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Abstract

This thesis contributes towards the well-posedness theory of stochastic dispersive
partial differential equations. Our investigation focuses on initial value problems as-
sociated with the stochastic nonlinear Schrédinger (SNLS) and stochastic Korteweg-
de Vries (SKdV) equations. We divide this thesis into four main topics, which are
the contents of Chapters 2-5.

Chapter 2 is concerned with the SNLS posed on the d-dimensional tori with
either additive or multiplicative stochastic forcing. In particular, we prove local-in-
time well-posedness for initial data and noise at subcritical regularities. We are also
able to extend this to global-in-time well-posedness at energy subcritical regularity
for certain cases. In the next two chapters, we focus on SNLS posed on the d-
dimensional Euclidean space with additive noise. In Chapter 3, we prove local well-
posedness with the noise at supercritical regularity while the initial data stays at
critical regularity. In Chapter 4, we restrict our attention to dimension 4 and study
SNLS with non-vanishing boundary conditions. In particular, we use perturbative
techniques to prove global well-posedness with data in H'(R?*) + 1.

In Chapter 5, we move on from SNLS to SKdV, where we prove L?(T)-global
well-posedness of SKAV with multiplicative noise on the circle. We also verify that
a result on the stabilisation of noise by Tsutsumi [84] continues to hold in our low

regularity setting.
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Notations

Given A, B € R, we use the notation A < B to mean A < CB for some con-
stant C' € (0,00) and write A ~ B to mean A < B and B < A. We some-
times emphasize any dependencies of the implicit constant as subscripts on <, 2
and ~; e.g. A <, B means A < CB for some constant C' = C(p) € (0,00) that
depends on the parameter p. We denote by A A B and AV B the minimum and
maximum between the two quantities respectively. Also, [A] denotes the smallest
integer greater or equal to A, while | A| denotes the largest integer less than or equal
to A.

Given a function g : U — C, where U is either T¢ or R, our convention of the

Fourier transform of ¢ is given by

3(6) = / T () d,

where € is either an element of Z¢ (if U = T%) or an element of R (if U = R). For
the sake of convenience, we shall omit the 27 from our writing since it does not play
any role in our arguments. Note that we will also use £ to denote space-time white
noise as commonly seen in literature; this should not cause any confusion.

For ¢ € R, we sometimes write ¢+ to denote ¢ + ¢ for sufficiently small € > 0,
and write c— for the analogous meaning. For example, the statement ‘u € X 837
should be read as ‘u € X*2¢ for sufficiently small € > 0.

For the sake of readability, in the proofs we sometimes omit the underlying

domain T? from various norms, e.g. we write ||f||gs instead of | f||gs(re) and

||¢||HS(L2;HS) instead of ||¢||HS(L2(Td);HS(']1'd))'



Chapter 1

Introduction

This thesis is dedicated to studying well-posedness properties of stochastic disper-
sive partial differential equations (PDEs). One of the most important examples of

dispersive PDEs is the nonlinear Schrédinger equation (NLS)
10y — Au =+ Ju|*u =0,

where v : M x R — C with M being either the d-dimensional torus T¢ or Euclidean
space R? and k > 1. This equation is known as focusing in the (—) case and
defocusing in the (4) case. Another example of a dispersive PDE is the Korteweg—
de Vries (KdV) equation

i0pu + 02u + udyu = 0,

where u : M x R — R with M being either T orR.

Nonlinear dispersive PDEs such as the NLS and KdV are canonical model equa-
tions that arise from physics and engineering. They appear ubiquitously in diverse
fields including nonlinear optics, plasma physics, water waves and telecommunica-
tion systems. On the other hand, random noise is inevitable in physical experiments
and applications. For example, random noise may appear as an external factor, af-
fecting evolution processes in experiments and applications. It is therefore natural
to study these equations with a random forcing. Our interest lies in the rigorous
mathematical analysis on stochastic dispersive PDEs. This is important for applied

sciences as it has provided solid foundations for the verification and applicability
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of these models. Moreover, this theoretical research has proven to be very valuable
for mathematics itself. Indeed, over the last thirty years, nonlinear dispersive PDEs
have presented very difficult and interesting challenges, motivating the development
of many new ideas and techniques in mathematical analysis. One of the sources of
richness of nonlinear dispersive PDEs is that each subclass of equations poses its
own difficulties, thus requiring the elaboration of specific tools.

In this thesis, we focus our study on various models of the stochastic nonlinear
Schrodinger equations (SNLS) and stochastic Korteweg—de Vries equation (SKdV),
either with additive or multiplicative noise. We divide the content into four main
chapters, the first three of which discuss the SNLS, while the last chapter focuses
on SKdV. More specifically, the content of this thesis is laid out as follows:

e In Chapter 2, we discuss well-posedness issues for SNLS on T¢ for both additive
and multiplicative noise. This is based on the following joint work with Razvan
Mosincat:

[20] K. Cheung, R. Mosincat, Stochastic nonlinear Schrédinger equations on
tori, Stoch. Partial Differ. Equ. Anal. Comput. 7 (2019), no. 2, 169-208.

e In Chapter 3, we prove a local well-posedness result for the additive SNLS
on R? with rough noise. This is based on the following joint work with Oana
Pocovnicu:

[22] K. Cheung, O. Pocovnicu, On the local well-posedness of the stochastic
cubic nonlinear Schrédinger equations on R d > 3, with supercritical noise,
preprint.

e In Chapter 4, we study the Cauchy problem for the additive SNLS on R* with
non-vanishing boundary condition. This is based on the following joint work
with Guopeng Li:

[19] K. Cheung, G. Li, On the energy critical SNLS with non-vanishing bound-
ary condition, preprint.

e In Chapter 5, we prove global well-posedness for SKdV with multiplicative
noise on T. This is based on the following joint work with Tadahiro Oh:

[21] K. Cheung, T. Oh, Global well-posedness of the periodic stochastic KdV
equation with multiplicative noise, preprint.

In the remainder of this introduction, we shall briefly state the mathematical prob-
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lems under consideration and the main results.

1.1 Stochastic nonlinear Schrodinger equations

The Cauchy problem associated to the stochastic nonlinear Schrédinger equation

(SNLS) can be formally stated as follows:

.at —A :i: 2k :F y
O = BuJulFu=F 60 e 0.00) x M. (1.1)

u|t=0 = Up

where & > 1, M denotes either the d-dimensional torus T¢ or Euclidean space RY,
u : [0,00) x M — C is the unknown stochastic process, £ is a space-time white
noise, and ¢ is a linear operator between some function spaces of M. The random
term F'(u, ¢€) is either an additive noise of the form ¢& or a multiplicative noise
of the form u¢p&. We note that the white noise £ is a very rough object, and this
roughness often presents a serious obstruction to well-posedness. The operator ¢
acts as a smoothing operator to counteract the roughness of £&. Most of the time,
¢ will be a Hilbert-Schmidt operator from L?(M) to some Sobolev space H*(M),
where the value of s is considered to be an indication of the roughness of the noise.
The precise nature of the ¢ will be stated for each of the problems we will consider.

Let us define our notion of a solution. In dispersive PDEs literature, we often
consider the so-called strong solutions. More specifically, for the deterministic NLS
(ie. F(u,¢f) = 01in (1.1)), we say that u is a solution if u satisfies the Duhamel

formulation

u(t) = S(t)ug j:i/o St — ) (|ul*u) () dt’ (1.2)

in some function space (usually a Sobolev space) of M, where S(t) := e~ is the
linear Schrédinger propagator. Analogously, our notion of a solution for SNLS (1.1)
will be that of a mild solution, that is, we say that u is a solution to (1.1) if u

satisfies the Duhamel formulation

u(t) = S(tyug £ /O S(t — ) (Julu) () dt — iU (u, t), (1.3)
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where the additional term W (u, t) is a stochastic convolution corresponding to F'(u, ¢&).

In the case of additive noise where F'(u, &) = ¢, we define

v = | St — t)oe(at): (1.4)

while in the multiplicative case F'(u, ¢§) = u¢, we define

U(u,t) = /O S(t — 1 Yude(dr), (15)

Before moving further on SNLS, we give a brief discussion on some symmetries of

the deterministic NLS, as well as their impact on the well-posedness theory.

1.1.1 On scaling and Galilean symmetries

Let us consider the NLS on R%:

10w — Au % |u*u =0
(t,r) € [0,00) x R%. (1.6)
uli—o = ug € H*(RY)

The NLS enjoys a scaling symmetry: if u is a solution to NLS, then so is the function
uMt,r) = )\’%u(%, f) to NLS for any A > 0. The scaling-critical reqularity,

(1.7)

Scrit =

N
e

is the unique number for which |lu’|

Fsan = U]l grsene for any A > 0. The Cauchy
problem (1.6) is categorised as

e subcritical if s > suit,

e critical if s = sq4,

e supercritical if s < S¢p;.

It is worth noting that the NLS has a conserved quantity (among others) known as

the energy!, given by

1 1
Elul(t) = 3 ). |Vul? dr + ST /Rd |u(t, z)| dzx. (1.8)

IThis is also the Hamiltonian for NLS.
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In particular, the energy is also invariant under scaling whenever s = 1. For this
reason, the NLS is called energy-subcritical, energy-critical and energy-supercritical
if Serit > 1, St = 1 and s¢py < 1 respectively.

The NLS has another symmetry, the Galilean symmetry: if u is a solution, then
so is u¥(t,x) = e%y'me%tu(zﬁ,x + ty) for any y € RY. In particular, this symmetry
leaves the L?(R%)-norm invariant, inducing another critical regularity at 0. It is
commonly conjectured that the NLS is well-posed in the Sobolev space H*(R?) if
$ > Serig and s > 0, and ill-posed if s < max{sqit, 0}. See [82, Section 3.1] for a more
detailed discussion. In the periodic setting, the Galilean symmetry continues to hold
for y € 2Z¢, though there is no scaling symmetry. However, the same heuristic still
plays an important role in the periodic setting. In fact, this heuristic is backed up
by many well-posedness and ill-posedness results in the literature for both R% and
T?, see for example [18, 24, 49, 64, 72].

Moving back to the stochastic PDE, it is therefore natural ask the following
question: regarding the regularity of the initial data and the noise, how well does
the same heuristic hold for SNLS? There are already some partial answers to this
question in the literature. Previously, de Bouard and Debussche [35, 36] studied
SNLS (1.1) on R? with both additive noise ¢¢ and multiplicative noise ug¢ in the
energy-subcritical setting, that is, with sqy < 1 and ¢ being a Hilbert-Schmidt
operator from L?(R%) to H'(R?). They proved global existence and uniqueness of
mild solutions in (i) L?(R) for the one-dimensional cubic SNLS and (ii) H'(R?) for
defocusing energy-subcritical SNLS. As noted in [77], a slight modification of the ar-
gument in [36] allows one to prove that (1.1) is locally well-posed in H*(R?) provided
that ¢ is Hilbert-Schmidt from L?(R%) to H*(R?) and that s > max(sc,0). More
recently, by using the dispersive estimate for the linear Schrodinger operator, Oh,
Pocovnicu and Wang [77] proved local well-posedness for additive SNLS equation in
R? with subcritical initial data and supercritical noise.

Our first contribution in this thesis is to give some more partial answers to the
question mentioned above beyond the existing literature. We first study SNLS in
the periodic setting in Chapter 2, where we prove local-in-time well-posedness when
the initial data and the noise have subcritical regularity, we then proceed to extend

this solution globally-in-time for certain cases. We move onto the Euclidean setting
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in Chapter 3 and focus on the cubic SNLS, where we prove local well-posedness with

supercritical noise and critical data.

1.1.2 SNLS on T¢ with subcritical noise and data

We now state the main results in Chapter 2. Consider the SNLS (1.1) on T¢, d > 1,
with either additive noise F'(u, ¢§) = ¢£ or multiplicative noise F'(u, ¢&) = upl. We
consider initial data ug € H S(']I'd), 5 > Serit being non-negative, and the smoothing
operator ¢ being Hilbert-Schmidt from L?(T%) to H*(T¢). The main results can be

summarised in the following two theorems:

Theorem 1.1 (Well-posedness for additive SNLS on T¢). Let F'(u, ¢¢) = ¢€. There
exist a stopping time 7" that is almost surely positive, and a unique solution v in a
subspace of C([0,T]; H*(T%)) to (1.1) on T¢. Moreover, we can extend this solution

globally in time almost surely in the following cases:

(i) the (focusing or defocusing) one-dimensional cubic SNLS for all s > 0;

(ii) the defocusing (i.e. + sign) energy-subcritical SNLS for all s > 1.

Theorem 1.2 (Well-posedness for multiplicative SNLS on T%). Let F(u, ¢¢) = ¢€.
Suppose that ¢ is also translation invariant. Then there exist a stopping time 7" that
is almost surely positive, and a unique solution u in a subspace of C([0, T|; H*(T?))
to (1.1). Moreover, we can extend this solution globally in time almost surely in the

following cases:

(i) the (focusing or defocusing) one-dimensional cubic SNLS for all s > 0;

(ii) the defocusing (i.e. + sign) energy-subcritical SNLS for all s > 1.

Let us briefly describe our method of proof. Our local-in-time argument uses
the Fourier restriction norm method introduced by Bourgain [8] and the periodic
Strichartz estimates proved by Bourgain and Demeter [13]. In particular, the func-
tion space in which the solutions reside from the above theorems can be stated more

precisely as

C([0,T); H*(T) N X*27°,

£

1 . . . .
for some small € > 0, Here, X®27¢ is the Fourier restriction norm space of space-

time functions v such that S(¢)v has spatial regularity s and temporal regularity
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% — ¢; see Chapter 2 for the precise definition. In establishing local well-posedness
for the multiplicative SNLS, we also have to combine these tools with the trun-
cation method used by de Bouard and Debussche [34-36]. Note that the extra
technical assumption of ¢ in Theorem 1.2 means that the noise under consideration
is spatially-homogeneous. Finally, we establish probabilistic a priori bounds on the
mass and energy of solutions (which are conserved quantities for the deterministic

NLS) to extend the local solutions globally.

1.1.3 SNLS on R? with supercritical noise and critical data

In Chapter 3, we consider the Cauchy problem for the SNLS (1.1) with additive noise
F(u, p€) = ¢¢ on RY. As noted previously, it is not difficult to modify the argument
in de Bouard and Debussche [36] to prove local well-posedness for subcritical noise
and initial data. In view of this, we shall in fact study the problem with supercritical

noise and critical data. Consider the cubic SNLS with additive noise:

i0u — Au £ |ul?Pu = ¢¢
' u (t,2) € [0,00) x RY, (1.9)

U’t:() =Ug € H Serit (Rd)

where d > 3 and ¢ is Hilbert-Schmidt from L?(R?) to H*(R?) for s < sei. We set

. if d=3,
Sq = (1.10)
2
Scrit_ga if d24

Our main result is the following theorem:

Theorem 1.3. The Cauchy problem (1.9) is locally well-posed in the following
sense: there exists a unique local-in-time solution u of (1.9) that lies almost surely
in a subspace of C([0,T]; H*(R%)), where T = T, is a stopping time that is almost

surely positive.

Theorem 1.3 is inspired by [6]. In this work, the authors studied the deter-
ministic NLS (1.6) with random initial data: u(0) = f“, where f“ is the Wiener

randomisation of some function f € H*(R?). They proved local well-posedness of
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(1.6) in H?*(R?) for a range of s below s, with respect to this randomisation. See
also [5, 14, 40]. In [6], the authors decomposed a solution as u = 2* + v, where
29(t) == S(t)f“ is linear and random, and solved the fixed point problem for v.
In our work, we follow a similar argument where we use the so called Da Prato-
Debussche trick and decompose our solution as v = v+ W, where W is the stochastic
convolution, and solve the fixed point problem for v.

Our main tools for proving Theorem 1.3 are similar to those in [6]. In particular,
we have the Fourier restriction norm method adapted to the spaces V? of functions of
bounded p-variation and their preduals U? (these spaces were introduced by Koch,
Tataru and their collaborators, see [8, 51, 54]). The precise definitions of these
spaces will be presented in Chapter 3.

1.1.4 SNLS with non-vanishing boundary conditions

In Chapter 4, we digress from the Cauchy problem (1.1) and move onto the following

(defocusing) energy-critical stochastic nonlinear Schrodinger equation on R*:

O+ Au = (|ul? —
s Bou = (Jul” = Lju+ o€ (tx) € [0,00) x R, (L11)

U|t:0 = Ug,

with the non-vanishing boundary condition:

lim |u(x)] = 1. (1.12)

|z|—o0

As before, u is a complex-valued function, £ denotes a space-time white noise and
¢ is a Hilbert-Schmidt operator from L?(R*) to H'(R?'). We note that for the
deterministic case ¢ = 0, (1.11) is sometimes referred to as the Gross-Pitaevskii
equation (GP). It is related to the NLS in the following way: if u is a solution to
(GP), then the function u(t, z) = e~u(t, z) is a solution the cubic NLS with the non-
vanishing boundary condition lim,|_,« [@(x)] = 1. We note that (GP) constitutes

the Hamiltonian evolution corresponding to the Ginzburg-Landau energy:

Elu(t) = %/R ]Vu|2dx+;l/w (Juf? - 1)d. (1.13)
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Our main result is the following theorem:

Theorem 1.4 (Unconditional global well-poseness for (1.11)). The Cauchy problem
(1.11) with the non-vanishing boundary condition (1.1.4) is globally well-posed in

the energy space?
g(R4) = {U’ =l+v:ve H;eal(R4> + iHrleal<R4>}

almost surely. In particular, u(t) is unique in the class ¥ + C,(R; £(R?)) almost

surely.

Theorem 1.4 is inspired by the work of Killip, Oh, Pocovnicu and Visan in [61],
where the authors established unconditional global well-posedness of (1.11) with
¢ = 0 under the non-vanishing boundary condition (1.1.4). Their strategy was
to treat the equation as the energy critical NLS with a subcritical perturbation,
and then apply the perturbative approach introduced by Tao, Visan and Zhang in
[83] together with the conservation of the Ginzburg-Landau energy (1.13) to iterate
local well-posedness. As it turns out, one can adapt this method to the SNLS (1.11).
Although the energy E[u] is no longer conserved in this setting, but one can still
establish a probabilistic a priori bound on E[u]. This allows us to adapt the method
from [61] to prove Theorem 1.4.

1.2 Stochastic KAV equation with multiplicative
noise

In the final chapter of this thesis, we study the periodic stochastic Korteweg-de Vries
equation (SKdV) with multiplicative noise:

Opu + Pu + udyu = upé
(z,t) € T x RY, (1.14)

u(z,0) = uo(z) € L*(T)

where u is a real-valued function, £ is again a space-time white noise, and the

smoothing operator ¢ is Hilbert-Schmidt from L*(T) to L*(T). As in the case of

2&(R*) is precisely the space of functions u such that F[u] < co.

10



Chapter 1: Introduction

SNLS, we consider mild solutions to (1.14), which are functions u that satisfy the

Duhamel formulation

u(t) = U(t)ug — %/0 Ut —t)ou*(t)dt + /0 Ut — tu(t')ps

where U(t) = e71%2,

Let us give some related background from the literature. In [37], de Bouard-
Debussche considered the non-periodic version of the problem with homogeneous
multiplicative noise and proved global well-posedness of (1.14) in L?*(R) and H*(R).
More specifically, they proved the result for ug € H*(R) when ¢ has the convolution
kernel in H*(R) N L*(R) with s = 0 or 1. There are also several results on SKdV

with additive noise:

Ou + (02u + ud,u)dt = ¢&
(1.15)

u(z,0) = up(x).

In [39], de Bouard-Debussche-Tsutsumi showed that (1.15) is locally well-posed when
¢ is a Hilbert-Schmidt operator from L*(T) to H*(T) for s > —3. More recently, Oh
[75] proved local well-posedness of (5.4) even when ¢ = Id, thus handling the case of
the space-time white noise. See [39] and the references therein for the previous works
in the periodic and non-periodic settings as well as some of its physical background.
Also, see [3], [44], [53]. Note that we often see 0,u¢p¢ as multiplicative noise in SKdV
rather than u¢¢ as in (5.1), and one can regard our study of (1.14) as the first step
toward understanding more difficult multiplicative noises such as u,¢¢.

Our main result in Chapter 5 is the following theorem:

Theorem 1.5. Let ¢ be Hilbert-Schmidt from L?(T) to itself. Let ug € L*(T).
The stochastic KdV (1.14) with multiplicative space-time white noise is globally

well-posed almost surely.

Theorem 1.5 is proved using the Fourier restriction norm method, which was
briefly mentioned in Section 1.1.2. This method was employed on the deterministic
KdV equation in [9] by Bourgain to yield global well-posedness in L*(T), and later
the well-posedness regime was improved to H~2(T) by Kenig-Ponce-Vega [59] (also
see [26]). The tools used in the deterministic analysis rely heavily on the fact that

solutions to the KdV equation are mean-zero. Unfortunately, this is no longer the

11



Chapter 1: Introduction

case for SKAV (1.14). To overcome this issue, we first reduce the SKdV equation
to a coupled system of mean-zero SKdV-type equation and a stochastic differential
equation for the mean. Then, we follow the argument in [10, 75] and perform
a nonlinear analysis on the second iteration in an appropriate Fourier restriction
norm space to construct local solutions. Finally, we appeal to an a priori L?-bound
to extend our local solutions to global ones.

A secondary result in Chapter 5 is the following theorem on the stabilization by
noise, where we verify that the result of Tsutsumi [84] continues to hold in our low
regularity setting. It says that under certain assumptions, the mass of a solution

almost surely decays to zero as time goes to infinity.

Theorem 1.6. Let ¢ and wug satisfy the same assumptions as in Theorem 1.5.
Suppose further that there exists a constant a > $||¢||us(r2,r2) such that for all

v € L*(T), one has

00 2

Z {/TRe (per(z))|v(z)*dx 2a2||v||%2(m. (1.16)

k=—o00

Then the solution u of the stochastic KAV (5.1) given by Theorem 1.5 decays in

mass, that is, as ¢ — 0, we have ||u(t)||,2(ry — 0 almost surely.

If the decay property of the L?(T)-norm of the solutions in Theorem 1.6 hold,
then the zero solution is referred to as pseudo-asymptotic stable. A significance of
the above result is the following. On the one hand, by It6’s formula on the equation,

we obtain for ¢ > 0,

E [[lu(®)lZ2(m)] = E[[lu(0)l[Z2)] +/0 Y Efllu(t)enllfam dt'],

k=—0o0

which infers that the second moment of ||u(t)|| z2(r) is non-decreasing. On the other

hand, Theorem (1.6) tells us that |[u(t)||z2(r) itself decays to 0 almost surely.

12



Chapter 2

SNLS on tori

In this chapter, we study the following Cauchy problem associated to a stochastic

nonlinear Schrodinger equation of the form:

.8{/ —A :I: 2k :F 5
O = B JulTu = Flu, 08 (0,00) % T (2.1)

uli—o = g € H¥(T?)

where k,d > 1 are integers, T¢ = R?/Z% u : [0,00) x T? — C is the unknown

stochastic process, and F'(u, ¢&) is either an additive noise of the form

F(u, ¢§) = ¢¢ (2.2)

or multiplicative noise of the form

F(u, ¢€) = u - ¢¢, (2.3)

where the right-hand side of (2.3) is understood as an It6 product!.
We now give a more detailed description of our problem than in the introduc-

tion. Let (9, A, {A;}>0,P) be a filtrated probability space. Let W be the L?(T%)-

! The multiplicative noise given by the Stratonovich product wo¢¢ with real-valued € is relevant
in physical applications, as it conserves the mass of u (i.e. t — [Ju(t)|3, (Tay 18 constant) almost
surely. Our analysis can handle either the It6 or the Stratonovich producg, and we choose to work
with the former for the sake of simpler exposition.

13
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cylindrical Wiener process given by

Wi(t,z,w) Zﬂntwen (2.4)
nezs

where {3, },cza is a family of independent complex-valued Brownian motions associ-

ated with the filtration {A;}s>0 and e, (z) := exp(27win - z), n € Z%. The space-time

ow

white noise ¢ is given by the (distributional) time derivative of W, ie. § = S

Since the spatial regularity of W is too low (more precisely, for each fixed ¢t > 0,
W(t) € H-27=(T%) almost surely for any ¢ > 0), we consider a smoothed out ver-
sion oW as follows. We recall the definition of a Hilbert-Schmidt operator, which
is a notion used throughout this thesis: let H, K be Hilbert spaces, an operator

¢ : H — K is Hilbert-Schmidt if

”¢||IQJS(H;K) = Z [ohnl|7 < o0, (2.5)
nezd

where {hy, },ez¢ is an orthonormal basis of H (recall that ||-||xs(#;x) does not depend
on the choice of {h,},ecz¢). In many instances, we assume ¢ € HS(L?(T?); H*(T4))
for appropriate s > 0. In this case, W is a Wiener process with sample paths in
H*(T9) and its time derivative ¢¢ corresponds to a noise which is white in time and

correlated in space (with correlation function depending on ¢).
As mentioned in the introduction, we use the notion of a mild solution. More
precisely, we say that u is a solution if it is an adapted process u in H*(T?) that is

continuous in time and satisfies the mild formulation

u(t) = uoj:z/ S(t—¢)(|u[Pu)(#) dt — iT(u,t), t>0,  (26)

almost surely, where S(t) := e %2 i

is the linear Schrodinger propagator, and W(u, t) is
a stochastic convolution as in (1.4) and (1.5) corresponding to the stochastic forcing
F(u, ). By the definition for W, we can express ¥ as an orthonormal expansion

in the following way: (i) for the additive noise (2.2):

U(u,t) = /St—t dW (' Z/ S(t —t") e, dBa(t) (2.7)

nczd
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and (ii) for the multiplicative noise (2.3):

U(u,t) = /OtS(t—t’) (') dW (¥

Z/ (t —tYu(t e, dB(t') .  (2.8)

nezd

We have mentioned before in the introduction on the works by de Bouard and
Debussche [35, 36] on SNLS on RY. Their arguments given in [35, 36] use fixed
point arguments in the space C;H! N LYW14([0, T x R?), for some T' > 0 and some

suitable p, ¢ > 1. ? In particular, they use the (deterministic) Strichartz estimates:

IS fllrra@xrey < Cpgll fll2me, (2.9)

where the pair (p,q) is admissible, i.e. %+ = g, 2 < p,q < oo, and (p,q,d) #

= ol

(2,00,2). On T¢, Bourgain and Demeter [13] proved the £?>-decoupling conjecture,

and as a corollary, the following periodic Strichartz estimates:

HS P<NfHLP ([0,T]xT4) < Cp,Tz—:NE_i HfHLQ(Td (210)

Here, P<y is the Littlewood-Paley projection onto frequencies {n € Z? : |n| < N},

2(d+2)
P ==

, and € > 0 is an arbitrarily small quantity 3. However, such Strichartz
estimates are not strong enough for a fixed point argument in mixed Lebesgue spaces
for the deterministic NLS on T¢. To overcome this problem, we shall employ the

Fourier restriction norm method by means of X*?-spaces defined via the norms

||U‘ Xsb = H T - |n| >bE$( ) T, n)”LEHSn(RXZd) . (211)

The indices s,b € R measure the spatial and temporal regularities of functions
u € X*? and Fi. denotes Fourier transform of functions defined on R x T¢. This

harmonic analytic method was introduced by Bourgain [8] for the deterministic

2Here, W*7(T?) denotes the L"-based Sobolev space defined by the Bessel potential norm:

lullwerray = V) ull preray = [FH ()T || 50y

where (n) := /1 + [n]2. When 7 = 2, we have H*(T%) = W*2(T9).
3More recently, Killip and Vigan [63] removed the arbitrarily small loss of € derivatives in (2.10)
when p > (d+2) . However, we do not need this scale-invariant improvement in our results.
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nonlinear Schrédinger equation (NLS):
10 — Au = [u*u = 0. (2.12)

We now break down Theorem 1.1 and 1.2 in more details into four separate

theorems below. The first one is on the local well-posedness of additive SNLS.

Theorem 2.1 (Local well-posedness for additive SNLS). Given s > Sqi non-
negative, let ¢ € HS(L?(T4); H*(T?)) and F(u, ¢) = ¢¢. Then for any vy € H*(T?),
there exist a stopping time 7' that is almost surely positive, and a unique solution

u e C([0,T); H*(T4)) N X*272([0,T]) to SNLS with additive noise, for some & > 0.

Remark 2.2. We point out that s is negative only for the one-dimensional cubic
NLS, ie. (d,k) = (1,1) for which seq = —3.
NLS on T was shown to be ill-posed. Indeed, Christ, Colliander and Tao [25] and
Molinet [72] showed that the solution map uy € H*(T) — u(t) € H*(T) is discon-

Below L*(T), the deterministic cubic

tinuous whenever s < 0. More recently, Guo and Oh [49] showed an even stronger
ill-posedness result, in the sense that for any ug € H*(T), s € (—%, 0), there is no dis-
tributional solution u that is also a limit of smooth solutions in C([—T,T]; H*(T)).
In the (super)critical regime, i.e. for s < —% = Serit, Kishimoto [64] showed a norm
inflation phenomenon at any uy € H*(T): for any ¢ > 0 and ug € H*(T), there
exists a solution u® to NLS such that ||u®(0) — uo

for some ¢ € (0,¢). See also [76, 78].

ms(my < € and [|us(t)]

Hs(T) > et

Regarding the one-dimensional cubic SNLS on T, we point out that recently
Forlano, Oh and Wang [42] studied a renormalized (Wick ordered, see also [30])
additive SNLS with a weaker assumption than that of Theorem 2.1 above. While we
assume that ¢ € HS(L?(T); L*(T)), the work of [42] assumes that ¢ is y-radonifying
from L?(T) into the Fourier-Lebesgue space FL*P(T) with s > 0 and 1 < p < oo.
In particular, this allows them to handle almost space-time white noise, namely

¢ = (0,)~* with a > 0 arbitrarily small.

Remark 2.3. Although we present our results for SNLS on the standard torus
T¢ = R?/Z? our arguments hold on any torus T¢ = szl R/a;Z, where a@ =
(ay,...,aq) € [0,00)%. This is because the periodic Strichartz estimates (2.10) of

Bourgain and Demeter [13] hold for irrational tori (T% is irrational if there is no
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~ € Q¢ such that o - a = 0). Prior to [13], Strichartz estimates were harder to

establish on irrational tori — see [50] and references therein.

Now let us recall the following conservation laws for the deterministic NLS:

M(u(t)) = % [ It da (2.13)

_1 2 1 2h+42
E(u(t)) == 5 /Ed \Vu(t,z)]” £ ST /Ed lu(t, )" dz, (2.14)

where the sign + in (2.14) matches that in (2.1) and (2.6). Recall that SNLS (2.1)
with the + sign is called defocusing (and focusing for the — sign). We say that
SNLS is energy-subcritical if sqi < 1 (i.e. forany k¥ > 1 when d = 1,2 and for k = 1
when d = 3).

For solutions of SNLS these quantities are no longer necessarily conserved. How-
ever, [t0’s lemma allows us to bound these in a probabilistic manner similarly to de

Bouard and Debussche [35, 36]. Therefore, we obtain the following:

Theorem 2.4 (Global well-posedness for additive SNLS). Let s > 0. Given
¢ € HS(L*(T?); H5(T?)), let F(u,¢) = ¢¢ and ug € H*(T?). Then the H*-valued
solutions of Theorem 2.1 extend globally in time almost surely in the following cases:
(i) the (focusing or defocusing) one-dimensional cubic SNLS for all s > 0;

(ii) the defocusing energy-subcritical SNLS for all s > 1.

We now move onto the problem with multiplicative noise, i.e. SNLS with (2.3).
For this case, we need a stronger assumption on ¢. By a slight abuse of notation,

for a bounded linear operator ¢ from L?*(T%) to a Banach space B, we say that

¢ € HS(L*(T%); B) if*

||¢||12{S(L2(Td);3) = Z [penllt < oo

nezd

For s € R and r > 1, we also define the Fourier-Lebesgue space FL*"(T¢%) via the

norm

£l e zay = [[(m)*F(m)

4In fact, such operators are known as nuclear operators of order 2 and their introduction goes
back to the work of A. Grothendieck on nuclear locally convex spaces.

(2 "
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Clearly, when r = 2 we have FL*"(T?) = H*(T?) and for s; < sy and 7, < ry we
have FL*2™(T4) c FLv"2(T?). We now state our local well-posedness result for

the multiplicative SNLS.

Theorem 2.5 (Local well-posedness for multiplicative SNLS). Given s > s non-

negative, let ¢ € HS(L?(T?); H*(T?)). If s < £, we further impose that
¢ € HS(L*(T%); FL*"(T%)) (2.15)

for some r € [1, d;fs) when s > 0 and r = 1 when s = 0. Let F(u,$) = u- ¢&. Then
for any uy € H*(T?), there exist a stopping time 7" that is almost surely positive, and
a unique solution u € C([0,T]; H*(T%)) N X*27<([0,T]) to SNLS with multiplicative

noise, for some ¢ > 0.

Remark 2.6. The assumption on ¢ here in Theorem 2.5 is slightly more general than
in Theorem 1.2 from the introduction; this is because if ¢¢€ is a spatially homogeneous
noise, i.e. ¢ is translation invariant, then the extra assumption (2.15) is superfluous.
Indeed, if de,(m) = 0, for all m,n € Z¢, m # n and ¢ € HS(L*(T%); H*(T?)), then
¢ € HS(L?(T?); FL>"(T?)) for any r > 1.

We point out that an extra condition in the multiplicative case was also used
by de Bouard and Debussche [36] in their study of SNLS in H*(R?), namely they
required that ¢ is a y-radonifying operator from L?(R9) into W1*(R?) for some ap-
propriate a, as compared to the requirement that ¢ is Hilbert-Schmidt from L?(R¢)
into H*(R?) in the additive case.

In the multiplicative case, the stochastic convolution depends on the solution u
and this forces us to work in the space in L?(Q; C([0, T]; H*(T?)) N X=27(|0, 7).
In order to control the nonlinearity in this space, we use a truncation method which
has been used for SNLS on R¢ by de Bouard and Debussche [35, 36]. Moreover,
we combine this method with the use of X*-spaces in a similar manner as in [34],
where the same authors studied the stochastic KdV equation with low regularity
initial data on R. This introduces some technical difficulties which did not appear
when using the more classical Strichartz spaces as those used in [35, 36].

Next, we prove global well-posedness of SNLS (2.1) with multiplicative noise.

Similarly to the additive case, the main ingredient is the probabilistic a priori bound
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on the mass and energy of a local solution u. However, we also need to obtain uniform

control on the X*-norms for solutions to truncated versions of (2.6).

Theorem 2.7 (Global well-posedness for multiplicative SNLS). Let s > 0. Given ¢
with the same assumptions as in Theorem 2.5, let F'(u, ¢) = u- @& and ug € H*(T?).
Then the H*-valued solutions of Theorem 2.5 extend globally in time in the following

cases:

(i) the (focusing or defocusing) one-dimensional cubic SNLS for all s > 0;

(ii) the defocusing energy-subcritical SNLS for all s > 1.
Before concluding this introduction let us state two remarks.

Remark 2.8. Theorem 2.1 and Theorem 2.5 are almost optimal for handling the
regularity of initial data since the deterministic NLS is ill-posed for s < sqit (see
Remark 2.2). In terms of the regularity of the noise, at least in the additive noise
case, it is possible to consider rougher noise by employing the Da Prato-Debussche
trick, namely by writing a solution u to (2.6) as u = v+ ¥ and considering the equa-
tion for the residual part v. In general, this procedure allows one to treat rougher
noise, see for example [5, 6, 30] where they treat NLS with rough random initial
data and more recently [77] where they handled supercritical noise for the additive
SNLS on RZ. In the periodic setting however, the argument gets more complicated
(see for example [5, 6] on R? versus [30, 73] on T?). The actual implementation of
the aforementioned trick requires cumbersome case-by-case analysis where the num-
ber of cases grows exponentially in k. Even for the cubic case on T¢ the analysis
is involved, whereas on R? one can use bilinear Strichartz estimates which are not

available on T¢.

Remark 2.9. In the multiplicative noise case, there are well-posedness results on
a general compact Riemannian manifold M without boundaries. In [16], Brzezniak
and Milllet use the Strichartz estimates of [17] and the standard space-time Lebesgue
spaces (i.e. without the Fourier restriction norm method). For M = T¢, Theorem 2.5
improves the result in [16] since it requires less regularity on the noise and initial
data. In [15], Brzezniak, Hornung, and Weiss construct martingale solutions in
H (M) for the multiplicative SNLS with energy-subcritical defocusing nonlinearities

and mass-subcritical focusing nonlinearities.
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Our local-in-time argument uses the Fourier restriction norm method introduced
by Bourgain [8] and the periodic Strichartz estimates proved by Bourgain and Deme-
ter [13]. In establishing local well-posedness for the multiplicative SNLS, we also
have to combine these tools with the truncation method used by de Bouard and
Debussche [34-36]. Moreover, by proving probabilistic a priori bounds on the mass
and energy of solutions, we establish global well-posedness in (i) L*(T) for cubic
nonlinearities (i.e. & = 1) when d = 1, and (ii) H'(T¢) for all defocusing energy-
subcritical nonlinearities — see Theorem 2.4 and the preceding discussion for more
details.

The remainder of this chapter is organised as follows. In Section 2.1, we provide
some preliminaries for the Fourier restriction norm method and prove the multilinear
estimates necessary for the local well-posedness results. In Section 2.2, we prove
some properties of the stochastic convolutions W and W[u| given respectively by
(2.7) and (2.8). We prove Theorems 2.1 and 2.5 in Section 2.3. Finally, in Section

2.4 we prove the global results Theorems 2.4 and 2.7.

2.1 Fourier restriction norm method

Let s,b € R. The Fourier restriction norm space X*° adapted to the Schrodinger
equation on T? is the space of tempered distributions © on R x T? such that the

norm

lll e 2= [[4)° (= ) o)) | g

is finite. Equivalently, the X*’-norm can be written in its interaction representation

form:

[l

won = [ () Fre (S(=1)u(t)) (0, 7)1 2 ey - (2.16)

where S(t) = e~ is the linear Schrodinger propagator. This equivalence is useful
for estimating the X ®*-norm of stochastic convolutions, see for example Lemma 2.18
below.

We now state some facts on X **-spaces. The interested reader can find the proof

of these and further properties in [82]. Firstly, we have the following continuous
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embeddings
X% O(R; H:(TY)) , for b > % , (2.17)
XY s X% for ¢ > sand b > b. (2.18)

We have the duality relation

[l

/ u(t, x)v(t, ) dt dz| . (2.19)

Xsb — sup
vl x—s,—5<1

Lemma 2.10 (Transference principle, [82, Lemma 2.9]). Let Y be a Banach space

of functions on R x T% such that

le* e 2 £y < 1/

He(T4)

for all X € R and all f € H*(T?). Then, for any b > 3,

[ully < llullxsr

for all u € X*P.

Lemma 2.10 is useful for transferring Strichartz estimates on standard Sobolev
spaces to Strichartz estimates on Fourier restriction norm spaces, see for example
(2.28) below.

Given a time interval I C R, one defines the time restricted space X S’b([ ) via

the norm

[ull xon(ry = inE {{|@]l xo0 = @lr = u}. (2.20)

Lemma 2.11. Let s > 0and 0 < b < % Then

[l sy ~ (@) o - (2.21)

This relation is useful for establishing local-in-time estimates, see for example in
Lemma 2.18 later on. The proof of (2.21) is almost identical to [34, Lemma 2.1] for

X spaces adapted to the KdV equation, we only sketch the proof below.
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Sketch proof of Lemma 2.11. Clearly, by the definition, we have

[ul xsb(1) = 12 (O)ull s -

We are required to show the inverse inequality ||17(¢)u(t)|

end, let g(t) = 1;(t)S(—t)u(t), so that

X —Z/ V2351V |g(n, 7)|* dr

nel

Xsb ~ ||U| X, b([ TO thlS

17 (t)ull3

=D (I Feg ()l ey

ne’l

The claim then follows from the following inequality
12720l oy S M1l a2 ey - (2.22)

The proof of (2.22) is contained in [34, Lemma 2.1] and so we omit it here. O

Lemma 2.12 (Linear estimates, [82, Proposition 2.12]). Let s € R and suppose 7

is smooth and compactly supported. Then, we have

In(£)S(2) ]

xor S |11

Hs(Td) 5 for b € R, (223)

SIIF

1
xsbo-1 , for b > —. (2.24)
Xsb 2

Hn(t) /0 S(t— ) F( e

By localizing in time, we can gain a smallness factor, as per lemma below.

Lemma 2.13 (Time localization property, [82, Lemma 2.11]). Let s € R and —1 <
bV <b< % For any T € (0, 1), we have

[1/]

b—b'
X ([0,T)) Sy T || /] X=2([0,1])

We now give the proofs of the multilinear estimates necessary to control the
nonlinearity |u|?*u. Recall the L*-Strichartz estimate due to Bourgain [8] (see also

[82, Proposition 2.13]):

ullzs, @xr) S Nl oz - (2.25)
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Lemma 2.14. Let d =1, s > 0, b > g, and b < g. Then, for any time interval

I C R, we have
3

X b =1(T) < H [y
7j=1

Proof. First assume that [ = R. By the duality relation (2.19), it suffices to show

||U1U_2U,3| Xsb(I)- (226)

that

xool[0ll o

3
/ (V)s(ulu_gug)ﬁdxdt‘ <TL I
RxTd

J=1

for any factors wuy, us, us,v. By Parseval’s Theorem, we have

/ (V)? (uyuqus)v dxdt‘ =
RxT4

Z/R<n>sfx(ulu_2u3)(n)dedt .
Now

(n)* FolwTgus)(n) = (n)* Y @)z (ng)@s(ns)

ni1+n2+nz=n

IA

> ) @i(n) - (no)*y(na) - (ns) iz (ns)

ni+n2+nz=n

= F((V)*ur - (V)*us - (V)*us)

Thus by Parseval’s Theorem again, we have

/ (V)uy - (V)sug - (V)’ug - vdzdt|.
RxTd

/ (V)* (uyuqus)v dmdt‘ <
RxT4

The claim then follows from Holder inequality and (2.25) for each of the four factors
(hence the restrictions b,1 — 8" > 32).
For an arbitrary time interval I, if @; is an extension of w;, 7 = 1,2,3, then

Uy Utz is an extension of uiusuz. We use the previous step to get

3
||U1U_2U3| X' =1(]) < Hﬂlfmﬂi’)‘ Xsb 1 5 H ||a]| Xs:b
J=1
and then we take infimum over all extensions @;’s and (2.26) follows. ]

Due to the scaling and Galilean symmetries of the linear Schrodinger equation,
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the periodic Strichartz estimate (2.10) of Bourgain and Demeter [13] is equivalent

with
1_d+2
IS Poflle, (rxray Sin 1Q12 ™ # FI| £ll 2 rey, (2.27)
forany d > 1, p > Q(dff), I C R finite time interval, and Q C R? dyadic cube.

Here, Py denotes the frequency projection onto @, i.e. };Q\f(n) = lQ(n)f(n) By

the transference principle (Lemma 2.10), we get

1_d+2
|1 Poullre (rxray Sy [Q[2 4 Ml xosery, (2.28)
for any b > % By interpolating (2.28) with

I Paullzg ey S 1QE full oy, (2.29)
(which follows immediately from Sobolev inequalities, (2.16), and the H*(T%)-isometry
of S(—t)), we can lower the time regularity from b = 544 to b= £ —4, for sufficiently
small § > 0. Thus, we also have

25 10|y

1
1 Poullee (rxray Sine 1@ 7 (2.30)

1
X0,7—5(I)

Lemma 2.14 only treats the cubic nonlinearity when d = 1. We now prove
the following general multilinear estimates to treat other cases. The proof borrows

techniques from [50].

Lemma 2.15. Let d, k > 1 such that dk > 2 and let I C R be a finite time interval.

Then for any s > s., there exist b = %— and b = %—i— such that

2k+1
Xt =1(7) S H ]
j=1

w1 - - - Unptiop41] Xb(I)- (2.31)
Proof. In view of (2.21), we can assume that u;(t) = 1,(¢)u;(t) and thus by the

duality relation (2.19), it suffices to show

2k+1
[t w))ododt] £ follgors TT
X

i=1

o (2.32)
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We use Littlewood-Paley decomposition: we estimate the left-hand side of (2.32)
when v = Pyv, u; = Py,u; for some dyadic numbers N, N; € 221 < j <2k +1.

Then the claim follows by triangle inequality and performing the summation

DD D DT (2.33)

1 2 Nog41
NSN1 Na<Ny Nog1<Na

Notice that without loss of generality, we may assume that N; > Ny > ... > Nogyq,
in which case we also have N < Ny, and that the factors v and w; are real-valued
and non-negative.

Let € := s — s, and we distinguish two cases.
Case 1: N; ~ N,. By Holder inequality,

2k+1
e S
NS/R iz gk drdt S NP [Jur g N3 |uzllre, H lujllze lollzy,, (2.34)
X ]_3

with p, ¢, r chosen such that %IT_I + % + % = 1. We take p, ¢ such that % — % = Serit

and g — % = %scrit, or equivalently p = k(d + 2) and ¢ = %. These give the
Holder exponent r = @. By (2.30) and (2.28), we get
2 —£+ .
NP llusllee, S Ny 2 lluglles, 5 =1,2 (2.35)
”uj”Lf’w 5 N]'_6+||uj| xs0, 37 <2k+1, (236)
[vllz;, S N[l o (2.37)

. . I 1 . . 1 .
By choosing 4,0’ < einb:= 35 —0 and in 1 — V' = 5 — ¢, respectively, we get

2k+1
RHS of (2.34) < N~ #[|v]lyorw [ N; *lluyl

j=1

Xs:b. (238)

o

The factors N™7, N. . * guarantee that we can perform (2.33).

Case 2: N; > N,. Then, we necessarily have N; ~ N or else the left hand side of
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(2.32) vanishes. By Hélder inequality,

2k+1
N [ s dadt S Nl T] Bl ol 239

with % —|—$+% = 1. Asin Case 1, we would like to have p such that 4 — dp%? = Serit, OT

equivalently p = k(d+2). However, the best we can do with the Strichartz estimate

for the remaining factors is to choose ¢ = r = Q(djm, so that we have
Nillwllze, S NP lunlxss, (2.40)
lugllz, S N7 huglles, 25 < 2%+ 1, (2.41)
lvllz;, < NYF ol o (2.42)

Notice that we can overcome the loss of derivative N7 only up to a logarithmic
factor. We need a slightly refined analysis.
We cover the dyadic frequency annuli of u; and of v with dyadic cubes of side-

length Ns, i.e.

{alal~nNyclJoe . (gl ~NycJR;.
L J

d
There are approximately (%) -many cubes needed, and so

up = Z Po,ui =: Zul,g , U= Z Prv =: Zvj

¢ ¢ J J
are decompositions into finitely many terms. Since |£;—¢| < Ny for & € supp(ay), € €
supp(v) on the convolution hyperplane, there exists a constant K such that if

dist(Qe, ;) > K Ns, then the integral in (2.32) vanishes. Hence the summation
(2.33) is replaced by

DD DT D P (2.43)

N1 N Nok41 4,5
Na<<Vy Nogy1<Noy j=L
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Also, in place of (2.40)-(2.41), we now have

Nillurellze, S Nl ellxon, (2.44)

luillze, S Ny =" u]

wovy 2<i<2%k+1, (2.45)

lvillze, < N llosll xoa-v (2.46)

Therefore, by Cauchy-Schwarz inequality and Plancherel identity,

2%+1
LHS of (2.32) S Y > Ny uggllxenlvgllorv [T Nullxes
No N1 Lj =2
N1>N2 (=)
1 1
2 2
2%k+1
SO N DD el Yo oslioae | TT Nuillxes
No NIt N =2
N1>Na N>No
2k+1
. ZN2_€+||U1| xoo |0l 01w H i | x50
Ny =2
2k+1
S LT sl xenllollxoa-v
i=1
and the proof is complete. O]

2.2 The stochastic convolution

In this section, we prove some X*b-estimates on the stochastic convolution W(#)
given either by (2.7) or (2.8). We first record the following Burkholder-Davis-Gundy

inequality, which is a consequence of [71, Theorem 1.1].

Lemma 2.16 (Burkholder-Davis-Gundy inequality). Let H, K be separable Hilbert
spaces, T > 0, and W is an H-valued Wiener process on [0,7]. Suppose that
{#(t) }ejo,r) is a process taking values in HS(H; K'). Then there is a modification of
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Y (which we continue to denote as 1) such that for p > 1,

/ V(e aW(e ( / 1) s e dt’) ]

In addition, we prove that W(¢) is pathwise continuous in both cases. To this

<, E

Sup ~PpP

te[0,7)

end, we employ the factorization method of Da Prato [31, Lemma 2.7], i.e. we make

use of the following lemma and (2.49) below.

Lemma 2.17. Let H be a Hilbert space, T > 0, « € (0,1), and o > (é,oo).
Suppose that f € L7([0,T]; H). Then the function

- / t St — )t — ) f () dt', te[0,T] (2.47)

belongs to C([0,T]; H). Moreover,

SUP IOy Sor ||fHLa([o,T];H) : (2.48)

te(0,T
We make use of the above lemma in conjunction with the following fact:

(e

/ t (t =) —p) 7 dt =~ : (2.49)

sin(ma)

for all 0 < @ < 1 and all 0 < p < t. This can be seen via considerations with
Euler-Beta functions, see [31].

We now treat the additive and multiplicative cases separately below in Subsection
2.2.1 and 2.2.2 respectively. The arguments for the two cases are similar, albeit with

some extra technicalities in the multiplicative case.

2.2.1 The additive stochastic convolution

By Fourier expansion, the stochastic convolution (2.7) for the additive noise problem

can be written as

=S e Gl [ O, (2.50)

neZd  jezd
We first state the following X *'-estimate on U:
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Lemma 2.18. Let s > 0,0 < b < %, T >0, and 0 € [2,00). Let ¥ be given as
n (2.50). Assume that ¢ € HS(L?(T?); H*(T%)). Then there is a modification of ¥

(which we continue to denote as W) such that

SIS

E (190500 S 75O+ T2) 816 is(oarapirscoey - (251)

Proof. Since L7 (t)Ljo,r(t') = Ljo,71(t) = 1 whenever 0 < ' <t < T, we have

t
Lo,z (t =D ey dei(n)Lpm (e / Loz (t')e 1" dB; (')
0

nezd  jezd

By (2.21), we have

()]

xsb(0,1]) ™ HIL[QT] (t)‘l’(t”

Xsb

= [[(n)*(7)* Fro (S(=1) Loy () (1)) (7, n)| 21,

= || FE g ®] ) (2.52)

b
e

where

)= Lpm(t) / Loz ()1 ge; (n)dB; (t').

jeza

By the stochastic Fubini theorem (see [32, Theorem 4.33]), we have
Flon(®)(0) = [ g (o)

R
_ / o (et g () / Loy (£)e™ " dt d; (t).

jeza

Since

/ Lo (t)e ™" dt‘ < min{T, |7|7'}, (2.53)
t/
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by Burkholder-Davis-Gundy inequality (Lemma 2.16), we get

[N

2

E[|Alo )01 £ / > foen) [ vom(e atf v
jEZ4 '
(2.54)
S| T 32 16ej(n) P min{T, |72}
| jEZ
By (2.52), (2.54), and Minkowski inequality, we get
. 3
11| o (0 x5 017 (Z/ (E[|Flgnl(7 )|J])"d7>
nezd "
%
st Y <n>25|¢£j(n)|2/ (r)* min{T?, |7| 2} dr
n,jEZa >
ST ol (12 s [ m2ar)
’ Irl<1 21
This completes the proof of Lemma 2.18. O]

The next lemma infers that ¥ has a continuous modification taking values in
H?*(T%). This lemma is known and can be found in, for example, [52, Proposition
1.1]. Nonetheless, we provide a proof using the factorization method mentioned

before.

Lemma 2.19 (Continuity of the additive noise). Let s > 0, T > 0, and 2 < 0 <
oo. Assume that ¢ € HS(L?(T?); H*(T<)). Then ¥(-) belongs to C ([0, T]; H*(T4))

almost surely and

E| sup [[¥(t)|

te[0,T]

HS(']Td)] ~T ||¢||HS(L2(W) JH#(Td)) - (2.55)
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Proof. We fix a € (O, %) and we write the stochastic convolution as follows:

_ sin(ma)

v - 20 [ / = O ] Sl o )

' (2.56)
_ sin(7a)

— ST / S(t— )t — )™ / S — )t — )G dW ()t

™

where we used the stochastic Fubini theorem [32, Theorem 4.33] and the group
property of S(-). By Lemma 2.17 and (2.56) it suffices to show that the process

= [ U S = ) — ) ()

e[ [ 1)

for some o > é

satisfies

(171; dtl] < C(T7 g, ||¢||HS(L2;HS)) < 00, (2.57)

By Burkholder-Davis-Gundy inequality (Lemma 2.16), for any o > 2 and any
t' € [0,T], we get

o
2

E [|I/(¢)]

tl
A ( | st =i - u>—a¢||%{s<L2;Hs>du)

(NE)

tl

_ / (t" = )2 Y IS — p)degl[3dp
0 JEZI
i TI—QOC %

< loNis 2. (1 — 2a) ’

where in the last step we used 2 € (0,1) and the H*(T%)-isometry property of
S(t' — u). Hence

T
LHS of (257) = [ B [If(®)l] ' S [0lfisuemmy THO 271 < o0
O xT b

The estimate (2.55) follows from (2.48). O
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2.2.2 The multiplicative stochastic convolution

The multiplicative stochastic convolution ¥ = ¥[u] from (2.8) can be written as

ZenZ/ O (4 gey) (n) B (). (2.58)

ncZd  jeczd

Recall that if s > %l, then we have access to the algebra property of H?*(T?):

1/9]

ws(ray S Nl ray (191 s ) (2.59)

which is an easy consequence of the Cauchy-Schwarz inequality. This simple fact is
useful for our analysis in the multiplicative case. On the other hand, (2.59) is not

available to us for regularities below , but we use the following inequalities.

Lemma 2.20. Let0<5<—and1<r<— Then

|| ful Hs(Td) S Hf||fstr(1rd)HU| Hs(Td)- (2.60)
Also, for s = 0, we have

HfUHLZ(Td) S ||f||}‘L0v1(1I‘d)HUHB(W)' (2.61)

Proof. Assume that 0 < s < %l and let n; and ny denote the spatial frequencies of f
and u respectively. By separating the regions {|ni| = |ns|} and {|ni| < |ns|}, and

then applying Young’s inequality, we have

—

| Fullren < | (907 @), + || (F+ (Tru) (m)

2
S rzse @ + 1l llul o

. 1 1 _ 3 . . .
where p is chosen such that - + > =5 By Holder inequality, for ' and ¢ such that

1,1 1,11
;+p—1andq+2—p,

[ lle S 1)l 1 f |7 o,

[ller < 1)~
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Since sr’ > d and sq > d provided that r < 5%, the conclusion (2.60) follows.

If s =0, (2.61) follows easily from Young’s inequality:

lfull2gray = [1f * lle S ([ fllelulle = [[fllzzosllullz2-

Given ¢ as in Theorem 2.5, let us denote

C(p) == ||¢||HS(L2(Td);]—'Ls,T(Td)) < 00, (2.62)

d
29

forsomere[l,d )WhenO<s<d and for r = 1

for r = 2 when s > oL

when s = 0. Recall that if ¢ is translation invariant, then it is sufficient to assume
that C'(¢) < oo with r = 2, for all s > 0. We now proceed to prove the following
Xt estimate of W[u).

Lemma 2.21. Let s > 0,0 < b < 2

5» I' >0, and 2 < 0 < co. Suppose that ¢

satisfies the assumptions of Theorem 2.5. Then, for U[u| given by (2.8) we have the

estimate

E !I‘If[u]l\}s,bqo,m S(T° + 1)%C(¢)UE [HUHZQ([O,T];HS('W)) : (2.63)

Proof. We first prove (2.63). Let g(t) := I1jon(t)S(—t)¥(t). By the stochastic
Fubini theorem [32, Theorem 4.33],

Fralg)(7,m) = / (1) S / i () ey (n) dB; (1) di

jezd

=2 / / Loy (£)e™"7e """ (u(t) de;) (n) dt dB;(t)

JEZ4

Then by (2.21) and the assumption 0 < b < %, the Burkholder-Davis-Gundy in-

equality (Lemma 2.16), and (2.53), we have

LHS of (2.63) [H ,T)H;gz]
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) e, ()|t dr

e[ X )] wre

7,n€Z4

/ ]1[0"11] (t)eii” dt
tl

(NI

s@+fE || [ % @ |@o)m)] @

If s > 4, we apply the algebra property of H*(T?) to get

lu(t)esllerm: < 0llnsemsllult)]lms-

Ingsgg,Wehave

lu(t)pejllezps S C(@)|ult) |- (2.64)

and thus (2.63) follows. O

Next, we prove the continuity of W[u](t) in the same way as in Lemma 2.19, i.e.

by using Lemma 2.17.

Lemma 2.22 (Continuity of the multiplicative noise). Let T'> 0, s > 0,0 < b < %,
and 2 < 0 < oo. Suppose that u € L (Q;stb([O,T])) and that ¢ satisfies the as-
sumptions of Theorem 2.5. Then ¥[u](-) given by (2.58) belongs to C([0, T]; H*(T?))

almost surely. Moreover,

s (ra)

E | sup [[W[u](t)|

te[0,7

S CO)E [|lul

g('S’b([O,T])] . (265)

Proof. Applying the same factorisation procedure as in the proof of Lemma 2.19

reduces the problem to proving that the process

ft) = /0 (' — )" *S(t — ) [u(p) @] AW (1)

e[ [ 1w

for some 0 < a < 1 satisfying o > % By the Burkholder-Davis-Gundy inequality

satisfies

b dl] <€ (1.0.00) < oo (266)
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(Lemma 2.16) and Lemma 2.20, we have

| S ( 0 = 7S = ) )l s

HS
Jezd

[NIE]

E|I/(t)

=B (| [ 0= I8~ mumoe |
0

(VB

<E ZIW)%H;L“ / (t' — )2 ()|

s dp
jEZA

Then, by Fubini theorem and Minkowski inequality, we obtain

T
E )y di _H S
{/ £ ] 0 1 10
< O(g t"— )" () || g
L2(0,T7) L7 (9;15(0,T))
<C(Y)]E ‘ i = 7o
( ) _ ( lu) || (lu)|Hz L;’,(O,T]) Lﬁ([O,T])

score|( | <T—u>2<i—a>||u<u>|%;du> ]

By Hélder and Sobolev inequalities and (2.21), we have

</OT(T 1) u(p )IIHng> <H (T — )=

{2

L”?b ([0,7]) L% 2b([OTD

41y,
< Tl >H]1[0,T} ()IS(—pyu(p) s || s
LIJ’
There exists @ = a(o) := X + 1 for which we have
T ’ o 2bo
E / 15 | S [T [l oy | < oo
0
O
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2.3 Local well-posedness

2.3.1 SNLS with additive noise

In this subsection, we prove Theorem 2.1. Let b = b(k) = %— be given by Lemma
2.14 (in the case d = k = 1) or by Lemma 2.15 (in the case dk > 2). By Lemma
2.18, for any T > 0, there is an event €’ of full probability such that the stochastic
convolution ¥ has finite X**([0, T])-norm on ¢'.

Now fix w € ' and uy € H*(T?). Consider the ball

Bg = {u e X**([0,T]) : ||ul

xeo(oa) < R}

where 0 < T < 1 and R > 0 are to be determined later. We aim to show that the

operator A given by
t
Aut) = S(t)ug + i / S(t — #)(Ju ) (()dE — i0(t) . t >0,
0

where WU is the additive stochastic convolution given by (2.50), is a contraction on

Bg. To this end, it remains to estimate the X*°([0, T])-norm of
t
D(u) := / St —t) (Jul*u)(t) dt’.
0
For any § > 0 sufficiently small (such that b+ < ), by Lemma 2.13 and (2.21):

1D (w)]

X:b([0,T]) S T° D ()]

X5:648(]0,T7) 5 T6 H IL[O,T] (t)D(u) <t>‘

XS,%-HS °

Let 1 be a smooth cut-off function, supported on [—1,T + 1], with n(t) = 1 for all
t € [0,7]. For any w € X*~29 that agrees with |u|2*u on [0, 7], by Lemma 2.12,

we obtain

Sl
X2

[Lo71()D () ()] (2.67)

Xs,7%+5

t
cotin & at0) [t Oputrar
0

Then after taking the infimum over all such w, we use Lemma 2.14 or 2.15 and we
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get

| D(u)] < 70 ||uf

2k 1

1 —\k
xenqoryy S T ll(wa) +5(0,1))

It follows that

[ Aul yz T |Jul

2k+1
xso(o.) =€ [[uol ij (o + [0 (2)] X5b(0,T]) » (2.69)

for some ¢ > 0. Similarly, we obtain

||Au — Av|

xeaoary < 7 (IulBeagoy + 1013eagom ) e = vllxengory - (2:70)

Let R := 2c||uo

ay T2V Q@)

contraction from Bpg to By provided

xeo(orp- From (2.69) and (2.70), we see that A is a

CTORMH1 < 1

R and cT° (2R*) < (2.71)

[\
N | —

This is always possible if we choose T" < 1 sufficiently small. This shows the
existence of a unique solution v € X*°([0,T]) to (2.6) on €.

Finally, we check that u € C([0,T]; H®) on the set of full probability " N ¢,
where 2" is given by Lemma 2.19, that is ¥ € C([0,7]; H®) on Q". By (2.21), (2.67)

and Lemma 2.14 or 2.15, we also get

1D (w)|

k

b S llul

By the embedding X*2+9([0, T]) < C([0, T]; H*(T%)), we have D(u) € C([0, T]; H*(T%)).
Since the linear term S(t)uq also belongs to C([0,T]; H*(T%)), we conclude that

u=Aue C([0,T); H*(T%)) on Q"N Y.

Remark 2.23. From (2.71), we obtain the time of existence

e+ Y

N N -0
Trnax := max {T >0:T< c( ||l uo X&%[O,T})) } , (2.73)

where § = 2¢. Note that (2.73) will be useful in our global argument.
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2.3.2 SNLS with multiplicative noise

In this subsection, we prove Theorem 2.5. Following [34], we use a truncated version
of (2.6). The main idea is to apply an appropriate cut-off function on the nonlinearity
to obtain a family of truncated SNLS, and then prove global well-posedness of these
truncated equations. Since solutions started with the same initial data coincide up
to suitable stopping times, we obtain a solution to the original SNLS in the limit.
Let n : R — [0, 1] be a smooth cut-off function such that n = 1 on [0, 1] and

n = 0 outside [—1,2]. Set ng :=n (E) and consider the equation

)2k+1

i0pur — Aup £ e urllxes o lug|*ur = ug - ¢€, (2.74)

with initial data ug|i—o = uo.

Remark 2.24. As in the case for the original multiplicative SNLS, we say that ug
is a solution to (2.74) if it is an adapted process in H*(T?) that is continuous in

time, such that ur = Agup almost surely, where Ay is given by

2k+1 2% , , .
xeoowy)  lunl*un(t) dt — iWlu)(1).

(2.75)

t
ARUR = S(t)UQ :f:l/ S(t — t/)nR <||UR|
0

The key ingredient for Theorem 2.5 is the following proposition.

Proposition 2.25 (Global well-posedness for (2.74)). Let s > Sui, s > 0, and
T,R > 0. Suppose that ¢ is as in Theorem 2.5. Given ug € H*(T?), there exists

b€ [0,1) and a unique process
up € L2 <Q; C([0,T0; H*(T%) n X**([0, T]))

solving (2.74) on [0, T7.
Before proving this result, we state and prove the following lemma.

Lemma 2.26 (Boundedness of cut-off). Let s > 0, b € [0,1), R > 0 and T > 0.
There exist constants Cy, Co(R) > 0 such that

HnR <HuHXs,b([0,t])) U(t)H < min {Cl ”uHX‘S’b([O,TD , 02(R)} : (2.76)

X#0(10,71)
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[ (1l wC0) = 15 (e vO 1y gy < CoB = vl eagoy -

(2.77)
Proof. We first prove (2.76). Let w(t,n) = F.[S(—t)u(t)](n), kr(t) = nr (||u| Xs,b([oﬂf}))
and

Then kg(t) =0 when ¢ > 75. By (2.21) and (2.16),

2 2
Xs:5([0,77) ~ H]l[O,T/\TR}F’:R(t)u(t)HXs,b ~ HHR({;)u(t” X5:5([0,TATR])

lkr()ut)ly

~ D) er(t)w(t, )| rany - (2.79)

nczd

We now estimate the H(0, T A 7g)-norm, for which we use the following character-

ization (see for example [81]):

@ fla) = fy)
”inIb(al,ag) ~ HszLZ(al,ag) +/ / z — |1+ drdy, 0<b<l. (280)
al al

For the inhomogeneous contribution (i.e. coming from the L?*-norm above), we have

s 2 . 2 2
S ) st M2z 0y < 0 {1l - ooy }

n€ezd
. 2 2
< min {(2R) : Hullxw([o,T])} :

The remaining part of (2.79) needs a bit more work. Fix n € Z¢, then

/‘T/\TR /T/\TR ’HR t n) o ’fR<t/) (t',n)|2 dt/ ”

| t,|1+2b

et () (w(t,n) — w(t,n))|?
/ / t,|1+2b dt’ dt

TATR it |(/'€R(t) — /{R(t’))w(t/,n)P /
+/0 /0 dt dt

|t _ 75/|1—i—2b

=:1(n) +1I(n).
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It is clear that

1) < min {0 [0 1000 0y }

and hence

S 1) S min {28, Julles oy -

nezd

For Ti(n), the mean value theorem infers that

Xb([0,t]) [ul

2
- X&b([o,tq)) 2
72 (sup n’(?“))

reR

(1) - ral®)f < (I

KR

< ||]1[t’,t]u‘ i{s,b

]' S
S 7 2 (W ) e

Again, we split |Jw(-,n)||? oy USing (2.80) into the inhomogeneous contribution
(the L:-norm squared part) and the homogeneous contribution (the second term
of (2.80)). We control here only the homogeneous contributions for II(n) as the
inhomogeneous contributions are easier. The homogeneous part of Il(n) is controlled

by

TATR A |w t’ |2 | ()"n/)—w()\’,n’)P / /
/ / / // |t—t/|1+2b X — N[ dN d\dt dt

(2.81)

/EZd

1 N2 TNATR A N TATR 1 , )

n’ €z

lw(A,n) —w(N,n
I\ — V]2

|2
IE v an dx, (2.82)

where we used 0 < ¢/ < N < X\ <t < T A 7 to switch the integrals. Now, the
integral with respect to t is equal to |T'A 7 — /|72 — |\ — ¢/|~%*, which is bounded
by

T ATR =172 < [N =72,
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Thus (2.82) is controlled by

1 TATR A N
— <n/>2s/ / / ‘)\/ . t/|—2b’w(t/’ n>|2 dt’
R 0 0 0

n/€z4

|w()‘7 n/) — w(/\/7 n/)|

2
PRSI A (2.83)

Since b € [0, %), by Hardy’s inequality (see for example [82, Lemma A.2]) the ¢-
integral is < Hw(-,n)”éb(o,)\,) < ||w('=”)||§1b(o,T/\TR)- After multiplying by (n)?* and

summing over n € Z¢, we see that (2.83) is controlled by

1

s s 2 2
e S ) )y 1) g0
n,n/ €74
1 2 2
S oz lllxeoqomnrany 1llx-eqozarm)
< min {4 [ 16R2} .

We now prove (2.77). Let 7§ and 75, be defined as in (2.78). Assume without

loss of generality that 713 < 75. We decompose

LHS of (2.77) < H (nR <||u|

soooa) =1 (o)) 7O 4o

xeaqoy ) (ult) = (D))

+ H”R (““' Xo:0([0.7))

= A+ B.

By the mean value theorem,

A= (o (1l 0y ) = 0 (¥llxesgoy )) o00)

Xb([0,TATE])

S R HU“Xva([O,T/\TE]) Ju— UHXSJ?([O,T})

S llu— vl Xsb([0,7)) -

For B, one runs through the same argument as for (2.76) but with w(¢,n) replaced
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by F.[S(=t)(u(t) — v(t))](n), which yields

BS C(R) [u— vl

Xsb(o,1])

We now conclude the proof of Proposition 2.25.

Proof of Proposition 2.25. Let T, R > 0. In view of the mild formulation (2.75), we

consider the following Picard iteration: for t € [0, 7], define

uq(t) == S(t)up;
Un(t) := ARty _1(t) Vn > 2.

To see that {u, },en is well-defined, we note that the stochastic convolution W[u] is
defined provided u is an adapted process in H*(T%). Clearly, u,(t) is adapted, and
hence all terms of usy(t) is also adapted. By induction, we see that each u, () is also
adapted and hence wu,; is well-defined. To see that u, converges to a fixed point
of Ag, it suffices to prove that Ag is a contraction in some complete metric space
containing {u, }nen. To this end, we let Ep := L? (€; X**([0,7])). Arguing as in
the additive case, and using Lemmata 2.26 and 2.21, we have for any v € Er that

is an adapted process in H*(T4), we have

[Arull, < Ch lluo

e + Co(R)T° + C5T° |ul|p, ; (2.84)

IARu = Apvll, < CUR)T |lu = v, + CsT" [lu = vl g, - (2.85)

The estimate (2.84) above shows that Ag maps Er to Ep. Moreover, since u; € Ep
(by Lemma 2.12), (2.84) also infers (iteratively) that u, € E7 for each n. By (2.85),
Ag is a contraction from Er to Ep provided we choose T'= T'(R) sufficiently small.
Thus {u, fren is Cauchy in Er and so it admits a limit ur € Er that is a fixed point

of Ag. Note that T" does not depend on [Jug|

s, hence we may iterate this argument
to extend ug(t) to all t € [0, 00).
Finally, to see that ug € Fr := L?(; C((0,T]; H*(T?))), we first note that since
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ug € Ep, Lemma 2.22 infers that W[ug| € Fr. Then, by similar argument as in the

end of Subsection 2.3.1, we have that D(ug) € L*(€; X**([0,T])), where

Dl(u)(t) == /0 S(t — ') (|ur™ur) dt

Since L?(€; XS’B([O,T])) < Fp for any b > %, we have D(ug) € Fr. Also, it is clear
that S(t)up € Fr. Hence ug € Fr. O

Proof of Theorem 2.5. Let

TR =inf {t > 0 [Jug|

xeo(og > B} (2.86)

Then, nr([|urll xssq) =1 if and only if ¢ < 75. Hence up is a solution of (2.6) on
[0, 7). For any 0 > 0, we have ug(t) = urys(t) whenever t € [0, 7z]. Consequently,

Tg is increasing in R. Indeed, if 7 > 7r.s for some R > 0 and some 6 > 0, then

for ¢ € [Tres, 7r], we have npus([[wrrsllxano, ) < 1 which implies that up(t) #

upr+s(t), a contradiction. Therefore,

7= lim 7R (2.87)

R—o0

is a well-defined stopping time that is either positive or infinite almost surely. By
defining u(t) := wug(t) for each t € [0,7g], we see that u is a solution of (2.6) on

[0,7*) almost surely. O

2.4 Global well-posedness

In this section, we prove Theorems 2.4 and 2.7. Recall that the mass and energy of

a solution u(t) of the defocusing (2.1) are given respectively by

M(u(t)) = /T d %|u(t, )2 de, (2.88)

E(u(t)) = /’]I‘d 1|Vu(zf, z)]* + ﬁ]u(t,x)\z(k“)dm (2.89)
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It is well-known that these are conserved quantities for (smooth enough) solutions
of the deterministic NLS equation.

For SNLS, we prove probabilistic a priori control as per Propositions 2.27 and
2.29 below. To this purpose, the idea is to compute the stochastic differentials of
(2.88) and (2.89) and use the stochastic equation for u. We shall work with the

following frequency truncated version of (2.1):

0™ — AuN & Poy|ulV)?*ulN = F(ul, ¢oNdW ),
= (2.90)

N _ _. N
Uu |t:0 = PSNUJQ = Uy

where Py is the projection onto the frequency set {n € Z¢: |n| < N}, that is,

Poxf(n) =Y fn),

[n|<N

and that
oY = Poyo¢ and WN(t) := Z Bn(t)en.

In|<N
By repeating the arguments in Section 2.3, one obtains local well-posedness for
(2.90) with initial data P<yug at least with the same time of existence as for the

untruncated SNLS.

2.4.1 SNLS with additive noise

We treat the additive SNLS in this subsection. We first prove probabilistic a priori

bounds on (2.88) and (2.89) of a solution u of the truncated equation.

Proposition 2.27. Let s > 0. Let m € N, Ty > 0, up € H*(T%) and ¢ €
HS(L*(T9); H*(T?)), and F(u, ¢€) = ¢¢. Suppose that uV(¢) is a solution to (2.90)
for t € [0,T], for some stopping time T € [0,7y]. Then there exists a constant
Cy = C1(m, M(uo), To, ||||ns(r2:2)) > 0 such that

E | sup Mu™N(t)™| <C;. (2.91)

0<t<T

Furthermore, if s > 1 and (2.90) is defocusing, there exists a constant Cy =
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Ca(m, E(ug), To, ||¢|lus(z2;m1y) > 0 such that
0<t<T

E { sup E(uN(t))m} < Cy. (2.92)

The constants C; and C5 are independent of N.

Proof. We first claim that

t

+ m Im Z M(uN(t’))ml/ uN () oNe; dr dB;(t) | (2.93)

j1<N 70 T4
t 2
+m(m—1) M(uN (t))™2 uN ()N e; dx| At (2.94)
oy /.
[0 hunzny | M@ 295)

To see this, let a)) := Re (zﬁv(n)) and bY := Im ([LJ\V(n)) In view of (2.90), we have

da = — (\n\Qbﬁf + Im {Fx(\uN\%uN)(n)}) dt + Z Imqge\j(n) dﬁ](-i),

lil<N

by = (\nﬁa{j + Re { F, (Ju™ ) (n)}) dt — 3" Rede,(n)dp”,

liI<N

where ﬁj(-r) = Re ; and 5]@ = Im 3;. By applying It6’s Lemma to the above expres-

N

M2 and (bY)?, and then summing them, we obtain

sions to obtain (a

[a(n, )] =2Im ) /0 An, ) ge;(n) dB;(¢) +2t Y |oe;(n)*

l7I<N l7I<N

We sum over |n| < N and then apply Plancherel and Parseval theorems to yield
(2.93)—(2.95) for m = 1. A further application of 1t6’s Lemma yields (2.93)—(2.95)
for general m.

We now control (2.93). By Burkholder-Davis-Gundy inequality (Lemma 2.16),
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Holder and Young inequalities, we get

N[

E | sup (2.93)

te[0,7

S [ M P @6

ljI<N
T 3
{/ M 2m ldt}
0

S lus(eeen T2 E { sup M (u ())ml} { sup M(uN(t))m}

t€[0,T)

t:[%%] M(uN(t))m_1] } {E

Hence by Young’s inequality, we infer that

S 16" sz E

1
S N9z, To {E

E sup M (u™(t))™ !

te[0,T

sup (2.93)

2
< Cm||¢||HS(L2;L2)T0 E
tel0,7

In a straightforward way, we also have

E | sup (2.94)| <m(m — 1)H¢||§IS(L2;L2)TOE

| t€ [0,7]

sup M(UN(t))mll ,

t€[0,T]

E | sup (2.95)| < 2ml|¢|lfg 2.2 IO E
| te[0,7] ]

sup M(uN(t))m_1] .

te[0,7

Therefore, there is some ), > 0 such that

E | sup M(u™N(#)™| < M(up)™ + Ci THE | sup M(UN(t))m_1]
te[0,T7] t€[0,T
(2.96)
1
+-E | sup M@u™N(@)™|.
2 t€[0,T]

We now wish to move the last term of (2.96) to the left-hand side. However, we do

not know a priori that the moments of sup;o ) M (u”(t)) are finite. To justify this,
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we note that (2.96) holds with T" replaced by Tg, where
Tr:=sup{t €[0,T]: M(u™(t)) <R}, R>0.

Now the terms that would be appearing in (2.96) are finite and hence the formal
manipulation is justified. Note that Ty — T almost surely as R — oo because u
(and hence u™) belongs in C([0, T]; H*(T?)) almost surely. Hence by letting R — oo

and invoking the monotone convergence theorem, one finds

E

sup M(uN(t))m_1] . (297)

te[0,7)

sup M(uN(t))m] < 2M (up)™ + 2C, TH E

te[0,7]

Hence, by induction on m, we obtain

E

sup M(u™(t)™| <1, (2.98)
te(0,7
where we note that the implicit constant is independent of V.

We now turn to estimating the energy. Applying It6’s Lemma again, we find

that E(u™(t))™ equals

E(ud )™ (2.99)

+m Im t E@N)y™t [ JuN*uN¢Ne; dr dB;(t) (2.100)
> J.

—m Im Z /t E@N)™ ™ [ AuN¢Ne;drdp;(t) (2.101)
il 0 B

¢
+(k+1)m Z / E(uN(t'))m_l/ [N |2 |pN e; | d dt’ (2.102)
jl<n 20 ke
) ¢
+m |V fg 2.2 /0 BE(u™(t)" " dt (2.103)

2

+—m(m2_ 2 > /0 BN (#))m? /T (—AuN + [N PFuN) pe;dx| di’. (2.104)

ljI<N
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We shall control here only the difficult term (2.100) as the other terms are bounded
by similar lines of argument. Firstly, by Burkholder-Davis-Gundy inequality (Lemma 2.16),

we deduce
T 2 2
E | sup (2.100)| < CpE [ ) / E(u (t))m=1 / [N *uN¢Ne; da| dt’
t€[0,T)] iI<N 0 Td

Then, by duality and the (dual of the) Sobolev embedding H*(T?) — L**2(T9),

we have

< H|UN|%UNHH*1(W) 16" el 1 ra)

Td

< H|UN\2k“NHL§’;§%%(W) el i1 ey

< E(uN) 353 | gej | i

provided that 1—1—% > g. Therefore, by Holder and Young inequalities, and similarly
to the control of (2.93), we have

E | sup E(uN(7f))m_Tl+2
_te[o,T]

< Cn|$llfis z2:1) ToE tg[lél;]E(uN@))m’l -

E

ol —

sup (2.100)
t€[0,T]

< Con|Bllsisz2:1) ToE S[UPT]E(UN(l‘))m_1 + <K sElpT]E(uN(t))m],
te|o, te|0,

co| —

where in the last step we used interpolation.

We also have

E | sup (2.101)| <Cp, ||¢||HS(L2;H1)E
_te[o,T] ]

1
sup E(u™ ()™ | + <E

te[0,7

sup E (UN(t))m]

te[0,7

1
E | sup (2.102)] < C., ||¢\|§{S(L2;H1)+§]E
_te[O,T] |

sup E(u™)™
te[0,7

sup E(u” (1),
t€[0,T]

E | sup (2.103) SCm‘|¢"iIS(L2;H1)E
_te[o,T] 1
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1
E | sup (2.104)| <C H(bHIQ_IS(LQ;Hl) +E | sup HuN ()" | +=E | sup H(uN(t))m] :
t€[0,7) t€[0,T)] t€[0,T]
Gathering all the estimates, there exists C,, > 0 such that
N m N m—1 1 N m
E|sup E(uw" ()| < E(up)™ +Cr/IoE | sup E(u™(t)) +-E | sup E(u"(t))™].
t€[0,7] t€[0,7] 2 e,

Similarly to passing from (2.96) to (2.97) and by induction on m, we deduce that

E

sup E(uN(t))m] <1, (2.105)
te[0,7)

with constant independent of V.

O

We now argue that the probabilistic a priori bounds in fact hold for solutions of

the original SNLS.

Corollary 2.28. Let s,m,T,Ty, ¢ be as in Proposition 2.27. Suppose that u €
L*(Q; C([0,T); HE)) is a solution to (2.1) with (2.2), then the estimates (2.91) and

(2.92) hold with u in place of " under the same assumptions as Proposition 2.27.

Proof. We assume for simplicity that s = 1. Let AY be the mild formulation of

(2.90), more precisely,

AN () = Sl +i /0 S(t — ) Pey (Ju*0) (¢) dt’ — i /0 S(t— )N AW (¢ .

(2.106)
Let
K(w) := sup |lu(t)| g (ra)-
te[0,T]
Let T}, > 0 be a stopping time satisfying
T, < c<2K(w) + ||\If||X1,%,([0’TwD> (2.107)

Then (as scen in (2.73)), AY is a contraction on a ball in X»27([0,7,]) and has a

unique fixed point «V that satisfies the bounds in Proposition 2.27. We shall show

49



Chapter 2: SNLS on tori

that vV converges to u in Fr, := L*(Q;C([0,T,]; H})). To this end, we consider
the mild formulations of ©" and u and show that each piece of u¥ converges to the
corresponding piece in u. Clearly, S(t)ul’ — S(t)ug in Fr,. For the noise, let UV ()

denote the stochastic convolution in (2.106). Then

W(t) — U (1)

S XS e [t s

[n|>N jezd  |n|<N |j|>N
t t

:/ S(t—t’)P>Ngz5dW(t’)+/ S(t —t"mryP<ng dW (1),
0 0

where 7y denotes the projection onto the linear span of the orthonormal vectors

{e; : [7| > N}. By Lemma 2.19, the above is controlled by

2 2
HP>N © ¢HHS(L2;H1) + HWNPSNCbHHS(L%Hl) )

which tends to 0 as N — oo because both norms are tails of convergent series.

Finally we treat the nonlinear terms

/S Ol u(t) dt'

D=V ()::/0 S(t — ) Pey (JuPFa™) (¢) dt' .

We first fix a path for which local well-posedness holds, and prove that Du— D<=V
0in Xh2t, Firstly, by Lemmata 2.12, 2.14 and 2.15, we have

2k+1
[ Dul S Nl

X3+ ((0,7.]) x5 (j0,7.)

and hence Du € X 2*([0,7,]). Now,

t
| Du — D=Nu)| < ‘ / S(t —t")Pen(|u|u — |u™ | ™) (t) dt’
0

XL+ (0,70]) XU (0T

+ HP>NDU’HX1 + OT})

= I1+1.
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By the definition of P.y, we have I — 0 in Xl’%Jr([O, T]) as N — oo. By Lemmata
2.12, 2.14 and 2.15 again, we have

1S (024 gy 1 o) = sy (2108

We claim that I — 0 as N — oo as well. Indeed, A and A are %—contractions with

fixed points u" and u respectively, hence

Hu — uN” < ||A(u) — AN(U)H + HAN(u) — AN (N

xh2(0,1)) Mixrd-gom

< [[A(w) = AY (u)

by Ty e

By rearranging, it suffices to show that the first term on the right-hand side above

tends to 0 as N — oco. Now

IAG) = AY@)]| g1 o) < IPoxS (o]
d

+ [l

X2 ([0,1.])

t
Pox / St — ) ulu(t)) dt
0

X2 ([0,1L])

XV (01))

By similar arguments as above, all the terms on the right go to 0 as N — oco. This
proves our claim. By the embedding X%2*([0,7,]) ¢ C(]0,T]; H*(T%)), we have
that

| Du — D= — 0 (2.109)

u”C([O,Tw];Hl)

5

almost surely as N — oo. By the dominated convergence theorem®, we have

N — win Fr,. By

D=Nu — Du in Fp,. This concludes our argument that u
(2.107), we can iterate this argument on [jT,,, (j + 1)7},] for 7 > 1 until we cover the
entire interval [0, 77, it follows that u"¥ — u on the whole Fr. Hence it follows that

the estimates from Proposition 2.27 also hold for . n

5We recall that in the local theory, uV is obtained as a fixed point from a ball B := {v €
X=27([0,T,)]) : 0]l o1 - oL < < R, } where Ry, = 2clug || s + 21O, Hence one can

o pom)
take the dommatmg functlon to be (for example) 2¢||uo||m: + 2/ V|| + HDuH

X*37(0,T.] :

L
’2
0,Tw
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Finally, we conclude the proof of global well-posedness for the additive case.

Proof of Theorem 2.4. Let s € {0, 1} be the regularity of ug from Theorem 2.4. Let
e > 0and T > 0 be given. We claim that there exists an event (). such that a
solution u € X*°([0,T])NC ([0, T]; H*(T%)) exists on [0, 7] in Q. and P(Q\ Q) < ¢
If this claim holds, then by setting

Q;
we have that P(Q2*) = 1 and w exists on [0, 7], proving the theorem. Let § € (0, 1)
be a small quantity chosen later. We subdivide [0,7] into M = [%W subintervals
]k = [(IC — 1)(5, ]{35] Let

M t
Q=) {wEQ: H/ St —t")pdW (t) gL},
k=1 (k—1)é Xs,b(]k)

where L > 0 is some large quantity determined later. Now by Chebyshev’s inequality

> L)
Xs, b(Ik)

and Lemma 2.18,

P(Q\ Qo) = ]ﬁ: (H/kl St —t)pdW(t)

M 1 2
DI H/ St — )6 dW (1) ]
L? k—1)8 Xb(I)
M
§(6% +1)
<> 0 [
=1
2M6
S 77 [ s

T o
S =5 Iliswres)

By choosing L = L(e, T, ¢) sufficiently large, we may therefore bound P(Q2§) above
by £. Now let

R = max {||uol| s , L} .

By local theory, there exists a unique solution u(t) to (2.1) with time of existence
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Tax given in (2.73). In particular, we note that for w € Q,

(luo]

where ¢ is as in (2.73). By choosing § = §(R) := ¢(2R) ™Y, we see that u(t) exists for
t €[0,6] for all w € Q. Now define

=0 —9 —9
win ) ze(B+L) = c2R)”, (2.110)

e Y]

={weQ: lu@d)lp. < R}

By the same argument, u(t) exists for t € (0,29) for all w € Q. Iterating this

argument, we have a chain of events 2y 2O Q; D --- D Q3,1 where

QO = {w e Yy - [|ulks)]

ue < R}

and u(t) exists for all ¢t € [0, (k + 1)d] on Q. Setting Q. := Qpr—1, u(t) exists on
the full interval [0,7] on Q.. It remains to check that Q \ Q. remains small. By

Corollary 2.28, we have

M-1
P(Q.) <P(Q\ Q) + > P(Qf,; N)
k=0

M—1
€
< St Y Bk D) > RY N )
k=0
M—1
e 1
<5+ 2 el flul(k+ 1)6) 1]
k=0
- € N MC;
-2 Rp
<. 2TC,(2R)’ |
-9 cRP

for any p € N. We further enlarge R if necessary by setting

2TC,

R:max{ +1,L, HUOHHs} ;
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and so we have that

P(Qs) S % + 29R97p+1 )

This is smaller than ¢ provided we choose p = p(e,0) > 0 sufficiently large. Thus

). satisfies our claim. O

2.4.2 SNLS with multiplicative noise

In order to globalize solutions of SNLS, for the multiplicative noise case, we need to
prove probabilistic control of the X**-norm of the solutions of the truncated SNLS
uniformly in the truncation parameter (Lemma 2.30). This requires a priori bounds
on mass and energy of solutions.

From Subsection 2.3.2, we obtained a local solution of the multiplicative (2.1)
with time of existence

. .
7" = lim 7.
R—o0

Under the hypotheses of Theorem 2.7, we shall prove global well-posedness by show-

ing that 7" = oo almost surely.

Proposition 2.29. Let 75 > 0 and ¢ be as in Theorem 2.7. Suppose that wu(t)
is a solution for (2.1) with F(u,¢&) = u - ¢£ on t € [0,T] for some stopping time
T € [0,y A 7). Let C(¢) be as in (2.62). Then for any m € N, there exists
Cy = Cy(m, M(ug), Ty, C(¢)) > 0 such that

E [ sup M(u(t))m} <. (2.111)

0<t<T

Furthermore, if(2.1) is defocusing, there exists Cy = Co(m, E(ug), To, C(¢)) > 0
such that

E { sup E(u(t))m] <0y, (2.112)

0<t<T

Proof. We consider the frequency truncated equation (2.90) and apply It6’s Lemma

to obtain
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fmtm | Y /0 M () /T ()P d d ()

l7I<N

(2.113)

Fmm—1) Y [ M@ @) /T NP Ne, da | di (2114)

ljj<n 0

+m(m—1) Y /0 M(uN ()™t /T lu(t')pe;|? da dt’ . (2.115)

l7I<N

To bound (2.113), we use Burkholder-Davis-Gundy inequality (Lemma 2.16) and

1
2 2
dt/)

use a similar argument as in the proof of Lemma 2.21 to get

E | sup (2.113)| <

t€[0,T]

</ M@0 [ (@)oesda

([ ) é_
an e ) (2 [ s al)

l71<N

< C(¢)” (E

Similarly, one obtains

E | sup {(2.114) + (2.115)}

t€[0,T]

or [ e
Hence there is a constant Cy = Cy(m, M (ug), T, C(¢)) such that

E | sup M(u™(t))™

t€[0,T]

<Ci+CE MT M (u® ()™ dt’]

o o] ) (s [ weora)

The left-hand side is bounded above by 3M, where M is maximum of the three

+ C(¢)? (E

terms of the right-hand side. In any of the three cases, we may conclude the proof

via simple rearrangement arguments and Gronwall’s inequality.
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Turning to the energy, we use It6’s Lemma and the defocusing equation to obtain

that E(u™(t))™ equals

E(ud)™ (2.116)

+m Im t E@N ()™ [ uN P eNe, dr dp;(t) (2.117)
ng;v/o /Td

—m 1 tEN’W1 AuNYuN ¢oNe; dx dp;(t 2.118

m %/ ) [TV do ds() .11

+m(k+1) tE(uN(t’))m_l Ju™ P 6N e da dt! (2.119)
> J.

+m Z /tE’(uN(t’))m_1 IV (uNoNe;)(n)|? dr dt’ (2.120)

il<n /0 T
t 2
N m(m2— 1) ZN/O BN (1))m? /Td (—uNAu_N+ ’uN’2k+1) Ve, dr| dt’
JI<
(2.121)

For (2.117), we use Burkholder-Davis-Gundy inequality (Lemma 2.16) to get

T 2
E|sup (2117)| SE | > / E(uN(t'))2m=Y / [N 2N e, da| dt!
te[0,T] LiI<N 0 Td
Now, with r as in Theorem 2.5,
2 2(2k+2) 2 —|2
'/d |UN|2k+2¢Nej dz| < HUNHL,%H? quNej‘ e < B(u)? e, .
T

S E)?[l6™ejllFLer

where the last step follows from Holder inequality as in the proof of Lemma 2.20.
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Therefore, by Holder’s inequality and (2.62),

1

([ Ewwppmar) ]
s o) ([ o)’

Similarly, we bound the other terms as follows:

o) ([ o)

scwre|[ " BN () q

E | sup (2.117)

te[0,7)

SC@E

< C(9) <E

E | sup (2.118)
_tG[O,T]

S C(9) <E

E | sup {(2.119) + (2.120) + (2.121)}
_te[O,T]

It follows that there is a constant Cy = Cy(m, E(ug), T, C(¢)) such that

E | sup E(u®(t))™

te[0,7

< Cy+ CLE [/OT B ()™ dt’]

+ Cy (]E EBF} ] E(uN(t))m] ) % (E { /0 ' BN ()™ dt’] ) : .

Arguing in the same way as for the mass of u” yields the estimate for the energy of

u™Y. This proves the proposition for u” in place of u. The proposition then follows

by letting N — oc. O]

We now prove the following probabilistic a priori bound on the X*?-norm of a

solution.

Lemma 2.30. Let T, R > 0. Let ugr be the unique solution of (2.74) on [0, 7.
There exists C; = C1(||uol| 2, T, C(¢)) such that

E ||URHX0J’([O,T/\TR]) <C.

Moreover, if (2.74) is defocusing, there also exists Cy = Co(||ugl| 1, T, C(¢)) such
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that

E HURHXLb([o,T/\TR]) <Cs.

The constants C; and C5 are independent of R.

Proof. Let T be a stopping time so that 0 < 7 < T'A 7. By a similar argument

used in local theory, we have

2k+1
lurll xongo.y < Crllur(0)ll e + Cor® urllXvgon + 11 oo,
2k+1
< Chllurllorargms + Cor’° HuRHXj” (0. T 1 s o2 pmm) -

(2.122)
Let K = C1 [[urllcrargas) + YO xonorary) and assume K > 0 (otherwise we

are done). We claim that there exist constants ¢, C' > 0 such that if 7 = c¢K -5

[ur| xen(o S CK. (2.123)

To see this, we note that the polynomial
pr(7) = Cor’2s® ! —x + K (2.124)
has exactly one positive turning point at
= ((2k+1)Cyr?) %
Now

p-(a)=Cy % [(2k+1) S (k1) ] 4+ K

=: —037'_% + K.

The right-hand side is negative if we choose 7 = (C%K)_%. Since p.(0) = K > 0,
we have p,(z) > 0 for 0 < x < x4 where z is the unique positive root below z, .

Now (2.122) is equivalent to p ( HURHXs,b([o,T])) > 0. But since g(-) := [[ur|| xen(p, )
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is continuous and ¢g(0) = 0, we must have

L 2
g(1) <2’y = ((2k + 1)Cy) " 2F - aK CK,
3

which proves (2.123). Iterating this argument, we find that

(2.125)

|ur| X0 ([(G=1)T,57]) < C( ||UR||C’([O,T/\TR];HS) + [P (2)] stb([O,T/\TR])>

for all integer 1 < j < [TATJ} =: M. Putting everything together, we have

[url

M
X=:([0,TATR]) Z [url Xs([(j—1)7,47])

T/\TR
< c T (”U’RHC([O,T/\TR];HS) + ||\Ij|

Xs’b([O,T/\TR})>

2k
5+1

S CT <H,U’R||C([O,T/\TR};HS) + H‘I]’ stb([O,T/\TR])>

By Proposition 2.29 and Lemma 2.21, all moments of the last two terms above are
finite. This proves Lemma 2.30. O

We can now conclude the proof of Theorem 2.7.

Proof of Theorem 2.7. Fix T > (. Since 7y is increasing in R,

PG <) = Jim Plra < T) = I P ([l xesoirncn = )

1
< lim —E [||uR| X55([0, T/\TR]):| :

But then the right-hand side equals 0 by Lemma 2.30. It follows that 7" = oo almost

surely. O]
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Chapter 3

SNLS on R? with supercritical

noise

In this chapter, we consider the Cauchy problem for the stochastic cubic nonlinear

Schrodinger equation with additive noise (SNLS) on R? for d > 3:

O+ Au £+ N(u) +¢& =0
Wt BuE Nu) + 94 (z,t) € RY xR, (SNLS)

u|t:0 = Uog,

where u : R? x R — C, M(u) = |u|*u is the cubic nonlinearity, £ is a space-time
white noise, and ¢ is a smoothing operator. As seen in Chapter 1, we can express £
dw

as 4, where W is a cylindrical Wiener process on L*(RY), given by

W(t) = Z 6Tl<t)en 9

where {e,}nen is an orthonormal basis of L?(R%) and {B,}nen is a sequence of
independent complex-valued Brownian motions on a probability space (2, F,P). We
assume that the operator ¢ belongs to HS® := HS(L?(R%), H*(R%)) for appropriate
values of s > 0, namely, it is a Hilbert-Schmidt operator from L?(R?) to H*(R?).
As before, we consider solutions of (SNLS) in the mild sense, that is, functions

u that satisfy

u(t) = St T i /0 S — N () () d — i /0 S(—edW.. (1)
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Chapter 3: SNLS on R¢ with supercritical noise

and we again use ¥ to denote the stochastic convolution:

U(t) = —'/Otsu — ) dW,y .

The assumption that ¢ € HS® insures that ¥ € C(R; H*(R%)) almost surely; see
Lemma 3.15 below (see also Lemma 2.19 from Chapter 1). Our goal in this chapter
is to construct a unique local-in-time solution of (SNLS) in the case of very rough
stochastic forcing, namely, for values of s below the regularity threshold dictated by
scaling.

We now restate Theorem 1.3 from the introduction. For d > 3, we set

, if d=3,
Sq ‘= (32)
2
Scrit_ga if d24

Theorem 3.1. Let d > 3, s € (54, Serit), and ¢ € HS®. Then, given ug € Hit(R?),
there exists a stopping time 7' that is almost surely positive and a solution w on

[0,7] of (SNLS) in the sense of (3.1). Moreover, the solution lies in the class
U+ Y5 ([0,7]) € @+ C([0, T H(RY)) € C([0, T]; H*(R)),

where T' = T, is almost surely positive and Yy is defined in Section 2 below (see

Definition 3.6).

Theorem 3.1 is inspired by [6], where the authors studied the deterministic cubic
NLS with random initial data: u(0) = f¢, where f“ is the Wiener randomisation
of some function f € H*(RY). They proved local well-posedness of in H*(R?) for a
range of s below se, with respect to this randomisation. See also [5, 14, 40]. In [6],
the authors decomposed a solution as u = 2z + v, where z¥(t) := S(t)f* is linear

and random, and solved the fixed point problem for v, which satisfies:

10w+ Av =N (v + z¥)

v(0) = 0.

Similarly, we use the so called Da Prato-Debussche trick and decompose our solution
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Chapter 3: SNLS on R¢ with supercritical noise
in (3.1) as u = v + V. In view of the mild formulation (3.1), v satisfies
t
v(t) = S(t)uo F z/ St —t" N+ v)(t)dt.
0
In other words, v solves the equation

10w+ Av=N(v+ )

v(0) = up.

Our main tools for proving Theorem 3.1 are similar to those in [6]: the Fourier re-
striction norm method adapted to the spaces V? of functions of bounded p-variation
and their preduals U? (these spaces were introduced by Koch, Tataru and their col-
laborators, see [8, 51, 54]), the bilinear refinement of the Strichartz estimate and a
case-by-case analysis for estimating the terms vov, voW, VWU, WU, etc.

There are two main differences between our arguments in this chapter and those
in [6]. In [6], the analysis used Yj-spaces that are constructed using the V? space.
Since the Brownian motion does not belong to V2 almost surely, we cannot measure
the stochastic convolution in Y3’. The Brownian motion, however, does belong to
VP with p > 2, almost surely. So, given p > 2, we show that ¥ € Y} almost surely
(see Proposition 3.17 below) and use the Y -spaces in our case-by-case analysis.
Interestingly, the Y*® spaces are useful both because of the critical nature of our
problem (i.e. uy € H*it(R?)) and because of the above mentioned property of the
stochastic convolution.

Another key ingredient in the proof of Theorem 3.1 is the space-time integrability
of the stochastic convolution. Namely, the stochastic convolution belongs almost
surely to L4([0, T]; W*"(R)) for any T > 0, 1 < g < oo and 2 <7 < %, provided
that ¢ € HS®. In comparison to this, the linear solution z* enjoys more space-time
integrability. More precisely, there is no upper bound on the values of r; compare
Proposition 3.14 below and Lemma 2.2 in [6]. This limitation in the space-time
integrability of the stochastic convolution forces us to adopt a different scheme from
[6] in the case-by-case analysis for d > 4. In particular, we require a slightly higher

d—2 _ 2

regularity s > %= — £ compared to [6]. (We note that for d = 3 we can apply

an almost identical analysis to that in [6], so the regularity that we require s > }1
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Chapter 3: SNLS on R¢ with supercritical noise

matches the one in [6].)

Remark 3.2. It is possible to extend Theorem 3.1 to the case of SNLS with higher
power nonlinearities N'(u) = |u[P~'u, where p > 5 is an odd integer. However, the
case-by-case analysis becomes exceedingly tedious, where the number of cases is at

least O(p). For this reason, we restrict our exposition to the cubic case.

Remark 3.3. In [77], the second author with Oh and Wang considered the SNLS
with a generic power-type nonlinearity A'(u) = |u[P~'u, p > 1. By using a simple
argument based on the dispersive estimate, they proved local well-posedness in the
case of subcritical initial data and supercritical noise. More precisely, in the energy-

(super)critical regime, they considered uy € H*(RY) and ¢ € H*(R?) where
So > Serit and S > Serit — 1

and showed that the residual part v = w — U lies in C’([O,T];Wsl’d%*(Rd)) N
C([0,T); H**(R%)) for s; = min(sg — 1,5). While the noise considered in [77] can
be rougher than s4, our initial data lies in the critical space H*=it(R?) and we con-

structed v € C([0, T]; Ho=t (RY)).

3.1 Function spaces

In this section we sumarise some properties of UP- and VP-spaces, developed by
Tataru, Koch and their collaborators [51, 54, 69]. Let H be a Hilbert space over C.
Let Z be the set of finite partitions {t,}X ,, —co <ty < -+ < tx < oo of R. We

make the convention that all functions u : R — H satisfy u(co) = 0.

Definition 3.4. Let 1 <p < 0.

(i) a UP(R; H)-atom is a step function a : R — H of the form

K
a(t) = Z ¢k_1l[tk—l7tk)<t)
k=1

where {t,}5, € Z and {¢x};—,' C H are such that Zf:_ol lxll%, = 1. Then we
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Chapter 3: SNLS on R¢ with supercritical noise
define UP = UP(RR; H) to be the space of functions u : R — H of the form

U= i@ where each a; is a UP-atom and {\;} € ¢/(N,C 3.3
Z 7 j j
j=1

with the norm
[wll o g, pry := inf { Z Al u= Z/\jaj for some UP-atoms aj, {\;}jen € £'(N; (C)} :
=1 =1

where the infimum is taken over all possible representations of w.

(ii)) We define V? = VP(R; H) to be the space of functions u : R — H such that the

norm

lullvo @y == sup (ZI!U(tk)—U(tk—l)ll’L> : (3-4)

{tk}fzoez k=1
is finite. We also define VE(R; H) to be the closed subspace of VP(R; H) of all

right-continuous functions u € V?(R; H) such that lim;, . u(t) = 0.

(iii) We define UX H (and V{ H, respectively) to be the space of functions u : R — H

such that HUHUZH < oo (and ||u|]VApH < o0, respectively), where

||uHUZH = ||S(_t>u||UP(]R;H) and HUHVA”H = ||S(_t)u||VP(R;H) : (3.5)

We denote by V;? \ H be the subspace of all right-continuous functions in VXH.

Note that the spaces UP(R; H), VP(R; H) and VE(R; H) are Banach spaces. Given

1 < p < q < oo, the elementary embedding /7 — ¢ implies that
VP(R;H) — VI(R; H). (3.6)
We also have the following continuous embeddings: for 1 < p < ¢ < 0o, we have
UP(R;H) — VE(R; H) — UY(R; H) — L*(R; H). (3.7)
The same embeddings hold for UX- and V}-spaces.

We state the following transference principle for VX-spaces.
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Lemma 3.5 (Transference principle). Suppose that T is a k-linear operator that

satisfies
k

IT(S(t)¢r, -, S(t)¢k)||Lng(Rde) S H ||¢J||Lg
j=1

for some 2 < p,q < oo. Then

n

1Ty s ) || 2 13 Rty S H HUJHVAP;CLg :

Jj=1

This follows from the transference principle for U spaces (see [51, Proposition
2.19 (i)]) and that VX (R; H) < UX(R; H) for p > 2.
8 8

Let 7 : R — [0, 1] be a smooth even function such that 7 is supported on [, ]

and n =1 on [—2,2]. Let n;(€) := n(|¢]) and, given a dyadic number N > 1, let

v (§) =1 (%) —1 (%) -

The Littlewood-Paley projection Py is the Fourier multiplier operator with symbol
nn. We also define the operators P<y := ZlgMgN Py and Poy := >0 v Par
Definition 3.6. Let 2 < p < co and s € R.

(i) We define X3(R) to be the closure of C'(R; H*(R?)) N UX L* with respect to the

norm

1
2

L 25 2
||U|X;(1R) = < Z N ||IP)NUHUZL2> :

N>1
dyadic

(ii) We define Y;#(R) to be the closure of C(R; H*(R?)) NV, \ L* with respect to the

norm

1
2

L 25 2
lellye y = < >N ||PN““V£L2> :

N>1
dyadic

By (3.6) and (3.7), we immediately have the embeddings
X (R) = X:(R) = Y/ (R) — Y (R) (3.8)

for1<p<qg<r<oo.
The spaces defined so far are all on the whole real line R. More generally, given

any space K (R) defined above and an interval I C R, we define the local-in-time
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version K (I) as the space of all functions w : I — H such that the norm

el = nf {11l ey = il = ] (3.9)

is finite.
We now state some basic estimates regarding the function spaces Y, introduced

above.

Lemma 3.7 (Linear estimates). Let s > 0, p > 2, and T' € (0, 00]. Then

15O Slly; o)) S 19l (3.10)
¢
/ S(t—t)Fdt sup / / (t,z)v(t, z) dz dt (3.11)
to Y;([O,T)) vEY ([0,7)) R4
fofl =1

for all ¢ € H*(R?) and F € L*([0,T); H*(R?)).

See [51, 54] for the proof of (3.10) and (3.11) with X3(/)-norms on the left in
place of the Y’(I)-norms. Then Lemma 3.7 follows from the embedding (3.8).
Next we state the Strichartz estimates on RY. We say that a pair (gq,r) is

Schrodinger admissible if it satisfies

with 2 < ¢,7 < 0o and (q,r,d) # (2,00, 2).

Lemma 3.8 (Strichartz estimates). Let (g, 7) be Schrodinger admissible with ¢ > 2

and let p > (d+2) For T € (0, o], we have

||U||L§L;([0,T)de) S ||U||Y407([07T)) (3.12)
d+2

Hu“Lf, [0,7)xR%) <H‘vli_7 HYO ([0,1)) (3.13)

Proof. For an admissible pair (g, r), the classical Strichartz estimate states that

1SN Lo o,y xrety S N9l 2 - (3.14)
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Applying the transference principle in Lemma 3.5 and the embedding
V) - VIL2 (3.15)

yields (3.12). As for (3.13), we use Sobolev inequality and (3.14) to get

a+2

1S@®6l1r_oryenay S NVIZ ]2z -

The same argument used to prove (3.12) then yields (3.13). O
It will be convenient to introduce the following norm and quasinorm:

Definition 3.9. Let d > 3 and 6§ € (0,1). Given an interval I C R, define the

Z(I)-norm and Zy(I)-quasinorm as follows:

i
||U||Z(1) = ( Z N ||PNU||Z£;{I(1de)> (3.16)

N>1
N dyadic

0 1-6
[l oy = Nl lull ez (3.17)
S

2

From Littlewood-Paley theory and Lemma 3.8, we have

d—2
lullzy |05, Sl oz Sl e B18)
and hence we also have
< , i 3.19
Jull 7 S Nl (319

The following bilinear estimates will be useful to us:

Lemma 3.10 (Bilinear Strichartz estimates). Let 1 < M < N be dyadic numbers.
Let 6 € (0,1). For space-time functions u, v, let uy := Pyu and vy, := Pyv. Then

the following estimates hold:

[SIE

M a—2
fuwoarlla gompenn ST () M E N luwllyg oy ol oy (320
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1
M\2" 4o
lunvalicz oryxray S (ﬁ) M= Nlunllyo o,y lonllyo o,y (3.21)
1
M\ 200
HUNUMHL%Z([O,T)XRd) S (ﬁ) HUNHYQO([O,T)) HUM“ZQ([O,T)) (3.22)

Proof. We only prove (3.20) since the proof of (3.21) can be found in [6, Lemma
3.5] and that of (3.22) can be found in [6, Lemma 6.1].

Given ¢, ¢y € L*(R?), let w := S(t)Pyéy - S(t)Pxgo. We first use Holder’s
inequality to get

_£€
”w”Lgm([o,T)de) = [llwllzzllzqo.ryy < T2 ||[[wll 22 | 2+2e ()

= T 2f2£

wl| 22 (g, 13 (may) (3.23)
Then, by Minkowski’s inequality and Sobolev’s inequality, we have

[wll 222 (g, L2 mayy < w22 @y ll 22 ey < el ez

Htﬁ(R
%
_ (/ /|Tyziésm(7,5)\2drd§) . (3.24)
Rd JR

Wr 8= [ dlr el P (6) Puda(en) de

Now,

and so we must have |7| ~ N? + M? < N2. Hence, (3.24) yields
[wll p2+2e (g2 mayy < N2 [[w]| 12 (mxra): (3.25)

From Bourgain [11] and Ozawa-Tsutsumi [79], we have the following bilinear refine-
ment of the Strichartz estimate:

1

M 2
&) 1Pl 1wl (3.26)

d—2
il e 5 307
By (3.25) and (3.26), we have

a—1 1, e
lwll p2eoe o ay S M2 N7275 [[Pyénllz 1Pydellpz -
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Then applying the transference principle in Lemma 3.5 and using (3.15) gives:

d—1 _1, e
lunonll 2oz S M= N7 flunlyzes foalyze

d—1 . 1, ¢
§ M= N 51 ‘|uNHY20+6 HU]\JHYZO+€

The inequality (3.20) then follows from (3.23). O
We also recall the classical Holder spaces:

Definition 3.11. Let v > 0, the y-Hélder space C?(R; H) is the collection of func-
tions u : R — H such that the norm

Ju(ta) — u(th)]|
luller g,y == sup —— A lull ey (3.27)
t1£ts |ty — t1]

t1,to€R

is finite.
We note that Holder spaces and VP-spaces are related in the following way.

Lemma 3.12. Let p > 2 and let I be a bounded interval of R. The following
inequality holds:

lllyoqrmn S (1 +11])» [l 1 (3.28)

cr(LH)'

Proof. Given u € VP(I; H), we take the trivial extension % such that on @ = uw on [

and % = 0 outside I. Then

1
K D
: latt) — ol -
HUHVP(I;H) < ||u||Vp(R;H) Sup (E ( i |tk — b1

{tk}k 0€Z k=1 |tk _tk 1|7
t1,ntx—1€1

wherefj:tj iftjGI, f?():tl—lifto%IaHdEK:tK_l—FliftK¢I. Note that

la(te) — w(tr—1)ll < sup lu*(t2) — w*(t1)|l
~ ~ 1 — 1
|tk — tk,1|1’ tﬁété& |t2 — tl‘p

for any extension u* of u to R and all k except possibly the cases when k£ = 1 and

k = K when t; might not be in /. In these latter cases we have ||@(t;) — @(ty—1)| 5 <
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[[0[] poo sy - Hence

1 *
lullvssany < (114202 1l g -

Taking infimum over all u* that extend u to R then gives (3.28). O

Finally, we recall for convenience Schur’s test, which is used several times in

Section 3.3.

Lemma 3.13 (Schur’s test). Let 2M0 denotes the set of dyadic numbers N > 1.
Suppose that K (M, N) : 2N x 2N — C such that

sup > |K(M,N)[+ sup > |K(M,N)|<oo.

Ne2No Me2No

Me2No Ne2No

Then
Z Z |[K (M, N)anbn| S ||GM||@VI(2N0) ||aN||£§V(2No) :
Ne2No MmeaNo

3.2 The stochastic convolution

In this Section, we state and prove some estimates on the stochastic convolution

() = —i /O S(t— )b dW,

that appeared in the mild formulation (3.1). Symbolically, ¥ is the solution of the

equation

U =—(i0, + A) gt

Here, we assume that ¢ € HS® for some s € R (though we will eventually make the
restriction s € (S4, Serit] in the proof of local well-posedness). Firstly, we have the
following estimate on space-time norms for the stochastic convolution. This appears
in [77, Lemma 2.1], where the proof is a slight modification of an argument of de
Bouard and Debussche [36]. We shall give the proof here for the convenience of the

reader.

Proposition 3.14 (Space-time integrability of V). Let d > 3, T > 0, ¢, € [1, 00)

70



Chapter 3: SNLS on R¢ with supercritical noise

and o > max{g,r}. If 2 <r < 24 then there exists C' > 0 such that

Q=

E 11525 0m0m0)] < OV T? 8]0 (3:29)

for some 6 > 0. Moreover, there exist constant ¢, C’ > 0 such that for any R > 0
P (19 lguziryeas, > R) < Ce 190 (3.30)

Proof. Since ¢ > max{q,r}, by applying Minkowski integral inequality twice and

the fact that ¥ is Gaussian, we have

1
o

< 1w,

E [||‘I’||LgL;([o,T)de Lo@) (Q)‘ LIL7 ([0,T) xR4)

< Ieties ],

La([o,17)

<CVo ||‘1’||L2(Q)’

LILy([0,T)xR9)

=C\o ( /|St—t der, |2dt>
keN

Therefore, applying Minkowski’s inequality once more (using r > 2),

LiL5([0,T)xR?)

< Cyo H |S(t — t/)¢€k”Lf,Lg([0,t)de)‘

LI2([0,T)xN)

< Vo |IS(r)denlzz s goanero | (331)

L62(10,T) xR%)

We use Hélder’s inequality to get

11
||S(7')¢ek||L§L;([0,T)de) < CT> q\/g||S(7')¢ek||L?L;([0,T)XR‘1)

for some ¢ > 2. We also want (¢,r) to be admissible, that is % + 4 = g. Such ¢

T

exists provided r < d2d2, which is our assumption. Hence we may apply Stichartz

and Holder inequalities to get

1

111
=T2"a q||¢||HSOa
ék

+

Q=

_1
q

M\H

RHS(3.31) < T

el
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which proves (3.29). To prove (3.30), we merely need to apply Chebychev’s inequal-
ity. Indeed, for any R > 0, we have

1 k
P (”‘I’HL;’L;<[O,T)de> > R) < oo [”\IJHL?L;([&T)XW)

2
Choose k = <m) . If k£ > max{q,r}, then we have

—1

_Re-10-17-6
¥ <H‘1’HL§L;([0,T)de) - R) < ek = e MO Plyso
If k < max{q,r}, we choose C’ > 0 such that C’e~ ™4™} > 1. Then
B (1%l 5250wy > F) < 1< Clemslar) < et

]

Recall that we proved the continuity of the stochastic convolution in the periodic
setting in Lemma 2.19. The same argument can be used to prove an analogous

statement in the Euclidean setting. We record this in the lemma below.

Lemma 3.15 (Continuity of V). Let s > 0 and 7' > 0. Suppose that ¢ € HS®.
Then ¥(-) belongs to C([0,T]; H*(R?)) almost surely. Moreover, for any o € [2, 00),

E

sup H\P<t)|!?fs(Rd)] St llolhse -
te[0,7)

Our next goal is to prove that W belongs to Y;*((0,71]) with p > 2, almost surely.
To do so, we need to obtain a uniform moment bound on the V{H*-norm of each
dyadic piece Py¥. We apply Lemma 3.12 and get control on the Cv H-norm of
S(—t)PyW. In particular, we use the following Kolmogorov type inequality, which
we quote from [43, Theorem A.10].

Lemma 3.16 (Kolmogorov). Let (S,d) be a Polish space and 7' > 0. Let K > 0,
k > r > 1. Suppose that ® : Q x [0,T] — S is a stochastic process such that

1
||d(¢t7 (I)S)HLU(Q) S K|t — 3|r
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for every s,t € [0,7]. Then ® has a continuous version (which we denote by ®
again) such that for any v € [0, 2 — 1), there exists a constant C(r,,T) > 0 such
that

==

E[l12l o] < Clrv T (3.32)
Moreover, C(r,v,T) — 0 as T — 0.

Note that the first part of the statement is simply the classical Kolmogorov
continuity theorem. On the other hand, the bound (3.32) is obtained by applying
the so-called Garsia-Rodemich—-Rumsay inequality. See [43, Apendix A] for more
details.

Proposition 3.17 (¥ belongs to Y’ with p > 2). Let s € R, ¢ € HS®, p > 2 and
T > 0. Let o > 2 be such that i <i- % Then there exists a constant C'(p,T) > 0
such that

E (105 0my) " < CODVE [l (3.33)

with C'(p,T) — 0 as T — 0. In particular, the stochastic convolution ¥ belongs
to Y;7([0,T)) almost surely. Moreover, there exist constants K (p), c(p,T’) > 0 such
that

P (¥l oy > R) < K(p)e D™l (3.34)

with ¢(p, T) — oo as T — 0.

Proof. In this proof, all spatial norms are on R? and all temporal norms are on
[0,7), hence we omit the domains in our writing,.

First, note that by Lemma 3.15 we have that ¥ € C([0, T]; H*(R?)). For a dyadic
number N > 1, let ¥y = PyV and ¢ = Pyo. By (3.28), we have

N llypgs ST+ 17 [|S(=0)¥n] 1

. (3.35)

Now, for 0 < t; <ty <T and any k > 2,

/ " S AW

t1

1S (—t2) W (t2) = S(=t)Un ()| r sy = ‘

LF(Q;Hg)
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> / " IR (€ G ) B (1)

jEN 2l Lk(Q;Lg)
t2 9 %
< (k[ ol )
t1

1 1

=kz(ta —41)2 [[on [lpss -
Since % € [O, % — %), Theorem 3.16 infers that
%
1
| Is¢-0uslty, | < Ok ox s (330

for some constant C' = C(p,T) > 0 that tends to 0 as T — 0. By Minkowski’s
inequality, (3.35) and (3.36), we have

1
2
2
H\I]||Lk(Q;Y;) f, ( Z H\PNylLk(Q;VKHS))

N>1
dyadic

1
2

<(T+1)r S(—t)¥
<Z H NHLk(Q CPH3)>

S(T+1)C (Z !\beIIHss)
= (T +1)7C(p, Tk [l ys- -

This proves (3.33). To prove (3.34), we use Chebyshev inequality to get

E (|,
P <||\I/| v > R) < — (3.37)
2
Set k = (eC”(ﬁ‘HSS) If L <1 — 4, then by (3.33), the above is

k
- (O(p,T)ﬁchlles) B ey I e
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It

Y
N |—=

: 2
yle k< pr2, then

SR
=

P (]|w]

2p_  _ 2p_ 2p
vs >R> <l=erie 2 <erie ™,
P

This proves (3.34). O

3.3 Local well-posedness

We proceed to prove Theorem 3.1 in this section. We are required to find a fixed

point of the Duhamel formula
t
u(t) = S(t)uy F z/ St —t N (u)(t")dt' + ¥ (t),
0

where

U(t) = —i /0 St — Yoy (3.38)

We apply the Da Prato-Debussche trick in the following way: we set v = v — ¥ and

Vo = g, then solving (SNLS) is equivalent to solving the fixed point problem
t
v(t) =T(v)(t) :== S(t)vy F z/ St —t" N+ w)(t)dt. (3.39)
0

To this end, we prove that I' is a contraction in an appropriate closed subset of
Y3 ([0,7T)), where s > s,.

Before we continue, we first note down some common Strichartz norms we will
use. Fix a small € > 0. For any space-time functions u; and us, we have by Holder’s

inequality that

lurus| gz < lwl] zaeta [[ual] 2o aepe .
= e Ao L, & Ly 2

Now

(o252
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is a Schrodinger admissible pair. Hence we may apply (3.12) to deduce that
lurusll 2 < llunllyg, ||u2||Lf(2T+S)L:(2T+S) :

Note that the above mentioned pair tends to (2, dQTdQ) ase — 0. Also, (@, @) —

(00,d) as € — 0. By an abuse of notation, we shall denote

o) = oo 252

(o0 &) = (2(2+5)7d(22+5)) |

€

We will use a similar notation to denote other Lebesgue norms as well.
For I C R bounded, we now define W#*(I) to be the space of functions such that

the norm

Jul e ifd>>5
L™ (LLe " (RY)
max (ul ol pa ). =4
[ullwsr) = 9 vEmnd S
max u 2d_ u
(G L .

HUHL?(I,Lg(Rd))v |’uHLt°°_([7L3+(Rd))), ifd=3

is finite. Forany 1 <¢< oo, 2<r< d% we recall that, by Proposition 3.14, the
LIL"([0,T) x RY)-norm of W is almost surely finite. All the pairs (g, ) appearing in
the definition of W*(I) satisfy the above mentioned property, so the W*-norm will
be a convenient norm for measuring the contribution of W.

We first prove a lemma on how we control the nonlinear term of I'. Consider
t
AW)(t) = Fi / S(t— N (v + T)(#) dt’ | (3.40)
0

so that T'(v) = S(-)vg + A(v).

Lemma 3.18. Let d > 3, s € (54, Serit), € € (0,1), and I = [0,7) be a bounded
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interval. Let ¢ € HS®. Then there exists 6 > 0 such that

2 3
A sgs S0l sz ol + 10y + 77 91

3 2
vs, (T ||U||Y2%(I) IR

+7° |||}

Ys, (1) Hv|| Co (3.41)

and
2
IM@ﬂ—MMngm§<§;W%,OHW—MH%%)
where

— 2 ) 2
Oy, 9) =yl s Wil + 05l Ny + Iy + 7 191,

2 2

a—2

for all v, vy,v9 € Yy 2 (I).

Proof. In this proof, all space-time norms will be on the domain [0,7) x R? and
hence we often omit this to simplify the writing. Let Ay (v) := P<y(Av). We first
claim that PoyN (v+0) € L1([0,T); H =" (R%)) almost surely. Indeed, by Bernstein,
Hoélder and Sobolev inequalities and (3.12), we have

[PxN @+ D), sz SNZ [Pyl (0 + )2

SN (Iolfpes + 19035, )

(3.42)
S (R R S T
a—2 a-=3 3
SN2 (ol e + 09 02, )

By Proposition 3.14, the second term is finite almost surely, hence the claim. It

follows by Lemma 3.7 that we have

AN (V)| a2 sup QPSNN(U + U)(t, x)vy(t, ) do dt’
YQT v4€Y0([0,T)) ]Rd
Hv4||y0 1
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almost surely. We estimate the right-hand side above independently of the cutoff
size N. As a result, by taking N — oo, the same inequality holds for A(v), thus

yielding (3.41). This leads us to analyse expressions of the form

]P<N U}lwgwg)U4 dx dt (343)

]Rd

where wy, wa, w3 € {v, ¥}, and ||vylly,p = 1. Note that we ignored any conjugate signs
above since we will always use Holder inequality to put each term in an appropriate
mixed Lebesgue norm. In most cases, we dyadically decompose each term in (3.43),

in the sense that

(3.43) =

Ni,.. N4>1
N; dyadlc

3
d—2
//R = [ PxwiPavadadt|

j=1

but we shall continue to denote Py, w; as w;, and Py, v, as vy to simplify the writing.
Note that if we can afford a small derivative loss in the highest frequency, there is

no problem in summing over the dyadic blocks.

Case 1: vvv case. This case is exactly the same as in [6, Proposition 6.3, Case
1], but we repeat the argument here for the sake of completeness. Without loss of

generality, we may assume N; > Ny, N3.

Subcase 1.a: Ny ~ Ny. By Holder inequality and (3.22), we have

- d—2
V)T 01090304 dmdt‘ SN2 lvivslle (lvaval| e
R t,x t,x

AN
< y ” ., : |
<N1N4> | 1” Y, 2 az2 [[v2ll, [[vsll 7, [[vallyg

By summing over No < N; and N3 < N; and then using Cauchy-Schwarz inequality

in summing over N; ~ Ny, the contribution coming from this case is

S ol gz (lvall g, [vsll g, -
Y2

Subcase 1.b: Ny ~ Ny > N,. This time we apply Holder’s inequality again but only
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use (3.22) on the first factor, and then apply (3.13) on the vy-factor to get

=R U1U2U3U4dl’dt‘ <N = ||v11)3||L2 ||vg||L4 ||U4||L4

Rd
1
)
< (= vi]| a2 ||v v v
< (Nl ol sl el ol
1 d—2
N; 2(1-0)— N\ F a2
(%) (F) M7 1l e vl eyl

Summing over N3 and taking supremum over Ny yield

d—2
Ny\ *
Sl Beall, (5¢) ol g Dol

2

By Schur’s test, we have
S ol a5z Nleallg, llvsllz, -

2

Case 2: YUW case. By symmetry, we may assume N3 > Ny > Nj.

Subcase 2.a: Ny ~ N3. We consider three cases in estimating

U (V)T Uy (V)T Uy, dadt| |

Rd

namely d = 3, d =4 and d > 5. For d = 3, by Holder’s inequality we have:

>4 \1131}4 dx dt‘

]Rd

1_ 1_
< NUINGONG I W o 10 V) Wall g 2+ 11OV ) | o ot loall g2 1o

whose contribution is bounded by [|[¥|[},. provided s > = s3.

For d = 4, by Holder’s inequality and Sobolev’s inequality we have:

\Ifl > \1132)4 dx dt

R4
1 1
< Wl po-pa+ [KV) 2 Wall 1o 2a | (V) 2 W[ poa lval | 2+ s
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375 N73 S s s s
S NTTENG NG IV W g 10 10V)* Wall g s l1(V) sl o s floallvy

whose contribution is bounded by || ¥||%,. provided s > £ (which is less restrictive
than s > s4 = 2).

Finally, for d > 5, by Holder’s inequality and Sobolev’s inequalties we have:

\Ifl <V>%\I/2<V> %\1131}4 dx dt

Rd

d—2
SNl K9) Wl NVl ol
dd 10 3d—14 L 3d—14
S IR N 1 1 N L i 2 B
x z z t x

3d 10 —s s
< (NilolNg) e (V)" | 2 [1(V)* 2| diH( sl d—d||v4||Y20
t L Ly Ly

x

whose contribution is bounded by [|[¥||3,. provided s > 2212 Note that this is less

restrictive than s > s,.

Subcase 2.b: Ny < N3~ Ny. Let f=1ifd=3and =3 ifd>4.

Subsubcase 2.b.1: N1, Ny < N?)ﬂ. By Hélder inequality, (3.20) and using that s <

Serit = d22, we have

U 0a(V) ‘I’3U4d37dt <N H‘IIZ‘I’ES”L? H‘I’1U4||L2

Rd

3
d=1_g d=1_g _1
§T0+N22 Ny * Ny * Ny 2+1_[||\I/j|

Jj=1

Y, |U4||Y20

< T0+N3%—s+ﬁ(d—1—zs)

J=1

The exponent on Nj is negative provided s > s4. Hence the contribution to (3.43)
in this case is

STy

Y3, o

Subsubcase 2.b.1i: Ny < Nf < N,. By Holder’s inequality, (3.20) and using that
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8§ < Serit = d22, we have

a2 a2
U1y (V) 2 Vgugdrdt| < Ny * H\Ij2||Lng ||\I’3HL%L;T‘12 ||\P1U4HL§@

R4

Cod=2 o od=1l o1
STONG NG N N ) Wl g VY sl e Iy el

t

2 —s+0 —2s)+ s s
SN O VW), Wl

tHxT

If d = 3, the exponent of Nj is negative provided s > }L = s3. If d = 4, it is negative

for s > % = s4. If d > 5, we further apply Sobolev inequality to get

0
STUNT H Y3l 2 10l
In this case, we need s > 5‘11_014 = s4 to hold. Hence the contribution to (3.43) in

this case is

2
< T ) ]l

Subsubcase 2.b.iii: N1, Ny 2 Ngﬁ . By Holder’s inequality,

T 2
d—2 a—2
/0 [ () F v dear] < T 093l W0l ol -

2
d=2_ 5 _928s s
SN H V) W] o=+ (V) s Lo 1% [[0allye -
If d = 3, the exponent over N3 is negative if s > ;11 = s3. If d > 4, we further apply

Sobolev inequality to get

3
952 _st2p( 450 —s) +
T | ([P T

T

j=1

5d 14

In this case, the exponent of Nj is negative if s > = s4. Hence the contribution
0 (3.43) from this case is

3
S ¥l -
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Case 3: voVU case. By symmetry, we may assume N; > N,.
Subcase 3.a: Ny 2 N3. We only apply dyadic decomposition to vy, v and 3. In
this case, we have N; ~ max{Ny, N3, [£4]} where & is the spatial frequency of vy.

By Holder inequality, (3.21) and Sobolev inequality,

2 1117)2\1/31)4d$dt‘ < H 2 Ul’UQ‘ )
LtJ:

1_ 2
2
( ) Tl 0l

<(%)

If d > 4, we further apply Sobolev inequality to get

[Wsval ;|

R4

N|=

2
I1 losll a2 N3~ [[(V)* Wsll oo g [loallyp -
2

j=1

1
Jr
( ) Huvjn w2 MO el
LT L

T

By Schur’s test, summing in N3 and using that s > %, the contribution to (3.43)
in this case is

S 0l e 1y

Subcase 3.b: N; < Nj. For d = 3, by Hélder’s inequality, (3.21) and the fact that

(4,3) is a Schrodinger admissible pair, we have

1 1
0102(V)2 Wgvg dr dt| < [[or(V)2Ws|[2 [lvavallrz,

R4

_d—2

=2 1 1_ 1y -
Ny 2 Ny Ng2 N ? H<V> 2 Ul||L4L3H< >‘I’3||L4L6||U2|| 2||U4||Y0

2

IN

<N ENy Tloall g2 (V) Wl arglloallazz floallyy

2 2

whose contribution is H’UH a2 [|¥]|y. provided s > 0.

For d > 4, by Holder’s 1nequahty, (3.21) and Sobolev’s inequality, we have

v102(V) 2 Wsv, do dt‘ <

U1 <V> % \113 12

- ||U2U4”Lf,z
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a—2_

1 1
5= a3t
Ny Ny * HleLfJng (V)" Ws]] o+ P ||U2HY% ||U4HY20
T 2

B d—a_
N3 N,? H<V> G|

IVl g (sl gz [lually

d2d
2 —2
LITLg o 2

< %—s—l— —%-I—
SNt N ol e IOVl e el ez lvally -

2 x 2

The exponent over Ns is negative provided s > %2, which is less restrictive than

s > s4. Hence the contribution coming from this case is
Sl azz 19l -
Y, 2
Case 4: v¥V case. By symmetry, we may assume N3 > Nj.

Subcase 4.a: Ny 2, N3. By Holder’s inequality and (3.12),

3
< Py R 2
” E 01‘1’2\1130465336115‘ H L2413 o quJHLt‘x’ LI+ HU4HL?+L;%2—
3
S No N ol e LTIV W5l e s Mloallyp -
7j=2

If d > 4, we further apply Sobolev inequality to get

—s+ —s+
SN TN ol a2 H Il 2 ol

z

where the exponent over N, and N3 are negative provided s > %, which is less
restrictive than s > s4. If N3 2 max(Ny, Ny), then this allows us to sum over N; and
Ny. Otherwise, we have N7 ~ N4 > N3, in which case we can use Cauchy-Schwarz

inequality to sum over N; ~ N,. Hence the contribution to (3.43) in this case is
2
S

Subcase 4.b: N3 > Nj. Suppose first that Ny ~ N3, then we must have Ny < Nj.
By Holder’s inequality and (3.13),
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v1Wa( V) 2 \Ilgv4d$dt‘ < N ||Ul||Ld+2H||\IJ || 4(d+2) 4d(d+2) | ||val] 2d
LI2+2d+4

2 d—2 "~
L

=2_9
SN2 ol age [TV U5 ) g [|vallyy
Y2 2 . Lt d La: 2+2d+4

Note that % < 75 ifd<4. If d > 5, we apply Sobolev inequality to get

a—2 25+d —2d—12

a2 +
SN e |v1|| 4z 2H|| YUl s 2a flvallyg
L, 4 p3?

The condition for the exponent of N3 to be negative is s > % if d < 4 and

s > d;(;i;)s if d > 5. These are less restrictive than s > s4 for d > 4. Hence the

contribution from this case is
Sl ae W5 -
Y, 2

Thus it remains to consider the case Ny ~ N3 > Ny, Nj.

1
Subsubcase 4.b.i: N1, Ny < N3 . By Hoélder’s inequality, (3.20) and (3.21), we have
that

T
d—2 d—2
/ / U1\112<V>T\I/3U4dl’dt‘ S H\I’2<V>T\IJ3‘ ) ||’U11)4||L2
0 Rd Lt,z t,x
d— —S
STYN,” °N,? NN, 2*H||\If Iy, lenll g2 Tlallyg
7j=2
—6—
S T°+N ’ HII‘I’ v, | Ivlll
The exponent of N3 is negative provided
d—3
s> (3.44)

which is less restrictive than s > s4. Hence the contribution coming from this case
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18

< O+ || ||2
ST IR, ol e
1
Subsubcase 4.b.7i: Ny < N§ < Ny. By Holder’s inequality,

0 0y(V) T Wyvy de dt| < ||| g

(V)50

t

» L llowvalle
< 33t - T e s
SNEN,® Ny 'Ny ||Ul||Y# [oallyo [(V)*Wal| papa [[(V)? ‘1’3|| L

2 Ly

5@ﬁ%wa4MW%me>%n
)/457 tHx d

2 Ly

||U4||Y0-

If d = 3, the exponent of N3 is negative provided s > %. If d > 4, we further apply
Sobolev inequality to get

2d—6—-4

il ik s
SNy 2 ol g VP2l | e (V)05

Y, ;f Lind=?

In this case, the exponent of N3 remains negative if the condition (3.44) holds, which

is less restrictive than s > s;. Hence the contribution from this case is

S

1
Subsubcase 4.b.11i: Ny < N§ < Np. For d = 3, by Hoélder’s inequality, (3.20), and
the fact that (4, 3) is a Schrédinger admissible pair, we have

1 1
(VY W dodt] < N ol (920l

R4

1l st - -1+ 1
STUNING TINENTE | O Wl 19y, Ty

LAL3

STON Hv1|| a2 [V sl e [Plly, llvallyy -

x

Yy i

The exponent of Nj is negative if s > %, which is less restrictive than s > sg.

For d > 4, by Holder’s inequality, (3.20), Sobolev inequality, and the fact that
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s < Serit, We have

e, + . _l_l’_

STON T TN T N ol IO Wall e, ¥l ol
x
< TOFN; %2+%+N;%2—5+N;;1 sN4—%+
d—2
<@ T L I 19y, el
0+ —6—4s
STONG T ol IK9)Wsll g, el el -
2 T

Here, the exponent of N3 is negative if (3.44) holds, which is less restrictive than

s > s4. Hence the contribution coming from this case is

< 70+ HUHYQ% 1 s 191l

1
Subsubcase 4.b.7v: Ni < Ny, Ny. For d = 3, by Holder’s inequality, using the fact
that (4, 3) is Schrodinger admissible, and (3.12) we have

U1\112<V> %\113’04 dx dt‘
Ra

(V)2u,

L?Lg ”<V>S‘II2HL?L3+ ”<V>S\I]3HL?O,L2 HU4HL?+L?E7

1-4s
SN lonly 19 Wall e 19 sl o Nl

The contribution in this case is HUH a2 | W% . provided that s > 1 = s.

For d > 4, by Holder’s mequahty and Sobolev inequality, we have

s (V)T Uy, da dt‘
R4
<N,® ||111HL2+Ld [Wal| oo pa+ [ Vs oo B loall . 20—
t x t T
@ + da—2
SN?) N 1+N 2 h H<V> 2 ,U‘ 2+Lﬁ* ||< >\I,2||Lf°7L;Td2
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<MVl e Hlvallyg
t

x

< NS V) V)
SN, ||711HY% (V) 2HL?Q_ 24 [[(V) :’,HL?O_L%2 [oallyp -

d—2
2 x x

Thus we need the condition (3.44) to hold, which is less restrictive that s > sg4.

Hence the contribution from this case is

2
S ol g2 Wl -
YQ

The conclusion then follows by putting together the above four cases and by using

Young’s inequality. O
The following proposition concludes the proof of Theorem 3.1.

Proposition 3.19. Let d > 3, s € (84, Serit) and 0 € (%,1]. Suppose that uy €
H %(Rd). Then for any € > 0, there exist a stopping time 7" > 0 and an event
Y C Q such that P(Q2\ Q') < ¢, and that for each w € €, there is a unique solution
u = v+ ¥ to (SNLS) such that v belongs to

a2 d—2
Bryr = {v €Y, ([0,7)NC([0,T);H =) < 2R, Hv||ZG([O’T)) < 277} .

Nl a2
Y, * ([0,1))

for some sufficiently large R and small 7.

Proof. Set
R = ||Uo||H#(Rd) : (3.45)
For M > 0, we define
Qpr = {H‘I’| v (o) T 1o,y < M}’

Then by Propositions 3.14 and 3.17, we may choose M = M () so that P (Q \ Q) <
e. Let R = max{R, M}, and let 5 > 0 be such that

n< R w1, (3.46)

We now fix w € Qy; and proceed to show that the map I' defined in (3.39) is a

contraction on Bg, 1 for some suitable T".
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Recall that, by (3.40), T'v = S(t)vg + Av. We first claim that A is an operator

_ -2
maping C/([0,T); H= )NY, 2 ([0,T)) to itself. Let v be a function in this space. By
d—2 d—2

Proposition 3.18, Av € Yz% ([0, 7)), and hence by the embedding Y, 2 — L¥°H,? |
we have Av € L°([0,7T); H;%Q ). To prove continuity for Av, it suffices to show
continuity for P<y(Av). Indeed, continuity of Av then follows from the uniform
bound on ||P< N(AU)HYZ% independent of N as in the proof of Proposition 3.18. To
this end, let h > 0. We have

[Px(Bo)(t +h) = Pax(Bo)(O)] o2

x

a—2

S ‘
H,?2

Py (/tHh S(t+h—t)N(v+ D) dt’)

d—2
H,?

Pey ( /0 S(t— £Y[S(h) — TN (v + 1) dt’)

i

t+h t
< [ 1PN+ ) s+ [ IS~ WIPN 0+ 0)] s
d—2
By (3.42), we have P<yN (v + V) € L{H,* . Since {S(t) }ieor) is strongly continu-
ous over H2", the above tends to 0 as h — 0. It follows that Ayv € C([0,T); H% (R%)).
This concludes the proof of the claim.

With & > 0 as in Lemma 3.18, we choose T = T'(w) < 15 such that

1 e o,y < 77

15 @)voll 7,0,y <71 (3.47)

Consider a function v € Bg, r. By Lemma 3.18, there exists a constant C' > 0 such
that

(n*R+n° + T°R® + *R?). (3.48)

C
(o)) — 4

Aol s <
Y, 2
Since 7 < R™! (due to the assumption in (3.46)) and that 7' < 55, we have

Av|| a2 <COnR. 3.49
Ao age <O (3.49)
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Chapter 3: SNLS on R¢ with supercritical noise

Similarly, Lemma 3.18 implies that
[Avs = Avi| a2 < Cnpllog — o] ae . (3.50)
Y2 Y2

Since I'v = S(t)vo+Av, by (3.46), (3.10) and decreasing n (and hence T') if necessary,

we obtain
HFUH 2 <2R,
* (o)
1
||FU2 — Fl)1|| d—2 S - ||U2 — ’Ul|| d—2 .
, 2 ([OvT)) 2 YQT ([07T))
Lastly, by || - [l 7o) < Il || 2 o1y , (3.47), (3.10), (3.45), and (3.46) we have
0,7
0 1-0
r < (s A ) (1Sl s Av|| o
| U”Zg([OT < (I5(¢ )UOHZ (o) + I UHZ ([0,7)) (” ( )UOHY;T([O,T + | U“ 4-2 2 (0. T)))
0 1-0
< (st +CPR) (1St o CrPR
< (I8@lgomy + Co°R) (ISOuwl g2 +Cn
<n+Cn?R+Cn* R+ Cn*R < 2n.
Hence I' is a contraction on Bg, 7. O
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Chapter 4

The 4-D energy—critical SNLS
with non—vanishing boundary

condition

In this chapter, we consider the Cauchy problem for the following energy-critical

stochastic nonlinear Schrodinger equation on R*:

O+ Au = (Jul? —
iOpu+ Au = (|ul* — Lu+ ¢¢ (t,z) € [0,00) x R*, (4.1)

u‘t:D = Ug,

with the non-vanishing boundary condition:

lim |u(z)| =1, (4.2)

|x|—o00

where u is a complex-valued function, where £ denotes a space-time white noise on
R, x R? and ¢ is a bounded operator on L?*(R?). The mild formulation for this

equation is given by

u(t) = S(t)ug — 2/0 St —t)[(Ju]* = Du] (¢)dt' — @/O St —t)p&(t),

where S(t) := e denotes the linear Schrédinger operator. Our main goal is to

construct global-in-time dynamics for (4.6) in the energy-critical cases. As per
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Chapter 4: The 4-D energy—critical SNLS with non—vanishing boundary condition

usual, we denote by

U(t) = /0 S(t — t)ope(dt) (4.3)

the stochastic convolution. We will impose that ¢ € HS(L?*; H'), which ensures the
regularity of U to be 1 (see Lemma 3.15 in the preceding chapter). Let us recall the

Ginzburg-Landau energy mentioned in the introduction:
1 9 1 9 2
Euit)== [ |VuPdz+ = [ (Ju]*—1)"dz.
2 Rd 4 R4

We shall prove global well-posedness in the energy space £(R*) of functions u such

that E[u] < oo. More explicitly, £(R?) can be expressed as
E(RY) = {u=1+0: 0 e Hly(RY) +ifll, (RY).

We now restate the main theorem of this chapter from the introduction:

Theorem 4.1 (Unconditional global well-poseness for the SNLS). Let d = 4 and
¢ € HS(L?* H'). Assume ug € E(R*). Then, the SNLS (4.1) with condition (4.2) is
gobally well-posed in the energy space &(R?), almost surely. In particular, u(t) is
unique in the class ¥ + Cy(R; E(R*)), almost surely.

As mentioned in the introduction, Theorem (4.1) will be proved by treating
(4.1) as as the energy-critical NLS with a perturbation. To this end, we rewrite the
equation as follows. Suppose that u is a solution to (4.1). If w = 1 + v*, then v*
satisfies

100 + Av* = [v*[2v* + 2Re(v*)v* + [v*]? + 2Re(v*) + @€ (4.4)

V*|i=0 =: up — 1.

In terms of v*, the Hamiltonian then takes the form

Eu(t) = Ep* +1] = % . |Vv*|2de + % /R4 (Jo* ] + 2Re(v*))2 dx, (4.5)

where we continue to denote E[v* + 1] by E[v*] for simplicity.

We now go one step further and subtract ¥ from v*, that is, we define v :=
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u — 1 — W. Then v satisfies

10w + Av = |v]*v + g(v, V)

(4.6)
Ult:() = Vg ‘= Uy — 1,
where
g, ¥) == (Jo+ 1+ 9P = (v + 1+ ) - [o]*
= 2Re(v)v + 2Re(V)v + 2 Re(v¥)v
(4.7)

+ W0 + |[v]* + 2Re(v) + 2Re(¥) + 2 Re(vV) + U2
+ U)v* + 2Re(v)¥ + 2 Re(¥)¥ + 2 Re(V) ¥ + U2,

It is, however, more convenient to view this complicated expression as

3
o3+ r-)
j=1

as the real parts and the conjugate signs play little to no role in our arguments.

This chapter is organized as follows. In the preliminaries, we record the classical
Strichartz estimates and the perturbation lemma from [85]. We prove the local
wellposedness in Section 4.2 and lists the key perturbation lemma, Sections 4.3 splits
into three parts, first we obtain the bounded Hamiltonian in Section 4.3.1; then by
applying the perturbation lemma we prove the global wellposedness in Section 4.3.2;

finally we prove the unconditional uniqueness.

4.1 Preliminaries

4.1.1 Strichartz estimates

We now recall the classical Strichartz estimates. Given 0 < ¢, < oo and a time

interval I C [0,00), we consider the mixed Lebesgue spaces L{L" (I x R*) of space-
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time functions u(t, x), endowed with the norm

ullLapr (1 xrey = (/( \U(x,t)|’"d93) dt) .
1\ Jra

If the domain is clear, we often shorten this space to L{L}, as well as L, when
q=r.

We say that a pair of exponents (g, ) is admissible if %—i—% =2with2 <¢,r < o0
and (q,r,d) # (2,00,2). It is convenient to introduce the following norms. Given a

space-time slab I x R, and j € {0,1}, we define the Sj(I)—norm by
HUHSJ(I) = sup {ijuHLng(Ide) t(g,r) is admiSSible}-

We use N7(I) to denote the dual space of S°(I). More precisely, we define
[ull s 7y = inf {IV7ul| o

19 L (TxRa) :(q,r) is admissible},

where (¢, ') denotes the pair of Hélder conjugates of (¢,7). We can now state the

Strichartz estimates in terms of these norms; see [47, 58, 80, 87].

Lemma 4.2 (Strichartz estimates). We have the following homogeneous estimate

HS(t)UOHSj(I) S ||U0HH§;

and the inhomogeneous Strichartz estimate

e e

We note down some common admissible pairs that will be used throughout this

S “F”NJ'(I)
S9(1)

chapter:

2.0, (6.2) (00

In particular, we shall define the space X'(I) endowed with the norm

% (4.8)

[ull % 1) = HquLng (IxRY)’
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Chapter 4: The 4-D energy—critical SNLS with non—vanishing boundary condition

which serves as an auxiliary space in where we shall establish local well-posedness.
Finally, we recall Proposition 3.14 and Lemma 3.15, for which we restate as the

following lemma for the reader’s convenience:

Lemma 4.3. Suppose that ¢ € HS(L?; H®) for some s € R.
(i) ¥ € C’t(RJr;HS(]Rd)) almost surely. In particular, for p > 2, there exists
C =C(T,p) > 0 such that

5 {Oi‘zp L70] 5’4 < Cllolis z2 s -

(ii) Given any 1 < ¢ < oo and 2 < r < 4, we have U € L{([0,T]; W*"(R?))
almost surely for any 7" > 0. In particular, for p > max(q,r), there exists

C =C(T,p,q,r) > 0 such that

||\II||Lq ([0,T];Ws:r (R4)) < C||¢||HS L2(R4);Hs(R%))"

4.1.2 Perturbation lemma

Consider the energy critical NLS equation
10w + Aw = |w|*w. (4.9)

Global well-posedness and scattering for (4.9) was proved by Visan in [85]. Impor-
tantly, the following space-time bound on a global solution u to (4.9) holds:

[wllgr @y < Clllwoll g)- (4.10)

The idea of proving Theorem 4.1 is to view (4.1) as a energy-critical NLS (4.9) with
a perturbation, more details are addressed in Section 4.2. The key perturbation

results we will use is Lemma 4.4, which is Theorem 3.8 in [62].

Lemma 4.4 (Perturbation lemma). Let wy € H;(R*), I be a compact time interval

with [I| < 1. Let @ be a solution on I x R? to the perturbed equation:
100 + Aw = |w|*w + e (4.11)
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for some function e. There exist functions ey and C' mapping from R? to R., that

are non-increasing in each argument, such that if

@l s (1xrey < L, (4.12)
10 oo 11 (1 xray < Eo, (4.13)
| (t0) — woll sy ey < 2 (414)

for some ty, € I and positive quantities L, Fy, E’, and that
1S(t = to)(w(to) — wo)ll x1(p) < &, (4.15)
Vel goy < e (4.16)

for some 0 < & < g, then there exists a solution w to (4.9) with initial data wy

satisfying
Jw =15 (1xre) < C(Eo, E', L)e, (4.17)
lw — @l g1y < C(Eo, E', L)e, (4.18)
[wllgi iy < C(Eo, E', L). (4.19)

Remark 4.5. By the Strichartz estimate, condition (4.15) is redundant if £’ = O(g).

4.2 Energy-critical NLS with a perturbation

In this section, we consider the defocusing energy-critical NLS with a perturbation:

ow+Av=_Jv+f+1*=1)(v+ f+1) (4.20)

U|t:0 = Vo,

where f is a given deterministic function, satisfying certain regularity conditions. By

applying the perturbation lemma, we prove global existence for (4.20), assuming an a
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priori energy bound of a solution v to (4.20). See Proposition 4.10. In Section 4.3.2,
we then present the proof of Theorem 4.1 by writing (4.1) in the form (4.20) (with
f = W) and verifying the hypotheses in Proposition 4.10.

By the standard Strichartz theory, we have the following local well-posedness of
the perturbed NLS (4.20).

Proposition 4.6 (Local well-posedness of the perturbed NLS). Let Iy = [to, to +
T] C [0,00) be an interval. Let f be as in (4.20). Suppose that

HUOHHI(RAL) <R and ”fHLgOH;(onw) <M,

for some R, M > 1. Then there exists some small 79 = no(R, M) > 0 and a compact

interval I C I containing ¢y such that if

1St = to)vollxr(ry + | fllx1ry < 5

for some 7 < 7o, then there exists a solution v € C(I; HX(R*)) N X'(I) to (4.6)

with v(t9) = vo. Moreover, v satisfies
o= S(t —to)voll 51y < (4.21)

Remark 4.7. Note that the above proposition considers data from H'(R*). This
is fine for us because £(R*) ¢ H'(R*). Indeed, we have

[voll g1 gay < I Re(vo)ll g1 gay + [T (vo) [ g1 ga)
< || Re(vo) || a1 (@s) + [ Tm(vo) [ g1 gy
Proof. We show that the map I' defined by
t
To(t) = S(t — to)vp — z/ S(t— ) (o + f+ 12— (v + £ + D] ()t
to
is a contraction on
Brary = {v € X' (1) N Ci(L; Hy(RY)) 0]l oo (g < 2R, [0l 510 < 20}
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with respect to the X'(I) N Cy(I; H(RY))-metric, where R := max(R, M). Let

1, Vs, v3 be functions in X 1(1). Then by Strichartz, Holder and Sobolev inequalities,

we have

t
H / S(t - t/) (01@203 —+ 0109 + Ul) (t,)dt/
0 X1(n)

S ) ||Uz‘UjVUk||L2L§(IxR4)+ > ||Uivvj||LgLi72(I><R4)
{i.5k}={1,2,3} ' {i.j}={1.2} '
(4.22)
+ Vol Lr 2 (1xmey

1
N HU1HX1(1)HU2HX1(1)”U3HX1(1) + u|2HU1HX1(1)”U2HX1(1)

+ [l oo fro(rxmay-
Now, by (4.7), we have
v+ f+1P =D+ f+1) = [v]Pv+|f]*Pv+2Re (0f)v +2Re (f +v)v  (4.23)
+ W2 f 4 [fI2f +2Re (Tf)f +2Re(f +v)f (4.24)

+ [0 + |f]* + 2Re (Tf) + 2Re (f +v) (4.25)

We choose 790 < B! < 1 and |I| < min {l,ngé_l}. Fix n < ng in the following.
Then (4.22) and (4.23) infer that

IT0ll 1y < 1S(E = to)voll x2(py + [T = S = to)vol| x1py
1
S 15t = ol + € (Il 1E Iy 11 Dol
1
By + VM e + 1 Wi e )

<n+Cn* <2, (4.26)
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provided ng is sufficiently small. Similarly, we have

||FU||L;>°H;(1xR4) < [IS(t - tO)UOHLgOH;(IxW) + [T = S(t - tO)UOHLtOOH;(IxW)

< R+Cn’ <2R.

Hence I' maps B, to Br o,y Finally, the difference estimate follows analogously.

Indeed, for vy, vs € Br,y, we have

1
Ty — FUQHLgOH%(IxM)le(I) < Sllv = UQHL;’OHQ{,(IXR‘L)HXl(I)‘

Therefore, I is a contraction on Bg . The estimate (4.21) is a direct consequence

of the above estimates. [

As a consequence of Proposition 4.6, we have the following local well-posedness

for the SNLS (4.1).

Lemma 4.8 (Local well-poseness for the SNLS). Let ¢ € HS(L?(R*); H'(RY)).
Then, given any uy € E(R*), there exists an almost surely positive stopping time
T = T,(up) and a unique local-in-time solution v = 1 + v* € £(R?) to the energy-
critical SNLS (4.1). Furthermore, the following blowup alternative holds; let T* =

T (up) be the forward maximal time of existence. Then, either

* 1 ¢ =
T =00 or Th/mT [l 510,y = 00

4.3 Proof of the main theorem

We present the proof of Theorem 4.1 in this section. The first objective is to obtain
an a priori bound for the energy of the solution. Armed with this bound as well as
tools from the previous sections, we prove global existence by an iterative application
of the perturbation lemma (Lemma 4.4). Finally, we conclude the argument by

proving unconditional uniqueness.
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4.3.1 Bound on the energy

Recall the definition of the energy F[u|(t) from (4.5). Our goal in this subsection
is to state and prove a priori bound on the energy. These a priori bounds follow
from Ito’s lemma and the Burkholder-Davis-Gundy inequality. In order to justify
an application of Ito’s lemma, one needs to go through a certain approximation

argument. See Proposition 3.2 in [36] for details.

Proposition 4.9. Assume the hypotheses in Lemma 4.8. Then,
(i) for any t € [0, 7], the energy Elu](t) defined in (4.5) can be expressed as

+ 7%//[07t]ﬂR4 <|v*|2 + Im(F)Q + 4Re(v*)> |¢n|2 dt’ do (4.28)

+Im / (yv*w — AV 4 [0*? + 2Re(v) 0" + 2Re(v*)>¢dW dz.
[0,£] x R4

(4.29)

(ii) Moreover, given Tj > 0, there exists a constant
Cp = C(E(u), To, |9 llus(z2:1)) > 0

such that for any stopping time 7" with 0 < 7" < min(7*, T,) almost surely, we

have

]E[ sup E[u](t)} < Cp. (4.30)

0<t<T

where wu is the solution to the defocusing energy-critical SNLS (4.1) with

Uli=o = up and T = T%(up) is the forward maximal time of existence.

Proof. The expression on E[u](t) follows from a similar computation as in Proposi-
tion 2.27 and hence we omit the details. We turn to prove (4.30). The term (4.27)

is easily bounded:

| sup (1:20)] £ Tlollusnie (431)

t0<t<T
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Turning our attention to (4.28), by Hélder, Sobolev and Young inequalities, we have

| s (428)] < CE| S [ (0 Byns + 10 szen ol

Ost<T neN

< 2Tl s (ER(0) (482

1
< CT2||¢||HS Ly + gE[ sup E[u](t)}

0<t<T

Finally, we bound (4.29). By Burkholder-Gundy-Davis, Hélder, Sobolev and Young

inequalities, we have

{ sup Im// lv* |*v *qdedx]
0<t<T [0,t]xR4

<eel(x ] )]

< CE (Z/ 1o 27| Nl )}

<cE[( S [ I onliye )}

neN

[v* |2 *opdx
R4

oo|w

< Cl|¢[luszamE| sup Elul(t) 1
L 0<t<T

[N

< C|léllus2anE |1+ sup Efu(t) ]
| o<e<T

1
< Clollusaza + ClolRisgaam + 5E| s B0

0<t<T

where we used the elementary fact AS < 1A A2 <1+ A in the penultimate
inequality. The rest of the contributions from (4.29) are controlled in a similar

manner and we omit the details. Ultimately, we obtain

E[ sup (4.29)} <o)+ EE{ sup E[u](t)] (4.33)

0<t<T 8 |o<i<T
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Combining (4.31)—(4.33) concludes the proof. O

4.3.2 Global existence

We now prove the existence part of Theorem 4.1. Let vy be such that 1+wv, € E(R?).

The bulk of the argument is contained in the following proposition on the perturbed

NLS (4.20).

Proposition 4.10. Let 7' > 0 be given. Let f be as in (4.20). Assume the following
conditions hold:

1. There exists # > 0 such that for any interval I C [0, 7], we have

HfHLtoof'I;(lxR‘l) + “fH)'(l(I) < CH¢”HS(L2;H1)’[’0§

2. Given a solution v, we have the following a priori bound

HUHLtOOH;([o,T]de) <R

Then, there exists a time 7 = 7(R, ) > 0 such that given any t, € [0,7"), a solution
v exists on [tg,tg + 7] N [0, 7] for this particular path. This implies that v in fact

exists in the entire interval [0, T, as ¢y is arbitrary.

Proof. Let v be the local solution on SNLS obtained from Proposition 4.6. The
main idea is to view (4.6) as a perturbation to the energy-critical cubic NLS (4.9),

that is, regard v as w in Lemma 4.4 with

€ :g(vaf)a

where g(v, f) as in (4.7). The argument follows closely in [61].
Let w be the global solution to the energy-critical cubic NLS (4.9) with initial
data w(ty) = vg. Then, by assumption ||w(ty)||;1 < R, and so by (4.10)

lwllx1(z) < B-

This, together with assumption (2), infer that we can divide the interval [to, T'] into
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J = J(R, ¢,6,n) many subintervals [; = [t;,¢;11] so that

ol + 1l < (4.34)

for some 1 < 19, where 7 is dictated by Lemma 4.6. We also write [to,to + 7| =
Uj’:O[O,to + 7] N 1;) for some J' < J, where [to,to+ 7] N1 #0 for 0 < j < .J.

We would like to apply Proposition 4.4 on each interval I; with e = g(v?0).
Starting with j = 0, we see that (4.13) is automatically satisfied with Ey = R by
assumption and (4.14) holds trivially with, say, £’ = 1 since v(ty) = w(to); this
also infers that Condition (4.15) holds (for any ) by Strichartz estimate. We now
turn to (4.12). Since the nonlinear evolution w is small on I;, the linear evolution
S(t —tj)w(t;) is also small on I;. Indeed, by rearranging the Duhamel formula, we

have

St — t;)w(t,) :w(t)—l—i/t S(t — ) [Jwl?w] (¢)dt

J

for any t € I;; together with Strichartz, Holder and Sobolev inequalities, we obtain

<n+C||Vuw|

2
L5L %o (I;xR4) HwHL?,m(Ij xR4)

(4.35)

<n+Cn’
< 2n,

since n < 19 < 1. By Lemma 4.6 together with (4.34) and (4.35) for j = 0, v exists

on the interval Iy, moreover,
[0l %110y < 1S(E = to)vll gy + llv = ST = to)voll 5140y < 6

Thus by the Sobolev embedding W' (RY) C LO(R*), we have [[v]|zg_(z,xzs) < C1)
for some absolute constant C. Therefore, Condition (4.12) in Lemma 4.4 is satisfied
with L = C'n.

Let us now verify (4.16), that is, we need to estimate ||Ve|| yo ) = IV g(v, )|l xo(r,)-
In view of (4.7) and (4.37), we distribute the derivative to each term and apply
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Strichartz estimate to each contribution, and put the cubic, square and linear terms
6
in L2L3, L? L7 and L!L? respectively. We then use Hélder and Sobolev inequalities

to put each term in X'(I) (as seen in (4.22)). This gives
1
1V el oy S 11,y + ol (100, oy + 1711 )

1ol (1ol e ety + 1 e s cromeny)
(4.36)

o 1o + | T2 (n® + [16)%) + L] (R + |1o|)

!
SRTG

for some 6’ = 0'(0) > 0. Let € € (0,9) to be chosen later, where g = g¢(R,1,C'n)
is dictated by Lemma 4.4. We choose 7 = 7(¢, ¢, 0, R) sufficiently small so that

||V€||N0(10) <e. (4.37)

This verifies (4.16). Therefore, all hypotheses of Lemma 4.4 are satisfied on the
interval Iy, with L = C'n, Ey = R and E' = 1. Hence we obtain

|w = vllg1zy) < C(R,1,C'n)e =: Cy(R,n)e. (4.38)

Consider now the second interval ;. Again, Condition (4.13) is satisfied automati-
cally with £y = R by assumption. Since the pair (00, 2) is admissible, (4.38) infers
that

[w(ty) —v(t)| g < Coe.

By choosing ¢ = ¢(R,n) sufficiently small, Condition (4.13) holds with £’ = 1.
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Turning to (4.12), by Strichartz, (4.38) and 4.35, we have
1S(t = t)v(ty) iy < S =) [v(tr) = wt)] || 1y + 1SE = t)w(ts) )
< flw(tn) = otz + 20
< Co(R,m)e + 27

<3
(4.39)

provided
Coe <. (4.40)
If this holds, then by Lemma 4.6 and (4.34), v exists on the interval Iy, moreover,
[0l 51,y < NS =to)o(t) 511,y + [0 = S(E = to)o(tr)l| 511,y < 81

By Sobolev inequality, we see that Condition (4.12) is satisfied with L = Cn as
before. Now, for Condition (4.15), by Strichartz estimate and (4.38), we have

|S(t — to)(W(to) — w0)||X1(I) < CN'C’Os

where C is the absolute constant coming from Strichartz estimate. Then Condition

(4.15) is satisfied as long as

CCoe < £0(R,1,C'n). (4.41)
Lastly, we argue as in (4.36) to obtain

IVell oz < & < CChe,

without needing to change 7 = T'(¢,¢,6, R). Hence Condition (4.16) is satisfied
provided (4.40) and (4.41) hold, which can be done by shrinking ¢ = e(R,n) if

104



Chapter 4: The 4-D energy—critical SNLS with non—vanishing boundary condition
necessary. Hence Lemma 4.4 infers that
v —wllgiz,y < C(R,1,0'n)CCye =: C1(R,n)e.

We now recursively define C;(R,n) = C(R, 1, C”n)éCj_l for 1 < j < J'. In other
words, C(R,n) = C(R,1,C'n)I*'C. Arguing iteratively, we have

v — wHSI(Ij) < Cje

as long as
Oj—1€ <,
(4.42)
Cjz‘i < 80(R, 1, C/’f]>
Since C} is increasing in j, we just need to ensure that (4.42) holds for j = J'.

Recalling that J' < J = J(R,n), we see that (4.42) holds for all j provided that
¢ is chosen sufficiently small, depending only on R and 7. In particular, we have
constructed a solution v in the entire interval [to, to + 7|, where 7 = 7(R, n,¢). This

proves the proposition. O

4.3.3 Global existence

We are now ready to prove the existence part of Theorem 4.1. Let T'> 0 and € > 0.
We claim that there exists an event 2. C Q such that P(€2.) > 1 —¢ and that in 2.,
there exist § > 0 and R = R(T, ¢) such that

11| Lo 13 (10 0 r] ety + 1€ 520y < C (D)) for any I C [0, 7] (4.43)
and that the a priori bound
||U||L§;°H1([0,T})xR4 <R (4.44)

holds. Indeed, by Lemma 4.3 and Markov inequality, one can easily find an event of

arbitrarily large probability in which the bound (4.43) holds. As for (4.44), recalling
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that v =u — 1 — ¥ = v* — ¥ and also the definition of E[u], we have

<

||U||L;>°H1([0,T]xR4) ||U*||LgoH1([o,T]xR4) + ||\P||L§’°H;([D7T]><R4)

1
< sup [E(u)(t)]> + 1| oo 1 0,7y x4y
0<t<T

Then by Lemma 4.3, Proposition 4.9 and Chebyshev’s inequality, one can again find
an event of arbitrarily large probability in which (4.44). Hence the claim holds and
we can invoke Proposition 4.10 to extend the solution v to all times in [0, 7] for each

w € €).. This completes the existence part of the proof.

4.3.4 Unconditional uniqueness

We turn now to showing that the global solutions constructed above are unique
among those that are continuous (in time) with values in the energy space. We
mimic the arguments in [28] and [61]. To this end, let vy be such that 1+wvy € E(R?)
and let v be the global solution to (4.6) constructed above. In particular, v € S Y1)
for any compact time interval I. Let v : [0,#] x R* — C be a second solution to (4.6)
with the same initial data such that 1+v € C([0,¢]; £(R*)) almost surely and write
z := v—0. In what follows, we fix an w € Q for which both v and v € C([0,#']; £(R?)).

As z(0) = 0 and w is continuous in time, shrinking ' if necessary, we may assume

| Re(z)”LgoH;([o,ﬂ]xw) + | Im(Z)HL,?OH;([O,t’]XR‘I) <1 (4.45)

for a small 7 > 0 to be chosen shortly. By Sobolev embedding H'(R*) C L*(R%),
this yields

||Z||L;>°L§([o,t/]xR4) S, (4.46)

in particular, we have z € L2LA([0,'] x R*). Recalling that v € S*(I) almost surely
for any compact time interval I and further shrinking ¢’ if necessary, we may also

assume (by Sobolev embedding W5 (R*) ¢ L6(R%)) that

HUHLQZ([O,t’}xR‘i) <. (4.47)
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On the other hand, as seen at the end of the previous subsection, one can find an
event of arbitrarily large probability such that (4.43) holds. Hence we may assume
w lies in this event. By Sobolev embeddings H*(R*) ¢ L*(R%) and W15 C LS(R%),

as well as shrinking ¢’ if necessary, we have

1V Lo La o, xmy < 1, (4.48)
Wl ze o.rxrey < 1. (4.49)
Now,
[v]*v + g(v, )] = [|0]*0 + g(v, V)]
~ (Re(P)[z] + | Re(2)] + [¥|| Re(2)] + [P[|]
+|Re(P)[|P[| Re(2)] + | Re(P)|| Re(Z)] + |z
+[zllo] + [9|2[* + [[[2]]o] + [ Re(¥)]|2|*
+ | Re(P)|][v] + |2° + [2]]v]*)
= O(|2’ + [2llvf* + [[[2* + [2|* + [@]|z]]o] + [¥||2| + [¥*[2] + 2] [v] + | Re(2)]).
By Strichartz and Hélder inequalities together with (4.45)—(4.49), we have

12l z22a + [ Re(2) || ooz

S0 + 12000, 0+ 18 gae + vlzgae + 19220,

HlWzvll g s + (10222 + H‘VZHL%% + [ Re(2)ll Ly z2

6 12

L5517

t L,
1

S Wzllzzea (2l Zge ps + N0l + 22 12l 2gors

1
+ 2|0l pers + W lleperallzllngers + 1Wllze ([vllzs

1
W+ 10T ] + ¥l Re2) ez
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1 1
S lzllpzra (n® + 0’2 +¢2) + ]| Re(2) || o2

where we omitted the domain [0,#] x R* above for the sake of readability. Taking

n sufficiently small and shrinking ¢’ further if necessary, we obtain
121 22 £a o) xr) + | Re(2) | Lo £z (0,01 xr2) = 0,

which proves v = ¥ almost surely on [0, ] x R%.
By time translation invariance, this argument can be applied to any sufficiently
short time interval, which yields global unconditional uniqueness. This completes

the proof of Theorem 4.1.
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Chapter 5

Global well-posedness of the
periodic Stochastic KdV with

multiplicative noise

In this chapter, we consider the Cauchy problem for the periodic stochastic Korteweg-

de Vries equation (SKdV) with multiplicative noise:

du + (O2u + ud,u)dt = updW
(z,t) € T x RT, (5.1)

uli—o = 1o € L2(T)

where T = R/(27Z), u is a real-valued function, and W (t) = 92 is a cylindrical

Wiener process on L*(T). With e, () = —=e™*, we can write
W(t) = Zﬂn(t)en@)v

where {3, },>0 is a family of mutually independent complex-valued Brownian mo-
tions (here we take (3 to be real-valued) in a fixed probability space (€2, F, P) asso-
ciated with a filtration {F;}y>0 and S_,(t) = B,(t) for n > 1. We normalize 3, such
that Var(/,(1)) = 1 for n > 0. The covariance operator ¢ is a Hilbert-Schmidt op-
erator on L*(T) that maps real-valued functions to real-valued functions. Moreover,
we assume that the noise is homogeneous, i.e. we assume that ¢ is a convolution

operator. Abusing the notation, we also use ¢ to denote the kernel of ¢, and write
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the Fourier coefficient of ¢ as ¢,,. These assumptions mean that we have

of@) = [ ola=priin= Y 6uFmen(a). (5.2
and that ¢_, = ¢, with ¢, € R. Note that this implies that ¢e, = ¢ne, for all

n € Z. The Hilbert-Schmidt assumption implies that the norm

P (Z ||¢en||izm)2 . (D%P)Q (5.3
nez

nez

is finite.

In [37], de Bouard-Debussche considered the non-periodic version of the problem
with homogeneous multiplicative noise and proved global well-posedness of (5.1) in
L*(R) and H'(R). More specifically, they proved the result for ug € H*(R) when ¢
has the convolution kernel in H*(R) N L'(R) with s =0 or 1.

There are also several results on SKdV with additive noise:

du + (Pu + ud,u)dt = pdW
(5.4)

u(z,0) = ug(x),

where ¢ is a bounded linear operator on L*(T). In [39], de Bouard-Debussche-
Tsutsumi showed that (5.4) is locally well-posed when ¢ is a Hilbert-Schmidt oper-
ator from L*(T) to H*(T) for s > —3. More recently, the second author [75] proved
local well-posedness of (5.4) even when ¢ = Id, thus handling the case of the space-
time white noise. See [39] and the references therein for the previous works in the
periodic and non-periodic settings as well as some of its physical background. Also,
see [3], [44], [53]. Note that we often see u,¢dW as multiplicative noise in SKdV
rather than u¢dW as in (5.1), and one can regard our study of (5.1) as the first step

toward understanding more difficult multiplicative noises such as u,odW .

Our first goal in this chapter is to show that (5.1) is locally well-posed when
ug € L*(T) and we take ¢ to be Hilbert-Schmidt from L?*(T) into itself. First, we
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briefly review recent well-posedness results of the periodic (deterministic) KdV:

Up + Upge + Uy = 0
(r,t) € T xR, (5.5)

u‘t:O = Yo,

In [9], Bourgain introduced a weighted space-time Sobolev space X*° whose norm

is given by

||u| Xsb(TxR) — H<n>s<7- - n3>ba(n7 T)HL%’T(ZXR)’ (56)

where (-) =1+ |. He proved local well-posedness of (5.5) in L*(T) via the fixed
point argument, immediately yielding global well-posedness in L?*(T) thanks to the
conservation of the L?-norm. Kenig-Ponce-Vega [59] (also see [26]) improved Bour-
gain’s result and established local well-posedness of (5.5) in H~2(T) by establishing

the bilinear estimate

10 (uv)|

Xs,b—1 5 ||u| Xs,b |U Xsb, (57)

for s > —% and b = % under the mean-zero assumption on u and v. Colliander-Keel-
Staffilani-Takaoka-Tao [26] proved the corresponding global well-posedness result in
H~2(T) via the I-method.

There are also results on (5.5) which exploit the complete integrability of (5.5).
In [10], Bourgain proved global well-posedness of (5.5) in the class M (T) of measures
A, assuming that its total variation ||A|| is sufficiently small. His proof is based on
the trilinear estimate on the second iteration of the integral formulation of (5.5),
assuming an a priori uniform bound on the Fourier coefficients of the solution u of
the form

sup |u(n,t)] < C (5.8)

nez
for all ¢ € R. Then, he established the a priori estimate (5.8) using the complete
integrability. More recently, Kappeler-Topalov [57] proved global well-posedness of
(5.5) in H~1(T) via the inverse spectral method. For (5.1), the integrability structure
is destroyed due to the noise, and thus these results are not directly applicable.
We point out that all the nonlinear estimates above were established under the
assumption that the spatial mean is zero for all t € R. Firstly, let us consider

the deterministic KdV (5.5). Recall that the (spatial) mean of a solution u(t) is
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preserved under the flow. Suppose that the mean g of the initial condition ug is
not zero. Then, we can transform KdV with non-zero mean into mean-zero KdV by

a Galilean transformation
u(x,t) = u(r + agt, t) — o

as in [27]. One can then proceed to use the nonlinear estimates in [9, 10, 26, 57, 59] to
prove well-posedness for mean-zero KdV, which can be converted into well-posedness
of the original non-zero mean with the prescribed mean «g. This was in particular
simple for the deterministic KdV thanks to the conservation of the mean under the
flow.

In [39, 75], a similar argument was employed to reduce SKdV (5.4) with additive
noise to the mean-zero case. The transformation in this case depends not only on
the mean of the initial condition but also on the Brownian motion (3, at the zeroth
frequency since (5.4) does not preserve the mean of the solution. See [39, 75] for
details.

In establishing nonlinear estimates for SKdV (5.1) with multiplicative noise, we
also need to assume the mean-zero condition. It turns out that this is not so simple

due to the multiplicative structure of the noise.

(a) Mean-zero projection: One way to handle this issue is to simply make the
equation mean-zero by introducing the Dirichlet projection onto the non-zero (spa-

tial) frequencies to the noise, i.e. we consider

du + (3u + udyu)dt = P [ugpdW| (59)

u(x,0) = uo(x) € L*(T),

-~

where Pof(z) = 3, o f(n)en(z). It is easy to verify that (5.9) preserves the mean
of a solution. Suppose that the mean «q of the initial condition is not zero. We can

define v(x,t) = u(x + apt,t) — . Then, v satisfies

dv + (v + v0,0)dt = P o [vpdW ] + g zopdW 510

v(x,0) = vo(z) = up(z) — ap,
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where W is given by

W(a:, t) =Wz + aop,t) = Zﬁn(t)emaoten(:c). (5.11)
We have introduced additive noise in (5.10). However, note that the mean of a
solution to (5.10) is zero at any time (as long as it exists), since the mean of the
initial condition vy is zero and (5.10) also preserves the mean of a solution. Once we

prove local well-posedness of (5.10), we establish local well-posedness of (5.9) with

prescribed mean ay.

(b) Stochastic KdV-mean system: We now discuss a different way to handle
the non-zero mean case without introducing an artificial projection as in (a). In
the following, we apply a sequence of transformations to (5.1) and formulate the
mean-zero version of (5.1). Let vy(z,t) = u(z + apt,t) — ap, where oy = the mean

of ug. Then, v; satisfies

d’Ul + (631)1 + vl(‘?mvl)dt = (Ul + Oé(])gZﬁd/W
(5.12)

v1(x,0) = vy = up(z) — v,

where /W(x,t) = W(z + aopt,t) as in (5.11). As before, the mean of the initial

condition vy is zero. Now, let u(t) = p(t,w;u) denote the mean of vy at time t. i.e.

_ %A/Ot(vl(r)—l—ao)gde(r)dx

- %Z%/O /TUI(%T)en($)d$¢n€maordﬁn(7")+/0 appoeodBo(r)
— _Z/ n r an 'mao'rdﬁn / &0¢0d60 (513)

Define vy = v; — p(t). Note that vy(n,t) = v1(n,t) for n # 0, and that vy has spatial
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mean zero for all ¢ (as long as it exists) and satisfies

dvy + (330 + (03 + () Dyva)dt = P 1o [v2dW] + (g + pu(t))Popd W
vo(2,0) = up(z) — .
(5.14)
where P is the Dirichlet projection onto the nonzero frequencies. Finally, by
defining v3(z,t) = vo(z + fot p(r)dr, t), we see that vs has the spatial mean zero for

all t (as long as it exists) and that it satisfies

dvg + (0303 + v30,03)dt = Pogo[v3ddW ] + (g + (1)) PropdW 5.15)

v3(z,0) = up(z) — ap,

where W is given by

Wz, t) := W(x + /075 p(r)dr, t) = Bo(t)eg + ;0 %ﬁn(t)ei"(o‘ofﬂé Hnd e (z).
(5.16)
From (5.13) (5.15) with vy (z,t) = va(,t) + u(t) = vs(x — [y p(r)dr,t) + u(t), we
reduced (5.1) to a coupled system of mean-zero SKdV and a stochastic differential

equation for the mean of a solution u to (5.1)(SKdV-mean system):

)
dv + (030 + vO,v)dt = Po[vgpdW | + (an + pu(t))PropdW

dip = 3= 37,40 0(n, 1) ™o 0t h O dg (1) + (g + p(t))dodfo(t)  (5:17)

v(z,0) = vo with mean 0, p(0) =0.
k

Note that v has spatial mean 0 (as long as it exists) since vy has mean 0 and (5.17)
preserves the mean of v. Therefore, we concentrate on studying well-posedness of
(5.17) with mean-zero initial condition wy.

We could have defined v directly as

oz, t) = u(m . /Otu(r)dr, t) + ().

The difference between (5.10) and (5.17) is the presence of p(t) in the additive noise.
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Recall that u is called a (local-in-time) mild solution to (5.1) if u satisfies
1 t t
u(t) = U(t)ug — 5/ Ut —t)0,u*(t')dt’ +/ Ut —t)u)edW ()]  (5.18)
0 0

at least for t € [0,7] for some T > 0, where U(t) = e %, Similarly, the mild

formulation of (5.17) is given by

o(t) = U(t)vo — % /0 U(t — t)9,02(F)dt + B (v)(t) + Bal, o) (t) (5.19)

pt) =y / ta(n,t/)qbnemfé'u(r)drdﬁn(t/)+ /0 t(a0+u(t’))q§odﬁo(t’). (5.20)

n#0 0

where the stochastic convolutions ®; and ®, are given by
t —_
Dy (t) = Oy (v)(t) == / Ut — Py [v(t)pdW ()] (5.21)
0

Dy (t) = Do, o) (t) := /Ot Ut — ') (u(t') + ao)PropdW (5.22)

with W as in (5.16).

Now, let us briefly describe how we construct a (local-in-time) mild solution (v, x1)
to (5.17). Due to the presence of the multiplicative noise, we need to introduce
a truncation to (5.19)-(5.20) as in de Bouard-Debussche [36, 37]. In establishing
estimates in X*° defined in (5.6), we need to take the temporal regularity b to
be less than 3 due to the regularity of the stochastic convolutions ®;(t) and ®,(t)
(which have the same temporal regularity as the Brownian motion.) This introduces
additional difficulty in nonlinear analysis for estimating the second term on the right-
hand side of (5.19), since the bilinear estimate (5.7) does not hold for any s € R
if b # % In order to overcome this difficulty, we follow the argument in [10, 75]
and perform a nonlinear analysis on the second iteration in X®° with s = 0 and
b < % The high regularity s = 0 allows us to proceed without assuming complete
integrability and the a priori bound (5.8). After establishing local well-posedness,
we can use an a priori L2-bound to extend local-in-time solutions (v, u) to global

ones.
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Theorem 1. Let ¢ be as in (5.2) such that ¢ is Hilbert-Schmidt from L*(T) into
itself. Given mean-zero vy € L*(T) and ag € R, the coupled system (5.17) is globally
well-posed, in the sense that, given any time T' > 0, there exists a unique pair (v, )

in the space

L2(€;C([0,00);: L*(T)) x L*(2 C([0, 00): R))
satisfying (5.17) on [0, 00) almost surely.

Given a solution (v, m) of (5.17), a solution u of (5.1) can be recovered via

u(z,t) =v <x — ot — /Ot w(r)dr, t) + o + p(t). (5.23)

Hence, we obtain the following theorem as a corollary to Theorem 1.

Theorem 2. Let ¢ be as in (5.2) such that ¢ is Hilbert-Schmidt from L*(T) into it-
self. The stochastic KdV (5.1) with multiplicative space-time white noise is globally

well-posed (with the prescribed mean on ).

Remark 5.1. Technically, the uniqueness of (v, 1) in Theorem 1 holds in the smaller
space

L2(9; C([0, 00); LA(T) N X0 ") x L2(9; C([0, 00); R))

0,26 . . . . .
for some small 0 > 0, where X/* = is a time restricted Fourier restriction norm

space (see (5.6) above and Section 5.1 below).

Finally, we verify that the result of Tsutsumi [84] on the stabilization by noise
continues to hold in our low regularity setting. Specifically, it states that the mass

of a solution almost surely decays to zero as time goes to infinity.

Theorem 3. Let ¢ and ug satisfy the same assumptions as in Theorem 2. Suppose
further that there exists a constant a > 1{|¢||usq(z2) such that for all v € L?(T), one

has

> MRe (dex(@)) Jo(@)Pdx| > a®[|v]|3se.- (5.24)

k=—o00

Then the solution u of the stochastic KdV (5.1) given by Theorem 2 decays in mass,
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that is, as t — 0o, we have
[u(@)||22(ry = 0

almost surely.

This chapter is organized as follows: In Section 2, we introduce some notations.
In Section 3, we introduce the functional framework we will be using and state
deterministic linear and bilinear estimates from [74]. In Section 4, we discuss the
second iteration and the truncated version of the mean-zero stochastic KdV coupled
system. We then prove the required estimates to analyse the modified systems in
Section 5 and 6. In section 7, we gather everything and give a proof of Theorem 1.

Finally, we briefly prove Theorem 3 in Section 8.

5.1 Function spaces

The main function space we use throughout this chapter is the Fourier restriction
norm spaces X*? = X*(T x R) (for s,b € R) adapted to the KAV equation as
mentioned and defined in (5.6). Equivalently, the X*’-norm can be written in its

interaction representation form:

lullxso = [[{n)*(T)* Foa(U(=t)u(®)) (n, 7)lle 1222 (5.25)

where U(t) = "% ig the linear KdV propagator.

Given an interval I C R, we define the local-in-time version Xf’b on I, by

H'U/HX;,b = inf {[|@]| xss(rxr) : Ulr = u}.

Most of the time, the interval I is given by [0, 7] for some 7" > 0. In this case, we
simply use the notation X3’ := X [SO’Z’T].
We now state some basic properties of these spaces. One can find the proofs of

these facts in, for example, [82]. Firstly, we have the following continuous embed-
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dings
X0 s O(R; H:(TY)) , for b > % (5.26)
XY s X for ' > sand b > b. (5.27)
We have the duality relation
||| xse = sup / u(t, z)w(t, z) dt dz| . (5.28)
llwll s, <1 |JRxT4

Fors >0and 0 <b < %, we have the following relation between X*° and its time

restricted version:

[l oo ~ L2 (E)ult)]] oo, (5.29)

see for example [37, Lemma 2.1] for a proof.

By (5.25), we have the following linear estimate.

Lemma 5.2. Let s,b € R and T' > 0. For any f € H®, we have

1T fll e S N (5.30)

By localizing in time, we can gain a smallness factor, as per lemma below.

Lemma 5.3 (Time localisation property). Let s € R and —3 < ¥ < b < 1. For any
T € (0,1), we have

||U||X;,b' Spr T8 || Pt

The following refinement of the Lfvm—Strichartz inequality by Bourgain [9] is im-

portant to us. For a textbook treatment, see for example [41][Theorem 3.18]

Lemma 5.4 (L{ -Strichartz inequality). For any space-time function u, we have

[ullxeo S lullxee-
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5.2 Second iteration and truncation

We now go over the details of our strategy of solving the Stochastic KdV-mean sys-
tem discussed previously. As mentioned before, we work with the mild formulations

(5.19) and (5.20). Denoting by N (-, ) the bilinear form
N (us, uz) () == /0 Ut — )0, (r) (£)dt (5.31)
(5.19) then becomes
v(t) = U(t)vo — %N(U, 0)(£) + By (v)(£) + a1, ) (£) (5.32)

A first approach is to attempt a contraction argument in a suitable subspace of
L2(9; X2°) x L2(82; L2([0,T7))) for some short time T'. The presence of the stochastic
convolutions require us to set b = % — ¢ for a small § > 0. This means we need to
control each of the above term in L? (Q, X;’%fa)—norm. In the following analysis, we
shall assume that all space-time functions u have spatial mean zero for all ¢, that is,
u(0,t) = 0 for all .

We now consider the Xg’%fé-norm of the nonlinear term (5.31). By taking the

spatial Fourier transform of (5.31) and the temporal Fourier transform of 0, (ujus),

we may rewrite
] 00 eit‘l‘ _ eitn3
Nur,us)(z,t) = — > ne™ /_OO 5 @ta(n, T)dr
neo) (5.33)
=: Z(uy,us)(z,t) + IM(uy, ug)(x, t).

In the following, we let (n, 7), (n1, 71), (n2, T2) denote the space-time Fourier variables

of N(uy,uz), u; and us in (5.31) respectively. We also use the notation

ko := (r —n®) and k; == (1; — ni’)

Recall the following observation made in Bourgain [9]:

n® —n} —n3 = 3nniny, for n = ny + no, (5.34)
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which in turn implies that
MAX := max(ko, k1, k2) = (nnins). (5.35)
We define the sets A; for j € {0,1,2} by
Aj = {(n,n1,n9, 7,71, 72) € Z* x R®: kj = MAX}, (5.36)

Denote by Z; (u1, us), IL; (u1, ug) and Nj(uy, us) the contribution of Z (uy, us), I(u, us)
and N (uy, ug) respectively on A;. Then

2 2

N(uruz) = Nj(ur,up) = Y Ti(ur, ua) + (g, us).

=0 =0
The term || No(uq, u2)|| 0.3 -5 can be controlled via the standard bilinear estimate
as in [9] and [59] (see Lemma 5.6 below). However, we cannot do the same for
Ni(uy,us) (and symmetrically, Na(uy, us)). Indeed, the bilinear estimate is known
to fail for temporal regularity below i for the contribution N (ui,us) (see [60]).
Instead, we will consider a second iteration of (5.19), more specifically, we will
substitute in (5.19) for the first argument of N; (respectively, the second argument
of N3).

Note that the space-time Fourier transforms of U(t)vy and II(v,v) are distri-
butions supported on {7 = n®}. On the other hand, we have k; = MAX 2>
(nning) > 1 on Aj;, hence the terms N (U(t)vo,v), Ni(Il(v,v),v), Na(v, U(t)vo)
and Ny(v, II(v,v)) vanish and do not appear in (5.37). This leads us to consider the

second iterated SKdV-mean system:

ot) =U(e)vo — ZNo(v, 0)(1) + Ba()(8) + Bl ) (1)

- %/\/’1 (Z(v,v),v)(t) + N1 (@1(v) + Pa(p, ), v) (t) (5.37)

N %Nz (v, Z(v, 0)) () + N2 (v, 1(v) + 2 (p1, ) (1).

pt) =y @(n,t/)%emfé'u(”drdﬁn(t')+ /0 (g + p(t'))dodBo(t).  (5.38)

n#0 0
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Meanwhile, we consider the following truncation to the equation in order to handle
the multiplicative noise. Let n : R — [0,1] be a smooth function supported on
[—1,2] such that n(t) = 1 for t € [0,1]. Given R > 0, and a mean-zero space-time

function u, we define the following notation:

e (t) = n(}%)
() (t) 1=y ([l oy ). (5.39)
T.u:=n,(u)u.

The following lemma from [37] relates the truncation 7, and X*’-norms.

Lemma 5.5 (Lemma 2.2 in [37]). Let R > 0. There exist constants C(R) > 0 and
Cy > 0 (the latter does not depend on R) such that for any u,v € X%b, one has

||7;UHX%1; < min{C’l(R),CQHUHXO’%_&} (540)
T
Te =Tl s < ol = ul] oy 5.4)
T T

Note that (5.41) is not explicitly stated and proved in [37] but the proof follows
the same argument as for (5.40). See also [20, Lemma 4.3] for the same lemma in
the context of stochastic nonlinear Schrodinger equations.

We now turn back to (5.19)-(5.20) and introduce 7, to various places. This

leads us to consider the following R-truncated SKdV mean-zero system:

v(t) =U(t)vy — %[/\/’0(7;1), ) + Ni(v, T,v) + No(T,v,0)] (2)
(5.42)
+ T @1(TR0) (1) + T, a1, 0)(t)

() =3 / S )y i mdrgg (11 4 / (0 + p(E))dodBo(t).  (5.43)
200 0

If we do the same as before and consider its second iteration, we arrive at the
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following second iterated R-truncated SKdV-mean system:
1
v(t) = U(t)vo = 5No (v, Tp0) (8) + To@1(Tro) (1) + T B, a0) (1)

1
— §M (I(U, 7;1)) + l[O,T}E (@1(7;’11)) + H[O,T]ﬁ (@2 (,u, Oé())) s 7;21) (t)

1
- 5/\/2 <7;U,I(7;U7 U) + ﬂ[o,T]E(‘I’l(EU)) + ﬂ[o,T}ﬁ(q)z(/l, 040))) (t)

(5.44)

b ¢
pt) =y / o(n, ) pe™ o Hrgg (1) 4 / (g 4 pu(t')) dodBo (1), (5.45)
w2070 0

The systems (5.19)—(5.20) and (5.37)—(5.38) are equivalent whenever ¢ € [0,T A 7,],

where 7, = 7, (v, ap, i) is the stopping time
= int {1 > 0ol oy o VIRUT0_ogos V [92(00. )] oys = B}, (5.40)
Xt Xt Xt

Our strategy of proving Theorem 1 shall be as follows. We first consider smooth
approximations {u)’ } yeoz of the initial data ug € L*(T). By a high regularity global
well-posedness result of multiplicative SKdV as stated in Tsutsumi [84], there ex-
ist global solutions «"¥ to the multiplicative SKdV. This correspond to solutions
(vN, V) of the SKdV-mean system, and by considering second iteration and trun-
cation discussed, we are able to perform X®‘-analysis to show that (vV,u") is
Cauchy in some X*° topology. We then proceed to show that the limit (v,p) is
indeed a solution to the SKdV-mean system. Meanwhile, one can also perform a
contraction on the second iterated R-truncated SKdV-mean system (5.44)—(5.45),
and this secures the uniqueness of our solution (v,p). Finally, we establish the
continuity-in-time of v by analysing each term in the mild formulation separately.
This turns out to be not so trivial since some of the terms do not necessarily lie in

X0 with b > %, which prevents us from directly applying the embedding (5.26).
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5.3 Deterministic estimates

In this section, we state and prove various multilinear estimates of the nonlinear

terms necessary for our analysis.
Lemma 5.6. Let uq,us be space-time functions with spatial mean 0. Let § > 0.

Then

INo(ur, ua)ll yo.g-5 S lluall yoy lluzll o

Proof. Recall that we have kg = MAX. This implies that kg > 1 and we may
replace |7 — n3| by k. We first note that IIj is a free solution, i.e. Iy(t) = U(t)f

where

fn) :/k n 5 Utz (n, T)dT .

o=MAX T — T
Hence by Lemma 5.2 and duality, there exists d € ¢*(Z) with ||d||,z < 1 such that

for any b € R,

Lo (w1, ug) || xor S || f]le2

n —~ —~
5 E / —< > d(n) U1<n1,T1)U2(n2,7'2) dTl dr.
T1+To=T

ko
n,ni1 €Z\{0}
ni+nz2=n

By using (n) < (n1)(n2) and (5.34), we have

1

((n)(n)(na))2 1

((n)(n1><n2>)1*45k%5k§5 ~ <n>%’4‘5<n1>% 45(112)”451{;2%25

(n)

ko

AN

Hence the above is controlled by

d(n) |:/ {1'\1(”1;7—1) :| |:/ @<n277—2 :|
7 T dry s go(n) g1 * g2(n).
n,nﬁZZ\{O} <n> 5746 <TL> 2 746]{%6 <7’L> 7745[{’,26 TLGZZ

ni+ng=n

By Parseval Theorem, Holder and Hausdorff-Young inequalities, we have

2 2
[ a-oa@a@d < [[1gs < 1151,
§=0 =0
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2

a]]

J=1

—(i1_
< [[{n) ===l ld

[, :

(t — n3)%+5

4
S Hul”Xo,%_sHU2HXO,%_5.

We now turn to bounding Zy. By duality, there exists d € L2, with ||d|;z <1

Tn

such that

n)y [ . _
||IO<U1,U2)||X0,%—55 Z <>/ (1, )uz(n2, 72)d(n, 7)dridr

1

Llys
nmez\{0} kg o0
n=ni+nga

1 1 1
n 5"‘(5 n 5—(5 n 5—6 oo - -
< E (n) (<77<,n17>1 >)§+§> / w1 (ny, 11)us(ng, 72)d(n, 7)dmdT
n,n1€Z\{0} 1702 -

n=ni+ng

o0

< Z / w1 (n, 1)Uz (ng, 72)d(n, T)drdr

n,n1€Z\{0} ©
n=ni+ng

< iz Nualizg, luzlice,
S Nl oy 1wzl oy -

Putting everything together gives us

[No(ut, u2)ll o35 S llunll o3 [zl o1

]

We now discuss the contributions coming from N; (and symmetrically, N3). Note

that the estimates allow us to put N in the larger space X03+6,

Lemma 5.7. Let u, v, w, z be space-time functions with spatial mean 0. Let 6 > 0.

Then for T' > 0 sufficiently small, the following estimates hold:

Nz )l s S el o ol g (5.47)
NG 0). )l s S ol gorllol o o] o (5.48)
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Proof. Suppose first that k; ~ 1, then k; ~ k% for any b € R. In particular, we have

IV (2w oges ~ IN1(z 0] o2 S T[N (2, w)] o

-0
T XT XT

(5.49)
ST Nz 0] o gs

Now suppose that &y > 1. By duality, there exists d € L2 _ with ||d||;2 < 1 such

that ||Z1(z, w)]| 0,345 and [[II1(z, w)]| .o 345 are controlled by

[

D SR I R TR TR VA S CL )
nniez\{o} Y T=11t2 K
n=ni+nz

11
Using (n) < (n)(nniny)~2k? < k2 and a L}, L}, L}, Holder inequality, the above is

3 d(n, 7)
15
n,n1€2\{0} T=T1+T2 k()2
n=ni+ngz

AN

1
k2Z(ny, 1)wW(ng, 7o)drdr.

S ||Z||XO,% ||wHXO,% .

By (5.49) and (5.48), the estimate (5.47) holds for a sufficiently small 7" > 0.
We now turn to (5.48). We first note that (5.49) and (5.50) continue to hold

with z = I(u,v). In particular, there exists d € L2 with [|d|[z2 < 1 such that

1Z1(Z(w, w), w)|| (0.3 45 and [T (Z(u, ), u3)|| (0.3 +s are controlled by

n)y\ni) ~ ~
< E < 37( ) W(ng, To)u(ns, 73)0(ng, 74)d(n, 7)drdTsdT
T=Ti4T2 1.3 6/6
n,n1,m3€Z\{0} ¥ m1=73+7114 Ry 1
n=ni+nz
n1=nz4+n4

d(n, ) W(ng, 7) - R
< (1’ ) D2, 2)u(n3,73)v(n4,74)d71d73d7.
2o o T (o)
n,n1,n3€Z\{0} ¥ T1=73+74 0
n=ni+ngz
ni=ng-+ng

We may thus conclude the proof by a Lf’xLimLf’mLf@ Holder inequality. ]
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5.4 Stochastic estimates

In this section, we present several estimates on the stochastic convolutions ®4(v)
and Py(pu, ap) defined in (5.21)-(5.22). We recall that ¢ is a convolution operator
(see (5.2)) that is Hilbert-Schimdt from L*(T) into itself. The objects of study here

are the stochastic convolutions
t —~—
B1(6) = B1(0)(0)i= | Ut~ )P40 [o(t)6aiV (1) (5.51)
0

t —~
0
given in (5.21) and (5.22), as well as the mean

M(t) = M(,U, v, Oéo)(t)

t , t (5.53)
::Z/O i)\(n,t')gbnemfo “(T)drdﬁn(t,)"i_/o (Q0+M(t,))¢0dﬂo(t/)

n#0

We assume that v, vy, vs € LY( X%27T) and p, iy, po € LY(Q; L2([0, T1)) for some
v € [2,00), 6 >0and T > 0.

Lemma 5.8. There exists # > 0 such that the following estimates hold:

10, o vods, S TI0lleran vl axgo (5.54)
A

[ ®1(v2) — (I)l(vl)Hm(Q Xo,%—a) N T9H¢||£2(L2)||Uz - Ule(Q,X%O) (5.55)
A

1
| P2 (s, ao)”m(g X0 < T9”¢H£2(L2)(H,UHLW(Q,LZ([O,T])) + T2 |040’)

A

(5.56)

5. ST 0N caceoyllpe — il @.z2qorn)-  (5:57)

| P2 (pt2, ) — <I>2(M1,Oéo)|‘m(97x;,%— )

Proof. We only prove (5.54) here, since (5.55) follows from (5.54) by the linearity

of ®; as a function of v, and the other two estimates follow from similar arguments.
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Let g(t) = Lo (t)U(—t)®4(t). Then by stochastic Fubini theorem,

3(n, / / o) e ()™ A () b

keZ\{0}

= 2. / (/ ‘“%zt) e D — k, )" dBy(t).

kezZ\{0}

Hence by Burkholder—Davis—Gundy inequality, we have

1_s5~
”qDl(U)HLw(Q,X;’%"S) ~ |I{7)> Jg(naT)HLW(Q,L%J)
1
0o T 2 T 2
5”( > / (ryt / e "dt / ](bk@(n—k,t’)\zdt’ch)
nez oo 4 0 LV()

kezZ\{0}

1
1 &0 I 2
s@+1( [~ ar) ol bl

o0

1
S(T+T7)2 @1l c2(z2) HUHm(Q,X%O)

Remark 5.9. Lemma 5.8 holds for the higher regularity s > 0 as well.
We now present some estimates on the mean M (m, v, ayp).

Lemma 5.10. There exists € > 0 such that the following estimates hold:
1M (12, v, x0) || (s (0.17))
S Illusiizz) (000 + Tl z@uneomy + loll o, )
| M (p12, v2, cg) — M (my, v1, @) || 7 (915 (j0.17))
S 1@ llnseze) <T9HM2 — |l 2 nee o,y + |lv2 — Ul”ﬂ(n;x%%)-

Proof. By Doob submartingale inequality and Ito isometry, we have

H / a0 + 1(t"))dodBo(t)

| [ o+ ntenonasnct

LY (L2 ([0,T1) LY()
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<

~ ‘

=0 (f "E(a0 + w'))ﬂdt')é

1
S T2 g0 + | Pol [ 1| 2022 0,17

/0 (a0 + ult))odBo(t)

1 1
< T2 ¢oag + T2 o] 1l L2(02:25 (0,17 -

In the same way, the first contribution of M is estimated as follows:

n#0

Ly (;L°2([0,11))

n#0 L*(Q)
—\/_(Z/ [5(n, )] \qﬁn\dt)
n0
< \/ES%P |EnlllV]] L2 x00)
The difference estimate follows from a similar computation. O

Finally, we turn to the nonlinearity N; where one of the entries is a stochastic

convolution. We first consider the following set; given n; € Z, define

Q(ny) :={neR:n=—-3nnny + 0(<nn1n2>ﬁ) for some n € Z with n = ny + na}.

(5.58)
We will need the following lemma from [26, (7.50) and Lemma 7.4]:
Lemma 5.11. For any ny; € Z \ {0}, we have
/(7’1 - TL1> ﬂﬁ(nl)(Tl - nl)dﬁ < 1. (559)

Lemma 5.12. Let T' > 0 and let u, v be space-time functions with spatial mean 0.

Then

G (. 0)] g S (HUHolaJrH]lQ(m)( nl>k2u||L%m)Hv|rxo,;_5. (5.60)
T

T
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Proof. We are required to control the moments of

> / d(n, 7)a(ny, 71)0(ng, 72)dr dr. (5.61)
T=T1+T2 ko

n,n1 €Z\{0}
n=ni+nz

We split into two cases:

e Case (i): max{ko, k2} > (nnin,)m0. Rewriting (5.61) gives

N k i 200%2 k%—zow
n,n1€Z\{0} T1ITT2 0 2 0

n=ni+nz

> / (n) d(n, 7) [k% “B(ny, )] [F20(ns, )] dridr.

In this region,

() g
(koks) 2000k 2~ =0 (nnyng)2 (nnyng)2 0

By an L}, L7, L;,-Holder inequality and Lemma 5.3, there exists 6 > 0 such that

T T

(5:61) S [lull o3 llvll, 0. 3+2008 S T9||U||Xo,%fa||v||Xo,%fs
T

e Case (ii): max{ko, ks} < (nniny)10. Then 7, — nd € Q(n;). By using

L (nnlngﬁ ’

[l VI

and an L} L7 L} -Holder inequality and Lemma 5.3, we have

(5-61)< Z / 7_5 [ﬂﬂ(nl)( ?)]ﬁia(nl,Tl)]a(”%ﬁ)dﬁdf
n,n €Z\{0} ¥ TTTLTT2
n=ni+nz
(5.62)
< Mg (n — mkfalzs, ol o y-s (5.63)
T
This concludes the proof. O

Lemma 5.13. Let 7" > 0 and let u, v be space-time functions with spatial mean 0.
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There exist constants ¢, C(R) > 0 such that

I ACT AN 0]

)
(5.64)

< T'C(R) min {18l c2(2) 0l oo 101 g o35 |

[N (Lo, T (P2 (1, 0)) , Tr0) | 0l s

LA/(Q;XVT’2 )

< T°C(R) min {6l ezea) (Il @urzqomy) + o) 101, g oy s §
(5.65)

Proof. We only prove (5.64) since (5.65) is similar. We apply Lemma 5.58 to see
that the X(T),’T&—norm is bounded by

(Hn@l(u)nxo,;a oy (12— 0t Foe (T @1 (To)) )rmvuxo,;g

niy,T1

We now take L7(€2)-norm of the above expression and treat the two terms separately.

For the first term, (5.64) is obtained by alternately using the first bound in (5.40)
to control one factor by C'(R) and using the second bound in (5.40) to control the
other factor, and additionally using (5.54) to bound ||(I)1(“)||Xo,%—5-

T
For the second term, we use Holder Inequality to get
g0, 1
a1 = ke T T (T s, Tt o (560

where v < 71,72 < oo satisfy % + % = % By Burkholder-Davis-Gundy inequality

and Lemma 5.11,

1
Lo (r1 = n)kE Foa(To @1 (T | oy ez

ny,Tq

00 T % %
< {E( Z / kl_lILQ(m)(Tl—n:{’)dTl/o |7;u(n1—k;,t’)gbk|2dt’) }

kni€ZY
S M8l e2 I Trull o o, x00) (5.67)

For the first bound in (5.64), we set 73 = 7 and v, = oo, and simply bound
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||7;v||X0,%,5 by C(R) and discard the cutoff n.(u) in (5.67). To get the second
T

bound, we set v; = W(W and 72 = v+ e. Then (5.66) is bounded by

< Cu(R) T T

1
Lrte(@x 270 = L (X3 0)

Tl 1 g oy I T

where C}(R) and Cy are as in Lemma 5.5. Letting ¢ — 0 concludes the proof. [

We end this section with some probabilistic a priori bounds on solutions. Firstly

we have the following a priori bound on the mass of solutions of SKdV.

Lemma 5.14. Let T > 0. Suppose that u € C([0,7]; L*(T)) is a solution of the
Stochastic KAV (5.1) with initial data ug € L*(T), where 7 is a stopping time. Then

for any v > 2, there exists a constant C; = Cy(v, ¢, T, ug) such that

]E[ sup |lul|}. T)] < (. (5.68)
0<t<TAT

Moreover, if (v, u) is the solution to the SKdV mean-system (5.19)—(5.20) with
subscribed mean ag, then there exists another constant Cy = Cy (v, v, ¢, T, ug) such

that

2] s (n0] +E[ s bl < (5.69)

0<t<rAT 0<t<tAT

Proof. The proof of (5.68) follows the exact same argument as in [37|[Lemma 3.1]
by apply It6’s Formula on (5.1) and bounding each term. Now, let (v, ) be the
solution to the SKAV mean-system (5.19)—(5.20) with subscribed mean «y. Then

(@, 1) = v <x gt — /0 Cu(r)dr, t) + o + plb).

Now, we have

vz < (/T ‘v(w — ot — /Otﬂ(r)dr, t> + g +M(t)‘2d:v)% + ag + p(t) 6570

= [lullzz + a0 + p(t).
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By Lemma 5.10, for any 0 <t < 7 AT, we have

B sw 40| < lolusn (7| swp 0] +E[IulRey, | )

0<t<TAT 0<t<TAT

Now, ||'U||X0,0T < T'supg<icrar [|]| 2. Since v > 2, by Young’s inequality, we have
A =r=

| sup | < C@.10)+ 38| sw o]+ JE[ sw oy, |

0<t<S 0<t<TAT 0<t<7A

(5.71)

Then (5.69) follows from (5.70) and (5.71). O

Lemma 5.14 implies the following estimate, which tells us that the X 0.3=6_norm

of solutions of the R-truncated system does not grow in R.

Lemma 5.15. Let T, R > 0. Let (v,,u,) € C([0,T]; L*(T)) be the solution to the
R-truncated system (5.19)—(5.20) with data vy and subscribed mean «g. Then there
exists C' = C(aw, ||vol|r2, ¢, T), independent of R, such that

B vl 0| <

T/\7'R

Proof. Let S € [0,T A 7,] be a stopping time. By (5.37) and using the estimates

established in Sections 5.3 and 5.4 above, there are constants C,6 > 0 such that

< Cllvollzz + CTJvgl oy s + CT llvgll® o 5
XS XS

||UR|’XE,%—§ =

-
+ Cllogll o1-sllTam (T —n*)k2 @2+ 1]l o315,
Xq ’ X

T/\TR

where 2(n) is as defined in 5.58, and ® = @, (v,,)+P2(p,, ap). By Young’s inequality,

and assuming that |jv ’XO’%"S > 1 (otherwise we simply bound it by 1), we have
S

|

||UR||X2,%—5 S CIHUR“C([O:T];L?C) + CISQHURHi(O,%fé
s

(5.72)
+ 02(T)”1Q(n)(7_ - ng)k(?q)”%gm + ||¢||X0,%76'

T/\‘I'R
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Let

K = Cillvglloqoryez) + Co(T) Lo (T — ng)koﬁ@l%gw Pl og -5 (5.73)

T/\TR

then (5.72) is equivalent to

pS(H’UR”XO,%76) >0 (5.74)
s

where p, denotes the polynomial p,(z) = C15%? — x + K. We shall show via a

continuity argument that

[0l 035 S K (5.75)

Xs

if we choose S ~ K. Indeed, we first note that p, has a unique positive turning

point at 2, = (3C15%)"z, and pe(xy) = —¢S7% + K for some ¢ > 0. Choosing
_2

S = (%) 7, we have that P,(z;) < 0. Let 0 < 2,4 < x4 < x,2 be the two positive
roots of p,. Then (5.72) can only hold if 0 < HURHXO,%_(; < 2,1 Or ||URHXO’%_5 > Tpg.
S S

But the latter is impossible since the function g(S) := [[v,[| ,1_s is continuous and

S

g(0) = 0. Hence we must have ||UR||XO,%_5 < &y < x4 ~ S7%, which implies (5.75).
S

Iterating this argument on [; := [j5, (j + 1)S] for 0 < j < {

ol

T/\7'R

W, we get that

||U 0,36 S K,

1

ol

whence

T
gTRK < TK'Ys. (5.76)

loal o0 <
T/\TR

Since we are on the interval [0, 7' A7, ] In view of (5.73), the first and third terms K
have moments bounded by constants (independent of R) by Lemma 5.14 and 5.8.
To bound the moments of the second term, we apply the same argument we used in

(5.67) to get

1

1 .~ o’
Bt~ )81 |5 Bollsias (loalinqagn + Dnallir=cam )
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The right-hand-side is bounded again by Lemma 5.14. Hence the lemma is proved
by taking y-moment on (5.76). O

5.5 Proof of Theorem 1

In this section, we give a proof of Theorem 1. We fix ug € L*(T) as the initial data
to the SKAV problem (5.1) and let vy = uy — o := ug — fT uo(z)dz.

5.5.1 Existence and uniqueness

Our first step is to prove the local well-posedness of the iterated SKdV system
(5.44)—(5.45) with initial data vy and subscribed mean ag. In what follows, we

define the space
Er .= {(U,,u) € L2(Q; X%277T) x L2(; L]0, T7]) : /v = 0} (5.77)
T

We first show that the second iterated SKdV-mean system (5.37)—(5.38) is locally

well-posed.

Proposition 5.16. Let vy € L*(T), ap € R and R > 0. Then there exists a
unique global-in-time solution (v, pu,) € L2( X%2797") x L2(Q; L=([0,7*])) to
the R-truncated system (5.44)—(5.45) almost surely.

Moreover, let 7, be as defined in (5.46). Then

* :
7" = lim 7,

R—o0

is either positive or equals to oo, and that

(0, 1) () := (v, ) () for 1 €0,7,]

is the unique solution to the system (5.19)—(5.20) over the time interval [0, 7).

Proof. Let

Tr(v, p) == (D1 r(v, ), Ta(v, p)) := (RHS(5.44), RHS(5.45))
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Let T > 0. We shall prove that ' is a contraction on Er. Putting together the
estimates in Sections 5.3 and 5.4 as well as using Lemmata 5.2 and 5.5, there exist

constants C1(R), Co(T, ¢, ap) > 0 such that

T a(o, )] < (T, R) (Ilvollzz + o llnsuazy o]

L_s 1.5
20X 2 %) L2(x02 %)

+ |l 2@;ze o,y + 040)
HF2,R(U7 ’u>HL2(Q;L2([O,T])) < CQ(T7 ¢) (ao + ||M||L2(Q;L°°([O,T})) + HU”LQ(Q;X;’%J)> .

Hence I' maps Er to itself. Similarly, we have

HFI,R(UQa M2)—F1,R(7)17,U1)H -4y + ||F2,R(U2>M2) - Fz,R(Uh#1)HL2(Q;LOO([O’TD)

LQ(Q;X;’%
<T°C(R, ¢) (||v2 — vl z2@snee o,y + Il 2 — M1||L2<Q;L°°([0,Tm>-

Hence by choosing T'= T'(R, ¢) sufficiently small, we have

1
T Rr(va, p2) = Tr(vi, 1) By < §||(U2 — v, pi2 — ) || Bp-

Hence I'p : Ex — Er is a contraction, and so there exists a unique (v,,pu,) € Er
satisfying the R-truncated system (5.44)—(5.45). Note that the time of existence of
((vgs t)) does not depend on ||vg||z2, thus we can iterate the argument to get the
global-in-time solution (v, 4,,).

Let 7, := 7,(v,, iy, ) be defined in (5.46). Then (v,,p,) is a solution of
(5.37)-(5.38) on [0,7,]. If R" > R, then (v,,u,)(t) = (v,,, 1, )(t) whenever t €
[0,7,]. Consequently, 7, is increasing in R, and 7* := limp_,o, 7, is a well-defined
stopping time that is either positive or infinite almost surely. By defining (v, u)(t) =
(v, oy, )(t) for each t € [0, 7,,], we see that (v, 1) is a solution of the system (5.19)—
(5.20) on [0, 7*) almost surely. O

We now construct a global solution (v, ) to the original SKdV-mean system, that
is, given T' > 0 , we construct (v, u) satisfying (5.37)—(5.38) on [0,T]. Let N € 2" be

a dyadic number. Let u{ := Pyug. Then u)) € H? and by Theorem 1.1 in Tsutsumi
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[84], there exists a global solution v € L?(; L33 H2) N LS (€; Cor L) to SKAV (5.1)
on [0,27]. By letting ag be the mean of u)) (noting that ay = wy(0) = 1;{)\\’(0) is
invariant in N), we can associate " with the solution (v, z”) to the SKdV-mean

system (5.17), so that

¢
uN (x,t) = o (x — apt — / pN (r)dr, t) + ap + pN (t).
0

Given R > 0, (vV,u) also satisfies the R-truncated system (5.42)—(5.43) on the

time interval [0 where 7, = 7,(v", 4", ap) is as defined in (5.46). By

7TR,N]7 R

Markov’s inequality,

P(7, <27)

= P(HUNHXO’;Z_& V ||(I)1(7;UN)||X0,%—5 \% ||<I)2(0407MN)”X07%—5 Z R) (5.78)

2T/\TR,N QTATR’N QT/\TR,N

1
S IR G A [ L TR

2T AT QT/\TR,N 2T AT

R,N R,N

By Lemmata 5.8, 5.10 and 5.15, the expectation above is bounded by a constant
not dependent! on R and N. By choosing N’ so that

T < Qi%f Tano
we can find R > 0 sufficiently large so that for any € > 0, we have
]P)(iI]\IIfTR‘N < T) < IP’(

< 2T) <,

TR,N/
and hence
]P)(iI]\IIfTRVN < T> =0.

We fix such R, so that almost surely, (v, uV) is a solution to the R-system (5.44)—

(5.45) on [0,T]. In particular, we can view any appearance of 7, in (5.44) as the

IThe constant does depend on the initial data in the sense that it is an increasing function of
the L2-norm of the initial data. However, we have |[u{’||z2 < [Jugl|z2, and so we can modify the
constant to not depend on N.
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identity operator. This allows us to apply Lemma 5.5, and we shall do so implicitly
below. We first show that {v", ™)}y is Cauchy in L2(€; X%279). Indeed for
M,N € 2 and any 0 < T < T, we may proceed as in the proof of Proposition 5.16
to get

1™, 1) = @M 1), < Cillog = 03" ez + Ca(R. AT (0N, 1) — (M, 1™)| ;.
Then by choosing T < (202)_% and rearranging, we have
(™, 1) = W, 1)y < 2C1 vy — vg” 122

By definition of P<y, the sequence {v{' } yeon is Cauchy on L*(T). Hence { (v, V) }N@N
is Cauchy in Ez. The time T does not depend on the initial data vy, hence by re-
peating this argument on [T, 277, we see that {(", ,uN)}NQN is Cauchy in Ez ,z-
By iterating [T'/T] times, we have that {(UN,MN)}N@N is Cauchy in Er. Let
(v,p0) € Ep denote the limit. We now show that (v,pu) solves the SKdV-mean
system (5.17).

In view of (5.44)—(5.45), by Lemmata 5.2, 5.8 and 5.6, we have, as N — oo,

U()vy = U)o,
Uy (V) + o (1, ag) — Wi (v) + Wa(p, ag),
No(@™, o) = No(v,v)
in LQ(Q;X;’%_(S), as well as puV — p in L?(Q; L>=([0,7T])). On the other hand, we

observe that (by Lemma 5.7) Ni(v",v") and No(v™,vY) are in fact Cauchy in the

0,246

stronger space L?(Q2; X2 ) and hence respectively admit some limits N} and N

in said space. We can then write
v=U(-)vg + No(v,v) + N + N5 + Ty (v") + Wo(u”, o).

We are thus required to show that Ny = Nj(v™,vY) (the argument for Nj =
Nz(v,v) is symmetric), that is, we show that N;(v™,v™) — Nij(v,v). By (5.41), it
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suffices to show that N (v, vY) — Ni(v,v). To this end, we simply substitute the

equations of v and v into the first arguments, so that

NN, o) = My (N (0N, o) + 01 (oY) + Ta (1™, ag), 0™,

Ni(v,v) = Ny (No(v,0) + NY + Ny + Ty (v) + T, ), v).
By Lemmata 5.13 and 5.8, we have
N1 (1 (0N) + Wa (1, ag), 0™) = N (T4 (v) + Wa(p, ap), v).

Moving onto the nonlinear piece, we write

and treat each piece separately. By (5.47) and using a telescoping sum, for j € {1, 2},

we have

NG ™), %) = M NG 0) ]

S N3, 0™) = A7 1™ (A [ =
SN (0T, 0Y) = N xodsllY X%%,é—l— N; xodsllv” =0l o gos

Since 7, > T almost surely, HUNHXO»%*S < C(R) for some constant C(R) > 0.

The same applies to | (o™, v™) HXO»%H after substituting the equation for vV and
T

apply the same arguments as seen above. By possibly passing to a subsequence,

1
we have that A (v", o) converges to /\/]* in Xg’2+5 almost surely. It follows that

(6

e < C(R) almost surely. Therefore,
T

[NV (NG (%, 0%), 0%) = M (NG o) |

lis
L2(2x5 277

S C(R) (HN’J(UN’ UN) o 'A/J'*Hp(ﬂ;x;v%“) T HUN o UHL2(Q;X;’%—5))

—0
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as N — oo. Finally, it remains to show that

N (No(@™, ™), 0N) = Ny (Vo (v, v), v)
. 1o 0,546 . . . .
in L7(Q; X2 ""). To see this, we write, as in Section 5.2,

N (No(@™, ™), o) = Ny (Zo (0™, 0™), o)

Ny (No(v,v),v) = N1 (Zo(v,v),v).

The claimed convergence then follows by applying the estimate (5.48). This con-
cludes the proof that A; (v, v™) — N (v,v) in L*($; X051,

In summary, we have proved that (v, ) € L*(€; X;)J%*é) x L?(Q; L>=([0,T])) is a
solution to the SKdV-mean system (5.17). This solution is also unique in said space.
Indeed, any solution to (5.17) is also a solution to the iterated system (5.37)—(5.38),
which is unique by Proposition 5.16 up to time 7*. But as seen in (5.78), 7% = oo
almost surely. Hence uniqueness holds up to the whole interval [0, 7]. It remains to

verify that v lies in L?(Q2; C([0, T; L*(T))), and we shall do so in the next subsection.

5.5.2 Continuity in time

We constructed the solution (v, ;) to (5.17) in the previous section, and we are now

required to show that v € L*(Q; C([0, T]; L*(T))). We write v(t) as

2

U(tyo = 5 D N0, 0)(8) + 1(0)(1) + Py, 00) (1)-

J=0

The linear part U(#)vy clearly lies in C'([0, T]; L?). As seen in the previous section, we
have N (v,v) € LQ(Q;X;’%H) and hence Nj(v,v) € L*(Q; C([0,T); L*(T))) by the
embedding (5.26). The continuity of the stochastic convolutions ®,(v) and ®o(u, ap)
follow in a similar manner as in the case for SNLS (as in Lemma (2.19)).

It remains to verify that No(v,v) € L*(Q;C([0,T]; L*(T))). We shall follow

9, 26] and prove that Ny(v,v) € L*(Q; F(2LY), where F(2L! is the space-time
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Fourier-Lebesgue space endowed with the norm
ullFezLee = [u(n, T)lle2 1 2xw)-
We have the embedding
FOL — C([0,T]; L?). (5.79)
Indeed, by Plancherel’s Theorem and Minkowski’s inequality, we have

/ e u(n, T)dr
R

Moreover, the Fourier transform of an L! function is continuous. Hence the embed-

< ullFe -
ere

Humgmymyyr)é‘

ding (5.79). The content of the next lemma then concludes our proof.

Lemma 5.17. Let uy, us be mean zero space-time functions. Then

HUT/VE)(UhUQ)HH%L; 5 ||’LL1|| _5||U2|| -5

Proof. This proof is similar in flavour to the proof of Lemma 5.13. Appealing to
(5.33) and that |7 — n3| > |nniny| > 0, we have that

(n)

VY i (n, ) (5.80)
ko

H77T-/\/b Uy, Uz HH2L1 ~n
L

We split into two cases.
e Case (i): k; = (nnyny)m. By Cauchy-Schwartz and duality, there exists d € L2,
with ||d|[z2 < 1 such that

RHS(5.80) 2 @l@(mﬂ
kg Ll

N Z /T ) d(n, 7)uy(ny, m)uz(ne, 2)dmdr.

1
-6
nniez\ {0} Y 1T2=T k¢

n=ni+nz
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Now,
() Urrd(na) ¥ (G’ s ¢ o

The result then follows by an application of L7, L;,L; -Hélder inequality and the
L*-Strichartiz inequality.
e Case (ii): ki < (nniny)1s. We consider the set Q(n) defined as in (5.58). By

Cauchy-Schwartz, Lemma 5.11 and duality, we have

RHS(5.80) = | Logy (7 — n?) i

0 2Ll
3
<[(/f ﬂﬂ(n)(T—n3)<T—n3>_ldT) |
R k¢ L2 || 2
< Z / d(n, 7)ty(ny, m1)ts(ng, 7o)drdr.
TllGZ\{O} T=T1+T2 k:Q
n=ni+nga

Since <§> < 1, the result then follows again by an application of L7, Ly, Ly ,-Holder
ki
inequality and the L*-Strichartiz inequality. O

5.6 Time decay of solutions

We briefly prove Theorem 3 in this last section. We can repeat the argument of the
proof of Theorem 1.2 in [84] almost verbatim. We only need to verify that in our
setting, one can continue to use the exponential martingale inequality to bound the

second term on the right-hand side of (3.1) in [84]:

Z / Re (u(t) qbek, u(t >>d6(7’)( 0,

(@) 172 )

k=—o00

where ﬁ,ET) = Re B;. More specifically, we need to check that the Novikov condition

exp (E /OT i ‘Re (ult) e, u ()>rdt)] < . (5.81)

E
2 w172y

k=—o00
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Tsutsumi used Sobolev embedding to bound the quantity inside the exponential by

o0

I — h2T2 b2T?2
5= 2 loelie S 5= D7 el = N9z

k=—o00 k=—00

This is not available to us since ¢ is not necessarily in £2(L?* H?). However, since

we assumed ¢ to be a convolution operator, we have that
Re (u(t)der, u(t)) < || (u(t)er, ut))] < [dulllu(t)|72m)-

Hence

2

BT,
LES(5.81) S exp | —5— 6l Zsiue) ) < oo

2

The rest of the proof then follows as in [84].
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