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Boundary Value Problems for the Helmholtz Equation in a
Half-Plane

S. N. Chandler-Wilde*

Abstract

The Dirichlet and impedance boundary value problems for the Helmholtz equation
in a half-plane with bounded continuous boundary data are studied. For the Dirichlet
problem the solution can be constructed explicitly. We point out that, for wavenumbers
k > 0, the solution, although it satisfies a limiting absorption principle, may increase
in magnitude with distance from the boundary. Using the explicit solution we propose
a novel radiation condition which we utilise in formulating the impedance boundary
value problem. By reformulating this problem as a boundary integral equation we
prove uniqueness and existence of solution for a certain range of admissable impedance
boundary data.

1 Introduction
We give in this paper a rigorous account of the Dirichlet and impedance boundary value

problems for the Helmholtz equation in the half-plane U = {(x,,x,) € R*:x, >0}, with
arbitrary bounded and continuous boundary data.

The Dirichlet problem is much the easier in that, using the Dirichlet Green's function
for the half-plane, a solution can be written down explicitly as a double-layer potential on
the boundary I' = {(x;, 0) : x; € R}, with density the given boundary data. In the case
k > 0 we point out that, although this solution is the physically correct one, in that it is
the unique solution satisfying the limiting absorption principle, the solution radiated from
the boundary does not necessarily decay or remain bounded but may grow algebraically
at a rate not exceeding 4'/%, where A is the distance from the boundary. We construct a
solution achieving this growth rate.

This preliminary study of the Dirichlet problem is of assistance in formulating the
impedance boundary value problem, which has been studied previously as a model of
outdoor sound propagation [9, 4, 2], Specifically, as a radiation condition for the impedance
problem, we suppose that in some half-plane U, = {(x|, x2) € R* :> x,> h}, with
h > 0, the solution u can be written as a double-layer potential on the boundary
Iy = {(x1,h) : x;€ R}, with some bounded continuous density, so that u satisfies a
Dirichlet problem in the half-plane Uj,,. It is anticipated that this radiation condition, which
appears to be novel and is a generalisation of the usual radiation condition for plane wave
scattering by a one-dimensional diffraction grating [11, 10], will prove useful in formulating
a wider range of diffraction problems, e.g. plane wave scattering by infinite rough surfaces
(8, 6].

Here we show that this radiation condition is sufficiently strong to establish a form

of Green's representation theorem, enabling the reformulation of the impedance boundary
value problem as a second kind boundary integral equation. For admittance boundary

*Department of Mathematics and Statistics, Brunel University, Uxbridge UBS 3PH, UK.

1



2 CHANDLER-WILDE

data g for which || f — 1|| is sufficiently small, the integral operator in the equation is
a contraction mapping, and existence, uniqueness, and stability results for the impedance
boundary value problem follow by a standard Neumann's series argument (see the final
Theorem 4.4).

2 Notation and Preliminaries
Throughout, x = (x1, x2), y = (y1, y2) will denote points in R2 For h> 0, U, will denote
the half-plane, U, = {x : x, > h} and ', its boundary, I'y, = {x : x, = h}. We will
abbreviate Uy and I'p by U and I, respectively. For all x € U, x’, will denote the image of
xin I, 1.e. X', == (x1, 2/ - x2). We abbreviate x'y by x'.

For the most part our function space notation is standard. For § < R?, C () will
denote the set of functions continuous on S, and BC(S) the set of functions bounded
and continuous on S. The set BC(S) with the normal vector space operations and the

\V”m ;=sup _, |y(x), forms a Banach space.

For ue C (U) and h > 0, define u, € C(R) by ux(s) : = u((s,h)), s € R, so that u,
is the restriction of u to I'; If ue C(U ) then we can define u by the same formula with
h=0. If ue C'(U), define also ou, /oh € C(R) by du, / Oh(s) = u((s,h))/Oh, s € R, SO
that du, /Oh 1is the restriction of du /ox, to I'.

Many of the equations presented can be written compactly using a convolution notation.
For o€ L1(R) and w e Ly(R) define ¢*y by
(1) prys):= [ ps- Oy (Hdt

From Young's Theorem, ¢*w(s), defined by (1), exists for almost all se R, and
p*w€ L, (R) with

) lowwl, < el vl

For p = oo we have that ¢ *y(s) is well-defined for every se R and that p*ye BC(R).
For {y,} ©BC(R), we BC(R), say that y, converges strictly to y and write y, ——

supremum norm,

if sup,||walls <o and w,(s) — w(s) uniformly on finite intervals of R. Then [1], if

ke Li(R)and y, —— v, then kxy, >k *y . More generally,
(3) |

We introduce a few further notations. For x € R*> and 4 > 0 let B 4 (x) denote the
open ball By(x) == {y € R*: ly—x 1<A4}. Let

D(x,y) = ngl) (kjx—y

K,-K[l >0y, Dy =K, +y, SKxy.

), x,yeR2, xX#Y,

so that @ is the standard fundamental solution of the Helmholtz equation in R”.

3 The Dirichlet Problem
We first consider the following Dirichlet boundary value problem:

BVPI1. Given fe BC(R) and ke C with Imk > 0, Rek > 0, find ue C(E)HCZ(U)

satisfying
(i) the Helmholtz equation, Au+ k> u=0 in U;
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(ii) for some a € R,

4 sup | (1+x,)“u(x) | < oo;
xeU
(i) u=fonT.
REMARK 3.1. Note that if ue C3(U) satisfies (i) and (ii) then, by standard regularity
arguments, u€ C”(U) and a similar bound to (4) holds for all the derivatives of u, except
in a neighbourhood of I'. In particular, for all 2> 0,

(5) sup | (1+x,)“grad u(x) | < .
xeUy,

The above boundary value statement contains no radiation condition and is not uniquely
solvable when k > 0: for example u(x) = sin(kx) satisfies BVPI with f= 0 when £ > 0;
though not when Im £ > 0 for then (4) is violated.

To write down a particular solution of BVPl we introduce the Dirichlet Green's
function, Gp,;, for the half-plane U, For 4 > 0 define

(6) Gouxy) = O (xy) - ©(Xhy) xy € Us x#v.

For Im £ > 0 (for which Gp(x, y) decays exponentially as|x— y| — oc0) we can obtain
a form of Green's representation theorem for u, the solution of BVPI (cf. [7]): applying
Green's second theorem to u and Gp x(x,.) in the region U,NBr(0) \ B¢(x), and letting

€ — 0 and R — o (and noting, from (4) and (5), that u and grad u have at most algebraic
growth at infinity), we obtain that

0Gp 4 (x,Y)
u(x)=| ————u(y)ds(y),xeU,_,
f,
B oD (x,y)
(7) = 2J.rhwu(y)ds(y),x eU, .
Defining, for 4> 0,
K, (5) =2 2@ g
ayz y=0
. Wpf2 52
®) :lth1 (kNs“ +h ),seR,
2Ns? +h?
(7) can be written more compactly as
9) Uy =ty * up, H>h.

From standard asymptotic properties of the Hankel function it is easy to establish that, for
0 </ <1 and some constant C > 0,

¢ 2 " 2
(10) gy () <y 87 +A7

as?, Js=1,

|S| <1,

while, for > 1,

(1) |Kh (S)| S Chexp(—Im kh)

(S2 + h2)3/4

,S €R.
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Since the Hankel function, H 1( Y(z), is continuous in the quadrant Imz >0, Re z > 0, it
follows that, for 2> 0, K, € Li(R), and depends continuously in norm on 4, and

(12) i1 = = O(h"*exp(~Imk h)), h — .

Since u, ~>u, = f as h — 0, it follows from (9) and (3) that

(13) up =Ky *f, h>0,
i.e. that
oD
(14) u(x)=2 jr oY) ds(y), xe.

We have shown that if u satlsﬁes BVPI and Im & > 0 then u is given by (14). The
following converse result holds for all k with Im k>0, Re £> 0.
THEOREM 3.1. If fe BC(R) then u, defined by (14), satisfies BVPI.
Proof. We have observed already that K}, depends continuously in L;(R) on 4. Thus,

and from (13), (2), and (12), we have that ue C(U) and, for some constant C independent
of f,

(15) o x, )7 2ule) < O f o

Further, from (10) and the standard jump relation for double-layer potentials [7], it is easy

to see that u can be continuously extended from UtoU , with limiting value uy = f.
It remains to show that u e C*(U) and satisfies the Helmholtz equation. But choose

{f,} © BC(R) such that each f, is compactly supported and f, > f; and define u"” by
(14) with freplaced by f,, so that

(16) ul =K, * f, h>0.

Then, clearly, 4, a standard double-layer potential, satisfies u"™ e C*(U) and A u™+
K 4™ =0 in U. Further, using (10) and (11), we can see that u™ converges to u uniformly
on compact subsets of u, so that also ue C2(U)and Au+ K u=0in U. [

We have shown in the case Im & > 0 that BVPI has precisely one solution, given by
(14). In the case k£ > 0 in which (14) is not the unique solution of BVPI, it is sensible
to select it as the "physically correct”" solution since it satisfies the /imiting absorption
principle given in the next theorem. Temporarily, for the duration of this theorem, let
denote the solution of BVPI given by (14) when k= A.

THEOREM 3.2. For k>0 and all xe U, u™"™ (x)—»u®(x) as € »0".

Proof. Temporarily denote K, by K"’ to indicate its dependence on k. Then K"’ e

L;(R) depends continuously on k£ in Im k£ > 0, Re £ > 0 (note that (10) and (11) hold with
the constant C independent of £ provided that £ is restricted to a compact subset of the

first quadrant). But, from (13), ”;(lkﬂe)—u;(,k)uoogu’(;(,k%)—K;(lk)uln f ||oo, and the result

follows. 0

Although it satisfies the above limiting absorption condition, the solution (14) for £ >0
does not have all the characteristics we associate with a radiating wave. Specifically, the
bound (15) suggests that u(x) may increase in magnitude as x, — . We now show that
the bound (15) is sharp and construct boundary data f such that the solution u satisfies,

>Ch'? ,forallh € N.
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For > 0 define gye BC(R) with |g,|l,,= 1 by gi(s) = K, (s)/|K,(s)|, s€R. Then

s % 9, 0) = [ ]K, (s)lds,

and, since ‘Hl(”(r)‘ ~ 1/2 r — 400, , it follows from (8) that, as h—so,
nr

k +00 ds 1/2
17 K, *q,(0) ~ ‘/— h| —————=ch'",
( ) | h gh( )| or I_OO (S2+h2)3/4

where ¢ := 1/; rw(l +¢*)7* dt. For a > 0 deiine X, BC(R) by
n —00

1, |s|£a,
x,(s)=q1+a-
0, |s|2a+1,

and, for neN, define G, BC(R) by G, = g,Xa,, where a, > 0 is chosen large enough
so that

(18) I |Kn(s)|ds S%cnl/z.

R/[-ay ap]

Sl,a< s|<a+1,

Clearly, each G, has compact support and
(19) kﬁGAMZ%mW,

for all sufficiently large n.
Now define f, € BC(R) by fu.(s) = Gu(s - b,), s € R, where the constants
0 <b; <by < ... are chosen so that the supports of the functions f, do not overlap. Define

f € BC(R) by f:Z::O:1 f.,- (Note that the method of construction makes ||f||co=1.)
Then u, defined by (14) or (13) with this choice of f; satisfies (4) only for a < —1. For u,,

the restriction of u to I, satisfies

[l = gy 2, 1 1)
Z|K‘n *f(bn)|_|Kn *(f_fn)(bn)|
:|Kn *Gn(0)|_|Kn *(f_fn)(bn)|
Since ||f - fu||]oo = 1 and the support of f'- f, lies outside the interval [b,-a, b, +a,],
we have

i, #(f = £,)(,)] sj %, (b, —t)|dt§%cnl/2’

R\[bp—ay, by +ap ]

by (18). Thus, and by (19),

u”l

1 1/2 :
o2 ch for all sufficiently large n» € N.

We finish this section by pointing out that an expression for the solution (14) as a
discrete spectrum of upward propagating plane waves and evanescent waves can be given
in the case when f'is quasi-periodic (as defined below).

Let ‘F denote the operation of Fourier transformation on R, defined, for v € L(R), by

Fwd)= f:w(S)e"'sds,é eR.
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From (8) and standard tables of Fourier transforms we can calculate K , := Fx; as

(20) Ry (&) = explih[k* &%), EeR,

where Re k> —€2), Im k> —£€%), >0.

Given k > 0, we say that y, defined on U or on some subset of U , is quasi-periodic

with index a € R and period L if w(x + Le,) = w(x)e*, for every x, where e; = (1,0) is

a unit vector in the x;-direction. Clearly v is quasi-periodic if and only if w(x)e ™! is

periodic in x; .
Suppose now that /' € BC(R) is quasi-periodic with index a and period L and u is
defined by (14). Then f{s)e™* has a Fourier series convergent in at least an L, sense,

—iaks 2mims /L
f(S)eza :zcmemms ,

mez

and, from (13), for 2 >0,
u,(s)= Zcm J-_erk‘h (s —t)exp(2mimt/ L +ickt)dt

mez

= Zcmleh (2mm/ L+ ak)exp(2mims/ L +iaks), s € R.

Thus, from (20),
(21 u(x) =Y ¢, exp(i(e,x + f,x,))u €U,

mez

where

(22) o, =2mm/L+ok, B, =+k*—a’,

with Im . > 0. The series (21) is convergent absolutely and uniformly on compact subsets
of U.

Conversely, if the series (21) is uniformly convergent in U (in which case it is also
absolutely convergent in U) then it is easy to see that the above derivation can be reversed
to write u, given by (21), in the form (13), with /= u, continuous and quasi-periodic.

While, for arbitrary fe BC(R), (4) need not hold for a > - %, we see from (21) that,

if fis continuous and quasi-periodic, then (4) holds with a =0, i.e. u is bounded in U .

4  The Impedance Boundary Value Problem
We consider next the boundary value problem in the half-plane U with the impedance
boundary condition

ou
(23) —+ikPu = f,

ox,
on I'. We consider in this section only the case k£ > 0, for which a radiation condition
is required. To obtain a radiation condition we point out that, in each half-plane U, u
satisfies a Dirichlet problem with boundary data u;,. It makes sense then to require that,

for some 2> 0 and ¢ € BC(R),
oD( x,
(4 u(x)= [ 22

——=¢(yJ)ds(y), xeU,
ayz
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since, as shown in Section 3, with the choice ¢ = u;, (24) is the unique solution of the

Dirichlet problem in Uj, satisfying the limiting absorption principle given in Theorem 3.2.
The radiation condition (24) is a generalisation of the usual radiation condition utilised

in the study of plane wave diffraction by one-dimensional periodic gratings [11, 10], when

u is quasi-periodic. In the case when u is quasi-periodic, the solution (23) can be rewritten

(see (21)) to show that, for some set of coefficients {c,, : m € Z},

(25) u(x)= D¢, exp(i(ct, % + B,%,)), ueU,

meZ
with o, fm given by (22), which is precisely the usual radiation condition. Conversely,
if the radiation condition (25) holds for some /4 = 4* > 0, then the series (25) converges
uniformly in Uj, for all 4> h* and (see Section 3) (24) holds, with ¢ quasiperiodic, for all
h>h*.
Let R(U)={ueC(U)NC*(U):0u/dx, eC(U )}. The following is the impedance

boundary value problem that will be considered:

BVP2. Given f, pe BC(R) and k > 0, find ue R(U) satisfying

() Au+ kK u=0in U;

(i1) for some o € R,

(26) sup (1+x, ) (Ju(x )| +|ou(x )/ 0x,|) < oo,

(ii1) Ou(x)/ Ox; + ikp(x)u(x) = f(x), for all x € I;
(1v) the radiation condition (24), for some h > 0 and ¢ € BC(R).

4.1 An Integral Equation Formulation

To prove uniqueness and existence of solution of BVP2, and as a tool for numerical
computation, we reformulate BVP2 as a boundary integral equation. The fundamental
solution of the Helmholtz equation which satisfies BVP2 with f=0 and f=1 (and a
Dirac delta function inhomogeneity in the Helmholtz equation) is given by [5]

(27) G(x,y) = P(x,y) + D(x,y) + p(x—y),
where

. e 27 N () y (14t ) _
28 P(x):= dt, xeU,
(28) (x) T \t=2i(t—i(l+y))
with y =x, /|x|.

It is shown in [5] that P € C(U ) and it is easy to see that P € C*(U 1{0}) and satisfies

the Sommerfeld radiation and boundedness conditions in U [2, Lemma 3.6.5]. Further [6],
given C> 0,

-3/2
(29) grad, G(x,y), G(x,y) = 0(x —y| ~ as|x - y| > o0,
uniformly inx,y € U , with 0 <x,,y> <C.

This rapid rate of decrease in (29) is very important in the arguments which follow and
holds only provided the vertical coordinates, x, and v, are restricted as indicated. (If x

and y are unrestricted then G(x,y) = O (|x—y|_1/2)as|x—y| — o0, the same behaviour
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as that of @ .) In physical terms the rapid rate of decay (29) is due to the energy-absorbing
nature of the boundary condition (23) when Re > 0.

To derive the boundary integral equation, suppose that u satisfies BVP2 (in particular
(24) for some & > 0) and take xe U. Choose &y, h; such that 0 < 4} < x, < h; and
h, > h, and apply Green's second theorem in the bounded region SA,:= {xe Uj;\ U

|x1| <A} \ B_(x)to G(x,.) and u to obtain

_ ou G (x,y)
0=, [ NGy -uly)— W J ds(y),

where 7 is the outward-directed normal on 0S4 €. Letting € — 0 and 4 — oo (note that u
and (see Remark 3.1) grad u are bounded in U}, ;\Uj, » so that the integrals over the vertical
sides of 0SA € vanish as A — o0) we obtain that

(30) u(=| (—(y)G( xy)—u(y) o ”] ().

on(y)
Note that (26) and (29) ensure that the integrand in (30) is absolutely integrable and, since

also G(x,.) €C”(U \{x})and ue R(U), it follows that the integral over Fhl in (30)

depends continuously on %, for 0 < & < x,. Thus we may set #; = 0 in (30) and, utilising
the impedance boundary conditions satisfied by # and G, we obtain that

u(x) = Jr G, k(B(Y) = Duy) = f(y)ds(y) +

Th,100,,2

Ou G(x,Y)
(31) Lh,z(g@(?(w)—“(y) o) jd( )

To complete the derivation we use the radiation condition to show that the integral
over I, vanishes. As in the proof of Theorem 3.1, we choose {¢,} = BC(R) such that

each @, is compactly supported and ¢, > ¢, and define u™ by (24) with ¢ replaced by
¢, . Then, for each n, the double-layer potential u™ e CX(Uy) and satisfies the Helmholtz

equation and Sommerfeld radiation and boundedness conditions, so that, applying Green's
second theorem to G(x,.) and u in U, NB(0) c Uy, and letting R — o we obtain

(n) o
62) jm(a“ 1)y - ()G )y)jds@:o.

Now, by (15), the functions u"™ are uniformly bounded on U, \ Uy, for every H > hs,
and therefore so are the functions grad ™, n € N, on T, . Further, u™ converges to

u uniformly on compact subsets of U, (and therefore so also does grad u™ converge to
grad u). Thus, and bearing in mind (29), it follows that the integral in (32) converges to
the same integral with u™ replaced by u as n— oo, and thus the intergral over I, in(31)

vanishes and
(33) u(x) = [ G y)k(By)~Duy) - fy)ds(y), xeU.

Since, fory € T, G(xy) =2® (x,y)+f’ (x-y), and P eC(U), it is easy to see from standard
properties of single-layer potentials, and bearing in mind (29), that the right hand side of

(33) is continuous in U , so that (33) holds also for x € I'. We have shown the following
result:
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THEOREM 4.1. If u satisfies BVP2 then

(34) u(x) = [ Gy ik(B(y) ~Du(y) — £ (Y)ds(y).x U
To establish the converse result, note that we have already observed that, if u is defined

by (34) with uy € BC(R} thenu € C(U ). To see most of the rest of the result, note that
(34)can be written as

(35) u, = A, *(k(f—Duy — f), h>0,
where A, € Li(R) is defined, for 2 > 0, by A, (s) = G((s,h),0), s € R. Now, (see [5,

equations (21) and (25)]), Xh =F A\, is given by

- iexp(ihyk* —&?
(36) (5= DPINE ) 6 g,
N
with k> =& =i &2 k> for|g| > k,sothat 4, =k, Ay,and
37) Ay =Ky %Ay h>0.
Thus, from (35),
(38) y = K, % A * (i(B =Dy — f) =K, ¥, h >0,

It follows from Theorem 3.1 that u, defined by (34), satisfies the Dirichlet BVP1 with
boundary data uy € BC(R), so that we have shown that u satisfies all the conditions of
BVP2, except that ou/ox, € C(U ) and the impedance boundary condition.

To show the impedance condition we make use of the impedance condition satisfied by
G, contained in the relationship [5, equation (67)],

(39) %H’kG(O,y):O,yeU,yiO.

2
Differentiating (34) and noting that, forx € U, y € T, using (39),

0G(x.y) _ 0®(x.y) 0P(x-y)
0x, 0x, 0x,
_ 5 oD (x,v)

—ikG(x,y),
2
we obtain, in convolution form, that
Ou,, | 0h = —(x, +ikA,)* (ik(f—Duy,— 1), h>0,,

(40) =i, *(f —ikpu,), h>0,
by (37) and (35). Thus, by Theorem 3.1, ou/0x; satisfies the Dirichlet BVP1 with boundary
data f'— ikfuy, and so, in particular, ou/0x, € C(U) and satisfies (23). We have shown
the following converse of Theorem 4.1:

THEOREM 4.2. If u satisfies (34) and uy € BC(R) then u satisfies BVP2.

As part of the proof of the above theorem we have shown that u, given by (34), satisfies
BVPI1 with boundary data u,. It follows that u satisfies the bound (15) so that we have
also the following result:

COROLLARY 4.1. If u satisfies BVP2 then, for some constant C > () independent of 8
and f,

-1/2 ‘ <
;;tg (1+x2) u(x) <C HuOHOO
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4.2 Uniqueness and Existence Results

In a future paper we will establish uniqueness and existence of solution in the general case
for BVP2 (see [3] for a proof of existence given uniqueness in the case of L, boundary data).
For the present we note that, from Theorems 4.1 and 4.2, BVP2 and (34) are equivalent,
and that if u satisfies (34) then u, satisfies the boundary integral equation, in operator
form,

(41) uo = F+Kuy,
where Fe BC(R) is denned by F':= A * f, and K : BC(R) — BC(R) is defined by

Ky =ikz, *((B—1)yy), € BC(R).
Now, by a standard Neumann series argument [7], (41) has exactly one solution u,e BC(R)
if [K]| <1, and we have [u,| < (1 -|K|)"|F|eo- Since, by (2), [[F[Joo< X 1]l /1|0
and ||K||£||/10||1||,B—1||oohave, combining this result with Theorems 4.1 and 4.2 and

Corollary 4.1, the following existence and uniqueness result.
THEOREM 4.3. If ||ﬂ,0||1||ﬂ—1||OO <1 then BVP2 has exactly one solution and, for

some constant C > (0 independent of f and f,

C
sup_ [(1+x,) " u(x)| < o
xel 1= 20|18 =10
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