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     Depar tment  o f  Mathemat ics  and  S ta t i s t i c s ,  Brune l  Univers i ty  

 

Abstract

F o r  a  c o m p r e s s i b l e  i s o t r o p i c  e l a s t i c  s o l i d  l o c a l  a n d  g l o b a l  n o n -

u n i q u e n e s s  o f  t h e  h o mo g e n e o u s  d e f o r ma t i o n  r e s u l t i n g  f r o m p r e s c r i b e d  

d e a d - l o a d  b o u n d a r y  t r a c t i o n s  i s  e x a m i n e d .  I n  p a r t i c u l a r ,  f o r  t h e  

p l a n e - s t r a i n  p r o b l e m  w i t h  e q u i b i a x i a l  i n - p l a n e  t e n s i o n ,  e q u a t i o n s  

g o v e r n i n g  t h e  p a t h s  o f  d e f o r m a t i o n  b r a n c h i n g  f r o m  t h e  b i f u r c a t i o n  p o i n t  

o n  a  d e f o r m a t i o n  p a t h  c o r r e s p o n d i n g  t o  i n - p l a n e  p u r e  d i l a t a t i o n  a r e  

d e r i v e d .  E x p l i c i t  c a l c u l a t i o n s  a r e  g i v e n  f o r  a  s p e c i f i c  s t r a i n - e n e r g y  

f u n c t i o n  a n d  t h e  s t a b i l i t y  o f  t h e  b r a n c h e s  i s  d i s c u s s e d .  S o m e  g e n e r a l  

r e s u l t s  a r e  t h e n  g i v e n  f o r  a n  a r b i t r a r y  f o r m  o f  s t r a i n - e n e r g y  f u n c t i o n .  
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1. INTRODUCTION AND BASIC EQUATIONS 
 

     In  [1]  the branching and global  non-uniqueness  of  the solut ion to  the 

p lane-s t ra in  problem of  a  homgeneous  incompress ib le  i so t rop ic  e las t ic  so l id  

s u b j e c t  t o  i n - p l a n e  e q u i b i a x i a l  d e a d - l o a d  t r a c t i o n s  w a s  e x a mi n e d .  I n  

pa r t i c u l a r ,  b i furcat ion from a homogeneously-deformed configurat ion with 

e q u a l  i n - p l a n e  p r i n c i p a l  s t r e t c h e s  w a s  f o u n d  t o  o c c u r  a t  a  c e r t a i n  c r i t i c a l  

va lue  o f  the  s t ress ,  dependen t  on  the  fo rm of  s t r a in -energy  func t ion .  An  

equat ion governing the global  development  of  the  deformation branches eman-

a t ing  f rom the  b i fu rca t ion  po in t  was  ob ta ined  and  examined  in  de ta i l  wi th  

r e g a r d  t o  s t a b i l i t y  a n d  i n  r e s p e c t  o f  d i f f e r e n t  c h o i c e s  o f  s t r a i n - e n e r g y  

func t ion .  Re la ted  p rob lems  fo r  incompress ib le  mate r i a l s  have  been  cons id -

e red  in  [2 -4] .  

 I n  t h e  p r e s e n t  p a p e r  w e  g i v e  a  p a r a l l e l  a n a l y s i s  f o r  c o mpr e s s i b l e  

m a t e r i a l s  f o r  w h i c h ,  a p p a r e n t l y ,  n o  r e s u l t s  h a v e  a p p e a r e d  p r e v i o u s l y .   W e  

b e g i n  b y  s u m m a r i z i n g  t h e  b a s i c  e q u a t i o n s  a n d  n o t a t i o n .  

 A  p o i n t  o f  t h e  m a t e r i a l  b o d y  B  i s  i d e n t i f i e d  b y  i t s  p o s i t i o n  v e c t o r   ~
X

r e l a t i v e  t o  s o m e  f i x e d  o r i g i n  i n  a  g i v e n  r e f e r e n c e  c o n f i g u r a t i o n .  L e t  t h e  

d e f o r m a t i o n  b e  d e f i n e d  b y  ~
X

       ~   = ( )    x ~X ~X ~X ∈   B ,    (1) 

w h e r e  i s  t h e  p o s i t i o n  v e c t o r  o f  t h e  p o i n t   i n  t h e  c u r r e n t  c o n f i g u r a t i o n .  ~x ~X

The  deformat ion  g rad ien t  

             (2) ~XGrad~A =

i s  subjec t  to  

  det  > 0 ,      (3) ~A

a n d  w e  s h a l l  m a k e  u s e  o f  t h e  p o l a r  d e c o m p o s i t i o n  

  
~

,U
~
R

~
A =       (4)
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w h e r e   i s  p r o p e r  o r t h o g o n a l  a n d   i s  p o s i t i v e  d e f i n i t e  a n d  s y m m e t r i c .  
~
R

~
U

T h e  n o t a t i o n  
 J = det  = det  (5) ~A ~U

is also used.  
 T h e  e l a s t i c  s t r a i n - e n e r g y  f u n c t i o n  W ,  p e r  u n i t  r e f e r e n c e  v o l u m e ,  
s a t i s f i e s  t h e  o b j e c t i v i t y  c o n d i t i o n  
 
 W( ) = W( ) .  (6) ~A ~U

In  wha t  fo l lows  we  use  bo th  the  nomina l  s t r ess ,  g iven  by  ~S

         ~  = S
~A
W
∂
∂  ,      (7) 

and the symmetric Biot stress ( 1 )
~T  , given by 

          ( 1 )
~T  -  

~U
W
∂
∂  .      (8)  

 F o r  a n  i s o t r o p i c  m a t e r i a l  W  d e p e n d s  o n   o n l y  t h r o u g h  i t s  p r i n c i p a l  
~
U

v a l u e s   ,   ,   ,  t h e  p r i n c i p a l  s t r e t c h e s ,  a n d  i s  s u b j e c t  t o  t h e  p a i r -  1λ 2λ 3λ

    w i s e  s y m m e t r i e s .  
       

.)λ,λ,(λw)λ,λ,(λw)λ,λ,w(λ 213231321   (9) = =

 
The pr incipal  components  of  ~

( 1 )T    are  then given by 

   
i

)1(
i

Wt
λ∂
∂

=     i = 1,2,3 ,     (10) 

and we also have the important connection [5,6] 

  = , (11) ~S ~
)1(T ~

TR

where  is  the  t ranspose of  .  ~
TR ~R

Since  we  a re  concerned  wi th  a  homogeneous  mate r ia l  homogeneous ly  
d e f o r m e d  u n d e r  t h e  a c t i o n  o f  d e a d - l o a d  t r a c t i o n s ,  p r e s c r i p t i o n  o f  t h e s e  
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t r a c t i o n s  i s  e q u i v a l e n t  t o   p r e s c r i p t i o n  o f  .   E q u a t i o n  ( 1 1 )  c a n  b e  r e -~S

g a r d e d  a s  a  p o l a r  d e c o mp o s i t i o n  o f   i n  t e r ms  o f  s y mme t r i c   a n d  p r o p e r  ~S ~
)1(T

o r t h o g o n a l  .  O n c e   a n d   a r e  d e t e r m i n e d  t h e  d e f o r m a t i o n  g r a d i e n t   
~
R ~

)1(T
~
R ~A

i s  g i v e n  b y  ( 4 )  w h e n   i s  f o u n d  b y  i n v e r s i o n  o f  ( 8 ) .  H o w e v e r ,  u n l i k e   ~U ~U

i n  ( 4 ) ,   i n  ( 1 1 )  n e e d  n o t  b e  p o s i t i v e  d e f i n i t e  a n d  s o  t h e  p o l a r  d e c o m -~
)1(T

p o s i t i o n  ( 1 1 )  i s  n o t  u n i q u e .   T h e  e x t e n t  o f  i t s  n o n - u n i q u e n e s s  h a s  b e e n   
 
d i s c u s s e d  i n  [ 5 , 6 ]  a n d  h e r e  w e  s u mma r i z e  b r i e f l y  t h e  r e l e v a n t  r e s u l t s .  
 

 I f  t h e  p r i n c i p a l  v a l u e s  o f   a r e  d i s t i n c t  t h e n  t h e  o r i e n t a t i o n  ~S ~
TS

o f  t h e  p r i n c i p a l  a x e s  o f  ,  a n d  h e n c e  o f  U  ( s i n c e   i s  c o a x i a l  w i t h  ~
)1(T ~

)1(T

~U  f o r  a n  i s o t r o p i c  m a t e r i a l ) ,  i s  u n i q u e l y  d e t e r m i n e d  b y   a n d  t h e r e  a r e  ~S

j u s t  f o u r  p o s s i b l e  c o m b i n a t i o n s  o f  s i g n s  o f  t h e  p r i n c i p a l  v a l u e s ,  )1(
1t

 
)1(

2t  ,  O n l y  o n e  o f  t h e s e  s a t i s f i e s  t h e  i n e q u a l i t i e s  )1(
3t

 
ji0tt (1)

j
(1)
i ≠>+        (12) 

 

w h i c h  a r e  n e c e s s a r y  f o r  t h e  c o n s i d e r e d  c o n f i g u r a t i o n  t o  b e  s t a b l e  

( n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n s  f o r  s t a b i l i t y  a r e  g i v e n  i n  S e c t i o n  2 ) .  

S u b j e c t  t o  t h e  a b o v e  r e s t r i c t i o n s  t h e  d e f o r m a t i o n  r e s u l t i n g  f r o m   i s  ~S
u n i q u e  i f  a n d  o n l y  i f  ( 1 0 )  i s  u n i q u e l y  i n v e r t i b l e .  
 

I f ,  o n  t h e  o t h e r  h a n d ,  t w o  p r i n c i p a l  v a l u e s  o f   a r e  e q u a l  t h e n  ~S ~
TS

t h e  o r i e n t a t i o n  o f  t h e  p r i n c i p a l  a x e s  o f  ,  a n d  h e n c e  o f  ,  i s  ~
)1(T ~U

a r b i t r a r y  i n  t h e  p r i n c i p a l  p l a n e  d e f i n e d  b y  t h e  e q u a l  p r i n c i p a l  v a l u e s .  

S u b j e c t  t o  t h i s  a r b i t r a r i n e s s  t h e  d e f o r m a t i o n  i s  f o u n d  b y  d e t e r m i n i n g  

, , ,  f r o m  ( 1 0 ) ,  g i v e n  t h a t  ( 1 2 )  h o l d s .  2λ 3λ1λ

I n  S e c t i o n s  3  a n d  4  w e  s h a l l  c o n s i d e r  t h e  i n v e r s i o n  o f  ( 1 0 )  i n  d e t a i l ,  

b u t  f i r s t  w e  e x a m i n e  t h e  l o c a l  c o u n t e r p a r t  o f  t h e  i n v e r s i o n  o f  ( 7 ) .  
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2. INCREMENTAL DEFORMATIONS AND STABILITY 
 

       We now consider a small increment, ~X
&  say, in the deformation ~X  and 

introduce the notation 
 

~A
&  = Grad ~X

& .      (13) 

 
The incremental  form of the consti tutive equation (7) may be writ ten 
 

~S
&  = ~A ~A

&        (14) 

 
correct  to  the f i rs t  order  in  ~A

& ,  where ~S
&  i s  the nominal  s t ress  increment  

and 

2

2

~A
W

~A
~S

~A ∂

∂
=

∂
∂

=      (15)  

i s  the  ( four th -order )  t ensor  o f  e las t i c  modul i  assoc ia ted  wi th  ( ~S , ~A ) .  

      The  incrementa l  cons t i tu t ive  l aw (14)  i s  inver t ib le  p rov ided  ~A  

 i s  non-s ingula r .   Th is  i s  guaran teed ,  in  par t i cu la r ,  i f  the  exc lus ion  
 
condi t ion  
 

tr{( ~A ~A
& ) ~A

& } > 0      (16) 

 
holds for all ~A

& |=  ~0 . If (16) holds the deformation ~X  is stable in 

the classical sense. 
 

We are concerned with a path of loading which leads through a  
 

sequence of stable configurations and reaches a configuration where 
 

(16) just  fai ls ,  i .e .  where 
 

       tr{( ~A ~A )& ~A } > 0     (17) &

for all ~A
& ,  with equality holding for some ~A

&  |= ~0 . 

In such a configuration extremization of (17) shows that 

 
~
S&  = ~A ~A

& = 0      (18) 
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fo r  the  ~A
&  which  g ives  equa l i ty  in  (17) .   Thus ,  s ince  bo th  ~A  and  ~A  +  ~A

&  

c o r r e s p o n d  t o  n o mi n a l  s t r e s s  S  i n  t h e  c o n s i d e r e d  c o n f i g u r a t i o n  b i f u r c a t i o n  

o c c u r s  t h e r e .   O f  p a r t i c u l a r  i n t e r e s t ,  t h e r e f o r e ,  a r e  c o n f i g u r a t i o n s  ~X  i n  

wh ich  ~A  i s  s i n g u l a r .  We  r e f e r  t o  s u c h  c o n f i g u r a t i o n  a s  b i f u r c a t i o n  p o i n t s .   

I n  wha t  fo l lows  we  sha l l  be  concerned  wi th  the  de te rmina t ion  o f  such  po in t s  

and the global '  development of the branches of ~X  emanating from them. 

T o  b e  m o r e  s p e c i f i c  w e  n o t e  f i r s t  t h a t  t h e  c o m p o n e n t s  o f ~A  r e f e r r e d  

t o  t h e  p r i n c i p a l  a x e s  o f ~U  a r e  g i v e n  b y  

⎪
⎪
⎪
⎪

⎭

⎪
⎪
⎪
⎪

⎬

⎫

=
−

−
=

=
−

−
=

∂∂
∂

=

,ji
λλ

tλtλ
A

,ji
λλ

tλtλ
A

,
λλ

WA

|

|

2
j

2
i

(1)
ji

(1)
ij

ijji

2
j

2
i

(1)
jj

(2)
ii

ijij

ji

2
iijj

   (19) 

( fo r  a  de ta i l ed  der iva t ion  see  [6 ] ) .  The  exc lus ion  condi t ion  (16)  i s  

then easi ly  shown to be equivalent  to  

)λ/t( j
(1)
i ∂∂  i s  posi t ive defini te  ,     (20) 

,ji0tt |
(1)
j

(1)
i =>+     (21) 

ji0)λ)/( λt(t |ji
(1)
j

(1)
i =>−−     (22) 

joint ly ,  and 
~
A  is  s ingular  where any one of  these fai ls .  

      Suppose  now tha t  λ 3  i s  f ixed  and  a t t en t ion  i s  r es t r i c ted  to  inc rementa l  

de format ions  in  the  (1 ,2 ) -p lane .   Then  (20)  - (22)  reduce  to  

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

λ∂

∂
λ∂λ∂

∂

λ∂λ∂
∂

λ∂

∂

2
2

2

21

2
21

2

2
1

2

WW

WW

  i s  pos i t ive  de f in i t e  ,      (23) 
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      ,0
λ2
W

λ
Wtt

1

(1)
2

(1)
1 >

∂
∂

+
∂
∂

≡+                (24) 

 

               0)λ(λ
λ
W

λ
W

21
21

>−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

−
∂
∂                  (25) 

respectively.  
 
       T h e  b i f u r c a t i o n  p o i n t s  c o r r e s p o n d i n g  t o  s i n g u l a r i t y  o f  t h e  m a t r i x  

i n  ( 2 3 )  a r e  a s s o c i a t e d  w i t h  i n c r e m e n t a l  m o d e s  o f  d e f o r m a t i o n  w h i c h  a r e  

c o a x i a l  w i t h  t h e  u n d e r l y i n g  d e f o r m a t i o n .  T h o s e  c o r r e s p o n d i n g  t o  f a i l u r e  

o f  ( 2 4 )  o r  ( 2 5 )  i n v o l v e  s h e a r i n g  m o d e s  o f  i n c r e m e n t a l  d e f o r m a t i o n  [ 5 , 6 ] .  

I n  t h e  s p e c i a l  c a s e  2
1

22
2

2
21 λWλW,λλ ∂∂=∂∂=  a n d  t h e  m a t r i x  ( 2 3 )  i s  

s i n g u l a r  w h e n  e i t h e r  

                   ;0
λλ

W
λ
W

21

2

2
1

2
=

∂∂
∂

+
∂

∂  

 
in  which  case  the  incrementa l  deformat ion  main ta ins  equa l  in -p lane  pr inc ipa l  
s t re tches ,  or  

            ;0
λλ

W
λ
W

21

2

2
1

2
=

∂∂
∂

−
∂

∂       (26) 

 
w h i c h  c o r r e s p o n d s  t o  a  p u r e  s h e a r  i n c r e me n t a l  mo d e .  Whe n    ( 2 5 )  ,λλ 21 =
a l s o  j u s t  f a i l s  w h e r e  ( 2 6 )  h o l d s .  
 
3. EQUIBIAXIAL TENSION 

 
  S u p p o s e  t h a t   i s  p r e s c r i b e d  a n d  t h a t   i s  0ttt (1)(2)

1
(1)
1 >≡= 3λ

f i x e d .  T h e n  ( 2 4 )  a u t o m a t i c a l l y  h o l d s .  T h e  e q u a t i o n  

       )1(
2

21

)1(
1 t

.
W

.
Wt =

λ∂
∂

=
λ∂
∂

=         (27) 

a l w a y s  h a s  t h e  s o l u t i o n   B u t  o n  s u c h  a  p a t h  o f  d e f o r m a t i o n  ,λλ 21 =

b i f u r c a t i o n  i n t o  a  c o n f i g u r a t i o n  w i t h   c a n  o c c u r  i f  t h e  c o n d i t i o n  ,λλ 21 |=

( 2 6 )  i s  m e t  a s  t ( 1 )  i n c r e a s e s .  T o  i l l u s t r a t e  t h e  t y p e  o f  r e s u l t  o b t a i n -

a b l e  w e  n o w  c o n s i d e r  a  s p e c i f i c  f o r m o f  s t r a i n - e n e r g y  f u n c t i o n  p r i o r  t o  
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e x a m i n i n g  t h e  g e n e r a l  c a s e  i n  S e c t i o n  4 .  
 
        L e t  

            ,1)(JK'
2
1J)In2λλμ(λ

2
1W 22

3
2
2

2
1 −+−++=      (28) 

Where 

                  μ
3
2K'K −=             (29) 

 
a n d   a r e  t h e  g r o u n d  s t a t e  s h e a r  a n d  b u l k  m o d u l i  o f  e l a s t i c i t y ,  0K,0μ >>

Then ,  f r om (27 ) ,  

 
       (30) 31

1
2232

1
11

(1) λλ1)(J'K)λμ(λλλ1)(J'K)λμ(λt −+−=−+−= −−

 
 and also 
 

.1)(JλK'Jμλμ)λ(λ
λ2
W

λ
W

3
1

321
1

−−+==−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

−
∂
∂ −       (31) 

 
O n  s e t t i n g  i n  ( 3 1 )  w e  d e d u c e  t h a t  t h e  c r i t i c a l  v a l u e  o f  λλλ 21 ==
λ  a t  w h i c h  ( 2 6 )  h o l d s  i s  g o v e r n e d  b y  
 
                      (32) 0μλ)λ'K(μλλK' 2

3
42

3 =−+−
 

As sumi ng  t ha t  K '  > 0  we  s ee  t ha t  ( 32 )  ha s  on ly  one  pos i t i ve  r e a l  
s o l u t i o n  fo r    s ay ,  g iven  by  cλλ,

 

    .'k2/]'K4)'K(['K{ 2
32

1
2
3

2
33

2
c λλμ+λ+μ+λ+μ=λ        (33) 

 
F r o m  ( 3 0 )  t h e  a s s o c i a t e d  c r i t i c a l  v a l u e  o f  t ( 1 ) ,  t  s a y ,  i s  f o u n d  t o  )1(

c

b e  simply 
 
                             (34)  .2μt c

(1)
c λ=

 
Clearly, 

 
.1λλ 3

2
c >              (35) 
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B e y o n d  t h e  c r i t i c a l  v a l u e  a  p a t h  o f  d e f o r m a t i o n  w i t h     i s  1λ |= 2λ

gove rned  by  t he  s econd  equa t i on  i n  ( 30 ) ,  wh ich  ma y  be  r ea r r anged  a s  

 

   .0μλ)λλ'k(μλλλK' 213
2
2

2
1

2
3 =−+−

 
Comparison of  this  with (32)  shows that  

 
2
c21 λ=λλ        (36) 

and hence, from (30), 
 

           (37) .)λλμ(λt c
1

11
(1) −+=

 
W i t h  t h e  h e l p  o f  ( 3 4 ) ,  e q u a t i o n  ( 3 7 )  i s  s o l v e d  t o  g i v e  
 

          /2μtttλ
2(1)

c
2(1)(1)

1
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−±=     (38) 

 
T h u s ,  f o r   t h e r e  a r e  t w o  d e f o r m a t i o n  b r a n c h e s  e m a n a t i n g  f r o m  (1)

c
(1) tt >

t h e  c r i t i c a l  v a l u e c1 λλ =  o n  t h e  d e f o r m a t i o n  p a t h  21 λλ =   T h i s  i s  

d e p i c t e d  i n  F i g u r e  1  w h e r e  t h e  r a t i o   i s  p l o t t e d  a g a i n s t  2
c

2
121 /λλ/λλ ≡

.t (1)  

 
 

       FIGURE 1    ABOUT HERE 

 T h e  b a s i c  d e f o r m a t i o n  p a t h  ,λλ 21 =  i s  c l e a r l y  s t a b l e  u p  t o  t h e  b i -

f u r c a t i o n  p o i n t   a n d  u n s t a b l e  f o r  c   I n  o r d e r  t o  a s s e s s  t h e  ,λλ = ,λλ >c1 1

s tab i l i ty  o f  the  b ranches  (wi th  respec t  to in -p lane incrementa l d e f o r m a t i o n  

w e  o b s e r v e  f i r s t  t h a t  ( 2 4 )  h o l d s .  A f t e r  a  l i t t l e  a l g e b r a ,  f o l l o w i n g  s u b -

s t i t u t i o n  o f  ( 2 8 )  i n t o  t h e  m a t r i x  ( 2 3 )  a n d  u s e  o f  ( 3 6 ) ,  i t  i s  e a s y  t o  s h o w  

t h a t  ( 2 3 )  h o l d s .  H o w e v e r ,  s i n c e  ( 2 7 )  h o l d s  w i t h  1λ |= 2λ t h e  i n e q u a l i t y  

( 2 . 5 )  f a i l s .  Thus ,  t he  b r anches  can  be  r ega rded  a s  neu t r a l l y  s t ab l e .  
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 Whether or not branching occurs depends on the form of strain-energy 

funct ion.  To i l lus t ra te  the  point  we note  that  for .  

         2
21

2
21 )λμ(λ

2
12)λμ)(λ(K'

2
1W −+−++=  

)1(λ3 =  t h e r e  i s  n o  b i f u r c a t i o n  p o i n t  o n  t h e  p a t h 21 λλ = .  B y  c o n t r a s t ,  

for  an incompressible  isotropic  e last ic  mater ia l ,  branching occurs  for  

every form of  s t ra in-energy funct ion [1] .  

 
4. SOME GENERAL RESULTS 

 

    At this point it is convenient to replace the variables  by 21 λ,λ

2
1

*
1

*
21

* Jλλ,λλJ
−

==     (39) 

and to write 

   .)λ,Jλ,JλW()λ,J,(λW 32
1*1*2

1
**

3
*** −=     (40) 

 
The symmetry  (9)  leads  to  

 

          (41) .)λ,Jλ(W)λ,J,(λW 3
***

3
*1-** =

 

Exp re s sed  i n  t e rms  o f  *λ  and    t he  cen t r a l  equa t ion  i n  (27 )  becomes  *J

*

*
2*

*

*
*1**

λ
W1)(λ

2
1

J
W)Jλ(λ

∂
∂

==
∂
∂− −     (42) 

 
and this is coupled with 

     .)λ(1
λ

WJt 2*
*

*
2
1

*(1) −−
−

∂
∂

=       (43) 

On the fundamental  path of  deformation *λ  =  1  and the cr i t ical  value 

*
cJ  of   which def ines  the point  of  bifurcat ion is  obtained from(42)*J
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b y  d i v i d i n g  b y  a n d  t a k i n g  t h e  l i m i t  T h i s  g i v e s  1** λλ −− 1.λ* →

   .)λ,J(1,
λ

W
2
1)λ,J(1,

J
WJ 3

*
c2*

*2
3

*
c*

*
*
c

∂

∂
=

∂

∂         (44) 

T h e  c o r r e s p o n d i n g  c r i t i c a l  v a l u e  o f  t ( 1 )  i s  

   .)λ,J(1,
J

WJt 3
*
c*

*
2
1*

c
(1)
c

∂

∂
=          (45) 

 W i t h  t h e  h e l p  o f  ( 4 4 )  i t  i s  e a s y  t o  s h o w  t h a t  ( 2 6 )  r e d u c e s  t o  

         .0)λ,J(1,
Jλ

W
3

*
c**

*2
=

∂∂

∂             (46) 

T h i s  i s  a u t o m a t i c a l l y  s a t i s f i e d  s i n c e ,  f r o m  ( 4 2 ) ,  .0)λ,J(1,λW 3
*** ≡∂∂     

Dif ferent ia t ion of  (41)  three  t imes  shows that  

.)λ,J(1,
λ

W3)λ,J(1,
λ
W

3
*
c2*

*2
3

*
c*3

*3

∂

∂
−=

∂

∂  (47) 

a n d ,  f r o m  ( 4 2 ) ,  b y  m e a n s  o f  a  l i m i t i n g  p r o c e s s  a n d  u s e  o f  ( 4 7 ) ,  w e  

o b t a i n  

            0/dλJd/dλdJ *2*2** ==

a t  t h e  c r i t i c a l  p o i n t .   A l s o ,  f r o m  ( 4 3 )  w i t h  t h e  h e l p  o f  ( 4 7 ) ,  i t  

c a n  b e  s h o w n  t h a t   a n d  0λ/t *(1) =∂∂

    
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

∂

∂
−

∂

∂
=

λ∂

∂ ′′−
)λ,J(1,

λ
W2)λ,J(1,

λ
W

6
1Jt

3
*
c2*

*4
3

*
c4*

*4
2
1*

c2*

)1(2
       (48) 

a t  t h e  c r i t i c a l  p o i n t .  

T h e  T a y l o r  e x p a n s i o n  o f  ( 4 3 )  n e a r  t h e  c r i t i c a l  p o i n t  t h e r e f o r e  

y i e l d s  

  2*

)1(2
2*)1(

c
)1(

λ
t)1(λ

2
1tt

∂

∂
−+=      (49)
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t o  t h e  s e c o n d  o r d e r  i n   s h o w i n g  t h a t  t w o  d e f o r m a t i o n  b r a n c h e s  ,|1λ| * −

e m a n a t e  f r o m  t h e  b i f u r c a t i o n  p o i n t .  I f  t h e  e x p r e s s i o n  ( 4 8 )  i s  p o s i t i v e  

( n e g a t i v e )  t h e n   a n d  t h e  b r a n c h e s  a r e  )t(ttt (1)
c

(1)(1)
c

(1) <>

n e u t r a l l y  s t a b l e  ( u n s t a b l e ) .  

 C o r r e s p o n d i n g  r e s u l t s  f o r  i n c o mpr e s s i b l e  ma t e r i a l s  g i v e n i n  [ 1 ]  a r e  

r e c o v e r e d  b y  s e t t i n g   i n  ( 4 3 )  a n d  ( 4 8 )  i n  p a r t i c u l a r .  1
3

* λJ −=
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Capt ion to  Figure 1

F i g .  1  B i f u r c a t i o n  d i a g r a m  s h o w i n g 21 /λλ  p l o t t e d  a g a i n s t  t ( 1 )  

i n  r e s p e c t  o f  t h e  s t r a i n - e n e r g y  f u n c t i o n  ( 2 8 ) .  



 



 
 

 
 


