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GENERALIZED o — ¢Y-GERAGHTY MULTIVALUED MAPPINGS ON
b-METRIC SPACES ENDOWED WITH A GRAPH

H. AFSHARI *, M. ATAPOUR !, H. AYDI 2,§

ABSTRACT. In this paper, we provide some conditions for the existence of a coincidence
point of single-valued and multivalued mappings involving generalized o — ¥-Geraghty
contractions endowed with a graph. Our main results improve the existing results in the
corresponding literature. We also present examples to support the obtained results.
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1. INTRODUCTION

The study of b-metric spaces was initiated in the works of Bakhtin, Heinonen, and
Czerwik [6, 8]. Afterwards, several articles which deal with fixed point theorems for
single-valued and multivalued mappings in the class of b-metric spaces appeared in [2, 3,
4,5, 8, 10] and related references therein.

Definition 1.1. [9] Let X be a nonempty set and s > 1 be a given real number. A mapping
d: X x X — [0,00) is said to be a b-metric and the pair (X, d) is called a b- metric space
if, for all x,y,z € X, the following conditions are satisfied:

(bMy) d(z,y) =0 if and only if x = y;
(bMQ) d(xv y) - d(y,!L’);
(bM3) d(IE, Z) < S[d<$7 y) + d(y7 Z)]

Remark 1.1. Since a metric space turns into a b-metric space by taking the constant
s =1, the class of b-metric spaces is larger than the class of metric spaces.

The following example shows that there exists a b-metric which is not a metric.

Example 1.1. Let X = {a,b,c} with0 <a <2b<candd: X x X — [0,00) be defined
by
b
d(a,b) =0, d(a,c)= 2 and d(b,c) = c,
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with d(z,z) = 0 and d(z,y) = d(y,x) for all z,y € X. Notice that d is not a metric
since d(b,c) > d(a,b) + d(a,c). However, it is easy to see that d is a b-metric space with
coefficient s > 2.

Let N be the set of positive integers. A sequence {z,} in a b-metric space X is said to be
convergent if and only if there exists x € X such that d(x,,x) — 0 as n — oo. In this case,
we write — limy, o0 T, = x. A sequence {z,} in a b-metric space X is said to be Cauchy
if and only if d(zy,z;,) — 0 as m,n — oco. A b-metric space (X,d) is complete if every
Cauchy sequence in X converges. In general, a b-metric is not continuous. The famous
Banach contraction principle [7] infers that every contraction on a complete metric space
has a unique fixed point. Jachymski [11] introduced the notion of a Banach G-contraction
to generalize the Banach contraction principle as follows. Let (M, d) be a metric space.
Consider A the diagonal of the Cartesian product M x M and G a directed graph such
that the set V(G) of its vertices coincides with M and the set E(G) of its edges contains all
loops; that is, E(G) 2 A. Assume that G has no parallel edges. A mapping f: M — M
is called a Banach G-contraction if:

(1) for every x,y € X,

(z,y) € E(G) = (f(z), f(y)) € E(G)
(77) there exists 0 < o < 1 such that for all z,y € X,

(z,y) € E(G) = d(f(z), f(y)) < ad(z,y)

Now, let (X,d) be a b-metric space. Take P, (X) the set of bounded and closed sets
in X. Forz € X and A, B € P, (X), as in [8], we define

D(z,A) = inf d(x,a),
acA

D(A, B) = sup D(a, B).
acA

Define a mapping H : P, (X)) x Py (X) — [0, 00) such that
H(A, B) = max{supd(z, B),supd(y, B)},
€A yeEB

for every A,B € CB(X). Then the mapping H forms a b-metric. H is called as the
Hausdorff b-metric induced by the b-metric d. The proof of the following lemmas can be
found in [8].

Lemma 1.1. Let (X,d) be a b-metric space. For any A, B € Py (X) and any z,y € X,
we have the following:

(1) D(z,B) < d(z,b) for any b € B,

(2) D(z,B) < H(A,B),

(3) D(x, A) < s(d(z,y) + D(y, B)).

Lemma 1.2. Let A and B be nonempty closed and bounded subsets of a b-metric space
(X,d). Choose g > 1. Then for all a € A, there exists b € B such that d(a,b) < ¢H (A, B).

Definition 1.2. [16] Let X be a nonempty set and G = (V(G), E(G)) be a graph such that
V(G)=X.T:X — Py y(X) is said to be graph preserving if it satisfies the following:

if (z,y) € E(G), then (u,v)€ E(G) forall weTx and veTy.

Definition 1.3. [16] Let X be a nonempty set and G = (V(G), E(G)) be a graph such that
V(G)=X.T:X — P, y(X) is said to be g-graph preserving if it satisfies the following:
forx,ye X,

if (9(z),9(y)) € E(G), then (u,v)€ E(G) forall weTx and veTy.
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Let ® be set of all increasing and continuous functions ¢ : [0,00) — [0, 00) satisfying
o(ct) < ep(t) for all ¢ > 1.

Let s > 1. We denote by F; the family of all functions £ : [0, 00) — [0, ).

The notation of an o —1-Geraghty contraction-type multivalued mapping in the setting
of metric spaces was introduced by Karapinar and Samet [12, 13, 14]. Newly, Afshari et
al. [1] proved some results on generalized oz — -Geraghty contraction-type multivalued
mappings. Precisely, they have proved the following theorem.

Theorem 1.1. Let (X,d) be a complete b-metric space with a coefficient s > 1. Let
T:X — P, q(X) be a multivalued mapping. Suppose that there exists o : X x X — [0, 00)
such that

a(z,y)(s*H(Tx, Ty)) < B((M(z,y))p(M(z,y)) + Lo(N (z,y)),
for all x,y € X, where B € Fs and 1, ¢ € ® with

D(x,Ty) + D(y, Tx)
2s

and N(z,y) = min{D(x,Tx),D(y,Tz)}.

M (z,y) = max{d(z,y), D(xz,Tz), D(y, Ty), }

Suppose also that

(1) T is a-admissible;

(ii) there exists xo € X and x1 € Txg such that a(xg,x1) > 1;
(7i1) T is continuous or X is a-regular.

Then T has a fized point.

Mention that the concept of a-regularity is stated as follows.

Definition 1.4. [15] Let (X,d) be a b-metric space and o : X x X — [0,00). X is said
a-reqular, if for every sequence {x,} in X such that a(xy,Tpt1) > 1 for all n and z, —

z € X as n — oo, then there exists a subsequence {xy, } of {zn} such that a(zp,,x) > 1
for all k.

In this paper, we improve Theorem 1.1 by proving the existence of a coincidence point
of single-valued and multivalued mappings in the class of b-metric spaces endowed with a
graph, but without the function . We do not need the assumption that 7" is continuous
to establish our main results.

2. AUXILIARY RESULTS: THE CASE s =1

Here, we treat the case s = 1. First, let ¥ be the set of all increasing and continuous
functions 1 : [0, 00) — [0, 00) satisfying:
(i) Y(r+t) <P(r) + () for all r,t > 0;
(1) P(ct) < cp(t) for all ¢ > 1;
(7i1) 1(0) = 0.

Definition 2.1. Let (X,d) be a metric space and G = (V(G), E(G)) be a graph such
that V(G) = X and the set E(G) of its edges contains all loops, that is, E(G) 2 A.
Forg: X - X and T : X — P,q(X), T is said to be a generalized g-Geraghty-type
G-multivalued mapping provided that

(1) T is g-graph preserving;
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(1) for every x,y € X such that (g(x),9(y)) € E(G), whenever there exists some L > 0
such that for

M(g(z), g(y)) =max{d(g(z), g(y)), D(g9(x), Tx), D(g(y), Ty) (1)
D(g(x), Ty) + D(g(v), Tw)}
’ 2
and N(g(x), g<y)) = min{D(Q(‘r)’ Tx)’ D(g(y)v Tm)}a (2)

we have

Y(H(Tx, Ty)) < 0(p(M(g(z), 9(y)))b(M(g9(z), 9(y))) + Lo(N(g(z),9(y))),  (3)
where 0 € F1 and Y, ¢ € .

Lemma 2.1. Let (X,d) be a metric space with a directed graph G. Assume thatg: X — X
is a surjective map and T : X — Py (X)) is a generalized g-Geraghty-type G-multivalued
mapping in (X,d). Suppose also that

(1) there exists xo € X such that (g(xo),u) € E(G) for some u € Txg;

(1) if (9(x),9(y)) € E(GQ), then (z,w) € E(G) for all z € Tz and w € Ty.

Then there exists a sequence {ﬂfk}keNu{o} in X such that for each k € N, we have

g(xg) € Txg—q
(9(zr-1), 9(1)) € E(G)
{9(xx)} is a Cauchy sequence in X.

Proof. Since g is surjective, there exists 1 € X such that g(z1) € Tz and (g(x0), g(z1)) €

_ 1
E(G). Let g = NGOk We have ¢ > 1. Then

0 < D(g(x1),Tx1) < H(Txo,Tx1) < ¢H(Txo, Tx1).

By Lemma 1.2, again g is surjective, so there exists x9 € X such that g(z2) € Tx; and

P(d(g(x1), g(x2))) < P(gH (Two, Txr)) < qp(H(Txo, T1)) (4)
< @0 (M (g(wo), 9(21)))¢ (M (g(20), 9(21))) + aLS(N (g(z0), (1)),

where

M(g(z0),9(x1)) = max{d(g(zo), g(1)), D(g9(x0), Tx0), D(g(x1), Tx1), (5)

D(g(x0), Tg(x1)) + D(g(arl),Txo)}
2

< max{d(g(xg),g($1)), D(g(ﬂgl)a Txl))

D(g(l'(]),Tl‘l)}

< max{d(g(:cg),g(a?1)), D(g(xl)v Txl)?
and

N(g(z0),9(x1)) = min{D(g(zo), Txo), D(g(x1), Txo) } (6)
< min{d(g(zo), g(z1)), d(g(z1), 9(x1))} = 0.
In view of

D(g(xo), Tzy) _ [d(g(z0),g(21)) + D(g(x1), Tr1)]
2 2
< max{d(g(xo), g(z1)), D(g(z1), Tz1)},

IN
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we get
M(an ,.%'1) < max{d(g(a:o),g(xl)),D(g(xl),Tml)}.
If max{d(g(x0),g(x1)), D(g(x1),Tx1)} = D(g(x1),Tx1), then by (4), we have
U(D(g(z1), Tz1)) < ¥(d(g ( ) 9(332)))

<V 1), Tx1)))p(D(g(21), Tr)) < (D(g(x1), Trr)),

which is a contradiction. Hence, we obtain max{d(g(xo), g(x1)), D(g(x1),Tx1)} = d(g(z¢), g(z1))
and so by (4),

b(d(g(r1), g(22))) < VOW(d(g(wo), 9(1))))¥(d(g(w0), g(1)))- (7)
Having in mind that ¢ € ¥ and /0(¢(d(g(x0), g(z1))) < 1, so we get
1
d(g(x1),g(x 8
g, gy o) o

1
= o) @)

Since ) is increasing, we have

d(g(x1), 9(22)) < V0¥ »9(x1))))d(g(w0), 9(1))-

P(d(g(x1), 9(22))) < ¥(d(g(z0), 9(x1)))-

Recall that g(z2) € Tx1 and g(ml) ¢ Tl‘l, so it is clear that g(x2) # g(z1). Choose

VO (d(g(z0), g(x1)))¥(d(g(w0), g(21)))
P(d(g(x1), g(x2)))

By (5) and (7), we have ¢; > 1. If g(x3) € T'zo, then x5 is a coincidence point of g and 7.
Assume that g(z2) ¢ Txa. We get

0 <9(d(g(x2), Twa)) < Y(H(Txy, Txo)) < up(H(Twy, Ta)).
Hence, there exists g(z3) € T'g(z2) such that
P(d(g(22), 9(x3))) < qp(H (T, T2))
< @b (M(g(x1), 9(22)))) (M (g(21), 9(22))) + @1 LH(N (g

Similarly, M(g(x1), g(x2)) < d(g(x1), g(x2)) and N(g(z1), 9(x2))
erty of (), we have

Y(d(g(2), 9(x3))) < VO(W(d(g(21), g(22))))e(d(g(21), 9(x2))) (9)

< VO(W(d(g(x1), 9(22)))) VO (d(g(z0), (1)) (d(9(x0), g(21)))-
(10)

q1 =

(21), g(22)))-
0. By (7) and a prop-

By (7) and that assumption that 1/0(1(d(g(z0), g(z1)))) < 1, we have
P(d(g(1), 9(2))) < (d(g(x0), 9(x1)))-
The function @ is increasing, by (9), we obtain
P(d(g(z2), 9 < (VO ), 9(21)))*¥(d(g(x0). g(x1)))- (11)
Again, by (8),

d(g(z2), 9 < (VO ,9(x1)))))?d(g(z0), g(x1))
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It is clear that g(z2) # g(x1). Take

o — (/0¥ (d(zo, 20))))*¥(d(g(x0), g(21)))
Y(d(g(x2), g(3))) '

Then ¢ > 1. If g(z3) € Txs, then x3 is a coincidence point of g and 7. Assume that
g(x3) ¢ Txs. Then

0 <9(d(g(xs), Twz)) < P(H(Tw2, Tz)) < qoyp(H(Twz, Tiws)).
Thus there exists g(x4) € T'x3 such that
P(d(g(w3), 9(x4))) < g2 (H (T2, T3)) (12)
< @20(p(M(g(x2), ( 3)) (M (g(x2), 9(x3))) + q2LA(N(g(22), 9(23)))
Similarly, M( ( ) g(x3)) < d(g ( ) g(x3).) and N(g(x2), g(x3)) = 0. So, by (12),
D(d(g(x3), 9(x4))) < /O((d(g ( 3))))(d(g ( 2),9(3))) (13)
< VO(v(d(g 23)) (VO (d(g(x0), 9(21)))) >3 (d(g(0), 9(21)))-
By (11) and the assumption \/9 d(g(xo),
P(d(g(x ) 9(3)))
Again, 6 is increasing, so using (13)
d(g(3), 9(z4)) < (VO ,9(21)))))’d(g(z0), g(1)).
It is clear that g(x3) # g(xg). Put

(V0¥ (d(g(z0), g(x1)))))*®(d(g(0), 9(21)))

D(d(g(x2), 9(x3))) '
Then g3 > 1. By continuing this process, we are arrived to construct a sequence {z,} in
X such that g(x,) € Txp—1, g(x,) # g(acn 1) and

d(g(n), g(2nt1)) < (VO ,9(21)))))"d(g(x0), 9(21))

for all n. Let t = \/0(¥(d(g(w0), g(x )))), then 0 < t < 1. For n < m, by the triangle
inequality

g(x )))) < 1, we have
< ¥(d(g(2o), g(21)))-

q3 =

d(g(zn), g(@m)) < d(g(zn), 9(Tnt1)) + d(g(Tn+1), g(Tnt2)) + - ..
+ d(g(xmf2)a g(xmfl)) + d(g(wmfl)v g(xm))

<t"(L+t+t2+..)d(g(wo), g(x1))
t?’l
= (

1—t
Therefore, for n < m, we obtain

Yd(g(z0),9(x1)) = 0 as n — oo.

d(g(zpn), g(zm)) = 0 as n — oo.

We deduce
mlflr_r)loo d(g9(xn), g(zm)) = 0.
Thus {g(zn)} is a Cauchy sequence in (X, d). The proof is completed. O

The following hypothesis is required for the rest.
Hypothesis (A): For any sequence {z,}nen in X, if x, — x and (2, 2p4+1) € E(G) for
n € N, then there is a subsequence {zy, }n,en such that (z,,,z) € E(G) for n; € N.
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Theorem 2.1. Let (X,d) be a complete metric space with a directed graph G. Assume
that g : X — X is a surjective map and T : X — Py, (X)) is g-graph preserving. Suppose
that T' is a generalized g-Geraghty-type G-multivalued mapping in (X,d). Assume also
that

(1) there exists xo € X such that (g(xo),u) € E(G) for some u € Txy;

(1) if (9(x),9(y)) € E(GQ), then (z,w) € E(G) for all z € Tz, w € Ty;

(7i1) the hypothesis (A) holds.

Then there exists u € X such that g(u) € Tu, that is, u is a coincidence point of g and T .

Proof. By (i), let g € X be such that (g(x¢),g(x1)) € E(G) for some g(x1) € Txzy. From
Lemma 2.1, there exists a sequence {xk}keNU{O} in X such that for each k € N,

g(zg) € Txp—1 and  (g(zr—1),9(zk)) € E(G).

{g9(zk)} is also a Cauchy sequence in X. Since X is complete, the sequence {g(zx)}
converges to a point w for some w € X. Let u € X be such that g(u) = w. In view of
(731), there is a subsequence {g(z,)} such that (g(zx),g(u)) € E(G) for any n € N. We
claim that g(u) € Tu. We have

+ D(g(g, ), Tu))

Di(g(ap,), Tu))

H(Txy, ,Tu))

O(p(M(g(xr, ), 9(u)))) (M (g(2k, ), 9(u)))

Referring to (5) and (6),
M(g(zg,), g(u)) < d(g(wg,),g(u)) and  N(g(zg,),g(u)) = 0.

Since {g(zx,, )} is subsequence of {g(xk)}, it converges to g(u) as n — oo, so D(g(u), Tu) =
0. Since Tu is closed, we conclude that g(u) € Tu, that is, u is a coincidence point of g
and T O

Example 2.1. Let X = [0,1] be endowed with the usual metric d. Consider the directed
graph G defined by V(G) = X and

B(G) = {(22),(0, ). (5.0, (0, 1), (1.0, (G2 1 (r3) - # € X}
Let T : X — Py q(X) be defined by
{1} ifo =1,

Tx = {Oa%} if:L’E (07 1)_{;%}’
{1} ifze {0}, L}

Let g : X — X be defined by g(x) = z%. Consider 1(t) =t and 0(t) = ii—% Then it is

easy to check that T is a g-Geraghty-type G-multivalued mapping. It is straightforward to
check that the conditions (i), (ii), and (iit) of Theorem 2.1 are satisfied. On the other
hand, if (g(x),9(y)) € E(G), then H(Tg(x),Tg(y)) = 0. Hence, if for all z,y € X such
that (9(x),9(y)) € E(G), then

V(H(Tz,Ty)) < 0(¥(M(g(x), 9(y) (M (g(x), 9(y))) + L&(N(g(x), 9()))-
By Theorem 2.1, there exists u € X such that g(u) € Tu. In this example, u =

~—

5
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3. MAIN RESULTS: THE CASE s > 1

Here, we consider the case s > 1. First, we introduce the notion of a g-Geraghty-type
G-contraction multivalued mapping in the setting of b-metric spaces.

Definition 3.1. Let (X,d) be a b-metric space with a directed graph G and with a co-
efficient s > 1. Let T : X — Py 4(X) be a multivalued mapping. We say that T is
a generalized g-Geraghty-type G-contraction multivalued mapping in the b-metric space
(X,d) provided that

(1) T is g-graph preserving;

(13) for every x,y € X such that (g(x),9(y)) € E(G), whenever there exists some L > 0
such that for

D(g(z), Ty) + D(g(y), Tx)

M(z,y) = max{d(g(x), 9(y)), D(g9(z), Tz), D(9(y), Ty), 5s }
(14)
and  N(g(z),9(y)) = min{D(g(z), Tz), D(9(y), Tx)}, (15)

we have

W(s*H(Tx, Ty)) < B(M(g(x), 9(y)))(M(9(), 9(y))) + Lo(N(9(x), 9(»))),  (16)
for all x,y € X, where § € Fs and ¢, € V.

Remark 3.1. The functions belonging to F are strictly smaller than S% Then, the ex-
pression B((M(g(x), 9(v)))) in (16) satisfies

BH(M(g(x), 9y)))) < 5 for all w,y € X with z #y.

Lemma 3.1. Let (X,d) be a b-metric space with a directed graph G and with a coefficient
s > 1. Assume that g : X — X is a surjective map and T : X — Py 4(X) is g-graph
preserving. Suppose also that T is a generalized g-Geraghty-type G-contraction multivalued
mapping in (X,d). Assume that

(i) there exists xg € X such that (g(xo),u) € E(G) for some u € Txg;

(1) if (9(z),9(y)) € E(G), then (z,w) € E(G) for all z € Tx and w € Ty.

Then there exists a sequence {xy}renuqoy i X such that for each k € N, we have

g(xk) € Tap_q
(9(7k-1), 9(xx)) € E(G)
{9(z)} is a Cauchy sequence in X.

Proof. Since g is surjective, there exists 1 € X such that g(z1) € Tz and (g(x0), g(z1)) €
E(G). Let us take a real ¢ such that 1 < ¢ < s. Then

0 < D(g(x1),Tx1) < H(Txo,Tx1) < ¢H(Txo, Tx1).

Hence, By Lemma 1.2 and regarding again as ¢ is surjective, there exists zo € X such
that g(x2) € Tz; and

WY(d(g(x1), g(x2))) < Y(qH (Two,Tx1)) < qb(s* H(Tx0, T1)) (17)
< qB((M(g(wo), g(x1))))(M(g(xo0), g(x1))) + qgLd(N(g(x0), g(x1)))

) g(
< Lp(M(g(x0), 9(x1))) + gLS(N (g(xo), g(21))),
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where

M(g(z0), g(z1)) = max{d(g(zo), g(z1)), D(g(x0), Tx0), D(g(x1), T1), (18)
D(g(Q:O)v Txl) + D(g(a:l)? TQZ()) }
2s

< maX{d(g(x0)¢g($1))v D(g(xl)v T$1),

D(g([EO), Txl)
2s
D(g(wo), Txy1)
2s

}

< max{d(g(z0), g(x1)), D(g(x1), Tx1), ¥

and

N(g(x0), g(21)) = min{D(g(x0), Txo), D(g(x1), T'xo) } (19)
< min{d(g(o), 9(21)), d(9(21), (1))} = 0.

Since

D(g(xo), Tx1) _ [d(g(x0),9(x1)) + D(g(w1), Tx1)]
2s 2s
max{d(g(zo), 9(z1)), D(9(z1), Tz1)},

<
<

we get
M(xo,,z1) < max{d(g(zo), g(x1)), D(g(z1), Tx1)}.
If max{d(g(x0),9(x1)), D(g(x1), Tw1)} = D(g(x1),T1), then by (17), we have
Y(D(g(z1), Tg(x1))) < ¥(d(g(1), 9(z2)))
< 5U(D(g(@1), Ter)) < ¥(Dlglar), Tar)),

which is a contradiction. Hence, max{d(g(x¢), g(z1)), D(g(z1),Tz1)} = d(g(x0), g(x1)),
and so by (17),

d(d(glar), g(22))) < 5eb(d(g(x0), g(x1))). (20)
Since ¢ € ¥ and % < 1, we have
82
v dg(w1), 9(w2)) (21)
82
<~ 0d(g(@1), g(22)) < ¥(d(g(w0). g(21))):

The function % is increasing, so

d(g(w1), g(a2)) < Gd(g(xo), g(x1).
Recall that g(z2) € Tx1 and g(x1) ¢ Tz, so it is clear that g(z2) # g(x1). Put

0 = g P(d(g(x0), g(z1)))
FT s y(d(g(1), g(x2)))

By (18) and (20), we have q; > 1. If g(z2) € T'za, then z2 is a coincidence point of g and
T. Assume that g(xe) ¢ T'zo. Then,

0 <p(d(g(x2), Twa)) < Y(H(Tw1, Tr)) < rip(H(Twr, Taxa)).
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Hence, there exists g(z3) € Txy such that

Y(d(g(22), 9(x3))) < (s’ H(Twy, Ts))
< @B (M(g(x1), 9(22))))b(M(g(21), 9(22))) + @1 LH(N (g(x1), 9(2)))-

Similarly, M(g(x1),g(z2)) < d(g(x1),g(z2)) and N(g(x1),g(z2)) = 0. So, in addition to
(20), by a property of (), we have

W(d(g(xs), gl3))) < -

Again, by (21), we obtain

It is clear that g(z2) # g(x3). Let
,  Budlg(an) o))
ST (d(g(ra) g(w))

Then ¢ > 1. If g(z3) € Txs, then x3 is a coincidence point of g and 7. Assume that
g(x3) ¢ Txs. Then,

0 < ¢(d(g(xs), Ts)) < (H(Tx, Trg)) < qoto(s*H(To, T3)).

Thus, there exists g(x4) € Txs such that

P(d(g(w3), g(24))) < qap(s°H (Txa, T3)) (23)
< @BW(M(g(z2), 9(x3)))) (M (g(z2), 9(x3))) + g2 L(N (g(x2), g(z3)))

Similarly M(g(x2),g(w3)) < d(g(x2),g(x3)) and N(g(z2), g(x3)) = 0. So, by (12),

43 x x
Dld(glas). o) < Zo(dlo(e) aa) < (82;(3(&(5;2(’5;)1)”)w<d<g<x2>,g<x3>(>2>4)

Again, by (21),

d(g(z3), g(za)) < (5 )2 d(g(wo), g(a1))-
Put

BP0, g@)
ST T U(d(g(ws) g(wa)

Then g3 > 1. By continuing this process, we are arrived to construct a sequence {g(zy)}
in X such that g(x,) € Tz,—1 and g(z,) # g(xn—1). Also,

)" ¥ (d(g(x0), 9(21)))

q

d(g(zn), g(@nt1)) < (3
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for all n. Now, using the triangle inequality, we write for n < m
d(g(wn), 9(xm)) < sd(g(wn), 9(2n41)) + s*d(g(@n+1), g(wns2)) + - .
+ 8" 2 [d(g(wm—2), 9(@m-1)) + d(9(2m-1), 9(zm))])
< ()" (14 s(55) + 2(55)7 + - )d(g(ao), g(a1)
@)
1—s(%)

»w »

ld(g(x0),g(x1)) — 0 as n — .

Therefore, by symmetry
lim d(g(xn)vg(xm)) =0.

m,n—00

We deduce that {g(x,)} is a Cauchy sequence in (X, d). O
Our main result is stated as follows.

Theorem 3.1. Let (X, d) be a complete b-metric space with a directed graph G and with
a coefficient s > 1. Suppose that g : X — X is a surjective map and T : X — Py (X)
18 g-graph preserving. Assume also that T is a generalized g-Geraghty-type G-contraction
multivalued mapping in (X, d). Suppose that

(1) there exists xo € X such that (g(xo),u) € E(G) for some u € Txy;

(1) if (9(z),9(y)) € E(GQ), then (z,w) € E(G) for all z € Tx and w € Ty;

(7i1) (A) holds.

Then there exists u € X such that g(u) € Tu, that is, u is a coincidence point of g and T .
Proof. By (i), choose xg € X such that (g(zo),g(x1)) € E(G) for some g(x1) € T'zg. By
Lemma 3.1, there exists a sequence {x }renugoy in X such that for each k € N

g(wg) € Twg-1, (9(zr-1),9(z1)) € E(G),

and {g(zx)} is a Cauchy sequence in X. The b-metric space (X,d) is complete, so the
sequence {g(z)} converges to a point w for some w € X. g is surjective, then there exists
u € X such that g(u) = w. In view that (A) holds, there is a subsequence {g(x, )} such
that (g(x),g(u)) € E(G) for any n € N. We claim that g(u) € Tu. We have

$(D(g(u), Tw)) < (sd(g(u), g(xk,)) + s°D(g(xy,), Tw))
< (sd(g(u), g(x,))) + (s* H(Txy,, Tu))
< s(y(d(g(w), 9(zk,))) + BW(M(g(zk,), 9(u))))Y(M(g(2k,), 9(u)))
+ Lo(N(g(zx,), 9(w)))-
By (18) and (19), we obtain
M(g(zk,), 9(u)) < d(g(zr,),9(u)) and  N(g(z,),g(u)) = 0.

Because {g(xg, )} is a subsequence of {g(zx)}, so it converges to g(u) as n — oco. Thus
D(g(u), Tu) = 0. Having in mind that T'u is closed, we conclude that g(u) € Tu. O
4. CONSEQUENCES

Taking L =1 and ¥(¢) = ¢ in (16), we obtain the following result.

Corollary 4.1. Let (X,d) be a complete b-metric space with a directed graph G and with
a coefficient s > 1. Assume that g : X — X is a surjective map and T : X — Py, 4(X) is
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g-graph preserving satisfying the following:
if for all x,y € X with (9(z),g9(y)) € E(G), then

s H(Txz,Ty) < B(M(g(x), g(y)))M(g(x), g()).

Suppose also that

(1) there exists xg € X such that (g(xo),u) € E(G) for some u € Txq;
(1) if (9(z),9(y)) € E(G), then (z,w) € E(G) for all z € Tz, w € Ty;
(7i1) (A) holds.

Then there exists u € X such that g(u) € Tu.

Corollary 4.2. Let (X,d) be a complete b-metric space with a directed graph G and with
a coefficient s > 1. Assume that g : X — X is a surjective map and T : X — Py 4(X) is
g-graph preserving satisfying the following:

for all @,y € X, if (g(x), 9(y)) € B(G), then

Y(s*H (T, Ty)) < B(((d(g(x), 9(y))))e(d(g(x), 9(y))) + LN (g(2), 9(y))),
for all xz,y € X, where € F and ¢, ¢ € ¥ and
and N(z,y) = min{d(z,Tx),d(y,Tz)}. (25)

Suppose also that

(i) there exists xog € X such that (g(xo),u) € E(G) for some u € Txg;
(i7) if (g(z),9(y)) € E(Q), then (z,w) € E(G) for all z € Tz, w € Ty;
(1i1) (A) holds.

Then there exists u € X such that g(u) € Tu.
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