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DIFFERENTIAL SUBORDINATIONS USING RUSCHEWEYH
DERIVATIVE AND SALAGEAN OPERATOR

ALB LUPAS ALINA'® §

ABSTRACT. In the present paper we study the operator defined by using the Ruscheweyh
derivative R™ f(z) and the S&ligean operator S™ f(z), denoted Ly : An — An, LY f(2) =
(1—a)R™f(2)+aS™ f(2), z € U, where A, = {f € H(U) : f(2) = z+ant12" ' +..., 2 €
U} is the class of normalized analytic functions. We obtain several differential subordi-
nations regarding the operator L7 .
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1. INTRODUCTION

Denote by U the unit disc of the complex plane, U = {z € C : |z| < 1} and H(U) the
space of holomorphic functions in U. Let

An={feHU): f(z) =2+ an12" ™ +..., z€ U}

and
Hla,n] ={f € HU): f(2) =a+ anz" +an12" ™ +..., 2€ U}

for a € C and n € N. DenotebyK:{fEAn:Re Z]{,/;S)—i—1>0, zEU},theclassof

normalized convex functions in U.

If f and g are analytic functions in U, we say that f is subordinate to g, written f < g,
if there is a function w analytic in U, with w(0) = 0, |w(z)| < 1, for all z € U, such that
f(z) = g(w(z)) for all z € U. If g is univalent, then f < g if and only if f(0) = ¢g(0) and
f(U) Cg(U). Let ¢ : C3 x U — C and h be a univalent function in U. If p is analytic in
U and satisfies the (second-order) differential subordination

b(p(2), 20/ (2), 220" (2); 2) < h(2), zel, (1)

then p is called a solution of the differential subordination. The univalent function ¢
is called a dominant of the solutions of the differential subordination, or more simply a
dominant, if p < ¢ for all p satisfying (1). A dominant ¢ that satisfies ¢ < ¢ for all
dominants ¢ of (1) is said to be the best dominant of (1). The best dominant is unique
up to a rotation of U.
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Definition 1.1. (Sdalagean [6]) For f € A,, n,m € N, the operator S™ is defined by
S A, — Ap,
SUf(2)=f(z), 8'f(z) =2f(2),...
S™Hf(z) =2(S"f(2)), zeU.

Remark 1.1. If f € Ay, f(2) =2+ 372, 1y ajz, then

o0
S"f(z)=z+ Z ima;, 2 €U
j=n+1

Definition 1.2. (/5]) For f € A, n,m € N, the operator R™ is defined by R™ : A, — Ay,
Rf(z) = f(2), R'f(z)=2f"(2),.
(m4+1)R™f(2) = 2(R™f(2)) +mR™f(z), zeU.

Remark 1.2. If f € A, f(2) = 24352, 11 0,27, then R™ f (2) = 2432, 1 Oty i 10,27,
zeU.

Definition 1.3. ([1]) Let o > 0, n,m € N. Denote by L)' the operator given by L7’ :
An — Ap,

LV f(z)=(1—a)R™f(z) +aS™f(z), =zeU.
Remark 1.3. If f € Ay, f(2) =2+ 352, a;7, then
LEf(z) = 2+ S (0™ + (1= @) Oy ) 4527, 2 €U,
This operator was studied also in [1], [2].
Lemma 1.1. (Hallenbeck and Ruscheweyh [4, Th. 3.1.6, p. 71]) Let h be a convex
function with h(0) = a, and let v € C\{0} be a complex number with Re v > 0. If
p € Hla,n| and p(z) + %zp’(z) < W(z), z €U, then p(z) < g(z) < h(z), z € U, where
9(2) = 2= [ h(t) /" dt, 2 € U.
Lemma 1.2. (Miller and Mocanu [4]) Let g be a convex function in U and let h(z) =
9(z) + nazg'(z), for z € U, where a > 0 and n is a positive integer.

If p(2) = g(0) +ppz"+pni12" L +. .., 2 € U, is holomorphic in U and p(z) +azp'(z) <
h(z), z € U, then p(z) < g(2), z € U, and this result is sharp.

2. MAIN RESULTS

Theorem 2.1. Let g be a convez function, g(0) = 1 and let h be the function h(z) = g(z)+
%49 (2), z€U. Ifa,0 >0, n,m €N, f e A, and satisfies the differential subordination
() wrsey <ae). sev &

z

" (Lza (z)>5 : :
en < 9(z), z €U, and this result is sharp.

z

Theorem 2.2. Let h be an holomorphic function which satisfies the inequality
Re (1 + Z;Z:é’?) > —%, z€e U, and h(0) = 1. If a,6 > 0, n,m € N, f € A, and satisfies
the differential subordination

(F) sy <a), sev. 3

z
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m 1)
then (Laff(z)) < q(z), z € U, where q(z fO tﬁfldt. The function q is convex

and it 1s the best dominant. e

Corollary 2.1. Let h(z) = W be a convex function in U, where 0 < g < 1. If
a,0 >0, n,meN, fe A, and satisfies the differential subordination

m ()N 01
(Laf()> (L2 f(2) < h(z), z€U, (4)

z

m §
then (LO‘ff(Z» < q(z), z € U, where q is given by q(z) = (26 —1) + 2(1_5)5 o tf dt,
z € U. The function q is conver and it is the best dominant. "

Remark 2.1. Forn =1, m =1, a = 2, 6 = 1 we obtain the same example as in [3,
Example 2.2.1, p. 26].

Theorem 2.3. Let g be a convex function such that g (0) = 1 and let h be the function

h(z) = g(2) + 224 (2), 2 € U, where vy > 0. Ifa >0, n,m € N, f € A, and the

differential subordination

G0z LpfG) 2 L)
Tt E)T ()

(LefE) @)
LfG) o 1E() ]”( Joozel
(5)

holds, then Z(L#ff(?)f < g(z), z € U, and this result is sharp.

Theorem 2.4. Let h be an holomorphic function which satisfies the inequality
Re <1 + z}/ﬁé(;)) > —1,2€U, and h(0) = 1. If a > 0, v € C\{0} be a complex number
with Re v >0, n,m € N, f € A, and satisfies the differential subordination

(D= Lpfz) 2 Lpf)  |Lafe)  Eetfe)] U
T @) ) | wie e | M e
(6)

then z% < q(z), z € U, where q(z) = m%/nfoz h(t)t'Y/”*ldt. The function q is

(Lt f(2))
convex and it is the best dominant.

Theorem 2.5. Let g be a convex function such that g(0) = 1 and let h be the function
h(z) =g(z)+ %g’(z), z €U, wherey > 0. Ifa >0,n,meN, f €A, and the differential

subordination
(L™ f (z)) ((LZ}f (Z))/)2] <h(z), =zeU (7)

(v+2)2 (L f(2) | 2°
gl Lpf(z) v | Lf(2) Ly f(2)
holds, then z (Lmj;(( ))) < 9g(2), z € U. This result is sharp.
Theorem 2.6. Let h be an holomorphic function which satisfies the inequality

Re (1 + h’((i)) > —1,2€U, and h(0) = 1. If a > 0, v € C\{0} be a complex number
with Re v > 0, n,m € N, f € A, and satisfies the differential subordination
(v +2)2* (Lgf () (L f ()" <(me (Z))/>2
a ol o - o < h(z), zel, 8
v LefG) v | Lefe  \ Lefe) ) )

then zQ% < q(z), z € U, where q(z) = mw/n fo () t/"=1dt. The function q is
convex and it is the best dominant.




36 TWMS J. APP. ENG. MATH. V.4, NO.1, 2014

Theorem 2.7. Let g be a convex function such that g(0) = 1 and let h be the function
h(z)=g(z)+nzg'(2),z€ U. Ifa >0,n,m €N, f € A, and the differential subordination
LY f(2) - (LR f(2)"
2
(L f ()]

LE f(2) : :
holds, then i)Y < 9g(2), z € U.This result is sharp.
Theorem 2.8. Let h be an holomorphic function which satisfies the inequality

Re <1 + h'((§)> > — 7 zeU,and h(0) =1. Ifa >0, n,m €N, f € A, and satisfies the

differential subordmatwn
LR f(2) - (LR (2)"
[z f <z>>’]2

L3 f(2)
then oy q(2), z € Uwhere q(z)
and it 1s the best dominant.

Corollary 2.2. Let h(z) = % be a convex function in U, where 0 < g < 1. If

a>0,nmeN, fe A, and satisfies the differential subordination
CLRf(2) - (LR f(2)"
2
(L f (2))]

then #]}(é))), < q(z), z € U, where q is given by q(z) = (26 —1) + 25112_;) : tf+t dt,

z € U. The function q is convex and it is the best dominant.

<h(z), zeU 9)

< h(z), zel, (10)

fo tﬁ_ldt. The function q is conver

<h(z), zel, (11)

Example 2.1. Let h(z) = L__z
_1

"(2)
(O)—landRe( e +1)
5.
Let f(2) =2z+2% 2€U. Forn=1,m=1, a =2, we obtain
Lif (2) = =RYf (2) + 281 f (2) = —2f' (2) 4+ 22f' (2) = 2f' (2) = = + 22°.
Then (L3f (2)) =1 +4z,
Lif (2) z+222 1422

Z(L%f(z))/ Cz(1442) 1442

I_L%f(z)-(l‘éf(z))” _q_ (z+222)-4_ 822 +42+1

[(L%f (Z))/r (1+42)2 (1+42)?

We have

1—|—t z

82244241 < 1=z
(144z)2 1+z ’

/ -t 21In (1 + 2)
1+ =

1422 =< 1+w

Using Theorem 2.8 we obtain z € U, induce 1

z e U

)

Theorem 2.9. Let g be a convex function such that g(0) = 0 and let h be the function
h(z) = g(z)+nzg'(2), z€ U. Ifa > 0, n,m € N, f € A, and the differential subordination

(Lo f ()] + L0 f (2) - (L0 f (2)) < h(z), =z€U (12)
holds, then M < g(2), z € U.This result is sharp.
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Theorem 2.10. Let h be an holomorphic function which satisfies the inequality
Re <1 + h/((§)> > — , ze U, and h(0) =0. Ifa >0, n,m e N, f € A, and satisfies the
differential subordmatwn

[(L2F @]+ Lo f (2) - (L2f (2)) < h(z), =€, (13)

then w < q(2), z € Uwhere q(z) = -1t [ h(t)tifldt. The function q is

nzmn

convex and it is the best dominant.

Corollary 2.3. Let h(z) = % be a convex function in U, where 0 < B < 1. If
a>0,nméeN, fe A, and satisfies the differential subordination

(L2 ()] + L0 f (2) - (L2 (2)" < h(z), =z€U, (14)

then M < q(z), z € U, where q is given by q(z) = (26 — 1)+ 20 75) : t1"+t dt,

z e U. The functzon q is conver and it is the best dominant.

Example 2.2. Let h(z) = ii a convex function in U with h (0) = 1 and Re (Z;LL,IES) + 1) >

—%. Let f(2) =2+ 2% 2€U. Forn=1,m=1, a =2, we obtain
Lif(2) = =RYf (2) + 28 f (2) = —2f' (2) + 22f' (2) = 2f (2) = 2 + 222, 2 €U
Then
(L%f (z))/ =1+4z,

Lyf (=) (L3f (2)" (2 +22°) (1+42) _ 822 462+ 1
z z 7

[(L%f (z))’}2 + LA () (L3S (2))" = (1 +42)° + (2 +22%) -4 = 2422 + 122 + 1.

We have
1 1-—1¢ 21
_/ 1oty _ 2042
1+¢ z

Using Theorem 2.10 we obtain 242% + 12z +1 < %;‘z, z € U, induce

2In(1+2)

822 +62+1~<—1+ eU.

Theorem 2.11. Let g be a convex function such that g(0) = 0 and let h be the function
h(z) =g(2) + 54 (2), z€ U. Ifa >0, 6 € (0,1), n,m €N, f € A, and the differential
subordination
0 1 / /
Lm+1 Lm+ Lm
< < ) « f(Z) ( « 1f (Z)) _6( af(Z)) < h(Z), = U (15)
Ly f (2) -0 Lt f (2) L f (2)

Lrtye) (e \° . ‘
holds, then - ) = 9(z), z € U. This result is sharp.

Theorem 2.12. Let h be an holomorphic function which satisfies the inequality
Re <1+ h’((i)) > — , zeU,and h(0)=1. Ifa >0, € (0,1), n,m €N, f e A, and
satisfies the dzﬁerentml subordination

( 2 >5Lgn+1f(z)<(L;"+1f(z))'_5(LZ‘f(z))’

i) 1 rrre U Iere) ><h(z)’ et no



38 TWMS J. APP. ENG. MATH. V.4, NO.1, 2014

LZLJrl 0 5 1-5 .
then Zf(z) : (Lglj”(z)) < q(2), z € U, where q(z) = ni%é Jo h(t)t = Ldt. The function
q is convex and it is the best dominant.
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