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Abstract: This paper deals with the problem of the stability
analysis and controller gain synthesis for networked control
systems with the network-induced delay, data packet dropout,
parameters’ uncertainties and disturbance input. To achieve less
conservative results compared with existing methods in the
literature, a novel Lyapunov-Krasovskii functional is constructed
and new free-weighting matrices are introduced to increase
degrees of freedom in the sufficient robust stability conditions. The
maximum allowable delay bound, minimum attenuation level and
the gain of memoryless controller is obtained by solving a set of
linear matrix inequalities (LMIs). Finally an illustrative example is
given to reveal the effectiveness of the proposed approach.
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I. Introduction

A networked control system (NCS) is a closed-loop system
that all of the ingredients are connected to each other through a
communication network. Reliability, easy maintenance and low
cost made these systems impressive in practical issues. But two
important challenges, network-induced delay and data dropout
are unfavorable phenomenon in these systems. Nonetheless
NCSs have gathered many researchers’ attentions in the resent
years [1-9].

The prevalent method to investigate stability and synthesis
controller gain is based on Lyapunov-Krasovskii theorem [3-6].
[3] surveyed the problem of stability and controller design
according to using Lyapunov-Krasovskii functional, and the
results of [3] were improved in [4] by utilizing new Lyapunov-
Krasovskii functional. For the first time, augmented Lyapunov-
Krasovskii functional to obtain sufficient conditions for
designing controller gain to satisfy robust stability for NCSs
was introduced in [5]. Robust stability analysis for NCSs was
improved in [6] by introducing new weighting matrices to
increase the degree of freedom. [7] and [8] investigated the
robust stability problem for NCSs with considering the closed-
loop system as discrete time model with binary random delay
and Markovian jumping parameters, respectively.

This paper is organized as follows: A continues time model
for closed-loop system is presented in section 2. In section 3,
sufficient conditions are extracted for robust H, stability
analysis and controller gain synthesis. In section 4, an
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illustrative example reveals the reliability of the proposed
method. Finally section 5 concludes the paper.

Notation: In this paper, * denotes block in the symmetric
matrix. | is identity matrix of appropriate dimension. The
notation P > 0 (respectively P = 0) means that P is real
symmetric and positive define ( respectively, positive
semiefinite). The superscrip T stands for matrix transposition.

II. System description and preliminaries

The controlled system is described as follows:

x(t) = Ax(t) + Bu(t) + Ew(t), A=Ay + AA(t), B = By + AB(t)
Z(t) = Cx(t) + Du(t) (D
where x(t)eR™, u(t)eR™, w(t)eR™and Z(t)eR? are the state
vector, control input vector, disturbance vector and controlled
output, respectively; Ay, By, E, C and D are known system
matrices with appropriate dimensions. It’s assumed that the pair
(A,B) is completely controllable. AA(t) and AB(t) denotes the
norm-bounded parameter uncertainties in plant satisfying :

[AA(t) AB(D)] =JAt)[H1 H,] )
where J, H;and H, are known constant matrices with
appropriate dimensions and A(t) is unknown time-varying
matrix satisfying AT (£)A(t) < I. Without loss of generality, we
mention the following assumption:

Assumption 1 : A and E are matrices with same dimensions.

The considered NCS structure is shown in Fig. 1, where the
controller and actuator are event-driven and sampler is clock-
driven.The sampling period is assumed to be h, that is a
constant value. The transmission delay may not be necessarily
integer multiplies of the sampling period so zero order hold
(Z2.0.H) device's information may be updated between sampling
instants. Since the controller is a constant gain, the feedback
and forward delays are combined together at each sampling
time. The updating instant of Z.0O.H are t; experience signal
transmission delay 1, where 1, = Ns, + Nca, (Nsc,, and N¢q,
are delays from the sampler to the controller and from the
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controller to the Z.O.H at the updating instant t, respectively).
Therefore, the state feedback with considering the behavior of
the Z.0.H takes the following form:

w(t)

State Controller }‘

Figure 1. Networked Control System

u(ty) = Kx(ty — Mt <t < tgyq 3)

in which t,,, is next updating state after t, . The network-
induced delay 7, is bounded as the following inequality:

M <Mk < Mu (4)

where 17, and 7, are the lower and upper bounds of the
network-induced delay, respectively. Then, the closed-loop
system in Fig. 1 is described by:

x(t) = Ax(t) + BKx(t;, — ni) + Ew(t)
Z(t) = Cx(t) + DKx(ti — M)t <t < tyqq (5)

which is in the form of sampled-data system. Moreover, at the
updating instant tj, the number of accumulated data packet
dropout since the last updating instant t,_, is denoted by T,
where 0 < 1, < 7). Combining the above-mentioned facts,
yields to:

tetr = te = Mksr — Mie + (T + DA (6)
Now, let n(t) =t—t; +n, is replaced in (5), then the
following continuous time model is obtained for the closed-

loop NCS in Fig. 1:

x(t) = Ax(t) + BKx(t —n(®)) + Ew(t)

Z(t) = Cx(t) + DKx(t — (D)) (7
in which,
M <n() <7 ®)

with n = ny + (ty + 1h. It's evident that 7 is related to the
maximum number of accumulated data packet dropouts 7,,, the
upper bound of network-induced delay 7, and the sampling
period h of the sampler device.

H, control problem: System (7) is said robustly

asymptotically stable with H, norm bound y > 0 if the
following conditions are satisfied:

1) The closed-loop system (7) is asymptotically stable when
w(t) = 0 for all uncertainties AA(t) and AB(t) .

2) Under the zero conditions, the controlled output Z(t)
satisfies ||Z ()|, < yllw(t)]|, for all nonzero w(t)eL,[0, ).

Before further proceeding, the following lemma is introduced to
handle the norm-bounded parameter uncertainties:

Lemma 1: Given real matrices ¥ , X; and X, with appropriate
dimensions, with 2T =% |

I +5A0)E +ZTAT (02T <0 (9)

holds if and only if for all AT(t)A(t) < and there exist some
€ > 0 such that the following inequality holds:

S 4 e 41575, <0

which can be modified by schur complement to the following
matrix inequality:

D ¥ S
X, —e 0 |<0
I

el 0 —e

(10)

III. Main results

In this section, a new robust H, delay-dependent stability
condition is derived in Theorem 1 to analyze robust H,
stability of closed-loop system (7) for all delays satisfying (8).
Then, controller synthesis approach is given in Theorem 2.

Theorem 1: For given n,,, 1, J, Hy, H, and K, the closed-loop
system (7) is robustly asymptotically stable with the H,, norm
bound y if there exist matrices N,, L,(z = 0,1,2), M, R,S,F ,
Ql = [Qlll] > 01 QZ =
2X2

>0, T,= [TZU] >0, Z,>0,

symmetric matrices P = [Pij]

[ini]zxz >0, Tl B [Tlij]zxz
Z; >0, Xo, X1, Xp, Uy, Uy, V= []/Zij]gxg’

5x5’

and

W, = [WZU] (z = 0,1,2) with appropriate dimensions and
8x8
scalar €, satisfying (11-16)

P R S

* U F|>0 (11)
[x  x U,
[z, 2T e,

« —el 0 ]|<0 ,vi=12 (12)
L * —el
(Vo Lo+ Ng

* T, T,+X|[=0 (13)
| * * T122




(Vi Li+y N; [ —Ry+ Uy T r —S,+F
* Toy  Top tXif 20, Vi=12 (14) —R,—Rs—U +FT S, —Ss—F+U,
| * * Tzzz Rs—FT Ss—U,
Wo Lo+ o =| =Ry — Uy —HFT — |51 = mF =10,
i} Z ] >0 (15) o s ¢1 s,
— =S
w, L; R; 3
. l;"’l] >0, Vi=12 (16) 0 0
2 ] 0 ] | 0 |
Where i =0 — 1, T == (77 - nm) and Proof: Consider a Lyaponuv-Krasovskii functional as follows:
2
Xy =m + 1+l + T3, + T[—gn +nVo+1 Vi+ UTmWO +n W V(xe) = Vi(xe) + Vo (xe) + Va(xp) + V() 17)
,Vi=1,2 P R S
20 = [No+nmlo+7 Li=Nog+N;—N; 0 0 0 —N; +N; 0] Vilxy) =ET () |* Up F|E&@®) (18)
11 12 13 14 * o+ U,
— (1,1 (1,2 an=|* = 23 24
1= % (2_2) ’ T % * 33 34 t 2T t— 77m T
« %+ a4 Vo) = f,_, T (@Qr(a)da + [, (@)Qzt(a)da (19)
11=P14_R1+P&_R{+Q111+an111+ﬁ T211+X0+CTC
0t
12=—Puu+Pis+R —S +P,—R] Va(x,) = f f T () Tyr(a)dadp
=P +5S, + P, — Rl I
B R + f_:m ftiﬁ T (a)T,t(a)dadp (20)

14 =Piy + By +19 S+ Qq, + Ty, +9 To,
_ T .
22= —Pu+Pys + Ry — S, —PJ, + Ps + R —S7 — Q1,, + Qz,, Valae) = J-nmf J;Jrex (0)Zyx(a)dadbdp

- Xo + Xy, 23 +15m ; I}, o 27T (@)Z;3(a) dadbdp @1
= —Py5+ S, — P{, + Pis + R} — ST wherein, £(t) = col[x(t), x(t—ny), x(t—mn), ftt_n x(a)da,
— pT ~ _ pT N
2= Pz +iimBy 41 5, = Pig +mfa #1455 I :mx(a)da f_onm ft:ﬁx (@dadp, [" Hﬁx(a)da df]and
33 = —P35 + 53— Pis + S5 — Qa,, — X, () = col[x(a) %(a)].
— 0L +n T +F T, + n,ZnZ + 77 Now consider the following equation:
44 Ly T miay, T A2, T 5741 T 142 Jo = fow[ZT (O2(6) — Y2 Ow(O)]dt (22)
b Py ;’ 13 C"DK % Under zero-initial conditions, we have V(x,) = 0 and V (xy,) =
w2)=|*" Qs + Q2 23 0 0, so (22) can be rewritten to the following inequality:
PL P33 —Q2, 0 0 P .
i 0 0 0 0 - f [27 (©)z2() — Y2 (Dw () + V(x)]dt — V(xe) <
__lez + szz 0 0 0 o o ;
22) = * —Q2,, 0 0 fo [T (0)z(®) — 2w (O)w(t) +V(x,)]dt (23)
’ * * —X; + X, + KTDTDK 0 | So the closed-loop system (7) is robustly asymptotically stable

w1th dlsturbance attenuation level y if and only if satisfying:
2 = [—]TM1 =J"M3, =] ME, =] M}, =] ML, —]" M, =] " M7, —]" M§]" ZT()2(t) — y20T (Dw(t) +V(x,) < 0 4)
S,=[H, 0 0 0 0 0 H,K 0]

The time derivative of V(x,) along the trajectories of (7) is
ms,=[-M 4y 0 0 M 0 0 —MBK —ME] (x;) along j (7)

obtained as follows:

—Py, + RY T [ —Pys + RE
Pys — Pfs — R} + 57 Pys — Pss — RE + S P R S7.
Pfs =S Pss — S§ Vi) =287(t)|* Uy F|& (B) (25)
Yo =|—Pra— NmRY — 1S , P =|"Pis— NmRE —AST * o= Uy
—Pa4 —P;s5 ,
—P3y —P5¢ Vo(xe) = 7 (0)Q17(8) — 7 (t — 1) Q17(t — 1)
8 8 77t = 1) Qo (t — 1) =TTt =M Q2T (t—1) (26)

t
Vy(xe) = 17 (0) G Ty + AT)T(E) — f T (@)Tyr(@)da -
t—Nm

o @t (@da = [T (@Tt(@)da (27)



v4(xt>—xT(t>< zl+nzz>x(t> f f %(0)2;(a) dadp
Tl(f)
f f 1T (a)Z,x(a)dadp — f f xT(a) Zyx(a)dadf
n@) Je+p t+8
(28)
For any matrices Ny, N;, N, M, L, , L; and L, and

symmetric matrices Vy, Vi, Vo, Wy, Wi, W,, X,, X; and X,
with appropriate dimensions, the following equalities hold:

£1(6) = 20T ONo(x(6) = x(t =) = [, #(@da)=0  (29)
t="m
&(t) = 2" (ON, <x(t —m) —x(E—n@) - | % (a)da) =
t=n(t)
(30)
t=n(t)
&5(t) = 20" (ON, <x(t — () - x(t —m) - x(a)da> =
t-n
3D

ea(t) = 207 ()M (%(£) — Ax(t) — BKx(t — n(t)) - Ew(t)) =0(32)

es(t) = 20T (OLo(mmx (D) - f_, x(@)da

=2 [ g% (@dadf =0 (33)
t—Nm
e6(t) = 207 (OLy (((8) — ) x(£) — f x(a)da —
t-n(t)
[ i ft+ﬁx(a)dadﬁ) =0 (34)
t-n(t)
&,(t) = 2¢{"(OLa((n — n(©))x(0) — x(a)da —
t-n
157 Jf, g #(@dadp) = 0 (35)
gg(t) = 1T OV 0 () — f T(OVod(t)da =0 (36)
&(t) = (n(t) - T OV ~ [om ST @i ®da =0 (37)
e10(®) = (1 = 1O OVLO - [V T @V =0 (38)
en(®) =2 OWl (D) - [0 [f, T OWel(Ddadf =0 (39)
£2(t) = MZT@)W&@)
— o [ ST OWAL (D) dadp = 0 (40)
ers(© = Do
=IO,y ST OWaE () dadf = 0 (41)

e1a(t) = xT(©)Xox(t) — xT(t — ) Xox (£ — ) —
2 f:_nm xT () Xox(a)da = 0(42)
e15() = xT(t =) Xex (¢ =) — 2T (¢ = 1(0)) X, x(t = n(2)) —

2 [ T (@Xyx(@da = 0

e16(t) = x"(t = (O Xox(t = () — x"(t —MXpx(t — 1) —

(43)

2 ”“) T (@) Xx(a)da = 0 (44)

where,((t) = col[x(t), x(t — ), x(t — 1), x(t), x(t —

M), X(t — 1), x(t —n(t), w(t)]. Now based on (25-28) and
combining (29-44), zT (£)z(t) — y?w” (O)w(t) + V(x,) can be
stated as follows:

2" (Dz(1) — yY? 0" (Dw(®) + V(x)
= Vl(xt) + Vz(xt) + V3(xt) + V4(xt) + l 16 &)+
+(Cx(t) + DKx(t — n(e))T(Cx(t) + DKx(t —17(0) — Y2 (O w(t)

(45)
The V + Z"Z — y?w" w in (45) can be rewritten as:
V(xe) + 2" (0)z(t) — o (Dw(t) =
TOT) + T2 0;(8) (46)
Where
n(t) = 1y + 1y (t) + 15 (¢) + 13 + 1 + Vo + () — M)V +
2 2 2 _ 2
r);n W, + n*(®) - Nim) W, + (™ 277 ®) w,
m,(t) =[(1,1)({) —Ng+N, —N, 0 0 0 —N;+N, 0]
(L,D@) = No + MinLo + () — )Ly + (1 — (D)L,
(O] [Vo Lo+wo Ny ()
0,(t) = x(a) T111 T112 +Xo x(a)|da
= | % (@) Ty,, x(a)
e [COT Ly +y Ny {(®)
-Qz(t) = J- x(a) T211 T212 +X x(a)|da
t=n@® | %(a) Ty, x(a)
t 207 L+, N, {(@®
!23(t) = - x(a) T211 T212 +X; x(a) da
x(a) T3, x(a)

a0 = - f f i [W" AR I

ut0=- nmLﬁ 5553) EPAS AR

OO We Ly + 1] [0

Ng(t) = f ft+ﬁ x(a) Zy ] x(a)] dadf
Provided n(t) <0, and 2, 20(i =1,...,6), the Theoreml
ensures that the system (7) is asymptotically stable. It is
obvious that the condition m(t) <0 is equivalent with
conditions in (12), one has been obtained for 7n(t) =n,, and
another forn(t) =n. m

Theorem 1 reveals the sufficient conditions for analysis of
robust H,, stability for system (7), but this theorem cannot give
the gain of controller for stabilization of system (7). So,
Theorem 2 is introduced to acquire appropriate controller gain
K by solving a set of Linear Matrix Inequalities.

Theorem 2: For given constants 71,,, 7 and y and scalars
pi(i=2,..8), the closed-loop system (7) is robustly
asymptotically stable for H, level y with the control gain



K =YXT if there exist nonsingular matrix X, matrices
N, L, z=012)R, S, F, Y

matrices P =[Py]_ , Q.= [Qlil‘]zxz >0, 0Q,= [inl_]zxz >0,

T, = [Tlij]2X2 >0,T, = [TZU]2X2 >0,

=, . w=[W,) . X (=012 with
8x8 8x8

appropriate dimensions and scalar € > 0 such that the

following LMIs hold (47-52):

and symmetric

Z,>0, Z,>0,

P R S
x U F|>0 @7
* * l72
?l 21T Efz 12 ]
I, —€l 0 0 0
€€ 0 —el 0 0 <0 Vi=12 (48)
T 0 0 -1 0
| 0 0 0 I
4 L0_+ Yo Ny _
* T111 T112 + XO =0 (49)
| * * TIZZ
[V Zi_"‘ P, _ N; _
* T, T, +X|>0, vi=12 (50)
| * * Tzzz
W, Lo+
o Lo+ §Uo] >0 (s1)
* Z1
Wi Lit ‘”1] >0, Vi=12 (52)
* Zy
Where
= _ — -_— 2 — p—
5y = Ty + Ty + 7 + T3, + 75, +1mVo +1) Vi+n7mW0+ﬁ w;,

i
Vi=12

Ty
=[Ng+nulo+H L; —Ng+N;, —-N, 0 0 0 —N;+N, 0]
—_ — 71 1z 13 14
a:[(l') Li)] an=|* 2= = 2
* (2,2) ¥ % 33 34

O S ¥)

=P =R+ Pl =R+ Q1,, + Ty, +1) Ty, + X

’ P, Pis 0 0
12) = Py —Q,, + Q2 ~ P23_ 0 0
P, Piz—Qy, 0 0 |
| 0 0 o o J
[—0Q1,, T Q2,, 0 0 0
22) = * @, 0 0
* * _X1 + XZ 0
* * * ()J

Ly = [ =) s =pa) s =pa) " =ps]" =pel " =pr]", —pe]]”
I =[HX" 0 0 0 0 0 HyY 0]

—AXT 0 0 X 0 0 —B,Y —-E XT

—pAX" 0 0o PXT 0 0 —pBY —pE X"

—p3AX" 0 0o pXT 0 0 —p3BoY —p;E X'
_ _|=padoX” 0 pX" 0 0 —psBY —pE X"
BT peax™ 00 pgxT 00 —pByY —pgE XT

—psAoX” 0 0 peXT 0 0 —peBoY —peE X"

—pAX" 0 0 p,x7 0 0 —psByY —p;E X"

0
—pgAoXT 0 0 pgXT 0 O —pgByY —pgE XT

Ty=[cxT o0 0o 0 0 0 py ol

2=[0 0 0 0 0 0 0 yx™I”
and the rest of the elements ("5, ..., 34) 1S equivalent to

127 1 44+
Proof: By schur complement (12) is equivalent to
[ o X ex, O 12]
5, —€e 0 0 0
e 0 —e o0 01<0,Vi=12 (53)

|oT o 0—10J
o o 0 0 I

Where
2

fizﬁ'l+ﬂ2i+ﬂ;i+ﬂ3n+ﬂ§n+anO+ﬁ Vl+r’7mW0+77 VVi,

T Uiz Uiz Uig
7 = [(Ll) (12)], an=|"* Uap U2z Uaa
* (2,2) * * 133 D34
* * * [gq
11 =Pu—Ri+ P, =R} +Qy,, +npTy, +1 T2, +Xo
[ Py, Pi3 0 0
=< |P22 —Q1,, + Q2 Py3 0 0
(1J ) - T
P, P33 —Q2, 0 0
L 0 0 00
[—Q1,, T+ Q2,, 0 0 0
@72) = * —Q2,, 0 0
* * _X1 + XZ 0
* * * 0
Oy=[c 0 0 0 0 0 DK o]
7,=[0 0 0 0 0 0 0 yI”
Let M=[M MI mMT Mmp MI MI MmMI MEDT.
Replace My = My, M, = p,Mo, Ms = psMo, My = psMo, Ms =
psMo, M6 = pGMO' M7 = p7M0, Mg = ngo.FeaSiblhty Of

inequality (53) implies that M, is nonsingular. Let X = My?
then pre and postmultiply simultaneously the two side of (53)
with diag[X X X X X X X X I 1 I 1], (13-14)
with diag[lx X X X X X X X X X] , (15-16)
with diaglx X X X X X X X X] and (11) with
diag[lx X X X X X X] and its transpose, respectively.
Therefore the inequalities (11-16) leads to inequalities (47-52)
withY = KXT. m



IV. Illustrative example

An illustrative example is presented to attest the effectiveness
of our propose approach in comparing with previous methods in
the literatures. The YALMIP Toolbox is utilized to solve the
LMI feasibility problems [10].

Example 1: Consider the following system with norm-bounded
uncertainty controlled over a network [5-6]:

-1 0 —-0.5 0 1
x(t) = [1 -0.5 0 [+AA@®)|x(®)+|0oful) +[1]|w(t)
0 0 0.5 1 1

Z@)=1[1 0 1]x(t) +0.1u(t) (54)

where [|AA@®)]| < 0.01.

Choose = 0.1/, H; = 0.1,H, =0, p, =0.01, p; =0.01, p, =
152, ps = 0.01, pg = 0.01, p; =0.01and pg = 0.1.

In Table 1, the minimum disturbance attenuation level
corresponding to the rival design methods are compared for
different values of ,,, and 17 .

Table I: Minimum disturbance attenuation level corresponding to the different
design methods for different values of ,,and 7.

Mm n Y

[5] [6] Proposed Method
0.1 0.5 1.843 1.714 1.475
0.3 0.7 2.642 2.455 2.175

Figure 2 and 3 show the simulation results of system (54) with
state feedback controller K = —[0.856 0.00234 1.8562]
and 0.1 < n(t) < 0.5. The initial values of the states are

x,(0) = 0.1, x,(0) =—0.1 and x3(0)=0.8 and the
disturbance signal w(t) is as follows:
w(t)_{os, 2<t<4
o, otherwise
09 T T T T T T T T
e
08[— *2
07 e
08l 4
DS«]| ]
2 naly .
= 037‘ R
02 J[ act
01 “ q
e
e 5 0 s 20 2 T 5 a0 35 =0

Time(Sec)

Figure.2: Simulation Results (States’ Trajectory)

05 T T T T T T

05k 1

(Control Signal)

=) I I ! L I I ! I I
o 5 10 15 20 25 30 3k 40 45 50

Time(Sec)
Figure.3: Simulation results (Control signal)

V. Conclusion

This paper proposed a new approach to synthesis robust H,,
state feedback controller for the linear time invariant system
which is controlled via communication network, considering
interval time delay, data packet dropout, disturbance input and
parameter uncertainties effects. A novel augmented Lyapunov-
Krasovskii functional and free weight matrices are introduced
to achieve less conservative results compared with previous
methods in the literature. A set of linear matrix inequalities
( LMIs ) was derived to design controller gain. An illustrative
example demonstrated the reliability of the proposed method.
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