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STUDY OF PERIODIC ORBITS IN PERIODIC PERTURBATIONS OF
PLANAR REVERSIBLE FILIPPOV SYSTEMS
HAVING A TWO-FOLD CYCLE

DOUGLAS D. NOVAES!, TERE M. SEARA2, MARCO A. TEIXEIRA! AND IRIS O. ZELI®

ABSTRACT. We study the existence of periodic solutions in a class of planar Filippov
systems obtained from non-autonomous periodic perturbations of reversible piece-
wise smooth differential systems. It is assumed that the unperturbed system presents
a simple two-fold cycle, which is characterized by a closed trajectory connecting a vis-
ible two-fold singularity to itself. It is shown that under certain generic conditions the
perturbed system has sliding and crossing periodic solutions. In order to get our re-
sults, Melnikov’s ideas were applied together with tools from the geometric singular
perturbation theory. Finally, a study of a perturbed piecewise Hamiltonian model is
performed.

1. INTRODUCTION

Over the last decade, the theory of non-smooth dynamical systems has been devel-
oped at a very fast pace, with growing importance at the frontier between mathemat-
ics, physics, engineering, and the life sciences (see, for instance, [7, [10, [19} [31]], and
references therein). The study of such systems goes back to the work of Andronov
et. al [3] in 1937. A rigorous mathematical formalization of this theory was provided
by Filippov [12] in 1988, who used the theory of differential inclusions for establish-
ing the definition of trajectory for non-smooth differential systems. Nowadays, such
systems are called Filippov systems.

In 1981, motivated by the work of Ekeland [11] on discontinuous Hamiltonian vec-
tor fields, Teixeira [36] studied generic singularities of refractive non-smooth vector
fields. It was performed a qualitative analyses of two-fold singularities appearing
in these systems. Later, the generic classification of such singularities has been ap-
proached in several works [16, 21}, 23].

Recently, many efforts have been dedicated to understand some typical global min-
imal sets in Filippov systems (see, for instance, [1} 2, 24} 32, 33, 34]) . In particular,
Novaes et al. [34] studied the unfolding of a Simple Two-Fold Cycle (see Figure inside
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the class of autonomous planar Filippov systems. A Simple Two-Fold Cycle is charac-
terized by a closed trajectory connecting a two-fold singularity to itself and having a
non-constant first return map defined in one side of the cycle (see Figure/l).

The present study focuses on understanding how a simple two-fold cycle unfolds
under small periodic perturbations. More specifically, we are mainly concerned with
sliding and crossing periodic solutions bifurcating from a simple two-fold cycle of a
R-reversible planar Filippov system periodically perturbed. By R-reversibility of a
Filippov system,

Ft(x,y) if y>0,

1 Zo(x,y) =
@) o(x.) {F(x,y) if y<0o,

we mean F*(x,y) = —RF~R(x,y), where R : R*> — RR? is an involution for which
y = 01is the set of fixed points (see [18]). Here, we shall consider R(x,y) = (x, —y). For
this involution, the R-reversibility implies that F* (x,y) = (—Fi(x, —y), F2(x, —y)) and
F~(x,y) = (Fi(x,y), E2(x,y)). As a consequence of the R-reversibility, a Simple Two-
Fold Cycle S of (l) is always a boundary of a period annulus A of crossing periodic
solutions. Here, we shall assume that S encloses such a period annulus (see Figure[T).

As examples of piecewise smooth differential systems satisfying the hypotheses
above, we have the following one-parameter family of piecewise Hamiltonian dif-
ferential systems,

) Zi(x,y) = ((1,x2 —a),(—1,x* - x)), a>0,

with Hamiltonian function given by

A3
H(x,y) = y| = 5 +ax.

The vector field Z§ contains a simple two-fold cycle S connecting the visible two-fold
singularity (1/&,0) to itself. This cycle encloses an annulus A fulfilled with crossing
periodic orbits (see Figure|[T).
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FIGURE 1. Phase space of the piecewise smooth differential system
(69T = Z&(x,y) = ((1,x* —a),(—1,x* —a)), for a« = 1. In general,
the points (—+/a,0) and (y/a,0) are the invisible and visible two-fold
singularities, respectively. The bold line represents the simple two-fold
cycle S, which encloses a period annulus A of crossing periodic orbits.

In our setting, the construction of a suitable displacement function and its related
Melnikov function are the central mechanisms behind our study. As it is fairly known
in Melnikov theory, the existence of periodic solutions bifurcating from a period an-
nulus is associated with simple zeros of a certain bifurcation function, called Melnikov
function. Such a function is obtained through the analysis of the perturbed system us-
ing its regular dependence with respect to the perturbation parameter. Indeed, in the
smooth case, the displacement function (equivalently, the Poincaré Map) is smooth in
the parameter of perturbation. Consequently, the Melnikov function is obtained by
expanding the displacement function in Taylor series. The same procedure has ben
used in some non-smooth systems to study crossing periodic solutions (see, for in-
stance, [4, 5, 9, 14} 15, 29] and the references therein). However, such an approach
fails when facing sliding dynamics, which appears, for instance, in the unfolding of
two-fold singularities. Thus, the main novelty of this study consists in the analysis
of crossing and sliding periodic solutions bifurcating from a simple two-fold cycle
S which, as noticed above, is the boundary of a period annulus A4, in the reversible
context. The developed procedure for the detection of sliding periodic solutions is
rather different, because regular perturbations of a Filippov system produce singular
perturbation problems in the sliding dynamics. Accordingly, tools from singular per-
turbation theory must be employed. We shall see that, although unexpected, the same
Melnikov function, obtained by the former classical approach for detecting crossing
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periodic solutions bifurcating from A, also plays an important role in the study of the
sliding periodic solutions.

We emphasize that the above mentioned theoretical aspects has been the main mo-
tivation behind our study. To the best of our knowledge, non-smooth models of real
phenomena exhibiting two-fold cycles are not known so far. Nevertheless, such as
our initial example (), this kind of cycle can be easily found in piecewise mechanical
systems.

This paper is organized as follows. First, in Section [2, we present the basic notions
and results needed to state our main Theorems. More specifically, in Section 2.1, we re-
call the basic definitions about Filippov systems, and in Section 2.2 we give some basic
concepts and results concerning the reversible unperturbed problem. In Section 3, we
state our main results, Theorems [A|and [Bl They deal with periodic non-autonomous
perturbations of R-reversible piecewise smooth differential systems admitting a sim-
ple two-fold cycle. More specifically, we provide a Melnikov function which deter-
mines the existence of crossing and sliding periodic solutions for such systems. In
Theorem |A} it is shown that this function determines the existence of crossing peri-
odic solutions bifurcating from orbits of the period annulus A. In Corollary [3| we
also consider autonomous perturbations. In Theorem (B} it is shown that the same
Melnikov function also determines, with additional hypotheses, the existence of both
sliding and crossing periodic solutions bifurcating from the simple two-fold cycle S.
In Section {4} we apply our results to study periodic non-autonomous perturbations
of the piecewise Hamiltonian differential system (2). Finally, Section [5|is devoted to
prove our main results. Some conclusion remarks and further directions are provided
in Section [6]

2. BASIC CONCEPTS AND PRELIMINARY RESULTS

In this section, we recall the basic concepts and definitions from the theory of non-
smooth dynamical systems as well as some preliminary results needed to state our
main theorems.

2.1. Filippov systems. The content of this Section is standard and can be found in
several other works (see for instance [13]).

Let U be an open bounded subset of R?. We denote by C”(U, R?) the set of all C”
vector fields X : U — R". Given h : U — R a differentiable function having 0 as
a regular value, we denote by () (U, R?) the space of piecewise smooth differential
systems Z in R? such that

Xt (x,y), if h(x,y)>0,

3) Z(x,y) = { X~ (x,y), if h(x,y) <0,

with X*, X~ € C"(U,R?). As usual, system (3) is denoted by Z = (X, X~) and the
switching surface 1 ~1(0) by X.
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The points on ¥ where both vectors fields X* and X~ simultaneously point out-
ward or inward from X define, respectively, the escaping X° or sliding ¥° regions, and
the interior of its complement in X defines the crossing region ¥.°. The complementary
of the union of those regions are the tangency points between X+ or X~ with X.

The points in X° satisfy XTh(p) - X h(p) > 0, where Xh denotes the derivative of
the function % in the direction of the vector X, that is Xh(p) = (Vh(p), X(p)). The
points in X° (resp. X°) satisfy XTh(p) < 0 and X h(p) > 0 (resp. XTh(p) > 0 and
X~h(p) < 0). Finally, the tangency points of X (resp. X ) satisfy X" h(p) = 0 (resp.
X~ h(p) = 0). For points p € X° U X¢, we define the sliding vector field

5.\ X“h(p)X*(p) — XTh(p)X (p)
e R

A tangency point p € X is called a visible fold of X* (resp. X~) if (XT)2h(p) > 0
(resp. (X7)2h(p) < 0). Analogously, reversing the inequalities, we define an invisible
fold.

2.2. Preliminary results. Consider the involution R(x,y) = (x, —y) and denote by
Fix(R) = {(x,0),x € R} its set of fixed points. For a C? function F : D — RR?,
defined on an open bounded subset D of R2, we consider the following R-reversible
discontinuous piecewise smooth differential system with two zones separated by the
straight line ¥ = Fix(R),

Ff(x,y) if y>0,
1 NT —
4) ()" = Zo(x,y) { F(xy) if y<O0,
where
®) Fi(x/y) = F(x,y), F+(x1y) = _RF(R<x/y))'

For z = (x,y)T, we denote by T*(t,z) = (I‘f(t,z),F?(t,z))T the solutions of sys-
tems (x/,y')T = F*(x,y) such that T*(0,z) = z. Let

+ E
(6) YE(t,z) = D,T%(t,2) = (‘g}c(t,z) %2(15,2))

be a Fundamental Matrix Solution of the variational equations

oY+
ot

with initial condition Y*(0,z) = I, (2 x 2 identity matrix).

The following result is a straightforward consequence of the reversibility property
of the solution, I'" (t,z) = RI'"~ (—t, Rz).

7) (t,z) = DF* (T=(t,2)) Y=(t,2),

Lemma 1. The equality Y~ (t,z) = RY*(—t, Rz)R holds.
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As a consequence of the above lemma, we get
D.Iy (t,z) = D.I'{ (—t,Rz)R and D,T; (t,z) = —D.I'; (—t,Rz)R.
Let F = (F;, F)T. In order to assure that system (@) has a simple two-fold cycle (see
Figure2), we have to assume the following hypotheses:
(h1) There exist x; < x, such that

oF oF
E(p») = R(pi) =0, T;(Pv)ﬂ(r’v) <0, and a*;(Pi)Fl(Pi) > 0.

where p, = (x,,0) € L, p; = (x;,0) € £, and F2(x,0) # 0 for x; < x < xy.
(hy) For each x; < x < xy, the solution I' (¢, x,0) reaches transversely the line of
discontinuity X for t = o°(x) > 0, that is

(8) 5 (7(x),x,0) =0and K (I (c(x),x,0)) # 0.

FIGURE 2. Periodic orbits of system (4) surrounding the invisible two-
fold point p; and fulfilling an annulus enclosed by the simple two-fold
cycle S.

From the reversibility property of the vector field Zy, hypothesis () implies that
the points p,, p; € L are, respectively, visible-visible and invisible-invisible folds.
Hypothesis (h;) fixes the orientation of the flow, which implies that
oF ob

Fi(pyi) <0, g(pv) >0, and g(Pi) < 0.

Hypothesis (h7) also leads to the next result, which allows us to make explicit the first
column of the matrix Y~ (¢, p), see (6).

Lemma 2. For every t € R, the following equality holds

or- _ F((tpo))
W(t’ po) = TR
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d
Proof. First we note that, as F~ = F, the function w(t) = ——(t, po) is a solution of

ox
the differential equation & = D.F(I'~ (¢, p,) )w with the initial condition w(0) = (1,0).

Now, take

al—;(t ) —
oy = oL P E((Epo)
Fi(po) Fi(po)
Computing its derivative with respect to the variable t we have
oI~
dw B ?(t,pv) B _
——(t) = DF(I'" (t, pv)) —=——— = D F(I" (t,po))w(t).
FrlU) (TP 5 0 (T~ (£, po)) (1)

Moreover, hypothesis (1) implies that

_._ F(po)  (F(po) BE(ps)\ _ _
w@—aww‘<mWymWQ‘“m‘w@‘

Hence, we conclude that w(t) = w(t). O

Hypothesis (h), together with the reversibility property, imply that for each x; <
x < x, the function

I~ (tx,0) if 0<t<o(x),

) Y(t, x) = (’yl(t,x),’)’z(t,x)) = { R (—t,x,0) if —o(x)<t<0

is a 20 (x)—periodic solution of system (4) such that y(0,x) = (x,0) € X. Consequently,
the invisible two fold p; behaves as a center having an annulus of periodic orbits end-
ing at the simple two-fold cycle S = {y(t,x,) : —0(xy) < t < T(xy)} (see Figure ).
Notice that

(10) SNXE ={ps,q0}, where g, =T (0(x0),po)-

From now on, when it is convenient, we shall denote I'" and Y, only by I and Y,
respectively.

We note that, by hypothesis (h;), the function &(x) is differentiable on the interval
(x, x5]. Indeed, it is a solution of the implicit equation I'»(7(x), x,0) = 0. Differentiat-
ing this last equality implicitly in the variable x we obtain, for each x; < x < x,, the
following relation

ar,

(@(x),%,0)
— _ 0
an 70 = G0, 0y

Furthermore, since p; = (x;,0) is an invisible-invisible fold, then inf{c(x) : x; < x <
Xy} = 0,and 0 < oy = sup{o(x) : x; < x < x,} < oo. Accordingly, we fix the
interval 7 = [0, oum].
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3. STATEMENT OF THE MAIN RESULTS
We consider the following perturbation of system ().
X (t,xy) if y>0,

12 N = Zo(t,x,y) =
(12) (xy') (t,x,y) {X;(t,x,y) it y<o,

where
XE(t, X, Y) = Fi(x,y) + sGi(t, X, y) + e2H*:(t, X, ;€.
We assume that G* (¢, x,y) and H*(t, x,y; ¢) are smooth functions in R x D and R x
D x (—¢y, €0), respectively, and 2o—periodic in the variable t for some o € T = [0, o]
We want to detect, for ¢ > 0 small enough, the existence of isolated 2¢c-periodic
solutions of system (12). First, we notice that if

- (t,z)+ s,Rz) =0, for (t,5,z) € X D,
(13) X7 (t,2) + RX{ (5,Rz) = 0, for (t,5,2) € R* x D

then, for |e|] # 0 sufficiently small, every periodic solution of Zy(x,y) persists for
Ze(t,x,y). Indeed, implies that Z.(t, x, y) is autonomous and R-reversible. Taking
into account, we define the following operator:

(14) {X*, X7}, (t,z) = X~ (t+6,2z) + RXT(—t +6,Rz).

Notice that {X;, X, }9 can be seen as a measurement of the non-reversibility of Z,.
Indeed, {X;, X; }, = 0 is equivalent to condition (I3). Thus, {X;",X; }, # Oisa
necessary condition for the existence of isolated periodic solutions of Z,. Comput-
ing the expansion of {X;r , Xe } 0 around ¢ = 0, we see that {G*, Gt } 0 # 0 implies
{X&, X}, #0, for [¢] # 0 sufficiently small. The value {G~, G* }, will be important
for the definition of the Melnikov function.

Accordingly, letSL = R/ (20Z) and define the Melnikov function M : SL x (x;, x,] —
R as
(15)

7(x)

M(8,x) = E(4((x),x)) A (Y(a(x),x,O)/O Y(t, x,O)1{G,G+}9(t,'y(t,x))dt> .

where 1 is given in (9), Y is the fundamental matrix given in (6). Here, the wedge
product is defined by (a1,a2) A (b1, b2) = ((—az,a1),(b1,b2)). As mentioned before,
the expression will be obtained through standard analysis of the expansion of a
suitable displacement function around ¢ = 0. A similar Melnikov function was ob-
tained in [14] for autonomous perturbations of a n-dimensional non-smooth system
with a codimension-1 period annulus.

3.1. Bifurcations from the period annulus .A. Our first main resultis concerned about
the existence of isolated crossing periodic solutions of system bifurcating from the
period annulus A.

This kind of problem has been studied in a rather general setting for smooth systems
(see, for instance, [0, 28] and the references therein). When dealing with non-smooth
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systems, the geometry of the discontinuity manifold has a strong influence on the bi-
furcation functions controlling the existence of isolated crossing periodic solutions.
Due to this fact, the existing results in the research literature usually assume some
constraints either on the unperturbed system, on the discontinuity manifold, or on the
perturbation. For vanishing unperturbed systems, the averaging theory [35] provides
the first order bifurcation function (see [25,30]). The bifurcation functions at any order
were obtained in [27] when the discontinuity appears only in the time variable, and
up to order 2 in [4] for more general discontinuity manifold. For non-vanishing un-
perturbed systems with a period annulus of crossing periodic orbits, the bifurcation
functions at any order were obtained in [26] assuming again that the discontinuity
appears only in the time variable. In [15], the Melnikov function was obtained for
non-autonomous perturbation of a class of planar piecewise Hamiltonian systems,
and in [17] for autonomous perturbations of general planar piecewise Hamiltonian
systems. In [14], the Melnikov function was obtained for autonomous perturbation
of non-smooth period annulus in R". In [5], a Melnikov function was obtained for
studying the persistence of homoclinic trajectories in non-smooth systems. None of
the mentioned results can be directly applied in our case.

Theorem A. Tuke o € T = [0, 0pm] and xy € (x;, xy) such that 7(x,) = o and @ (x,) # 0,
where 7 (x) is given in (8). Assume that the vector field Z in is 20—periodic in the variable
t. If there exists 0* € SL such that

(05 #0,

then for e > 0 sufficiently small there exists an isolated crossing 20—periodic solution of system
with initial condition, in S} x D, e-close to (tg,zo) = (6%, (x,,0)).

M(0*,x,) =0 and

The next result is obtained as a consequence of Theorem [A|and deals with the con-
tinuation problem of subharmonic crossing periodic solutions of system when it
is autonomous.

Corollary 3. Assume that the vector field Z. in is autonomous and denote M(x) =
M(6, x). If there exists x* € (x;j, xp) such that M(x*) = 0 and M'(x*) # 0 then, fore > 0
sufficiently small, there exists a crossing periodic solution of system with initial condition,
in D, e-close to (x*,0).

3.2. Bifurcations from the two-fold connection S. Our second main result is con-
cerned about the bifurcation of periodic solutions from the simple two-fold connection
S in the special case that system is perturbed by 20, = 20(x,)—periodic functions.
This problem resembles the bifurcation of periodic solutions from saddle homoclinic
connections in smooth systems. Indeed, S is a boundary of a period annulus A, with
the difference that a trajectory connects the two-fold singularity to itself in a finite time,
namely 20,. We shall see that, in this case, the unfolding of S gives rise to sliding dy-
namics and either a crossing or a sliding periodic solution can appear. Therefore, the
standard analysis performed in Theorem |A|does not apply here.
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For each 0 € S},v, we define the number gy € R as
o
g0 = (DiLa(upo), [Y(po) {7, =G} (LTt o))

(16) = (D.a(0u pe), /Oi'/”(t, po) (G (t+ 6,71, po)
—RG*(—t+6,RT(t, pv))>dt>.

In the above expression, the inner product notation (x,x*) is actually an abuse of
notation. Indeed, the left and right factors are expressed as row and column vectors ,
respectively. Thus, the matrix product between them results in a scalar. Nevertheless,
due to the amount of computations involving matrices, we decide to consider the
inner product notation to emphasize that the result is in fact a scalar, avoiding then
any possible misunderstanding.

Theorem B. Suppose that the vector field Z in is 20y—periodic in the variable t and
assume that there exists 0* € S} such that M(6*,x,) = 0 and (dM/26)(6*, x,) # 0.
@ If G, (6%, po) # G, (0%, po) and

21:2(%)
Qo+ > T n, .

Pl(Pv)g(Pv)

max { G (0%, po) },

then, for € > 0 sufficiently small, there exists a sliding 2c,—periodic solution of sys-
tem with initial condition, in S}Tv x D, e-close to (to,zo) = (6%, py). Moreover,
this solution slides either on £° or X¢ provided that G5 (0%, p,) < G, (6%, py) or
Gy (6%, py) > Gy (6%, py), respectively.

(b) If

2F(q0)
8o < N SN

Fl(Pv)g(Pv)

then, for € > 0 sufficiently small, there exists a crossing 2c,—periodic solution of
system with initial condition, in S}, x D, e-close to (to,z0) = (6%, po).

max {GSE(G*, Po) },

4. A PIECEWISE HAMILTONIAN MODEL

In this section, we apply the previous results to study the crossing and sliding pe-
riodic solutions of non-autonomous perturbations of a piecewise Hamiltonian model.
This kind of problem had been previously addressed in [22], where the authors ap-
plied KAM theory to prove that, under certain conditions, a piecewise Hamiltonian
model has infinitely many periodic solutions.

Consider the following continuous Hamiltonian function

3
H(x,y):]y|—%+txx, where « > 0.
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As usual, | - | denotes the absolute value of a real number. The above Hamiltonian
gives rise to the following discontinuous piecewise Hamiltonian differential system

I I I
(—1,x>—a) if y<0,
The switching surface is given by £ = {(x,0), x € R}. Its phase space is depicted in
Figure|l| Following the notation of the previous Section we take
F(x,y) = (-1,x*—a), F'(x,y)=(1,x*—«a).

Notice that the above piecewise Hamiltonian differential system Z; is R-reversible
with R(x,y) = (x,—y). In addition, it has two two-fold singularities, one invisible
pi = (x;,0) = (—+/&,0) and other visible p, = (x5,0) = (1/&,0).

The solution T~ (¢, x,y) of (x',¥')T = F~(x,y) can be easily computed as

3
Furthermore, for each —/a < x < /&, it is straightforward to see that I (¢, x,0)

1
reaches transversely % for t = o(x) = §(3x + V3V —x2 + 4a). Hence, for —/a <

x < /a, the reversibility property implies that the solution (¢, x) of (17), satisfying
7(0,x) = (x,0), is given by

1
T~ (tx,y) = (—t +x, = (£ — 3t2x + 3tx* + 3y — sm)) .

1
<—t +x, g(t3 — 3t%x + 3tx? — 3t1x)> if 0<t<o(x),

vt x) = 1
(t +x, §(t3 + 3t2x + 3tx® — 3toc)) if —o(x)

IN

t <0,

From the formula of 7(x), one obtains an explicit expression for the point (x,,0) sat-
isfying o(x,) = o,

1
(18) Xy = 8(30—\@\/1204—02) € (—va, Va).

Accordingly, Z§ satisfies hypotheses (h1) and (h,). Furthermore, since o°(\/a) = 3/x,
we get S = {y(t,/a) : —=3y/a <t < 3\/a} (see Figure[l). Clearly SNZ = {py, g0},
with g, = I (0(v/a), v/&,0) = (—2y/&,0).

4.1. non-autonomous perturbation. Now;, in order to illustrate the application of The-

orems[A]and [B] we consider the following non-autonomous perturbation of (17).
Fr(x,y)+eGT(t,x,y) if y>0,

(19) ()" = Zeloy) = ¢ : |
F~(x,y)+eG (t,x,y) if y<O,

where

GT(t,x,y) = <O,Asin 7:) and G (t,x,y) = (0,31n 7:) ,
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for some A € R. Notice that G* (t,x,y) are 20—periodic in the variable t. We shall see
that, for convenient values of A, system satisfies the hypotheses either of Theorem
or Theorem

The fundamental matrix solution Y (¢, x,¥) = Y~ (¢, x,y), defined in (6), is given by

1 0

Thus, we compute the function (15) as

M(8,0) =7  hcos [TOXHVIVI =R+ 20)7 | 1O+ VOV =2~ 20))
7T 20 20

—(1+A)cos {?})

In the next result, as an application of Theorem[A} we show that system has two
crossing periodic solutions, provided that the period of the perturbation is strictly less
than 6+/a.

Proposition 4. Assume that A # —1. Then, for each o € (0,3\/«) and for ¢ > 0 sufficiently

small, there exist two crossing 2o—periodic solutions of system with initial conditions
e-close to (30/2, (x,,0)) and (0/2, (x4,0)), respectively (see Figure[3).

Proof. Giveno € (0,3+/a), notice thato(x,) = o if, and only if, x, = %(30— V3120 — 02) €
(—va, /a) (see (I8)). Then,

M(8,xy) = _2(147;/\)(7 cos (7-;9> ,

where we used the following relation

\/3604 + 20 (\/36zx — 302 — a) =0+ /360 — 302,

for every « > 0 and ¢ € [0,2+/3a].
Solving M(6, x,) = 0, for 6 € S, we get 07 = 30 /2 and 0; = o /2. Moreover,

oM oM

S0 x0) = =5

25 0%, x5) = 2(1+ A) #0.

Hence, the proof follows from Theorem O
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FIGURE 3. Numerical simulation of the Poincaré map of system
assuming « = 1, A = 2, 0 = 2, and ¢ = 1/1500. The boxes spot the
fixed points corresponding to crossing periodic solutions predicted by
Proposition [4

In the next result, as an application of Theorem |B, we were able to detect crossing
and sliding periodic solutions of system provided that the period of the perturba-
tion is equal to 6/a.

Proposition 5. Assume that o = 3\/a and A # —1. Then, for ¢ > 0 sufficiently small, the
following statement holds

(i) for A # 1, there exists a sliding 6+/a—periodic solution of system with initial
condition e-close to (3/a/2,(x,,0)), which slides either on £ or ¢ provided that
A < Tor A > 1 (see Figure[);
(ii) for A < 0, there exists a sliding 6+/a—periodic solution of system with initial
conditions e-close to (9/a /2, (x,,0)), which slides on X¢;
(iii) for A > 0, there exists a crossing 6+/a—periodic solution of system with initial
conditions e-close to (9v/a /2, (x5,0)).

Remark 6. Notice that, from Proposition |5} sliding and crossing periodic solutions may coex-
ist. More specifically, comparing the statements (i) and (ii) we get

e For A € (—o0,0) \ {—1}, there exists two sliding 6+/a—periodic solutions. One with
initial condition e-close to (3+/a/2,(x,,0)), which slides on ¥°, and another with
initial conditions e-close to (9+/a/2, (x,0)), which slides on X¢.
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e For A € (0,1), there exist a crossing 6+/a—periodic solution with initial conditions e-
close to (9v/a/2, (x4,0)) and a sliding 6+/a—periodic solution with initial condition
e-close to (3+/a/2, (x,,0)), which slides on ¥°.

e For A € (1,+00), there exist a crossing 6+/a—periodic solution with initial conditions
e-close to (9v/a /2, (x,,0)) and a sliding 6+/a—periodic solution with initial condition
e-close to (3v/a/2, (xy,0)), which slides on X°.

Proof of Propositionp] 1If ¢ = 3+/, then G*(t,x,y) are 6y/a—periodic in the variable ¢,

and
M(6, V) = Wcos <37\T/9&> :

Solving M(6*,\/x) = 0, for 8 € [0,6+/a], we get 67 = 3y/a/2 and 65 = 9/a/2.
Moreover,

(63, V) = — oL (65, V&) = 21+ 2) £0,

1-A
6\/§(7T ) Ccos (3@2) .Thus, go;, = 0. Furthermore, G (6%, py) = (—1)1Hm)),
GE (9;/ pU) = (—1)(1+ﬂ), forn = ]_,2’ and

and gy =

21:2(%) _
rodR o Ve

Fi(po) 5 (Po)
To obtain statement (i) notice that, for A # 1, G5 (65, p») # G, (65, po). In this case,
go: = 0> —3\/amax {G; (6}, po)} = —3vamax{1,7}.

Therefore, from statement (a) of Theorem |B| there exists a sliding 6/a—periodic so-
lution with initial condition e-close to (31/a/2, pv). Moreover, for A > 1, we have
G5 (6%, p0) > G, (05, po), which implies that this periodic solution slides on £¢. Anal-
ogously, for A < 1, we have G;r (07, po) < G, (07, po), which implies that this periodic
solution slides on X°.

To obtain statement (i7) notice that, for A < 0, we have

go; = 0> —3y/amax {G; (65, p,)} = —3vamax { — 1, —A} = 3\/aA.

Therefore, from statement (a) of Theorem [B} there exists a sliding 6/a—periodic solu-
tion with initial condition e-close to (91/a/2, p,) Moreover, in this case, G, (65, p») >
G, (63, po), which implies that this periodic solution slides on X°.

Finally, to obtain statement (iii) notice that, for A > 0, we have

go; = 0 < —3vamax {Gy (65, po)} = —3vamax { —1,-A}.

Therefore, from statement (b) of Theorem B} there exists a crossing 6+/a—periodic so-
lution with initial condition e-close to (9v/a/2, po). U
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sliding segment

FIGURE 4. Numerical simulation of a sliding periodic solution pre-
dicted by Proposition [f] (i) for system assuming o« = 1, A = —3/2,
0 =3y/a =3,and ¢ = 1/2. The bold trajectory starts at the 20-periodic
visible fold curve of X, with initial time condition f; near to 3+/a/2,
then it crosses the discontinuity manifold, reaches the sliding region,
and slides on it reaching again the visible fold curve of X at a time
to + 20.

5. PROOFS OF THEOREMS[A] AND

Recall that to study a non-autonomous periodic differential equation w’ = f(t, w),
(t,z) € S! x D we can work in the extended phase space adding time as a variable
0’ =1and v’ = f(6,v). If (8(t), v(t)) is a solution of the autonomous system such that
(6(0),v(0)) = (6,0), then v'(t) = (6 +t,v(t)) and w(t) := v(t — ) is the solution of
the non-autonomus system such that w(#) = o.

Accordingly, we study system in the extended phase space

(20) 0'=1, (xy) =2Z(6xy),
where (0,x,y) € SL x D, D C R?, being S. = R/(20Z). We note that (20) is also

a Filippov system having & = S! x T as its discontinuity manifold. Moreover, & =
h=1(0) for h(6,x,y) = y.
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Letz € D, the solutions ®*(t, 6, z; €) of (20), restricted toy = 0, such that ®*(0, 6, z;¢) =
(6,z) are given as

OE(1,0,z;¢) = (t+6,85(t,0,z¢)),
where &*(t,6,z;¢) are solutions of
21) ¢ =X5(t+0,8), £0) =z ¢eD.

Lemma?7. FixT > 0,0 € S},, z0 € D, and z; € R?. Let
t

22)  ¢E(t,0,20,21) = YE(t,20) <21 +/ Y*(s,20) 'G* (s 4+ 0,T(s,20)) ds),
0

where Y* are the fundamental solutions (6) of the variational equations (7). Then, for e > 0
small enough, zo 4 €z1 € D and the next equality holds

EE(t,00 + €61, 20 + ez1;€) = TE(t,20) + ep™(t,00,20,21) + O(e?), t € [T, T]

Proof. Computing the derivative in the variable ¢ in both sides of the equality ¢* (¢, 6y +
€01,20 + ez1;€) = [ (t,z9) + e¥*(t) + O(¢?) we obtain

F* (& (4,00 + €01,20 + ez1;€)) +eG™ (t+ 00 + €01, (8,00 + €61, 20 + ez1;€)) =
+

F (T*(t,20)) + ea;Yt(t) + O(&?).

Expanding in Taylor series the lefthand side of the above equation around &€ = 0, and
comparing the coefficient of ¢ in the both sides, we conclude that

+
alapt.(t/e()/ZO/Zl) = DFi (ri(t,ZO)) Ti(t) + C;i (t + BO/ri(t,ZO)) .

Moreover, 1[]i (0,60,20,21) = z1. Hence, the solution of the above differential equation
is given by (22). We observe that ¥= () depends on 6, zo, z1, then we denote ¥*(t) =
lIJi(t,HQ,ZO,Zl). O

Applying Lemma [1] to the fundamental matrices Y* (see (6)) in the expression (22)
we get

Y (t,6,20,21) = Y(t,20) (21 + /Ot Y(s,20) " 'G™ (s +6,T(s,20)) ds) ,

t
YT (—t,0,Rzp, Rz1) = RY(t,20) <21 - / Y(s,20) *RG" (—s + 6, RT(s,z)) ds) .
0
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Moreover, using that Y(t,z) = D.I'(t,z) in the first part of the above expressions we
have

¢;(t/9120121> =
t
<Dzl"i(t,zo),zl +/ Y(s,20)"'G™ (s+9,F(s,x,0))ds>,
0

¥ (—t,0,Rz0,Rz1) =

(—1)i+1<DzFi(t,zo),zl —/0

fori=1,2.

Observe that for ¢ = 0 system has two lines of two-fold points, one invisible
(0, x;,0) and one visible (6, x,,0) (see Figure Moreover, for each 8 € S! and x; <
x < x, there exists a 20 (x)—periodic solution I'(t,6,x) = (t+ 6, (t,x)), where 7y is
given in (9).

(23)

t
Y(s,z9) 'RG™T (—s+06,RI(s,x,0)) ds>.

7 r(UU/ 90/ Pv)

FIGURE 5. The 20,—periodic solution f(t, 6o, po) of the extended system
[20), for ¢ = 0, passing through the visible two-fold point (6, p).

Notice that studying the bifurcation of the fold lines of system (20), for ¢ > 0, is
equivalent to study the zeros of the functions

(Vh(x,0),XE(6,(x,0))) = X5(8, (x,0);¢) = Ff(x,0) +eG5 (6, x,0) + O(?).

Thus, by hypothesis (h1), we obtain that for ¢ > 0 sufficiently small each one of the
lines of visible-visible fold points (6, x,,0) bifurcates in two lines (6, /= (6;¢),0), one
of visible fold points for X;” and another of visible fold points for X;. Analogously,
the line of invisible-invisible fold points (6, x;, 0) bifurcates in two lines (6, éii (6;¢),0),
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one of invisible fold points for X and another of invisible fold points for X, . Fur-
thermore,

e Géc (6, po)
ox \P?
G; (6, pi)

oF,
ox (pi)
In what follows, 719, 71, and 71, will denote the projections, defined on S}, x D, onto
the first, second, and third coordinates, respectively.

(£(6;€) = x, + O(e?) = x, +evi (0) + O(e?), and

(24)

(F(0;e) = x;—¢ + O(e?) = x; + eviF (0) + O(e2).

5.1. Proof of Theorem |Al The idea of this proof is to define a function F : Sl x
(xi,xy) — IR? which allows us to determine the existence of crossing periodic solu-
tions. Given § € S! and x € (x;,x,), we consider the flows ®~ (6, (x,0);¢) and
@ (t,0 4 20, (x,0);¢€) of @0). If for some 6, € S} and x, € (x;,x,) there exist £, > 0
and t; < 0 such that
(25) O (t;,0,, (x.,0);¢) = (7,0, + 20, (x,,0);¢) € %,
then t] = t; — 20 and therefore
O (t,0, +20,(x,,0);¢e) if tf =t —20<t<0,
D (t,0,, (x.,0);¢) = 7( (x.,0);e) ' T
D (t,0., (x4,0);¢€) if 0<t<t

is a 20—periodic crossing solution of system (20). Indeed, this solution is well defined
because

@1(0,0, + 20, (x,,0);¢) = (0. +20,87(0,0, + 20, (x,,0);¢))
= (6. +20,x,,0),

@ (0,0, (x4,0);6) = (04,8 (0,0, (x4,0);€)) = (64, x4,0)

and, as we are working in the cylinder S}T x D, these two points are the same.
In what follows, we show the existence of 6, and x, satisfying (25). For ¢ = 0 we
know that (see (9))

1, ® (7(x),6, (x,0);0) = &, (7(x),6, (x,0);0) = T2(7(x),x,0) =0.

Since, by hypothesis (/2), this flow reaches transversally the set of discontinuity X we
can apply the implicit function theorem to obtain a time t~ (0, x;¢) = o°(x) +et; (6,x) +
O(&?) > 0 such that

Ty, @ (t7(6,x;€),0,(x,0);¢) = &5 (£ (6,x;€),6,(x,0);¢) = 0.
Analogously,
y®* (-7 (x),0+ 20, (x,0);0) = &5 (—0(x),0+ 20, (x,0);0) = —I»(7(x),x,0) =0,
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therefore there exists t* (6, x;¢) = —7(x) + ¢t (6, x) < 0 such that
my®T(£7(0,x;¢€),0 + 20, (x,0);€) = &5 (£7(6,x;¢€),0 + 20, (x,0);¢) = 0.
Using the expression for & given in Lemma E]we can easily obtain that

(0, x) = — Y2 (£7(2).6,(x,0), (0,0))

(26) E(1(0(),50)
and
3 (~7(x),0 + 20, (x,0), (0,0))
t7(0,x) = —
- i E (10 (),x,0))

Py (=0(x),9, (x, )(00))

7
B (v(@(x),x,0))
where 7y is defined in (9). Moreover, from (23), we get

¥; (0(x),9,(x,0),(0,0)) =

7 (x)
(D.Ti(o(x),%,0), /0 Y(s,%,0)71G™ (s +6,7(s,x)) ds ),
) F(—o(x),0 420, (x,0),(0,0)) =
(—1)i<DZFi(F(x),x,O) , /OUWS, x,0)"'RG" (—s + 6, Ry (s, x)) ds>,
fori=1,2.

Accordingly, define F (0, x;¢) = (F1(0, x;¢), F2(0, x;¢€)) as
F1(0,x;6) = D (t(0,x;¢),0,(x,0);€) — mg®" (t7(0, x;¢),0 4+ 20, (x,0); €)
= t7(0,x;6) —t7(0,x;¢) — 20 =2(c(x) — o) + O(e),
Fo(0,x6) = @ (t(6,x;¢€),0,(x,0);¢) — @ (tT(0,x;¢),0 + 20, (x,0); €)
= & (t7(0,x¢€),0,(x,0);¢) — & (t7(6,x;¢),0 + 20, (x,0); €).

From Lemma [7} expressions and (27), the reversibility condition (5), and using
that y(—c(x), x) = y(c(x), x) for x; < x < x,, we get

&t (0,x;¢),0 + 20, (x,0);¢)
=11(0(x),x) + s(Pf“(fy(E(x),x))tf(G,x) + 97 (—=7(x),6, (x,0), (0,0))) +O()

;lp;(—a(x), 0+ 20, (x,0), (0,0))

+; (=7 (x), 0, (x,0), (0,0))) +0O(¢?), and
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¢ (t7(0,x5¢),0,(x,0);¢)
= m(0(x),x) + 8<F1_(7(5(X),x))ff(9,x) + 4, (0(x),0,(x,0), (0,0))) +O(&%)

= (@), %) + ( s (74,6, x,0),0,0)

+¢; (@(x), 6, (x,0),(0,0)) | + O(e?).

Therefore,
F2(0,x;¢)

—— = ¥ (@(x),6,(x,0),(0,0)) — ¢y (=0 (x),6 + 20, (x,0),(0,0))

BO@,) (e
T (9 (-0, 0.+ 20, (x,0), 0,0)

/X))
+5 ((x),6,(x,0), (0,0))) + O(e),
Now, from we have that

¢y (@(x),0,(x,0),(0,0)) — 9 (—0(x),6 + 20, (x,0),(0,0)) =

<DZI“1(0*(x),x,O),/OU(X)Y(t,x,O)_l{G—,G+}9(t,fy(t,x))dt>,

and
¥, (@(x),6,(x,0),(0,0)) + 9, (=0 (x),0 + 20, (x,0),(0,0)) =

<DZF2(0(x),x,O),/Og(x)Y(t,x,O)1{G,G+}€(t,'y(t,x))dt>,

where {G~,G"}y(t,z) = G (t+0,z) + RGT(—t + 6, Rz), see (14).
Since Y (— F, F)' = D, — F,D.T4, we obtain

(F,D,T1 — KD, I, V) = <( - B, Fl) , YV> =FAYV.
Hence, we conclude that
(29) — B(y(@(x),x) Fa(6,x;€) = eM(8, x) + O(?).

where M(6, x) is defined in (I5).

From the construction of F it is clear that a subharmonic crossing periodic solution
of system exists, for ¢ > 0 sufficiently small, if, and only if, there are 6, € S! and
Xe € (xj,xy) such that F(6;, x¢; €) = (0,0).

By hypothesis Fi (6, x,;0) = 0 and, from (11),

072
7(0'(3((7), xtr)
@(G, X5;0) = 20" (x) = an(y’cy(ﬁ(xﬂ)'x")) #0‘

ox
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Thus, by the Implicit Function Theorem there exists x(6; ¢) such that F1(6,x(60;¢);¢e) =0
and x(0;¢) — x, when e — 0 for every 6 € S..
Now, we take

Flore — - 0E00),x(0:9)

Fo(0,x(6;¢);€).

From the above equation reads

F(6;¢) = M(0,x(6;¢)) + O(e) = M(0,x,) + Ofe),
By hypothesis there exists 0* € S such that F(6*,0) = M(6*,x,) = 0and (9.F /26)(6*,0) =
(0M/98)(6*, xs) # 0. Thus, applying again the Implicit Function Theorem we conclude
that, for ¢ > 0 sufficiently small, there exists 0, € S, such that 7 (6,;¢) = 0. Moreover,
e — 0" as ¢ — 0. This concludes the proof of Theorem O

5.2. Proof of statement (a) of Theorem [B, Since G, (6*,p,) # G, (6, p,), we can
assume that there exists a,b € [0,20,] witha < b and 6* € (a,b) such that G (t, py) #
G, (t, po) for every t € [a,b]. Without loss of generality, we suppose that G, (t, py) <
G, (t,po) for every t € [a,b]. At the end of the proof we shall comment the case when
Gy (t, po) > G, (t, po) for every t € [a,b].

The above assumption and expression imply that ¢ (6;¢) > ¢, (6;¢) for every
6 € [a,b] and € > 0 sufficiently small.

Let R, be the region on & C St x R delimited by the graphs ¢ (6;¢) for 0 € [a,b],
thatis R, = {(0,x,0) : 0 € [a,]], £;(6;¢) < x < € (6;¢)}. A straightforward com-
putation shows that this is a region of sliding type. Moreover, the autonomous vector
field is 20,—periodic in the variable 6, so the regions R = {(6 +2no,,x) : (6,x) €
R} for n € N are of sliding type.

The expression of the sliding vector field for each region R}, n € IN, is

0 = u(0,x;¢) =1,

' o) — fol(x) f1(6, )
30) ex' = v(0,x;¢e) = G5 (6,%,0) - G, (6,%,0) +S<G§r(9,x,0) G (6,%,0)

Hy (6, (x,0);¢) = Hj (6, (x,0);¢)
Z(G;(Q, x,0) — G;(G, x,O))2 ) + (9(52),

+fo(x)

where
fo(x) = 2F1 (x, O)Fz(x, 0),

f1(6,x) = F(x,0) (Gf(@, x,0) — G, (6,x,0))
+Fi(x,0) (G5 (0,x,0) 4+ G5 (6,x,0)) .

System can be studied using singular perturbation theory (see for instance [12}
20]). In this theory, system is known as slow system. Doing ¢ = 0 we can find the
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critical manifold as
Mo ={(0,x) e R!: fo(x) =0} = {(0+2n0y,x,) : 6 € [a,b]}.
Now, doing the time rescaling t = €7, system (30), for ¢ > 0, becomes

0 =cu(f,xe) =e¢
(31)
x=1v(0,x¢),

which is known as fast system. Computing the derivative with respect to the variable
x of the function v for ¢ = 0 at the points of (6 + 2noy, x,) € My we obtain

OF
90 2F(po) 5 (o)

22(0 + 210y, x0;0) = p(0) =
ax( + 210y, Xy ) p( ) G;‘(G,pv)—cz_(elpv)

(32) >0,

for every 0 € [a,b], by hypothesis (h2) and the assumption G, (6, p») < G, (6, po).
Therefore, for ¢ = 0, My is a normally hyperbolic repelling critical manifold for the
vector field and also for the sliding vector field (30).

Applying Fenichel’s theorem we conclude that there exists a normally hyperbolic re-
pelling locally invariant manifold M, = {(6 4 2no,, m(6;¢)) : 6 € [a,b]} of the system
(31), which is e—close to M:

m(0;e) = x, + emy(0) + O(?).

Notice that (6(t) +2no,, m(6(t); €)) is a trajectory of system (B0), so v(6 + 2no,, m(6;¢); €) =
€ (0m/a0)(6;¢). Accordingly, for e > 0 small enough, we may compute

G5 (6,p) + G5 (6, p0)
oF, !
zg(lﬂv)

(33) my(0) =

therefore M, C R..

Since the Fenichel’s manifold is repelling we have that for a given point (6o, ¢, (6o;
€)) € oR} there exists a orbit 6(6y; ¢) of the sliding vector field reaching the point
(60, €5 (60;€)) (see Figure[6). In the sequel, we shall parametrize this orbit.

Given N > 0, we want to compute the solution of system starting at (6, ¢, (6;¢)),
for —Ne < t < 0. equivalently, we compute the solution of system starting at the
same point but for —-N < 7 < 0.

We denote by (95 (7,6;¢),x5(7,6; e)) the solution of with initial condition: (95 (0,6;¢),x5(0,6; e)) |
(6,0, (6;¢)). Clearly 65(t,0;¢e) = 0 + et. Take x(7,6;€) = x, + ¢k(7,0) + O(e?). Ex-
panding the both sides of the equality

X

a—T(T, 0;¢) = v(0 + €1, x5(7,6;¢); ¢€)
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in Taylor series respect to ¢ we derive the following differential equation

ok = G+<9/ po) + G, (6, pv)
(00 = PO+ R (g 6 )
(34) = p(0)k(t,0) —my1(6)p(6),
k(0,0) = vy (8) = _ng;if"pv) o (0) + F;((;;z);),
g(?v)

where v;, (0), p(0), and m(0) are defined in (24), (32), and (33), respectively. The rela-
tion p(0)(v, (0) —m1(0)) = Fi(p») has been used in order to get the above equalities.
Solving the initial value problem (34) we obtain

(35) k(t,8) = mq(0) + F;((Z;)e”’(e).

We have then found a set

5(6;¢) = {(6s(t,6;¢),x5(T,60;€)) : =N < 7 <0}

parametrized by 7, which is contained in the orbit §(6; €).

From here, the idea of the proof is analogous to the proof of Theorem |A} which
consists in defining a function F : (a,b) x (—N,0) — RR? that allows us to determine
the existence of sliding periodic solutions of system (12). Given 6 € (a,b), we consider
the flows

O (,0,0,(6;¢),0;¢€) and DT (t,65(T,0 + 200;¢€), x5 (T, 0 + 200; €), 0 €)..

The vector field is 20,— periodic in the variable 6, which means that 6 = 6 4 20.
Thus, if for some 0, € [0,20,] and 7. € (—N,0) there exist s, > 0 and s;7 < 0 such
that

D (5,04, 0, (0:5€),0;€) = DT (s, 05( T, 0s + 200 €), X5 (T, 05 + 200;€),0;¢) € 5,

then there exists a sliding 20,—periodic solution of system and, consequently, of
system (see Figure 6).

Again, analogously to the proof of Theorem [A] we can use the implicit function theo-

rem to find times s~ (6;¢) > 0 and s7 (7, 6;¢) < 0 such that

&y (s (6;¢),6,4, (6;¢),0;¢) =0 and

&y (s7(7,6;¢€),05(T, 0 + 200;€), x5 (T, 0 + 200;€),0;€) = 0.
Moreover, using the expression for ¢, given in Lemma with 0 =0,z0 = py,and z; =
(v5 (6),0), where v (0) is given in (24), we obtain that s~ (6;¢) = 0, + es; (0) + O(?)
provided that
_ ¥, (00,8, po, (v, (6),0))

F> (q0) '

(36) s1(0) =
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FIGURE 6. Methodology for constructing the displacement function to
detect sliding 20,—periodic solutions of system (12), for ¢ > 0 suffi-
ciently small.

where g, is defined in (I0). Analogously, using the expression for ¢, given in Lemma
[lwith & = 6 + 20y, zo = po, and z; = (k(7,6),0), where k(7,0) is given in (35), we
obtain s*(7,0;¢) = —0, + es] (7,0) + O(e?) provided that

(37) s7(t,0) = (o QFfE}q (;C(Trf’)fo))‘

Moreover, from (23), we get

97 (00,0, o, (07 (0),0)) = 3 (0o, o)y (0)+

<Dzl"i(av, Po), /?(s, pv)flcf (s+6,7(s,x)) ds>,
(38) ’
i+1 oT’;

¢i+(—0v,9, pv, (k(7,0),0)) = (1) E(Uvr po)k(T,0)+

(D.ri(o, pv),(—1)1‘/0?“(s, po) 'RG* (s + 6, Ry(s,x.)) ds).

fori=1,2.
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Accordingly, define G(7,0;¢) = (G1(7,6;¢€), G2(7,0;¢€) ) as
Gi1(1,0;¢) = mp® (s~ (60;¢),6,(L,(6;¢),0);¢)
—11g®t (s (7,0;¢),0s(T,0 + 20; €), (x5(T,0 + 204;€),0); €)
= s (0;e) +0—s"(t,0;¢) — 05(T,0 + 20y;¢€)
= ¢e(s;(0) —s{ (t,0) — 1)+ 0O(e?),
Go(7,0;e) = 11, D (s (6;¢),0, (4, (6;¢),0);¢)
— 70 ® T (s (7,0;¢),05(T,0 + 204;€), (x5(T,0 4 20%; €),0); €)

= & (s7(0;¢),0, (xo +ev, (0),0);¢)
—&{ (sT(1,6;¢€),0 + 20, + €T, (%, + €k(T,6),0); €).

To compute the function Gy, first we see that

F2(40) (1 (6) — s (7, 0))

= lP;—(—Uv,@, po, (k(7,0),0)) — ¢, (00,6, po, (v, (6),0))
_alh

= ==, (00, o) (K(T,60) + v, (6)) — g0
_ F(q0) - - _
- Pl(pv) (k< /9) + v (9)) S0,

where gy is defined in (16). To obtain the above expression we have used Lemma
and expression (38). Therefore,

Gi(T,0¢) = — ¢ ) (Fz(qv)r—k £(q0) (k(t,0)+ v, (0)) —I—g9> + O(e?).

F2 (40 Fi(po)
We compute G>(,6; ¢). From Lemma 7]and expressions (36), (87), and (38) we get
Gy (s7(6;€),0, (xo + v, (6),0);¢)

= 71(00, %) + £(F (32)s1 (6) + ¥y (05,0, pos (v, (6),0)) ) + O(?)

= ')’1(0}]/ xv) +¢€ ( - i;gg:ilpz_ (leer Po, (VU_(Q)’O))

+py (00,0, po, (VJ(9),0))> +0(&),
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where 7y is given in (), and

& (st (t,6;¢),0 + 200 + €T, (0 + €k(T,0),0);€)

= 11(0u,3) + (K ()51 (7,0) + ¥ (<02, po, (K(7,0),0))) + O()

= 71(00, %) + s@ﬁjﬁ@(—ao, 0, por (K(7,6),0))

4—4ﬁ*<——0b,9,pv,(k(r,9>,0>)> +0().

Thus,
PG (00,6, pon (45 (6),0)) = 9 (00,6, o, (K(7,6),0))
—ggg(%(%ﬁJMQ%wxm)+%ﬂ—%ﬁmwwuﬁ»m0+wxq
From we have
128 (00,8, po, (v, (6),0)) — ¢1+(_‘va 0, pu, (k(7,0),0)) =
2 (00 po) (v 0) — K(z,0)) +
<Dzl"1 (Uv, pv) , /Om; Y(t, pv)—l{G_, G+}6(t,’y(t, xv))dt>,
and
(2% (00,0, po, (v, (0),0)) + ’P;(_‘Tvr 0, po, (k(7,0),0)) =
2 00 ) (v (0) — K(T,0)) +

<Dzr2(0'v, pv) , /0% Y(t, pv)*1{G7, G+}9(t,’y(t, XU>)dt>.

Similar to the proof of Theorem [A]we obtain that
or
—F(q0)Ga(7,6;¢) = e(v, (0) —k(7,0))F(g0) A g(av, po) +eM(6,x,) + O(?),

where M(6, x) is defined in (15). As a direct consequence of Lemma [2l we have that
the above wedge product vanishes. Therefore,

Ga(7,0;€) = —F2<€qv)M(9, xXp) + O(e%).

Now, consider the function

@na@:—EWJQLaaz(@wﬁyéwg+0@y

s
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Thus,

Gi(1,0) = B(q,)T+ EEZZ; (k(t,0) + v, (0)) + g0,

G(0) = M(6,x,).
By hypothesis there exists 6* € S} such that M(6*,x,) = 0 and (dM/90) (6%, x,) # 0.
Now, we note that the equation Q~1 (t,0*) = 0 is equivalent, using (35), to the equation
1 0+ (0)
p(6*) Fi(po) F(q0)

where p(6) and m;(6) are defined in and (33), respectively. Since p(6*) > 0,
equation (39) becomes

(9) T+ e L A(B*) =0 where A(6) = i

r(1)e’(™ = e~ A0PE)  with r(1) = —(T+ A(0%))p(6*),

which admits a unique real solution

CA0Y) — L (e A e
"= —A(0") p(e*)W<e )
Here, W denotes the Lambert W-function (x = W(y) gives the solution of xe* = y, for
a definition see [8]). From the properties of the W—function, we know that W(ef) > B
if, and only if, B < 1. Then, we obtain that T < 0 if, and only if, A(6*)p(6*) > —1.
This follows from the hypothesis (a) of the theorem, which reads

ZFZ(qv)
8o+ = oh

Fl(Pv)g(Pv)

GE(G*,PU)-

Accordingly, we take N = —27* in order to have (7*,0*) € (—N,0) x (a,b) and
G(t*,0*,0) = 0. Moreover,
L

ag * )k _
det (a(’[,Q)(T ,9 ,0)) =
oM

= Fy(qo) (1+¢77)) S (0" x0) 0.

Bgo) (1+e770)) ¥

0 aﬂ(e*/xv)

Thus, applying the implicit function theorem we conclude that for e > 0 sufficiently
small there exist 6. € (a,b) and 7. € (—N,0) such that G(t, 0 ¢) = é(re, O;¢) = 0
and 6, — 0* and 7. — T* whene — 0.

For the case when G; (t,py) > G, (t,py) for every t € [a,b] the same argument
works reversing time. Therefore, in this case, the obtained sliding periodic solutions
slide on X°. This concludes the proof of item (a) of the Theorem B} []
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5.3. Proof of statement (b) of Theorem Bl Let K C S} x R be the set of pairs (6, x)
such that y < min{v*(0)}. Clearly, in this case, { = x, + ex < ¢+ (0;¢), and therefore
the solutions of system cross the set of discontinuity = at the points (6, (,0))
when (6, x) € K.

In what follows, we define a function H : K x (0;e9) — RR? such that its zeros
determine the existence of crossing periodic solutions near the separatrix S. Given
(6,Z¢) € K, we consider the flows @~ (t,0, ({;,0);¢) and @ (t,0 + 20y, ({¢,0);€). The
existence of times r~ =7~ (0, x;¢) > 0and r* = r (6, x;¢€) < 0 such that

&5 (r7,0,(Ce,0);¢) =0, &3 (r™,0+420,,(Le,0);¢) =0
is guaranteed by the implicit function theorem. These times can be computed analo-
gously to and as
r(0,x;e) = 0p+ery (0,x) + O() rH(0,x8) = —0u +er] (6,x) + O(e2),
where

_ l/’zi<:F‘7w 0, pu, (x,0))
F(q0) ’

but here we have used the formula of Lemma E] for zg = py, and z; = (x,0).
Accordingly, define H (6, x;¢) = (H1(6, x;€), H2(6,x;¢€)) as

Hi(0,x:8) = 1P (r=(0,x¢),0, (L, 0);€) — me@" (r (0, x5 €), 0 + 200, (G, 0); €)
= r7(0,x;6) —r*(0,x;€) — 200
= e(ry (0,x) — 17 (0,X) + O(&),
Ha(0,x08) = @ (r(0,x5¢),0, (Ce, 0);€) — T (r7(6, x;€), 0 + 200, (Ce, 0); €)
= & (r(0,x:€),0, (x0 +€x,0);¢)
—&(rT (0, x;€),0 + 200, (xo + €x,0);€) + O(2).

rf(@,x) =

From the construction of H it is clear that a crossing 2c,—periodic solution of system
(12) exists if, and only if, we find (6, x.) € K such that H (0, xe;€) = (0,0). To com-
pute H we proceed analogously to the proof of statement (a) of Theorem B} but now
using the expressions just obtained for 77" and again Lemma [7] with zp = p,, and
z1 = (x,0), obtaining

7‘[1(9,)(,‘€) = —¢ <F12X + 86 )) + 0(82),

(po)  F2(40
Ha (0, x;¢€) = —s% + O(&?).

We define

H(O,x;€) = —FZ(E%)’}—[(G,X;S).
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By hypothesis there exists 6* € S! such that M(6*,x,) = 0 and (IMdF) (6*,x,) # 0.
Therefore, for x* = —F(po)ge+/ (2F2(q»)) we get

vy # 2F(q0)
det ((9*,)(*,0)) - Fi(po)
(0, x) oM,
w(e , Xp) 0
o 2F2(qv) aM %
= T E() W((9 ,Xp) # 0.

Applying the implicit function theorem it follows that, for ¢ > 0 sufficiently small, there

exist 0, = 0* + O(¢) € (a,b) and x. = x* + O(¢) such that H(6;, xe; €) = 7—7(08,)(8;8) =
0. Furthermore, (6, x:) € K. Indeed, the hypothesis (b) of the theorem, which reads
255(q0)
8o < 8?32
Fi(po) o0x (po)

max {GéE (0%, po) }

and implies that x* < min{v*(6*)}. Consequently, x. < min{v*=(0,)} for e > 0
small enough. This concludes the proof of statement (b) of Theorem B} [

6. CONCLUSIONS AND FURTHER DIRECTIONS

In this paper, we have considered a reversible planar Filippov system Zj having a
simple two-fold cycle S. The reversibility property forces S always to be the boundary
of a period annulus A of crossing periodic orbits. Our main goal consisted in under-
standing how such a simple two-fold cycle & unfolds under small non-autonomous
periodic perturbations Z, of Zj.

As usual, the perturbation Z, was assumed to be periodic with the same period of
some of the periodic orbits in S U A. Then, generic conditions were provided guar-
anteeing the persistence of such a periodic solution (see Theorems A and B). The con-
struction of a suitable displacement function and its related Melnikov function was
the central tools behind our study. For periodic solutions bifurcating from the pe-
riod annulus A, the Melnikov function was obtained, as usual, by expanding such a
displacement function around ¢ = 0. However, this approach fails when facing slid-
ing dynamics, which appears, for instance, in the unfolding of two-fold singularities.
Hence, the main novelty of this study consisted in developing a procedure for detect-
ing the existence of sliding and crossing periodic solutions bifurcating from the sim-
ple two-fold connection S, where the sliding dynamics must be taken into account.
In particular, the detection of sliding periodic solutions is rather different, because
regular perturbations of a Filippov system produce singular perturbation problems in
the sliding dynamics. Accordingly, tools from singular perturbation theory had to be
employed.

The study of global phenomena in Filippov systems, specially polycycles such as
simple two-fold cycles, is rather recent (see, for instance, [2, 33 34]). The procedure
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that we have developed in this paper can be applied for a wide range of polycycles in
reversible Filippov systems. For instance, polycycles formed by trajectories containing
several two-fold singularities. Allowing more tangential singularities increases the de-
generacy of the problem, and one could certainly expect a richer dynamics bifurcating
from the polycycle.

Another possible issue is to consider higher dimensional systems, such as generic
cusp-cusp singularities in 3D reversible Filippov systems. If the fixed set of the in-
volution coincides with the switching manifold, then such a system has a topological
cylinder foliated by simple two-fold connections. Thus, the ideas developed in this
paper could be applied for studying the bifurcation of crossing and sliding periodic
solutions from this cylinder.

ACKNOWLEDGMENTS

We thank the referees for their comments and suggestions which helped us to im-
prove the presentation of this paper.

DDN has been partially supported by FAPESP grants 2018/16430-8 and 2019/10269-
3, and by CNPq grant 306649 /2018-7. TMS has been supported by the Spanish MINECO-
FEDER Grant PGC2018-098676-B-100 (AEI/FEDER/UE) and the Catalan grant 2017SGR1049,
and the Catalan Institution for Research and Advanced Studies via an ICREA Academia
Prize 2019. This material is based upon work supported by the National Science Foun-
dation under Grant No. DMS-1440140 while TMS was in residence at the Mathemat-
ical Sciences Research Institute in Berkeley, California, during the Fall 2018 semester.
IOZ has been partially supported by FAPESP grant 2013/ 21078-8. DDN, MAT, and
IOZ have been partially supported by FAPESP grant 2018/ 13481-0. DDN and 10Z
have been partially supported by CNPq grant 438975/ 2018-9.

REFERENCES

[1] K. Andrade, M. Jeffrey, R. Miranda, and M. A. Teixeira. Homoclinic boundary-saddle bifurcations
in nonsmooth vector fields. Preprint ArXiv:1701.05857, pages 1-39, 2017.

[2] K. d.S. Andrade, O. M. L. Gomide, and D. D. Novaes. Qualitative analysis of polycycles in Filippov
systems. arXiv:1905.11950, 2019.

[3] A. A. Andronov, A. A. Vitt, and S. E. Khatkin. Theory of oscillators. Dover Publications, Inc., New
York, 1987. Translated from the Russian by F. Immirzi, Reprint of the 1966 translation.

[4] J. L. R. Bastos, C. A. Buzzi, J. Llibre, and D. D. Novaes. Melnikov analysis in nonsmooth differential
systems with nonlinear switching manifold. . Differential Equations, 267(6):3748-3767, 2019.

[5] E. Battelli and M. Fe¢kan. Homoclinic trajectories in discontinuous systems. J. Dynam. Differential
Equations, 20(2):337-376, 2008.

[6] M. R. Céandido, ]. Llibre, and D. D. Novaes. Persistence of periodic solutions for higher order per-
turbed differential systems via Lyapunov-Schmidt reduction. Nonlinearity, 30(9):3560-3586, 2017.

[7] A. Colombo, M. Jeffrey, J. T. Lazaro, and J. M. Olm. Extended Abstracts Spring 2016. Nonsmooth Dy-
namics, volume 8 of Trends in Mathematics. Birkhuser, Cham, 2017.

[8] R.M. Corless, G. H. Gonnet, D. E. G. Hare, D. J. Jeffrey, and D. E. Knuth. On the Lambert W function.
Adv. Comput. Math., 5(4):329-359, 1996.



PERIODIC PERTURBATIONS OF A TWO-FOLD CYCLE IN REVERSIBLE FILIPPOV SYSTEMS 31

[9] L. P. C. da Cruz, D. D. Novaes, and J. Torregrosa. New lower bound for the Hilbert number in
piecewise quadratic differential systems. J. Differential Equations, 266(7):4170-4203, 2019.

[10] M. di Bernardo, C.J. Budd, A. R. Champneys, and P. Kowalczyk. Piecewise-smooth dynamical systems,
volume 163 of Applied Mathematical Sciences. Springer-Verlag London, Ltd., London, 2008. Theory
and applications.

[11] I. Ekeland. Discontinuités de champs hamiltoniens et existence de solutions optimales en calcul des
variations. Inst. Hautes Etudes Sci. Publ. Math., (47):5-32 (1978), 1977.

[12] N. Fenichel. Geometric singular perturbation theory for ordinary differential equations. J. Differential
Equations, 31(1):53-98, 1979.

[13] A.F. Filippov. Differential equations with discontinuous righthand sides, volume 18 of Mathematics and
its Applications (Soviet Series). Kluwer Academic Publishers Group, Dordrecht, 1988.

[14] M. R. A. Gouveia, J. Llibre, D. D. Novaes, and C. Pessoa. Piecewise smooth dynamical systems:
persistence of periodic solutions and normal forms. J. Differential Equations, 260(7):6108-6129, 2016.

[15] A. Granados, S. J. Hogan, and T. M. Seara. The Melnikov method and subharmonic orbits in a
piecewise-smooth system. SIAM J. Appl. Dyn. Syst., 11(3):801-830, 2012.

[16] M. Guardia, T. M. Seara, and M. A. Teixeira. Generic bifurcations of low codimension of planar
Filippov systems. . Differential Equations, 250(4):1967-2023, 2011.

[17] M. Han and L. Sheng. Bifurcation of limit cycles in piecewise smooth systems via Melnikov function.
J. Appl. Anal. Comput., 5(4):809-815, 2015.

[18] A.Jacquemard, M. A. Teixeira, and D. J. Tonon. Piecewise smooth reversible dynamical systems at
a two-fold singularity. Internat. |. Bifur. Chaos Appl. Sci. Engrg., 22(8):1250192, 13, 2012.

[19] M. R. Jeffrey. Hidden dynamics. Springer, Cham, 2018. The mathematics of switches, decisions and
other discontinuous behaviour.

[20] C. K. R. T. Jones. Geometric singular perturbation theory. In Dynamical systems (Montecatini Terme,
1994), volume 1609 of Lecture Notes in Math., pages 44-118. Springer, Berlin, 1995.

[21] V.S. Kozlova. Structural stability of a discontinuous system. Vestnik Moskov. Univ. Ser. I Mat. Mekh.,
(5):16-20, 1984.

[22] M. Kunze, T. Kiipper, and J. You. On the application of KAM theory to discontinuous dynamical
systems. J. Differential Equations, 139(1):1-21, 1997.

[23] Y. A. Kuznetsov, S. Rinaldi, and A. Gragnani. One-parameter bifurcations in planar Filippov sys-
tems. Internat. |. Bifur. Chaos Appl. Sci. Engrg., 13(8):2157-2188, 2003.

[24] L. Li and L. Huang. Concurrent homoclinic bifurcation and Hopf bifurcation for a class of planar
Filippov systems. |. Math. Anal. Appl., 411(1):83-94, 2014.

[25] J. Llibre, A. C. Mereu, and D. D. Novaes. Averaging theory for discontinuous piecewise differential
systems. J. Differential Equations, 258(11):4007-4032, 2015.

[26] J. Llibre, D. D. Novaes, and C. A. Rodrigues. Bifurcations from families of periodic solutions in
piecewise differential systems. Physica D: Nonlinear Phenomena, 404:132342, Mar. 2020.

[27] J. Llibre, D. D. Novaes, and C. A. B. Rodrigues. Averaging theory at any order for computing limit
cycles of discontinuous piecewise differential systems with many zones. Phys. D, 353/354:1-10,
2017.

[28] J. Llibre, D. D. Novaes, and M. A. Teixeira. Higher order averaging theory for finding periodic
solutions via Brouwer degree. Nonlinearity, 27(3):563-583, 2014.

[29] J. Llibre, D. D. Novaes, and M. A. Teixeira. Limit cycles bifurcating from the periodic orbits of a
discontinuous piecewise linear differentiable center with two zones. Internat. J. Bifur. Chaos Appl.
Sci. Engrg., 25(11):1550144, 11, 2015.

[30] J. Llibre, D. D. Novaes, and M. A. Teixeira. On the birth of limit cycles for non-smooth dynamical
systems. Bull. Sci. Math., 139(3):229-244, 2015.

[31] O. Makarenkov and J. S. Lamb (Eds.). Special issue on dynamics and bifurcations of nonsmooth
systems. Phys. D, 241(22):1825-2082, 2012.



32 D.D.NOVAES, TM. SEARA, M.A. TEIXEIRA AND 1.O. ZELI

[32] D. D. Novaes, G. Ponce, and R. Vardo. Chaos Induced by Sliding Phenomena in Filippov Systems.
J. Dynam. Differential Equations, 29(4):1569-1583, 2017.

[33] D. D. Novaes and M. A. Teixeira. Shilnikov problem in Filippov dynamical systems. Chaos,
29(6):063110, 8, 2019.

[34] D.D. Novaes, M. A. Teixeira, and I. O. Zeli. The generic unfolding of a codimension-two connection
to a two-fold singularity of planar filippov systems. Nonlinearity, 31(5):2083-2104, apr 2018.

[35] J. A. Sanders, F. Verhulst, and J. Murdock. Averaging methods in nonlinear dynamical systems, vol-
ume 59 of Applied Mathematical Sciences. Springer, New York, second edition, 2007.

[36] M. A. Teixeira. Generic singularities of discontinuous vector fields. An. Acad. Brasil. Ciénc., 53(2):257—
260, 1981.

1 DEPARTAMENTO DE MATEMATICA, UNIVERSIDADE ESTADUAL DE CAMPINAS, RUA SERGIO BUAR-
QUE DE HOLANDA, 651, CIDADE UNIVERSITARIA ZEFERINO VAZ, 13083-859, CAMPINAS, SP, BRAZIL

E-mail address: ddnovaes@unicamp.br

E-mail address: teixeira@unicamp.br

2 DEPARTAMENT DE MATEMATICA APLICADA I, UNIVERSITAT POLITECNICA DE CATALUNYA, DI-
AGONAL 647, 08028 BARCELONA, SPAIN
E-mail address: tere .m-seara®upc.edu

3 DEPARTAMENTO DE MATEMATICA, INSTITUTO TECNOLOGICO DE AERONAUTICA, PRACA MARECHAL
EDUARDO GOMES, 50, VILA DAS ACACIAS, 12228-900, SAO Jost DOS CAMPOS, SP, BRAZIL
E-mail address: iriszeli@ita.br



	1. Introduction
	2. Basic concepts and preliminary results
	2.1. Filippov systems
	2.2. Preliminary results

	3. Statement of the main results
	3.1. Bifurcations from the period annulus A
	3.2. Bifurcations from the two-fold connection S

	4. A piecewise Hamiltonian model
	4.1. non-autonomous perturbation

	5. Proofs of Theorems A and B
	5.1. Proof of Theorem A
	5.2. Proof of statement (a) of Theorem B
	5.3. Proof of statement (b) of Theorem B

	6. Conclusions and further directions
	Acknowledgments
	References

