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A method is  presented for  t reat ing s ingular i t ies  which  

occur  in  solut ions  of  Parabol ic  par t ia l  d i fferent ia l   

equat ions due to  sharp corners  in  the boundary.                   

The method is  essent ia l ly  an extension of  the  method    

due to  Motz (1946)  for  solving El l ipt ic  problems and  

approximates  to  the  analyt ical  form of  the  s ingular i ty    

in  terms of  neighbouring funct ion values  a t  each t ime  

s tep.   I t  i s  used in  conjunct ion with  the s imple expl ic i t   

f ini te-difference scheme and subsequent ly  the overal l   

method is  expl ic i t .  
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1.  Introduction. 

 
 I n  r e c e n t  y e a r s  m u c h  a t t e n t i o n  h a s  b e e n  g i v e n  t o  e l l i p t i c  

p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  i n  d o m a i n s  w h i c h  c o n t a i n  r e - e n t r a n t  

c o r n e r s  b u t  l i t t l e  w o r k  h a s  b e e n  d o n e  o n  c o r r e s p o n d i n g  p a r a b o l i c  

p r o b l e m s .   S t a n d a r d  f i n i t e  d i f f e r e n c e  a n d ,  t o  a  l e s s e r  e x t e n t ,  

f i n i t e  e l e m e n t  m e t h o d s  f a i l  t o  p r o d u c e  a c c u r a t e  a p p r o x i m a t i o n s  

t o  t h e  e x a c t  s o l u t i o n  i n  t h e  n e i g h b o u r h o o d  o f  a  s i n g u l a r i t y .  

 I n  t h e  f o l l o w i n g  m e t h o d  t h e  f i n i t e  d i f f e r e n c e  a p p r o x i m a t i o n  

i n  s u c h  a  n e i g h b o u r h o o d  i s  r e p l a c e d  b y  a  t r u n c a t e d  s e r i e s  r e p r e -

s e n t a t i o n  o f  t h e  e x a c t  s o l u t i o n  a t  p o i n t s  c l o s e  t o  t h e  c o r n e r .         

T h e  c o e f f i c i e n t s  o f  t h i s  t r u n c a t e d  s e r i e s  a r e  e s t i m a t e d  a t  e a c h  

t i m e  s t e p  i n  t e r m s  o f  t h e  s o l u t i o n  v a l u e s  a t  p o i n t s  w h e r e  t h e  

i n f l u e n c e  o f  t h e  s i n g u l a r i t y  i s  n e g l e c t e d  a n d  w h i c h  h a v e  b e e n  

d e r i v e d  b y  a n  e x p l i c i t  f i n i t e  d i f f e r e n c e  p r o c e s s  f r o m  t h e  

p r e v i o u s  t i m e  s t e p .   I t  i s  a l s o  p o s s i b l e  t o  i m p l e m e n t  t h e  

m e t h o d  w i t h  a n  i m p l i c i t  s c h e m e  b u t  i t  i s  c o m p u t a t i o n a l l y  

d e s i r a b l e  t o  a v o i d  t h e  s o l u t i o n  o f  a w k w a r d  s y s t e m s  o f  e q u a t i o n s  

a t  e a c h  t i m e  i n c r e m e n t .   T h e  a n a l y t i c a l  f o r m  o f  t h e  e x a c t  

s o l u t i o n  a r o u n d  a  g e n e r a l  s h a r p  c o r n e r  f o r  t h e  t r a n s i e n t  h e a t  

f l o w  o r  d i f f u s i o n  e q u a t i o n  i s  d e r i v e d  i n  s e c t i o n  2  a n d  i s  

a p p l i e d  i n  s e c t i o n  3  w i t h  r e f e r e n c e  t o  t h e  r e - e n t r a n t  c o r n e r .  

T h e  n u m b e r  o f  t e r m s  i n c l u d e d  i n  t h e  t r u n c a t e d  f o r m  o f  t h e  

s o l u t i o n  i s  o p t i o n a l  a n d  i s  d i s c u s s e d  l a t e r  i n  t e r m s  o f  t w o  

model problems. 



3. 

 

2. Singularities in Time-Dependent Problems. 

Consider the two dimensional,    t ime-dependent,    diffusion 

equation in a bounded domain containing boundary singularities           

due to  the presence of  sharp corners  in the boundary where 

        ,0t,R)y,x(
t
uuv2 >∈
∂
∂

=     (2.1) 

,0t,R)y,x()y,x(fu ≥∂∈=     (2.2) 

0t,R)y,x(0
v
u

1 ≥∂∈=
∂
∂     (2.3) 

,0t,R)y,x(,0)vu(b
v
ua 2 ≥∂∈=−+
∂
∂    (2.4) 

 
 and a, b v are constants. 

T h e  r e g i o n  R  i s  a  b o u n d e d  d o m a i n  w i t h  b o u n d a r y  

,2R1RR ∂∪∂=∂  w h e r e   i s  t h a t  p a r t  o f  t h e  b o u n d a r y  w h i c h  1R∂

contains the singularities.  

T a k i n g  a  t y p i c a l  s h a r p  c o r n e r  P ,  w e  c a n  e x p r e s s                      

( 2 . 1 )  i n  p o l a r  c o o r d i n a t e s  r ,  θ  c e n t r e d  a t  P ,  ( F i g .  1 ) ,    i n        

t h e  f o r m  

.
t
u

2
u2

2r

1
r
u

r
1

2r

u2

∂
∂

=
θ∂

∂
+

∂
∂

+
∂

∂     (2.. 5) 

T h e  b o u n d a r y  c o n d i t i o n s  ( 2 . 3 )  i n  t h e  n e i g h b o u r h o o d  o f                 

P become 

.,0at0u
oθθ ==

θ∂
∂    (2.6) 

Letting the solution of (2.5) have the form 

)w(r,)((r)Rtαeu
2

θθψ +−=



4. 

 

 

 

Fig.   1.   Typical Corner. 

where w(r,θ) is a solution of Laplace's equation and represents      

the steady-state form of the singularity, we obtain the following 

equations for R and ψ 

             (2.7) ψ,2ω''ψ −=

           .''' 0)2r

22(RR
r
1R =

ω
−α++      (2.8) 

Equation (2.7) has a solution 

 
ωθ,ωθψ sinBcosA +=  

 
and (2.8)  is  Bessel’s equation with solution 
  
                                    )( rJCR αω=              , w  ≥ 0,   
 
which is finite at P. 

Thus,   a separation of variables  solution of  (2.5)  is 

θ).w(r,ωθ]sinBθωcosA[)rα(ωJet)θ,(r,u tα- 2
++=    

                 (2.9) 



  
Imposing the boundary conditions (2.6) on the above solution 

we obtain 

B  =  0     , 

,o/k θπ=ω    k = 0,1,2,…. 

where   (Motz 1946) 

,λkcosrc),r(w
0k

k
k θθ ∑

∞

=

λ
=  

with λ=π/θo a  solution of (2.5) and (2.6) becomes 

.kcosrckcos)r(kJekA)t,,r(u
0K

k
k

OK

2
θθθ λ+λα= ∑∑

∞

=

λ

λ

∞

=

α−   (2.10) 

A general   solution in the neighbourhood of P will be 

.kcosrckcos)r(jejAu
0K

k
k

0j 0K
jk

t2j
k ∑∑∑

∞

=

λ
∞

=

∞

=
λ

α− λ+λα= θθ    (2.11) 

The  are  the  zeros  of  some funct ion of  Beasel  funct ions  s'jα

determined by the condit ions on another  part  of  the boundary.  

T h e  s o l u t i o n ,  ( 2 . 1 1 ) ,  a t  p o i n t  0  i s  f i n i t e  b u t                      

s u c c e s s i v e  d e r i v a t i v e s  w i t h  r e s p e c t  t o  r  a t  P  ma y  n o t  b e                         

f i n i t e .  I n  f a c t ,  I f  θ 0  >  π  ( λ <  1 )  t h e n  a l l  d e r i v a t i v e s             

o f  u  w i t h  r e s p e c t  t o  r  w i l l  c o n t a i n  s i n g u l a r  t e r ms .    T h i s                      

i n d i c a t e s  t h e  n e c e s s i t y  f o r  r e p l a c i n g  t h e  f i n i t e - d i f f e r e n c e     

approximation at  P.  

3. Numerical Treatment of Singularities.  

The method to be described is essentially that of                         

Motz (1946) and is applied to the problem of the re-entrant                

corner, defined by 
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.
3
2.e.i

2
3

o =λ
π

=θ  

 

Therefore equation (2.11) becomes 

3
k2oscrkc

3
k2cos)jr(

3
JejA)t,,r(u

0K

a
k2

0j

k2

0K

t2j
k

θθθ ∑∑ ∑
∞

=

∞

=

∞

=

α− +α=  

    (3.1) 

Since we are interested in approximating to the solution in

the neighbourhood of  P we express  equat ion (3.1)  as  a  s ingle  

p o w e r  s e r i e s  i n  r  b y  e x p a n d i n g  t h e  B e s s e l  f u n c t i o n s  a n d  

collecting terms of like powers in r.  Thus 

∑
∞

= ⎟
⎠
⎞

⎜
⎝
⎛ ++

+
⎟
⎠
⎞

⎜
⎝
⎛−

=
om 1m

3
k2r!m

m2
3
k2

2
zm)1(

3
zk2J )(  

and (3-1)  can be written 

3/43/2 r
3

4cos(t)2ar
3

2)cost(a)t(oau 1
θθ

++=  

          ),/3(0)]((t)cos23[a2r 8rtb  θ +°−+ (3.2) 

where the a’s are functions of t  and represent the          

coefficients of the leading term in each Bessel   function                                             

expansion.   The term a0 is the coefficient of the first

term of    and is given by οJ

∑
∞

=

−
οοο +=

0j

t2jαejAc(t)a  
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S i m i l a r l y  a 1  c o r r e s p o n d s  t o  t h e  l e a d i n g  t e r m  o f  t h e                     

e x p a n s i o n  o f  J 1 a n d  e t c .   T h e  b ' s  a r e  t h e  c o e f f i c i e n t s                           

o f  t h e  s e c o n d  t e r r a  i n  e a c h  B e s s e l  f u n c t i o n  e x p a n s i o n                                     

a n d  s o  o n .  
 

T h e  s e r i e s  ( 3 . 2 )  i s  u s e d ,  a t  t i m e  t ,  t o  o b t a i n  f u n c t i o n  

v a l u e s  a t  p o i n t s  n e a r  t o  t h e  c o r n e r  i n  t e r m s  o f  t h o s e  a t     

p o i n t s  f u r t h e r  a w a y .  T h e  t w o  s e t s  o f  p o i n t s  w i l l  b e  r e f e r r e d        

t o  a s  N e a r  a n d  F a r  p o i n t s .   T h e  n u m b e r  o f  t e r m s  c o n s i d e r e d        

i n  t h e  s e r i e s  d e t e r m i n e s  t h e  n u m b e r  o f  N e a r  a n d  F a r  p o i n t s     

u s e d  a s  o n e  H e a r  a n d  o n e  F a r  p o i n t  a r e  r e q u i r e d  t o  e l i m i n a t e     

e a c h  u n k n o w n  c o e f f i c i e n t .   I n s p e c t i o n  o f  ( 3 . 2 )  r e v e a l s  t h a t    

f o r  o n l y  t h r e e  t e r m s  t o  b e  t a k e n  a c c o u n t  o f ,  t h r e e  N e a r  a n d  

t h r e e  F a r  p o i n t s  a r e  r e q u i r e d ,  w h e r e a s ,  i f  f o u r  t e r m s  a r e       

u s e d  f i v e  p a i r s  o f  p o i n t s  a r e  n e e d e d .  

I n  t h e  c a s e  o f  j u s t  t h r e e  t e r m s  " b e i n g  u s e d  i n  t h e     

a p p r o x i ma t i o n ,  w e  h a v e  

 

3/4
2

3/2
1 r

3
4cosar

3
2cosaau θθ

++= ο , 

 
which can be rewritten as 

:]a,a[ar
3

4cos,r
3

2cos1,u 21o,
4/32/3
⎥⎦
⎤

⎢⎣
⎡=

θθ     (3.3) 

I n  f i g u r e  2  N 1 ,  N 2 ,  N 3  a r e  t h e  N e a r  p o i n t s  a n d    

F 1 ,  F 2 ,  F 3  a re  the  Far  po in t s .  
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F i g . 2 .  N e a r  a n d  F a r  P o i n t s  

 

F r o m ( 3 . 3 )  w e  c a n  o b t a i n  t h e  r e l a t i o n s h i p s : -  

aFFuaNNU == ,      ( 3 . 4 )  

w h e r e  Nu  a n d  Fu  a r e  v e c t o r s  o f  t h e  f u n c t i o n  v a l u e s  a t

Near and Far points respectively, and 

.]2a,1a,o,[aa '=  

Eliminating a from the equations (3.4) gives 

                                             Fu1NFNu −=              (3.5) 

a n d  t h i s  r e l a t i o n s h i p  i s  u s e d  w h e n e v e r  f u n c t i o n  v a l u e s  a t              

N 1 ,   N 2  o r  N 3  a r e  r e q u i r e d  b y  t h e  e x p l i c i t  f i n i t e — d i f f e r e n c e       

p r o c e s s .   S i n c e  t h i s  s c h e m e  u s e s  o n l y  f u n c t i o n  v a l u e s  a t           

t i m e  t  t o  c o m p u t e  v a l u e s  a t  t  +  δ t ,  t h e  a p p l i c a t i o n  o f                                       

( 3 . 5 )  a t  t ,  w h e n  r e q u i r e d ,  w i l l  i n  n o  w a y  a l t e r  t h e          

e x p l i c i t  n a t u r e  o f  t h e  s c h e m e .  
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A n y  n u m b e r  o f  t e r m s  c a n  b e  u s e d  i n  t h e  a p p r o x i m a t i o n .  

T h e  m o r e  t e r m s  c o n s i d e r e d ,  t h e  b e t t e r  t h e  a n a l y t i c a l  

r e p r e s e n t a t i o n  o f  t h e  s i n g u l a r i t y ,  b u t  a .  h i g h e r  o r d e r  

a p p r o x i m a t i o n  d o e s  n o t  n e c e s s a r i l y  i m p l y  g r e a t e r  n u m e r i c a l  

a c c u r a c y ,  s i n c e  t h e  g a i n  f r o m  a  b e t t e r  a p p r o x i m a t i o n  i s                         

o f f s e t  b y  t h e  e n l a r g e d  r e g i o n  n e e d e d  t o  r e p r e s e n t  i t .            

I d e a l l y ,  t o  i m p r o v e  a c c u r a c y  w e  n e e d  t o  i n c r e a s e  t h e  o r d e r                      

o f  t h e  a p p r o x i m a t i o n  w i t h o u t  s u b s t a n t i a l l y  i n c r e a s i n g  t h e  

r e g i o n  o f  a p p l i c a t i o n ,  t h a t  i s ,  t r y  t o  r e s t r i c t  N e a r  a n d                                  

F a r  p o i n t s  t o  t h e  n e i g h b o u r h o o d  o f  P .  

O n e  w a y  o f  a c h i e v i n g  t h i s  i s  t o  i n t r o d u c e  a  f i n e r                 

m e s h  j u s t  a r o u n d  t h e  r e - e n t r a n t  c o r n e r ,  b u t  t h e  m e t h o d           

b e c o m e s  c u m b e r s o m e  w h e n  p r o g r a m m e d .  A n o t h e r ,  i s  t o            

c h o o s e  s o m e  N e a r  p o i n t s  a t  n o n - t a b u l a r  p o i n t s  a n d  t h e n         

i g n o r e  t h e m  w h e n  a p p l y i n g  t h e  d i f f e r e n c e  s c h e m e .  

F o r  e x a m p l e ,  c o n s i d e r  a n  a p p r o x i m a t i o n  c o n t a i n i n g  s i x  

t e r m s ,  b y  f u r t h e r  i n s p e c t i o n  o f  ( 3 . 2 )  i t  i s  f o u n d                   

t h a t  n i n e  N e a r  a n d  P a r  p o i n t s  a r e  r e q u i r e d .  A r r a n g i n g  t h e m  

a s  s h o w n  i n  f i g u r e  3  g i v e s  g r e a t e r  a c c u r a c y  f o r t h e  s a m e  

n u m b e r  o f  m e s h  p o i n t s  a s  a r e  r e q u i r e d  f o r  t h e  n o r m a l  

a p p l i c a t i o n  o f  a  f i v e  t e r m  a p p r o x i m a t i o n .



                                                                                                                                                     10. 

 

F a r  p o i n t s  d e n o t e d  b y  x ,  N e a r  p o i n t s  d e n o t e d  b y .  

( T o t a l  n u m b e r  o f  m e s h  p o i n t s  u s e d  i s  1 4  a s  o p p o s e d  t o  1 8 )  
 
f i g . 3  

 
 
 
T h e  N e a r  p o i n t s  n u m b e r e d  6 ,  7 ,  8  a n d  9  i n  f i g u r e  3  a r e          

u s e d  s o l e l y  f o r  t h e  e l i m i n a t i o n  o f  c o e f f i c i e n t s  i n  t h e  

a p p r o x i m a t i o n  a n d  p l a y  n o  o t h e r  p a r t  i n  t h e  s t e p  b y  s t e p  
f i n i t e - d i f f e r e n c e  p r o c e s s .  
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4. Model Problems. 

4.1.  First Problem. 

Cons ider  the  p rob lem,  u (x ,y , t )  sa t i s fy ing  the  

equation 

,, 0t
t
uu2v >
∂
∂

=  

i n  t h e  r e g i o n  R ,  s h o w n  i n  f i g u r e  4 ,  w i t h  t h e  b o u n d a r y  c o n d i t i o n s  

u(o, y, t)  = 1000 , 

u ( l , y , t )  =   0   ,  

and  
v
u
∂
∂  =  0  on  a l l  o the r  boundar ies ,  where  

v∂
∂ i s  the  de r iva t ive

n o r ma l  t o  t h e  b o u n d a r y  . T h e  i n i t i a l  c o n d i t i o n  i s  a  s ma l l  t i me 
s o l u t i o n  i n  a  p l a n e  m e d i u m  a n d  i s  t a k e n  t o  b e  

        ⎟
⎠

⎞
⎜
⎝

⎛=
t2

xerfc)0,y,x(u  

w h e r e  t  =  0 . 0 0 0 5  a n d  i s  e q u i v a l e n t  t o  o n e  t i m e  s t e p  i n  t h e  

numerical  solution which follows. 
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F ig  4 .   so lu t ion  Domain  



TABLE 1 
 
 
 
 

 
 12.Solution corresponding to a time of  0.1 ( 200 time steps)
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The  p rob lem was  so lved  wi th  th ree ,  f ive  and  s ix  t e rm 

a p p r o x i m a t i o n s  a t  t h e  t w o  s i n g u l a r  p o i n t s .   A  m e s h  l e n g t h  o f           

0 . 0 5  w a s  u s e d ,  a n d  t h e  r e s u l t s  p r e s e n t e d  i n  T a b l e  1  a r e  a f t e r             

200  t ime  s teps  o f  0 .0005 .   For  compar i son  the  resu l t s  ob ta ined

f r o m  t h e  s t a n d a r d  a p p l i c a t i o n  o f  t h e  e x p l i c i t  f i n i t e - d i f f e r e n c e 
s c h e m e  w i t h  n o  s p e c i a l  r e g a r d  f o r  t h e  c o r n e r  s i n g u l a r i t i e s  a r e           

also shown. 

 

R e s u l t s  o b t a i n e d  u s i n g  a  t h r e e  t e r m a p p r o x i ma t i o n  a r e  n o t  

t a b u l a t e d  a s  t h e y  p r o v e d  t o  b e  t o t a l l y  i n a d e q u a t e  a n d  i t  w o u l d    

a p p e a r  t h a t  o n  s u c h  a  g r i d  t h r e e  t e r m s  a r e  n o t  s u f f i c i e n t  t o        

r e p r e s e n t  t h e  s o l u t i o n  a r o u n d  e a c h  s i n g u l a r i t y .  

 

4.2 Second Problem. 

C o n s i d e r  t h e  f i r s t  p r o b l e m  a g a i n ,  b u t  i n  t h e  r e g i o n             

i l l u s t r a t e d  i n  f i g u r e  5 .  H e r e ,  t h e  s i n g u l a r i t i e s  a r e  c l o s e r                  

t oge the r  and  th i s  severe ly  res t r i c t s  the  number  o f  t e rms  tha t  can                

be  used  in  the  approximat ion .   I t  was  found,  us ing  the  same mesh                

a s  i n  t h e  f i r s t  p r o b l e m,  t h a t  a n y  a p p r o x i ma t i o n  w i t h  mor e  t h a n

f i v e  t e r ms  f a i l e d  t o  g i v e  a n  a c c e p t a b l e  s o l u t i o n ,  e x c e p t  f o r  t h e 
s p e c i a l  c a s e  o f  t h e  s i x  t e r m a p p r o x i ma t i o n  w i t h  t h e  p o i n t            

a r r a n g e me n t  o f  f i g u r e  3 .   T o  u s e  a  h i g h e r  o r d e r  a p p r o x i ma t i o n  a         

smal le r  mesh  i s  requi red  which  increases  computa t ion  t ime cons iderab ly .  

Tab le  2  shows  the  resu l t s  ob ta ined  us ing  a  s ix  t e rm    

approximation, firstly, applied in the usual way but with a finer             

me s h ,  a n d  s e c o n d l y ,  u s i n g  t h e  p o i n t  c o n f i g u r a t i o n  o f  f i g u r e  3  o n         

the same mesh as in the previous problem. 

 

 

 

 

 



 

 

TABEL 2 
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Solution corresponding to a time of 0 ⋅1  
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Fig.5.  

A l s o  t a b u l a t e d  a r e  r e s u l t s  o b t a i n e d  u s i n g  t h e  s t a n d a r d  e x p l i c i t  

me thod  and  the  f in i t e  e lement  scheme of  Wi l son  and  Nicke l l  (1966) .     

I n  t h i s  s c h e m e  t r i a n g u l a r  e l e m e n t s  o f  s i d e  0 . 1  w e r e  u s e d  w i t h  l i n e a r  

trial functions. 

Table 2 only shows results around the two corners as values 

further away were consistent with each other.  

4.3   Discussion of Results. 

The resul ts  of  both problems clear ly  i l lus t ra te  the inadequacies

of standard numerical  methods in obtaining accurate approximations           

in  the neighbourhood of  boundary s ingular i t ies ,  a l though the expl ic i t  

me thod  i s  su rpr i s ing ly  good  espec ia l ly  in  the  f i r s t  p rob lem.  Th is  i s  

because the five point finite-difference replacement inadvertently 
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t a k e s  a c c o u n t  o f  t h e  f i r s t   s i n g u l a r   t e r m  i n  t h e   e x a c t  s o l u t i o n   

for the re-entrant corner.  
 

F o r  e x a m p l e ,  c o n s i d e r  t h e  f i r s t    t w o  t y p i c a l    t e r m s  o f  e q u a t i o n  

(3.1).  We have the form 

3
θθ 2cos)r(JeA)r(JeA)t,,r(u j3/2

t2j
j1jo

t2j
oj α+α= α−α−  

,2cosrcc 3/2
1o 3

θ
++  

c o r r e s p o n d i n g  t o  k  b e i n g  e q u a l  t o   z e r o  a n d  o n e   i n  ( 3 . 1 ) .   W e  

c a n  n o w  w r i t e  d o w n  t h e  f o r m  o f  t h e  f u n c t i o n  v a l u e s  i n  t h e  

f i v e  p o i n t s  r e p l a c e m e n t ,  l e t t i n g  

,1,0ifor),jh(JeAT
3
i2

t2j
jii =α= α−  

we have, 

,hccTT)t,o,h(u 3/2
1010 +++=  

,3/2
1o1o hc

2
1cT

2
1Tt,

2
,hu +++=⎟

⎠
⎞

⎜
⎝
⎛ π

 

,hc
2
1cT

2
1T)t,w.h(u 3/2

1o1o −+−=  

,hccTTt,
2

3,hu 3/2
oo 11 −+−=⎟

⎠
⎞

⎜
⎝
⎛ π

 

and 

                     .o0o Tin0hwith,cT)t,,o(u =+=θ . 

T h e r e fo r e ,  o n  s u b s t i t u t i n g  fo r  T 0 ,  t h e  f i v e  p o i n t  f i n i t e -     

d i f f e r e n c e  r e p l a c e me n t  b e c o me s  



17. 
 
 
 
 

,
h

)o(J)jh(J
eA4 2

oot2j
jo ⎥

⎦

⎤
⎢
⎣

⎡ −αα−  

which can be written, after expanding the Bessel functions,         

as 

,
h

)1())h(O)h(1(
eA4 2

42
2jt2j

oj
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ −+α−α−  

 

i.e.          , )h(oe)(A 2t2j2
joj +α− α−

 
a n d  a s  h  b e c o m e s  s m a l l ,   t h i s  e x p r e s s i o n  a p p r o a c h e s                  

t
u
∂
∂  g i v e n  b y  ( 3 . l )  a t  r  =  0 .  T h e r e f o r e ,  t h e  e x p l i c i t 
f i n i t e - d i f f e r e n c e  p r o c e s s  s a t i s f i e s  t h e  t w o  l e a d i n g  t e r m s      

o f  t h e  e x a c t  s o l u t i o n .  
 
T h e  e f f e c t  o f  t r e a t i n g  t h e  s i n g u l a r i t i e s  i s  s h o w n          

i n  t h e  f i r s t  p r o b l e m  a n d  t h e  r e s u l t s  e m p h a s i z e  t h e  g a i n    

i n  r e p r e s e n t a t i o n  f r o m  t h e  a d d i t i o n  o f  a n  e x t r a  t e r m  f o r   

th e  s a m e  n u m b e r  o f  N e a r  a n d  F a r  m e s h  p o i n t s .  
 

T h e  s e c o n d  p r o b l e m  n o t  o n l y  c o n t a i n  t w o  s i n g u l a r i t i e s  

b u t  t h e  d i s t a n c e  b e t w e e n  t h e m  i s  r e l a t i v e l y  s m a l l .  A l t h o u g h    

i t  i s  d e s i r a b l e  t o  i n c l u d e  a s  m a n y  t e r m s  a s  p o s s i b l e  i n  a n  

a p p r o x i m a t i o n  t h e  c l o s e  p r o x i m i t y  o f  t h e  c o r n e r s  r e s t r i c t s       

t h e  n u m b e r  o f  n e i g h b o u r i n g  m e s h  p o i n t s  a v a i l a b l e .  T a b l e  2       

s h o w s  t h e  r e s u l t s  o b t a i n e d  f r o m  t h e  a p p l i c a t i o n  o f  t w o                               

s i x  t e r m  a p p r o x i m a t i o n s .   N a t u r a l l y ,  t h e  v a l u e s  o b t a i n e d                    

from the normal application on a finer mesh (dx = 0.025, dt= 0.000125) 
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a r e   mor e  a c c u r a t e  b u t  t h e  c o mp u t a t i o n  t i me   i s    mor e  t h a n            

t e n f o l d  t h a t  o f  t h e   s p e c i a l   s i x  t e r m s c h e me   o n  t h e  u s u a l                     

mesh  (dx =  0.05,     dt   =   0.0005 ).  

5.   Conclusions 

   T h e  r e s u l t s  p r e s e n t e d  i n d i c a t e  t h e  n e e d  t o  t r e a t            

b o u n d a r y  s i n g u l a r i t i e s  i n  P a r a b o l i c  p a r t i a l  d i f f e r e n t i a l     

e q u a t i o n s ,  i f  a n  a c c u r a t e  e v a l u a t i o n  o f  f u n c t i o n  v a l u e s                     

i n  s u c h  r e g i o n s  i s  n e e d e d .   T h e  m e t h o d  d e s c r i b e d  i s  o n e             

w a y  o f  t a c k l i n g  t h i s  p r o b l e m.  

I f ,  o n  t h e  o t h e r  h a n d ,  a c c u r a t e  v a l u e s  a r o u n d  a                        

s i n g u l a r i t y  a r e  n o t  r e q u i r e d  t h e n  t h e  s i m p l e  e x p l i c i t                 

me t h o d  i s  p r o b a b l y  a d e q u a t e ,  a s  t h e  r e s u l t s  o f  b o t h      

p r o b l e m s  s u g g e s t  t h a t  i n a c c u r a c i e s  d u e  t o  s h a r p  c o r n e r s     

are not propagated throughout the solution domain. 

 

  

 

 

 

T h e  a u t h o r  i s  i n d e b t e d  t o  P r o f e s s o r  J .  C r a n k  f o r  h i s

g u i d a n c e  d u r i n g  t h e  p r e p a r a t i o n  o f  t h i s  p a p e r .  
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