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Abstract. Tb-doped CeO, (ceria) is a promising mixed conductor for oxygen
permeation membranes and reversible oxygen sorbents. To predict solubility of Tb
ions in ceria for a wide range of concentrations, density functional theory (DFT+U)
calculations with two different values of Hubbard U-parameter on Tb and Ce ions
were combined with alloy thermodynamics and the Concentration Wave approach. It
is shown that, to predict properties of disordered solid solutions at finite temperatures,
the energy parameters in the mixing energies can be extracted from the DFT+U
calculations performed at T=0 K for two ordered configurations of the dopant in the
supercells. The unlimited solubility of Tb*" in CeO, in the quasi-binary cross-section
Ce0,-TbO; is predicted in the temperature range where both stoichiometric TbO, and

CeO; reveal fluoride structures (above 700°C).
Keywords: CeO,, Tb, solid solution, solubility, ab initio, thermodynamics

1. Introduction

CeO, (ceria) exhibits a fluorite structure with Ce*" ions being 8-fold coordinated
with O” ijons. Doped ceria can be used in numerous applications, including
electrolytes of solid oxide fuel cells [1], membranes for oxygen separation [2], oxygen
sensors [3], catalysis [4], micro-electro-mechanics ([5] and references therein).

Trivalent rare earth dopants, e.g. Gd°", Sm’", and Pr’" promote oxygen vacancy
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formation and thus enable ionic conductivity [6,7]. Unlike Gd and Sm, Pr and Tb ions
can be in either 3+ or 4+ oxidation state. Ceria doped with Tb is a prospective
material for mixed-conductive membranes for oxygen separation [2,8]. It is attractive
due to a combination of fast transport of oxygen ions, favorable redox catalytic
properties and pronounced chemical compatibility with water and carbon dioxide at
high temperatures. Ceria-based membranes offer competitive oxygen permeation
fluxes at temperatures below 1123 K as compared with perovskite-based membranes
[9,10]. Special attention has been paid to doping with lanthanide oxides, which are
soluble in ceria up to ~40% [11].

In the Ce;..Tb.O,-5 system, the structure properties with respect to transport were
discussed in detail [12], while in the accompanying study [13] different compositions
of Ce; . Tb.Oy5 (x =0.1, 0.2, 0.5), either undoped or cobalt-doped, have been
prepared and characterized, to assess its applicability as the oxygen separation
membranes. To gain insight into the transport properties of terbium-doped ceria,
several bulk-related properties were investigated, using X-ray diffraction (XRD),
temperature-programmed  desorption (TPD), thermogravimetry (TG), DC-
conductivity and UV-vis spectrophotometry. Analysis of the Vegard's law indicates
that the lattice parameter indeed follows a linear concentration trend indicating
absence of secondary phases in these solid solutions. In agreement with these
experimental observations, the Tb impurities in CeO; are in a mixed valence state.
The actual proportion of Tb>" and Tb*" ions in CeO, lattice depends on experimental
conditions, i.e. temperature and oxygen partial pressure. In the present study, we
demonstrate that Tb*" ions are completely soluble in ceria at any concentrations.
Phase diagrams of Ce;..Gd.O,..» were recently calculated [14,15]. It was shown that
the phase separation into Gd,O3 and CeO; occurs below certain transition temperature
that weakly depends on the Gd concentration. At the same time, to the best of our
knowledge, there is no information about the solubility of Tb in CeO, in the whole
range of atomic fractions of Tb. Experiments on solid solutions with Tb content up to
60% [13] do not indicate second phase formation. On the other hand, the EELS and
TEM measurements [16] demonstrated the formation of domains containing Tb*" and
oxygen vacancies, in the range of Tb concentration from 0 to 50% with a secondary
phase formation observed in XRD for Tb concentrations higher than 80% [17]. They
also show oxygen vacancy ordering in domains with trivalent dopants in Sm, Gd, Dy,

and Yb-doped CeO; [18]. The oxygen vacancy ordering effect explains anomalies in
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the behavior of the lattice constant in Pr-doped CeO, thin films [19]. Thus,
understanding solubility data may be important for the use of Ce; . Tb.O, for oxygen
separation, because, as was observed in ref. [20], the increase in Tb content leads to
an increase in the oxygen uptake.

The aim of this paper is to calculate solubility of Tb*" in ceria in a whole range of

dopant concentrations.

2. Computational methods and basic properties of CeysThy 50,

CeO, crystallizes in the fluorite structure (space group Fm3m, face-centered cubic
lattice) with a primitive unit cell of three atoms, and the angle of 60° between the lattice
vectors. Its conventional unit cell has 12 atoms with an angle of 90° between the lattice
vectors which probably is one of reasons, why it is so widely used in DFT calculations. In
the present study, we used two supercells to calculate two superstructures for the
concentration of Tb impurity in CeO, fixed at 50%, which is necessary for the further
thermodynamic analysis (Section 3). Tb ion substitutes for Ce in the cation fcc sub-lattice
of the fluorite structure. We built two supercells for two different distributions of Tb
impurity (hereafter, superstructures 1 and 2). Namely, the first supercell represented a
layered Tb impurity arrangement in the [001] direction of the conventional unit cell (the
tetragonal space group P4/mmm) and, consequently, consisted of 12 atoms (fig. 1a). The
other one was generated by the 2x2x2 transformation matrix for the lattice translational
vectors of the primitive unit cell. The layered Tb-impurity arrangement in the [111]
direction (the rhombohedral space group R3m) was used for the superstructure 2 and,

therefore, consisted of 24 atoms (fig. 1b).



Fig. 1. Two superstructures of Ce( sTb 5O, corresponding to a) El = %ﬂ (0,0,1)

and (b) Ez = %ﬂ (1 ! 1), considered in the calculations. Yellow, blue and red balls

2’2’2

represent Ce, Tb and O atoms, respectively.

We used the VASP 5.4 code [21,22] with the projected augmented wave method [23] and
the scalar relativistic pseudopotentials substituted for 46 electrons on Tb and Ce and 2
electrons on O atoms. The exchange-correlational functional was that due to Perdew,
Becke and Ernzerhof (PBE) [24]. We employed the rotationally-invariant Dudarev’s form
of the so-called PBE+U.g approach [25] as implemented in the VASP code. The two
values of the Hubbard U.gparameter (hereafter, U) were fixed separately on 4f-orbitals
of Ce and Tb atoms, their magnitudes selected according to the literature data, i.e. 5.0 eV
[26,27] and 6.0 eV [28], respectively. The cut-off energy was fixed at 520 eV throughout
all the spin-polarized (ferro-magnetic) calculations with the full atomic and electronic
structure optimization. The lattice parameters and internal coordinates were optimized
until the energy difference became less than 10° eV. The integration in the reciprocal
space over the Brillouin zone was performed using the I'-centered 4x4x4 k-point mesh for
the conventional unit cell (perfect CeO, and TbO,, superstructure 1) and 3x3x3 k-point
mesh for the superstructure 2. Effective atomic charges and magnetic moments were

calculated using topological Bader analysis [29,30].



As known, TbO, (the limiting case of Cel/-cTbcO, for c=1) could be non-stoichiometric
on oxygen sub-lattice which leads to symmetry reduction and, very much likely, two
types of Tb ions, in both oxidation states 3+ and 4+ [31,32]. We do not consider non-
stoichiometric TbO, in the present study, focusing on the oxidation state 4+ used in our
thermodynamic analysis. Note that the fluorite structure of TbO, was considered in the
experimental studies [12,17]. Therefore, in the present study, stoichiometric TbO, was

also calculated in the fluorite structure.

We put emphasis on the analysis of the density of states (DOS) of Cey sTbg 50, and of
the parent compounds which should show the main features with respect to cations in the
oxidation state 4+. In pure CeO, the valence band (corresponding to O ions) consists
mainly of O 2p states whereas the empty Ce 4f band (corresponding to Ce 4+ oxidation
state) lies between the valence band and bottom band formed by Ce 5d states (Fig. 2).
The two band gap values are given in Table 1. It has been shown in the literature that the
DFT+U approach or, alternatively, calculations involving hybrid density functional, are

necessary to correctly reproduce the band gap in CeO,.

In our calculations of TbO, and CeO, the PBE+U approach slightly underestimated the
experimental band gaps (Table 1). The importance of including strong correlation effects
for TbO, was already demonstrated in an earlier study [28]. Note the considerable
difference for DOS in TbO; and CeQ,. Indeed, the valence band in TbO, is formed by O
2p electrons hybridized with Tb 4f spin down electrons at ca. -2 eV below the Fermi
energy (Fig. 2). The Fermi energy is crossing the valence band in the spin down channel
which could hint on a p-type conductivity in a stoichiometric TbOs. Its band gap (2.8 eV,
Table 1) was estimated between the top of valence band (O2p electrons) and empty Tb 4f
band. This empty Tb4f band lies much closer to the bottom of conduction band, formed
by Tb 5d states, as compared to the CeO, (the gap between the Ce 4f empty band and Ce
5d states ~2.0 eV). There is also a sharp Tb 4f peak in the spin up electrons at ~6.3 eV

below the Fermi energy.

As expected, the DOS of CesTbysO, in Fig.3 shows main characteristics of the two
parent compounds. The empty Tb 4/ band lies above the empty Ce 4f band. Thus, there is
an additional band gap (O 2p — Tb 4f) in comparison with CeO, (Table 1). This is why
there are two main differences between the two parent compounds and CesTbg sO,.

First, the band gap between the O 2p band and cation 5d empty states (both cations



equally contribute to the conduction band bottom in CeysTbysO;) is larger in the
superstructures than in a pure TbO,, i.e. 4.2 eV vs 3.1 eV. Second, the band gap between
the O 2p band and Ce 4f empty states is smaller in the superstructures than in CeO,, i.e.
1.3(1.2) eV vs 2.1 eV. As for pure TbO, we observe the p-type conductivity in
Ceps5TbypsO;, (Fig. 3), in agreement with the experimental observations ([12,13] and

references therein).

It should be emphasized that Tb*" has the magnetic moment (effective charge) of 6.22 ug
(2.17 e) - 6.23 pup (2.18 ) in both superstructures, and a similar value of 6.20 pg (2.18 ¢)
in TbO, corresponding to the high spin state (formally 7 pg). The effective atomic
charges of Tb and Ce cations do not change significantly in the superstructures, in
comparison with CeO,. The lattice constant of 12 atom unit cell is unchanged in the
superstructure 1. The lattice constant of CeO, and the superstructure 1 is larger than that

the experimental one (Table 1) which is typical for DFT+U formalism.

Table 1. Lattice parameters (a), band gap (AE,), Bader effective charges (q) and magnetic
moment (1) of Tb for CeO,, TbO, and the superstructures. Experimental values from the
literature are given in parentheses. The conventional unit cell was used for perfect CeO,
and TbO,. Me denotes both Ce and Tb cations contributing to the conduction band
bottom.

CeO, Superstructure 1 | Superstructure 2 | TbO,
(Fm3m) (P4/mmm) (R3m) (Fm3m)
5.35 (5.22°,
alA 5.50(5.41%) |5.51/5.29 7.67 /1 60.22°
5.319
O 2p —Ce 4f: O 2p — Ce 4f:
O2p—Cedf: | 1.3 1.2 O 2p —Tb 4f:
AEg/eV | 2.1 (~ 3% O 2p — Tb 4f: Ce 4f — Tb 4f: 2.8
O2p—Ce5d: | 3.2 3.1 O 2p—Tb 5d:
5.2 (~6% O2p—Me5d: |O2p—Me5d: |3.1
4.2 4.2
Tb: 2.18 Tb: 2.17
q/e Ce: 2.34 Tb: 2.18
Ce: 2.35 Ce: 2.38
W/ ug — Tb: 6.23 Tb: 6.22 Tb: 6.20

“ref. [33], ° ref.[31], © ref.[34], ¢ ref.[35]
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Fig. 2. The projected density of states (DOS) for CeO, (a) and TbO; (b). The Fermi
energy is set to zero. The DOS for spin down electrons in a) is similar to that for spin up
and is not shown. Me stands for Ce (a) and Tb (b) cation 5d states, respectively. In b) Tb
4f peak at ~ -2 eV was multiplied for better visibility by the factor of 4.
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Fig. 3. Projected DOS for superstructure 1 (a) and superstructure 2 (b). The Fermi energy
is set to zero. The Tb 4f peak at ~ -2 eV was multiplied for better visibility by the factor

of 4.

3. Thermodynamic Analysis of solubility of Tb in CeO;,
3.1.Main approach

We combined DFT with the statistical thermodynamic approach for modeling
the formation of (Ce,;.Tb.)O; solid solutions, with the aim to predict solubility
limits of Tb*" in ceria. It should be noted that the supercell model used in our
DFT+U calculations is applicable only for absolutely ordered structures. To
investigate the behavior of the system at finite temperatures from such calculations
of the ordered phases at T=0 K, it is necessary to formulate the problem in a way

that allows us to extract the energy parameters for further thermodynamic analysis
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of the relative stability of the structures beyond 7=0 K. These parameters may be
used for studying disordered or partly ordered solid solutions. The DFT calculations
have been widely applied in the study of alloy phase stability and the calculation of
composition-temperature phase diagrams [36—39]. Several statistical thermodynamics
methods may be linked with the DFT calculations results for the analysis of the
relative stability of phases at T#A0K. Among them are lattice Monte Carlo (MC)
approach, Cluster expansion method (CE) (see for example Refs [14,39-41], and
Concentration Waves method (CW). In our study the latter approach, as formulated in
ref. [42] was used. It has several advantages over other statistical theories of alloys. One

such advantage is that the distribution of B atoms in a binary A—B alloy is described by a
single occupation probability function, n(ﬁ) This function gives the probability to find

the atom B (Tb, in our case) at the site R of the lattice. Such approach was successfully
used previously to analyze the initial stages of the growth of thin metallic films on
the ceramic substrate [43—46], to explain the behavior of complex perovskites [47—
50], and for description of the phase competition and solubility of doping elements
in some thermoelectric compounds [51-53]. It is based on the treatment of the
ordering phases in the crystalline structure of solid solution which are stable with
respect to the formation of antiphase domains. The choice of these ordered
structures does not depend on the type of interatomic interactions and is dictated
only by symmetry considerations [54,55].

We consider (Ce;_.Tb.)O> solid solutions with a varied fraction of Tb atoms in the
fluorite structure where Ce or Tb atoms occupy the sites of fcc lattice immersed in the
field of the rest oxygen atoms that form the background lattice. Varying the Tb
concentration ¢ in the analysis of the phase stability of fcc sub-lattice is equivalent
considering the quasi-binary cross-section of the ternary Ce-Tb-O phase diagram.
Thermodynamics of such solid solutions may be formulated as in Ref. [42], in
terms of the effective interatomic mixing potential in A-B alloys that are (Ce;..Tb.)
in our case. The variation of the atomic fraction of Tb changes the interaction of the Ce-
Tb sub-system with the oxygen background, which in its turn changes also Ce-Ce, Ce-Tb,
and Tb-Tb interactions, meaning that the latter differ from these in binary Ce-Tb solid
solutions. This is automatically accounted for in the DFT calculations (or, DFT+U
calculations in our case) because of their self-consistent character.

The effective interatomic mixing potential is expressed in the form



V(R,R") = Veece(R, R") + Vryry (R, R) — 2V (R, R'), (1)
where  Viece (ﬁ, R ’), Vrbrs (ﬁ, R ’) and Vierp (ﬁ, ﬁ’) are the effective interatomic
potentials between Ce-Ce, Tb-Tb and Ce-Tb pairs. R and R’ are the sites in the fcc sub-

lattice. The configurational part of the free energy for a solid solution (neglecting the

phonon contribution) in CW approach is given by [42]:

1 ~ D O — -
F=3 z V(R,R)n(R)n(R") +
R,

#R'

1

Tl

kT Ezn(R) n (n(R)) + (1 = n(B)In(1 = (n(R) D] - Xzn(R). @
Summation in Eq. (2) runs over the sites of the Ising lattice (fcc in our case) with Ce and
Tb atoms distributed in it. The first term in Eq. (2) corresponds to the internal energy, the
second one the entropy term (—TS), and p the indefinite multiplier of Lagrange, playing
the role of the chemical potential. The function n(ﬁ) that determines the distribution of

solute atoms in the ordered superstructures that are stable with respect to the formation

of antiphase domains may be expanded into the Fourier series

n(R) = ¢+ %sns L, [ Us) exp(ik;, R) + 5 exp(—ik; K)] . (3)
where I_c)js are the vectors of the reciprocal lattice belonging to the star s, j, numerates the
vectors of the star s, and y,(j;) are coefficients that determine the symmetry of the
function n(ﬁ) with respect to reflection and rotation operations. n(ﬁ) linearly depends
on the long range order (LRO) parameters, 7, of the superstructures that may be formed

on the basis of the Ising lattice of the disordered solid solution. The LRO parameters are

defined in such a way that they are equal to unity in a completely ordered state, where the
occupation probabilities n(ﬁ) on all the lattice sites {ﬁ } are either unity or zero. For the

disordered state all 7, are equal to zero. Substitution of Eq. (3) into (2) allows to present

the free energy of formation of solid solution in terms of Fourier transforms of the
effective interatomic mixing potential, V(Ejs).

V(k;,) = X V(R;) - exp(ikj,R;) 4)
To determine the single-valued LRO parameters an additional normalization condition

for y,(js) should be used, viz.

st )/s(js) =1 (5)
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In the study of solubility trends in (Ce;..Tb.)O, two absolutely ordered superstructures

presented in Fig. 1 are considered. These superstructures are determined by the vectors

I_c)l = %H(O,O,l) and I_c)z = %G,%,%) with ‘a’ being the cubic lattice parameter.

Substituting these vectors El or I_c)z in Eq.(3) gives the corresponding occupation
probabilities n(I_?)) for these superstructures

ny (ﬁ) = c + n1y1exp(2miz) (6)

n, (ﬁ) = c + nyy.exp(in(x +y + 2)) (7)
In stoichiometric composition for these structures for an absolutely ordered state the Tb
concentration, ¢ on the Ce-Tb sub-lattice is equal to 0.5 and LRO parameters are equal to
unity, giving y; =y, = 1/2.

Substituting Egs. (6,7) into Eq. (1), the free energies of formation for the

superstructure 1 and 2 (per site of fcc sub-lattice), respectively, may be obtained

as

1._ 1_
F{= EV(O)c(c —1)+ §V(k1)1ﬁ +

kT [(c + %711) In (c + %111) + (1 o %711) In (1 o %711)] , (8)

1_ 1_ .,
F, = EV(0)c(c —1) + §V(k2)n2 +

kT [(c + %712) In (c + %112) + (1 —Cc— %712) In (1 —Cc— %712)] , 9

where V(0) is the Fourier transform of the effective interatomic mixing potential
for k=0. These free energies show the preference of the structures with respect

to the standard state that is the mixture of constituents, CeO, and TbO,, with
the energy

Egiana = Eceo, (1 —¢) + Erpo, " C, (10)

where E¢.o, and Ery0, are the total energies of CeO, and TbO; calculated using DFT+U
in the fluorite structure at T=0K, respectively. In Eqgs. 8 and 9 the first two terms present
the mixing energies for considered structures, and the last term is the configurational
entropy of mixing. For absolutely ordered structures at stoichiometric compositions at

T=0 K ¢,~=1/2 and #; ,=1 the mixing energies have the form
1+~ 1,7
AE, = -V (0) +§V(k1) (11)
. V(k,) (12)
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and may be obtained from the DFT calculations as the differences between the total
energies of corresponding superstructures and the total energy of the mixture of

constituents given by Eq. 10. As follows from Eq. 4

V(ky) = —4V(R,) + 6V(R,) — 8V(R5) + -, (13)
V(k,) = —6V(R,) + 12V (R,) + -+, (14)
V(0) = 12V(R,) + 6V (R;) + . (15)

With the approximation of interactions in the two nearest neighbors on the Ce/Tb

sub-lattice this gives
AE, = V(Ry) +27(Ry), (16)

AE, =V(R,). (17)

3.2. Main results
The parameters AE; and AE, calculated for the superstructures 1 and 2 suggest
AE; = 0.228 eV and AE, = 0.056 eV, respectively. Their positive sign means that
both superstructures in Fig.1 are energetically unfavorable in comparison with the
mixture of constituents, CeO, and TbO,, and, in reality, do not exist. At the same
time, the discussed procedure allows us to calculate the energy parameter V(0)
that is responsible for the behavior of the disordered solid solution on Ce/Tb sub-
lattice. Solving Egs. (16,17), V(ﬁl) and V(ﬁz) were found, and after substitution
into Eq. (15) it yields 7(0) =1.210 eV. Let us compare Egs. (8,9) for absolutely
disordered structures (7,=0, 7,=0) with the model of regular solid solution
frequently used for construction of phase diagrams [56]. In this model, the free
energy of mixing for the disordered solid solution is presented as AF,,;,=AE-TAS,

with AE standing for the mixing energy could be written in the form AE=L-c:(1-c)
and A4S is the configuration entropy of mixing. It is easy to find that L= — % 7(0).

This consideration demonstrates that the DFT+U calculations of the
formation energies for only two (Ceo sTbos)O2 absolutely ordered structures allows
obtaining the energy parameter that determines the mixing energy for disordered
(Ce..Tb,)O;, solid solution. With this data in hand the free energy of mixing may
be calculated, and the solubility trends at different temperatures and
concentrations, ¢, may be found. It should be mentioned that, as demonstrated in

ref. [15], the Cluster Interaction parameters, Vaa, Vpp, and Vap applied in the CE
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method to study the decomposition in Ce;..Gd.O,..» solid solutions, do not depend
on the dopant concentration. Based on this result, it is reasonable to assume that
V(0) determined by Eq. (1) and Eq. (4) (for k=0) is also concentration
independent and, thus, we can use the above expression for mixing energy with
L=const in the whole concentration range.

In Fig. 4 the concentration dependence of the mixing energy, configuration
entropy of mixing term, (-745S), and the free energy of mixing, are presented (per

formula unit, f.u.), as an example, for T=1000 K.

0.00

-0.04

-0.08 -

-0.12 -

AE, -TAS, AFmix (eV/molecule)

-0.16
—a— AE
—eo—-TAS
-0.20- —A— AFmix||
7 T 7 T 7 T 7 T 7
0.0 0.2 0.4 0.6 0.8 1.0

c (Th)

Fig. 4. Tb*" ion concentration dependence of the mixing energy AE,
configuration entropy of mixing term, (-745S), and the free energy of mixing AFnix

for T=1000 K when both parent compound exhibit fluorite structure.

It may be seen that AF,,; is concave in the whole concentration range with no
inflection points. Thus, an unlimited solubility of Tb in CeO, in the quasi-binary cross-
section CeO,-TbO; should be observed in the temperature range where TbO, and CeO,
fluoride structures exist. As follows from the binary Tb-O and Ce-O phase diagrams, this

temperature region is above ~700°C [57,58].
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4. Conclusions
Combined analysis of alloy thermodynamics and DFT+U calculations of ordered
dopant structures allows us to predict unlimited solubility of the Tb*" ions in ceria
above 1000 K (in contrast to Gd). Note that our approach has several disadvantages as
compared e.g. with cluster variation method (see, for example,[59,60]). First, it is
based on mean-field approximation that fails in prediction of correct temperatures of
order-disorder phase transformations. However, in our case, the considered structures
are shown to be unfavorable with respect to decomposition, and, thus, there is no need
to discuss their disordering when the temperature increases. The obtained mixing
energies for these structures are used only for the estimation of the mixing parameter
in the disordered solid solution which is energetically preferable. Second, the
considered entropy term does not account for the correlations in the disordered
system, to specify the state of clustering or short-range order in an alloy [61].
However, keeping in mind the fact that the entropy term adds a negative contribution
to the free energy of mixing, the peculiarities of the entropy of mixing are not
important: since for disordered solid solution (Ce;..Tb.)O, AE<0O in a whole
concentration range, the correlations cannot change the predicted trend - unlimited
solubility of Tb in CeO,. Finally, as mentioned above, we consider the model of
regular solid solutions, but more complicated models like sub-regular solid solution
model may be important, if the limited solubility would be obtained. This will result
in non-symmetric (with respect to ¢=0.5) solubility limits in the system (e.g. [62]).
This is again not our case. At the same time, the applied approach allows prediction of
the solubility or decomposition tendencies in a very simple way that avoids long time-
consuming calculations. Summing up, our simple method could be used for many
systems where filtering of the solubility tendencies is desirable before the detailed

study of phase transformations.
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