SRR %

]
KYOTO UNIVERSITY

RBAFZWERY KT b %
Al

KURENAI

Kyoto University Research Information Repository

Formula Simplification for Real Quantifier Elimination Using
Title Geometric Invariance (Computer Algebra --Theory and its
Applications)

Author(s) (O 0O,00;00,00

Citation 2Dl-D29D 0000000 =RIMS Kokyuroku (2019), 2138:

Issue Date | 2019-12

URL http://hdl.handle.net/2433/254879

Right

Type Departmental Bulletin Paper

Textversion | publisher

Kyoto University



Formula Simplification for Real Quantifier

Elimination Using Geometric Invariance
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Abstract

Formulating a simple and adequate quantified first-order formula is crucial for applying real quan-
tifier elimination (QE) efficiently. In general, generating simple formulas or simplifying formulas for
efficient QE involves human interaction. In this paper, we present simplification algorithms for quan-
tified first-order formulas over the real numbers to speed up QE. We present experimental results for
more than 10,000 benchmark problems to examine the effectiveness of our simplification algorithms.

1 FC&Ic

FEAR LOMRETIHZE (quantifier elimination; QE)  [14] (& AT L5l TR T D7tz kD %
TNV XL THS. IRICHDH D, ZL DN EENTVWED, ZORMEIEED FRIE 2 EFHHY
THBEARENT VA, FHREROMEZ BT 5729, FlZz ANICRE LTz QE [4] %, HENEF
EOT7 NIV XLOMHER TRT 551 [6) R EMREIN TS, £, ok, QE O
SIS T DA TRIRERE ORI 7: & DORPR(L THEEZ 7O 2 O ENT WS [5, 3, 13, 2, 8].

AFHE, BRY MEERKICANZ DT BT 27 MBI 2ECARTED Y W N—~DiH & Hif & LT
3. BIEEBIC Ko CEI E NS RIEIERICIE TH 5780, ZORHALIEEIENROmE TIERIC
BHHTHS. 1A, TEZMAPOUEDDM A DRZZRD I LW BEICH LT, BREHDOS AT
LE, ZAEOT N TOHMDMERG 2 Z I BV TR 28T 5. T T, RN MEZH L
T, WSO DERBIETES. DED, FIBELTERVWI L ZFMNTS &, ULDDNRZLRIC
BEITE, EERLTCERWTEZHHT 2L, HOEMD ¢ il LICHEITE, KN TERVWT &R
FT 2L, WOREZ 1ICTES. TNk, FKD ONIRDBZZEBIC IO Il AR ¢ 2
5T hohd.
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AEFCIE, EidOBID L 51 AN DR & DBl MR RSS2 RN LT, 20 S5 TR
DEINVPIZOFHHANDZE 2 E X D, QE DFIRED 5 BEBOBN LN TH 572, QE FHHROZH
LICHL T2 52605, BUO— FAEXDEZHAVIE 7] Z8RENn0.

2 HEAKHE

AT, EKH VIR LT ETREIC DOWTHIN T 5. ARTIE, ErmPl=id fo0 (p e {=, #,
<, <,>,2>0) KIERIEEN TV S ERET 5. il ¢ OAHE 2 I y ZIRAT R &% p(z — y)
T&Kitd %.

&1
M = c:ﬂflscg2 cadn € Ry, yml[2n, - ] ZHIAET S, 11,2, ICBET S M ORIEE S d;
THFKT S, iz, ZHR fIBTZTXRTOWIAD 21, ..., 1, KT BTN GELNEE, flX 2y, ... 2,
IKCBELTERTHD LS.
£ 2
x 2 o LOEROMET 5. —FEAFEREE o DROZM Rz L E, 2 ICHLTHERTHSL LV,
1. @ WEFEER fp0 THD, fF Bz KHLTHEXRTHS, i,
2. TXRTD p OYIFHIED z KLU THERTH 5.

ROEHE LA N2 R Ul S 2eaE Aol Tth b, oomlllk b & BN DI QE fHE
AT %

EE 3

o T—BElGERERE L, p & 2= (v1,...,2,) BZOHEEH (D), y ZHELE (&) &7
. Fio, @ = (2,...,2)) BRIOHLOWERE TS, COLE, o (px,y) KOVTHEXRTHNE,
o EROGHALEMTH 3.

dzi -, p>0ne(p—o Lz~ a)Apr =x) Vv (1a)
(p=0npp—0) V (1b)
Jzi -, p<O0Ap(p— —l,x = —a') Apx’ =x) (1c)

ZCTT, pr' =z ld A, (p2) = a;) KT

S p=00DEX, (1b) HELNE. p>0DEXEEZZL, LHNX f(x) D o KBELTHERT, *
DT d L T5E, rc R\{0} ICHLT, flrz)=rlf(x) BBILTE. TDOT D, p ZEOR
ICHEET 5 &, REEMERICER Lz ¢ OBREFZEEHWES (quantifier-free part) & ¢ &35 &,
viE, Y(p— Lz — x/p,y — y/p) EFMTHS. IXTDie{l,...,n},je{l,....m} LT
o=z /p, Y =y;/p LTIUE (la) BMFDND. TTT, AR y; BIHEINE0, BEXHBAOL
FHENT LICHERT 5.

FRRIC LT, p <0 DHFAEITIE (1) HE5NS. 1
FoEMIE, p VEHEAZHTHS L, Xy NETEHILT ST LICHEETS. AETE EOEHED
p HETE LR, TTORE @ LHKELT, EM3ICK>TESNS 3 DOERIEZ p MHEESNT 1
BRI ORISR > TW0D. — T, HLWER o' BZTEY, ThEOEEENRIIZET %050
B2, o ZXOFIETEHTHETES. (1) 2, I x;/p ZRAL, (2) p OFSICHERLEN SR
IEESCIRAR



fl 1
QE Dl LTXLSFIHEND p =Tz(aa® +br+c>0) ZEZS. ¢ & (a,b,c) IKHALTHERTHZD
T, o ZEEKE UTEM 3EWMNT 2L, (v,b.¢) DAHEERETZIHNNET QE WHBITE 5.

o =33 a>0Ap(a—1,b=b,c—c)Aal =bAad =)V
a=0Ap(a—0))V
'3’ a<0Apla— —1,b— =b,c— —)Anab =bArac =c)
=3p'3 >0A(Gz@*+br+c >0)Aab =bAad =c)V
a=0A (Fz(bz + ¢)))V
'3’ <OA(Gz(—2®>+ b+ >0)Aab =bAacd =c)
=33 >0A0=0)Aab =bAacd =c)V
a=0A(b#0Vec>0)V
3’3 a<OAY? —4d >0nab =bAad =c)

0V
a=0A(b#0Ve>0)V
< O0A(b/a)* —4(c/a) > 0)
0V
a=0AN(0b#0Vc>0))V
a < 0ADb? —4dac > 0),

(
(
(
(a
(
(a
(a
(
(
(a>
(
(a
(a>
(
(

FEBEHFEEN TV BHEICE, RORPFHTES.

%4
o BERERIIRE U, p ZZOHMBEHOT LD, y ZRMEZE (D) £3%. TOLXE, oW
(p,y) KL THEXRTHNIE, ROBRMNRD D,

Ip(p) =@ —1) Ve —0)Velp—-1),

Vp(p) = p(p — 1) Ap(p — 0) Ap(p — —1).

f 2

JaFz(z =a) = Fx(z =1) V Iz(z =0) V o (-2 = —1)
Va3z(z = a) = Jz(z = 1) AJz(x = 0) A Jz(—z = —1)
JaVr(x = a) =Va(z =1) VVa(z =0) VVe(—2 = —1)
VaVz(z = a) = Vz(z = 1) AVe(x = 0) AVe(—z = —1)

Bl 2 OEIHHADIRA) & RBZOE TR EMTH 5. ROMEIZ T DRERNZ L 5.

fnRE 5

o W (pyx,y) IKHLTHERETS. TTT, po ZHHER y dRMLHRETS. CDEE, &L, ¢
KRBT 2T NTORFRERX o0 DROEMZ2HTTEE, pip— Lz —x) iTolp— -1,z —z) &
TTH 5.
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1. (p,m,y) KT BIETEDMBTH B, Fcld
2. Bl f =0 £72ld f #£0 TH5.

3 FiTREH
KREITE, FATBREZRIH LB ETREICOWTIRNS. Bc, BIAZHR 2 ERT 5.
£ 6

o Z—BEAFERIERE L, = (21,...,7,) Z 0 OEE (D) £T%. Hb ke R%g MEEL, X
TDIHE h & o I T 5T XNTOE T ¢ lcxf LT

Y=y(®1 = a1 — kb, 20 = 2 — knh)
MDA DEE, o3z ICHLTBIIRZETHS LEXRTS.

o WBIINETH S & E, BN HTBIIL CHIENZ b LianwT e x2ET. Lih>T, ik
ZRH T LHESVEDDEHEEETES. EREDETHVD, AEHTIE 0 ICEEL TWV5.
X 7
o z—PEARFERIERE L, p & x = (v1,...,2,) ZZOHMEZEZE (D), y= (y1,...,ym) ZHRELEL
(D) &55. Fie, o/ = (2f,...,2)) ZAOFHLVER LTS, TDEE, oD (px,y) IZDVT
BEMAZETHNE, $5 k= (ki,...,k,) DMEEL,

ot Fal (@' =z —pk Ap(p— 0,2 — ')
MKILT 5. CTCTT, o' =z —pkld ANy (2 = z; — pk;) BERT.

HH y= (. um) EFB. o DBIRETHEHC LD, HEIEMOM K € RY, & ky € RY, 7
FHEL, TRTOhER & o IWBT BETHINX ¢ KX LT,

Y=y(p—p—hx—x—hky—y—hky)

WIS 5. h=p o' =x—hk &3 5&, TH 3 DAL FEERC U TAEHDOFROBOIZIEETE 5. )
LOEHD p ZEFBRE LS. Fiz, KEHD 2 Xy H2ETH-oTEKIILT S LICHEETS. T 7T
FENZmPIICH LT QE ZENT 2958, ¢ D plc 0 ZIRALTHENS ¢ XD &fjicininsic
W95 QE EHLWER o' DIENRE LIRS, o OIHEE, HIC 2/ 1< z; — pk; ZIRAT B2 TH
BltEs.

IERHE OGS & RIS FEBD R E N TV A IS, RORDFIHTE 5.
%8
o FBERGEREAE L, p ZHHEZROU LD, y ZHELHO LTS, o D (p,y) KL THH
PETHB5E, RIPRILT 5.

Jp(p) =Vp(¢) = p(p = 0).



4 [l

IRARIC, [RREREICH U CRIBENAE RIS EICERZ O L DBIETE S T LMY, AT, 2 JotH
DFEZRL TSN, KO ERICOGAICEARTIOTFEZHIRANCHEA L TEABZEE TE 5.
E&E9
o Z—IEmEEREAE U, o= (z1,...,2,) & ¢ O (D) &9%. ¢ KBTS TXTOE 1M
Ry D +s2=1%ZETHITNTDFE ¢, s IKHLT,

Y = P(r1 — ey — ST2, Ta — ST + CTa,. .., Tap—1 —> CToap—1 — STap, Tap — STap—1 + CTa,)
MENLT B EE, & MIEAETHS L% T 5.

ot =1 RERTEI ¢, s KHUT, 791 (C 7 13 2 KroEETI L BB, LN T
S

c
BAANCIT 2 L, i e {1,...,n} IKDWVT, 5 (21, T0) FERZAULE T B RERIEICHN L TARZ
Ths. TOED, 1 HZEETES.

EE 10

o 2 —BEIGEREA L U, p1,pe & @ = (z1,...,22,) ZZOHMZEE (D—F) , y ZHAEZEE (DO—F)
LS5 K, ph k= (2),...,3h,) ZROHLOERELTS. &L, ¢ W (p1,p2,x,y) ICEAL Tl
TETHNL, ¢ &

3e3sTph 3] - - - 3ah, (P + 52 = 1A
o(pr = 0,p2 = ph, e — ')A
(0 = cp1 — sp2 A phy = sp1 + cp2)A

APy (g = coi_n — oy Ny = SToi_1 + CLa;)))
LHEMTHB.

SERH TEOFE pr & po ITHLT, 2+ s2=1A0=cp; — spy Ziilz T XD 75FEE ¢, s DMFEET 5.
L7ehi>C, &8 7 ORI EERICLT, &R 9 DHRENS. [
iz, NEHD 2 Xy HETHoTEHILT ST LICHERET . AEHICK - T, 52 6NEEE AL
L, 28 p) BEELIOMEX D 6/EiHZ QE &, HILVWER 2/, ¢, s DIEERICKDFEBITE
5. 2 L pyh IFRAICKDIEETESD, ¢ & s DIEEFBHTIEEV. DD, HERFEZFIHLT 1 £
BIHETEID, D 2 RO ¢, s ZIHET 20ENH DL TE LTV A RWIRRICA->TLE
5. LML, pi,p BHFEEINTOAHEAICE, TOD ¢, s DIEEFITRZERTES.

%11
o B—FERFERERE L, pi, pp BZOHMER, y ZHMEH (O—H) &35, ¢ D (p1,po,y) 1T
UCHEEARLE R e ¥, KRBT 5.

3p13pa(p) = Ip2(p(pr — 0)),
Vp1¥p2(p) = Vp2(p(p1 — 0)).
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# 1: Experimental results for 1206 QE problems generated using natural language processing.

solver  solved scale trans rot wlog (%)

tsr 1052 234 66 11 262 21.72
ts- 1050 234 66 - 262 21.72
t-—- 1045 - 70 - 70 5.80
-s- 1037 238 - - 238 19.73
--r 1040 - - 9 9 0.74
- 1037 - - - - -

math10 846

5 FIEHRERER

ARETCIEEIRRIIRAERIC X D AR THRE T 2 B ETFEOMRIC DOV THNRS. Maple LD QE 78w
r— SyNRAC [9]Y) _hicg2E L THEE To /. IRTDFEN Intel(R) Xeon(R) CPU E7-4870 2.40GHz
/ 1007 GB of memory DFIHME FTITo7c. AZRERTIE, B UZBOMEENNEE 7O EH 10 13F)
LT,

BN, ARy MIFKICANSZ 7Ty 7 b (1, 1] TERI Nz 1206 D QE FIEICIERTi4%
B U, SR A7 LT, ATTENT BAGT Tl & N BHOANNEE 18R aLEINC X > TR
L, ZNE%iiZ GEtiiiEr o) —ihiEmmNic£H#d 5. BASHEURIEMESICEI NIDNE 2
ZTOERFOBTRICEHT 57202  DERICTEGRE ZEH, BT EEZRA UG s -+
ICERETETWAEWY. R, REORER & RMBVREHEZ Z ATV AIEEICE, AREHELMIC X
AEHLET T L. MEGEBEEEAY Y Ey 7 (IMO), ENL KD AGKHRE, BofibRkoF v —
FRZFRHAL, 2 RBKTC 3 ROEMME, B, MAOBARENDSD. AT LMVER LT QE RED
—#E GitHub FICABI LTS 2.

X1 IFFTRERSEEREE R 2 KT, “solved” FIlid 600 FPLAPICFIEDME L LT RIEDEL, “scale”, “trans”,
“rot” FNEZNFILKAED, FATBE), EHZOMEZMH UIMEOR, “wlog” AR THINM LIVT
N OSSN Z & DRIEOBZRT. “(%)" FI& “wlog” DRIKICHT 2H&Z2EKT.

6 DOFIEIC K D LGEHMEZTT o 72, s, “t7, ‘o’ 1 FNFIIERFEAN (scale) , “FATHE) (translation) ,
[Alfis (rotation) ZFIFALIETETH D LZmL, = OEAIKIIFALEN >/ £Z2/RT. “mathl0”
171& Mathematica 10.2.0 D Resolve 1< ROFERZ/RT. # 21.7% ORENWTNAHDOFHMiMEZ &5,
FIRTIE TR TOFEEFI LTz “tsr” Db LN TH S T LR TE .

# 2 Tl&, “---" TlZ 600 BLUINICRT Lo 7hy, $ERFE TR REO 28\ L T\ 5.
a7 FNEMHERS, “S”, “T”, “R” 5IllX, % 4,8, 11 M QE OB R TE GBI 1, TEahotk
WA 0 27”9, “s7, “47, o7 FINE, BEHEDS, CPATRRED, [BEROEMMEZRFOmEIC 1, £ ThVWES
I 0 Z/RT. “var”, “qvar”, “atom”, “deg” (ZFNFN, O, AL O, FH im0, KX
BOmAEZRYT. R 2I1CKD, REFEDMAMGERIGEIC, QE OB ZKEHRTETWAE T
EDEERTE 5.

TS, BN LTz 8 DI T, — AN M2 RO C L 2389 572, Satisfiability
Modulo Theories (SMT) DNV F<— 7 [ [10, 6] ZHWIcEHERIEE R ZE 3 IoRd. ANIET

Dhttp://www.fujitsu.com/jp/group/labs/resources/tech/announced-tools/synrac/
2)https://github.com/hivane/qe_problems/tree/master/problems/exam



# 2: Timing data given in seconds for the benchmark problems of the Todai robot project. ‘TO’ indicates

that the solver did not terminate within 600 seconds.

id | tsr ts- t-- -s- --r ---  mathl0 | S T R s t T ‘ var qvar atom deg

19 1229 1232 TO 1216 TO TO TO o 1 0 0 1 0 22 22 52 4
27 70.8 70.0 TO 69.5 TO TO 70.6 o 1 0 0 2 0 18 18 75 2
83 25.7 25.7 TO 252 TO TO TO o 1 0 0 2 0] 45 44 106 2
151 44.1 44.9 TO 451 TO TO TO o 1 0 0 1 0 19 19 107 4
808 0.8 67.1  69.9 TO 61.8 TO TO 1 0 1 2 0 1 8 7 6 3
992 | 451.0 4936 TO 4855 TO TO TO 0O 0 0 0 2 0 9 4 7 4
999 57.9 57.8 TO 573 TO TO TO o 1 0 0 4 0 14 14 1158 2
1064 9.4 9.3 8.3 TO TO TO TO 1 1 0 1 3 0 5 5 1 4
1073 | 2541 240.0 TO 231.7 TO TO TO o 1 0 0 1 0 19 19 35 3
1104 | 259.8 2279 TO 2295 TO TO TO 0O 1 0 0 1 0 26 26 48 2
1115 86.2 88.6 TO 882 TO TO TO 0O 1 0 0 59 0 31 31 288 3
1122 10.4 10.1  TO 9.8 TO TO TO o 1 0 0 2 0 24 24 138 3
1131 | 1676 1582 TO 1532 TO TO TO 0O 1 0 0 1 0 18 18 79 3
1178 9.3 9.2 TO 84 TO TO TO o 1 0 0 2 0 11 10 41 6
1189 4.1 34 TO TO TO TO TO 1 1 0 3 4 0 16 16 9 3
1204 2.0 TO TO TO 1.3 TO TO o 0 1 0 0 3 18 15 15 3

NCHEEEED D HHZED EVRETH 5. smt2 JERO T 7 A )Uh 525480y —)L 3 ZRFALTAH
T7ANEERL TS, “meti-tarski”, “keymaera”, “zankl”, “hong”, “kissing” & ZNZNXRV/FI—7
FIRE 10) DA 7TV AELL, “all” FIIEAFEET. “tsr” {705 “mahtl0” fTE TRZTNZTND Y JLIN—
(£ 1 28) T 600 LA T-IREDEL, “all” 1TIdN Y F 3 — VEOREZ KT, “scale”, “trans”,
“rot”, “wlog” TTI&ENEN, LKA/, FATREE), [Ods, Wb ORMBYRE MM Z RO RE Oz £
T 4%) 1T, “all” 3d B “wlog” DEIGEEKT.

BEBELZ 8.80% ORIEMNRMINEEMMEZ & DT EHMRTES. T OMBIIIRRTIED BRI A4 AL
L7z6 O TCEUEAIRETH A AMEEZRL T WA, TOETIX 600 FLAN T 2 NEOEIXIE & A
EZLL TWRWD, BOEEMME 2R DREOMAM DGR (K 4) Z2H5 L, FIRIFRNARE SUEET
ETVBHTENHERTES.

6 Conclusion

ARTTIE, ISR O MR & OIS D, AT D, s a7 50 2 R L
T, QE fENEGEZBOBD DR OVFHEEANDO B LIRS OV TNz, FHERSRBRERIE, TR0
HEANOTENATHENE & 2 DORR 2R T, FERFIESEIANE & DT T <, GRS BV ALK
RUIRHANC RN D B LI ENS.
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# 3: Experimental results for SMT-lib benchmark problems.

solver | meti-tarski keymeara zankl hong kissing all
tsr 8252 420 54 15 17 8758
ts- 8252 420 54 15 15 8756
t-- 8252 420 55 15 15 8757
-s- 8250 420 54 15 15 8754
--r 8250 420 55 15 17 8757
-—= 8250 420 55 15 17 8757
math10 8276 420 67 12 17 8792
all 8276 421 166 84 45 8992
scale 92 58 123 0 0 273
trans 332 59 6 0 0 397
rot 118 8 0 0 45 171
wlog 542 81 123 0 45 791
(%) 6.55 19.24  74.10 0.0 100.00 8.80

#* 4: Timing data given in seconds for SMT benchmarks.

id tsr  ts-  t-- -s- --r -—=
kissing_3_4 2.6 TO TO TO 2.5 TO
kissing_3_6 5.8 269.0 2519 245.7 5.0 245.8
kissing_4_3 2.1 91.3 93.9 119.5 1.9 1178

matrix-1-all-9 7.6 7.0 859 75 902 91.2
matrix-1-all-37 TO TO 302.7 TO 307.1 294.0
matrix-1-all-39 1.4 1.3 TO 1.6 TO TO

sqrt-1mcosg-8-chunk-0112 426.8 TO 376.6 TO TO TO

polypaver-bench-sqrt-3d-chunk-0464 8.0  60.2 7.9 635 2.8 60.2

C. W. Brown and A. W. Strzebonski. Black-box/white-box simplification and applications to quan-
tifier elimination. In Proceedings of the 2010 International Symposium on Symbolic and Algebraic
Computation, ISSAC 10, pp. 69-76. ACM, July 2010.

B. F. Caviness and J. R. Johnson eds. Quantifier Elimination and Cylindrical Algebraic Decompo-
sition (Texts and Monographs in Symbolic Computation). Springer, 1998.

A. Dolzmann and T. Sturm. Simplification of quantifier-free formulas over ordered fields. Journal
of Symbolic Computation, 24(2):209-231, Aug. 1997.

7. Huang, M. England, D. Wilson, J. H. Davenport, L. C. Paulson, and J. Bridge. Applying machine
learning to the problem of choosing a heuristic to select the variable ordering for cylindrical alge-
braic decomposition. In Intelligent Computer Mathematics, Vol. 8543 of Lecture Notes in Computer

Science, pp. 92-107. Springer, July 2014.

H. Iwane and H. Anai. Formula simplification for real quantifier elimination using geometric invari-
ance. In M. A. Burr, C. K. Yap, and M. S. E. Din eds., Proceedings of the 2017 ACM on International



10

1

12

13

14

]

]

Symposium on Symbolic and Algebraic Computation, ISSAC 2017, Kaiserslautern, Germany, July
25-28, 2017, pp. 213-220. ACM, 2017.

H. Iwane, H. Higuchi, and H. Anai. An effective implementation of a special quantifier elimination
for a sign definite condition by logical formula simplification. In Computer Algebra in Scientific
Computing, Vol. 8136 of Lecture Notes in Computer Science, pp. 194-208. Springer, Sept. 2013.

H. Iwane, H. Yanami, and H. Anai. SyNRAC: A toolbox for solving real algebraic constraints. In
H. Hong and C. Yap eds., Mathematical Software - ICMS 2014 - 4th International Congress, Seoul,
South Korea, August 5-9, 2014. Proceedings, Vol. 8592 of Lecture Notes in Computer Science, pp.
518-522. Springer, Aug. 2014.

D. Jovanovi¢ and L. de Moura. Solving non-linear arithmetic. In Automated Reasoning, Vol. 7364

of Lecture Notes in Computer Science, pp. 339-354. Springer Berlin Heidelberg, June 2012.

T. Matsuzaki, H. Iwane, H. Anai, and N. H. Arai. The most uncreative examinee: A first step
toward wide coverage natural language math problem solving. In C. E. Brodley and P. Stone eds.,
Proceedings of the Twenty-Eighth AAAI Conference on Artificial Intelligence, pp. 1098-1104. AAAT
Press, July 2014.

S. McCallum. An improved projection operator for cylindrical algebraic decomposition. In Caviness
and Johnson [4], pp. 242-268.

D. R. Stoutemyer. Ten commandments for good default expression simplification. Journal of Symbolic
Computation, 46(7):859 — 887, 2011. Special Issue in Honour of Keith Geddes on his 60th Birthday.

A. Tarski. A decision method for elementary algebra and geometry. University of California Press,
1951.

29





