shows that y’ € (P’)°, and that y’ ¢ JP’ in particular. O

Remark 2.3.9. Let o’ € T have reduced rotation number p/q. We argued
in the proof above that P’ = Fix(af), and so we have I, = d Fix(a7).

WITH THAT OUT OF THE waY, which points can be important points
for an element § € T? As noted above, Ig = d Fix(f7) where g is the
reduced rotation number denominator. To simplify things, we put
a = 7 and look for important points z € d Fix(«).

Because our functions a are piecewise linear, there are two ways
they can have a fixed point. Firstly, a linear segment of a could have
gradient m = 1 and run along along the diagonal y = x. Alternatively,
a segment’s gradient could be m # 1 and cross the diagonal at exactly
one point. Thus our fixed point set’s connected components are
either fixed intervals or fixed singletons. What are the boundaries of
these components? At the endpoints of a fixed segment we have a
breakpoint, so the endpoints must be dyadics, and in particular they
must be rational. On the other hand, the isolated fixed points are their
own boundary. Where can they occur?

Take a linear segment of a with gradient M = 2" # 1 and initial
breakpoint (xo, yo). Its points (x, y) satisfy the equation y — yo =
M(x — x¢), where x¢ and yg are dyadics. We locate a fixed point z by
putting x = y = z; rearranging shows that3*

z=(yo—2"x0)/2" - 1) =s/(2" - 1)

is the dyadic integer s divided by an integer. Again we see that z is
neccessarily rational.
Can every rational in the interval be a important fixed point? The

answer is ‘yes’, as the next lemma shows.

Lemma 2.3.10. A point z € S' = [0,1]/{0 ~ 1} is a important fixed point
of some element of T if and only if z is rational.

Proof. We have just seen that any such fixed point z must be rational;
now we explain how to build an element a € T with z as a important
fixed point. To keep things simple, we’ll actually construct an element
a € F. Firstnote that d Fixq1(xo) = d{0} = {0}, where xq is the element
defined in Equation (1.2) and Figure 1.1. So 0 can be a important fixed
point. For the rest of the proof, we take z to be a rational number in
0,1).

Write z as a repeating base two number z = O.al;, wherea =a;...a,
and b = by ... by, are finite binary strings with n > 0 and m > 1. Then
z = abmt. Invoke Lemma 2.1.3 to build an element a € F which linearly
maps [ab] to [ab?]. It follows that a fixes z, because

za = abbam = ababm = ab®bm = abw = z.
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With this remark in mind, whenever
Kassabov and Matucci work with

d Fix(a) in F, we will work with
dFix(a)in T.

*In the more general setting of PLg ¢,
isolated fixed points take the form
s/(g—1),whereS e Sand1 # g € G.
Kassabov and Matucci call the set of
such points Qg. See Kassabov and
Matucci 2012, Theorem 6.12.
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a

1/3

Now we explain why z € d Fix(«) is important. To do so we need to
explain why every neighbourhood of z contains points not fixed by a.
At least one of the one-sided derivatives (say in the positive direction)
of o at zis 27 < 1. If z is not dyadic, then a must be continuous at z.
The other one-sided derivative (say in the negative direction) must also
be 27™, or else z would be a breakpoint. Then no point z + € in the
immediate vicinity of z is fixed by a. Otherwise z is dyadic. We can
modify® a outside of [ab] so that it is continuous and has a gradient
not equal to 1 in the other (say negative) direction. Then no pointz — €
in the immediate vicinity of z is fixed by a. m]

Corollary 2.3.11. A point z € S' = [0,1]/{0 ~ 1} is a important point of
some element B € T if and only if z is rational. The period of z under B can
be any positive integer.

Sketch proof. As discussed above Lemma 2.3.10, to study important
points it suffices to study important points which are fixed. So our first
assertion follows from the same lemma.

We can build an element § € T with z as a important point of
period n as follows. Choose a tree A with leaves ay, ..., a,. Then write
z = a;t57 as an infinite binary string, for some 7 and some strings ¢, s
with |s| = 1. Use Lemma 2.3.10 to find an element a € F for which
w = t57 is a important fixed point of . Choose a tree pair (D, R) for «,
say with m leaves each.

Form new a tree D’ (resp. R’) by attaching a copy of D (R) to each a;.
The new trees both have mn leaves in total. Then define f to have the
tree pair (D’, €, R’), where ¢ sends the ith leaf of D’ to the (i + m)th leaf
of R’. Then z belongs to an orbit of size n under . Moreover, points
near z are attracted to or repelled from z by "; this occurs because
points near w are attracted to or repelled from w by a. m]

The key thing to take away from this result is that any rational can
be important—even a nondyadic. This is a potential source of difficulty,
since (broadly speaking) it is more difficult to work with and around
nondyadic points z. We have to spend extra effort ensuring that z (or
any other point depending on z) is not a breakpoint of any elements
we're considering.
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Figure 2.18: We illustrate the proof of
Lemma 2.3.10. Since 1/3 = }},en47"
we can write 1/3 = 0.01 = 0.0101. We
construct a tree pair for F where 01
and 0101 are leaves of the domain and
range trees, respectively. The resulting
element « fixes the point 1/3.

% E.g. use Lemma 2.1.3.
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v

2.3.3 Partitioning at important points

Revealing pairs showed us that infinite orbits in d7; jump all over the
place, as they diverge from and converge to limit cycles—namely, the
orbits of important points for V. If we consider a suitable power a
instead of a, this ‘jumping’ vanishes. Instead, we find that intervals are
stretched away from repelling important points and squashed towards
attracting important points. Limit cycles of size n become separated
into n separate, stationary limit points—namely, the important points
themselves.

We're going to mirror this approach, using important points for T
instead of for V, and using the circle S! instead of Cantor space d7;. Let
a € T be a generic element. We know « has finitely many important
points. Enumerate them and sort them into circular order, say as
rg — -+ — ry—1 — 1o and let P; = [r;, ri41] for each 0 < i < n. Let
rot(w) = p/q in lowest terms, so that I(a9) = I,. If we have n = 0
important points, then a¥ = id, so the entire circle remains unchanged
by af.

Otherwise n > 1, so assume now that we have at least one important
point and cell. Each cell P; is fixed setwise by a, and may be equipped
with a linear order <,, formed by cutting the cyclic order on S at ;.3
For each cell, we will show that one of its endpoints either attracts,
repels, or leaves unchanged the points within P;. The other endpoint
must then repel, attract or leave unchanged the points of P;. Note that
if n = 1 then these two endpoints are the same point on the circle!

Lemma 2.3.12. Let a have rotation number p /q in lowest terms. Partition St
into cells P; = [r;, ri+1] as above, and write m; = r;“(oﬂ)’. Points in the cell
interior (r;, ri+1) are

* fixed pointwise by a7 if m; =1,
o repelled from r; and attracted to iz by af if m; > 1, and otherwise
o repelled from v, and attracted to r; by a9 if m; < 1.

Expressed in other words, this result says that the cell behaviour
under af is determined by the right-gradient r;"(a7)" at the start of
each cell. See Figures 2.20 and 2.21 for a visualisation.
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Figure 2.19: An illustration to com-
plement the proof of Lemma 2.3.12.
In this sketch, a function a has two
different gradients x*a’ = 1/2 and
x~a’ = 2 either side of a fixed point x.
The grid represents the square [0, 1]2.
Points x( are fed into the function
from the x-axis. These ‘staircase
diagrams’ show the iterations xpa”
starting with xo = 63/128 and xg =
1,for1 < n < 5. Gradients less
than 1 cause attraction to fixed points,
whereas those greater than 1 repel
points away from x.

% See Definition 1.1.7, and Equa-
tion (1.4) in particular.

Figure 2.20: The forward orbits of a7
will either leave points fixed—as

on the arc [r5, rg]|—or move them
away from one and towards another
important point. Each important
point may attract, repel, or have no
influence on its left and right side—see
Remark 2.3.13 for more on this.

In this example, 1o and r5 repel on
one side and attract on neither; rq
attracts on one side and repels on the
other; rp and r4 attract on both sides;
and r3 repels on both sides.
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(a)

Proof. Suppose for starters that m = 1. Then a¥ has to fix the entire
cell P;. If not, let x = inf{y € (r;,7ix1) | ya? # y } be the infimum of
points not fixed by a?. Then x must be a breakpoint, with x~(a?) =1
and x*(af)" # 1. But then x would belong to d Fix(a7), so x € (r;, ti41)
would be a important point. As we have already sorted I, into cyclic
order, no point in the cell interior is a important point: a contradiction.

Next is the case when m > 1. View the cell P; as a linearly ordered
set¥ Let s be the first breakpoint of a7 to the right of r;. Then a1 is
locally defined by (r;+€)a’ = r;+me, foralle intheranger; < ri+e < s.
Choose such an € and fix a point x = r; + €. As m > 1 it follows that
xa™ = v; + mNe for any N < 1. This converges to r; as N — —oo,
showing us that x is repelled from ;.

What happens as N — o0? We certainly have r; < x < xa9 < r,41.
As a1 preserves the linear order on the cell P;, we know r; < xa? <
xa®1 < riy1. Continue by induction to see thatr; < x < --- < xa™ <
ri41 for all N > 0. Now xa9N must converge to a important point as
N — co. Since the (linear) distance |xa?N — r;| increases with N, the
forward orbit of x cannot converge to r;; instead, the orbit must be
attracted to 7;41.

We now know that any point y € (r;, ri+1) is contained in the interval
(xa™1, xaM7), for some M > 0. Since a' is orientation preserving,

“MaFN x@Ma+N) - Taking limits as

the translate ya" belongs to (xa
N — +o00, we see that the entire cell interior (7;, r;41) is attracted to ;11
and repelled from ;.

The case m < 1 is similar; we could even replace @ with a™! and
argue as above. Then every point in (r;, r;+1) is attracted to r; and

repelled from 7. O

Remark 2.3.13 (Dyadics versus nondyadics). There exists an elementa € T
with only nondyadic important points—see Figure 2.22 on page 45.

If a important point 7 is attracting (repelling) on one side and not on
the other, then the gradients r~a?” and r*a?" must be different. So r is
a breakpoint, and hence must be dyadic. Taking the contrapositive, we
see that nondyadic important points r must have the same gradients
either side. It’s impossible for r to be neither attracting or repelling on
both sides—then it wouldn’t be important.3® So nondyadic important
points must either attract on both sides or repel on both sides.
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(b) (@) (d)

Figure 2.21: The circle can be divided
up into cells P; by the n important
points 7; of an element o € T.

(a) Here n = 0 and a7 = id. The
entire circle is fixed pointwise by af.

(b) Now n = 1s0 a¥ # id. Points
are repelled from r to the right, only
to be attracted to rg from the left.

(c) Now n = 2. Both important
points attract material from their
left and repel it to their right. Over
time, the powers of a7 will send all
unimportant points clockwise until
they approach a important point.

(d) Again n = 2, but this time points
are repelled on both sides by rg, and
attracted to r1 from both sides.

% See Equation (1.4).

3 See Remark 2.3.9.
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Gradients

One of the first comments in the part of Matucci’s thesis which deals
with conjugacy?® is that taking gradients at fixed points results in a
homomorphism. Unfortunately, we don’t necessarily have any fixed
points in T, so it’s not clear that we can use this approach. What can
we do instead? We start with the calculation behind all of this, which

boils down to careful use of the chain rule.

Claim 2.3.14. Let o and y be right-differentiable (left-differentiable) functions
under composition with positive gradients. Suppose that xa = x is a fixed
point and that y is invertible. Then the right (left) derivatives [xy]*(a”)
and x*a’ are equal.

Proof. The chain rule tells us that
(@) =0"ay) =07 - (7)),
so evaluating the right-hand derivatives at xy yields
[y @) = [y - (xyy ') - ([xal*y)).
The right-hand side simplifies to

(1" @) = Ly IF 7Y - () - (). (2.2)

after applying xa = x, cancelling yy~! and reordering the factors.

Finally, since y 'y = id, the chain rule informs us that
1= =07 0™,
SO
1=[y T O™ - oy 1Y) = [T 07 - ().
Applying this to Equation (2.2) yields [xy]"(a?) = xa’.

The calculation for the left-derivative is identical: replace every
superscript plus with a superscript minus. m]

Corollary 2.3.15. Let a” = B in a group of right-differentiable (left-
differentiable) functions under composition. Suppose that x is fixed by
a, B and y. Then the right (left) derivatives of o and B at x are equal.

Proof. This is the special case where xy = x. O

In F, Matucci applies this observation to elements @ and § whose
important points I, and I are equal.*! If these elements are conjugate

in F, say a” = B, their gradients at points x € I, = [g must agree.

Conversely, mismatching gradients will help us filter out nonconjugate
pairs of elements.
Can we use a similar approach to study conjugate elements , § € T?

Suppose again that their important point sets [, = Ig are identical.

Unlike in F, these sets need not be fixed pointwise by a and f (or even
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3 Matucci 2008, Section 4.1.2.

4 We're using the fact that our func-
tions are locally increasing here: see
Proposition 1.2.6.

41 Matucci 2008, Section 4.1.1.
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Figure 2.22: Two elements o, f € T
with only nondyadic important
points I, = {1/3,2/3}and Iz =
{1/6,1/3,2/3,5/6}. The rotation
numbers are rot(a) = 0 and rot(g) =
1/2. Also shown is the plot of the
square 2.

Figure 2.23: The elements a, € T are
conjugate via y € F.

Figure 2.24: Plots of o, f € T from
Figure 2.23. Notice the different
gradients (1/2)*a’ and (1/2)*p’.
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a conjugator y). Fortunately, we know that the actions of o and f on
this set are identical by Corollary 2.1.12. This weakens our hypotheses
to xa' = xp’ for 1 < i < q. This doesn’t give us much to work with
when repeating the previous calculation; indeed Figures 2.23 and 2.24
show that gradients at important points need not be conserved by
conjugation in T.

We need a bigger picture, with global rather than local information.

The answer is the ‘speed homomorphism’ of Bleak et al.#2 In short, we
don’t get enough information about dynamics by looking at a single
gradient at a point—we need to investigate gradients along this point’s
orbit.

Definition 2.3.16. Let O C S! be a finite subset of the circle. For any
element & € PL,(S!), define the right-speed of a at O to be the quantity %

asS;, = l_[(x+a’),
xe0
where the superscript + indicates a right-hand derivative. The left-
speed S, is the defined by the same formula, but using left-hand
derivatives (x~ instead of x*).

Claim 2.3.17. Let O be a finite subset of the circle permuted by a group
G < PL.(S"). Then Sg and S, are homomorphisms G — R>® which are
constant on conjugacy classes.

Proof. Suppose that @ and y permute O. Then

(ay) Sy = [**(ayy

xe0

[ ]ty - (xal®y)
xe0

[ Jeran ] Jxaly).

xe0 xe0

Now as a permutes O, we can substitute y = xa and iterate over
y € Oa = O. We obtain

(@)85 =asy[ [ y) =asy - yS5.
ye0

Now the speed (a”)S;, of a conjugate is the product (7/85)‘1 ~aS} S,
of speeds. Since the codomain group R’ is abelian, we see that the
latter speed is just aS;,.

The calculation for S is identical: replace + with — as before. O

Note that Corollary 2.3.15 is the special case of the previous result
when O = {x} is a singleton.

Remark 2.3.18 (Orbit speeds are gradients of powers). Suppose we take O
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4 See Bleak, Bowman et al. 2013,
Lemma 7.5. Their speed is the base 3
logarithm of our speed, because they
are working with the middle thirds
Cantor set C.

3 Speed isn’t quite the right word for
this quantity. Since we're taking the
product of derivatives at multiple
points, we can construct examples
where taking O to be larger results

in a larger speed. Perhaps we should
be using the geometric mean of
{x*a’ | x € O} instead, as a kind of
average speed rather than total speed?
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to be a finite orbit { xa’ }7:_01 . Applying the chain rule twice, we see that

x+(aq)/ — x+(aq71)/ X [xaqfl]Jra/

— x+(aq—2)/ . [xaq—2]+a/ X [xoﬂ_l]Jra’ )

Continue this until the leftmost factor is x*(a7-@=DY = x*a’. At this
point we obtain

q-1
xF(al) = l_[[xai]+a’ =asS},,

i=0

which shows that the speed over O is exactly the gradient of a7 at x.
If we were to take another representative y = xa/ € O instead of x,

exactly the same calculation would apply. It follows that y*(a7) =
x"*(a7). To put this in prose, gradients of gth powers are the same
everywhere on a size-g orbit.

To cLOSE THIS SUBSECTION we prove a classical result about F (and
F-like groups). We include it here to emphasise the fact that this is
an argument about gradients, so can be seen as a consequence of the
dynamics of F acting on the interval. Alternatively we could prove
this using the rotation number, as in Lemma 2.1.14.

Proposition 2.3.19. Let | be a compact interval. Then PLg c(]) is torsion-

free.
Proof. Letid # a € PLg(J), and let

x=sup{te]|sTa’ =1forall pointss < t}.

Then the interval (possibly singleton) [0, x] is fixed pointwise by a,
and m = x*a’ # 1. We saw above that the map (@) — G sending al
to x*(a')’ is a homomorphism, so x*(a’)’ = m'. As m # 1, we have
x*(a') # 1 for each integer i # 0. Thus a' is not the identity function,
foreach i # 0. O

ALIGNING FINITE LISTS OF POINTS

Let X: x1 < --+ < x, be a sorted list of points in the interval I. We
call such a list a linear partition, since it expresses I as the union*
of intervals [0, x1] U --- U [x;, xi41] U -+ - U [xy, 1]. In Section 1.1.1 we
saw special instances of this definition, namely dyadic partitions and
dyadic subdivisions. Let Y: y; < --- < y, be another linear partition
with the same number of points. We say that X and Y can be aligned
by F if there is an element a € F with x;a = y; for every index i.

Lemma 2.1.2 shows that any two dyadic partitions can be aligned
by F. Kassabov and Matucci go one step further,% explaining that
we can determine if two linear partitions of rational numbers can be
aligned with F.
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#In the usual definition of a partition
S =Upea Ta, the cells T are pairwise
disjoint. In contrast, the intersection of
any two of our cells is either empty or a
singleton { x; }.

4 Kassabov and Matucci 2012, Corol-
lary 6.14.
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Theorem 2.4.1 (Searching for alignments of with F). Suppose we have
two linear partitions 0 < y1 < -+ < Y <1land0< z; <--- <z <1
where each y; and z; is rational. There is an algorithm which constructs an
element o € F such that y; = z;a for each i, or else determines that no such o
exists.

Now our task is to extend this result to T.# A circular partition is
a finite list X: xo, ..., x,—1 of points in the circle with the property
that xg — x1 — -+ — x,-1 — xg. This partitions the circle into cells
[xi, xi+1] for 0 < i < n, with subscripts modulo n. Let Y: yo, ..., Yn-1
be another circular partition of the same length. We say that X and Y
can be aligned by T if there is an element a € T and index0 < j < n
such that x;a = y;; for every index i, with subscripts modulo 7. Such
an element a is said to align the two partitions with index difference j.
Note that the parameter j allows for up to n ways in which the circular
partitions can be aligned, while there’s only one way to align linear
partitions. An alignment with j = 0 is said to align the circular
partitions directly.

We can generalise the problem solved by Theorem 2.4.1 to the
following problem in T.

Problem 2.4.2. Let X: x¢...,x,—1and Y: yo, ..., ys—1 be two circular
partitions in which every element x; and y; is rational. Construct an
element y € T such that x; = y; for every i; or otherwise demonstrate
that no such y exists.

As stated, the problem asks us to align the circular partitions directly.
This is not a loss of generality: we may replace partition Y with its
j-fold left cyclic shift

Y<1j: yj/-'-/yn—lry()/-"/]/j—l-

Then any solution to Problem 2.4.2 can be used to determine if X
and Y9/ can be aligned directly. Such an alignment is exactly an
alignment of X and Y with index difference j. Repeating this for each
0 < j < n, we will determine which of the n potential alignments are
possiblein T.

Alignment involving a dyadic point

One strategy to find alignments in T would be to modify the partitions
with elements of T, sending x; and y; (say) to zero. Then we could
apply Theorem 2.4.1 to the modified partitions, and use its result to
solve the problem for the original problems. Unfortunately, in T we
can only map rationals to zero if they are dyadic.#’

Lemma 2.4.3. We can solve Problem 2.4.2 when one of the x; or y; is dyadic.

Proof. If there is no index i for which x; and y; are both dyadic, it is
not possible to align X and Y directly. So assume such an i exists, and
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#It’s probably more accurate to say
that we reduce the analogous results
for T to those of Kassabov and Matucci
in F.

4 See Section 2.1.1.
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relabel the partitions’ indices so that xo and yg are dyadic. Rotate the
points of X by —xo and those of Y by -1/ to obtain new linear partitions

X, = Xp—x1: 0/ xlp—x1/ crcy xn—lp—:q
and Y =Yp_y: 0, yip-yi, o) Yn-1P—y; -

Note that the maps p_, and p_,, are elements of T, because xg
and yo are dyadic. Use Theorem 2.4.1 to search for an element y’ € F
aligning X’ and Y’ directly. If such an element exists, it satisfies
XiP-xg) = Yip-y, for each i. Theny = p_4,y'p+y, € TFT C T sends
each x; to y;.

To complete the proof, we must show that if a solution y exists
to Problem 2.4.2 aligning X and Y, then there must be an element ’
matching X’ to Y’. This is almost immediate: if x; = y; then

YiP-yo = Xi¥ P-yo = XiP-xo(P+x0Y P-y0)
and 50 Y’ = P4y, P-y, Mmatches X’ with Y”. O

We’ve used a particular structure in this proof which is worth
emphasising, as we’ll make use of it later. First, a little formalism.

Definition 2.4.4. A search problem P may be modelled as a relation
from a set I of instances to a set A of answers. If i € I is related toa € A,
we say that i has answer a or that a is an answer for i. For instance, we
could take I = A = N and let P be the relation

aisananswer fori <=  gaisaprime dividingi.

Less formally, # is the problem ‘find a prime factor of i’.

An effective solution to P is an algorithm which takes an instance i € I
as input and outputs an answer 4 for i in finite time. If no such a exists,
the algorithm must terminate with no output in finite time. We say
that P is solvable if there exists an effective solution to . An answer
computed by such a solution is sometimes called a positive certificate for
the instance i under consideration. Similarly, evidence that there does
not exist an answer for 7 is sometimes called a negative certificate for i.

Remark 2.4.5 (Reducing search problems). In the previous proof, we
showed that one search problem P reduces to another Q by arguing as
follows.

* Ananswer g for an instance p of  can be algorithmically constructed
from an answer a’ to a particular instance g, of Q.

* If an answer 4 for p exists, then an answer a’ for q, must exist.

We can now build an effective solution for # given an effective solution
for Q. When an instance p is input, use the given solution to find an
answer a’ for g,. If there is no such answer, then there is no answer
for p by the contrapositive of the second bullet. Otherwise construct a
from a’; this is possible and is a correct answer by the first bullet.

49

Note the similarity to the proof of
Lemma 2.1.7.

For more details, see R. W. Floyd and
Beigel 1994, Chapter 2.

Note that the second instance ¢,
depends on p.
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In our proof above, p is the instance “find a direct alignment of X
and Y by T” of Lemma 2.4.3. On the other hand, g, is the instance
“find an alignment of X" and Y’ by F” of Theorem 2.4.1. The answers
to these questions are y and )’ respectively.

Corollary 2.4.6. Two circular partitions X and Y with the same size con-
sisting only of dyadics can always be aligned by T.

Proof. Rerun the proof of Lemma 2.4.3 assuming that each x; and y;
are dyadic. The modified partitions X’ and Y’ would also consist only
of dyadics. This time, we would be able to use Lemma 2.1.2 (instead
of Theorem 2.4.1) to align the primed partitions. This lemma always
returns a concrete element 9/, and thus the proof would always build
an aligning element . m]

Alignment involving no dyadics

To complete our description of a solution to Problem 2.4.2, we need to
handle the remaining case where no point x; or y; is dyadic.

Lemma 2.4.7. We can solve Problem 2.4.2 when no partition element is
dyadic.

Proof. Let X: x1...,x, and Y: y1,..., Yy, be our circular partitions.
Choose a small arc [xg, x15] with dyadic endpoints containing x;
but no other x;. Similarly choose [yo, y1.5] with dyadic endpoints,
containing y; but no other y;. We obtain new partitions

X'txp > X1 > X152 X2 D X3 Xy = X

and Y:yo—y1 =5 = Y2 Y3 = = Ya = Yo,

both of which contain a dyadic point. Any function y’ € T directly
aligning X’ and Y’—sending x; — y; for each 0 < i < n—solves the
problem for the original partitions X and Y. Use Lemma 2.4.3 to decide
if there exist such a y’, and return it if so.

Now we need to explain why such a y’ must exist if the unprimed
partitions can be aligned by some y € T. In this situation, any arc
[x0, x155] as above is mapped to some other dyadic arc [xg), x1.5)] which
contains the point x1y = y1. Because x, — x5 — X1 — X15 — X2
is in cyclic order, so too is the list y, — X5V — y1 — X157 — VY2,
because y preserves cyclic order. Thus we can align X’ and Y” if we can
find a 6 € T which aligns X’y and Y’. Explicitly, these partitions are

X,:XO.S — X1 ™ X15 /X2 X3 /=Xy — X05,

X'VZ X05)Y ™ Y1 — X15) = Y2 2 Yz — = Yy — X05)

and Y':iyo —y1i— Y15 D Y2 Ys— = Yn = Yos-

Now we use a trick of Kassabov—Matucci.*® Choose more dyadic
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Note that we’re indexing our partitions
from 1 to n here, instead of 0 to n — 1.

* Matucci 2008, see Figure 4.3.
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points zg 25, z0.75, Z1.25 and z1 75 such that the lists

Z: 2025 = X05Y — 20.75 — Y1 —> Z1.25 — X15) — Z1.75 — Y2 —
—Ys—= - —Yn 2025
Z': 2005 = Yo5 — 2075 = Y1 — 2125 = Y15 — 2175 — Yo —

= Ys— - 2 Yn 2025

are in cyclic order. Apply Lemma 2.4.3 to copies of Z and Z’ which
have had the {y; | i € Z} removed. All points remaining in the copies
are dyadic, so the lemma will produce a map g € T aligning the copies.
Modify 6¢ by forcing it to restrict to the identity function on the arcs
[20.75, z1.25] and [z1.75, z0.25]; this is possible because each z; is dyadic.
The result, say 6 € T, aligns the uncopied partitions Z and Z’. Thus the
composition y’ = y6 € T aligns the partitions X" and Y’ directly. O

Corollary 2.4.8 (Searching for alignments of rationals with T). Prob-
lem 2.4.2 has an effective solution.

To CLOSE THE CHAPTER, let X and Y be the circular partitions described
in Problem 2.4.2. It is possible to test for the existenice of an aligning
map y € T without attempting to construct it.#

Lemma 2.4.9 (Deciding when rationals can be aligned with T). Let
X:x0,...,Xp—1 and Y yo, ..., Yn—1 be two circular partitions in which
every element x; and y; is vational. Each point has a binary expansion
X = O.Hib_j and y; = O.Citz with repeating tails b; and d;. Let

Bi = miniex{b;, b7,b7?,...} and Dj=min{d;, d7,d7% ...}

be the lexicographically minimal cyclic permutation of these tails.
Then there exists a map y € T aligning X and Y directly if and only if
Bi = D; for each i.

The fact that y aligns these partitions directly is not a loss of generality.
To recover the general case, replace Y with a cyclic shift Y/, as below
the statement of Problem 2.4.2.

Sketch proof. If x;y = y; then it is neccessary that x; and y; have the
same repeating tail up to cyclic shifts, and hence have the same lexico-
graphically minimal repeating tail. This is established in Lemma 2.1.5
and the discussion following it.

To show that this condition is sufficient, let y; € T be such that
x;iyi = T. (Again, Lemma 2.1.5 and the discussion following it establish
that such a map exists.) Surround each point x; with a sufficiently
small closed arc I; such that the collection of arcs { I; }o<;.,, are pairwise
disjoint. We may then apply Lemma 2.1.7 to glue the restriced maps

7i|1- together, forming a map y € T with 7/|1- = y;|, for each i. In

B
particular, x;¥ = x;; = y; holds for each i. O
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# We thank C. Bleak for highlighting
this fact. The proof sketch we give is
essentially that given above Kassabov
and Matucci 2012, Cor. 6.14.
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Conjugacy in T

THE coNjuGgacy PrOBLEM (CP) in a group G is the following decision
problem: given elements a, f € G, determine if there exists an element
y € G such that a” = . The corresponding search problem—which
we consider here—requires us to construct a conjugator y as a positive
certificate of conjugacy.

Conjugation has been well-studied in Thompson’s groups. Higman
used the universal algebra viewpoint! to solve CP in the groups V, ;.
(Informally, these groups are versions of V whose gradients are powers
of n and whose functions rearrange [0, r), for integers n and r.) As
part of a study of power conjugacy in V), ,, a small error was corrected
in Higman’s CP solution by Barker et al.2 The corrected algorithm was
implemented by the author in Python.> A more concrete approach
to conjugacy in V using revealing pairs to understand dynamics was
given in Salazar-Diaz’s thesis.*

In F, CP was solved by Guba and Sapir using Diagram groups.®
Another solution to CP in F was given by Gill and Short, building ‘on
the geometric invariants introduced by Brin and Squier”.®

Matucci’s thesis gives a unified approach to conjugacy in all three
groups F, T and V, in joint work with Belk. The authors use strand dia-
grams, describing their strategy as ‘dual’ to that of Guba and Sapir. They
prove’ that an element’s ‘reduced annular strand diagram’ (RASD) is
a conjugacy invariant, and that two elements of F are conjugate if and
only if they have the same RASD. Computing and comparing RASDs
can be performed in linear time.® The approach generalises to T and V,
but requires cubic time.® More recently, this technique was adapted by
Aroca for larger groups V,,(H) of homeomorphisms.

The fourth chapter of Matucci’s thesis—later published as an article
with Kassabov—solves the k-simultaneous conjugacy problem (SCP) in F.
This is a harder problem, taking as input 2k elements «;, ..., ay and
B1, ..., Pk The goal is to determine if there exists an element y such
that 0‘3, = B; for each i simultaneously; note that the special case k =1
is the ordinary conjugacy problem. Again, the corresponding search
problem requires us to produce such a conjugator y as a positive
certificate.

Kassabov-Matucci’s approach views F = PL,(I) as a group of PL
functions, and generalises naturally to the larger groups PLs(])
with d] dyadic. They outline a four-step plan™ to tackle SCP in these
larger groups.

Step 1. Find an element of F which aligns Fix(«r) with Fix(g).

Step 2. Solve the conjugacy problem when Fix(«) = Fix(f).
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We did not define a decision problem
formally in Definition 2.4.4. Briefly, a
decision problem is a search problem
for which every instance i has exactly
one answer ‘yes’ or ‘no”.

! Higman 1974.

2 Barker, Duncan and Robertson 2016

3 Robertson 2015.

4 0. P. Salazar-Diaz 2010.
® Victor Guba and Mark Sapir 1997,
Theorem 15.23.

¢ Gill and Short 2013; Brin and Squier
2001.

7 Belk and Matucci 2014, Theorem 2.10;
see also Theorems 2.12 and 2.15.

8 Hossain et al. 2013.

9 Matucci 2008, Theorem 2.4.5. See also
Proposition 2.1.10 for cutting paths.

10 Aroca 2018.

11 Kassabov and Matucci 2012, Sec-
tion 2.2.
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Step 3. Describe the intersection of element centralisers.
Step 4. Reduce the SCP to a ‘restricted” conjugacy problem.

In this chapter we will generalise the first two steps to the group T.
The tools required to do so have mostly been covered in Chapter 2.
Since we will frequently refer to them, we abbreviate ‘Kassabov and
Matucci’ to ‘K&M'.

CONSTRAINTS ON CONJUGATORS

In this section we present three lemmas which describe the relationship
between a conjugator y and its restriction )/|u to some subset U C S'.
We'll use this to see how partial maps can be extended to bona fide
conjugators.

If we have a candidate conjugator y defined on some small set U,
the first lemma explains how y must be defined on the a-orbit of U.

Lemma 3.1.1. Let a, B and y be permutations of a space X. Suppose a¥ = B,
and let U C X. Then y is uniquely determined on the translates Ua' by o, B
and y|u.

Proof. Let t € Ua' be a point in a given translate of U. Then ty =
ta~'yp'. The statement t € Ua' is equivalent to ta™ € U, so y in the
previous equation can be replaced by )/|u. Thus y must satisfy

ty = ta™ 7/|u Bl forallt € Ua'andalli€Z, (3.1)

so y is uniquely determined on translates Ua’ by «, § and 7/|u. m]

If the translates of U cover the whole space X, then this condition is
sufficient for y to be a conjugator.

Lemma 3.1.2. Let a, p and y be permutations of a space X, and let U C X.
Suppose X = jez Ual. If y satisfies Condition (3.1), then a? = .

A note of caution: if @ and p belong to some group of interest
G < Sym(X), there is no reason that a map y satisfying Condition (3.1)
also belongs to G. We have to decide if y € G separately.

Proof. By hypothesis, each t € X belongs to a translate Ua’. Then
ta € Ua'™, so
(ta))/ — t()é()(_(iH) y|u ﬁiH ;

whereas
(ty)B = (ta™ y|, BB

As the two right-hand expressions are equal and this argument holds
forall t € X, we see that y = ay. O

This gives us a crude means to search for conjugators. First we
find a set U with the property that X = (J;cz Ua'. Then we choose a
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Our approach is reminiscent of the
discussion preceding Lemma 2.1.7: we
reduce a problem P in T to a problem
Qin F. Aslong as the reduction takes
finite time and calls a solution to

Q a finite number of times, we can
implement a solution to P.

To abuse terminology, our problem P
is “virtually Q’ (in the finite-index
sense of virtually cyclic, virtually
hyperbolic, etc. groups).
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bijection 6g: U — V, for some set V C X. We define 6: X — X by
t6 = ta_iéoﬁi forallt € Ua' and alli € Z. (3.2)

Then we check to see if 0 conjugates a to f. There are two details to
verify. Firstly, because the translates { Ua'} may overlap, we need
to check that 6 is well-defined. We also need to verify that 6 is a
permutation, i.e. that 671: X — X exists. The next lemma does so,
under some additional hypotheses.

Lemma3.1.3. Let a and  be permutations of a space X. Alsolet U, V C X be
such that X = Jjez Ua' = Uz VB'. Suppose there exists an integer g > 0
with the following properties.

1. U=Ua%and V = V1.
2. UnUal=0and VA VBl =0, foreach0< € <q.

If 60: U — V is a bijection with 63 a‘7|u 60 = 1|/, then the map & defined
by Equation (3.2) is a well-defined permutation, with a® = .

Proof. The only means by which 6 may be ill-defined occurs when
Ua' N Ual is not empty, for distinct integers i < j. Assume that this is
the case. In order for 6 to be well-defined, we require that

ta‘iéoﬁi = ta_jéoﬁj forallt € Ua' nUa/,

for each such pair i < j as above. By multiplying on the right by g,
we see that this condition is equivalent to

ta5 = ta_jéoﬁj_i forallt € Ua' nUa/ .

Let t’ = ta~'. Noting that ' € (Ua' N Ua/)a™ = U N Ua/™, this is
equivalent!? to

t'og = t’a_(j_i)éoﬁj_i forall e UnUal™.

There exist unique integers n > 0 and 0 < r < g such that j —i =
ng + r. Since U = Ua, it follows that Ua™*" = Ua". If0 < r < g,
property 2 tells us that U N Ua™*™ = U N Ua" is empty. Thus the
only way for Ua’ N Ua’ to be nonempty is if = 0. Now we know that
j —i = ng, the condition we have been tracking is now

60 = t'a”"oep"  forallt' € U. (3.3)

Now we need to demonstrate that this statement is a consequence of
our hypotheses.
Thanks to this lemma’s requirements on 6o, we know that

tog = ta™100B1 forallt e U. (3.4)

Now if ¢’ € U, then t'a™ € U also. Applying Equation (3.4) tells us

"> On the right-hand side, replace ¢
with ta™"a! = t'a’.
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that 'a™109 = (H'a™1)a"169p7. Multiplying by p9 on the right yields
Ha 160B7 = t' a5 forallt' e U.

However the left-hand side of this equation is just t'6y, again by
Equation (3.4). We conclude that

o0 =ta 250p*  forallt' € U.

Use the same trick to see that t'a 275y = t'a~2150f7 for all ' € U; then
conclude that /8o = 'a™21508%1 = t'a~315¢%1. Repeating this process
inductively, we deduce that

60 = t'a M15op™ forallt’ € Uand allm >0,

and in particular this holds for m = n. Thus Condition (3.3) holds,
meaning that 6 is well-defined.
Is 6 an invertible function? We know that 6 restricts to g functions

8]t = (@7760B")] e : Ua! = VB,

where 0 < i < q. These restrictions are a composition of invertible
functions a~1, 5y and B, so each restriction 6|u“i is a bijection. Now we
argued above that { Ua' }<;., is a partition of X; similarly, { VB }o<;<,
is another partition of X. Thus 0 is a bijection. We can conclude that
a® = B by applying Lemma 3.1.2 with 6 in place of y. O

THE MIRACLE OF F

The aim of this short section is to justify a miraculous lemma about
conjugacy in F and F-like groups. Briefly: conjugators between powers
are also conjugators between roots.

Proposition 3.2.1 (The miracle of F). Let o, 8,y € PLs(]), for some
compact interval |. Let n # 0 be any integer. Then o¥ = B if and only if
(am) = p".

This miracle has two particularly nice consequences.

Corollary 3.2.2 (Roots are unique in F). et a, § € PLsc(]) and let n # 0
be an integer.

1. o = " ifand only if a = .
2. Cpr(p)(@) = Cprg()(a”), where C(+) denotes a centraliser in H.

Proof. These are special cases of Proposition 3.2.1. For part 1, choose
y = id. For part 2, choose a = . m]

How should we prove our miraculous proposition? The hard work
has already been done for us by Kassabov and Matucci (K&M). We
will use the following result of theirs.
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Lemma 3.2.3. Let | = [jo, j1] be a compact interval and let o, B € PL(S’,G( )]
be almost one-bump functions. Fix an element ¢ € G. There is at most one
element y € PLs (]) such that a¥ = B and j§y' = g. Similarly, there is at
most one element y € PLs g(]) such that a¥ = Band j;7y' = g.

In other words, this lemma says a conjugator between almost one-
bump functions is entirely determined by its initial (or final) gradient.

Proof. K&M prove this result in the case’® where d] C S. For the case
where J] ¢ S, we can use the larger breakpoint group S’ = R and
apply their proposition in the context of the larger group PLg g(J).
This is legitimate because d] C R. o

Proof of Proposition 3.2.1. The = direction is immediate; we need to
establish the <= direction. Assume then that (a")” = . We’ll split
our argument into various cases based on the ‘bumpiness’ of a”.

No bumps. If a" =id then " = (a")” =id” = id. Since F-like groups
are torsion-free,* it follows that @« = = id. So it is certainly the
case that a” =  holds.

Almost one-bump. If a” € PLg c(J) is an almost one-bump function,
then by definition Fix(a) N S = d]. Now

Fix(B") NS = Fix([a"]") N S = Fix(a™)y N S
= [Fix(a") N S1y = 3]y = 9],

meaning that " is also an almost one-bump function.

Seeking a contradiction, suppose that « is not an almost one-bump
function. Then there is some point s € S N J° fixed by a. But
that point s would also be fixed by a”, contradicting our earlier
assumption that a” is almost one-bump. We conclude that a €
PL(S),G( J) must be almost one-bump. Apply the same reasoning with
B in place of « to see that § € PLg,G( J) is almost one-bump too.

Observe that the elements § and a” both conjugate " to itself:
(B")f = p" and

(BN = (@) g = yla T (yp"y Day
= (ala"a) = (a") = p".
Write | = [jo, j1]. As the elements a” and " are conjugate, their
initial gradients
ji(@"y = (jga’)" and j3(B"Y = (jyB)"

must be equal, by Corollary 2.3.15. Take nth roots in the gradient
group G = 27 to see that the initial gradients of & and f are also
equal. Use Corollary 2.3.15 once more to learn that initial gradients
of @ and &’ are equal. This establishes that a” and f share an initial
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13 Kassabov and Matucci 2012, Proposi-
tion 4.20, Remark 4.22.

While their computational require-
ments (see their Section 3) are not sat-
isfied when using R as the breakpoint
group, the uniqueness of conjugators
with a given initial gradient still holds.

4 Proposition 2.3.19

Argue as in Section 2.1.1 to see

that PLg g(J) acts on S N J. This
means that Sy = S, which justifies the
third equality.

This paragraph’s argument is that
given in Kassabov and Matucci 2012,
Lemma 4.13.
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gradient and both conjugate " to itself. By Lemma 3.2.3 we must
have a = .

Many bumps. Let A = d]U(dFix(a") N S)and B = dJ U (IFix(B") N S).
Enumerate these setsas A = {ag < --- <ay}tand B={by < --- <
bw}. Thenm > 1, ] = [ag, am] = [bo, by], and a;y = b; for each i.
Define A; = [a;,ai+1] and B; = [b;, b;jy1] so that A;a = A;, Bip = B;
and A;y = B;. Then the restrictions a|Ai, a”|Ai, ﬁlB,- and ﬁ”|Bi are all
almost one-bump functions.

We are in the situation where (a")” = g". Restricting this equality

to B;, we see that (a”|A,)y|Ai = ﬁ”|Bv. As all three restrictions are

almost one-bump functions, we can use our argument from the

previous case to conclude that (a| Av)y|Ai = ,3|3 for each i. Thus
al = ﬁ O

We could try to extend this ‘miracle” from F to T. Unfortunately,
there is no miracle'® of T, so we can only use the ideas and techniques
from F up to a point.

FINDING COARSE CONJUGATORS

The rest of this chapter describes an algorithm to solve the conjugacy
problem in T. Given a, § € T, we are asked to construct (if possible)
a conjugator y € T with a” = . First we should establish any
conditions on a and  which are necessary for y to exist. We know from
Proposition 2.1.9.3 that the rotation numbers of conjugate elements are
equal, so our first task is to compute and compare rot(«r) and rot(S)
using Theorem 2.1.13. If these are not equal, we immediately conclude
that the elements are not conjugate. Assume then that rot(a) = rot(p)
is a rational number p /g in lowest terms.

As we've noted before, if x € S! is fixed by a, then x is fixed by a”.

The converse is true too, so if § = a” then Fix(8) = Fix(a?) = Fix(a)y.

Replacing a with a!, we see that any conjugator y must map Fix(a’)
to Fix(p’), for each i € N. We know by Proposition 2.1.9.5 that
all finite orbits have period 4. Thus any conjugator y must satisfy
Fix(a7)y = Fix(B7). We give a name to maps satisfying this condition.

Definition 3.3.1. Let o, 8 € T have the same rotation number p/q in
lowest terms. An element 6 € T for which Fix(a7)0 = Fix(87) is called
a coarse conjugator for a and f.

Now we explain how to search for coarse conjugators; in Section 3.3.3
we’ll see how they can be used to solve the conjugacy problem.
If 6 is a coarse conjugator then Fix(a7)0 = Fix(g7). Because T is

a group of homeomorphisms, it follows that d Fix(a7)6 = d Fix(p7).

In other words, the important points I, of @ are mapped by 6 to the
important points Ig of f. This gives us another necessary condition
to establish: it must be the case that |I,| = |I3|, or else they cannot
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These sets are the important points of
a’ and " for F.

15 For example, let a, B € T be the
elements described in Examples 5.1.2
and 5.1.3. These are constructed
such that a? = g2, so the powers are
conjugate via y = id. Buta # B, so
a’ # f in this example. Thus there is
no miracle of T.

In F, the rotation number is always

0 = 0/1, so Kassabov and Matucci
(K&M) know their conjugators y have
to map Fix(a) to Fix(B).
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be aligned by any map 6 € T. If this is not the case, we immediately
conclude that the elements are not conjugate.

How we proceed depends on the number of important points
n = |Iy| = |Ig|. We handle the two cases n = 0 and n > 0 separately.

No important points

In this section we handle the case where there are no important points to
align, i.e. when d Fix(a7) = d Fix(B7) = 0. A set has empty boundary if
and only if it’s closed and open. The only closed and open subsets of S*
are the empty set and S! itself (because S! is a connected space). We
can’t have Fix(af) = 0: that would mean that & has no periodic points,
but this is false (see Remark 2.2.9). Thus Fix(a7) = S and Fix(B7) = S!
are equal. Since g is the reduced rotation number denominator, we see
that @ and § are torsion elements of T with order 4.

Notice that when we have n = 0 important points, the fixed point
sets are automatically equal—there is no need to search for a coarse
conjugator.

It turns out that torsion elements with the same rotation number are
always conjugate. Put differently, the rotation number is a complete
conjugacy invariant for torsion elements. To the best of the author’s
knowledge, this result is due to Burillo et al,'¢ but see also the work of
Matucci’” and Geoghegan and Varisco.®

Lemma 3.3.2. Torsion elements o, B € T have the same rotation number
if and only if they are conjugate in T. In this situation, we can construct a
conjugator 6 € F so that a® = B.

Proof. We already know—from Proposition 2.1.9.3—that the rotation
number is a conjugacy invariant. We prove the other implication by
constructing a conjugator 6 € F.

Let the rotation number be rot(a) = rot(f) = p/q in lowest terms.
Use A and B to denote the orbits of 0 under a and f, respectively.
Arrange them into circular order, say as

A:0=ap—> a3 — - —a;1—0

and B:0=b0—>b1—>---—>bq_1—>0,

and let the arcs A; = [a;,a;+1) and B; = [b;, bi+1) be the ith cells of
these partitions, closed at the left and open at the right. We know from
Lemma 2.1.11 that a;& = a;4p and a; = apa’® where k = p’l mod 4.
It follows that A; = Aga’* and Apa’ = Aipmod g- The same is true
replacing the symbols a;, A; and a with b;, B; and f, respectively.

Use Lemma 2.1.1 to produce an element 69 € F for which a169 = bs.
Then Apdg = By, as 0g fixes ag = bo = 0. For each i, the composition
¢ = a‘ikéoﬁ”‘ isa PL, map A; — B;. Use Lemma 2.1.7 to glue? these
functions together. The result 6 € T is defined by

to = ta‘ikéoﬁik ift € A; = Aga’*, foreach 0 < i < q,

59

16 Burillo et al. 2009, Corollary 6.2.

17 Matucci 2008, Proposition 2.2.13,
Lemma 7.1.2.

18 Geoghegan and Varisco 2017, Corol-
lary 2.6.

[ (A 4 4]
Lo/
DR

/7) k l)v k /)7 k

Figure 3.1: A schematic depicting the
cells A; and Bj;, as well as the maps ak,
ﬁk and O().

19 Strictly speaking, our definition

of PLy maps and the gluing lemma
require that the domain and codomain
of the ¢; are closed. This isn't a
problem: extend ¢; to a map A; > B;
between closed arcs by defining

ai+1¢; = biy1. (The overbar denotes the
closure operation.)
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for each 0 < i < g; this is a particular instance of Equation (3.2).

Now apply Lemma 3.1.3, where the arcs Ap and By take on the
roles of U and V, respectively. The lemma’s requirements are satisfied,
because

o {A; }?:0 and {B; }?:0 are both partitions of the circle;

e ApalNApa) = Aipmod g NAjpmod g # 0 ifand only if i = j (mod g),
and similarly for B; and Bj; and finally because

Thus we conclude that 6 € F is a well-defined conjugator between a
and . ]

At least one important point

Now we handle the remaining case, in which there are n > 0 important
points which must be aligned by a coarse conjugator. In this situation,
a and p have infinite order, so we have to deal with points in infinite
orbits converging to and from attracting and repelling points. (Contrast
this to previous section, where all points belonged to size g orbits
under a and §.)

Enumerate the important points in cyclic order as I, : x1, ..., x, and
Ig: y1,...,Yn. A coarse conjugator must align these cyclic partitions,
with some index difference 0 < j < n. We determine if a coarse
conjugator 6 exists by looping over each value 0 < j < n, and looking
specifically for a coarse conjugator 6; with index difference j.

There is a necessary condition to worry about. Let X; = [x;, x;11]
and Y; = [yi, yi+1] be the cells corresponding to the important point
partitions. Then X;6; = Y. For §; to exist, it is necessary that

whenever X; is fixed pointwise by a¥, its image (35)

X;o j= Yl-+]- must be fixed pointwise by 7;
this is because Fix(a7) is sent to Fix(87) by any conjugator. We can
determine if a cell is fixed pointwise using Lemma 2.3.12, so for each j
we can check if Condition (3.5) holds true. If not, then there cannot
be a coarse conjugator 6; with index difference j. For any remaining
values of j, we defer to Corollary 2.4.8 and construct—if possible—a
coarse conjugator 0.

Reducing to a search for fine conjugators

Now that we’ve explained how to find coarse conjugators, how do we
use them to solve the conjugacy problem?

Definition 3.3.3. Two elements «, f € T are called coarsely equivalent
if they have the same reduced rotation number p/q and the same
periodic point sets Fix(a?) = Fix(f7). Such elements have the same
important points I = I, = Ig.

C.f. Section 2.4.
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X, X,

Y1

Xy X1
Yy

Suppose as above that a, f € T have the same rotation number p/q
in lowest terms. If there is a coarse conjugator 6 between these two
elements, then Fix([a®]7) = Fix([a7]°) = Fix(a?)6 = Fix(87). We also
know that rot(a) = rot(a®), so the elements a® and f are coarsely
equivalent.

Next, suppose that a ‘full” conjugator y with a” = g exists. Then
certainly (2% = B. Now we need a procedure to find an element €
of the form 67!'y; what are these properties?

Definition 3.3.4. Let o, € T be coarsely equivalent elements with
important points [ = I, = I. Amap € € T with a® = g which fixes I
pointwise is called a fine conjugator between a and f.

Given coarsely equivalent elements «a and f, the aligned conjugacy
problem (ACP) is the search problem which asks us to find a fine
conjugator € between « and f, or determine that no such € exists.

If we find a fine conjugator € between a® and 8, then we can use
y = d€ as a full conjugator between « and . This suggests that we can
reduce CP to ACP. We explain why this is the case with the following
formal algorithm, which corresponds to step 1 of K&M'’s four-step
outline.

Algorithm 3.3.5 (Reduction to fine conjugator search). The following
procedure constructs a coarse conjugator for elements a and fin T,
and reduces the conjugacy problem to ACP.

1. Check that the elements have the same reduced rotation number p/q.

2. Check that they have the same number of important points n =
| = [1g]-

3. If n = 0, use Lemma 3.3.2 to construct a conjugator y and return it.

4. Foreach0<j<n/g:

(a) Foreach1 <i < n,check that X; is fixed pointwise by af if and
only if Y;,; is fixed pointwise by 9. If not, continue to the next
value of j.

(b) Use Corollary 2.4.8 to construct a element 6; mapping I, to Ig
with index difference j. This is our coarse conjugator. If this is
not possible, continue to the next value of ;.
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Figure 3.2: In this schematic, the even-
indexed cells X; are fixed pointwise
by af, but odd-indexed cells are

not fixed pointwise by a¥. Similarly,
even-indexed (odd-indexed) cells Y;
are (are not) fixed pointwise by 1.
Condition (3.5) tells us that we should
only look for coarse conjugators 0g
and 0; with index differences 0 and 2,
respectively, because we need to map
cells fixed pointwise to cells fixed
pointwise.

The name ‘fine’ is unfortunate, because
‘a fine” sounds and reads like “affine’.

The key phrase in this definition is
fixes I pointwise. The idea is that we
want coarse conjugators alone to be
responsible for aligning important
points; once they're aligned, fine
conjugators should leave them well
alone.

The loop bounds are tighter than the
discussion above would suggest; see
the proof for a justification.
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(c) Use a solution to ACP to construct an element €; which fixes I
pointwise and satisfies (a%)¢ = . This is our fine conjugator.
If such an €; exists, return the product y; = 6;€; as a positive
certificate of conjugation. Otherwise continue to the next value
of j.

5. If any of the checks in steps 1 and 2 fail, or if we never return from
the loop in step 4c, there is no conjugator a? = .

Proof of correctness. If the algorithm succeeds, then we produce a bona
fide conjugator. We must explain why the algorithm will succeed
if such an element y exists, with index difference j say. All of the
necessary conditions (‘Check that..” above) will be satisfied. The
case where a and p have (the same) finite order is handled by step 3.
Otherwise we reach step 4.

We know from Lemma 2.1.11 that a acts on its important points I,
by pushing them pn/q steps forward. If p # 0 then let k = p~! mod g,
so that a¥ pushes I, forward by t = n/q steps. Write jo = ¢t + j, where
¢and j are integersand 0 < j < t. Then y” = a %’y is also a conjugator
between a and B. It aligns the important point sets [, and Iz with
index difference jo — ¢t = jintherange0 < j <t =n/q.

If p = 0 then g = 1, since we assume the rotation number p/q is in
lowest terms. Let y’ = y and j = jo in this case. It is still true that y’ is
a conjugator between « and $ with index difference 0 < j < n/q = n.
This justifies the upper limit on the loop in step 4.

Within the body of the loop, we will pass step 4a because Con-
dition (3.5) is another necessary condition which is satisfied by any
conjugator. In step 4b, a coarse conjugator 6; certainly exists: 6; = )’
is an example. Whichever 6, is chosen, in step 4c a fine conjugator ¢;
completing the conjugation must exist: €; = 6]71)/’ is an example. This
fixes I(a®) = Ig pointwise because b6; = by’ for each b € I3, since
the two maps 6; and )’ have the same index difference j. Thus the
algorithm produces a conjugator. m|

Remark 3.3.6 (Restricting the index difference). Suppose we restrict the
loop in step 4 to run for only a single value j*, possibly outside the
range 0 < j < n/q. Then the resulting algorithm will construct a full
conjugator y with index difference j*, or determine that no such y

exists.
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To complete the story, we need to explain how to solve the aligned
conjugacy problem. Assume then that «, § € T have infinite order and
are coarsely equivalent. As usual, let p/q be their reduced rotation
numbers and let I # 0 be their important point sets. We begin with a
general discussion of our strategy for finding fine conjugators € € T,
i.e. for finding € such that a® = § and €|[ =id.
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One potential avenue of attack could be to cut the circle at a important
point r into an interval [r, ¥+1] € R. Since a, 7 and a fine conjugator e
all fix 7, we can see these elements as members of PL;([7, r +1]). This is
an F-like group rather than a T-like group, so the results of K&M apply.
We might hope that an understanding of conjugacy in this group will
help us find fine conjugators. There are three potential problems to
overcome with this approach.

First of all, we need to distinguish between dyadics and nondyadics.
In the theorem below,? K&M explain how to solve the conjugacy
problem in PL,(J) assuming that ] has has dyadic endpoints d]. With
that said, their machinery—in particular the stair algorithm—works
perfectly well in any group PL,(]), with no restrictions on dJ.

Theorem (Kassabov-Matucci). Let PLg (I) be the generalised Thompson
group defined in Definition 1.2.1. Let | C I be a closed subinterval with
endpoints d] C S. Then the group PLs G (]) has solvable conjugacy problem.
Moreover we can construct and enumerate all possible conjugators.

If r is not dyadic we have a second problem to be aware of. If v € T
is one of our elements a¥, 7 or € under consideration, then we must
have r*w’ = r~“w’. If w corresponds to a map ¢ € PLy([r, r + 1]) then
this condition reappears as r*¢’ = [r + 1]7¢’. These gradients need
not be 1, which means that we must work in PLY*([r,  + 1]) rather
than in PLI% ([, r + 1])'; when we say PL, we mean PLI*!. The set of
such elements ¢ forms a proper subgroup of PLy([r, r + 1]). We need
to make sure we only produce conjugators in this subgroup, so that
we can recover a fine conjugator € on the circle.

A third issue with this proposed method is that it searches for a fine
conjugator between a, € T by instead searching for fine conjugators
between the powers a7 and 7. Any conjugator between roots is a
conjugator between powers, but is the reverse true? In a general group
the answer is no’. Encouragingly, the answer is “yes’ for F-like groups,
as we saw in Section 3.2 above.

Hopefully the reader agrees that the search for fine conjugators
does not immediately reduce to an F-like conjugacy problem. At the
very least there are details to check! In the rest of this chapter, we will
use some of the ideas above to describe how to find fine conjugators.
The main departure from the discussion above is that we cut the circle
into g intervals—not just a single interval [7, 7 + 1].

Restriction to a representative arc

Thanks to the lemmas at the start of this chapter, we only need to
consider a sufficiently representative slice of the circle—a kind of
fundamental domain. Let us define this slice more precisely.

Definition 3.4.1 (Representative arc). Let a, § € T be coarsely equival-
ent, with reduced rotation numbers p/q and equal important point
sets I. Arrange [ in circular order as ro — -+ — 1,1 — ro. If
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20 Kassabov and Matucci 2012, The-
orem 7.5; see also Remark 2.2.

2l For the definition of and distinction
between ‘rest’ and ‘flat’, see Defini-
tion 1.2.2.
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possible, choose 1y to be dyadic; otherwise all r; are nondyadic. For
0 < j < gq,define Q; = [}, 7(j+1)¢), where t = n/q. These sets are called
representative arcs for a and f.

Because we know that « and 8 permute I, we have ria = 7;8 = riyp;.
This means that the arcs themselves are permuted according to the
rule Qja = Qjf = Qj4p. In particular, if k = p~! mod g we have
riak = r,'ﬁk = r;4++, and hence Q]-ak = Qjﬁk = Qj+1. Thus an endpoint
of Q; is dyadic if and only if the other endpoint is dyadic. In fact, the
endpoints of our arcs Up< <, dQ; form a single orbit under « (and also
a single orbit under ). Because of this—and because of the convention
on rg in Definition 3.4.1—we have two cases.

1. We could have dQ; € Z['/2] for each j. This occurs when I contains
at least one dyadic point; I may or may not contain nondyadics.

2. The other option is that dQ; N Z['/2] = 0, for each j. This occurs
when all points of I are nondyadic.

We cannot avoid the latter case,?? because it is quite possible that a non-
torsion element of T has no dyadic important points—see Figure 2.22
for an example.

Despite naming them ‘arcs’, we think of each Q; as subinterval
of R rather than a circular arc. In particular, if g = 1 there is a single
representative arc Qg equal to the whole circle S!. We will think of
this arc as the real interval [r, 7 + 1), in order to handle this case in the
same way as the case g > 1.

The following claim will show that we only need to search for fine
conjugators over a single representative arc.

Claim 3.4.2. Let o, € T be coarsely equivalent, with rotation number p /q
in lowest terms and representative arcs { Q; }o< j<q-

1. A fine conjugator € between a and B is uniquely determined by its
restriction €g to Qo.

2. Any orientation-preserving homeomorphism eq: Qo — Qo satisfying
(oﬂ|Q)€° = ﬁq|Q uniquely extends to a fine conjugator € € Homeo,(S')
given by

te =taleof!  ift € Qe (3.6)

Proof. LetU =V = Qg = [ro, r+) be our chosen representative arc. For

any integer i we have
Ua' = VB = Qipmodyg - (3.7)

Firstly, this means that the translates { Ua’ },; cover the circle. Apply
Lemma 3.1.1 to see that item 1 above holds.

Secondly, because the {Q;} are pairwise disjoint, Equation (3.7)
means that properties 1 and 2 from Lemma 3.1.3 hold in our scenario.
Apply that very lemma—with our map € in place of its 5p—to construct
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Note that subscripts on points r; and
arcs Q; are reduced modulo 7 and g,
respectively.

22 We cannot avoid this case, but our
definition means we don’t have to
handle this case unless we have no
other choice!

There’s nothing special about Qg over
the other Q;: we just need to choose
one representative arc in particular.

There is no guarantee that € € T—we’ll
have to check this separately.
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the fine conjugator €. (Specifically, Equation (3.6) comes from Equa-
tion (3.2)). The uniqueness of € is guaranteed by item 1. Finally, note
that € is an orientation-preserving homeomorphism because the restric-
tions e| Qvai = (oz‘f eoﬁf ) \ Qoo AT€ themselves orientation—prgserving
homeomorphisms defined over pairwise disjoint sets { Qo }. This
establishes item 2 above. m]

From now on, we drop the subscript 0 and refer to our chosen
representative arc as Q, rather than Q.

To proceed, we further divide Q into smaller ‘blocks” on which
the behaviour of o and 7 are manageable. Let I’ = I N Q Nz
be the set of dyadic important points in Q. Add in the (potentially
nondyadic) endpoints JQ to form the set I” = I’ U JdQ. This contains at
least two points, since we treat Q as a real interval and not a circular arc.
Arrange [” in linear order as g1 < -+ < g;41, and define the ‘blocks’
to be the intervals L; = [g;, i+1], for 1 < i < m. As the endpoints are
important, each block is fixed setwise by a7 and 7. Our choice of

cut points I” ensures that either oﬂ| . and 7|, “are almost one-bump

L
functions, or aﬂ|Li = :Bq|L,- =idy,.

We will construct the representative part € = €| 0 of a fine conjug-
ator € by searching for the potential restrictions €; = €0| pforl<i<m
and gluing them together. So now we need to search for a PL, map
€;: L; = L; which conjugates M'L,v to ﬁq|Li. For brevity, drop the sub-
script i and restriction symbols; thus we're trying to find a conjugator €
between a7 and B7 in PLy(L). Also write L = [r, 5], so that we have a
name for each endpoint.

Suppose first that L is fixed pointwise by a7. As Fix(a7) = Fix(87)
we conclude that L is also fixed pointwise by 9. Then a7 = g9 =id|
are conjugate in PL,(L), and we may choose any element of PLy(L) as
our conjugator €. To keep things simple, we can choose € = idy.

Otherwise L is not fixed pointwise by a7, nor by 7. Then these
maps restrict to non-identity, almost one-bump functions on L. We turn
to the following proposition? which greatly reduces our search space.
In short, the result says that there is at most one conjugator € € PLy(L)
with a given initial or final gradient. Its proof explicitly constructs a
map C € PLy(L) using the ‘stair algorithm’, and then checks to see if C
conjugates a7 to f9. If so, we can use € = C and we’re done; if not,

there is no conjugator € on L.

Proposition 3.4.3. Let L = [r,s] be an interval with dL C S, and assume
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Figure 3.3: We split Q = Qg into
subintervals L; by partitioning Q
at dyadic important points (I). On
the L; containing nondyadic important
points (@), a7 and p7 are almost one-
bump functions. On the remaining L;,
these powers are either both the
identity or both one-bump functions.
N.B. In this sketch, dQ consists of
dyadic points; but this need not always
be the case.

dyadic important points

do exist do not exist
ro dyadic no r; dyadic
I// = II I// = 8Q, I/ = 0
m > 1block(s) m =1block

Figure 3.4: A summary of how we
divide Q into blocks, depending on
whether dQ is dyadic. If we have a
dyadic important point then 0Q C I’,
so that I” = I’. If there are no dyadic
important points then then I’ is empty,
meaning that m +1 = |I”]| = |JdQ| = 2.

2 Kassabov and Matucci 2012, Pro-
position 4.20 and Remark 4.22. The
computation requirements are dis-
cussed in their Section 3.
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that S and G satisfy certain computational requirements. Let o, p € F’L‘;G (L)
be almost one-bump functions. Fix a gradient g € G.

We can algorithmically construct a conjugator € € PLg (L) between
a and B with initial gradient r*e’ = g. If such an element € exists, it
is uniquely determined?* by the initial gradient r*€’. Similarly, we can

=/

construct a conjugator € with a given final gradient s—€' = g, or determine

that no such € exists. Again, such an € is uniquely determined by s~¢€’.

We normally use the breakpoint group S = Z['/2] and gradient
group G = 2Z. Unfortunately, doing so here would prevent us from
using the proposition, because the endpoints JL = {r,s} are both
nondyadic. Instead, we note that our endpoints are always rational, as
theyre important points (see Remark 2.3.13). The choice of breakpoint
and gradient groups S = Q and G = Q. satisfies K&M’s computational
requirements,? so we can apply Proposition 3.4.3 to the group PLg(L).
Since we are seeking conjugators in PLy(L), we’ll only use initial
gradients ¢ € 2Z as inputs (even though any rational gradient is
permitted by K&M'’s algorithm). If this results in a conjugator € €
PL@(L), we can inspect gradients and breakpoints to determine if
€ € PLy(L).

Next we follow K&M in establishing bounds?® on the initial gradient
of a conjugator € (if one exists at all).

Lemma 3.4.4. Suppose L = [r, s] is not fixed pointwise by a7 € PLg (L),
nor by B1 € PLgg(L). Let A = r*(a%). If a and B7 are conjugate in
PLs (L), then they are conjugate via a map € € PLg (L) whose initial
gradient r*e’ belongs to the real interval with endpoints 1 (inclusive) and A
(exclusive).

Proof. If the elements are conjugate via 6 € PLy(L), they are also
conjugate via a1/ for each j € Z. Let ¢ = r*&’. The initial gradient of
a*ois

r+(aiq6)/ — r+(aiq)/ . [raiq]+6/ =Ail s =Ai1g.

It follows that a/76 is a conjugator between a7 and 7 with initial
gradient A/ g, for each j € Z.

Let m = |log, g]. We must have A # 1, or else a’ would be the
identity on some small interval containing r—which would mean
that a7 is not an almost one-bump function. If A > 1 we have
A™ < g < A", 501 < A™™g < A. Hence the initial gradient of
€ = a ™15 belongs to [1, A). Otherwise we have A < 1. In this case
A"l < ¢ <A™ s0 A < gA™™ < 1. This time, the initial gradient of €
belongs to (4,1]. O

Since the intervals (A, 1] and [1, A) contain finitely many powers of
two, we can enumerate all of these powers 2¥. For each power, we use
Proposition 3.4.3 to construct a conjugator €x over L with r"e; = 2k 1f
there is no such element €, then there cannot exist a fine conjugator 0

between af and B9.
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2 See also our discussion in and
around Lemma 3.2.3.

% Kassabov and Matucci 2012, Ex-
ample 9.1.

2 Kassabov and Matucci 2012, Sec-
tion 7.

| x| denotes the floor of x, the greatest
integer n < x.
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Because we can also use Proposition 3.4.3 to test for the existence of
conjugators with a given final gradient, we obtain the following.

Lemma 3.4.5. Let a7, B7 and L and 6 be as in Lemma 3.4.4 and let
B = r*(a). If the restrictions aﬂ|L and ,B‘7|L
they are conjugate via a map € € PLy(L) whose final gradient s~ €’ belongs

are conjugate in PLg (L), then

to the real interval with endpoints 1 (inclusive) and B (exclusive).

Sketch proof. The proof is very similar: replace A with B; r* with s~;
and the word ‘initial” with ‘final’. m]

We summarise our discussion with a claim.

Claim 3.4.6. Let a, 8 € T be coarsely equivalent and let L be a block as
discussed above. If L is fixed pointwise by o, then any function € € PLy(L)

conjugates o ’L to 7\, ; in particular we may take € = idr. Otherwise
there exists a conjugator between these two restrictions if and only if there
exists a conjugator €, € PLy(L) with initial (final) gradient g belonging to
a constructable finite set I'. For each initial (final) gradient g € ', we can
effectively construct such an element €, or prove that no such € exists.
Thus we can decide if a1 | | and B9

a conjugator if so.

’ | are conjugate in PLy(L), and produce

Reassembly

To solve the aligned conjugacy problem we now turn to brute force.

We use Claim 3.4.6 to enumerate conjugators on each L;. Gluing these
together, we obtain a conjugator € on the representative arc Q. This
extends to a conjugator € defined on the whole circle, according to
Claim 3.4.2. Now certainly ¢ must be an element of PLg(S!). By
inspecting gradients and breakpoints, we can then check if e € T.

The next lemma enables a small optimisation to this process: it
allows us to determine if € € T given only €.

Lemma 3.4.7. Let a, B € T be coarsely equivalent, and let Q = [r,s] be a
representative arc. Suppose €y € PLy(Q) is extended to a candidate conjugator
€ € PLo(SY). If 9Q consists of dyadics, then € € T. If dQ is nondyadic and
g =1, then € € T if and only if

sTey=1"€. (3.8)
If Q is nondyadic and q > 1, then € € T if and only if
sTehy=s(a™*) - el - r(pry, (3.9)

where k = p~! mod q.

Proof. The map e is formed by gluing the functions a~/€(p/ together.

Call these functions €;: Qa/ — Qa/, for each 0 < j < g. We know €
must have finitely many linear segments (each with gradient equal to
an integer power of two) because each €; is a PL, map. To conclude
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We can’t use Lemma 2.1.7 to conclude
that € € T, because dQ need not be
dyadic.
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that € € T, we need to locate the breakpoints of €, and verify that
each is dyadic. The breakpoints in the interior of Qa/ are dyadic,
because each €; is a PL, map. Any remaining breakpoints are in
d(Qal) = (dQ)a’ for some j. Because T acts on the dyadics, if dQ
consists of dyadics then all breakpoints of every € are dyadic,so € € T.

In the remaining case, dQ consists of nondyadics. First we handle
the situation where g = 1 and hence Q = S'. In these circumstances, r
and s = r+1 represent the same point r on the circle. It’s possible that »
is a nondyadic breakpoint of €. This does not occur if and only if the
initial and final gradients of ey are equal, which justifies Condition (3.8).

Otherwise JQ isnondyadic and g > 1. We know from the definition
of a representative arc that s = rak = rg¥, where k = p~! mod 4. For
each 0 < j < g, the point x; = rali*D¥ is the right endpoint of Q; and
the left endpoint of Q;;1. Now € € T if and only each of these gluing
points x; is not a breakpoint. The left-hand derivative is

[T(X(j+1)k]_€, — [T(X(j+1)k]_((1_jk€0ﬁjk)'
= [raU* VK]~ (a %y - [rak] ¢ - [rakeo] (BY

= [ra k(@Y - smel - s (B, (3.10)

according to the chain rule. Similarly the right-hand derivative is

[ra(j+1)k]+€/ — [ra(j+1)k]+(a—(j+1)k€0‘6(j+l)k)/

— [ra(j+1)k]+(a_(j+1)k)’ . 7’+€,

b 1"+(‘B(j+l)k)’ )

(3.11)

Thus € € T if and only if Expressions (3.10) and (3.11) are equal, for
every value of j. After some rearrangement, this condition takes the

form ' ' '
sT€; _ [raU+tDk](q-G+Dky . r(BU+DkY 512)
ey [ra K@ik s(piky '

Let Aj (resp. Bj) be the left (resp. right) fraction on the right-hand
side of Equation (3.12). Apply the chain rule to the numerator of A; to
see that

A= [ra(j+1)k](oz‘fk)’ i [rak](a—k)/

! [raU+DK](aiky = [ra*)(a”*y = s(a7*y

is independent of j. Using the fact that s = ra* = rg*, we see in a
similar fashion that

By - IRy
! [rk1(BI*Y

is also independent of j. Thus we see that € € T if and only if

=r(p"y

s€ —kv ’

rte’ :Afo =s(a k) ’ r(ﬁk) ’
which is equivalent to Condition (3.9). Note that this is the equality
between Expressions (3.10) and (3.11) in the special case j = 0. O
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The third equality holds because
s =raX and seg = s.

We are using the fact that reg = r here.

We are always differentiating a and
at a point f of the form ¢ = rat, for
some i. As r is nondyadic, so too are
the points in its orbit. Thus the left and
right derivatives of & and f at t are the
same. This allows us to drop some of
the superscripts + on derivatives.
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Now WE ASSEMBLE OUR WORK in this section into an algorithm to search

for fine conjugators.

Algorithm 3.4.8 (Finding fine conjugators). The following procedure
solves the aligned conjugacy problem by building? a fine conjugator €
for coarsely equivalent elements a, § € T. Let their common rotation
number be p/q in lowest terms, and let I denote their shared important
point set.

1. Split the circle at the orbit of a important point 7, forming represent-
ative arcs Q = Qo, ..., Q4-1. If possible, choose r to be dyadic.

2. Partition Q = [r, s] at its interior dyadic points, breaking it into
blocks L1,...,L,,.

3. If dQ is dyadic:

(a) Foreachl <i < m:

i. Use Claim 3.4.6 to construct a conjugator €; € PLy(L;).

ii. If this is not possible, there is no fine conjugator between a
and . We terminate the algorithm, returning the message ‘no
fine conjugator’.

(b) Assemble €p: Q — Q by gluing together €1, ..., €.
4. If Q is nondyadic: %
(@) Let A =r*(a7). If A > 1,let M be the interval [1, A); otherwise
let M = (A, 1].
(b) For each integer power of two g = 2/ in M:

i. Use Proposition 3.4.3 to build a conjugator €g ¢ € PL>(Q) with
initial gradient g. If this is not possible, continue to the next

value of g.
ii. If g =1, let k = 0; otherwise let k = p~! mod 4. Check that
ST€p g = s(a7%y - g - r(B¥Y. If the check passes, store g 4 as €9

for use later, and break the loop over g.

(c) If we exhaust all values of ¢ without storing an element €, then
there is no fine conjugator between « and . We terminate the
algorithm, returning the message ‘no fine conjugator”.

5. Extend €j to €: S' — S! using Claim 3.4.2. Return e.

Proof of correctness. First we show that any value € returned by the
algorithm is a fine conjugator in T. The only point at which this occurs
is step 5. The claim referred to in this step guarantees that € is a
conjugator between a and 8, provided that €y is a conjugator between
a‘7|Q and ,8‘7|Q.
of step 4(b)i. Otherwise dQ is dyadic, and €y is a conjugator over Q

If dQ is nondyadic then this is true thanks to the success

because it is formed from the ¢€; in step 3b, each of which is a conjugator

between a | .. and B7|, . In either case, €y fixes the important points

|Li'
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Z1f no such e exists, the algorithm re-
turns the message no fine conjugator’.

2 In this situation, m = 1 and there is
only one block L1 = Q. See Figure 3.4.
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in Q, and hence ¢ fixes all important points I. Thus € € PLg(S?) is a
fine conjugator. Finally we check that € € T. Lemma 3.4.7 tells us this
is automatically the case when JQ is dyadic. Otherwise we know from
the success of step 4(b)ii that Condition (3.8) or (3.9) (as appropriate) is
satisfied, so € € T by the same lemma.

Now we need to explain why the algorithm must produce an
output € whenever a fine conjugator y exists. If JQ is dyadic, then
step 3(a)i will always succeed, because )/| 1, is a conjugator between
“q|Li and ﬁq|L,-

The alternative is that dQ is nondyadic, in which case m = 1and Q =

. We then proceed to step 5 without any problems.

L1 (see Figure 3.4). In step 4(b)i, there must exist a conjugator g with
initial gradient in the given range M. An example of the form €¢ ¢, =
(0("‘7)/)|L1 is guaranteed to exist with initial gradient g = [r(a7)']* - ry’,
according to Lemma 3.4.4. We now show that step 4 is successfully
completed when (if) the loop considers this particular example €q ¢;
this means passing the gradient check in step 4(b)ii.

If g = 1then €9 ¢ = a*7y is an element of T, thought of as a PL, map
on [r,s] = [r,r + 1]. So it will certainly be the case that s~eg = r*ey,
because r = s mod 1 is a nondyadic, which cannot be a breakpoint of
a*y € T. We pass the gradient check and successfully exit the loop.

Otherwise g > 1, and we need to check that

s_e{),g =s(aky - g - r(B"). (3.13)

By applying the chain rule, we see that s’e(’)g = s(a™) - sy’ =
[s(a?)]* - sy’. With this and the value of g above in hand, we see that
Equation (3.13) is equivalent to

[s(@T)]* - 57" =s(@*) - [r@@”)T* - ry" - r(B"Y.

Because s = ra belong to the same a-orbit and are fixed by af,
their derivatives under a7 are equal (by Remark 2.3.18). Thus we can
simplify to obtain the equivalent equation

sy"=s(a) - ry" - r(BYY.

This is true by Lemma 3.4.7,% and so Equation (3.13) is satisfied. This
means we will pass the gradient check and complete step 4. We move
on to step 5, which will return a conjugator € € T, as explained in the
first paragraph of this proof. m]

With this proof and Algorithm 3.3.5 above in hand, we have the
tools to construct conjugators in T.

Theorem 3.4.9. The conjugacy search problem in T has an effective solution.
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Letx € {r,s}andw € {a,B,7}.
When considering step 4, we have

x ¢ Z[')2). Since w € T, we know that
¥~ @’ = x* @’ in this situation. Thus we
may drop some of the superscripts +
for brevity, as in Lemma 3.4.7.

» Apply the lemma with y in place
of e. Asy € T is a fine conjugator,
Condition (3.9) must hold—which is
exactly what we wanted to show.



Centralisers in T

WHAT SHOULD WE DO IF ONE CONJUGATOR IS NOT ENOUGH? Suppose
a? = B in some group G. If § is any other conjugator with a® = 8,
then the difference 6y~! belongs to the centraliser Cg(a). Conversely
if e € Cg(a) then a®” = B. Thus the set of all conjugators Cg(a, ) =
{6 € G| a® = B} is exactly the right coset Cg(a)y represented by a
(any) conjugator y. On the other hand, the difference 671y belongs
to Cg(B). Again if € € Cg(f), we see that ‘BGV_1 = o, meaning that
a’e’ = B. Thus Cg(a, ) is also the left coset yCg(f). In short:
element centralisers parameterise the set of available conjugators. For
this reason, the study of centralisers is naturally linked with the study

of conjugators.

Let us briefly summarise what is known about centralisers for each
of the main trio of Thompson groups. Guba and Sapir’s work on
diagram groups includes the result! that element centralisers in F
are direct products of Z and F; in a follow-up article they show? that
these are undistorted in F. From the piecewise-linear point of view,
Kassabov and Matucci® (K&M) obtain the same direct product result,
and show that a similar result holds for the centraliser of any finitely
generated subgroup of F. As a corollary, they note that the intersection
of any finite number element centralisers { Cr(a;) };<;<, is equal to an
intersection of two element centralisers Cr(B1) N Cr(B2).

At the other end of the spectrum lies V. Bleak et al* describe
an element centraliser Cy (a) by using revealing pairs to understand
the dynamics of @. They show that Cy/(«) is finitely generated, after
expressing this centraliser as a direct product involving two kinds of
factors. The first kind is a semidirect product involving the Higman-
Thompson® group V), ;; this is a version of V whose gradients are
powers of n and whose functions permute [0, r] instead of [0, 1]. The
second is a wreath product of the base group A = Z with a finite
symmetric group, for some finite group A. Recently, Bieniecka® has
shown that every finite group A and every semidirect product A xZ
is involved in the centraliser of some element of V.

Martinez-Pérez, Matucci and Nucinkis consider a generalisation of V
called V,(X), which consists of automorphisms of a Cantor algebra X.
An argument they use” shows that the first of Bleak et al’s factors is of
type Fw. The same is true of the second kind of factor, from which it
follows that the whole centraliser Cy () is finitely presented (not just
finitely generated). In a later article, the three authors give an explicit
finite presentation® for centralisers of finite subgroups.

In the middle lies T. A chapter of Matucci’s thesis discusses element
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! Victor Guba and Mark Sapir 1997,
Corollary 15.36.

2V.S. Guba and M.V. Sapir 1999,
Theorem 34.

3 Kassabov and Matucci 2012.

4Bleak, Bowman et al. 2013.

® Higman 1974.

6 Bieniecka 2018.

7 Martinez-Pérez, Matucci and Nucin-
kis 2016, Theorem 4.9.

8 Martinez-Pérez, Matucci and Nucin-
kis 2018, Section 7.
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CENTRALISERS IN F

centralisers in T (as well as larger groups of circle homeomorphisms),
handling torsion and nontorsion elements separately. He shows® that a
torsion element & has a centraliser Cr(a) which is a nonsplit extension
of a finite cyclic group by T. Geoghegan and Varisco separately show
the same result, including the extra observation' that the normaliser
Nr(a) is equal to Cr(a). Martinez-Pérez and Nucinkis generalise
Matucci’s result to the group T,(X), where again X is a Cantor algebra;
they exhibit! the centraliser of a finite subgroup as a central extension.

Matucci’s thesis also describes!? nontorsion elements’ centralisers
as an extension. In this chapter, we fill a small gap in his proof, and
study this extension in more detail. We will make use of K&M’s work
on centralisers in F when considering this extension’s kernel.

CENTRALISERS IN F

We will continue to adapt results in F to results in T. This time we're
concerned with results about centralisers.

Definition 4.1.1. Let G be a group containing an element o and let
0 # n € Z. An nth root of a is an element w € G for which w" = a. We
call w a root of « if it is an nth root of a, for some 0 # n € Z. If a does
not have an nth root for any |n| > 2, we say that «a is a root element. A
root element w which is a root of « is called a minimal root of «.

Any element commutes with any power of itself and any of its roots,
so if w is a minimal root of &, we know that (w) < Cg(w). With a little
effort to handle nondyadic points, K&M explain®® that this inclusion
is an equality for almost one-bump functions in F. Their statement
requires that d] € S. However, this requirement is not used in their
proof, nor in the results they refer to (which describe centralisers
in PL, (] ))

Theorem 4.1.2. Let a € PL(; c(J) be an almost one-bump function. Then
CprLsc()(@) is infinite cyclic, generated by a minimal root @ of a. A
generator w can be constructed algorithmically.

Sketch proof. K&M'’s stair algorithm shows that one-bump functions
B € PLg c([a, b]) have infinite cyclic centralisers generated by a minimal
root. This is because an element which commutes with  can be
uniquely reconstructed from its initial gradient a*g” alone.’* It follows
that Cr(p) is isomorphic to the group Gg = {a*y" | y € Cr(B)} < G of
initial gradients. In the case of Thompson’s main trio, G = 2Z s infinite
cyclic and hence Gg = Cr(p) is also infinite cyclic. More generally, it
can be shown? that Gy is a discrete subgroup of R, and hence is
infinite cyclic.

Enumerate Fix(a) = {j1 < -+ < j, } so that Let ] = [j1, ju]. Be-
cause ¢ is almost one-bump, {j» < -+ < j,—1} € S is a discrete set
of ‘nondyadic’ points. Then a can be formed by gluing together the
one-bump functions a|Di for1 < i < n, where D; = [j;, jivx1]- If y
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9 Matucci 2008, Theorem 7.1.5.

10 Geoghegan and Varisco 2017, The-
orem 1.3.

I Martinez-Pérez and Nucinkis 2013.
12 Matucci 2008, Theorem 7.2.5.

13 Kassabov and Matucci 2012, The-
orem 5.5.

" This reconstruction property is the
root cause of the ‘miracle of F’: see
Section 3.2.

15 Kassabov and Matucci 2012, The-
orem 5.1, Lemmas 5.2-5.3.
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commutes with ¢, then 7/| D; commutes with a‘Di. Because the j; are
nondyadic, the final gradient of )/| p, is equal to the initial gradient
of y’ p, (Or else ji1q is a breakpoint of y). Thus the initial gradient of
)/| p, determines the whole function )/\ p,; this determines the initial
gradient of and thus the entire function )/| p,- This continues up to
)/| p,_,+ S0 that y is entirely determined by its initial gradient. It follows
that

Crroc()(@) = Corgtiap(@ly ). (4.1)
for any j < k in Fix(a). In particular, this group is infinite cyclic. O

The next step ¢ is to use this result to consider the centraliser of an
arbitrary element of F. In short, these centralisers are finite products
of Zand F.

Theorem 4.1.3 (Description of centralisers in F). Let a € PLgg(]). Its
centraliser Cprg . (j)(@) is isomorphic to a product Z* x H{Il PLs G (D;), for
some intervals D; C ] with dD; C S, and some non-negative integers f and z
not both zero. Moreover,? the centralisers Cpy (jy(a) and Cpr . j)(a¥) are
equal, for any k # 0.

Sketch proof. Find the ‘dyadic” important points I, N S = dFix(a) N S
and enumerate them as ry < - -+ < ry,, so that | = [rg, ,,]. Define D; to
be the interval [r;, ri+1] for 0 < i < n. The centraliser of « is isomorphic
to the direct product

CrLs e (@) = H Crisemp(alp,)-

0<i<n

To be more specific, it is the internal direct product?®

Crrsc((@) = 1—[ CrLs o) (@|p )61,

0<i<n

where 0;: PLgc(D;) — PLs g(J) is an injective homomorphism. The
image y0; of y € PLg (D;) is defined by

ty ifte D
t(y0;) =

t  otherwise.
In other words, 0; extends maps D; — D; to maps | — | by making
them identity on the complement | \ D;.

If a|D[ is the identity then CPLS,G(Di)(a|D1) = PLs (D) = PLsg(I);
otherwise oz| D; is almost one-bump, so Cp,(p;) is infinite cyclic by
Theorem 4.1.2. There are no other possibilities because there are no
important dyadic points in the interior of D;.

For the last part of this claim,” let k # 0. As I (a¥) = I, we obtain a
very similar internal direct product decomposition

CrLoo)(@) = [ | Crusomn(a®]p)6;

0<i<n

to that of Cpr(j)(a). Again, each restriction is an almost one-bump
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16 Kassabov and Matucci 2012, The-
orem 5.10.

17 At the time of writing, the author has
not been able to find the result given in
this sentence in the literature.

8 Let Iy be a subset of [, N S containing
d] = {rp,ry }. This internal direct
product decomposition still holds if we
define the D; in terms involving only
our chosen important points Iy, rather
than the full collection I, N S.
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in the literature, but can be deduced
quickly given K&M'’s description.
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function. One possibility is that ock|Di = id, which would imply that
a| p, = id, because F-like groups are torsion-free (Proposition 2.3.19).
On the other hand a* | D; could be nontrivial; then its root a| D; would
be too. In both cases, CPLs,c(Di)(“k|D,.) = CPLS,G(Di)(a|D,~) (again by
Theorem 4.1.2). So the two internal direct products in this proof are
identical. ]

Can we partly generalise this result to T? We reuse a trick from
Chapters 2 and 3, where we exploit the ability to conjugate by rotations.
Before that, some notation.

Definition 4.1.4. Let H be a group of homeomorphisms of a space X.
We denote by Hy the subset of H whose elements have fixed points.

It is not automatically true that Hy is a subgroup of H: see for
instance Figure 2.5.

Corollary 4.1.5. Suppose o« € T \ {id} has a dyadic fixed point r. Then
Cr(a)o is a subgroup of T isomorphic to a direct product 7> x F/.

Proof. Without loss of generality, we may assume that r is important:
if not, r belongs to a fixed interval which is not the entire circle as
a # id. Then we may replace r with either endpoint of this interval.

Let p = p—, be the rotation by —r. Then Cr(a)y is equal® to
[CT(aP)o]Pfl. Now af fixes 0, so a? € F. We claim that Cr(af) is
equal to Cr(a”). If y € Cr(aP)p then y permutes the important points
I(aP) = I(a)p; in particular this set contains rp = 0. Now y € Cr(aPf)y
has a fixed point and hence rot(y) = 0, so y must fix 0. Thus y € F,
so Cr(aP)y € Cp(af). The other containment Cr(af)y 2 Cr(aP) is
immediate.

We may now argue that

Cr(a)o = [Cr(af)]?” = Cr(af)? = Cr(aP).

By Theorem 4.1.3, this group is isomorphic to a product ZZ X F/. Ina
little more detail, Section 4.1 tells us that

Cr(aP) = 1_[ Crry(py(@”[p)6:,

0<i<n

where the D; are delimited by the dyadic important points of a”. Thus

1

Cr(a)o = Cp(aP)P” = 1_[ [CPLZ(Di)(lXp|DZ.)9i]p7

0<i<n

= 1_[ CPLZ(D;)(a|D;)6,'- p

0<i<n

where D/ = Dip~! and 6’ extends maps on D’ to maps on | which are
the identity on | \ D!. The intervals D/ are delimited by the important
points of a. m]

74

2 We're using Cg(a)f = Cep () here,
and the fact that o has a fixed point iff
P has a fixed point.
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Corollary 4.1.6. Suppose a € T has n > 1 fixed points, all of which are

nondyadic. Then Ct(a)g = Z, generated by a minimal root w of a in Cr(ar)o.
Moreover Cr(a)y = CPLz([r,S])(“hr S]), where r # s are distinct fixed points

of a.

Proof. Let r be a nondyadic fixed point of a. Take an element y €
Cr(a), and view y and « as PL, functions y, @ on [r,r + 1]. Then
certainly 7 € Cpy,((r,r+1))(@); thus we have an injective homomorphism
71 Cr(a) = Cpry([r,r+1))(@). To check that this is a surjection, we need
to ensure that every element 8 of the codomain group has the same
initial and final gradient. (Then B describes a map ‘3 € PL,(S1), because
r is not a breakpoint of §.) We do so in Remark 4.2.2; thus - is an
isomorphism.

Now because a has no dyadic fixed points, & is an almost one-bump
function. Then Theorem 4.1.2 tells us that Cpy, [y +1))(@) is infinite
cyclic, generated by a minimal root @ of &. Applying the inverse of the
bar isomorphism, we see that Cr(«) is infinite cyclic, generated by a
minimal root w of a.

The final claim is a consequence of Equation (4.1) and the discussion
preceding it. ]

Lemma 4.1.7. Let @ € T have rotation number rot(a) = 0. Then Cr(a) =
Cr(ak), for any integer k # 0.

Proof. The left-hand centraliser is contained in the right-hand cent-
raliser automatically; we just need to show that if y commutes
with &' then y commutes with its root a. If a = id this is cer-
tainly true. Otherwise, enumerate the n > 0 important points
I, = I(a*) = {ry - -+ = ry,.1 — 1r9}. Because rot(a) = 0 we
have rot(a*) = 0, and so r;a = r;a* = r; for each i. If y € Cr(ak), we
know that y cyclically permutes I(a¥): say riy = ri.j for some j.

Now y € Cr(af) means exactly that (a*)” = ak. We have the
equality” y = p—, ;pr, ;7. Substitute this into the previous equation,
then conjugate both sides by p_;, to conclude that

(ak)p”;1—jp’n—jyp”0 — (ak)p*rg .

Use associativity (and the fact that conjugation commutes with powers)
to rebracket this equation as

([ap—r”,j]k)[Prnfﬂ/P*Vo] — [aP—VU]k . (42)
The computations

Praj a Pry-j

O r 7 i’n_]l 7 i’n_]‘l—) 0
Pr,_: y P-r

0 —— ryj ! > rg ——> 0
Pr, P-r

0 — g —2—= rp ——— 0

show that each of the three products in square brackets belong to F.
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* The rotations pr, and p;,_; need
not be elements of T because ry (and
hence 7, ;) need not be dyadic. So
this is an equality in the larger group
PLTQ(Sl) >T.

We never use the fact that the maps
p-« in the proof are rotations; we only
require that they are elements of T
which map 0, g and r,,—; to the right
places.
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CENTRALISERS OF NONTORSION ELEMENTS IN T

Now Corollary 3.2.2.1 tells us that kth roots are unique in F, so from
Equation (4.2) we conclude

[ap—rn,j][prn,jyp—ro] = aPr

This simplifies to a”f~0 = aP~0; a final conjugation on both sides
by p.r, yields a? = a. m]

To close this section, we consider more carefully which direct
products may occur as centralisers in F. To the author’s knowledge,
this was first written down in print by Guba and Sapir.?

Claim 4.1.8 (Which F-centralisers are possible?). Let f and z be integers.
There exists an « € F with centraliser Cp(at) = Ff x Z7 if and only if f
and z are not both zero and satisfy 0 < f <z + 1.

Proof. “Not both zero” is necessary because otherwise Cr(«) = id; this
is impossible, since Cr(id) = F # {id }, and the centraliser of any other
element o # id contains «, so can’t be trivial.

Why is the inequality necessary? Enumerate the dyadic important
points as I, = dFix(a) = {0 = ro,71,...,7u—1,7n = 1}, say. As
described above, we find the direct factors of Cr(a) by restricting to the
‘blocks’ D; = [r;, rix1], for 0 < i < n. We get a factor of F if 0‘|D; =idp,,
and a factor of Z otherwise. We cannot have two consecutive F-type
blocks, i.e. we cannot have 0(|Di = idp, and a\Di = idp,: then ;41 would
not belong to d Fix(a) so would not be important. Thus our F-type
blocks (f in total) must be separated by Z-type blocks (z in total). We
need at least z > f — 1 blocks to achieve this separation.

Now welet0 < f < z+1 and construct an element whose centraliser
has these parameters, as follows. Set n = f + z and partition the unit
interval into n standard dyadic intervals D;. On Dy, Dy, ..., Dy
define a to be the identity. On all other intervals D;, define a to be
an almost one-bump function® on PLy(D;). Then this map has the
required centraliser. m]

CENTRALISERS OF NONTORSION ELEMENTS IN T'

A chapter of Matucci’s thesis studies? the centralisers of elements in
orientation-preserving circle homeomorphism groups. In particular,
he describes the centraliser of an element « € T. His analysis is split
into two cases: first when « has finite order; then when « has infinite
order. We present Matucci’s main result for the latter case? below.

Theorem 4.2.1. Let a € T have rotation number rot(a) = p/q and suppose
that a7 # id. Pick a representative arc Q = [r,s] for the action of a on
the circle, as in Definition 3.4.1. Then K = Cr(a)g is indeed a subgroup
of Cr(a), and there is a short exact sequence of the form

1 - Cr(a)y — Cr(a) » CT(a)'m —1. 4.3)

K H
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2V.S. Guba and M.V. Sapir 1999,
Above Theorem 34.

FZFZF ---FZF
FZFZF ---FZF7772.---Z
777.---ZFZFZF ---FZF
FZ777F ---FZZFZF7Z.---ZF

Figure 4.1: Label D; with the symbol F
(resp. Z) if a| D; is isomorphic to F
(resp. Z). If we concatenate the labels
for Do, D1, ..., Dy_1, we get a string of
length n = f + z over {F,Z} in which
there is no substring ‘FF’.

2 For instance, take 0(|Di to be a scaled

copy of xg. We can do this explicitly by
declaring a| D = xozi, where L; is a PL;
map I — D;.

2 Matucci 2008, Sections 7.1-7.2.

% Matucci 2008, Theorem 7.2.5.
Matucci’s theorem applies to PL(S)
and T = PLy(S1), but we only consider
the latter.
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The quotient H is a finite cyclic group, whereas the kernel K is isomorphic
to Cpr,()(af | Q). In particular, if dQ is nondyadic then K = Z.

Sketch proof. 1f y commutes with «, then y conjugates a to itself. The
set P = Fix(af) consists of the points in finite orbits under a. Now P is
mapped by v to itself, as the calculation

Fix(a®)y = Fix([a]") = Fix(a7)

shows. Since boundaries commute with homomorphisms, we may
take boundaries on both sides to learn that [d Fix(a)] y = d Fix(af).
Thus we have [,y = I,.

All in all, we have an action I, © Cr(a). The group K = Cr(a) is
the kernel of this action, consisting of the centralising elements that
fix I, pointwise. The corresponding quotient H = Cr(a)/K must be a
finite cyclic group, because the elements of T preserve the cyclic order
on the finite set I,,. O

Recall our convention regarding representative arcs Q from Defini-
tion 3.4.1: if at all possible, we choose the endpoints dQ to be dyadic. So
dQ consists of nondyadics if and only if there are no dyadic important
points of a.

Identifying the kernel

While we know how to characterise the elements of the kernel group
K = Cr(a)o, it would be nice to have a way of parameterising them.
Theorem 4.2.1 does this by asserting that K = Cpy,)(a’ | Q). We will
justify this assertion in more detail.

We know that dQ consists of important points for @, and so is
fixed pointwise by K. Thus Q is fixed setwise by K. So the set
K|Q = {1<|Q | k € K} is a group. Let 0: K - I<|Q be the restriction
map. This is a homomorphism, because (y6)|Q = 7/|Q 6|Qy = y|Q 6|Q.

We know that a7 has rotation number 0, so must belong to K.
As each element 6 € K commutes with «, we have 6a7 = a9 for

all 6 € K. Apply the map 6 to obtain 6|Q a’7|Q = a’7|Q 0o which
shows that K|Q < CPLZ(Q)(M|Q)- Now by Claim 3.4.2 (with § = «)
there is a unique extension of 6| oto CPLQ(Sl)(Ol). By uniqueness, this
extension must be 6 € K. This shows that 0 is injective, and hence is a
isomorphism.

So far we have shown that K = K| 0 S CPLZ(Q)(aqu)' Matucci’s
proof concludes by classifying the group Cpy,g)(a? | Q) as an F-type
centraliser (see also Section 4.1).

Remark 4.2.2 (The inclusion is an equality). Implicit in Matucci’s proof is
the fact that the containment < above is actually an equality. This is
not explicitly shown in his thesis; we give an explicit proof of this here.

Proof. A centralising element is exactly one which commutes « to
itself. Thus we may apply Claim 3.4.2 to any map o € Cpr,()(af | Q),
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In some sense, the fine (resp. coarse)
conjugators from Chapter 3 correspond
to the kernel (resp. quotient) of this
extension.

Recall from Lemma 2.3.8 that I, = JP.
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resulting in a unique extension y € Cpys1y(@). Let Q = [r, s] so that
we can refer to the endpoints of Q. If we can establish that y € T, then

y € K because yy fixes dQ. Then y = y| o€ K o’ which will complete
the proof.

When dQ is dyadic, Lemma 3.4.7 guarantees that y € T. So suppose
otherwise that dQ is not dyadic. This time, Lemma 3.4.7 tells us that
y € T only in certain circumstances. For g > 1, y € T if and only if
Condition (3.9) is satisfied with f = @ and with y; in place of €g. This

condition reads
STy = s(a7Fy - g r(ay .
Observe that
s(@yY - raby =s(@7FY - sa7FakY =s(akaky =1,
and so y € T if and only if
STyp =17y (4.4)

This is exactly Condition (3.8), which is equivalent to y € T when
g = 1. We see that the value of g plays no role: we just need to establish
Condition (4.4).

Because dQ is nondyadic, our convention in Definition 3.4.1 means
that the interior Q° contains no dyadic fixed points. Thus a’?| Q18
an almost one-bump function Q — Q. According to Theorem 4.1.2,
the centraliser Cpy,(q)(a’] o) is infinite cyclic, generated by a minimal
root w of oﬂ|Q. Say w" = a‘7|Q with u > 0, so that yp = w' for some
integer i. Because r and s = ra* belong to the same a-orbit and are
fixed by af, their derivatives under a“ are equal (by Remark 2.3.18).
Because w € PL,(Q) it must fix dQ = {r, s } pointwise. These two facts
justify the equalities

[r+a)’]” — 1’+(a)”)' — r+(aq|Q)/ — S—(aq|Q)/
— Sf(a)”)’ — [S—w/]u )

We conclude that r*w’ = s~ «w’, because uth roots are unique in the
multiplicative group G = 2Z. Hence

Y= 5@ = [T = [P
=rH (') =rty).

This establishes Condition (4.4), which completes the proof. m]

Identifying the quotient

The quotient of Sequence (4.3) is the group of permutations H =
CT(a)| ;. induced on I, by the centraliser. Since the action preserves
the cyclic order on I,, the rightmost factor is isomorphic to a cyclic
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group, of order & say. If rot(a) = p/q then h > g, since the important
points have size g orbits under a. To determine the actual value of k,
we turn to brute force.

Algorithm 4.2.3. Let a € T with rotation number rot(a@) = p/q. The
order & of the quotient in Sequence (4.3) can be determined algorith-
mically as follows.

1. Enumerate the important pointsof ¢asIy = {x1 = ... > x, = x1}
in cyclic order.

2. For each proper divisor j of n/q, in ascending order:

(a) UseRemark3.3.6 to decide if there exists a conjugator y; between
and itself with index difference j; that is, with x;); = x;; for
each i.

(b) If so, break the loop and retain the current value of j.
3. If we did not break the previous loop, return /1 = g.
4. Otherwise return i = n/j (using the value of j from the break).

Proof of correctness. The algorithm always terminates and returns a
value—we need to show it returns the correct value. Let G be the
group of all cyclic permutations of I,, i.e. the group of functions
{yjila = La };:01 where x;y; = x;+j. The group operation is y;yx =
yj+k with subscripts modulo 7, so G is cyclic of order 1. The subgroups
of cyclic groups H < G are determined % by their order & = |H|, which
must divide |G|. Explicitly, if d = n/h then H is the subgroup H = (y4).

Now let H be the right-hand side of Sequence (4.3). Since we have
the inclusion (a| 1) < H < G, itfollows that g [ i | n by taking group
orders. Thend = (n/h) | (n/q). One possibility is that n/h = n/q,
in which case I = g. Then the loop in step 2 never breaks, and we
correctly return /1 = g in step 3. Otherwise the loop breaks at j < 1, in
which case (y;) < H. Now j is minimal with this property, because
the loop in step 2 is evaluated in ascending order. This means that no
element y; with 1 < j* < j belongs to H; hence H = (y;) has order
h = n/j, which we return as our output. This justifies step 4. m]

As noted in the proof above, the group orders g, h and n divide
each other (from left to right), so certainly g < h < n. Each inequality
may be strict or not; there are then four possible cases, each of which
does indeed occur—see Figure 4.2 for references to examples. The first
inequality is strict if and only if then H = Cr(a) has a strictly finer
action? than (a) on I,. The second inequality is strict if and only if H
acts intransitively on .

Remark 4.2.4. Let G, < G be the group of cyclic permutations of I, which
map dyadics to dyadics and nondyadics to nondyadics. Because T
preserves the dyadics, it must be the case that H < G,. Thus we can
refine the inequality ¢ < h < ntoq < h|Gy| < n.
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26 Rotman 1995, Lemma 2.15.

Example h<n h=n

g<h 517 512
g=h 518 513

Figure 4.2: These examples exhibit all
four cases of the inequality g < h < n.
This shows that the bounds on i
cannot be strengthened.

7 j.e. each a-orbit is strictly contained
in an H-orbit.
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Algorithm 4.2.3 does more than identify the order i = |H|: it also
produces an element y; € Cr(a) whose restriction to I, 1) say, generates
the quotient H. (If we don’t break the loop in step 2 then h = n/q, so
j = n/q is the minimal index difference. We may take y; = a as an
element with this difference.) We may then take )/; to be a preimage
of n € H, for each power 0 < i < h. This collection of preimages is a
transversal for K.

If we understand the kernel K, quotient H, and how a chosen trans-
versal conjugates K, then we gain an understanding of the extension
(in this case Cr(av)). For instance, if we have presentations for K and H
and understand the transversal, we can construct? a presentation
for Cr(a). So far, we've concentrated on understanding the first two
ingredients K and H. In the rest of this thesis, we'll seek to understand
the final piece of the puzzle: how exactly does our transervsal for H
conjugate K?

2 Johnson 1997, Section 10.2.

80



51

Nontorsion centraliser structure

Fix A NoNTORsION ELEMENT & € T. In this chapter, we will explain how
to determine the structure of Sequence (4.3). We do so by classifying
such elements « into one of four categories, and from these we classify
Cr(a) into one of five types.

ExampPLES

To begin, we present a series of examples to illustrate Theorem 4.2.1 and
explore the questions pose at the end of Section 4.2.2. Each example is
constructed by gluing together shrunk copies of elements of F. In the

interests of brevity, we introduce some notation to facilitate this gluing.

Notation 5.1.1. Let I, L and R be the real intervals [0, 1], [0, 1/2] and

[1/2,1] respectively. Define X: I — L to be the PL, map t +— t/2.

Similarly let X': I — R be the map t +— t/2 + 1/2. ‘Conjugating’ by
these maps results in isomorphisms -*: F = PL,(I) — PLy(L) and
Y. F — PLy(R) (c.f. Claim 1.2.5).

When thought of as a permutation of I, the dyadic rotation pq/, can
be defined in terms of this notation as

t+1p iftel
tp12 =
t—1p ift e R.

Notice then that .’ = & p1/2|L and X =Y’ p1/2|R.

Example 5.1.2. The map « illustrated in Figure 5.2 has been constructed
by gluing two copies of xg together. Specifically, « is the result of the
recipe
txy iftel
ta = ,
txy ift €R.

The important points I, = {0,1/2} are fixed pointwise by «, so the
rotation number is rot(a«) = 0 with denominator 4 = 1. Thus our
representative arc for a is Q = I. If H = Z;, denotes the quotient of
Sequence (4.3) as above, then & projects onto the identity of H.

By design, a commutes with the dyadic rotation p;,, € T. To
be explicit, the two products in question are given by the casewise
formulas

txXp1p ift el
tapyz = { o (5.1)
txo p1/2 ift eR
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Figure 5.1: We introduce two PL, maps
Y and X’ for discussing centraliser
examples.

oM

Figure 5.2: The element a from Fig-
ure 2.5 consists of two copies of the
generator xo € F, rescaled to permute
the standard dyadic intervals [0, 1/2]
and [1/2,1].
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and

tprpxy iftel
tprpa=1 1" . (5.2)
tpipxy ift €R.

Ift € L, then
tx()):pl/z = thlxoZpl/z
= H(Z p1/2) X0

(5.3)
= tp1/22,71XOZ,

= fP1/zx§ ,
showing that tap/, = tpqpa in this case. A similar calculation holds
for t € R, and so pq/, commutes with a.

Our centralising element p1, pushes the important points d steps
forward, where d = 1. So Cr(a) transitively permutes I,, and hence
the quotient group H must be of size h = n/d = 2. We see that the
inequalities g < h < n are realised as 1 < 2 = 2 in this scenario.

As noted above, p1/, gives us a transversal® ¢ of the kernel K in
Sequence (4.3). If y; is the map which cyclically pushes I, forward by
i steps, then our transversal sends y 7 id and sends y1 =7 p1/>. This
is not just a function between sets: the relation y? = yj is preserved
by ¢, because p% n= id. Since ¢ is a homomorphism (a splitting), the
centraliser splits? as a semidirect product Cr(a) = K > Z,.

To understand the group structure of this semidirect product, we

need to identify K and describe how conjugating by p1,, affects K.

Matucci’s analysis® of centralisers in F shows that the kernel K is
isomorphic to

K= CPLQ(Q)((X1|Q) = Cr(a)
= CPLZ(L)((X|L) X CPLQ(R)(“|R)
= (04|L> X (01|R>
=Zx7Z.

P12 _
L =

Since a| r these two direct factors are swapped by py>. This
shows that Cr(«) is isomorphic to the wreath product Z ¢ Z, arising

from the action {L,R} © Z,.

For our next example, we’ll consider a related element whose
rotation number is nonzero. The idea is to use the same building
blocks (two shrunk copies of xp), but this time we’ll build an element
which exchanges the two copies.

Example 5.1.3. With « as in Example 5.1.2, let f = apy,, be the element
shown in Figure 5.3. The new element § is constructed much like a: we
use two copies of x(, according to the recipes given in Equations (5.1)
and (5.2). The important point set is Iy = I, = {0,1/2}; since 0 = 1/2

we see that the rotation number is rot(8) = !/2, with denominator q = 2.

As f transitively permutes Ig, we have d = 1and h = n/d = 2. In this
example, our inequality ¢ < h < n is realised as 2 =2 = 2.
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! By ‘a transversal ¢’ we really mean a
transversal function 6: H — Cr(a), as
described in Robinson 1996, Section 11,
p- 311 in particular.

2 Rotman 1995, Lemma 7.20.

3 Kassabov and Matucci 2012, Section 5.
See also our Section 4.1.

Z/
Xo P1/2

Figure 5.3: The product f = apq),
eT\F.
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We take Q = L as our representative arc for §. We note that f3 is the
product of two elements which commute with py/,, so § itself must
commute with this rotation. Thus we can use the transversal o to split
the extension Cr(p), exactly as in Example 5.1.2.

The kernel of the extension is Ct(8)o = CpLZ(L)(52’ 1 )- We can directly
compute

162 = {f(x§ p12) (1255 ) _ {t(xg)Z iffel
tHxd p1y2) (p12x5) t(x2)* ift €R,

which shows in particular that [32| | is a shrunken copy of x3. Thus
CPLZ(L)([%2| )EC F(XS) = (xo), again by Matucci’s study of centralisers
in F-like groups. The pseudo-conjugate xJ = a|L is a generator for
CPLZ(L)(‘BZ| ;) Thus the extension’s kernel is generated by the unique
extension of this element to Cr(g), namely «.

In summary, the centraliser Cr(B) splits as a semidirect product
Cr(B)o = Zy = (a) = {p1/2). Since &« commutes with pq,, this must in
fact be a direct product C7(B) = (a) X {(p1)2) =Z X Z,.

THE NEXT TWO EXAMPLES are similar in spirit to those above. We
slightly complicate things by ensuring that our elements have different
(but conjugate) graphs over L and R. Much of our discussion goes
through unchanged for our new version of a, but the story is not so
simple for the analogue of .

Example 5.1.4. Let y,¢ € F be the maps shown in Figure 5.5. In
particular, y is given by the recipe

txy iftel
Hxg)E ift € R.

This element has similar dynamical behaviour to that of a in Ex-
ample 5.1.2: both consist of one-bump functions below the diagonal on
L? and R?. Consequently, the rotation number is again rot(y) = 0, with
reduced denominator g = 1. Our representative arc for y is Q = I; we
only have one block. The important point setis {0, 1/2}, fixed pointwise
by y. What is the value of h? By Algorithm 4.2.3, we must determine
if there exists an element w € T conjugating y to itself with 0w = 1/2.

‘J/

Pz
(x9)
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p?

aly

Figure 5.4: The square of  from
Figure 5.3. The shaded region is the
set L? containing the graph of ﬁ2| L
Also shown is the graph of « L which
generates Cppr)(5?],)-

Figure 5.5: We construct an element

y € F. In the lower-left quadrant L?,
7 is a scaled copy of xp. In contrast,
the graph of y in the upper-right
quadrant R? is a scaled copy of xg) ,
where ¢ € F is the map with the given
tree pair diagram.
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From thin air, we conjure an element w defined by

t(pzpl/z iftel
tw = ,
tp ) p1p ift€R

(see Figure 5.6). We see that Ow = !/2 as required, but is y* = y? The
relevant computations are

Figure 5.6: The centralising element w.

foy = {t(qbzpl/z)(x(q:z/) ift el
to ¥ pra)(xy) ift €R
and
_ {t(xg)(fi’zpl/z) iftel
a9 prjp) i eR.

The expressions for t € L are equal, because
toy =t (¢[Zp12(Z) o ™) x0T = tZ  x0pTp12 = tyw,

where the bracketed factor is equal to the identity. A similar (but

increasingly messy) calculation holds over ¢t € R. Thus h = 2, and the

inequality g < h < nisrealised as 1 < 2 < 2, just as in Example 5.1.2.
Does w have order 2? Its square is given by

th - {t(¢2p1/2)([¢—1]2’p1/2) iftel
t([¢_1]zlpl/z)(¢zp1/2) ift e R.

Ift € L, then
tw? = t27H (pZp1p(T) P Tpyp =t = ¢,

and once again a similar calculation holds for t € R. We see that
w? = id, which means that Cr(y) E2Cr(y) = (w) = 72 <7y =727, as The wreath corresponds to the action

in Example 5.1.2. {L,R} O ().

Remark5.1.5. Let x € T be the map defined by x|, =idand x|, = ¢*". A
direct computation verifies that a* = . So with the benefit of hindsight,

=
Xo P1/2

it’s no coincidence that y and « have isomorphic centralisers.

In our next example, we define 6 = ypy/, by analogy with f = apy,
in Example 5.1.3. These two elements’ centralisers are not as similar as

we might expect.

Example 5.1.6. Let 6 = ypy), be the map illustrated in Figure 5.7. To
be explicit, 6 is defined casewise by

5= {tx()):pl/z iftelL Figure 5.7: The product 6 = ypq5-

Hx) ) prjp it €R.

Then rot(6) = 1/2 with denominator 4 = 2; the important points
Is ={0,1/2} are permuted transitively by §,sod =land h = n/d = 2;
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and we may again take Q = L as a representative arc for 6. The
inequality ¢ < h < nisrealisedas2 =2 =2.

We'll start by identifying the kernel K = Cr(6)o of the extension,
which we know to be isomorphic to CpLZ(L)(62| ,)- The square is given
by
o2 {t<x§p1/2><[x3’12’p1/2) _ {t(xoxg”)ﬂ iftel

t([xgj]ypuz) (x5 p12) t(x(?xo)zl ift eR,

so the kernel is isomorphic to CpLZ(L)([xoxg) IREXe F(XQXS) ). As X =
xoxg) is a one-bump function, its centraliser in F is generated by a
minimal root of X. The initial gradient of X is 1/4, and it can be checked *
that no element w € Cr(X) exists with initial gradient 1/2. (Again
we are using Kassabov and Matucci’s work® on F-like centralisers
here.) Thus Cr(X) = (X) is infinite cyclic, and so CPLZ(L)(62|L) is
generated by X* = 62’ ;- The unique extension of 62| , to Cr(6) is 62,50
Cr(6)o = (6*) = Z.

Because i = 2, we know that K = (5%) has index 2 in Cr(5). The
missing coset must be (62)§, meaning that Cr(5) = (6) = Z. Notice
that the centraliser extension does not split in this case,® as there is no
element of order 2 in ().

THE EXAMPLES sO FAR have all had g = h, because we constructed
elements a (say) whose important points were transitively permuted
by a. Another pair of examples shows that this is not necessary. The
key is to replace the use of x( in previous examples with x;.

Example 5.1.7. In this example, we construct an element € € T with
parameters g < h < n. Let € € T be the map defined by

, txt iftel
€ =
txX' ift € R.

Since € € F, its rotation number is rot(¢) = 0, with denominator g = 1.
Its important points are I = {0,1/4,1/2,3/2}, each of which is fixed by €.
Our representative arcis Q = I.

To identify the quotient of the extension, we first note that p;/, €
Cr(e). The calculation to justify this is the same as that given in Equa-
tions (5.1) to (5.3), after the symbol xg is replaced with x; throughout.
Thus we know that g > 2. In fact g = 2, because no element of the
centraliser can map 0 to 1/2 or 3/s. This is because’ the gradients of
€' = e differ: 07¢’ = 1, whereas /a7 ¢’ = 3/s"¢’

ity g < h < nisrealised as 1 < 2 < 4. Once again, we see that the

= 1/2. Thus the inequal-

extension splits.
Arguing as in Examples 5.1.2 and 5.1.4, we see that the kernel of the
extension is Cr(e). This in turn is the product

Cr(€) = Cpryny(el,) X Crryry(ely)

= Cpry)(x5) X Cpr,r)(xF)
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5
(x0xg)*

Figure 5.8: The square of 0. The
shaded area is L2, containing the graph
of 62| This restriction is equal to a
scaled copy of xoxg) . Within R2, 62| is

a scaled copy of a different map xg) X0-

4 See Appendix A.

5 Kassabov and Matucci 2012, The-
orem 5.6.ii.

¢ See also Appendix B for another
argument to this end.

L[]

Figure 5.9: The element € is construc-
ted in the same manner as a from
Example 5.1.2, using x1 in place of xg.

7Or: centralisers send fixed intervals to
fixed intervals—see Condition (3.5).

[eo] [o1] [1e] [11]

Figure 5.10: The F-centraliser of €
splits as a direct product over four
factors. The first, second, third and
fourth factors’ elements rearrange the
intervals [00], [01], [10] and [11],
respectively.
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= (CPL2<uee]1>(id) X Cpry(o1(*g ‘”))
X(CHQmeUd)XCbumim%xg”ﬂ
zcﬂwx@?w)x@iwxw?%), (5.4)

where X is the PL, map I — [[s]] with a single linear segment, for any
string s over {0, 1}. (For instance, Lo = X and £; = X’.) To reconstruct
the extension, we note that our chosen preimage p1, for the generator
of H = Z, swaps the bracketed factors in Expression (5.4). Thus the
entire centraliser is the semidirect product Cr(e) = (F X Z)? < Z, =
(FXZ) 7.

By analogy with previous examples, we again study the product
of our previous element with p;/,. Much is similar to the case of  in
Example 5.1.3; however we have to take a little more care this time,
because g < h.

Example 5.1.8. Let C = €py», as shown in Figure 5.11. The rotation
number is rot(C) = 1/2 with denominator g = 2. The important point
setis It = {0,1/4,1/2,3/4}, of size n = 4. Each important point is shifted
two steps forward by C.

The rotation pq/, commutes with , because C is a product of two
elements which also commute with p;/,. This shows i > 2. Once
again, no element of the centraliser can map 0 to 1/4 or 3/s (just as in
Example 5.1.7). This time the relevant gradients are 0*(C?)" = 1 versus
1/47(C?) =3/ (C*) = 1/a. This shows that & = 2, and so we can use p1/»
to split the extension. We note that the inequality g < I < n is realised
as2=2<4.

The extension’s kernel is isomorphic to CPLZ(L)(C2| L), which is

CPL2(L)(C2|L) = Cpr,)([¥7]%)
= Cpr,(joep)(id) X Cpry(porp) ([x3171)
— F):@g % <x§01>

=FxZ.

Note that this is the left-hand bracketed factor in Expression (5.4). To
finish, we need to know how conjugation by p1, affects the kernel K, so
we need to work with elements of K < Cr(() instead of an isomorphic
copy of K.

Any element w € CPLZ(L)((?\ 1) lifts to a unique element @ € Cr(C)o

_ tw iftel
tw =
tCwl|, ifteR.

given by

The two products involving @ and py, are

_ twp1/2 iftel
twpl/zz 4 .
tC 0| p1jp ifteR

X7 P12 c

"4
X1 P1/2
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Figure 5.11: The product C = €py), €

T\F.

()

CZ

Figure 5.12: The square of C. The
shaded region is the set L2, in which {2

is a scaled copy of x%.



EXAMPLES

Example Name Centraliser g<h<mn

5.1.2 a yRY L) 1<2=2
5.1.3 B ZxX7Z, 2=2=2
514 Y YRY %) 1<2=2
5.1.6 10 Z 2=2=2
5.1.7 € (Fx7Z) 7, 1<2<4
5.1.8 C (FxZ)yx7Z, 2=2<4
and
_ tp1pC Y |, iftel
Ep1p@ = / |R |L '
tpipw if t € R.

For the moment, we suppose that t € L. Then @wpq/, = p1),@ if and
only if
twpip = tp1a C 0 (-

With some rearrangement, we see that
— z
tw = tp1p CHp @ T, p1j = t (P2 = ).

Thus p1/, commutes with @ over L if and only if @ commutes with xlz.
Put differently, we need w € Cpr,1)(C?|,) = Cpr,)([x3]%) to be con-
tained in CPLZ(L)(le). This is true if and only if Cp(x%) < Cp(xy).
Matucci’s analysis of centralisers in F shows that these two groups are
in fact equal to (x1) (see also Theorem 4.1.3).

A similar argument applies when we suppose that ¢t € R, so we
conclude that @ commutes with pq/,. Then the centraliser extension is
a direct product Cr(C) = C1(C)o X {p1/2) = (F X Z) X Z5.

This concludes our series of examples, which are summarised in
Figure 5.13. Five of our examples split: two of these are direct products
and the other three as wreath products. The element 6 was the odd
one out, since for some reason its centraliser extension is nonsplit. In
the remainder of this chapter, we generalise this approach to study a
generic nontorsion element of T. We'll see that the wreath and direct
products above are part of a general pattern; why 6 was different to
the other examples; and we’ll see what happens when there are no
dyadic important points to work with.

Remark 5.1.9. Up to equivalence, there are three extensions of Z, by Z,

namely
Z— ZXZor>»7s (direct product)
7 — ZxZly—>»7, (infinite dihedral)
27— 7. > (division by 2)

We have seen that Cr(8) and Cr(0) are isomorphic to the first and last
extensions, respectively. Does there a nontorsion element 1 € T whose
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Figure 5.13: A summary of the cent-
ralisers we’ve been discussing. This
isn’t a comprehensive survey of non-
torsion elements of T: for instance, we
have not considered an element with
nondyadic fixed points.
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rotation number

rem. points Zero nonzero
dyadic self-similar dyadic offset-similar
some dyadic DSS DOS
Section 5.2.1 Section 5.2.2
nondyadic self-similar nondyadic offset-similar
all nondyadic NSS NOS
Section 5.2.3 Section 5.2.4

centraliser is infinite dihedral? The answer is ‘no’, because the centre of
Ct(n) contains?® (1), which is nontrivial; however the infinite dihedral
group is centreless.

EXTENSION STRUCTURE IN DETAIL

In this section we aim to describe the structure of Sequence (4.3) in
more detail, generalising from the examples we have already seen.
We break our analysis into four cases using two independent criteria:
firstly, does the element have a dyadic important point; and secondly,
does the element have zero rotation number? We give each case a
name (see Figure 5.14) and handle each in its own subsection. Each
type of element « € T is studied according to a four-step plan.

1. Define a block form for a: some data which give a recipe for con-
structing a.

2. Use the block form to find formulas for centralising elements y €

Cr(a).

3. Check that every element a € T of the current case has a maximal
block form.

4. Use the maximality to find all elements y € Cr(«a), then use their

formulas from step 2 to deduce the group structure of Cr(«).

Case 1: dyadic self-similar elements

We now demonstrate that the recipe used to construct a, y and 7 in
Examples 5.1.2,5.1.4 and 5.1.7 can be generalised, always yielding split
centralisers.

Definition 5.2.1. Let x be any element in F \ {id}. Letdy — d; —

- — dp_1 — dy be a circular partition in which every point is dyadic,
for some h > 1. Define circular arcs D; = [d;, d;+1] with subscripts
mod h, for each 0 < i < h. Each D; is called a block. Finally, let
L;: I — D; be a collection of PL, maps, with one map for each i.
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Figure 5.14: Names and abbreviations
for our four types of nontorsion
element, along with the section each is
discussed in.

8 Notice that we don’t need the hypo-
thesis that 1 is nontorsion here; we just
need 1 # id.

Normally x denotes a point rather than
a group element. We use x here to
remind the reader of x¢ and x1 from
our examples.
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In terms of these ingredients, we define an element a € T by the T 22
recipe D>
ta = {txzi ift € D;. * )
Such an element « is called dyadic self-similar. The data (x;Xo, ..., Ly-1) Dy -
is called a block form for o with h blocks. If it is not possible to express « J{ =
in block form with k" > h blocks, we say that a block form with & Do
blocks is maximal. l

In an attempt to mimic Example 5.1.4, we could instead have defined t—Do——+— D1 —+—Dr—

Figure 5.15: An example element an

T element « of the form described in
ta = {txqb' i ifteD;, (5.5) Definition 5.2.1. This example was

L . constructed using x = xg and three
for some maps ¢ € F. However, this is unnecessary: we can define blocks D;.

i I — D;j to be the PL, product ¢;%;. Then the map given in
Equation (5.5) has block form (x; ) as above. In this way, the maps X;
can ‘absorb’ a conjugation of x in F.

For n > 0 we have a"|Di = (alDi)” = (%) = (x™)>. As x # id, we
see that a # id.

Because a self-similar element « is divided up into blocks and
behaves similarly on each block, we can immediately write down a
certain centralising element.

Lemma 5.2.2. Let o be a dyadic self-similar element, with a block form
(x; ;) containing h blocks. Define an element 6 € T by the formula

to = {tZl.‘le ift e D;,

with subscripts on ¥ modulo h. Then 6 commutes with o and has order h.

Proof. First we check that 6 is a well-defined element of T. If h =
1 then 6 is already well-defined. Otherwise, the only nonempty

+——Do——+—D1—+—Dy—

intersections among the blocks D; = [d;, di;+1] are those of the form ] o
Figure 5.16: The splitting element

Di N Djs1 = {dis1}. On the one hand we have 5 € Cr(a), which cyclically shifts the
blocks { D; } one step forward.
dit1 6|Di = di+1zi_1>:i+1 =1Zi11 =dis2;

on the other we have

dz’+1 6|Di+l = d,’+12_1 Yo =00 = di+2 ’

i+1

so 6 is well-defined. Since each X; is a PL, map, so too is each restriction
0|, - Hence 6 € T. We note that D;6 = D;1.
Let t € D;. Then the expressions

tad = tx¥(L7'8i) = 27 (S5 )i = 27 xS
and

toa = HE T T )xm = 127N (i 2 )i = 127 i

i+1

are equal, so we see that 6 € Cr(a).
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Next, we see that

to" =to|, 5"
= HZ i) 0] oh2
= 15 (T Z ) Zind"
— tzi—lzi+26h—2

= tZi‘lziﬂ-éh‘f ,

for each index 0 < j < h. In particular, the choice j = h yields
toh = t):;lzl- = t, so 6 has order dividing h. This order must be
exactly h, because 6 transitively permutes the arcs { D; }f’;ol. m]

Our plan is to use 6 to split Sequence (4.3). In order to do that,
we need to know that 6 corresponds to a generator of the quotient
group H. In other words, we need to make the order of 6—which is
h—as large as possible. Thus we want to work with maximal block
forms, where the block count  is as large as possible.

Now we characterise the set of dyadic self-similar elements, and in
doing so we will explain how to obtain a maximal block form for such
an element. We make use of the element 6 to prove that this block
form really is maximal.

Lemma 5.2.3. An element o € T is dyadic self-similar if and only if has
a dyadic important point and rotation number 0. We can algorithmically
determine a maximal block form for any such a.

Proof. First suppose that « is dyadic self-similar, with block form
(x;Z;). Then a fixes each dD; pointwise, so rot(ar) = 0. As x # id, there
is some point z € I which is not fixed by x. Then zX; is not fixed by xEi,
so «a is not the identity. Hence Fix(a) is neither empty nor the entire
circle. The same is true of any connected component A of Fix(a). We
must have dA C Z['/2], and so a has a dyadic important point.

Now suppose that @ has a dyadic important point 1y and rotation
number 0. We must have a # id because the identity has no important
points. We will explain how to construct a minimal block form for a.
Enumerate all the important points I, = {ro = -+ = r,—1 = 1o} in
cyclic order. Now any element of Cr(«r) permutes I, with some index
difference. Use Algorithm 4.2.3 to find an element y € Cr(a) with
minimal index difference 0 < d < n. Then n = dh, where h is the order
of y’l(a). Define our blocks to be D; = [r4, 7(i+1)a] foreach 0 < i < I;
that is, take d; = r;;. We note that D;a = D; and D;y = Dj11 mod h-

Choose® a PL, map Q: I — Dy, and use it to define x = a|DDQ_1.
Then x isa PL, map I — I,i.e. x € F. We must have x # id, because
otherwise a = id, which we noted above is impossible. To finish, define
L= Qyi|D0 for each i. These are PL, maps I — D; as required. The

°See Remark 1.2.9.
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calculation

Qy! i ;
X% = (0‘|DUQ_1) 7l = a|D07'|DO = a0

= al,,

D;

shows that a is dyadic self-similar.

Why is (x;Z;) a maximal block form? If there were a block form
with k" > h blocks, we could construct an element 6’ € Cr(a) with
order ', using Lemma 5.2.2. Then 6’ would cyclically permute I, with
index difference n/h’ < n/h = d. This is a contradiction, because y
has minimal index difference d. O

Proposition 5.2.4. Let a € T be dyadic self-similar with a maximal block
form (x; L;) containing h blocks. Then Cr(a) splits as the wreath product
Cr(x) 1 Zy, arising from the action { D; }f':l O Zy,. The right-hand factor is
generated by the image of o from Lemma 5.2.2.

Proof. The quotient in Sequence (4.3) is the restriction of Cr(a) to the
important point set I,. As explained in the proof of Lemma 5.2.3,
because the block count / is maximal, the quotient must have order /.
Since 0 has order #, the extension splits.

The extension’s kernel is K = Cr(a)o, which is isomorphic to the
direct product []g<;<p, CPLZ(Di)(aiDZ_) by Corollary 4.1.5. Write A; =
Cpry( D[)(ai Di) for the ith factor of this product, so that

14

0<i<h

Cr(a) = > (0) .

Now the endpoints of each D; are all dyadic, because r4; = 706" and 7
is dyadic. Thus

Aj = Coryppalp ) = Cpx (x™) = Cp(x);

in other words, the factor A; is parameterised by elements y € Cr(x).
Explicitly, the parameter y corresponds to the element w,;; € A; of the

ty* ift € D;
ta)y;,- =
t ift ¢ D;

form

To conclude, we need to determine the action of the quotient on the
kernel. What is the result of conjugating w,;; by 6? If t € Dj,1 then

167wy, 0 = tE ) Tiwy;i 6 = tX Si(y ) i

Ziv1 — tﬂ)y;i+l ,
and if t € D;j # Dj41 then
T Wy;i 0= tZ}Tl}jj_lwy;,- o= tz;lzj_l(idDj_l)Zi_lel

= tidD]. =twy; i1 -
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Figure 5.17: A schematic of the cent-
raliser Cr(a). The h different copies of
Cr(x) (one for each D;) are permuted
cyclically by the splitting element 6.

Note that the equality PLy(D;) = FLi is
a special instance of Claim 1.2.7.
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We see that a)i;i = wy;i+1, SO conjugation by 6 maps the ith factor A;
isomorphically to A;+1 mod ». In doing so, the choice of representative
y € Cr(x) is preserved.® This shows that Cr(a) is isomorphic to the
wreath product Cr(x) ! Zy, arising from the action {D; } O (6). O

Remark 5.2.5. In the light of this proof, it is worth highlighting the
structure of a generic element w € Cr(a)o. It must be a product of the

form

W= Wy 1Wyp;2° Wyyshy

parameterised by h elements y; € Cr(x). Thus w is given by the
casewise formula

tw = ty,-z", fort e Dijand 0 <i < h.

There are no constraints that hold between the { y; }: we may freely
choose h elements that commute with x.

To coMPLETE THE sTORY, we ask ‘which groups can be centralisers of

dyadic self-similar elements?’

Corollary 5.2.6. Let a be dyadic self-similar. Then Ct(a) is isomorphic to
(Ff x Z7) 12y, for some integer parameters z > 0,0 < f <z+1landh > 0
such that (0,0) # (f,z) # (1,0).

Moreover, for each such triple (f,z, h) there exists a dyadic self-similar
element o whose centraliser has these parameters.

Proof. The isomorphism follows from Matucci’s classification of cent-
ralisers in F: see our Theorem 4.1.3 and Claim 4.1.8 above, together
with Proposition 5.2.4. The latter claim explained it was possible to
construct an element x whose centraliser was isomorphic to F/ x Z7,
with f and z in the given range. Now (f, z) = (1, 0) if and only if the
graph of x consists of a single fixed interval, which in turn occurs if
and only if x = id. Since the definition of block form requires x # id,
we exclude the possibility (f,z) = (1,0). This establishes that our
conditions are necessary.

We show the same conditions are sufficient by building a specific
element @ whose centraliser has parameters (f, z, h). Given f and z,
partition the unit interval into f + z standard dyadic intervals E; =
lej,ej+1], for 0 < j < f +z. Over Eg, Ey, ..., Ex-1), define x|Ej to be
the identity. On the remaining z intervals { E; }, define x| E = (xo/)%,
where E; is some PLy map I — E; and x € F is the standard generator
shown in Figure 1.1. To build «, choose a partition of the unit circle
into I standard dyadic intervals Dy, ..., Dj_1, and select PL, maps

F Z F V4 F Z
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0 Informally, conjugating by 6 induces
the ‘correct’ isomorphism between A;
and Aj,1.

Figure 5.18: Schematic illustrating

the break down of I = [0, 1] into
standard dyadic intervals E;. On f of
these, x is just the identity, leading to
a centraliser isomorphic to F over each
such interval. No two F-type intervals
are adjacent. On the remaining z
intervals, x is a specific one-bump
function, and hence has a cyclic
centraliser.

Z Z

t—Eg—3%— E{ —F— Ep —3 oooeens & Eofs =+ Eopo —+ Epfpq x— Epf —3 ool £ Efiz-1 3

€o €1 €2 €3 €2f-3 €2f-2 €2f-1

82f

€2f+1 €fiz-1 €ftz
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Y.i: I — D;. Asusual, we define oz| p, tobe x¥i, so that a has block form
(x; L;) with h blocks. As noted above, x # id because (f, z) # (1,0).
The fixed point set of « is

Fix(a) = UFix(a|Di) = UFix(xZi) = U Fix(x)%;,

so now we need the fixed point set of x. By construction, this is the

union
Fix(x) = EUE,U--- U EZ(f—l) U {ezf,.. .,efﬂ}.

of intervals and isolated points. Noting that ef,,X; = egX;+1, we can
express Fix(a) as

Fix(a) = U (Eo UE,U---U Ez(f—l) U {62f,. s Cfyzl }) i

1

Each of the finitely many sets within the union is closed and pairwise

disjoint, meaning that boundary of union is the union of boundaries.

In symbols,

I, = IFix(a) = U&(EOuEzu~-uEz(f_l)u{ezf,...,efﬂ})zi

1
= U{EOIellEZI"'lef‘FZ—l }Z‘l

i
={ejLi|0<j<f+zand0<i<h}.

Setting d = f + z, we see that a has n = hd important points I, =
{7jria = ¢jZi}.

To conclude our proof, we need to show the the block form (x; X;) is
maximal. We do so by showing that that there is no element y € Cr(«a)

which permutes the important points ry > 7y, for some 0 < d’ < d.

Then we will know that the centraliser quotient has order exactly
h=n/d.

Seeking a contradiction, suppose we have such a y. Then the
functions a and a” are equal, and hence so too are their right-derivatives
at any point. Differentiate a at e1X; € E1X; C D; to see that

) L
[elzi]+(a|Di)/ = [ElZi]+(xZ' |E121)/ = [€1Zi]+(X|E1 )I = el+(x|E1)/
= e (x3) = [e1B] ] x) = 0x =271

After some simplification, differentiating a’ at the same point e;%;
yields
[e1Zi]"(a?) = [erZiy 7' T" e (5.6)

We note that

-1 -1
e1Xiy =Tigr1Y = Tidel-d’ = T(i-1)d+d-d'+1 = Cd-d’+15i-1,
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[63]
a1

o

484
0

[=Ret]
w
@
=

id=2

1=1

%o

id=o0

tEg+E1+—Ey —+—E3—+E4t+Es1

Figure 5.19: We choose a particular
element x € F whose centraliser is
isomorphic to F ' x 77 In this example,
f=2andz=4.

— D1 — DO — D1 —

Figure 5.20: Continuing Figure 5.19,
we select i = 2 dyadic arcs to cover
the circle, namely Dy = [1/4,3/4] and
D1 = [3/4,1/4]. Selecting PL,-maps
Y;: I — Dj, we define a on D; to

be x¥i. We've only shaded Dé c (81?2
for clarity.

We're making use of Claim 2.3.14 to
handle derivatives of conjugates here.
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so we may continue the calculation in Equation (5.6) to see that

[e1Zi]" (@) = [ed_dl-'-lzi_l]_'—(a|Ed—d’+12i—l),
i1 )l

d’+1

= [edfd’+1zi—l]+(x|gd7

= ed—d’+1+(x|Ed7d,+1)l .

Depending on the value of d — d’ + 1, the restriction of x is either the
identity or a scaled version of xg ~d'+1 In the former case, the derivative
is 1; in the latter it is

ea—qr+1t ([ Faray = [ed—d/+1E‘;Ed/+1]+(xod_d,+l)'

— O(xodfd%l)/
— 2—(d—d’+1) )

Hence either 27! = 1 or 27! = 274+ The first possibility is false;
the latter holds if and only if d = d’, which contradicts 0 < d’ < d. This
contradiction completes the proof. m]

Case 2: dyadic offset-similar elements

Examples 5.1.3, 5.1.6 and 5.1.8 describe the centraliser of elements
B, 06, C € T with nonzero rotation number and a dyadic important point.
Can we formulate a description of a generic such element?

Definition 5.2.7. Let dy — di — ...
partition in which every point is dyadic, for some /1 > 2. Define blocks
D; =[d;,di;1]foreach0 <i < h,and letZ;: I — D; be a PL, map, for
each 7 in the same range. Next, let 4 be a divisor of 1, say h = sq. Also

— dy_1 — dy be a circular

let 0 < p < g be an integer coprime to g, so that 0 < ps < h. Finally,
select a map x; € F for each 0 < i < I, subject to the constraint that
the product X = []y<j<, Xi+jps is independent of i and not equal to the
identity. (Subscripts on the x; are modulo .)

From these ingredients, we define an element € T by the recipe

tg = {tz;lxizi+,,s ift € D;.

Any element of this form is said to be dyadic offset-similar (DOS). The
data tuple ({x; }; {Z; }; p; q) is called a block form for B, with h blocks.
If it is not possible to express f in block form with 4’ > h blocks, we
say that a block form with & blocks is maximal.

There are a few changes to note from Definition 5.2.1. This time, we
require at least & > 2 blocks, which are no longer fixed by the result of
our recipe: instead, D;f8 = Dj4ps # D;. Each of these is rearranged by
(a suitable conjugate of) its own element x; € F; we no longer use only
asingle x € F \ {1}. We note that

X

xi_l(xixi+psxi+2ps Tt xi+(q—l)ps)[xi] (5.7)

= Xi+psXitps+ps " Xi+ps+(q-2)ps [xi+ps+(q—1)ps] =X,
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t—Do—+—D1—+—Dy——D3;—

Figure 5.21: Schematic of a dyadic

offset-similar element . Here we have

h = 4 blocks; the other numerical
parametersarep = 1,4 =2ands = 2.
Our elements of F are (xg, x1, X2, x3) =
(x2, x,id, x), where x is one of the
standard generators of F (usually
denoted by xp).

The product X is independent of i:
each of its 1 = 4 possible values

XpXp = x2id = x?

x1x3 = x2

xpx0 = id x2 =2

X3X1 = x2

are all equal to x2.



EXTENSION STRUCTURE IN DETAIL

which shows that each x; € Cp(X).

Claim 5.2.8. Let 8 have block form (x;;Z;; p; q). Then rot(8) = p/q # 0 in
lowest terms.

Proof. We know that § cyclically permutes the intervals {D; }o<;j,,
sending D; +> D;,ps. Since there are i = gs blocks in total, the rotation
number is rot(8) = ps/qs = p/q. This is in lowest terms because p
and g are coprime. As 0 < p < g, 4 > 2 and rot(g) # 0. ]

The original goal of introducing block forms for elements @ with
rotation number 0 was to make it easy to write down centralising
elements with small (hopefully minimal) index difference. We can do
the same for p with nonzero rotation number—with some extra effort.
First we establish some helpful notation; then we derive conditions for
such a centralising elements 0 to exist. As a corollary we point out
that such a 6 can always be constructed.

Notation 5.2.9. Let g have block form (x;;X;;p;q) and let X be the
product X = H0$j<q Xi+jps- Wedefine thesymbol 7t; ;, = ]—IOS]-<m Xitjpss
for any integer 0 < i < h and any natural number m > 1. This has the
following properties, where we treat the first subscript i on 7 as an
integer modulo h.

1. TC,m+1 = TU,mXi+mps, and hence T,m+m’ = T,mTi+mps,m’-
-1 _
2 I Zivmps = B -
3. mj,q = X, for any value of i; hence 7; g = XK.
4. 7, € Cr(X), because it’s a product of elements x; € Cr(X).

Lemma 5.2.10. Let 8 have block form (x;; Li; p; q) with h blocks, and let X
be the product X = H05j<q Xi+jps- Then there exists an element O € Cr(p)
with rot(0) = 1/h if and only if there exist maps Oy, ..., Op—1 € Cp(X)
satisfying the simultaneous equations

x,-6,'+ps = 0;xi41, fOT all0 <i<h. (5.8)

Proof. If 6 € Cr(B) then 6 maps D; to D;;1. Thus we have 9|Di =
Zl._l():i 6|Di Yit1) 'Xis1. As shorthand, define 0; = L; 9|Di ., for
each i. Then 9|Di = Zi’l@i):iﬂ holds for every 0 < i < h. Now the
products 6 and 6 are equal if their restrictions to D; are equal, for
all i. The former restriction is

-1 -1 -1
6lp, Blp,., = Zi' 0iZin Z Xiv1 Zisteps = 7' 0iXia1 Tistaps
whereas the latter restriction is
-1 -1 -1
ﬁiD,’ 9|D,'+1 = Zi xi2i+pszi+ps 9i+pszi+ps+1 = Z‘i xi9i+pszi+ps+l .

As these expressions are equal, we learn that

-1 -1 .
X Qixmz,-ﬂﬂ,s =X xi9i+pszi+ps+l foreach0<i<h,
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which is equivalent to Condition (5.8). Repeatedly apply this condition
using different values of i to see that

0i = XiOivpsX;
_ -1 -1
= xi(Xitps 9i+2ﬁsxi+ps+1)xi+1

e, . X -1 -1 -1
= XiXitpsXi+2ps 6”3!’5xi+2ps+1xi+ps+1xi+1 (5.9)

=Tm 9i+mpsn;rl1,m , for any integer m > 0.

In particular, take m = g so that 0;4,,ps = 0; and that both = symbols
become X. Then we see that 0; € Cr(X), as claimed.

Conversely, given {0; }o<;.;, € Cr(X) satisfying Condition (5.8),
define' anelement 6 € T by the formula 9|D1’ = 2;19,'2141 for0 <i < h.
Then 6 maps D; t0 Di11 moa n for all 0 < i < ¢, so rot(6) = 1/h. Repeat
the above calculations for 9| D ﬁ\ p,,, and ﬁ\ D; 9| p,,,» the two functions
will be equal precisely because our { 6; } satisfy Condition (5.8). This
holds forall 0 < i < g,s0 0 = 0. m]

Corollary 5.2.11. Let B and X be as in Lemma 5.2.10. For any elements
6o, ..., 05-1 € Cp(X), there is a unique element 6 € Cr(B) with 6|D_ =

]
2;1 0;Lj+1 for each 0 < j < s. Moreover rot(0) = 1/h.

Proof. Adopt the notation used in Lemma 5.2.10 to describe the given
block from for . Suppose we have elements 0, ..., 0,1 € Cr(X).
To prove this result, we will establish that there are unique elements
Os, . .., Op_1 such that the whole collection { Oy, . . ., 051 } satisfies Con-
dition (5.8). For each 0 < j < s, we must define 05, O14ps . .., Os—14ps
by Oj4ps = x}Tl 0jxj+1,in order to satisfy to satisfy Condition (5.8) when
i = j. For the same values of j, we must similarly define

. — 1 g .
9]+2ps = xj+ps 9]+psx]+ps+1

-1 -19.... .
_xj+psxj ij]+1xj+ps+1

-1
=1;,0imj2,

to satisfy Condition (5.8) for i = j + ps. In general, we define 0;mps =
n]‘; 0 i1, ms this is necessary to satisfy the required condition when
i=j+(m—1)ps,foreach0 <m < gandeach0<j <s.

With all our 0; now defined, we need to verify that the last remaining
case (i = j + (g — 1)ps) of Condition (5.8) holds, i.e. to verify that

Xj+(g-1)ps Qj+qps = 6j+(q—1)psxj+(q—l)ps+l (5.10)

foreach 0 < j < s. The left-hand side of Condition (5.10) is the product
Xj1(g-1)ps Oj+qps, since gs = 0 (mod h); this is equal to the right-hand
side because

_ -1 g . .
Ojs(g-Dps X jrg-Dps+1 = T 0 10jTj41,0-1 Xji(g-1pps+1
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" Formally, use Lemma 2.1.7 to see
that this is a well-defined map 6 € T
instead of 6 € Homeo, (S1)\ T.

-1

Figure 5.22: The result of our recipe
for constructing a centralising element
0 € Cr(B), where B is the element
illustrated in Figure 5.21. We choose 6
to be the identity on Dy and Dy; this
determines 6 on the remaining D;.
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— -1 j
= nj,q—l 6]ﬂ]+1,q

-1 -1
(XX gonyps) ™ 05X

= Xjag-nps X 10X

= Xju(g-1ps B -
Thus Condition (5.8) is satisfied for every 0 < i < h. m]

We now give a dynamical characterisation of DOS elements. For
each DOS element f, we explain how to construct a maximal block
form for .

Lemma 5.2.12. Anelement € T is dyadic offset-similar if and only if it has
a dyadic important point and nonzero rotation number. We can algorithmically
determine a maximal block form for any such B.

Proof. First assume that g has a block form (x;; X;; p; q) with h blocks.
We saw that rot() # 0 in Claim 5.2.8, so now we need to find a dyadic
important point. The whole important point set is Iz = d Fix(89). On a
given block, the gth power is

,quD; = X7 ' igps = 57 X4,

by Notation 5.2.9. Now since X # id there must be a dyadic important
point? r € Ix = d Fix(X). It follows that r¥; is a important point of §;
this is also dyadic because r is dyadic and ¥; is a PL, map.

In the other direction, we take an element § with rotation number
p/q # 0 in lowest terms which possesses a dyadic important point
ro. We will describe an algorithm to produce a maximal block form
for . Enumerate all important points in cyclic order as Ig = {ry —
i — -+ = 11 — ro}. Use Algorithm 4.2.3 to find an element
y € Cr(B) with minimal index difference 0 < d < n. Then n = dh
for some integer /1; use d to divide the important points into & blocks
D; = [riq, 7(i+1)a)- As each r; lies in a size g orbit under 8, we must have
h =gs forsomes > 1;thush > g > 2.

As y commutes with g, it must also commute with 7. This means
that the quotient of Cr(87) (from the structure of Sequence (4.3)) has
order at least /1 (possibly larger). But the power 7 is dyadic self-similar,
so it has a (not necessarily maximal) block form (X; X;) with & blocks.
Since the important points I(f7) = I are the same, we may assume
without loss of generality that the codomain of ¥; is D;. Thus we
obtain ﬁ‘7|Di =X 1Xy,

Define 6 € T by 6|Di = Z;lzﬁ.l asin Lemma5.2.2, so that 6 € Cr(g9).
Now certainly g € Cr(B7), so the product e = &/ € Cr(p7) also.
Choose j = —ps so that € € Cr(B7)o has rotation number 0. From
Remark 5.2.5, we know that e|D‘_ = x?i, for some maps x; € Cr(X).
Then

ﬁ|Di = €|Di 5PS|DI. = (7T Sips) = 27 Dips -
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2Let [0, s] be the first linear segment
of X, for some s < 1. If this segment
has gradient 1, take r = s; otherwise
take r = 0. Then r € d Fix(X).
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Now that we have formulas for ﬁ| p. and ﬁq| p.» We can restrict the
equality f7 = BB --- B to D; to learn

Zi_lXZi = (Z’i_lxizi+ps)(zl'__3psxi+pszi+2ps) Tt (Z’l‘_:(q_l)psxi+(q—1)pszi+qps)

= Zi—l( 1_[ x,'+]'ps)2i .

0<j<q

We see that the product X = []o< j<q Xi+jps 18 independent of i, and
X # 1. Thus B has block form (x;; Zi; p; q).

Finally we consider the maximality of 1. We deliberately chose y
to have minimal index difference 4, and so the image of y in the last
term H of Sequence (4.3) has maximal order i = n/d. If our block
form for  were not maximal, there would be a block form with 1" > h
blocks. But then we could construct an element 6’ € Cr(g) with
rotation number 1/h’ using Corollary 5.2.11. This would yield an
element of order i/ > h in H, which is a contradiction. We conclude
that our block form is indeed maximal. O

With maximal block forms in hand, we can begin to describe the
structure of Sequence (4.3) for Cr(f).

Lemma 5.2.13. Let § € T be dyadic offset-similar with maximal block form
(xi;Zi; p; q) consisting of h blocks. Set X = ]_[Ogmq Xi+mps- Then thereis a
short exact sequence

Cr(X)* = Cr(B) » Zy, (5.11)

where h = gqs. Given an element 8 € Cr(B) which is a preimage of 1 € Z,
we can explicitly describe how O conjugates the kernel of this extension.’

Proof. Given a choice of representative arc Q, we know that the kernel
| Q). Since this
arc needs to cover 1/gth of the circle, we take Q = Dy U --- U D;_y,

of Sequence (4.3) for Cr(p) is isomorphic to Cpr,q)(B7

where D; is the domain of ;. Because of the condition on the { x; } in the
|, = Z71XZ.
Thus, by the argument of Theorem 4.1.3, our kernel is a direct product

definition of offset-similar block form, we know that g4

of other centralisers, namely

Cri ) = | | Crr0,)(p,) (5.12a)
0<j<s

= [ e (5.12b)
0<j<s

=[] cr0). (5.12¢)
0<j<s

Any element 6 € Cr(B) with rotation number 1/ projects onto 1 € Z,.
We know that such an element exists thanks to Corollary 5.2.11. We
also know that 1/ is the smallest nonzero rotation number possible,
because our block form (and hence /) is maximal. Thus the extension’s
quotient is Zj,, as claimed.
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This sequence is a specific instance of
Sequence (4.3).

13 See Equation (5.14).

Reminder. Isomorphism (5.12a)
decomposes the centraliser over Q
into the product of centralisers over
the { D; }. This is valid because the
endpoints dD; are dyadic important
points. Isomorphism (5.12c) is a
conjugation by the PL, map 2]71.
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We saw in Equation (5.12) that our kernel’s elements were paramet-
erised by tuples (w, . .., ws-1) € Cr(X)*. After applying the inverse of
Isomorphism (5.12c) followed by the inverse of Isomorphism (5.12a),
our parameters yield an element w € PL,(Q) defined by w | D, = w?’ , for
each0 < j < s. To obtain a fully-fledged element of T, we need to apply
the inverse of the isomorphism Cr(8)y = CPLZ(Q)([S”’| Q) discussed in
Theorem 4.2.1 and Remark 4.2.2. Take w and form its unique extension
@ € Cr(B); this is given by

D ﬂm|D' ZjNE T, Emps T, mZjmps
w|Dj+mps = (w|D]’) ] = (a)] ) i T m&jrmps C()] , (513)

where 0 < j < s and 0 < m < h. Thus the conjugate @Y is given by

Qleerpsfl .

- 6 _ -
w |Dj+mps - (a)|Dj+mp5—l
Now @? is also an element of the extension’s kernel, so it must be
described by s parameters in Cr(X). What is the jth such parameter?
First we handle the cases 0 < j < 5. Write 6|D_ = le.‘l 0;L;;1 as in the
proof of Lemma 5.2.10. Then

Olp.

j=1+mps

Ip,,,,. = @
@ = (w
Dj+mps ( Dj—1+mp5)

. . -1 . .
— (CL) Tj-1, m):]—1 +mps )Zj—1+mr'5 9]—1+mps):]+mps

j-1
Ti-1,m 9j—1+mps Z‘q’-*—mps
j-1
_ ejflnj,m):jﬂnps
= -1 ,

where the last equality is due to Equation (5.9). Comparing with
0j1
fil '

The case j = 0 is a little different: here j + mps — 1 = mps — 1 needs
to be expressed in the form (s — 1) —s + mps = (s — 1) + (m — k)ps,

where k = p~! mod g. Then

Equation (5.13), we see that the jth parameter for @Y is @

-6 — (M QlD(s—l)Jr(m—k)p s
w |Dmps - (a)|D(sfl)+(mfk)ps) )

( nsflr"’*kz‘mpsfl )2;1];73_1 6(571)+(mfk)ps Z'mps

s—1
Ts—1,m—k 6(571)+(m7k)ps Z'mps
s—1
Os-1 ns,m—k):mps
s—1 4

again thanks to Equation (5.9). Now since 7, = Tk Ts,m—k, We can
rewrite this last line as

-0

(651 ﬂa}()ﬂo,m Linps
@ = ’ .

Dups — — 5-1

Comparing with Equation (5.13) shows that the parameter defining
0 05175k

s-1

In summary, the action of 6 on Cp(X)* is given by

@" over Dy is w

017 9y 0 0,
(wo, ..., ws-1)°? =(w,_; w0, w0 w0, (5.14)
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where the w; € Cp(X) are arbitrary parameters for elements @ of the
extension’s kernel. This completes our proof. m]

Now WE WILL sTUDY THE CONDITIONS under which Sequence (5.11)
for Ct(B) splits. This occurs if and only if we can find an element 0 of
order h = CT(,B)‘ Iy in the centraliser. The next lemma tells us how to
determine if such a 6 exists, given a maximal block form. Even better,
if such an element exists then we can construct an example.

Proposition 5.2.14. Let § € T have maximal block form (x;; L;; p; q) with h
blocks. Set X = [To<j<q Xi+jps- Then Sequence (5.11) splits if and only if X
has a qth root in F.

Proof. To split the extension, we need to find an element 6 € Cr(p)
whose image in the right-hand term Z;, of Sequence (5.11) has order h.
Without loss of generality, we may assume that rot(0) = 1/h. If not,
then say that rot(0) = p’/h in lowest terms. Set k¥’ = p’~! mod £, so
that 0F has rotation number p’k’/h = 1/h (mod 1).

To start, we assume that such a 0 exists and construct a gth root of X.
Arguing as in the proof of Lemma 5.2.10, we may write 6 iDi = Zl,_l 0; X
for some maps 0; € Cr(X). First we note that

6"|p, = (25 60Z1)(Z1 61 %) - -+ (31, 64-1T0) = £5' 6061 - - 6410 -

For each 0 < m < g define ©,, = H0§j<s Oms+j. Then O, € Cp(X),

and the previous equation now reads 0h|D0 =X 19y0; - - - ©®y-1Z0.

Set k = p~! mod g, so that kps = s (mod h). Use this together with
Equation (5.9) to conclude that

-1
9j+ms = 9j+mkps = 7_(]"mk9]'7-(]’4—1,mk
for each m as above. This means that
On = emkps 6mkps+1 toe 6mkps+(s—1)
=(n;t 6 1.0 L0
= 0,mk 0701, mk T(l,mk 1702, mk | = * T(s—l,mk s—1TTs,mk

-1
= 700 k0001 -+ Os 1705 ik

R
= no,mk®0”5rmk .

Expressing each ©,, in terms of ®g only, we learn that

0], = %50 (k@07 i) (g b @0 ) -
o (na}q—l)k@Onsr(q—l)k) Y.

Now because kps = s (mod h) we have 7T mk = Tom+1)k- 1t

1
0,(m+1)k
equation are all equal to na}{. The previous equation now reads

follows that the g — 2 factors of the form 75 k7t in the previous

0" =5t (@0m:) GumegpTos
Do 0 0,k s,(g-1)k=0,
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An equivalent statement of this result
is that Cr(B) splits if and only if f7 has
a gthrootin F.
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rewrite the right-hand side to obtain the expression

0", = Zo" (Gomy ! g )3
Do 0 0%,k 0,k7s,(g-1)k =0
q
= 251 (@0716}() T[o,quo (5.15)
q
=, (G)ona}c) X*x,
for thoo'

The above holds for any 6 € Cr(B) with rot(6) = 1/h. Now we also
that 0" = id. Applying this to Equation (5.15) yields

q
Yoidp, 261 (@07‘(5}() xk.
Since Yo idp, Z; Lig equal to id; = idr, the above is equivalent to the
equation
& -1\1
X = (@07‘(0,]()

in which all terms belong to Cr(X). Next, set ¢ = @0716}( so that
¢7 = X7k, Each of the elements {0;, x; }o<;<), belongs to Cp(X), so
we must also have ¢ € Cp(X). There is an integer £ such that 1 =
ged(p,q) = kp + g¢. Then ¢~ = X* = X'=9¢, which tells us that
¢~ X1 = X. But then X = (¢ "7 X?)7, so X has a gth root as claimed.

What about sufficiency? Suppose that i € F is a gth root of X. (We
note that such a 1) must be unique, by Corollary 3.2.2.1.) As before set
k = p~! mod g, then define 0y = ¥ 1, € Cr(X). For j in the range
1 < j <s,define 0; = id € Cp(X). Extend this to a map 6 € Cr(p)
using Corollary 5.2.11.

To see that 9 has order /1 we first turn to Equation (5.15), which now
reads

6h|Do = rly Xk T = 5o X XEE) = idp, .

The restriction 9h| p, is the conjugate (9h| Do)ei’ which is equal to idp,
by the previous equation. This holds for all i, so we conclude that
0" = id and that the order of 8 divides k. Since rot(6) = 1/, the order
of 6 must be exactly h. m]

Kassabov and Matucci (K&M) explain how to search for roots in F by
reducing to a search for conjugators.* This means we can construct a
splitting element O of order # whenever it exists, or otherwise conclude
that no such 0 exists. If such a 0 exists, we immediately conclude that
Cr(B) = Cr(X)* % (0) = Cr(X)® = Zy. To see which semidirect product
this is, we need to understand how 0 conjugates the kernel. This action
is described by Equation (5.14). If we choose 0 carefully, we will see
that this action is that of a wreath product.

Proposition 5.2.15. Assume the hypotheses of Lemma 5.2.13, and further
assume that X has a qth root. Then Cr(B) is a wreath product Cp(X) & Zy,.
The subscript s indicates that the wreath corresponds ' to the action Zs O Zy.

Proof. In the proof of Proposition 5.2.14, we saw that Sequence (5.11)
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A

Figure 5.23: Let  be as in Figure 5.21.
Then X = x2. Wehavep = k = 1,

g =s =2andh = 4, so we take { to
be the unique gth root ¢ = x of X in F.
Now mq x = xg = x2, so we define

Oy = LP_knO,k = x_le =x

61 =id
which forces
0, = xal Box1 = x2xx =id

03 = xl_lﬂlxg =x1.

This defines 0 € Cr(x), which has
rotation number 1/4 and order 4.

14 Kassabov and Matucci 2012, The-
orem 5.6.ii.

5 To be explicit, if j € Zs and i € Z,
then the image of j underiis ji=j+1i
(mod s).
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splits via some map 0 if and only there exist maps 6y, . .., 851 € Cp(X)
satisfying
0o - - 95—1"5}< =¢,

for some fixed element ¢ € F which is the unique gth root of X7*. Now
from Equation (5.14) we see that 6 splits Cr(g) into a wreath product
if and only if each of the elements 0y, 01, ..., Os-2, 95_1715, }( belongs to
Z(Cp(X)), where Z(-) denotes the centre. Thus Sequence (5.11) splits
as a wreath product if and only if

There exist elements Oy, ..., 0s_p € Z(Cp(X)) and there
exists 65,1 € Cp(X) such that 65_1716}{ € Z(Cg(X)) and
0o+ 052051715 = .

(5.16)

As ¢ is a root of a power of X, it follows from Lemma 4.1.7 that
Cr(¢) = Cr(X); hence ¢ € Z(Cr(¢)) = Z(Cr(X)). Additionally, 7o €
Cr(X) because it is a product of factors x; € Cp(X). This means we can
satisfy Condition (5.16) by choosing elements

60:(1), 01=0,=---=0;0=1id and 65_12710,](.

Hence the extension of { Oy, ..., 0s_1 } to a centraliser 6 € Ct(p) splits

the centraliser as a wreath product. m]

Corollary 5.2.16. Let B € T be dyadic offset-similar. If Sequence (5.11)
splits, then Ct(B) is isomorphic to (Ff X Z7) s Zy, for some integer parameters
(f,z,h,s), with (f, z, h) as in Corollary 5.2.6 and with s > 1 dividing h.

Moreover, for every such 4-tuple there is a dyadic offset-similar element 8
whose centraliser extension splits with these parameters.

Proof. Cr(B) must be of the form (F/ x Z?) ; Z, by Proposition 5.2.15.

Here h > 0 is some integer divisible by s > 0. The left-hand factor
is (isomorphic to) the centraliser Cr(X), where id # X € F can be
obtained from a block form for . The bounds on f and z are necessary
by Claim 4.1.8. As in Corollary 5.2.6, we must have (f,z) # (1,0)
because X # id. This establishes the necessity of our conditions on the
parameters.

To demonstrate sufficiency, we’ll explain how to construct an element
B € T whose centraliser has given parameters (f,z, h,s). Leta« € T be

a dyadic self-similar element whose centraliser has parameters (f, z, 1).

(We can construct an explicit example a using Corollary 5.2.6.) Then
a has a maximal block form (x; X;) with exactly & blocks. Define g to
be the element with offset block form (x;;X;;1;q), where h = gs and
x; = x forall 0 < i < h. In this case, the product X = HOSqu Xitmps i8
X =x1.

We claim that this is a maximal block form for . Seeking a
contradiction, suppose not. Then there is a block form for § with
h’ > h blocks. We can use this to construct an element 6 € Cr(8) with
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w4

Figure 5.24: Continuing from Fig-

ure 5.23, ¢ is the unique gth root

¢ =x"1of X¥ =x2inF. We define a
different centraliser 0’ by

-1

0p=¢=x

9{ =Tk = x2
which forces

0, = xale(’)xl =x 2y Iy =42

05 = xl_IG{xz =x1x%id = x.
This defines 0’ € Cp(x), which has
rotation number 1/4, order 4 and splits
Cr(B) into a wreath product.

(o] /é

Figure 5.25: A schematic illustrating
the centraliser Ct(B), with parameters
h =6,q =3ands = 2. Incon-
trast to Figure 5.17, kernel elements

@ € C7(B)o are determined by their
behaviour on a representative arc Q,
which consists of s = 2 blocks.

In this example, this behaviour is de-
scribed by the pair (wo, 1) € Cr(X)?.
The behaviour of w on translates of Q
is then given by related elements
a)('), w(’)’, a)i, wi’ € Cr(X). Conjugating
by 6 permutes the blocks one step for-
ward. If we choose 6 carefully, then w?
is described by the pair (w1, wp), and
Cr(B) has a wreath product structure.
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rotation number 1/h’ (see Corollary 5.2.11). Observe that
Bl|p, = T XZi = I71x1L = |, ;
since this holds for all i, we see that f7 = a7. Then
0 € Cr(B) < Cr(B7) = Cr(a’) = Cr(a),

where the last equality is due to Lemma 4.1.7. We see that 6 € Cr(«)
has rotation number 1//h’—but this contradicts the fact & has a maximal
block form with h blocks. Hence our block form for f8 is maximal.

To finish the proof, we note that X = x7 has a gth root in F. So
Cr(pB) splits as a wreath product Cr(X) ¢ Zjy, by Proposition 5.2.15.
But Cr(X) = Cp(x7) = Cr(x) by Lemma 4.1.7, and Cr(x) = Ff x 77 by
our choice of element «. ]

To concLUDE THIs cask, we briefly discuss what happens when Cr(f)
doesn’t split—as in Example 5.1.6. We see that we can choose 0 € Cr(p)
with rotation number 1/h inducing a wreath-like action on the kernel.

Proposition 5.2.17. Assume the hypotheses of Lemma 5.2.13, and further
assume that X does not have a qth root. Then Sequence (5.11) does not split
as a wreath expansion. However, we can choose a preimage 0 of 1 € Z, whose
conjugation action cyclically shifts the s factors of the kernel.

Proof. The fact that Sequence (5.11) does not split was established by
Proposition 5.2.14.

In order to cyclically permute the factors in Equation (5.14), we need
to find elements 6y, ..., 0;_7 € Z(Cp(X)) and 6;_1 € Cp(X) such that
Os_1 un }( € Z(Cp(X)). There certainly is such a collection of elements:
for instance, take

60 R 95_2 = 1d and 95—1 = T(O,k .

As in the second half of Proposition 5.2.14’s proof, extend the maps
6o, ..., 0s-1 to amap 6 € Cr(p) with rotation number 1/h.

For completeness, we note that 0 has infinite order. Using Equa-
tion (5.15) we see that

n _ 1 -1 q k _ v-1vyk _
0", = Io (90"'9s—1”o,k) X*Eo = 25" X*E0 = B,

where the last equality follows from to Notation 5.2.9. Moreover
9h|Di = (9h|DO)9i = (:Bq|DO)8i = ﬁq|Di

for each i, so " = B7. As B is nontorsion, we see that 0 is also

nontorsion. O

Corollary 5.2.18. Let p € T be dyadic offset-similar. If Sequence (5.11) does
not split, then Cr(B) is an extension (Ff x Z?)* — Cr(B) - Zj, for some
integer parameters (f,z, s, h) as in Corollary 5.2.16 with q = h/s > 2.
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Moreover, for every such 4-tuple there is a dyadic offset-similar element 8
whose centraliser extension does not split and has these parameters.

Proof. The necessary conditions on (f, z, s, h) from Corollary 5.2.16
also apply here. We must have g > 2: otherwise ¢ = 1, and X will have
a gth root, so Sequence (5.11) will split by Proposition 5.2.14.

To build an element with such a centraliser, let « € T be a dyadic
self-similar element whose centraliser has parameters (f, z, h). (Again,
Corollary 5.2.6 gives an explicit construction.) Then « has a maximal
block form (X; X;) with & blocks. Without loss of generality we may
assume that X is a root element: if not, we can use K&M’s work 6 to find
a minimal root X’ of X. Then the element o’ with block form (X’; Z;)
has the same centraliser parameters as «, because Cr(X) = Cr(X’) by
Theorem 4.1.3.

Use this “rootless block form” to define a dyadic offset-similar
element § € T with block form (x;; Z;; 1, q). Here the elements x; € F
are

Xg=-"=x5.1=X and Xg =+ =xp-1 =id .

The products [Io<p<g Xi+mps are all equal to X # 1 by design. This
means that
.BqlD,- = Zi_lXEi = “lD,-

for each 7, and so B9 = a. We learn that Cr(8) € Cr(B7) = Cr(a). This
means our block form for § is maximal: if there was a block form with
h’ > h blocks, we could create an element with rotation number 1/h’
in Cr(p) and hence in Ct(a)—but this is impossible. This means that
Cr(B) is an extension Cp(X)® < Cr(B) - Zy,. As X is a root element,
the extension is nonsplit by Proposition 5.2.14. m]

Case 3: nondyadic self-similar elements

In this section we mimic our analysis for dyadic self-similar elements,
adapting to elements a which only have nondyadic important points.
Many of our calculations are identical; others are completely new,
needed to ensure we are building elements of T from PL; maps defined
between nondyadic points.

Definition 5.2.19. Let dy — d; — --- — d,_1 — dy be a circular
partition with 1 > 1 points in which no d; is dyadic. Define circular
arcs D; = [d;, di+1] with subscripts mod h, for each 0 < i < h. Each D;
is called a block. For 0 <i < h,let X;: Dg — D; be a PL, map; similarly
let x: Dg — Dy be a PL, map. We impose the condition that

there is a constant c such that djX},, = c - d; X}, foralli  (5.17)
on our collection of maps {X; }. We also require that?

1#dix' =dyx’ (5.18)

and that x has no interior dyadic important points.
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16 Kassabov and Matucci 2012, The-
orem 5.6.ii.

For dyadic self-similar elements there
was a natural choice of interval to use
as the domain of X;, namely I = [0, 1].
This is because any two intervals with
dyadic endpoints have isomorphic PL,
groups see (Claim 1.2.8). There’s no
obvious choice to use in place of I in
the nondyadic case, so we simply use
Dy in place of I = [0, 1].

17 This condition is equivalent to x # id.
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In terms of these ingredients, we define an element a € T by the
recipe
ta = {txzi ift € D;.

Such an element « is called nondyadic self-similar (NSS). The data
(x;{Z;}) is called a block form for a with h blocks. If it is not possible
to express a in block form with /" > h blocks, we say that a block form
with h blocks is maximal.

Bookkeeping. We need to explain why our recipe produces a well-
defined element a in T. The only time two blocks overlap is at
{di+1} = D; N Dj41. This isn’t a problem, because

din X7 x5 = dixZj = diZi = din

and  din X xTi = doxZia = doXin = dis;

we see that « is well-defined.

For each i, the restriction oz| D; is a product Zi‘lei of maps in
the groupoid L. So a\Di € PLy(D;), which means the internal
breakpoints of a| p, are all dyadic. The last thing to check is that no
point d;,1 between two blocks is a breakpoint. The left derivative is

i (Z7%) = [din X'y = dix,

where the first equality is due to Claim 2.3.14.1 Similarly, the right
derivative is

d;r+1(2i__31xzi+1), = [di+12i_+11]+ ! = dgx’ .

These two derivatives are equal thanks to Condition (5.18). This
establishes that a € T (rather than PLg(S?)).

As in previous cases, the point of defining a block form is to make it
easy to write down certain centralising elements. The details of how to
do so are largely the same as in the dyadic self-similar case.

Lemma 5.2.20. Let a be a nondyadic self-similar element, with block form
(x;X;) comsisting of h blocks. Define an element 6 € T by the formula
6|D,- = Zi‘lZiH,for each i with subscripts modulo h. Then 6 commutes
with a, has rotation number rot(6) = 1/h and has order h.

Proof. The calculations follow exactly as in Lemma 5.2.2. However,
we need to justify why 6 € T, since we have introduced blocks with
nondyadic endpoints. Again, we cannot have any nondyadic break-
points within the interior of D;, because the internal breakpoints of
Y1511 € PLy(Dj, Djy1) are all dyadic (see also Claim 1.2.5). So we
need to check that gradients do not change at the points d;11 between
blocks. The left gradient is

-y’

a; ¥l
- -1 ’ - -1y -5’ 1 1
dig (B Liv) = diy (B7) - di g, = d;; /
1
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8 Apply the claim with (dq, x, Z;) in
place of the claim’s (x, &, y).
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whereas the right gradient is

dr -1 "= 4+ 1y gy = da’z;+2

i (B Tiv2) = d (5)" - dgXi,, = FE
0 “i+1

These two fractions are equal due to Condition (5.17). Hence d;;1 is

not a breakpoint of ¢ for any i, meaning that 5 € T m]

As before, the next step is to characterise the nondyadic self-similar
elements of T. To do so, we describe a process which produces
maximal block forms. Once again, the ideas are similar to the dyadic
self-similar case; the new material in this proof is checking the location
of breakpoints.

Lemma 5.2.21. An element a € T is nondyadic self-similar if and only if
a has rotation number 0 and has n > 1 important points, all of which are
nondyadic. We can algorithmically determine a maximal block form for any
such a.

Proof. First suppose that « is nondyadic self-similar, with block form
(x;Z;). As a fixes each D; = [d;, d;i;+1] setwise, we have that d;a = d;
and so rot(a) = 0. The one-sided gradients

+ r _ g+ -1 i N T
digo’ =dl (T xEin) = dgx

and
di o' =d; (E7'%x%) = djx’

are both equal to a number distinct from 1, by Condition (5.18) on x.
Hence d; € dFix(a) = I, showing that I, is nonempty. We need
to check that all points in r € I, are nondyadic. If r € D; then
r € dFix(x¥) = dFix(x)L; = I,L;, where I, are the important points
of x. Since these are nondyadic and X; maps nondyadics to nondyadics,
we see that r is nondyadic. Otherwise r is the left endpoint d; of some
block D;, so is nondyadic by definition of our block form.

In the other direction, we now suppose that « has the properties
listed in the statement of the lemma. The construction of a block form
is very similar to that given in the proof of Lemma 5.2.3. Enumerate
the important points I,; find an element y € Cr(«) with minimal index
difference 0 < d < n; then define the i blocks D; exactly as before.
To define x and X; we don’t need to worry about using a map Q to
conjugate back to PLy(I) = F; instead we simply define

X = a|D0 and L= yi|D0 .

Does this data satisfy the definition of a block form? By construction,
an endpoint d € dD; is a important point of «, so is nondyadic. Each
L; is a restriction of the PL, map vy, so are themselves PL,. We also
note that x cannot have any (interior) dyadic important points—as
then they would be important points of a.

We have two conditions on gradients to verify. Using the chain rule
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once more, we see that the X maps satisfy
Ao T = dg (Y
=d3y’ - [doy]" (/Y
=dgy - di (")
=5y A0y
=dgy’ - dix,

which establishes Condition (5.17). We also have a condition on the
gradients of x to establish. We calculate that

dgx' = dia’ = [doy]* (@) = dfa = dya’ = dyx';

as dp is nondyadic we have dja’ = dja’. This gradient cannot be 1
or else dy would not be a important point of a, contrary to the choice
of blocks D;. Thus djx” # 1, establishing that Condition (5.18) holds.
Finally, the calculation

Y }/[ i
& =l =0, <l
i

verifies that o can be built using x and the {X; }.

Why is the block form (x;X;) maximal? If there were a larger
block form with h” > h blocks, we could again construct an element
0’ € Cr(a) with order #’, this time using Lemma 5.2.20. This would
contradict our choice of y and the minimality of d. m]

Proposition 5.2.22. Let a € T be nondyadic self-similar with a maximal
block form (x; L;) containing h blocks. Then Cr(a) is an extension

Criy(Dy)(x) = Cr(a) > Zy,,

which splits as the direct product Z. X Zj,.

Proof. The kernel of Sequence (4.3) is Cr(a)o. This is infinite cyclic
by Corollary 4.1.6, generated by a minimal root @ of @ with rotation
number rot(w) = 0. By the same result, we can take the kernel to be

Crrapo)(@p,) = Crryyy (¢7) = Cryny)(x)

up to isomorphism.

Lemma 4.1.7 establishes that Cr(w) = Cr(a), so w € Z(Cr(w)) =
Z(Cr(a)), where Z(-) denotes the centre. Because our block form is
maximal, we know the quotient of the extension is Zj, so the element 0
(of order h) constructed in Lemma 5.2.20 can be used to split the
extension. We thus have a split central extension Z — Cr(a) - Z,
meaning that Cr(«) is the direct product Z X Z;, = (w) X {0). O

It is worth highlighting the structure of elements € € Cr(a) in the
kernel of the extension for Cr(a). We saw that these are powers of
a minimal root w € Cr(a)o; say " = a. Then w must be given by
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The fourth equality holds because dq is
not dyadic, so is not a breakpoint of y*.

We’ve made use of Claim 2.3.14 here in
the second equality. Again, d; is not a
breakpoint of «, so the left and right
derivatives of « at dy are equal.
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a)|D‘ = )Zi_le,-, where w is the nth root of x in PLy(Dp). Since € = w*
for some k, we see that
€|Dl_ = Zi_lwkZli, foreachi. (5.19)

WE coNCLUDE oUR sTUDY of nondyadic self-similar elements by asking
‘which centralisers are possible?’

Corollary 5.2.23. For every integer h > 1, there is a nondyadic self-similar
element o whose centraliser is isomorphic to Z. X Z.j,.

Proof. Let T}, be a binary tree with exactly / leaves. Let their addresses
be ty, ..., ty—1 in lexicographic order. Also let D and R be the domain
and range trees of the element a from Figure 2.22. This element is
nondyadic self-similar, because I, = {1/3,2/3} is fixed pointwise by a.
We use «a to create a related element aj, with more important points
below. Note that our approach does not construct a block form directly.

Define a new tree D), by gluing copies of D below each leaf of T;
similarly define Rj, by gluing copies of R below the leaves of T},. To be
explicit, the leaves of D), have addresses

dgivo = 10, dgip1 = 1,100, dyyo =t;101 and  dyis = t;11
for 0 < i < h. Similarly, Rj, is the tree whose leaves have addresses
Tais0 = 100, 714541 = 1010, 71440 = 1011 and rg443 =t1,

again for 0 < i < h. We define an element aj, € T using the tree pair
(Dn, on, Ry), where the leaf bijection o, maps di tO 41 mod 4. We
claim that aj, is nondyadic self-similar and has centraliser isomorphic
toZ. X7y,

To establish the first subclaim, we use the characterisation given in
Lemma 5.2.21. From the observation

dgjay = 14901 = 1,010 = dy; 10, (5.20)

it follows that the infinite string d4;10 is fixed by ay; all other infinite
strings with prefix dy; are not fixed by aj,. Thus rot(aj) = 0 and so the
important points are I(a,) = d Fix(ary;). We also observe that

daivrap = 145402 = ;011 = dy;11
74i+301ay, = dyjpoay = 14443 (5.21)

dyivay = r43i+1) = ti+100 = dyi1)0,

which shows that the only other fixed points of aj, are those of the
form 74;,301. Altogether, we see that

I(ay) = dFix(ay,) = Fix(ap) = {410, 742301 |0 < i < h}

is a discrete set of size 2h. Enumerated in circular order, its points are
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Figure 5.26: The element a € T with
domain and range trees (D, R), as
shown in Figure 2.22.
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the infinite strings

I(ay): do10 — 7301 — d410 — 7,01 — ...

g d4(h—1)1_0 — 7’4(h—1)+3(ﬁ- — d()l_o .

Because the tails of these infinite strings are neither © nor 1, each
corresponds to a nondyadic point on the circle. Hence a, is nondyadic
self-similar.

We know that Cr(a h)| I(ay) 8@ cyclic group of size k > 0. To conclude
this proof, we need to show that k = h. Let 0 € T be the element with
tree pair (T3, p, T), with leaf bijection given by t;p = tit1 mod . (In
other words, 6 cycles the leaves of Tj, forward one step.) We see that 0
has order h, because the same is true of p. From the calculations

dgiad = 14i410 = ;0100 = t;11010 = r4(ip1)41
and

dgida = t;00a = ti110a = dyiinya = T43i41)+1,

we learn that a6 and 6a agree below dy;. Similar calculations hold
below the remaining dy;.;, so we conclude that 6 € Cr(a).

We note that 6 cycles the important points forward with index
difference 2; for instance, dy106 = d410. Now there cannot be an
element € € Cr(a) with index difference 1. If so, € would map
x = dy10 to y = r301. Then by Corollary 2.3.15 the gradients xtay
and y*a;l should be equal. As x € [dg]], we see from Equation (5.20)
that the former gradient is 272, On the other hand, Y € [74i+301]; we
see from Equation (5.21) that the gradient here is 2*2. These gradients
are different—but this is a contradiction. Thus the minimal index
difference is 2, so the centraliser quotient has size k =2h/2=h. O

5.2.4 Case 4: nondyadic, offset-similar elements

For our last case, we adapt Section 5.2.2 to the case where our elements
have only nondyadic important points.

Definition 5.2.24. Let {d; }?:1, {D; }?:1 and {X;: Dy — D; }f':l be as in
Definition 5.2.19, including Condition (5.17). Next, let g be a divisor
of h, say h = sq. Select an integer 0 < p < g which is coprime to 4. For
each 0 < i < h, select maps x; € PLy(Dy) subject to the constraint that
X = Tlo< j<q Xi+jps 18 independent of i, has initial gradient doX’ # 1
and has no internal dyadic important points. We also require that the
gradients of the { x; } satisfy

dyxi,, =dix! for each i. (5.22)
From these ingredients, we define an element f € T by the recipe
B | D, = Y% Eitps. Any element of this form is said to be nondyadic
offset-similar (NOS). The data tuple ({x; };{X;};p;q) is called a block
form for B, with h blocks.
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Bookkeeping. We need to explain why our recipe produces a well-
defined element § in T. The only place two blocks overlap is at
{di+1} = D; N Dj41. This isn’t a problem, because the expressions

-1
di+12i+1xi+1zi+ps+1 = dei+1Zi+ps+1 = d02i+ps+1 = di+ps+1 (5.23)
71 *
and di+1zi xiziﬂzs = dlxiziﬂzs = d12i+ps = di+ps+1

are equal—thus f is well-defined.

For each i, the restriction ﬁ| D; is a product Zi_lxi)liﬂ,s of maps in
the groupoid L. So | p; € PL2(D;, Di+ps), which means the internal
breakpoints of ﬁ| p, are all dyadic. The last thing to check is that no
point d;,1 between two blocks is a breakpoint. The left derivative is

- -1 ’ . g- =1y -7 -5/
Ay (B xiZinps) = diy (B7)" - dyx; - dy Litps
dl_):;ﬂas -,

1

similarly the right derivative is

+ -1 .. . r_ g+ =1y . g+, . gty
47 (B Xin Zivps+1) = di g (55) - dyxiy, - dg Litps+1
+y7
_ dO Z‘1'+ps+1
=

4T

i+1

) dg x;+1 :
These two quantities are equal thanks to Conditions (5.18) and (5.22).
This establishes that § € T (rather than PLq(S1)).

Remark 5.2.25. The calculation

’

+yr _ g+ ) _ + 0t
dg X' = d 1_[ Xl+jps | = l_[ Ao X4 jps

0<j<q 0<j<gq
’
—_— - ’ _ - . —_ - /
=[] defpe=ar| | | | =i
0<j<q 0<j<q

shows that the initial and final gradients of X are equal (and distinct
from 1).
Equation (5.7) still applies to the nondyadic case, so again each

X;i € Cpry(py)(X).

Does this block form allow us to write down centralising elements?
The answer is a little different than in previous cases: thanks to the
restrictions which follow from having nondyadic important points, it
turns out for a centralising elements to transitively permute the blocks
{D;}, we must have a very specific block form.

Lemma 5.2.26. Let § € T be nondyadic offset-similar with block form
(xi;Zi;p;q) and let X be the product X = HOqul Xiyjps- If there exists
0 € Cr(B) with rotation number 1/h, then 6 must take the form 6|Di =
Zi‘l OoLit1 for some Og € Cpr,(p,)(X), and all the { x; } must be equal.

Proof. Suppose that 6 € Cr(B) with rotation number 1/h. As in
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Again we are using Claim 2.3.14 here.
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the proof of Lemma 5.2.10, define 6; = X; 9|Di L7l € PLy(Dy) for
each i. Again as before, the fact that 0 € Cr(B7) establishes that
0i € Cpr,(py)(X) for each i. Now X # 1 has no internal dyadic
important points by the definition of our block form. So X is an almost
one-bump function in PL(Dy). Thus its its centraliser Cpr,p,)(X) is
infinite cyclic, generated by a minimal root w of X.

Say that w" = X and write Dy = [dy, d1]. From Remark 5.2.25 and

the fact that d(;r X’ # 1, we learn that
1#djo) =dj(0") =dj X' =d; X =d{(0") = (d{o")",

and hence 1 # dg " =d]«’. Since each 0; is a power of w, we have
dgy 0! = d; 0. Now each d;1 is nondyadic, so d 0" = di++1 0’. The left
derivative is
— ’ - =1\ -n’ -5/
dig 0" =diy (B7) - dy0; - diXiy,
TR (5.24)
drL; !

but the right derivative is

di 0" =di (S - dg 0], - dg X,
_ dgx,, e (5.25)
a0

The two fractions are equal thanks to Condition (5.17), so we learn that
dy 9; = dg 9; RE Altogether, we see that each 9; has the same initial
(and final) gradient. In turn, this means that each 0; is the same power
of w, and hence each 0; is equal to .

Because 0 € Cr(B) we can again deduce that x;0i1ps = 0ixi11
(Condition (5.8) from before). But since each 6; = 0y, this reads
xie" = x;t1. All three elements in this equation belong to Cpr,p,)(X),
but this group is isomorphic to Z, so is abelian. Thus x; = x;41 for
each i. O

This slightly surprising result demonstrates the strength of the
condition ‘B has only nondyadic important points.” Since we are using
block forms to study and construct centralising elements, we need to
specialise to this particular kind of block form.

Definition 5.2.27. A block form (x;;X;;p;q) for a nondyadic offset-
similar element g is called constant if x; = xo for every i. A constant
block form for § with h blocks is called maximal if there does not exist
a constant block form for g with b’ > h blocks.

With this in mind, we consider the converse of Lemma 5.2.26.

Lemma 5.2.28. Let  have constant block form (xo; Zi; p; q). Then any 6, €
Cpr,(Dy)(X0) extends to an element O € Cr(B) given by 6|D, = Zi‘l OoLis1.
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Proof. Calculations similar to Equation (5.23) establish that
dinZ %081 = divo = dinn 27 x0Z 042,

from which we see that 6 is well-defined.
To check that 6 € T, we need to check that

d-,0 = G 7 6] (as in (5.24))
i - —5y7 1~0 .
i+1 dl Z‘i
is equal to
+y7
dre’ = i dre (as in (5.25))
’ A I

q
0

because we have a constant block form, so Cpr,(p,)(X) = Cpr,(n,)(X0)-

The two fractions are again equal due to Condition (5.17). Now X = x

Hence 0y € Cpr,p,)(x0) is a power of a root of X, and so must have
the same initial and final gradient (because X has the same property).
Thus 0 € T.

Finally we see that

(0B)|, = Zi OoZini T X0 Ziv14ps = L O0X0Lis14ps
D;
is equal to

(ﬁ9)|D,. = Zi—leZHpsZi__&ps OpZisps1 = L %000 i4ps+1

because 0y € Cr(xp). Thus 6 € Cr(B). O

OuRr NEXT sTEP (as in previous cases) is to characterise these elements f3
and explain how to product maximal constant block forms.

Lemma 5.2.29. An element § € T is nondyadic offset-similar if and only
has nonzero rotation number rot(B) = p/q and has n > 1 important points,
all of which are nondyadic. We can algorithmically determine a maximal
constant block form for any such p.

Proof. First assume that § has a (not necessarily constant) block form
(xi; Zi; p; q) with h blocks. We will find that rot(8) = p/q # 0by arguing
as in Claim 5.2.8. The whole important point set is Is = d Fix(7).
Again, ﬁq|D,~ = X;'XY%;, so Fix(B7) N D; = Fix(X*). This means that
the important points within the interior D? are

Ig N D; = dFix(X*) N D?
= (I Fix(X)Z;) N (DGLs)
= [0Fix(X) N D§]%; .

The set in square brackets contains no dyadics by definition of X, and
PL, maps send nondyadics to nondyadics. So there are no dyadic
important points in D;.

This covers all points on the circle except the {d;}, which are
nondyadic—showing that I is entirely nondyadic. To see that Iz is
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nonempty, we will show that each d; is aimportant point of . Certainly
each d; is fixed by p9; the right-hand gradient at this point is

df (BT =df (X™) =df X' #1,

which shows that d; € d Fix(87).

In the other direction, we take an element  with the given properties
and describe an algorithm to produce a maximal constant block form
for B. As in the proof of Lemma 5.2.12, find an element y € C7(B) with
minimal index difference 0 < d < n, where dh = n for some h. Let
the reduced rotation number of  be p/q # 0, so that i = gs for some
integer s. Partition the important points Iﬁ ={rp—>--—>r,_1 o1}
into blocks D; = [ri4, r(i+1)a] = [di, di+1], for each 0 < d < h. Now 7 is
nondyadic self-similar and commutes with y, so 7 has a block form
(X; Z;) with I blocks. From the definition of this block form, we know
that the {Z; } satisfy Condition (5.17) and that 1 # dj X" = d X’ (from
Condition (5.18)). We may impose without loss of generality that the
codomain of ¥; is D;. Then ‘BqlDi = Zl.‘lXZi for each i.

Define 6 € Cr(p7) by 6|Di = 2;12141, this time using Lemma 5.2.20.
This time, the proof of Proposition 5.2.22 tells us that Cr(B7) contains
the direct product C1(87)o X (6). Now B belongs to this group, so we
can write 8 = €67° for some € € Cr(B7)y. As noted in Equation (5.19),
€ must take the form e| D, = wk for some k, where w € PLy(Dy) is a
minimal root of X. Then

ﬁ|D,- = €|Di 6PS|Di = (Zi—lwkzz‘)(zi_lziws) = Zi_lwkziﬂ’s :

The product []o<<, xi is (w*)7 = X, which meets all the requirements
specified in the definition of a block form. Finally, dj X’ = d X" implies
that djw’ = dyw’, and hence dg(wk)’ = dl‘(wk)’. This establishes
Condition (5.22).

Allin all, we see that 8 has a constant block form (w*; Z;; p; q) with h
blocks. If there were a constant block form with 4’ > h blocks, we could
construct a centralising element with rotation number 0 < 1/h’ < 1/h
using Lemma 5.2.28. This would contradict the minimality of d, so our
block form above must be maximal. O

Once again a maximal (constant) block form for  allow us to
determine the extension structure of Cr(g).

Proposition 5.2.30. Let p € T be nondyadic offset-similar with maximal
constant block form (xo; Li; p; q). Then Ct(B) is a central extension

CpLy(Dy)(x0) = C1(B) > Zy,
which splits as the direct product 2. X Z,.

Proof. We use Q = Dy U ---U D,_1 as our representative arc. For
some integer k, we know that Cr(f) is an extension Cpr,()(p1 | Q) —
Cr(B) = Zi (from Sequence (4.3)). We must have k = I because our
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SUMMARY

constant block form is maximal. Because xg has no internal dyadic

important points and dD; is nondyadic, |, is an almost one-bump

o
function and thus has infinite cyclic centraliser. By the argument

preceding Equation (4.1), Cpr,()(B7 | Q) is isomorphic to

CrLao) (B p,) = CPLZ(DOEO)(X()):O) = Cpry(Dy) (%0) -

We saw in Lemma 5.2.28 that elements 6 € Cr(f) with rotation
number 1/h take the form 6| b = Zl.‘l 000i+1, for some (any) element
0o € Cpr,(py)(X0). Its hth power is given by

T — -1 . —vy-lghy.
0 |D,» - 1_[ 6|D,.+j - 1_[ Zi+j90):‘1+]+1 =L 0%,
0<j<h 0<j<h

so if we take 6y = idp, then 0" = id. This means that 0 splits the
extension.

We could compute the conjugate of a kernel element by 6 to complete
our study of the extension. Instead, let « = 9. Then «a is nondyadic
self-similar, with block form (xg;Zi). Now Cr(B) < Cr(p7) = Cr(a).
We proved in Proposition 5.2.22 that the latter group is abelian, so
Cr(B) must be abelian too. This means that our split extension must
be a direct product Z X Z,. m]

THE LAST PIECE OF THE PUZZLE is to see which of these potential

centraliser types actually exist.

Corollary 5.2.31. For every integer h > 2, there is a nondyadic offset-similar
element B whose centraliser is isomorphic to Z. X Zy,.

Notice that the condition & > 2 is necessary, because 1 > g # 1.

Proof. Let a be a nondyadic self-similar element with a maximal
block form (x;X;) containing / blocks. (Such an element exists by
Corollary 5.2.23.) Define f to be the element with constant block form
(x;Z;;1; h). This constant block form must be maximal: if not, there is
some constant block form with ki’ > h blocks. Then we can construct
a centraliser 0 € Cr(p) with rotation number 1/h’, by Lemma 5.2.28.
Now B17 has block form (x7; X;), so f7 = a. Because a has rotation
number zero, we know from Lemma 4.1.7 that Ct(a) = Cr(af). Thus
0 € Cr(a) with rotation number 1/h’ < 1/h, which contradicts the
maximality of our block form for a.

From our maximal constant block form for , we use Proposi-
tion 5.2.30 to immediately conclude that Cr(f) = Z X Zj,. O

SUMMARY

We conclude with a summary of this chapter’s findings; see also
Figure 5.28.

Having analysed each of the four cases in turn, we now have a
description of an arbitrary nontorsion element o € T. The description
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B B

-

Figure 5.27: The element § € T from
Figure 2.22 has only nondyadic import-
ant points Ig = {1/6,1/3,2/3,5/6}. It
is constructed by following the recipe
in this proof, where h =2 and o = ap
is the element constructed in Corol-
lary 5.2.23. Also shown is the graph of
the square 2.




SUMMARY

allows us to determine the structure of Cr(a).

Theorem 5.3.1. Every nontorsion element o € T belongs to exactly one of
the types DSS, DOS, NSS or NOS. The particular type of « is determined by
the rotation number rot(«) and the important points I,.

We can construct a maximal block form for any such element ov. Such a
block form allows us to express the centraliser Cr(x) as a group extension and
determine its parameters.

Justification. We broke our analysis into four cases at the start of
Section 5.2. Lemmas 5.2.3,5.2.12, 5.2.21 and 5.2.29 explained how to
construct maximal block forms; then Propositions 5.2.4, 5.2.15, 5.2.17,
5.2.22 and 5.2.30 showed how we can deduce the centraliser’s structure
from these block forms. O

We saw that one case was an odd-one out: that of dyadic offset-
similar elements. Unlike the other three cases, centralisers of DOS
elements are not guaranteed to split. We were able to identify exactly
when this centraliser splits. We give a neater description here, which
doesn’t require us to find a block form.

Theorem 5.3.2. Let € T be nontorsion. Then the sequence

Cr(Blo = Cr(B) » Cr(B)] 5
is nonsplit if and only if
* rot(f) = p/q # 0 in lowest terms,
* 5 has a dyadic important point, and
* there does not exist a qth root w of BT with rot(w) = 0.

Proof. The centraliser extension always split in the DSS, NSS and NOS
cases by Propositions 5.2.4, 5.2.22 and 5.2.30. This establishes that
the first two bullets are necessary for the extension to be nonsplit.
Proposition 5.2.14 tells us how to drill down to a necessary and
sufficient condition: an element g with block form (x;; X;; p; q) has
nonsplit centraliser extension if and only if X = []o<;<, Xi+jps does not
have a gth root w € F.

To see that this condition is equivalent to the third bullet, suppose
such a w € F exists. Then the (self-similar) block form (w; X;) describes
an element w € T whose gqth power has block form (X; £;)—so w9 = 1.
Conversely, a qth root w of 7 with rotation number zero must have
block form (w; ;) for some w € F. Then the restriction of the equation
w1 = B4 to D; reads le.‘lw’?Z,' = ZfXZi, and so w7 = X. O

Lastly, we managed to determine which parameters f, z, s and h
are actually used by centralisers. Informally, any reasonable tuple of
parameters are parameters for some element o € T.
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SUMMARY

Corollary 5.3.3. Choose one of the four types of nontorsion elements DSS,
DOS, NSS and NOS. We can construct an element o € T of this type whose
centraliser has the following parameters if and only if all the requirements
below hold.

» The parameter h must be a positive integer. For DOS and NOS elements,
h must be at least 2.

* For DOS elements, the parameter s must be a divisor of h. Otherwise there
is no s parameter.

» For DSS and DOS elements, the parameters f and z must be integers not
both zero satisfying 0 < f < z + 1. Otherwise, there is no f and no z
parameter.

Justification. This was explained in Corollaries 5.2.6, 5.2.16, 5.2.18,
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Yi.e. (f, z) must the parameters for a
centraliser in F: see Claim 4.1.8.

5.2.23 and 5.2.31. O
case DSS DOS NSS NOS
important points some dyadic all nondyadic
rotation number  zero nonzero Zero nonzero
max. block forms Lemma 5.2.3 5.2.12 5.2.21 5.2.29
centraliser (ZZ x Ffyy, Zy either (Z* X F/) 4 Zy,, orelse  Z x 7, Z.X7Zy
structure nonsplit (ZZ X F/)* < - - 7,
deduced in Proposition 5.2.4 5.2.15and 5.2.17 5.2.22 5.2.30

0 < f <z +1, with f and z not both zero

no f,noz nof,noz

parameters h>1 h>2
no s s divides h
explained in Corollary 5.2.6 52.16 and 5.2.18

h>1 h>2
no s no s
5.2.23 52.31

Figure 5.28: A summary of our studies
into nontorsion centralisers in T.



A Deferred calculations

Ler L BE THE INTERVAL [0, !/2]. In Example 5.1.6, we claimed® that
the centraliser CPLZ(L)(62| ;) was equal to (62| . )- We justify this now in
more detail.

* % %

The map in question A = 62| | is explicitly given by

0 +4(t—-0) if
Lz + /s (t —1f8)  if
3fea + Ya(t —1s) i
the + 2 (t —5he) if
3o+ 1(t—3k) if
Ys + 4(t—="he) if

0 <t<1fs
s <t <1
s <t <5he6
5he <t < 38
3fg <t <7he
“he < t < 1fa.

=N

tA =

Figure 5.7 shows that A is a one-bump function, so its centraliser is
infinite cyclic, generated by a minimal root of A. The initial gradient
of A is 1/1, so we only need to look for a (square) root p with initial
gradient 1/2. We run the stair algorithm? with this initial gradient,
and see if it produces a conjugator p between A and itself. If so, then
Cpr,(1)(A) = (p); otherwise Cpr,(1)(A) = (A).

The initial linearity box for this setup is [0, 1/s]?, because A has no
breakpoints internal to I = [0,1/s]. The final linearity box is [7/16,1/2]?,
because A has no breakpoints internal to F = [7/16,1/2]. Let p be the
candidate conjugator we're building. All we know for now is that

tp={iat if 0<t<ip

If there exists a conjugator p then p = ApA~!, which implies that
p’ Al = A‘ A1 p| I A| Ip° Using computer-assisted calculations? to evalu-
ate the right-hand side of this equation, we learn that

Lhe + 1/a (t — 1/8) if
3/ + 12 (t —1/4) if
s + 8(t—5he) if
Vs + 4(t—2es) if

g <t< /s
s <t < 5he
5he <t < 21/ea
2fes < t < 13,

Now set | = IpA = [0,11/32] and use the previous observation with J in
place of I. Again with the help of a computer, we learn that*

U<t < 33
3fg <t <7he.

5he + 1/a(t —11/) if
41/128 + /8 (t — 3/8) if

Since 7/16 is the left endpoint of our final linearity box we’re done:
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! Strictly speaking, in Example 5.1.6 we
had an element X = xoxq) € F,and
claimed that Cr(X) = (X). Conjugate
both sides of this equationby X : I — L
to see that this equation is equivalent
to

Cpry)(82];) = (8%],),
which we address in this appendix.

®
(x0xg )™

Figure A.1: The element 62 from
Figure 5.7

2 Kassabov and Matucci 2012, Sec-
tion 4.2.

3 Robertson 2015, See Appendix A.1
below for the script which produced
these calculations.

* The calculation determines p on four
more linear segments on 7/16 < t <
59/128; we omit these for brevity. But
notice that these segments are all in the
final linearity box F 2. this is another
way of seeing that no conjugator p € F
exists.
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if p really is a conjugator, it must have one last linear segment

tp = {21/64 FM(t—7he) if The <t <1p,

where M = (#3/s4)/(1/s). This is not an integer power of 2, so there is
no conjugator p € PLy(L) between A and itself with initial gradient /2.
Hence Cpr,1)(A) = (A).
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SCRIPT SOURCE CODE

For completeness, we include the script used to run the computer calculations presented above. It uses a
library written by the author, which can be obtained with

git clone --branch plmaps https://github.com/DMRobertson/thompsons_v.git

The bulk of the library is documented at https://thompsons-v. readthedocs. io, with experimental
features briefly described at https://thompsons-v. readthedocs.io/en/plmaps/plmaps.html

* ok %

#! /Jusr/bin/env python3
from thompson import x

from plmaps import x

from plmaps.util import glue

# First define our ingredients.

x0_std = PL2.from_aut(standard_generator())

phi = PL2.from_aut(Automorphism.from_dfs("110100100", "111001000"))
SigmalL = PL2([0, 11, [0, 1/2])
SigmaR = PL2([0, 11, [1/2, 11)
rho = CPL2.rotation(1/2)

# Use the ingredients to construct & and 6°.

def build_delta():
gamma = glue(x0_std"~SigmalL, x0_std”~(phi * SigmaR), cls=CPL2)
delta = gamma * rho
return delta

delta = build_delta()
d2 = delta * delta
plot(delta, d2)

# A::bzh in this appendix is called d2_rest here.
d2_rest = d2.restriction(0, 1/2)
print(d2_rest.format_pl_segments(LaTeX=True, sfrac=True))
plot(d2_rest)

# Run Kassabov-Matucci staircase algorithm to find a generator for Cpp,m)(A).
gen = d2_rest.one_bump_cent_gen(verbose=True)
assert gen == d2_rest


https://thompsons-v.readthedocs.io
https://thompsons-v.readthedocs.io/en/plmaps/plmaps.html
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To split, or not to split?

THESE ARE QUICK NOTES which reconsider the element 6 from Ex-
ample 5.1.6. Let’s set the scene. The relevant plots are reproduced in
Figures B.1 and B.2.

* X is the standard generator of F.

L =[0,12] and R = [1/2,1] are subintervals of I = [0, 1].

Y:I— Land X': I — R are the PL; maps which linearly shrink I
down to L and R respectively.

* ¢ € Fis a fixed element such that ¢ ¢ Cr(xp).

p1/2 is the rotation through half a turn of the circle. For brevity,
we’ll write p = pyq, in this note.

Define an element 6 € T casewise by

s = txsp iftel
Hx)Ep ift € R

The important points of 6 are {0,1/2}. These are permuted transitively

by 0, and so we have a short exact sequence
Cr(8)o = Cr(6) » 2>,

as argued earlier.
Claim. This sequence does not split.

Proof. To prove this, we'll need to demonstrate that there does not exist
an element u € Cr(0) of order 2. Seeking a contradiction, suppose that
such a u exists. What can we deduce about u? We know that y must
permute the important points of 6. First suppose that Oy = 0, so that
u € F. Now F is torsion-free, so the order of u is either 1 or oo; the
order cannot be 2. Thus we learn that Oy = 1/2, which means u takes
the form

t {q%p ift el

tuXp ifte€R

for some maps? uy, ur € F. A direct computation shows that y2| L is
the product y2|L = lu%pluﬁlp. Now since ¥'p = X and p = p~!, we can
simplify this to

W

L = Hrbg = (ppr)®

Because 2 = id we must then have (uppg)* = idy. It follows that

UR = yzl. (B.1)

VExplicitly, up = (u; p)):_1 and

R = (ulg p

=
>
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Next, since y € C7(8) we have 6 = 6. Restricting this equation to

L, we learn that

’

Y ’
uipxy P =GP R -
Again because ¥'p = £ and p = p~!, this equation reads

.9 _ v %

PrXy = XgUR, ie. (pLxgb)Z

= (xopr)" .
Now conjugate by ! and use Equation (B.1) to conclude that

[JLxgj = Xoyzl . (B.2)
This is an equation in the group F which contains just one unknown
ur € F. Differentiate both sides and evaluate at 0 to learn that

+ A7
Ox0

0+ /. O+ ’ - _,
Hr X 0 0+ /’l/L
This implies that (0*})? = 1. As this is an equality in the gradient
group G = {2" | n € Z}, we learn that p has initial gradient

0w, =1. (B.3)
Now if p € Cr(6) then certainly p € Cr(62). The square is given by

52 Hxox) )= iftel
t(xg)xo)zl ift €RR.

Restricting the equality p6? = 6% to L yields

HEp (xgx0)¥ = (xox) plp .

Bring the rightmost p over the left-hand side. Then—using the rela-
tionship between L, X’ and p as before—we obtain

(e x0)" = (roxg) 1
and so we learn that the equality u Lxg’ Xo = xoxg’ g, holds in F. But
this reads

xg)xo = (xoxgb)‘“ . (BA4)

Certainly p; = xo is a solution to Equation (B.4). However, the
initial gradient of x is !/2, so ur = x¢ does not satisfy Equation (B.3).
The full set of solutions to Equation (B.4) is the coset C F(Jcoxg5 )xp. We
need to see if this coset contains an element with initial gradient 1. To
do so, we need to determine the centraliser C F(Xng) ).

The element xoxg) being centralised belongs to PL2<(I ), because xg
and x(? also belong to PL(I). We know from Kassabov-Mattuci’s
work that Cr (xoxg’ ) generated by a minimal (‘rootiest’) root of xoxg) .
In Appendix A, we considered the one-bump function A = (xoxgb )= €
PLy(L). We used the stair algorithm to argue that Cpp,1)(A) = (A),
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because A was its own root element. Conjugating by £7!, we learn that
Cr(xoxg) = {xoxp).

This last fact means that u; € C p(xoxg) )x¢ takes the form

b = (x0x{)"xo,

4

o and xp are /s and /2

for some n € Z. The initial gradients of xox
respectively. Hence

_1 1_ 1
_4_n'§_zl+2n'

0"y

This initial gradient must be equal to 1, by Equation (B.3). But that
would mean that 1 + 2n = 0, and there is no integer n satisfying this
equation.

This contradiction leads us to conclude that there is no element
ur € F satisfying the neccessary conditions Equations (B.2), (B.3)
and (B.4). Hence there does not exist an element u € Cr(5) of order
2. O

Remark B.0.1. Again, the argument boils down to the assertion that
X = xoxg) has no square root. We have no proof of this other than
the computer calculations presented in Appendix A. However, the
example could be adapted to work with any other element X,; € F
with initial gradient 0" X’ = 1/4and no square root in F. Unfortunately,
the author is not aware of such an element X, which obviously has no
square root.
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AN Z, ’)/
R
’
()™
z
z *o
L
’ Figure B.1: Our ingredients. The graph
of y shows that xo # xg), i.e. that
¢ ¢ Cr(xo).
x§p1/2 o 52

[0)
(xox, )™
(xéb )Z/pl /2 Figure B.2: The troublesome element 6
> > and its square 5.
7 7
N xOxgb S
."" ‘ o
4 5 6 3 6 7 4 5 6
4 5 1 4 5 1
2 3 2 3
1 N — 3 Figure B.3: Tree pair diagrams for xo,

xg) and their product xox(q; . I claim that

4
x0x, has no square root.
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