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1. Introduction

Understanding the interplay between supersymmetry and inte-
grability in the AdS/CFT correspondence might hold the key to un-
derstanding the deeper reason for the integrability of the systems
involved. Motivated by such considerations we will be pursuing a
line of investigation which involves breaking the supersymmetry of
N =4 SYM in a simple way by introducing a domain wall, a co-
dimension one defect, separating two regions of space-time with
different vacuum expectation values (vevs) for the scalar fields. To
be more precise, we will assign vevs in a particular way to either
five or to all six of the scalar fields on one side of the defect while
keeping the vevs zero on the other side. In the language of in-
tegrability the defect can be described as a matrix product state
or a boundary state [1] and for one of the set-ups the bound-
ary state has been found to be integrable [2], for the other one
not [3], where the notion of integrability of a matrix product state
was introduced in [4]. The string theory duals of these defect
CFTs are two D3-D7 probe brane systems, named [ and I, with
non-vanishing background gauge field flux and instanton number
respectively, cf. Table 1.

Our aim will be to calculate a non-local observable, the expec-
tation value of a Wilson line, running parallel to the defect, both
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https://doi.org/10.1016/j.physletb.2020.135520

from the gauge theory- and the string theory perspective. A double
scaling limit, invented for a related supersymmetric D3-D5 probe
brane set-up in [5] and generalized to the two relevant D3-D7
probe brane set-ups in [6] will allow us to compare the results
of the two calculations. We remark that the gauge theory calcula-
tions are rather involved due to the non-vanishing vevs which mix
color as well as flavor components of the N =4 SYM fields but the
perturbative framework necessary for the calculations has been set
up in [7] and [8].

Earlier studies of Wilson loops in domain wall versions of N =
4 SYM have been limited to the supersymmetric and integrable
case of the D3-D5 probe brane system. For the D3-D5 case using
the perturbative set-up developed in [9,10], agreement between
gauge and string theory calculations in the double scaling limit
was found for a single Wilson line in [11,12], a pair of Wilson
lines in [13] and a circular Wilson loop in [14], see also [15].

With the present work we are able to address AdS/dCFT while
eliminating both supersymmetry and (boundary) integrability. In-
terestingly, we find agreement between the gauge- and string the-
ory result to two leading orders in the double scaling parameter
for both of the non-supersymmetric set-ups and in particular both
for the integrable and the non-integrable case.

Our paper is organized in the following simple way. In sec-
tion 2 we compute the expectation value of the Wilson line for
our two defect set-ups from the gauge theory perspective where-
after in section 3 we perform the computations from the string
theory perspective. Finally, section 4 contains our conclusion and
outlook.

0370-2693/© 2020 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by
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Table 1

The probe brane configurations dual to the dCFT versions of N =
4 SYM theory considered in this paper and their corresponding
double scaling (d.s.) parameters. The discussion of the integrability
properties of the associated boundary states can be found in [2,3].

D3-D7 set-up I Il
Supersymmetry None None

Brane geometry AdSsx S% x S2 AdSsx S*
Flux/Instanton no. k1, k2 w
D.s. parameter m 2
Boundary state Non-integrable Integrable

2. The gauge theory computation
2.1. The defect theories

The gauge theory duals of the two probe-brane setups of Ta-
ble 1 are obtained as defect versions of ' =4 SYM in which
(some of) the scalar fields are assigned a non-vanishing vacuum
expectation value for x3 > 0. The vevs are solutions to the classical
equations of motion,

V20 =[ 90, [ 95 0. 9 0 || (1)

For system I (cf. Table 1), the relevant solution to (1) with
SO(3) x SO(3) symmetry is [6]

1 t,(kl) ® 1k2) 0
1 .
golc (X)=_g ( ! 0 O(N—klkz) s 1=17213,
(2)
1 (100 g *) 0
1 _ _ f
(pic x) = —g ( 0 i-3 oN—kiks) | i=4,5,6.

Here the matrices t,.(k) constitute the k-dimensional irreducible rep-
resentation of the Lie algebra su(2) and we denote by 0N —k1k2) the
zero matrix of dimension (N — kiky) x (N — k1ky). We will only
need the explicit form of the diagonal matrix tg ;s eigenvalues
are

1
dj,k=§(k—2j+1), j=1,....k 3)

For system II (cf. Table 1), the solution to (1) with SO(5) sym-
metry is given by [16,17]

1 Gig 0 .
ﬁ)@(é O(N,dc)>,z=1,...5; ) =0. (4)

The matrices Gig together with Gj; = —i[Gie, Gjg| form the dg =
%(n + 1)(n + 2)(n + 3) dimensional irreducible representation of
the Lie algebra of SO(6). For the purpose of this paper, we only
need an explicit representation of Gsg. This matrix can be taken to
be diagonal [18]; its eigenvalues 7;, and the corresponding mul-
tiplicity wj, are

o (x) =

n . . . .
nj,n=—5+1—1, Mjn=jn—j+2), j=1,...,n+1
(5)

Note that for both systems, the classical solutions (2) and (4)
pertain to x3 > 0. The vevs for all other fields in N' =4 SYM are
zero in this region. For x3 < 0, the vevs for all fields vanish.

We shall calculate the expectation value of the Wilson line per-
turbatively in A at tree level and at one-loop, and in both cases
consider only the leading order in respectively n and ki,k» as
n, ki, ky — oco. This is motivated by a string theory analysis [5,6],
which introduced the following double scaling limits (d.s.l.)

Fig. 1. Diagrams at tree level and one-loop order. (Figure adapted from [12].)

[: A—=o00, ki, kp — o0, finite, (6)

w2 (k3 +k3)

A
) finite, (7)

II: A—o00, n— o0,
where in case I also the ratio k;/k; has to be taken finite. Impos-
ing the d.s.l. on the string theory side allows one to expand string
theory observables, such the expectation value of the Wilson line,
as a power series in the double scaling parameter and formally

compare the result to a perturbative gauge theory computation.
2.2. Wilson line setup

As in [11,12], we consider a straight Wilson line parallel to the
defect parametrized by y (t) = (¢, 0,0, z), i.e. a straight line at a
fixed distance z from the defect. For this case, the Wilson line is
given by

B
trU(a, B) =tr Pexp/th(t) , (8)
with
AV () =iAo(t) — @3() sin(x) — @e(t) cos(x), 9)
AW () =iAg(t) — ¢5(t) sin(x) — pe(t) cos(x), (10)

for the two set-ups respectively. We will be interested in the gauge
invariant infinite line given by

— 00 2

. T T
W = lim trU(——,—), (11)
T 2

which is related to the physical particle-interface potential. In or-
der to compute the expectation value of the Wilson line, we ex-
pand the fields around the classical solution as

A@t) = A% + A(t). (12)
To one-loop order, the path-ordered exponential becomes

B
U, p) =U%a, B) + / dt U (a, ) Aty Ut B)

o

5B
+ / dt / dt’ud(a,t),i(t)ud(t,t’)A(t’)UC‘(t’,ﬂ)+O(A3),
o t

(13)

where U%(x, B) is the path-ordered exponential for the classical
solution. The corresponding diagrams are illustrated in Fig. 1 and
the following subsections will be devoted to dealing with each of
the terms.
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2.3. Tree-level

The tree level contribution is given by the first term of (13) and
is now evaluated in the large T limit,

T/2
(W)tree = lim_tr Pexp / dt A% (t) (14)
—00
-T/2
T cl
_TILmoo [exp (TA )]i,i’ (13)

since the classical solutions are time-independent. In the large T
limit, only the largest eigenvalue of A contributes, which gives

(Winee = pexp (T7). (16)

where 1/z is the largest eigenvalue of A and p its multiplicity.
For the first setup, we have 2n® = (k; — 1) sin(y) + (ky — 1) cos(x)
and ® = 1. For the second setup, we have n = % sin(x) and

wW = (n+1). We may thus write the tree level results as

(kq — l)sin(x);rz(kz - 1)C05(X))’ (17)

I
(Wite = u¥ exp (T

an i nsin(yx)
(W)iree = 11V exp (TW : (18)
They lead to the following particle-interface potentials
o1 k1 sin(x) + k2 cos(x)
Vt(llge = lim — lOg (W)ill')ee = , (19)
T—o00 2z
I a nsin(x)
Vt(re)e li)ngo T log (W >tre)e =- \/gz > (20)

having taken the limit kq, k; — oo in (19) as implied by the double
scaling limit.

2.4. Lollipop

The focus of this subsection is the second term of (13), which
involves the one-loop expectation value of A and which we call
the lollipop contribution.

T/2

(W)ior = TIL“§o<tr f deUs (=36 AOUe (¢, %)> o
)
. T.Ad 1
_TILH;OTI:e ]ij<|:Aj|ﬁ>1loop’ -

where we have used the fact that the expectation values are time
independent. The one-loop corrections to the vevs for the two
set-ups are given in [7,8]. Notice that as opposed to what was
the case for the supersymmetric D3-D5 probe brane set-up [9,10],
these corrections are non-vanishing. In the large T limit, only the
components multiplying the fastest growing exponential will con-
tribute, which in both conventions is also the first component

(Whiot = T/LeT']/X3 <[A]1l>l—loop ’ (23)

Given the one-loop correction to the vevs, we find

)
I ATeTn"/z
W) = —p®

lol —

— (kK3 sin(x) + kaki cos(x) ),
472z (k2 +k2)° ( )

a
an (II)AT‘"T'7 /z

wig) =—n"

sm(X), (25)

having again taken the double scaling limit in (24).
2.5. Tadpole

As in [12], the third term of (13) is the least straight forward
term to compute. However, the same techniques can be employed
with just minor complications. The tadpole term is

BB

Uaa (e, B) = / dt / dt'UY e, ) AU, tH)AHUY ', B).
o t

(26)

The fields are all N x N matrices; decomposing them into the block
structure given by the classical solutions (2) and (4) and writing
out the matrix indices explicitly, we find

B B
(tr Upa(t, B)) = / dt | dt' (LA LA 1) (27)

dt

+

Q\m Q;m Q\m

ar’ [e“’-f“‘“‘]cd (LA L LA®) Tec)

dt [ a [ew*wfff’v‘“]eb (LAWD1pLAE )] e)

I Iy [e(ﬁfaﬂft’)Ad]Eb [e(t’—t)Ad]Cd A T A o).

H\m H\m H\m

For the first setup the latin indices run from 1 to kik; and the
greek indices run from kik; + 1 to N, while for the second setup
the latin indices run from 1 to dg and the greek indices run from
dc + 1 to N. In the large N limit only the second and third term
contribute, given the propagators found in [7,8]. We thus have

T/2 T/2
(W)tag = lim / doz/dﬁ
T—o0
-T2 o
cl cl ~ ~
[e‘““ﬁ”“ +elaprDA } ([Alay @[ Aluc(B)).
d
‘ (28)
For both setups the propagator has the form
2
([ Ala (@[ Aluc(B)) ZD > Aink™Min(a, B), (29)
i

2
where D is a diagonal prefactor and K™in is the spacetime part of
the propagator given in (31) below. This means we have to perform
integrals of the form

T/2 T/2
(W)eag = lim / da/dﬁ
T—o0
-T/2 o

[e—<a—f‘>f‘c‘+e<“—ﬁ””““} 20 Z)‘anm’”(Ol p. (30)

Following [12], we proceed by using the following representation
of the propagator
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202 [ sines
K™ (o, B) = g‘lyyiwz /drrsm; r)IUl.(rz)Kvi(rz), (31)
0
, 1
Vi = m,‘ + Z: (32)

having defined § = 8 — «. We may now plug this back into (30),
change variables o =8 — T/2, rescale r — r/z and do the 8 inte-
gration,

2
(Whaa =L lim / s (T ) f P

4

cl cl
|:eS.A +e(T*6).A j|

D DY il (DK, ().
cd n i

(33)
Integration by parts is performed on the r integration in order to

cancel the % such that the integration over § can be carried out,

2

(Weaa = gz 3 Jim fdm 6)[ A M- M‘} (34)
cd

ZDZC/drcos((Sr/z)fdr’r/Z)\,’,nlvi.n(r’)l<ui.n(r’).
n 0 r i

Using this antiderivative makes the boundary term vanish at infin-
ity, whilst the sin(ér/z) part makes the boundary term vanish at
r =0. We can now perform the § integration. In the large T limit
we have

> D}, cos(sr/z)

cd

n n
Dy 4, 35
n2 412 Xn: 11 (35)

since for our two setups the largest eigenvalue of D coincides with
the largest eigenvalue of A, We use this result in (34),

T
/ ds (T — 8) [eMd + e<T—“>A“]
0

= e/ Tz

o0
gyuTe / n

Wtaa = r
( )tad 1% A2z 772 +r2

o0
> i, / 'ty Ainly, () Ky, (7). (36)
n 4 i

It is here and in the following implicit that T is large. We will
now perform the r’ integration in the double scaling limit and for
convenience we define the functions A and F

A = / dr' "y hinlug, () Ky, () (37)
v i
==Y hinFu, () + lim > inFy,, ), (38)
Fy, (1) :/dr/ 'Ly, (Ko, , (). (39)

By doing the integral from (39), we find F,, () to be

Vi 1
Fy (= — ITn + 5 (rz + viz,n) Ly , MKy, , (1)
1
= 50, (OK, (). (40)

In the double scaling limit, we can use the behavior of the Bessel
functions at large order and finite argument [19] and find

=) o)

We note that A(r) is divergent unless ) ; A; » = 0, but by properly
bunching our terms we can show that this condition is satisfied.
Then, we find

A(@:—%in,n (v£n+r2)l/2+o(v,.j,}). (42)
i

This result is now plugged into (36) and the final integral is per-
formed

2 T/z
g5 Tell
(Wiaa = —p=Hem-— > Dis (43)
N 1/2
n 2 2
/dr—Z)\in(v» +r>
2 2 ) nLn
/ ne+r p
2 nT/z
gymTe
= H  6n22 ZD?'] (44)

> Aim [Zm arccot ( v?n—nZ) —nlog <V12n>:| ’
" nLn

where we again used ) ;1;, =0 in the second line. We finally
plug in the coefficients for the first setup, let k; = kq tan(yp) and
take the large ki limit

o ATe""2 cos (o) sin (Yo + 1)
4727k 4cos3 (o + x)
o +2x — 1 +sinRvo +2x)), (45)
~12

I
Wit ==

notice that cos(yo)/k1 = (k3 +Kk3) gives the combination ap-
pearing in the double scaling parameter. For the second setup in
the large n limit we find

an ATe™ "/ sin?(x)

wh® _
W) 4./872zn cos3(x)

tad = 2x —m +sin2y)). (46)

2.6. Full one-loop result

The full one-loop result is now obtained by adding the lollipop
and the tadpole contribution

O}
<W>1—100p

M 2Te""/z cos (o)
427k,

[COS(X) sin(o) cos* (o)
+ sin() cos(yo) sin* ()

sin (Yo + X)

(47)

having also expressed the lollipop contribution in terms of ¥ =
arctan(ky /kq). For the second setup we have
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W)y == .
w’n /8z
. sin®(x) :
[sm(x) - F(X) (r—2x — sm(2x))]. (48)

The corresponding correction to the particle-interface potential is
given by

1 (W)_
Vl—loop —_ lim - (Wh loop
T—oo T (W)tree

which concludes the gauge theory computation with the following
results:

: (49)

vy _y0 » 1 50
1—loop tree 72 (k% +k§) ZSirl(l//() + X) ( )
sin? (o 4 X) .
[m (T — 240 — 2 — sin(2y0 + 2 X))

— cos(x) sin(¥o) cos* (o) — sin(x) cos(yo) Siﬂ4(1/fo)},

A sin(x) . 1
am
Vl—loop = Viree (n2n2> |:4C053(X) (r —2x —sin2x)) — Z:| .
(51)
3. The string theory computation

As summarized in Table 1, we will be considering two different
D3-D7 probe brane systems. In the set-up I, the probe D7-brane
has geometry AdS4 x S x S2, and a background gauge field has k;
and k; units of magnetic flux through the two S? spheres, respec-
tively. In the second configuration, II, the D3-branes are intersected
by a (small) number of D7-branes with AdS4 x S* geometry and a
background gauge field supports a non-vanishing instanton num-
ber on S*. In both cases, the system is stabilized for sufficiently
large values of the flux or instanton number.’

It is convenient to write the AdSs x S® metric in two different
ways, depending on the D7 geometry that we are considering

1
ds? = 7 (dy2 + dxudxvr}’“}) +dy? + cos® y dQ2,

+sin? y dQ2,, (52)
1
ds? = 7 (dy2 + dxudxvn’“’) + dyr? + cos® yr dS2§4 , (53)

where dQZ, and dQZ, are the metrics of the two S? spheres
and dQ2, denotes the metric of the S* inside the S°. In both
cases X, = (Xo, X1, X2,X3) and the boundary of AdSs is located at
y =0. In the set-up I, the D7-brane has world volume coordinates
(X0, X1, X2, Y, Qg2, fzsz), while in the configuration Il the D7-branes
wrap the four-sphere and extend in the (xg, X1, X2, y) directions.
The embedding of the D7 in the target space is given by [16,20,6]

X
=2 a= - ,
! JU +acost ) (3 +asint y) — f7 £
(54)
where f1,= 2”’% and the angle ¢ has to satisfy

1 We notice that the perturbative regime for the double scaling parameter, con-
sidered in the gauge theory computations, lies within the region of stability of the
probe brane systems [7,8].

X0,1,2

Fig. 2. The minimal surface corresponding to the Wilson line for the set-up IL In
the AdSs factor, the minimal surface (green) stretches from the Wilson line (black)
on the boundary (red) to the D7 brane (blue). In the S° factor, it stretches from
the S* wrapped by the D7-brane (blue) along the perpendicular direction for an
angular extent of 5 — y. For the set-up II, the minimal surface in the AdS part of
the geometry looks similar whereas in the spherical part it is somewhat different,
cf. eqns. (52), (53). (Figure adapted from [12].)

(f? + 4cos* y)tan® y = (f2 + 4sin* y) (55)
X3

I oy=-_2, =0, 26

v=1 v (56)

when n—o00: Ajp

L N Lo ( 2372 )

V2V 4V2rn w33 )
In both cases, the D7-brane intersects AdSs along an AdS4 hyper-
plane, tilted with respect to the boundary y = 0 at an angle that
depends on Aj or Aj. In the supergravity limit A — oo, following
the idea of [21-23], the Wilson line expectation value is described
by the area of a minimal surface stretching from the boundary of
AdSs5 to the D7-brane in the interior. Notice that the minimal sur-
face attaches to the D7-brane along a straight line in its AdS part
as well as along an arc in its spherical part, cf. Fig. 2.

We parametrize the worldsheet using coordinates (7,c0) with
te[-1, 11 and o €[0,6]. For the straight Wilson line (parallel
to the defect) we make the following ansatz for the embedding of
the string [11,13]

t=r, x3=x3(0) and ¢ =¥ (o). (57)

A new feature in the defect set-up is that the extremal surface has
to satisfy two different sets of boundary conditions. At the bound-
ary of AdSs, which is approached when o — 0, the usual Dirichlet
boundary conditions must be imposed

y=y(0),

YO =0, wO=z and yO=2-x, (58)

The second set of boundary conditions ensures that the extremal
surface intersects the boundary brane at 6 orthogonally

I y(&)=x3[§f),y’(6>+A1x’3(&)=0, v@E =y1. (59
e ~ _X3(&) = /oo ~N\
:y(0)= A , ¥'(0)+ Aux3(6) =0, ¥ (0)=0, (60)

where ¢ is the maximum value of the worldsheet coordinate o
and v has to satisfy eq. (55) and ¥ € [0, r /2]. The construction
of the solution follows the idea of [11]. The Euclidean Polyakov
action in conformal gauge reduces to

. 1
T Ao/

1
/drda 7 (1 Fy? 42+ y2w/2) . (61)
The Euler-Lagrange equations of motion for the action (61) must
be combined with the Virasoro constraint

YE+xE+yyt=1. (62)
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Since the coordinates x3 and v are cyclic variables, cf. (61), their
equations of motion immediately translate into two conservation
laws

X(0)=—cy’(c) and Y'(0)=], (63)

where j and c are two integration constants to be determined. The
equation of motion for y(o) is given by
v —y?+1+c2yt=o0. (64)

Using the Virasoro constraint we get the following first order dif-
ferential equation for y'(o)

y'=\1-j2y? =2yt (65)

The solutions to eqs. (63) and (65) are?

y(o) =

F]H 0

1//(0)—JO“+——X, (68)

m+1

where to determine the form of the solutions we have used the
boundary conditions at ¢ = 0. The parameter m is the elliptic
modulus and it ranges from 0 to —1. The boundary conditions on
o fix the remaining parameters (&, j, m) in terms of the geomet-
rical data (z, Aj or Ay, x)

.1 T
I: 0=—,<¢1+X—5), 0<y1+x= (69)

b/
——), O<x=
2

1
j
( ~/m+1sn
= %(am(% ) 0
zs/—m m—i—l
2 N\
B m+la:|>’ (1)

n(/-L6 m ) dn I o
m+1 9L ) 1, (| m
’ . (72)
4/ —msn < m+1 O’] (I )

Choosing the convention in which ¢ is positive, for the value of
the angles considered in (69) and (70), j has to be negative.

The area of the minimal surface is obtained by evaluating the
Polyakov action on the classical solution. As usual, one has to in-
troduce a cut-off € in the y coordinate such that the regularized
area is given by an integral in the region y > ¢ and then remove

N|2|

n: 6= (70)

N|1:l

ALy =

2 Qur notation for elliptic functions and integrals follows that of the Wolfram
Language of Mathematica.

the divergent piece before comparing to the field-theory computa-
tion. The expression for the regularized action is

s o VAT [ P
= O] —
I, (N 27 \ma1 m+1 1, (1)
2
— E | am O] ml||m]|—
m+1 L

3
cn < mJ—_HO'L (I ) dn < m+1 O'I ) )
- . (73)
25
sn ( m_HGl~ n m)

We can rewrite S (i) in a more compact form using eq. (71) to
replace the incomplete elliptic integral of the second kind and
noticing that

- i .
"(6)=cn 0 m | dn 0 m|, (74
y () ‘,m—f—l 1, () ma1onm (74)

we get

VAT
S1, =—?ZC, (75)

where ¢ = ’ o7 - To compare the supergravity and the gauge the-
ory results, we have to expand our results in the double scaling
parameter given in eqns. (6) and (7). One can get the expansion

for Aj in powers of m looking at its definition in eq. (54).
1 2
Notice that eq. (55) is satisfied in the large flux limit if

cosYo(sinyp —sin3yp) A
472 k2 + k3

A2
o[ ———; ). (76)
74 (k2 +k3)

where tan g = ,2 Thus, the expansion for Aj is

[ k2 + 12 in? 2 A A
_ 1+ 2ﬂ_sm Yo vol—2 ).
2 8 k2 + k3 w2(k3 +Kk3)

(77)

Y1 =1v0+

The double-scaling expansion for Ay can be read off from eq. (56).
Notice that in this limit also Ay have to be large. Namely, we re-
quire that the denominator in eq. (72) vanishes. This occurs when
m goes to zero. Moreover, we can assume the following expansion
for m

3

m=3S"22L (78)

in such a way that eq. (72) is satisfied. The coefficient in the above
expansion can be determined by solving iteratively equation (72).
In the end, we get the following expansions for the particle-defect
potential in the two different cases I and II

k1 sin(x) + ka cos(x) 1 A 1
2z m2 (k2 +k3) 2sin(¥o + X)

sin® (o + X)
4cos3 (Yo + x)

v = _

(7T —2v0 — 2 —sinRyo +2x))
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— cos(x) sin(¥o) cos* (o) — sin(x) cos(¥o) sin® (o)

52
+0|—F—7—7=51 1t 79
T4 (k3 + k3)2 (79)

i A sin(x) .
y _ _"sin0o | 7 — 2y —sin(2
w2z || e 4cos3(x)( X = sin@x)
o s (80)
4 a4t ) |

We thus find perfect agreement with the field theory results to
two leading orders in the double scaling limit. Notice also that
when o — 0 (namely k,/k; — 0), the expansion for the action
n (79) reduces to the result for the Wilson line in the D3-D5
case [11,12]. For the set-up II the correction to the potential looks
similar to the one of the D3-D5 brane case up to a replacement
of n by ~/2k. This is a peculiarity of the one-loop approximation
where only the first term in the expansion in eqn. (56) contributes,
and it will not remain true at higher loop orders. Finally, we men-
tion that for the set-up I there is no particular point of symmetry
where the potential vanishes. This is due to the fact that for set-
up I all scalar fields get vevs, and it is not possible to choose a
direction on the sphere which is unaffected by these.

4. Conclusion and outlook

Our investigation of Wilson lines provides an example that the
AdS/dCFT dictionary for non-local observables remains valid upon
breaking of both supersymmetry and (boundary) integrability. In
addition, it serves as an important consistency check of the pertur-
bative framework that was set up in references [7,8] for the dCFTs
involved. We stress that having a perturbative framework for these
defect CFTs is indispensable as these theories, due to the lack of
supersymmetry, are not amenable to methods such as localization.
For other defect versions of A/ =4 SYM, conserving part of the
supersymmetries, such as the D3-D5 probe brane model, impor-
tant progress on the use of localization has recently been made in
[26].

With the perturbative framework and the AdS/dCFT dictionary
in place, possibilities for further scrutiny of the present defect CFTs
open up. Finst. one can scan the parameter spaces of the mod-
els for the presence of Gross-Ooguri like phase transitions [24]
as it was done for the supersymmetric D3-D5 probe brane set-
up in [15,14,25]. It would likewise be interesting to study the
transport properties of the various defect CFTs, supersymmetric or
not, by calculating correlation functions of the stress energy tensor
across the defect or other related quantities.
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