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Abstract

A polygonal patch method is described which can be used to fill a
polygonal hole within a given k'th order continuous rectangular patch
complex. The method is relatively easy to implement, since it only re-
quires C* extensions of the rectangular patch complex defined in terms
of the rectangular patch parameterizations. The method is illustrated
by referenceto C> bicubic B-spline surfaces.

Keywords
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1 Introduction

The parametric representation of surfaces in CAGD 1is usually based on an
assembly of patches with rectangular domains of definition. However, arbi-
trary  surface topologies cannot be described by a regular rectangular patch
framework. Either an arbitrary number of rectangular patches meeting at a
vertex has to be allowed, or a polygonal patch has to be filled in. Here we
consider the latter approach of constructing a polygonal patch. An n-sided patch
will be exhibited which can be used to fill in a hole within a given C*
rectangular patch complex, for any order of k. In particular, the case k = 2
(curvature continuity) should be of practical interest in CAGD, for example,
when filling a polygonal hole within a bicubic B-spline patch complex.



Polygonal Patches

There have been several attempts to construct polygonal patches, see
[Gregory, Lau and Zhou'90, Varady'87], but these only achieve C' contin-
uous joins with their rectangular patch neighbours. For example, [Charrot
and Gregory'84] describe a pentagonal patch defined by a convex combina-
tion of parametric surfaces. As pointed out in [Gregory and Hahn'87b], this
method cannot be immediately generalized to higher order continous sur-
faces, although a particular C* solution is given in [Gregory and Hahn'89]
The problem is that the continuity considerations cannot be treated within
the given parameterizations, since the patches cannot be considered as being
definedin a common parameter plane. The appropriate framework in which
to examine continuity is that of k'th order 'geometric continuity' between
the patches, see [Hahn'89], thatis * continuity under a reparameterization.

A general k'th order solution for the polygonal hole problem is givenin an
internal report [Gregory and Hahn'87a]. In that report, the rectangular patch
datais reparameterized as C* data around the exterior of a polygonal domain.
This data is then extended into the interior of the polygon by a blending
function interpolation method. Here, however, we adopt an approach which is
much easier toimplement. The rectangular patch complex is extended about
each, corner of the hole in terms of the rectangular patch parameterizations.
These extensions are then reparameterized onto the polygonal domain and
blended to give the final polygonal patch. Theoretically, these two approaches
tothe problem are equivalent but practically there is a significant difference
in the ease of implementation which leads us to recommend the method
proposed here.

The construction of the reparameterizations must be considered with
some care and most of the theoretical content of the paper is concerned with
this problem. However, given the reparameterization functions (diffeomor-
phisms) proposed here, together with the C* extensions of the rectangular
patch complex, it is then a simple matter to implement the polygonal patch
method.

The polygonal hole problem is described in Section 2 and is followed,
in Section 3, by a description of co-ordinate systems (co-ordinate charts)
which are defined on the polygonal domain by central projections. These co-
ordinate charts then form the basis of the reparameterization method used
in the construction of the polygonal patch method in Section 4. This section
contains most of the theory of the paper. In particular, the conditions to be
satisfied by the reparameterization functions are developed. An alternative
construction for the special case of a triangular hole is then considered in
Section 5. In the final Section 6, we consider implementation of the polygonal
patch schemes for the specific case of bicubic B-spline surfaces which contain
polygonal holes.
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Figure 1: Five patches surrounding a polygonal hole

2  The polygonal hole problem

Assume thatq, j = 0,..., n — 1 , describes a %iven C" parametric rectangular
patch complex around an n-sided hole in [R"| where n > 3. To make the
exposition more concrete, suppose that

q,: 6 > IR*, & =[0,2]x[-1,0],

where the segment (s,0),0= s < 1, is mapped to the j'th boundary segment
of the hole IR’, see Figure 1. (In practice, q; will usually be composed of a
sub-complex of two, or more, rectangular patches but it is mathematically
convenient to represent these as one composite surface patch here.)

The patches are assumed to form a C* parametric patch complex in the
sense that, for two adjacent patches qj.; and qj, the composite map

4, (0(Zuv)), (wv)eo () =[-10]x[-11]
Qo @) 2= (2.1
q,(wv), (u,v) € 5 =[0,2]x[- 1,0},
is C* continuous on the L-shaped domain o' (8) U &, (6) U <5, where
ou,v):=1-v,u), o '(u,v):=v,1-u), 2.2)

see Figure 2. In addition, the composite map will usually be C** continuous,
that is, the partial derivatives

a/,er o
g Ay 23)

Ornmrey F= ou'ov"
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Figure 2: The composite map q.1

exist for 0 < /,m, < k, are continuous, and are independent of the order of
differentiation.

Our objective is to extend the rectangular patch complex into the n- sided
hole in IR®, with a surface patch p defined on a regular polygon. In order to
achieve this goal, we assume that a C* extension of q.;, into the positive
quadrant is supplied for each j = 0,..., n — 1. In particular, we assume that
each q;.1; (u,v)is defined for (u,v) €[0,1]%. These C* extensions will then
be defined on the regular polygon, through appropriate reparameterizations,
and be blended together to form the polygonal patch p.

The C' extensions of qu;; into the unit square [0,1]° can easily be
constructed in practice. For example, if the surrounding patch complex has
a C*? bi-cubic B-spline representation, then it is natural to extend g,
as a bi-cubic B-spline surface with appropriate additional control points.
The important point to note is that the extensions are to be constructed
with respect to a rectangular patch parameterization. The theory of the
reparameterization of the q;.;; with respect to a regular polygonal domain
is now considered in the following two sections.

3 The polygonal domain

Let Q be a closed, regular, n-sided polygon in IR* with centre 0 = (0,0) and
sides of unit length. Its vertices are denoted by X;j = 0,..., n — 1, and its
edges are Ej, parameterized as

E;(s):=(1-9)X, +sX,,, (3.1)
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Figure 3: Central projection co-ordinate chart construction

In order to reparameterize the extensions g, (u,v),(u,v)e[0,1] on
this regular polygon, we find it necessary to introduce co-ordinate charts
$,.,j =0,.., n—1, defined on Q. These co-ordinate charts respectively
transform the angles at the vertices X; j= 0,...n — 1, to 7/2, and are
defined here by central projections.

The central projection co-ordinate chart

Let Z; be the point of intersection of the edge E;.; with E;; and, for a
point X € Q, let u; = u; (X) be such that

E,(u):=1-u)X,+u, X, (3.2)

is the point of intersection of the edge E; with the ray from Z; through X,

see Figure 3. Let
v,i=l —u, (3.3)

Then
E, (I-v)=>0-v)X, +v, X, . 34

The co-ordinate chart ¢j_1, ; is now defined by
P, (X)) =(u,(X),v;(X)). (3.5)

This chart maps Q into [0,1]%, where X; is mapped to (0,0) and the two
edges E,(u),E; (1-v)are mapped onto (u,0), (0, v) respectively. Hence,

the interior angle of the polygon at X; is mapped to 7 /2.
The co-ordinate chart is conveniently computed as

¢ =(u,v,): ( = 4 j (3.6)
4_1,4.: Py . = s B .
I Y d,+d,, d,,+d,
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where d; = dj(X) is the perpendicular distance of X €Q from the side E,
In particular, in the case n> 5

d,=d,(X):=<X,-XZ,-0>/|Z,-0)| (3.7)

where < ¢, » > denotes the Euclidean scalar product in /R”.

In the case n= 3, the domain Q is a triangle and it is more convenient to
work directly with the barycentric co-ordinate system (by, b;, b,) of the point
X € Q. Thus

X=bX,+bX, +b,X,, b,+b +b,=1. (3-8)

In this case the co-ordinte chart representation (3.6) becomes

b,

Jj+l

¢j—1,j ::(ujavj) ::[bj +b

It should be remarked that the co-ordinate chart is singular at X = Z;
and X = Z,, but for n > 4 these points are outside the polygonal domain.
(In the case n = 4, the central projections are parallel projections with
Z; becoming a point at infinity.) In the case n = 3, the central projection
introduces singularities at the vertices Z; = X, and Z.; = X;;. However,
these singularities will be removable in the final scheme and will not cause
numerical difficulties. Alternatively, a triangular scheme based on a non-
singular parallel projection co-ordinate chart construction can be derived,
and this alternative scheme is considered in Section 5.

b, ]
I (3-9)

9
Jj+l bj i

4 The polygonal patch

Q> [O,l]zbe a C* diffeomorphism which maps the vertex X;
to (0,0) and the edges Eju), -Ei.; (1 -v) to (u,0), (O,u) respectively. Also,
let Py, :Q — IR’ be defined by the composition

Let @,

pj—],j ()() ; :qj—l,j(q)j—],j ()O): X e Q, (4-1)

where q;;i(u,v), (uv) € [0,1]%, is the C* extension described in Section
2, see Figure 4. Then, by definition, p.;; (X),X € €, and q.;; (X),X €
o7'(8) U 6,, see (2.1), form a C* surface in the sense that there exists a
reparameterization in which the surface is C*. More precisely, pr; (X)X €
Q, and ¢, (@, (X)) e®} (' (S)u §) form a C' surface, where
@, , . defines the reparameterization. Two such surfaces patches, which join
with C* continuity under a reparameterization, are said to have a geometric
continuous GC* join in the CA GD literature. Thus, pi.i;j defines a surface
patch on the polygonal domain ft, which, along the edges £; and E,;, has
GC" joins with the rectangular patch complex.
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Figure 4: The map p;.1

The polygonal patch p : Q — IR, is required to have a GC* join with
the rectangular patch complex around the entire boundary of Q2. We thus
define

n—1

POX) =D w,(X)p, (X)X €Q,

=0

4.2
where the weights 7, : Q —> IR are C* functions such that

S (X) =1, w (X)20, Xe Q. 43)
Z J J

J=0

and, for all 1 = 0,..., &, the derivative maps are such that
Giw_/|E[:0, t#j-1,j7,0=0,.,n—1. 4.4)

Hence p is a convex combination of the P,;, with weights W, chosen to be
zero to order k on those sides where P,;, does not match the surrounding
patch complex.

The unwary reader may feel that the problem is now completely solved,
since the work of the previous section suggests that the co-ordinate charts
@, ., provide appropriate definitions for the diffeomorphisms @, ,. How-
ever, as observed in [Gregory & Hahn '87] for the case k = 2, a convex
combination patch of the form (4.2) will not, in general, have a GC* join
with the surrounding rectangular patch complex. This problem occurs be-
cause of the different diffeomorphisms @, ,, defining the reparameterizations
of the GC" joins. Thus more care is needed in the construction of the ® .

To investigate this problem further, we consider the join of q; with p
along the edge E;. From (4.1)-(4.4), we can write

P=W; D1 T Wi Py T (4.5)
=W 0P ) AW (9 0@y )+, (4.6)
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where

airj |E;=0,i=0,..,k, .7
and

w, +w ) E =1,
Lo T (4.8)

o'(w,+w, )| E, =0,
Now, by definition, q;.;, is a C* extension of q; and q;;+; is a C* extension
of q; oo across (s,0),0 <s <1, see (2.1). Thus P, ,is a C* extension of
q;°o®,,  ;and Pyy;,is a C* extension of q;o00°®,  across —Ej(s), 0 <s < 1.

Hence ®,, ;and c 0@,
Gc* joins. It follows, from (4.5)-(4.8), that if @, , and oo @

order k along E;, that is if the GC* joins are identical, then p has an (identical)
GC* join with g;- In fact, the following proposition shows that this
condition on the diffeomorphisms can be weakened.

Proposition 1 The polygonal patch p has a Gijoin with q; if

D | E —G(GOCD“HME](U i=0,.,k-1 4.9)
and 00 @, ,  agree to order k— 1 on Ej(s), 0 <s < I.

Proof. Since qj.1; is a C* extension of qi and qjj+ is a C* extension of
q; 0 o, then differentiating (4.6) along any direction U using Leibniz' theorem

define the reparameterization functions for the

j+1,; agree to

J(s)
that is @

Jj-Lj

gives
=i i
Z/: 0w 0'q,°®,,,
GUZ =\i) |oU" ouU’
0w, 0'q, 000 D,
Tl T ’”} (4.10)
E/
Now, from the hypothesis (4.9),
o'q,0® 0'q. 0D, .
L0 V| LY i 20, k- @4.11)
oU \E out |,
Hence, (4.8) and (4.10) give, for ¢ =0,....k,
aép GquOQ)‘_‘A 8[q oo'(I)4‘A_
v {WTW o @*12)
E; E;
8/,
= {aUk q;° [Wj' D, +wy (oo D, )]} (4.13)
E.

This latter result comes after expansion of (4.12) and (4.13), using the chain
and product rules, where we again make use of (4.8) and of the fact that

®,. ,and oo @, ) agree to order k — 1 on E;. For brevity, we omit the

J.j+l
details of these expansions. We have thus shown that p is a C* extension of

/o[w_/.(I)_l.ij—i-w_M.(O'o (Djﬁl)J across E; and hence p has a GC" join
with g;-0.
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Construction of the diffeomorphism O .

Proposition 1 shows that @ to order £k — 1

;1,; must agree with oo @,

J.j+l

on E, and with ¢/ o @ to order £k — 1 on E,; .Consider the central

JJ+
projection co-ordinate charts defined in Section 3. Then
D, =(u;v;) (4.14)
agrees with
O-oq)j,jH :(l_vj+l’uj+l) (4.15)
to order zero on E,, and agrees with

o OCDJ'—ZJ—I = (vj—l ’1’_7"/‘—1) (4.16)

to order zero on E,;. Thus @, ,:= @, , is an appropriate definition
for the diffeomorphism in the case £k — 1 of Proposition 1, which is the
construction used in [Charrot and Gregory'84]. In general, let « : [0,1] —> IR

be a C* function such that

a(i)(O):§i’0, a”0)=0, i=0,..k—1. 4.17)
Then the following proposition shows that the diffeomorphisim @, , ,can be
constructed by matching a blend of the charts (4.14)-(4.16).

Proposition 2 Let @, ,j =0, ....n — 1 be C" diffeomorphisms which
respectively match

WJ(X) ::a(uj)(uj:vj)+a(vj+l)(1_vj+l’uj+1) (418)
to order k — 1 on E; and
70 (X) = el Yae,v)) + (v A=V ) (4.19)

to order k— 1 on Ej_;. Then the diffeomorphisms satisfy the GC* conditions
(4-9) of Proposition 1.

Proof. At X = X;, u; = v/= 0 and v;+; = u;.; - ;. Hence, using (4.17),
wi(X) and 'Oy, (X) agree to order k — 1 with ¢, . =(u,,v,) at X ..
Thus the C* functions defined by (4.18) and (4.19) are compatible to order
k — 1 at Xj = E; N E;.;. Hence a C* diffeomorphism ®,.,; can be con-
structed which matches these C* functions to order k — 1 on E; and E;.,.
(An explicit construction involving the central projection co-ordinate charts
is given below and an alternative construction involving parallel projection
co-ordinate charts is given in Section 5.) Furthermore, since ®;.;; matches
w; and ®;;+; matches 6™ 0 y; to order k — 1 on Ej, it immediately follows
that ®;.;; and o o ®;;+; agree to order k — 1 on E;. Thus the conditions
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(4.9) of Proposition 1 hold. O

Diffeomorphisms @, . must now be constructed which satisfy the con-

ditions (4.18) and (4.19) of Proposition 2. With the central projection co-
ordinate charts, this problem has a simple solution. Observe that

a" v E =, )\Ej =a"(1)=0,i=0,... k-1, (4.20)

and
a"w)|E, =" (v)|E, =a®(0)=5,, i=0,.k-1. (4.21)

It then follows that @, . can be denned by the tensor-product like construc-

tion

V. ol-u .

(l_vj+19uj+l) (aj:bj) a(uj—l)
(4.22)
Here, 0<a,, b, <1 ensures that @, :Q —[0,1]°. In practice we find

that (a;, b;) = (0, 0) produces a satisfactory result and prefer to control the
shape of the patch through the choice of the extensions q;-; ;.

The weight functions w, and «

The polygonal patch construction is summarized as being defined by (4.2),
where p,, is defined by (4.1) and @, is denned by (4.22). Given the

weight functions w; in (4.2) and the weight a in (4.22), then the user has
only to supply the C* extensions q 1, of the rectangular patch complex.

We define the weight functions w;, which satisfy conditions (4.3) and
(4.4), by

l¢]—1 J

dk+1
w. =
J n-1 K+
ZH H#z—l,z di

where d; = di(X) is the perpendicular distance of X from the side E;, see
Section 3. For n = 3, these weight functions can be written in terms the
barycentic co-ordinates as

(4.23)

bk+1
e (4.24)

J Zn 1 bk+l
(The case n = 3 also exhibits an alternative polynomial definition for the
weights, see Section 5.)

The weight o, in the definition of the diffeomorphism @ must satisfy

=L,
conditions (4.17). Hermite two point Taylor 1nterpolat10n then gives

a(s)=(1- )z(k S L

i (4.25)



Polygonal Patches 11

as an appropriate definition. Thus, for k£ = 2 (curvature continuity),

a(s) = (1-s)*(1+2s). (4.26)

For k = 1 (tangent plane continuity), we have « (s) = 1 — s in the definition
(4.22) but, as was observed in the introduction to this section,®, ,, =4, ,
is also valid in this case. Finally, it can be noted that

a(s)+a(l-s)=1 (4.27)
Thus, since v;+; = 1 — u; for the central projection co-ordinate charts, it

follows that (4.18) defines a convex combination of the two charts (u;,v,)

and (1 _Vj+1=uj+l)'

S An alternative triangular patch

In the triangular domain case n = 3, the component p, ; of the patch

definition (4.2) has singularities at the vertices X;; and Xj;. These are
introduced by the singularities of the central projection co-ordinate charts
in the definition (4.22) of the diffeomorphism ®,,, These singularities are

removable to order k, since the weight w, in (4.2) has a k + 1'st order zero
along the edge E,,, which joins X, and X ,,. Hence the patch definition

is numerically stable to order 4. It is, however, possible to totally avoid the
introduction of singularities through the use of parallel projection co-ordinate
charts on the triangle. In this case, the construction of @, ; as in (4.22) is

no longer valid and hence an alternative construction is required.

The parallel projection co-ordinate chart

For a point X €Q, let u; =u,;(X) be such that
E(u)=(1-u)X, +u, X, (5.1

is the point of intersection of the edge E; with the ray through X parallel to
the side £, ,. Also, let v; = v; (X) be such that

E, (-v)=(1-v)X, +v,X | (5.2)

is the point of intersection of the edge £, , with the ray through X parallel
to the side E;. Then

By 1, (X) = (0, (X),v, (X)) (53)

defines the co-ordinate chart, see Figure 5. As in the case of the central
projection, the co-ordinate chart maps Xj to (0, 0) and the two edges E; (u)
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Figure 5: Parallel projection co-ordinate chart construction

and £, (1-v) onto (u, 0) and (0, v) respectively. Also, for n = 3, the chart
maps the triangle Q into [0, 1]*. However, for n>5 there are points X € Q
for which @, , (X) ¢ [0,1]°. Hence we do not propose the use of the parallel

projection in the case n>5. For n=3 the co-ordinate chart is conveniently
computed in terms of the barycentric co-ordinate system as

Gy =, v,)=(b,, b,) (5.4

The diffeomorphism @, .

Conditions (4.20), which hold for the central projection co-ordinate charts,
are not valid for the parallel projection co-ordinate charts. Hence the diffeo-
morphism @, ; cannot be constructed as in (4.22). Now

Uv,)=0;1-u,-v,), (W, ,v,))=0-u,-v,u,) (5.5)

for the parallel projections on the triangle. Hence, in terms of the variables
(u,v,), Proposition 2 requires the construction of @, , ; which matches

v, =a)u,v,)+ald-u,—v)u; +v,v;), (5.6)
to order k — 1 on v; = 0, and
oo wia=a)u,v,)+al-u;,—v)uu, +v,), (5.7)

to order k — 1 on u;= 0. Now for 0</,m<k-1,

=l
al,ml//j|(00): 0,0 0W, ) | 00 = aé/,m¢j—1,j|(0,0): 0 vy) . (5.8)

which shows that y, and o 'oy, , are compatible to order kK — 1 in each of
the variables u, and v, at (u, v,) =(0,0). We can thus define® , , ; by the
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Boolean sum Taylor interpolant

ut v
_Z_:Zjﬁaém i 1,‘(0 0) (5.9

In particular, with « defined by (4.25), then it can be shown that for £ = 1
(tangent plane continuity)

O, =0, =Wy, (5.10)
and for £ = 2 (curvature continuity)

O, =(u +9uv —8ujvjv/+9uv —8uv) (5.11)
The triangular patch is constructed as in (4.2), where the diffeomorphism
®, ,,in (4.1) is defined by the above Boolean sum construction. The weights

w,in (4.2) can be computed by the rational form (4.24). Alternatively, the

polynomial weight

_b“zz("”*’") B (5.12)

S im0

can be used, since it satisfies properties (4.3) and (4.4) on the triangular
domain Q. In this case the triangular patch p will be a polynomial form in the
barycentric co-ordinates, if the q;,; extensions of the rectangular patch

complex are polynomial.

6 Numerical Implementation

We consider the implementation of the polygonal patch schemes for the spe-
cific case of uniform bicubic B-spline surfaces which contain polygonal holes.
Two possible arrangements for the control points of C° bicubic B-spline patch
complexes q; j = 0,..., n — 1, about triangular holes are shown in figures

6 and 7. The first example gives one patch adjacent to each edge of a train-
gular hole and involves the use of a central control point of multiplicity four.
The second example gives two patches adjacent to each edge. Clearly, any
number of patches adjacent to the hole can be obtained by the addition of
further control points. Also, n-sided holes can be obtained by generalizations
of these arrangements of the control points.

Given that the surrounding patch complex has a C° bicubic B-spline rep-
resentation, then it is natural to construct the rectangular patch extension
q,,, as a bicubic B-spline surface. In the first example, the extension will be
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Figure 7: Nine bicubic B-spline patches about a triangular hole
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a single patch, requiring the definition of an additional control point. In the
second example, the extension will consist of four bicubic B-spline patches,
requiring the definition of four additional control points. Additional control
points will be required for each extension q,,,,/J=0,., n — 1, and can

be considered as degrees of freedom which allow some control over the shape of
the final polygonal patch. Also, the diffeomorphism @ which is used

J=LJ?
in the reparameterization of q,,;, involves a degree of freedom (a;b;) to

manipulate the shape of the polygonal surface. However, experimental re-
sults indicate that this degree of freedom may introduce undesirable "hump"
effects around the central region of the surface. Hence, in practice, we set
(a;,b;,) =(0,0),j=0,...,n-1.

In order to plot the polygonal patch given by (4.1) and (4.2), it is con-
venient to reparameterize it as a complex of rectangular patch mappings.
This is achieved by quadrilateral subdivision of the polygonal domain about
its centre, introducing additional bilinear maps from the unit square onto
the quadrilaterals. The problem of calculating normals and curvatures of
the patch on the polygonal domain is solved here by adopting a "procedu-
ral"method. Alternatively, a numerical differentiation technique applied to
the rectangular patch mappings could be used and is probably the simplest
technique to apply in practice.

We conclude by giving some model examples, where the control points
are arranged to give two bicubic B-spline patches adjacent to each edge.
Figure 8 shows the filling of a triangular hole, displayed using a standard
shading technique based on the use of unit normals. Figure 9(a) shows
the same surface plotted with a Gaussian curvature shading map. Figure
9(b) shows a C' fill of the triangular hole as a comparison. The curvature
shading technique is also used for the lighting model calculation so that the
lack of curvature continuity across the boundary of the triangular patch is
clearly displayed. Figures 10 and 11 show a similar display for the case of a
pentagonal patch. The final figure 12 shows the combination of a triangular
and pentagonal patch within a C* rectangular patch complex.
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