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ABSTRACT

Particles held in optical tweezers are commonly thought to be at thermodynamic equilibrium with their envi-
ronment. Under this assumption the elastic energy of the trap is equal to the thermal energy. As a result the
variance of the particle position is completely independent of viscosity and inversely proportional to the optical
power in the trap. Here we show that these conditions only hold for very high symmetry cases e.g. perfectly
spherical particles in unaberrated, linearly polarized Gaussian traps. Here we show that any reduction in sym-
metry leads to asymmetrically coupled degrees of freedom. The associated force field is linearly non-conservative
and the tweezer is no longer at equilibrium. In overdamped systems the effect is a underlying systematic bias
to the Brownian motion. In underdamped systems, this systematic component can accumulate momentum,
eventually destabilizing the trap. We illustrate this latter effect with reference to two systems, (i) an isotropic
sphere in a circularly polarized trap, and (ii) a birefringent sphere in a linearly polarized trap. In both cases the
instability can be approached either by decreasing air pressure or by increasing optical power. Close to instabil-
ity, the trapped particle executes increasingly coherent motion that is highly sensitive to external perturbations.
Potential applications to weak force sensing are discussed.
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1. INTRODUCTION

Optical tweezers are invaluable tools in the meso-scopic sciences. They can be used to hold and move particles

with dimensions ranging from nanometres to microns. In addition, they can be used measure forces in the

piconewton range, making the instrument ideal for probing the mechanics of microbiological entities and other

systems of interest.! Both of these capacities derive from the assumption that the optical forces imposed by

the tweezer are approximately linear for small displacements and that they are conservative. With these two

assumptions we can calibrate the tweezer by comparing the elastic energy to the thermal energy e.g. 1kpT =
2

%Pk(ﬁ), where P is the optical power, x is the position and (22) its variance.?® The trap stiffness for unit
power is k, so that the optical force, f°P* = —kz, and (x?). By measuring the position variance, (x?) we can
estimate the stiffness, k, allowing us to connect force to measurements of displacement. Importantly, (x2) is
inversely proportional to the optical power, P i.e. the harder the particle is held, the less it moves.

(%) = 22T (1)

In this article, we show that these very useful properties are restricted to high symmetry systems, the most
common of which is an isotropic, non-absorbing, perfectly spherical particle in an unaberrated, linearly polarized
Gaussian beam. Any departure from this symmetry will, in general, induce linear coupling between degrees
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of freedom and this coupling will cause the optical forces to be linearly non-conservative. Consider x and y
coordinates, for example. In the absence of coupling, the corresponding forces are:

fg?pt = _szmxa (2)
;pt = —Pkyyy, (3)

where foP! and fyof’lt are the optical forces in the x and y directions, and ky, kyy are the stiffness coeflicients
per unit power, P, in the z and y directions. Because they are uncoupled, these forces are effectively one
dimensional for small displacements. A one dimensional force field is necessarily conservative because it can
always be expressed as the derivative of a scalar potential. However, if there is an appropriate reduction in
symmetry, due to modifications either in the trapping beam or the shape of the particle, then additional coupling
coefficients appear, connecting motion in the x and y directions:

fgpt — —P(]ﬁmx‘f'kzyy)v (4)
f;pt = —P(kyzl"f’kyyy)? (5)

This constitutes a fundamental difference. When = and y are coupled the coefficients k., and k,, are not

necessarily the same. Whenever they are not the same, the force is linearly non-conservative and a sequence of x
and y displacements which return the particle to its initial position will be associated with a transfer of energy
between the optical field and the particle.5® This linear non-conservatism is connected with the fact that light is
a flow of momentum and the forces it induces are not generally derivable from a scalar potential. In overdamped
systems (i.e. optical trapping in water) the consequences of linear non-conservative motion are quite subtle.
The variance of the particle coordinate does not change measurably. However, time correlations reveal that
the Brownian motion of the particle contains an underlying, systematic bias. These effects have been described
theoretically and measured experimentally.®% 10 In the underdamped regime linear non-conservatism has a
more dramatic effect.'’ In particular, quasi-periodic paths that increase the energy of the particle accumulate
momentum and grow in amplitude while ones that lose energy are suppressed. If the optical forces are sufficiently
high, or if the viscous drag is low enough then some of the trajectories grow so much that they exceed the linear
range of the trap. Beyond this, the particle may execute closed trajectories, possibly limit cycles, that rely on
non-linearities in the force field. If viscous damping is further reduced or optical forces further increased then
inertial forces overcome optical forces and the particle escapes from the trap.
In the following article we consider two examples of the general behaviour discussed above. In the first example,
we consider the motion of an isotropic, non-absorbing silica sphere in a circularly polarized trap. Here the circular
polarization induces small transverse forces that tend to promote orbital motion. Initially, the centripetal forces
experienced by the particle are smaller than the gradient forces. However, as the power is increased, angular
momentum builds up and eventually the particle begins to execute regular, coherent orbits. These orbits are limit
cycles and rely on non-linearities in the force. For yet higher powers the particle is thrown from the trap. The
second example features a birefringent sphere in a linearly polarized Gaussian trap. In this case, the symmetry
is broken by the anisotropy of the refractive index. Rotational degrees of freedom couple to translational motion
producing linear oscillations whose amplitude grows as the air pressure, and therefore the viscous damping, is
reduced. Eventually the particle is ejected from the trap.

2. TRANSVERSE SPIN FORCES

Inhomogeneous optical spin (i.e. circular polarizarion) is associated with a controversial component of optical
momentum.'? It is a generic feature of structured light fields and has been directly measured in circularly
polarized evanescent waves, just above surfaces, and near-paraxial Gaussian beams, in free space.!? 13 Fig. (1)
shows a vector plot of the transverse components of the Poynting vector in a weakly focused, circularly polarized,
counter-propagating Gaussian beam. This component of the Poynting vector is almost exclusively associated
with inhomogeneous spin. Consequently it is azimuthally directed, circulating about the beam axis. The force
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Figure 1. Vector field plot of the transverse components of the Poynting vector and optical force

vector acting on a microsphere is also shown. It is dominated by the gradient force and is therefore directed
toward the beam axis. However, the azimuthal spin momentum imparts a weak twist to the force.

The subtly twisted optical force effectively couples the x and y components of the optical force. In moderate
vacuum, this influences the thermal motion as follows. For low beam powers this coupling has little effect and
the trap behaves conventionally and the probability distribution of the particle coordinates is approximately
Gaussian. In this regime, any angular momentum acquired by the particle is effectively dissipated into the
ambient gas preventing it from accumulating. As the power is increased, angular momentum starts to build
up and, as it does so, centripetal forces grow, pushing the particle outwards against the optical gradient forces.
The Gaussian probability distribution of the particle coordinates spreads out. This is the complete opposite of
the conventional behaviour, discussed in the introduction, in which increases in power cause the particle to be
more tightly bound in the trap. Until now, the particle has optical force field encountered by the particle is
approximately linear, so limit cycles (or orbits) are prohibited. However, if the power is further increased, it
reaches a threshold in which the centripetal forces overcome optical gradient forces. The particle is now pushed
beyond the linear range of the trap. The non-linearities it now experiences allow for the existence of limit cycles
and the particle starts to execute stable orbits in which the outward centripetal forces exactly balance the inward
gradient forces. This motion is highly coherent. Figure (2) shows experimental results. Red and blue points show
the time averaged radial coordinate as the power is increased and decreased, respectively. The small, repeatable
hysteresis is due to the asymmetric stability profile of the orbits. Black points show the behaviour in a linearly
polarized trap, where transverse spin momentum is absent. Under these conditions, the trap behaves normally.
The plots below the graph show the distribution of the centre of mass with optical power increasing from left to
right. The top row of figures correspond to increasing power, the lower row to decreasing power.

In this experiment, the non-conservative instability acts as a sensitive measure of azimuthal force, inflating quit
small forces into a very large increases in the amplitude of the motion. In this case, the azimuthal force is

a consequence of inhomogeneous spin and differs fundamentally from the more familiar components of orbital

momentum. 4
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Figure 2. A label of “Video/Audio 1, 2, .. .” should appear at the beginning of the caption to indicate to which multimedia
file it is linked . Include this text at the end of the caption: http://dx.doi.org/10.1117/12.2545948.1

3. COHERENT OSCILLATIONS OF BIREFRINGENT SPHERES

In this second system, we consider the thermal motion of birefringent vaterite spheres held in a linearly polarized
vacuum trap. Previous experimental work with vaterite has concentrated on the motion in circularly polarized
light fields, where the particles spin fast enough to be influenced by gyroscopic effects.'® 17 In linearly polarized
light the the birefringent vaterite particles align with the polarization. When they are displaced along this
direction, they experience a restoring force. In addition, they feel a coupling torque about the transverse axis
normal to the polarization. Similarly, if they are rotated about this same axis they feel, in addition to a restoring
torque, a coupling force parallel to the polarization. In this way, rotations and translations are coupled, see Fig.(3).

When the particle is trapped in a weak vacuum, its motion is conventional, satisfying equipartition, as
described in the introduction. As the pressure is reduced, the non-conservative effects caused by the asymmetric
rotation-translation coupling manifest themselves and the amplitude of the translational motion parallel to the
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Figure 3. Forces and torques acting on optically trapped vaterite. Left hand side: forces and torques induced by rotations
about an axis normal to the polarization. Right hand side: forces and torques induced by displacements parallel to the
polarization.

polarization begins to grow. As it does so, the corresponding peak in the power spectrum narrows and grows in
height, signifying the emergence of a highly coherent oscillation. This can also be appreciated by considering the
relaxation time for the trapped particle, as described by the time correlations. These features are summarized
in Fig. 4, below.
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Figure 4. Thermal motion of an optically trapped vaterite sphere in a linearly polarized Gaussian beam in vacuum.
Each row relates to a successively lower pressure. The left hand column shows a scatter plot of the x and y coordinates.
The middle column shows power spectral densities and the right hand column gives auto-correlation functions for the =
coordinate.
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