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ABSTRACT

Isotherms are of paramount importance for the interpretation of adsorption and ion exchange
mechanisms, and the design of separation and catalytic processes. Although the literature on
sorption isotherms is rich, most of experiments and models employed are limited to systems
that obey simple equilibrium isotherms, such as linear, favorable or unfavorable types. This
paper deals with the rather overlooked S-shaped isotherms and their dimensionless forms,
which is of great importance for modeling of separation processes and interpretation of
equilibrium data. A review on the physical significance and applications of S-shaped

isotherms in adsorption and ion exchange process is also presented.
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1. Introduction

Adsorption is a surface phenomenon by which components from a fluid mixture are attracted
to the surface of a solid and form physical or chemical bonds with its surface. Ion exchange is
the stoichiometric exchange of ions between a liquid and a solid phase, and the nature of
attraction is either electrostatic or chemical. Both phenomena are grouped under the term
sorption and are frequently treated by unified approaches, at least when it comes to process
modeling. Also, both are employed in separation and catalytic processes used in a variety of
industrial applications, and are of particular importance in environmental engineering
because they are relatively inexpensive and simple to design and operate [1]. The modeling
of sorption processes is a challenging task. One of the reasons is the form of the equilibrium
isotherms fed into the models. In general, sorption processes modeling requires the
simultaneous solution of a set of coupled partial differential equations (PDEs) representing
material, energy, and momentum balances supplemented by mass transfer rate equations,
equilibrium isotherms and the appropriate initial and boundary conditions. The isotherm
shape has a dramatic effect on the sorption process performance, as for instance in fixed bed
operations [2]. Besides modeling, isotherms are of primary importance when it comes to the
interpretation of the adsorption mechanism and they are used to understand the nature of

adsorption [3].

Isotherms are classified according to their curvature: convex-upward (favorable) isotherms
and concave-upward (unfavorable) isotherms. In the past, due to the existence of analytical
solutions to adsorption process models, mostly rectangular, linear and favorable isotherms
were studied [4-6]. However, many systems exhibit more complicated isotherm shapes such

as S-shaped (sigmoidal), which have one or more inflections points [7, 8]. For instance, the



effects of the S-shaped isotherms on adsorption performance of fixed beds has been

previously studied [2, 7] .

A detailed analysis of the adsorption isotherms has been presented in several studies and
review papers covering several types of isotherms but only few S-shaped and only in
dimensional forms [1, 9]. Recently, Ayawei et al. [10] presented a number of isotherms in
dimensional forms, including some sigmoidal which were grouped according to the number
of parameters involved. Finally, a number of S-shaped isotherms in dimensional forms are
discussed by Furmaniak et al. [11] but the approach is limited to the water-carbon adsorption

systems.

In the present paper, S-shaped isotherms with a single inflection point are reviewed in a
systematic way. The models addressed are theoretical, empirical and semi-empirical and
cover the mechanisms of monolayer and multilayer adsorption and pore filling, excluding
capillary condensation phenomena. This study comes to complement the previously
published literature on the equilibrium isotherms, covering insights on the physical basis,
applications, and a discussion on the dimensionless forms of the S-shaped isotherms,
especially useful for separation processes modeling. To the best of the authors’ knowledge

there is a lack of such a review paper in the literature.

2. Types of isotherms and classifications

According to Brunauer’s classification there are six types of isotherms [12, 13]: Type-I
isotherm is convex upward, Type-III is concave upward, Type-II and Type-V are S-shaped
with one inflection point, Type-IV has two inflection points and a hysteresis loop, and Type-

VI has several inflection points (Figure 1). An inflection point is a point on a curve at which



the sign of the curvature (i.e., the concavity) changes, which means that the second derivative
of the equilibrium equation is zero. If normalized and presented in a dimensionless fractions

X-Y diagram, an isotherm with an inflection point crosses the diagonal once (X=Y).

Figure 1. The Brunauer’s classification of isotherms [12]

Giles et al. [3] classified sorption isotherms based on their initial slopes and curvatures,
including several types of S-shaped isotherms. This classification is suitable for the general
description of sorption isotherms and describes data rather than equations [14]. Hinz [14]
presented a set of mathematical criteria for classifying isotherms, which include curvature
(convex or concave), slope at low concentration, asymptotic behavior at high fluid or solid
phase concentration, and the number of plateaus and inflection points. Finally, Coltharp [15]
developed a quantitative means of classifying isotherms according to sign and extent of

deviation from the ideal adsorption system (IAS).

According to Sing et al. [13], the Type-II isotherm is obtained with non-porous or
macroporous materials. This S-shaped isotherm represents unrestricted monolayer-multilayer
adsorption. The middle section of the isotherm, which is almost linear, is often regarded as
the stage at which monolayer coverage is complete and multilayer adsorption begins. The
Type-IV isotherm is common in mesoporous materials and the characteristic hysteresis loop
is associated with capillary condensation taking place in mesopores. The initial part is
attributed to monolayer-multilayer adsorption since it follows the same path as the
corresponding part of a Type-II isotherm. The Type-V isotherm is obtained only by certain
porous adsorbents and it is related to unfavorable equilibrium (Type-III) in that the
adsorbent-adsorbate interaction is weak. According to Giles et al. [3], Type-V isotherms are
related to microporous materials. Finally, the Type-VI isotherm, represents stepwise

multilayer adsorption on a uniform non-porous surface [13].



According to Giles et al. [3] and Hinz [14], S-Shaped isotherms may have two causes; firstly,
solute—solute attractive forces at the surface may cause cooperative adsorption (positive
cooperativity) and secondly, the sorption of a solute may be inhibited by a competing
reaction within the solution, such as a complexation reaction with a ligand. This is in
agreement with Limousin [9], who states that S-shaped isotherms are always the result of at
least two opposite mechanisms. An example of cooperative adsorption is the case of non-
polar organic compounds and surfactants adsorbed on clays. Non-polar organic compounds
have low affinity with clays but as soon as a clay surface is covered by these compounds,
other organic molecules are adsorbed more easily [9]. Another example is the presence of
ligands and their interaction with metals; at low metal concentrations, the adsorption is
limited by the presence of the ligand but at higher concentrations adsorption occurs [9]. The
point of inflection is the equilibrium concentration where the adsorption overcomes the
negative effects of ligand complexation. S-shaped isotherms are not uncommon in ion
exchange systems where the selectivity is reversed after the occupation of active sites reaches
a certain point. This can be caused by the existence of two types of sites [9]. Adsorption
models such as Langmuir and Freundlich are frequently used to describe ion exchange
equilibrium although the phenomenon and undelaying mechanisms are different. Ion
exchange equilibrium has been presented in detail by Helfferich [16] and Slater [17] and for a

rigorous analysis mass-action equilibrium equations are used.

3. S-shaped isotherms and their dimensionless forms

Generally, non-dimensionalization (or normalization) of a mathematical model is the removal
of the units from an equation by suitable substitution of variables. It is the formulation of the

model with dimensionless quantities only, reducing the number of model parameters. While a



dimensional model provides a solution to a particular problem, the dimensionless approach
generalizes the problem and can describe many dimensional solutions. The use of
dimensionless numbers helps in normalizing an equation and makes it independent of
variables sizes, as for example the reactor dimensions, adsorbent particle size and flow rate
used in different experimental setups. These dimensionless numbers provide crucial
information on how specific conditions influence systems. Furthermore, the use of a limited
set of dimensionless parameters simplifies the numerical solution of the models involved.
Thus, in order to use isotherms in process modeling they must first be transformed into their
dimensionless forms. Besides process modeling, normalization of the equilibrium curves is
useful for the interpretation of the sorption mechanism and is commonly used in ion

exchange systems [18, 19].

The dimensionless solid phase concentration is Y=q/qo and that of fluid X=C/C,, where ), (C)
the fluid phase equilibrium concentration, (C,) the initial fluid phase concentration. (q) the
solid phase equilibrium concentration, (qo) the (maximum) solid phase equilibrium
concentration corresponding to a fluid phase equilibrium concentration of (C,). Then, a
dimensionless equilibrium equation must satisfy the conditions Y—0 for X—0 and Y—1 for
X—1 and, in particular for S-shaped isotherms, to provide an inflection point (X=Y) in the

whole range of (X).

3.1 Simple isotherms

3.1.1 Dubinin-Astakhov isotherm

The Dubinin-Astakhov (DA) equation is based on the assumption that the adsorption process
follows a pore filling mechanism and accounts for the heterogeneity of the surface. Pore
filling mechanism is applicable for microporous materials only [20]. DA equation gives

Type-V isotherms:



q 1 By
O = exp l— (glﬂ;) l
where (P) is the gas equilibrium pressure, (Ps) is the gas phase saturation pressure (vapor
pressure) and (Qwm) is the saturation solid phase concentration approached at P=Ps. For given
values of (n), (ex) and (Ps), the value of (Qwm) can be derived as DA allows (P) to reach (Ps).
For ion exchange systems (or liquid phase adsorption), (Ps) is replaced by the saturation
concentration of the ion [20]. Furthermore, in ion exchange, (Qm) represents the maximum
exchange level (MEL) that can be reached for the specific normality or initial concentration
of the incoming ion when the initial solution is free from the ion initially in the solid phase
[20, 21]. Thus, for an ion exchange system with an initial liquid phase concentration of (C,)
we have qo=Qm. By applying the above equation for an initial gas pressure (P,) and the
respective equilibrium solid concentration (qo) and dividing the two equations, (Qm) is
eliminated:

Y = (1 lxs)"+(1 lx)n
= exp e n e nXg

where Y=q/qo, X=P/P, and Xs=Ps/P, (Xs>1), x>0 and n>1 (Figure 2). The same equation is
given by Joly and Perrard [22] while Meghea et al. [23] present a different dimensionless

form. For n=2 the Dubinin-Radushkevich isotherm is derived.
Figure 2. Dubinin-Astakhov equilibrium equation (ex =2, Xs=2)

DA isotherm describes well equilibria of many vapors and gases onto microporous activated
carbon, carbon molecular sieves, clays and zeolites. An important application is the
characterization of microporous materials by N> and CO; adsorption [24, 25]. Also, it has
been used for studying liquid phase adsorption; for example the adsorption of phenol on

activated carbons, benzene and cyclohexane on coal chars, and many other organics such as



paracetamol, acetanilide and aniline [26-28]. In ion exchange, a solubility-normalized DA
adsorption isotherm has been successfully applied for the removal of lead ions from aqueous

solutions by use of natural minerals by Inglezakis et al. [20, 29].

Type-V (DA-like) isotherms are frequently obtained for metal organic frameworks (MOFs),
which have inherent structural flexibility due to their weaker bonds compared to relatively
rigid frameworks, such as zeolitic aluminosilicates with strong Si—O covalent bonds [30].
Zhang et al. [31] evaluated zeolitic imidazolate frameworks (ZIF) for the separation of
ethanol/water in vapor phase. As it is illustrated in Figure 3 (a), ethanol showed two distinct
steps of adsorption on ZIF with an early stage plateau that happened at low relative pressures.
This leads to an S-shaped isotherm of Type-V with low ethanol uptakes at P/P, up to 0.08 and
saturation at P/P, higher than 0.08. This plateau is a significant obstacle toward adsorption of
ethanol on ZIF at lower relative pressure and adversely affects the intrinsic capability of ZIF
for ethanol/water separation, particularly for dilute solutions of ethanol in water. On the other
hand, water adsorption follows the typical Type-II, BET isotherm (see Brunauer—-Emmett—

Teller, section 3.1.2).

Figure 3. (a) Water and ethanol adsorption isotherms in ZIF at 35°C. The dashed line is the
ideal Langmuir model fit for ethanol in the hypothetical absence of initial sorption plateau (b)
Detailed water adsorption isotherm in ZIF crystals at 35 °C. "Reprinted with permission from
{ Zhang, K., Lively, R. P., Zhang, C., Koros, W. J., Chance, R. R., (2013), J. Phys. Chem. C,

117, 7214-7225}. Copyright {2018} American Chemical Society."

Another Type-V isotherm is that of Meghea et al. [23] derived using the Boltzmann equation.
The advantage of this isotherm consists in its well-fitting of some experiments including
special cases, such as the charge transfer complexes formed in some bi-solute competitive

adsorption. The equation is:



o (-ay)

- 1+ exp (Xg—lBO)

+ A4,

Where Ai, Az, Bo and B constants (Figure 4). Meghea model has been used to describe the

adsorption of phenolic compounds from water on activated carbon [23].
Figure 4. Meghea equilibrium equation (A2=1, Bo=0.425, B1=0.0615).

In the case of water adsorption on carbons, the mechanism can be different than micropore
filling, i.e. cluster formation mechanism. For such systems, there is a number of DA-like
Type-V isotherms, as the Dubinin-Serpinski, Mahle and Talu, and Meunier isotherms
presented by Furmaniak et al. [11], which are not repeated here as they are very close to the

shape given by the DA isotherm.
3.1.2 Brunauer—Emmett—Teller isotherm

Brunauer-Emmett-Teller (BET) equation accounts for multilayer adsorption with no limit in
the number of layers, which can be accommodated on the energetically homogeneous
surface. According to the BET model, the adsorbed molecules in one layer can act as
adsorption sites for molecules in the next layer [32]. BET gives Type-II isotherms:

q k(P/p)

e (1=Pfp) - (1=F/p +k-P/p)

where (P) and (q) are the gas phase pressure and solid phase equilibrium concentration,
respectively, (Ps) is the gas phase saturation pressure, (qu) is the monolayer coverage
concentration of the solid phase and k>0. In contrast to the DA equation, BET does not have
a finite solid phase concentration limit (saturation), and as the fluid phase concentration
reaches the saturation concentration, the solid phase concentration limit is infinite. Thus,

while DA allows the determination of (Qm) by letting P=Ps, this is not possible in the case of

9



BET, and (qm) is calculated in a different way. By applying the above equation for an initial
gas pressure (Po,) and the respective equilibrium solid concentration (qo), and then dividing
the two equations, (qm) is eliminated:

XX -1 (Xs—1+k)
X=X X —X+k-X)

where Xs=Ps/P, (Xs>1) and k>0. The BET dimensional form gives S-shaped isotherms for
certain combinations of (Xs) and (k) (Figure 5). A different dimensionless BET form is

provided by Meghea et al. [23].

BET equation remains the most widely used of all adsorption isotherm equations and it is
extensively used for determining the surface area of porous and non-porous adsorbents [32].
BET isotherm is popular in water vapor adsorption applications (see Figure 3a) and gas-phase
adsorption [11, 33]. Furthermore, the BET equation has been used for the adsorption of

phenolic compounds from water by use of activated carbon [23].

Concerning water vapor adsorption, the shape of the isotherm depends on the specific type of
carbon and can be either Type-II or Type-V. Furmaniak et al. [11] presents a set of BET-like
Type-II isotherms for the adsorption of water on carbons like D’Arcy and Watt isotherm, and
Guggenheim, Anderson and de Boer model which are not repeated here as they are very close
to the shape given by the BET isotherm. Finally, modified BET isotherms have been applied
to several systems, as for example by Woodruff and Revil [34] for the sorption and
desorption of bound water in clays, sand-clay mixtures, and shales, and by Tan and O’Haver

[35] for the adsorption of styrene from liquid solutions onto silica.

Figure 5. Brunauer—-Emmett—Teller equilibrium equation

10



Stokes and Robinson [36] adapted the BET model for concentrated aqueous electrolyte
solutions assuming that salts in solution have several sites of adsorption for solvent. They
proposed a relation between the water activity and stoichiometric mole fraction of the salt,
and introduced a constant related to the heat of adsorption of water (monomolecular layer
solvation). Letellier et al. [37] employed this modified BET model to study the mixing
behavior of different surfactants beyond their aggregation threshold. This model describes the
properties of mixed micelles of two pure surfactants in a wide composition range. The BET
model has also been used to the water-nitric acid system for the determination of mean ionic

activity coefficients [38].

3.1.3 Equation of State-derived isotherms

Based on the corresponding-states equation (CSE), Radke and Prausnitz [39] derived a semi-
theoretical correlation for the adsorption from dilute solutions. The equation is also called
Virial Isotherm [23, 39]:

o .

Y

:1+K1'Y+K2'Y2+"’

where the constants (Kj) are called adsorption virial coefficients. This equation gives Type-V
isotherms for Ko>0, K;<0 and K>>0 (Figure 6). The CSE model was used for the adsorption

of phenolic compounds from water by use of activated carbon [23].

Figure 6. CSE equilibrium equation

An equation of the same form but with four terms is given by Vermeulen [40]. Vermeulen et
al. [41] provided one more equation, this time with three terms (trinomial), solved for both X

(as above) and (Y) but without any discussion on their derivation. The equation is:
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Y=(1_k1_k2)'X+k1'X2+k2'X3

This equation gives Type-V isotherms for ki>0 and 3-k,<-k; and, less successfully, Type-II
isotherms for ki<0 and 3-ko>-k; (Figure 7). Ruthven [6] presented this equation with an
additional term, derived from statistical thermodynamic models. Trinomial equations have

been used in ion exchange systems [42].
Figure 7. Trinomial equilibrium equation
3.1.4 Ion exchange equilibria

Concerning ion exchange equilibria, S-shaped isotherms are frequently encountered and are
successfully modeled by use of rigorous albeit complex ion exchange equilibrium models, an
analysis which is beyond the scope of the present paper [18, 19]. The mass-action equation in

its simplified form for binary systems is [54]:

o E“.(Eg)“.(ﬂ)“‘“
48 7 \E, E, Qu

where (Kag) is the equilibrium constant, (E) and (E) the equivalent fractions in solid and
liquid phase of ions A and B, (N) is the solution normality (constant in ion exchange) and
(Qm) the ion exchanger capacity in equivalents. Molar and equivalent concentrations are
related by Ni=zi-Ci, where (zi) is the ion valence. This simplified version of equilibrium
constant is valid for ideal solution behavior otherwise activities must be used, rendering the
equation and determination of several parameters a tedious and complex task. The
equilibrium constants can be calculated by use of thermodynamics or determined by use of
experimental techniques and then used with mass-action equation to provide a relationship
between liquid and solid compositions. Solving for the solid phase concentration, a
relationship between the liquid and solid phase equivalent fractions can be derived, giving

equations in the form of adsorption X-Y isotherms:
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E = f(Kyp, E;, 1)
For example, for the exchange of monovalent ions in ideal solutions the equilibrium constant
becomes a simple expression of molar fractions:

_Kq'XB_Kq'(l—XA)_XB'(l—YB)
XaYp XA'(l_YA) YB'(l_XB)

KAB

Solving for the solid phase equilibrium concentration of ion (B), this equation takes the

following familiar form of the dimensionless Langmuir isotherm:

X

Y =
K+(1—-K)-X

Solving for the solid phase equilibrium concentration of ion (A) we get:

K-X

Y =TT&-pnx

For K<1 the first isotherm is favorable and the second unfavorable and the opposite for K>1.

3.2 Hybrid isotherms

Hybrid isotherms are modifications or combinations of simple models able to represent more
complex systems. Isotherms based on the multisite (heterogeneous) solid phase concept are

presented in paragraph 3.3.
3.2.1 Modified Langmuir isotherms

Gu et al. [43] developed a semi-theoretical model based on Langmuir isotherm, named
Modified Langmuir model or Modified Langmuir Model with g-Dependent Affinity (QKLM)

[44]. The model equation is:

q  k(g)-C

Qu 1+k(q)-C

where k(q) is defined as surface excess-dependent affinity parameter:

k(q) =k-e2%
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The parameter (b) presumably takes into account the features of changing energies of
adsorption with changing surface coverage. This model was successfully applied for the
adsorption of natural organic matter on iron oxide [43]. Due to the dependence of the affinity
parameter on the solid phase loading, the above equation cannot be normalized; however an

equivalent non-dimensional form can be the following:

X
_K.e—BY+(1_K.e—BY).X

Y

The QKLM model gives both Type-II and Type-V isotherms (Figure 8). The dimensionless
form, as well as the original equation devised by Gu et al. [43] becomes the Langmuir model

for B=0 or b=0, respectively.
Figure 8. QKLM model

Zhu and Gu [45] model is not a combination of isotherms but a combination of two-step

adsorption and mass action models. The isotherm is:

q kl-c-(%+k2-cn-1)

Qu 1+ki-C-(1+k, Cm 1)

For certain combinations of (ki), (k2) and (n) this equation gives Langmuir (Type-I), S-
shaped (Type-V) and isotherms with two plateaus (Type-IV). When k»-C™!>>1 the equation
is reduced to Sips isotherm with K=k k> (see section 3.2.1). Zhu and Gu [45] applied this
equation in the adsorption of surfactants on carbons and silica gel. The two-step adsorption
mechanism was proposed where the surfactant molecules are firstly adsorbed through the
interactions between the molecules and the solid surface through electrostatic and/or specific
(e.g. van der Waals) attraction, and then through the hydrophobic interaction between the
adsorbed surfactant molecules, a step in which the adsorption increases dramatically. Also,

Zhu and Gu model was used by Markou et al. [46] for the sorption of orthophosphate on

14



modified bentonite. The model successfully interpreted the experimental data and suggested

antagonistic interactions on the surface of the solid phase.

In Zhu and Gu equation, (Qwm) cannot be eliminated and the dimensionless form is essentially

the same as the dimensional one:

) (YM-Kl)-X-(%+K2-Xn‘1)

1+K1'X'(1+K2'Xn_1)

where K;=kiCo and K>=k>Co™!. Also, the requirement Y—1 for X—1 gives the following

condition:

K, - (%Jr KZ) B

Y, =
MT™11+K0+K,)

This equation gives an inflection point for K;>0, K>>0 and n>1 (Figure 9).
Figure 9. Zhu and Gu equilibrium equation.

A purely empirical equation is given by Limousin et al. [9] and is called sigmoidal Langmuir:

q ki-C

ky
C

where (Qwm) is the maximum solid capacity. In this equation, (Qm) cannot be eliminated and

the dimensionless form is essentially the same as the dimensional one:

YM'X
K,

Y =

where Ym = Qwm/qo (YM>1), Ki = 1/kiC, and Kz = Kiko/Co (K2>0). Also, the requirement

Y—1 for X—1 gives the following condition: K;+K> = Ywm-1. This isotherm is of Type-V
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isotherms (Figure 10). The problem with this isotherm is that its curvature which is close to

the linear isotherm.

Figure 10. Sigmoidal Langmuir equilibrium equation
3.2.1 Sips isotherm
Sips isotherm is a combination of Langmuir and Freundlich isotherms [47]:

q k-Cc"

QM:1+k'Cn

The parameter (n) could be regarded as characteristic of the heterogeneity of the surface and

the larger is this parameter the more heterogeneous is the system.

Sips model assumes monolayer coverage and is useful to describe adsorption of gases and
vapors below the capillary condensation region [47]. For instance, Kayal et al. [48] studied
water adsorption properties of zeolites for application in adsorption chillers. They found that
water vapor adsorption on these materials exhibited a Type-V isotherm with hydrophobic
behavior at lower pressures. Dubinin Astakhov (DA) and a modified Sips model were used to
correlate the data. Sips model has also been used for adsorption in liquid phase, as for
example in triclosan adsorption on diatomite [49], and bio-sorption of heavy metals ions, as
for chromium and copper on Sargassum sp [50] and nickel on S. pombe [51]. Moreover, Sips
model is proven to be useful in cases where Langmuir and Freundlich isotherms fail, as for
example in pH-dependent adsorption. Jeppu and Clement [52] suggested the Sips model,
referred to as modified Langmuir-Freundlich (MLF) isotherm, for the pH-dependent

adsorption of As (V) onto pure goethite and goethite-coated sand adsorbents.

Grant et al. [44] aimed at developing a series of modified Langmuir equations that could be

used on S-shaped experimentally-derived isotherms. They studied the adsorption of two
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mycotoxins, aflatoxin Bl (AfB1) and cyclopiazonic acid (CPA) on two clays, kaolinite and
montmorillonite). The several forms of Langmuir isotherm, i.e. simple, multi-site composite
(see section 3.3) and the g-dependent affinity (QKLM) isotherm did not fit adequately the
experimental data that displayed multisite adsorption or multiple plateaus. Therefore, they
suggested several modifications of the Langmuir models based on the insertion of an
additional constant, which represented the concentration value on the concentration axis
necessary to shift a Langmuir-shaped isotherm to match part of an S- or complex-shaped
isotherm. These shifted-modified Langmuir isotherms are essentially Sips isotherms with an
additional variable to account for the shift, i.e. the liquid phase concentration (C) is replaced
with (C-Cs), where (Cs) is the shifted concentration. Figure 11 illustrates the data of AfB1

adsorption on kaolinite fitted by LM, QKLM, and the SQKLM models.

Figure 11. Isotherm data of AfB1 adsorption onto kaolinite fit by the Langmuir model (LM),
the g-dependent affinity modification of the Langmuir model (QKLM), and the shifted
QKLM (SQKLM). "Reprinted with permission from {Grant, P. D., Lemke, S. L., Dwyer, M.
R., Phillips, T. D. (1998), Langmuir, 14, 4292-4299}. Copyright {2018} American Chemical

Society."

Sips isotherm can be normalized in the same way as the Langmuir isotherm, by setting [17]:

- 1
1+k-CP

Then, by applying the equilibrium equation for an initial liquid concentration (C,) and the
respective equilibrium solid concentration (qo), and dividing the two equations, (Qwm) is

eliminated:
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Xn

Y =
K+(1—-K) X»

where K>0 and n>0. This isotherm is also called Langmuir-Freundlich isotherm and is
considered to be empirical [9, 14, 23, 47]. Furthermore, it gives both Type-II and Type-V

isotherms (Figure 12).

Figure 12. Sips equilibrium equation

A similar to Sips model and purely empirical is given by Vermeulen [40] in an article where

he presents a variety of isotherms, including an empirical equation for S-shaped isotherms:

XTL
Y =
X"+ K-(1—Xx)"

where K>0. This equation fits both Type-II (0<n<1) and Type-V (n>1) (Figure 13).

Figure 13. Vermeulen equilibrium equation (K = 1.5)

3.3 Composite isotherms

Adsorption equilibrium data of a number of microporous solids do not conform to the simple
isotherms, which has been attributed to the heterogeneity of the solids surface [47]. For these
cases, composite isotherms or the so-called inhomogeneous models can be used to describe
multisite (heterogeneous) solid phases behaving differently towards the same component.
One simple approach is to assume that the solid is composed of two distinct regions with no
interaction between them. With this assumption equilibrium equations can be applied to each

region and the overall isotherm is simply the summation of the two equations [6, 47].
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3.3.1 Double Selectivity Model

Limousin et al. [9] discuss the use of the modified Langmuir models for multisite or
competitive adsorption. For example, in the case of the existence of two types of adsorption

sites, which occupy (p) sites on the solid, the isotherm takes the form:

M"@

ML 1+K C

A similar approach has been followed for the DA isotherm deriving the so-called Modified
Dubinin Equations [47]. The idea has been extended and successfully applied on ion
exchange systems with selectivity reversal. In binary ion exchange systems, this selectivity
reversal means that the preferential affinity of the solid for one of the two ions shifts to the
other ion when the fraction of active sites occupied by the first ion reaches a certain value,
and this can be caused by the existence of two types of sites. Bricio at al. [53] and later Pepe
et al. [54] developed the Double Selectivity Model (DSM) for heterogeneous ion exchangers
by using the concept of multisite adsorption. The general form is the one of modified

Langmuir models:

E=p E,+(1-p)E
where the solid phase equivalent fractions are given by the respective equilibrium constants
(KaB) of each type of sites. For example, in the case of the exchange of monovalent ions, the
derived equation is:

KX o K, X
T+ (K, —1)-X P Iy K, —1) X

Y=p-
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This approach is particularly useful as it gives Type-II isotherms and can correlate
experimental data by fitting (p), (K1) and (K2) without the need for the numerous and difficult

to be derived equilibrium constants (Figure 14).

Figure 14. Double Selectivity Model equilibrium equation (K;=8, K»=0.2)

DSM models have been used for the ion exchange of cations on resins by Bricio et al. [53]

and zeolites by Pepe et al. [54] and Iucolano et al. [55].

3.3.2 Langmuir-Sips model

Hsu et al. [56] and Lee et al. [57] discuss the application of a composite Langmuir-Sips
isotherm on water and organic compounds, respectively. Lee et al. [57] employs this model
as it can represent equilibrium data by Langmuir isotherm at low pressure and Sips isotherm
at moderate pressure to account for capillary condensation. Lee et al. [S7] present the

following form of the Langmuir-Sips equation:

_ [ k " P + kl - PTL ]

=M T3 k-P 14k Pr
The Langmuir-Sips equation finds application also in the adsorption of vapors of polar and
nonpolar organic compounds on mesoporous silicate and the water adsorption on a silica-
based high-purity spherical gel [56, 57]. The latter is a Type-V isotherm, as shown in Figure

15.

Figure 15. Variations of the adsorbed water at equilibrium (Meq) (at room temperature) for
different relative humidity (RH) levels for various adsorbents. The red dashed curve is the
theoretical fitting of the M. S. Gel isotherm by the modified Langmuir-Sips theory.

“Reprinted with permission from {Hsu, W.-L., Paul, S., Shamim, J. A., Kitaoka, K., Daiguji,
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H. (2018), International Journal of Heat and Mass Transfer, 116, 1370-1378}. Copyright

{2018} Elsevier."

Wu et al. [58] used a zeolitic imidazolate framework (ZIF) for the separation of CO; from
CH4 in a vacuum swing adsorption process. The derived isotherms were of Type-V and
Type-IV. A modified triple-site Sips equation was proposed for representing the experimental

data. The solid lines in Figure 16 represent the modified triple-site Sips isotherm model.

Figure 16. Adsorption isotherms of CO; on ZIF; filled symbols, adsorption; open symbols,
desorption; solid line, modified dual-site Sips equation. "Reprinted with permission from
{Wu, X.,Shahrak, M.N., Yuan, B., Deng, S., (2014), Microporous and Mesoporous Materials,

190, 189-196.}. Copyright {2018} Elsevier."
Following the same procedure as in the normalization of Sips equation:

- 1
1+k-P,

1
Ky=—F——
Y14 ky - PP

Then:

XTl

Y=05"
K+ (-K) X K +A=K)x

The normalized equation gives Y—2 for X—1 and thus the factor 0.5 is introduced in order
to fulfill the condition Y—1 for X—1. This equation can give Type II, Type V as well as
isotherms with more than one inflection points (Figure 17). This correction is not needed if
two types of adsorption sites are allowed leading to a modified Langmuir-Sips equation:

Xn
K+ (1= K)X"

Y=p +(1-p)

K+(1-K)-X

21



A multisite heterogeneous model similar to the above one is the Do-Do [11]. The basic
difference is that the Do-Do model is comprised of two Sips equations with different

exponents able to give Type-1V isotherms with more than one inflection points.

Figure 17. Langmuir-Sips equilibrium equation

3.3.2 Langmuir-Ising model

Rutherford [59] presented a composite isotherm with contributions from the Ising equation,
representing the first mode of adsorption, and the Langmuir equation, representing the second

mode of adsorption. The Langmuir-Ising equation is:

QM.k.(P/PS)-l_QMl.kl.(P/PS)
1+k-(P/PS) kl-(P/Ps)+w2

where

w=05- 1—k2-(P/PS)+\/<1—kz'(P/PS)> +4"‘1'(P/Ps)

In this equation (Qwm) cannot be eliminated and the dimensionless form is essentially the same

as the dimensional one:

.YT.k.(X/XS)_l_(l_ ).Yr-kl.(X/Xs)
e () e (R )t

N

Y=p

Where X = Py/Po (Xs>1), YT=Q1/qo (YT >1), Qr = QM + Qm1 and p = (Qw/ Qr). Also:
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w=05- 1—k2-(X/XS)+j(l—kz'(x/xs)> +acky (X/y )

This equation can provide BET-like as well as other Type-II and Type-V isotherms (Figure
18). Although different in form, Malakhov and Volkov model, based on the cooperative
multimolecular sorption mechanism, also gives both Type-II and Type-V isotherms and can

be reduced to the Ising and/or BET models [11,61].
Figure 18. Langmuir-Ising equilibrium equation (Y1=1.5, Xs=2)

Langmuir-Ising model was used by Rutherford [59] for the adsorption of water vapors on
carbon molecular sieves. Another application of the model was the CO» adsorption from the
main flue gas components on carbon honeycomb monoliths with different textural
development in a pressure and temperature range of interest for post-combustion CO> capture
[60]. Malakov et al. [61] used a similar model for the adsorption of alcohols on polymeric

materials.

The isotherms discussed in this paper are summarized in Table 1. Some of the reported S-
Shape isotherms for different adsorption/separation process in both gas and liquid phases are

shown in Table 2.

Table 1. Summary of S-shaped isotherms

Isotherm S-shaped type | Number of Derivation
variables
Brunauer—Emmett— II 2 Theoretical
Teller
Sips ILV 2 Empirical
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QK Langmuir model ILV Semi-theoretical
Trinomial ILV Empirical
Vermeulen I,V Empirical
Sigmoidal Langmuir \Y Empirical

Dubinin-Astakhov \Y Semi-empirical
Langmuir-Sips ILV Empirical
DSM I Theoretical

CSE A" Semi-theoretical
Langmuir-Ising ILV Empirical
Zhu-Gu A" Theoretical
Meghea v Empirical

Table 2. Typical S-Shape isotherms reported for different adsorption/separation processes

Solid phase Isotherm Models(s) Fluid Component(s) Reference
type phase
Ion exchange
Natural zeolite Type-II Several arbitrary Liquid | Chromium (III) Barros et al. [62]
polynomial
expressions
Resins Type-II Double selectivity Liquid | Several cations Bricio et al. [53]
model (DSM)
Zeolite Type-II Double selectivity Liquid | Several cations Pepe et al. [54]
model (DSM)
Zeolite Tyoe-II Double selectivity Liquid | Lead Tucolano et al. [55]
model (DSM)
Zeolite Type-1 Modified DA model | Liquid | Lead Inglezakis [20]
Zeolite and clays Type-I Modified DA model | Liquid | Lead Inglezakis et al. [29]
Natural zeolite Type-II No model applied Liquid | Heavy metals Inglezakis et al. [63]
Adsorption
Coal chars Type-V DA model Liquid | Benzene and Siemieniewska et
cyclohexane al. [26]
Carbon Type-V DA model Liquid | Several organics Terzyk [27]
Carbons Type-V DA model Gas CO, Burevski [24]
Carbons and clays Type-V DA model Gas N> Gil and Grange [25]
Aluminophosphate Type-V DA model Gas H,O Kayal et al. [48]
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based zeolites

Sips model
(Modified Langmuir
equation)
Silica Type-II Modified BET Liquid | Styrene Tan and O’Haver
[35]
Activated carbon Type-V BET, DA and CSE Liquid | Phenols Meghea et al. [23]
and Meghea et al.
models
Goethite and Type-1 Sips isotherm Liquid | As (V) Jeppu and Clement
goethite-coated sand [52]
adsorbents
Diatomite mineral Type-II Sips isotherm Sharipova et al. [49]
Liquid | Triclosan
Kaolinite Type-V Shifted squared Liquid | Aflatoxin B1 (AfB1) Grant et al. [44]
Montmorillonite Langmuir model Cyclopiazonic acid
(Modified Sips (CPA)
model with n=2)
Zeolitic imidazolate Type-V Modified triple-site Gas CO,/CH4 Wu et al. [58]
frameworks (ZIFs) Type-IV Sips equation
Modified bentonite Type-V Zhu and Gu model Liquid | Orthophosphate Markou et al. [46]
Carbon and silica gel | Type-V Zhu and Gu model Liquid | Surfactants Zhu and Gu [45]
Type-1V
Silica-based materials | Type-V Langmuir-Sips Gas H,O Hsu et al. [56]
model
Mesoporous silicate Type-I1 Langmuir-Sips Gas Polar and Nonpolar Lee [57]
Type-IV model Organic Compounds
Carbon molecular Type-II Langmuir-Ising Gas H,O Rutherford [59]
sieve Type-IV model
Carbon-based Type-II Langmuir-Ising Gas H,O Querejeta et al. [60]
honeycomb monoliths model
Polymer material Type-II Modified Langmuir- | Gas Several alcohols Malakhov et al. [61]
Type-V Ising model
Iron oxide Not given | QK Langmuir model | Liquid | Natural organic matter Gu et al. [43]
(QKLM)
Metalorganic Type-V Rigorous theoretical | Gas CO,, benzene Pera-Titus and
Frameworks (MOFs) | Type-IV thermodynamic Farrusseng [30]
models
Carbons Type-V Several sigmoidal Gas H,O Furmaniak et al.
Type-11 [11]
Chemically modified | Type-II - Liquid | Heavy metals Mosa et al. [64]
agricultural solid Type-V
waste
Zeolitic imidazolate Type-II - Gas Ethanol/water Zhang et al. [31]
frameworks (ZIFs) Type-V
Mesoporous Type-V - Liquid | Heavy organic pollutants | Ganiyu et al. [65]
organosilicas
Metal-organic Type-IV - Gas CO; Choi et al. [66]
frameworks (MOFs)
Synthetic zeolites Type-II - Liquid | Pesticides Rasamimanana et
al. [67]
Bio-sorption
Sargassun sp Type-II Copper and chromium Steffen et al. [50]
Sips isotherm Liquid | ions
S. pombe Type-II Sips isotherm Liquid | Nickel ions Ozen et al. [51]
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5. Conclusions

An in-depth analysis of S-shaped isotherms and their dimensionless forms is presented,
which is of great importance for modeling of separation and catalytic processes and
interpretation of equilibrium data. In total thirteen S-shaped isotherms with a single inflection
point are discussed and grouped into three groups, namely simple, hybrid and composite
isotherms. The discussion includes theoretical, empirical and semi-empirical models for
monolayer and multilayer adsorption and pore filling, excluding capillary condensation
phenomena. As the review revealed, S-shaped isotherms are extensively encountered in all
kinds of adsorption (gas and liquid) as well as in ion exchange systems. This study comes to
complement the previously published literature on the equilibrium isotherms, covering

insights on the physical basis and applications of S-shaped isotherms.
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