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In this work we employ the horizon approach for the thermodynamics of black holes, together
with holographic equipartition, to show that the Kerr-Newman black hole can be considered as
a rotating Van der Waals gas. Our results are interpreted in light of a simple mechanical and
geometrical model, which is amenable to emerge from the space-time atom perspective.

I. INTRODUCTION

The incorporation of a pressure and its conjugate
volume [1–4] into the scheme of black hole (BH) ther-
modynamics provoked a renewed interest in this field of
study. Within this extended framework, the pressure
follows from allowing the cosmological constant, λ, to
be dynamical [5]. When considering AdS-like solutions,
it has been shown that their thermodynamic phase
structure coincides with that of a Van der Waals (VdW)
gas (see [6] for an extended review). This inspires the
question for a possible “microscopic” interpretation
of the VdW like behavior of the AdS BH solution.
Work has been done in this direction ranging from
approaching the above connection as the emergent
result of certain space-time atoms statistics [7, 8], BH
molecules [9, 10], to other approaches [11, 12] based on
Ruppeiner geometry [13]. By emergent we mean the
appearance of certain degrees of freedom (dof), quantum
gravitational or otherwise, whose microscopical dynam-
ics manifests as BH thermodynamics. In this sense, the
quest for the true nature of BH dof, which has been
addressed from various corners of theoretical physics
including string theory [14], loop quantum gravity [15],
and AdS/CFT [16], among others, could be approached
from a new angle exploiting this unsuspected connection.

From the pioneering work of Bekenstein [17] and
the subsequent Bekenstein-Mukhanov quantum BH
models [18], the idea of a quantized horizon area,
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composed of a natural number of Planck areas (l2p)
that locally encode bits of information, has become
widespread. Although originally the bits served as a
heuristic explanation, approaches such as the coined
holographic principle [19] have tried to rewrite BH
thermodynamics in terms of these dof.

With this context in mind, tiling the horizon has become
a tool frequently used to construct microscopical models
starting from these entities [20]. Among these models,
Padmanabhan’s holographic energy equipartition [7] con-
siders that the horizon can be tessellated with N = A/l2p
units, where A is the area of the BH horizon. Intringu-
ingly, these N constituents, usually coined space-time
atoms, satisfy an energy equipartition similar to what
is found in usual classical models of matter (see Ref. [21]
for a recent account on BH dof within the extended ther-
modynamic context). Recently, an exact VdW equation
of state (EoS) has been derived from certain non-rotating
BH solutions from basic statistical considerations [8] by
using the space-time atoms approach in the context of
the extended thermodynamic framework. In particular,
a microscopical interpretation for the thermodynamical
volume, together with a gravity-induced modified count-
ing of the holographic dof in different dimensions has
been proposed in this Reference.

Following these previous works, it is our purpose here
to obtain an EoS for the Kerr-Newman (KN) BH, which
could be interpreted from a statistical mechanical ap-
proach in the sense of Ref [8]. We would like to point out
that previous works in Extended Phase Space (EPS) and
Horizon Thermodynamics (HT) have found an EoS for
this BH solution, yet to this moment no microscopical
interpretation has been presented.

This work is organized as follows: in Section II, the
EPS, HT and the holographic equipartition approaches
are briefly reviewed and then used to rederive the AdS-
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Reissner Nördstrom (RN) and AdS-KN solutions in sub-
sections II A and II B. Section III is devoted to obtaining
a VdW type EoS for the KN BH in the light of both
the HT and holographic equipartition approaches, whose
features and implications are discussed. Final comments
and future work are left to Section IV.

II. BLACK HOLE EQUATIONS OF STATE

This section is devoted to summarize the main ideas lead-
ing to the concept of BH EoS using both the EPS and HT
approaches. Emphasis will be given to the construction
and interpretation of the EoS for the AdS–RN BH.

A. Extended Phase Space

In this section we review the EPS approach [4, 22–28] or
Black Hole Chemistry [6], as it has been usually coined.
This particular approach answers the question of “where
is the PdV term in the first law of BH mechanics?” by
considering a BH spacetime with an AdS background, for
which the cosmological constant λ is taken as a dynami-
cal value. By perturbing the spacetime with cosmological
constant λ to a spacetime with λ+ dλ, the first law can
be written as dM = TdS+VtdPλ+φdQ+ ..., where Vt is
considered a thermodynamical volume conjugate to the
pressure Pλ, given by Pλ = − λ

8π . An important conse-
quence of this extended first law, is the new identification
of the mass M with the thermodynamical enthalpy H [4],
instead of the internal energy U . As such, the mass M is
a function of the pressure Pλ and entropy S, plus a num-
ber of conserved charges Qi, i. e. M = M(Pλ, S,Qi)
with the temperature T and thermodynamical volume
Vt as conjugate variables, given by T =

(
∂M
∂S

)
Pλ

and

Vt =
(
∂M
∂Pλ

)
S

, as expected from the usual thermodynam-

ical theory. For simplicity in our notation, in what fol-
lows we denote Vt simply as V , understanding that this
volume is thermodynamical in nature.
In addition to the EPS approach, the so-called holo-
graphic energy equipartition [7] plays a fundamental role
in order to shed light on the dof emerging in the thermo-
dynamical description of BHs. Following [7], the Komar
energy can be written on the horizon as EK = 1

2NT ,
where T stands for the local Hawking temperature mea-
sured by an observer at rest in this spacetime and N =
d2x
√
σl−2
p stands for the microscopic dof attributed to

an element of area A = d2x
√
σ. In particular, for an

AdS–RN BH, it can be shown [8] that the corresponding
EoS can be written exactly as

Pλ =
N̄T

V
− 1

2π

N̄2

V 2
+

2Q2

π

N̄4

V 4
, (1)

where the thermodynamic volume, V , turns out to be Eu-
clidean, V = 4

3πr
3
+, T is the corresponding Hawking tem-

perature and Q is the electric charge. Importantly, Pλ is

considered as a pressure due to the cosmological constant
and N̄ = N

6 are the dof compatible with holographic
equipartition. Therefore, as it can be shown by inspec-
tion, the meaning of the rhs of Eq. (1) remains clear: we
have kinetic, interaction and second virial terms. Thus,
a microscopic model based on these ingredients can be
constructed in order to show how thermodynamic prop-
erties of AdS-RN BHs can be derived from a statistical
model [8].
The case for a rotating BH is, as usual, more complicated
that its non-rotating counterpart. Let us consider an
AdS-KN BH whose D = 4 metric takes the following
form in Boyer-Lindquist coordinates:

ds2 = −∆r

ρ2
(dt− a sin2 θ

Ξ
dφ)2 +

ρ2

∆r
dr2 +

ρ2

∆θ
dθ2

+
∆θ sin2 θ

ρ2
[adt− (r2 + a2)

Ξ
dφ]2, (2)

where

ρ2 = r2 + a2 cos2 θ, (3)

Ξ = 1− a2

l2
, (4)

∆θ = 1− a2

l2
cos2 θ (5)

and

∆r = (r2 + a2)

(
1 +

r2

l2

)
− Ξ2

(
2Mr −Q2

)
. (6)

The horizon radius r+ is determined by the largest root
of ∆r = 0. Following the procedure presented for the
AdS-RN BH, we can obtain all the thermodynamic vari-
ables for the system. For example, the thermodynamical
volume is given by

V =
2π

3

(
(r2

+ + a2)(2r2
+l

2 + a2l2 − r2
+a

2) + l2Ξ2Q2a2

l2Ξ2r+

)
.

(7)
Therefore, although it is possible to obtain an explicit
thermodynamical volume within the EPS approach, it
can not be used to construct an EoS in terms of the
pressure. As seen in Eq. (7), the thermodynamical vol-
ume of the AdS–KN BH is a complicated function of the
AdS radius, l2, and therefore of the pressure, given by
P = 3/8πl2 as in the non-rotating case. Even more,
although the function given by Eq. (7) can be inverted,
that is V (P )→ P (V ), a readable and easily interpretable
EoS for this particular BH, within the presented ap-
proach, has not been found.
In this sense, there is no possibility of employing holo-
graphic equipartition within the EPS approach in order
to shed some light into a possible statistical description
for rotating BHs, in contrast with the non–rotating case,
as previously commented. However, a different way to
derive BHs EoS in order to link them with holographic
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equipartition techniques can be employed. The next sec-
tion is devoted to give the reader a brief description of
this alternative route, which is known as horizon thermo-
dynamics.

B. Horizon thermodynamics

The origin of HT was the realization [29] that the Ein-
stein equations on the horizon of spherically symmet-
ric spacetimes can be interpreted as a thermodynamical
identity. This relevant observation has been extended
to other cases corresponding to different gravitational
theories and symmetries (for a review see [7, 30]), and
also to the study of the thermodynamics of null surfaces
[31]. The basic idea of HT is to make the identification
Ptot = T rr, being Tµν the energy–momentum tensor of
the complete matter sector (including a possible cosmo-
logical constant) evaluated at the horizon. Then, under
the assumption of an Euclidean geometric volume for the
BH, the radial Einstein equation can be interpreted as
an EoS for spherically symmetric AdS BHs in the form
Ptot = Ptot(T, V ) [32]. Interestingly, this EoS does not
depend on the specific form of gtt(= grr). Even more,
the authors of Ref. [32] derive the first law of HT in the
form dE = TdS − PtotdV , where E is an energy asso-
ciated with the BH whose meaning is discussed in that
Reference. In addition, the horizon enthalpy and Gibbs
energy are defined according to the standard prescrip-
tions G = E − TS + PV and H = G+ TS.
Although there are several differences between the EPS
and HT approaches [32], here we would like to remark
one of them which is of relevance for this work, namely:
for the AdS-RN BH, the volume is assumed to be the
Euclidean geometrical volume, being independent on the
matter sector in HT, in contrast with the EPS approach,
in which the volume is conjugate to the pressure given
by the cosmological constant and depends on the matter
content of the theory. Finally, we recall that only
in vacuum and for Ptot > 0, both the EPS and the
HT approaches yield the same kind of thermodynamic
behaviours and phase transitions [32].

In order to compare HT with EPS, let us first consider
the AdS-RN case. For this system, following [32], it is
easy to see that the EoS is

Ptot =
T

2r+
− 1

8πr2
+

, (8)

where V =
4πr3+

3 and

Ptot = Pm + Pλ, (9)

with

Pm = T rr = − Q2

8πr4
+

, (10)

is the electromagnetic radiation pressure exerted on the
horizon due to the matter terms of the Einstein equa-
tions. Finally, we note that, although Eqs. (1) and (8)
coincide, the thermodynamical behaviour which they de-
scribe is different, as pointed out in [32].
For the rotating case, let us consider a pure Kerr geom-
etry (l → ∞ and Q = 0). Here, in analogy with the
static case, after using the radial Einstein equation the
corresponding first law is obtained in the form [32]

dE = TdS + ΩdJ − σdA, (11)

where

E =
r2
+ + a2

2r+
, (12)

is the horizon energy [32], J = Ea is the BH angular
momentum,

Ω =
a

r2
+ + a2

, (13)

is the horizon angular velocity,

T =
r+ −M

2π(r2
+ + a2)

(14)

is the BH temperature, S = π(r2
+ + a2) = A

4 its entropy
with A the horizon area and

σ =
ρ4

+T
r
r |r+

2r+(r2
+ + a2)

, (15)

is the so–called surface tension [32].

To study the EoS for the rotating BH, the authors
of Ref. [32] rewrite the last term in Eq. (11) as

σdA = PdV, (16)

by noting that this equality is only possible when
dV ∼ dA. Specifically, the three different cases consid-
ered in [32] are:

(i) After imposing

V =
4π

3

(
A

4π

)3/2

, (17)

the pressure term is written as

P =
σA

2π

(
4π

A

)3/2

, (18)

and the corresponding EoS can be written as

P =
T

2
√
r2
+ + a2

+
a2 − r2

+

8πr+(r2
+ + a2)3/2

, (19)
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where r+ and a are implicit functions of V and J .
(ii) After imposing the geometric volume

V =
r+A

3
, (20)

the pressure is written as

P =
6σ(r2

+ + a2)

r+(3r2
+ + 5a2)

, (21)

and the EoS reads

P =
3

2

T (r2
+ + a2)

r+(3r2
+ + 5a2)

+
3

8π

a2 − r2
+

r2
+(3r2

+ + 5a2)
, (22)

where r+ and a are implicit functions of V and J as in
the previous case.
And (iii), if the thermodynamic volume coming from EPS
considerations [33] is imposed, i. e.

V =
r+A

3

(
1 +

a2

2r2
+

)
, (23)

we obtain

P =
12σr+(r2

+ + a2)

6r4
+ + 9r2

+a
2 + a4

, (24)

and

P =
3T (r2

+ + a2)

6r4
+ + 9r2

+a
2 + a4

+
3

4π

a2 − r2
+

6r4
+ + 9r2

+a
2 + a4

. (25)

Therefore, after having a look at Eqs. (19), (22) and (25)
we conclude that, although this approach is, without any
doubt, of great interest, we miss a link with holographic
equipartition in order to show if the emergence of some
dof, as in the static case, could shed light on a possible
microscopical description for rotating BHs. The look for
this link, together with a transparent writing of the cor-
responding EoS, in the lines of Eq. (1), is the purpose of
the following section.

III. THE KERR–NEWMAN BLACK HOLE AS
A ROTATING VAN DER WAALS GAS

Intuitively one is tempted to assign N = A dof to the
horizon of a rotating BH, in analogy with the static case.
In order to do this formally, holographic equipartition
has to be considered in the stationary case. The prob-
lem is that, for a stationary spacetime, the situation is
more subtle because of the ambiguity of the choice for the
Killing vector in the calculation of the Komar energy. By
extending the considerations of the static case, one can
simply start by supposing that the horizon in the station-
ary case also has a number of degrees of freedom propor-
tional to its area. The authors of Ref. [34] have followed

such an approach for specific 2-surfaces (screens); in ad-
dition, they supplemented such assumption with a pre-
scription for the temperature of the screens in terms of
a canonical timelike Killing vector, idea inspired by Ver-
linde’s proposal for emergent gravity [35], which removes
the aforementioned ambiguity. With these ingredients,
they have obtained the Komar energy associated to the
considered 2-surfaces in a KN spacetimes, which leads to
a recovery of Einstein equations within such context. In
the case of the horizon, this Reference shows that the
corresponding Komar energy coincides with the reduced
mass of the BH:

EK =
√
M2 − a2 −Q2. (26)

Although [34] recovers the Komar energy for general
screens based on the holographic equipartition and the
temperature prescription in terms of a timelike Killing
vector, a simpler analysis can illustrate this point when
the screen corresponds to the horizon, given that the tem-
perature of the horizon is defined in a straightforward
way through its surface gravity.
Let us recall that the Hawking temperature for a KN BH
is

T =
r+ −M

2π(r2
+ + a2)

, (27)

with r+ = M +
√
M2 − a2 −Q2. Therefore, using

Eqs. (26) and (27) it follows directly that

EK =
1

2
NT, (28)

is satisfied whenever N = A = 4π(r2
+ + a2). Thus, Eq.

(28) shows that the Komar energy of the horizon is al-
ready consistent with the appearance of certain dof, as
dictated by holographic equipartition. With these ideas
in mind, in what follows we will consider as a basic as-
sumption that the KN BH horizon has a specific number
of particles associated.
In order to obtain an EoS for these N particles, we can
either use the Smarr law

M = 2TS + 2ΩJ + φQ, (29)

where

φ =
Qr+

r2
+ + a2

, (30)

is the electric potential at the horizon, or use the horizon
condition, which reads

∆ = r2
+ − 2Mr+ + a2 +Q2 = 0. (31)

In any of these two cases it is enough to express the mass
M as a function of the temperature T as

M = r+ − 2πT (r2
+ + a2), (32)
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and then manipulate Eq. (29) or Eq. (31) by introducing
some appropriate definitions. As the second way is even
shorter, let us choose it. Then, in order to obtain the
EoS we demand that

∆

8πr4
+

= 0. (33)

At first sight this seem to be an arbitrary choice (and in
fact it is) but we will see that it is intimately linked with
the choice of the geometric volume as that which enters
in the BH EoS.

For a KN BH, Eq. (33) reads

1

8πr2
+

− M

4πr3
+

+
a2

8πr4
+

+
Q2

8πr4
+

= 0. (34)

As previously commented, let us introduce the geometric
volume

V =
4πr3

+

3
. (35)

Within this choice, Eq. (34) can be written as

Pσ + Pm + Pa =
N̄T

V
. (36)

At this point, a couple of comments are in order. First,
the rhs of Eq. (36) refers to N̄ = N

6 particles living
inside a spherical container of radius r+ at temperature
T . Second, the lhs is divided in three contributions. The

first one, Pσ, is the horizon energy density [32]. This
term is expressed as

Pσ =
kg
8π
, (37)

where kg=
1
r2+

is the Gaussian curvature of the two–

sphere. The second term, Pm, is the radiation pressure
on the sphere,

Pm = − Q2

8πr4
+

, (38)

and the third term,

Pa = − a2

8πr4
+

, (39)

can be interpreted as a pressure term due to the rotation
of the BH. And third, a KN BH could be thought to
be an ideal gas of N̄ = A

6 dof enclosed inside a spherical
container of radius r+ in equilibrium with a total pressure
given by

Ptot = Pσ + Pm + Pa, (40)

at the corresponding Hawking temperature. However, a
has to be written as an implicit function of V and J , as
mentioned in previous cases. Then, using that

J =
a

2r+
(r2

+ + a2), (41)

we arrive to

Pσ + Pm =
N̄T

V
+

8π

9

J2

N̄2r2
+

. (42)

For comparison with the RN case, let us write the two
EoS in a similar form:

(RN) : Pσ + Pm =
N̄0T

V

(KN) : Pσ + Pm =
N̄1T

V
+

8π

9

J2

N̄2
1 r

2
+

, (43)

where the subindex 0, 1 refers to the dof corresponding to
RN and KN BHs given by holographic equipartition, re-
spectively, i. e. N0 = 4πr2

+,RN and N1 = 4π(r2
+,KN +a2).

At first sight the only novelty is the 8π
9

J2

N̄2
1 r

2
+

term. How-

ever, when these equations are written explicitly in terms
of the dof we are led to

(RN): 0 =
N̄0T

V
− 1

2π

N̄2
0

V 2
+

2Q2

π

N̄4
0

V 4
(44)

(KN): 0 =
N̄1T

V
+

8π

9

J2

N̄2
1 r

2
+

− 1

2π

(
N̄1 − 2πa2/3

)2
V 2

+
2Q2

π

(
N̄1 − 2πa2/3

)4
V 4

. (45)
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Now we write the EoS for the KN BH as

P̃σ + Pm =
N̄1T

V
, (46)

where

P̃σ = Pσ

[
1−

(
8πJ

3N̄1

)2
]

= Pσ + Prot, (47)

is a modified horizon energy density which incorporates
the effects of the rotation. Surprisingly, this pressure
given by Eq. (47) can be derived from the following sim-
ple mechanical model as follows.
Let us consider a spherical container of radius r+ which
is rotating with an angular velocity given by Ω. The
rotational kinetic energy is given by Erot = 1

2IΩ2,
where I is the moment of inertia of the sphere which
can be expressed as I = J/Ω, being J the angular
momentum (both with respect to an axis which goes
through the center of the sphere). For a KN BH

we know that Ω = 2π
3

a
N̄1

and J = 3
4πr+

aN̄1. Then,

we have that Erot = a2

4r+
. Finally, we note that the

pressure exerted on the surface due to the rotation

is Prot = Erot
V getting Prot = 3

2
a2

8πr4+
= 3

2
8π
9

J2

N̄2
1 r

2
+

,

which corresponds, up to a factor of 3/2, to the
second term of Eq. (47). Interestingly, this simple
calculation for the rotational energy coincides with that
employed within a dynamical version of the first law [36].

Within this model we emphasize that Pm can not
be interpreted only as a second virial VdW term (in
contrast with the RN case) because, as shown in Eq.
(45), the real dof, N̄1, appear in a complicated form.
Therefore, the radiation pressure has to be considered
as provided by an “external” agent. Interestingly, Eq.
(46) can be written as as (in the rest of the manuscript,
the dof N̄1 will be denoted by N̄ without reference to
any subscript)

Pm =
N̄T

V
− 1

2π

N̄2

V 2
− Prot −

P 2
rot

Pσ
+ 24N̄ProtPσ

=
N̄T

V
− 1

2π

N̄

V 2
+ Prot

(
1 +

Prot
Pσ

)
. (48)

Note that one can write 1 + Prot
Pσ

= 1 + a2

r2+
= 2M

r+
. Then,

we have that 1 ≤ 1 + Prot
Pσ
≤ 2, where the lower value

corresponds to the non–rotating case (RN BH) and the
larger value to the extremal KN BH. Therefore, Eq. (48)
reads

Pm =
N̄T

V
− 1

2π

N̄2

V 2
+KProt, (49)

where 1 ≤ K ≤ 2. Note that K = 1 implies Prot = 0
while K = 2 corresponds to the extremal BH.

Even more, if we define the distortion parameter
of the horizon, β, following Smarr [37], as

β ≡ a(r2
+ + a2)−1/2, (50)

we arrive to

Pm +
Prot
β2 − 1

=
N̄T

V
− 1

2π

N̄2

V 2
. (51)

Not that, on one hand, β = 0 corresponds to a non–
rotating BH. Therefore, β = 0 implies a = 0 and, then,
Prot = 0. On the other hand, an extremal BH corre-
sponds to β = 1/

√
2. In addition, we remark that the

distortion parameter coincides with the eccentricity of
the oblate ellipsoid when describing the event horizon in
terms of the Cartesian coordinates of the Kerr–Schild line
element [38].

IV. DISCUSSION AND FINAL REMARKS

The main purpose of this work was to obtain an equation
of state for the Kerr-Newman black hole such that (i) it
can be easily derived and (ii) the physical meaning of
their terms was physically transparent. After briefly re-
viewing both the extended phase and the horizon thermo-
dynamics approaches for the rotating and charged cases,
we arrived to the following equation of state:

Pm +
Prot
β2 − 1

=
N̄T

V
− 1

2π

N̄2

V 2
. (52)

The model this equation describes consists roughly in
introducing N̄ particles inside a rotating spherical con-
tainer of radius r+ at equilibrium at the Hawking tem-
perature. In this equation, β is the distortion parameter
of the horizon, Pm is the radiation pressure exerted on
the surface of the container and Prot corresponds to a
pressure due to the rotation of the hole. As in the non-

rotating case, N̄ = A
6 = N1

6 =
4π(r2++a2)

6 can be under-
stood as the holographic degrees of freedom.
At this point, a couple of comments are in order. First,
we note that, in order to obtain the equation of state
here presented for the Kerr–Newman black hole, one
can also start from the radial Einstein equation evalu-
ated on the horizon as in Eq. (15) of [32], which reads

8πT rr |r+ = Grr|r+ =
a2−r2++r+∆′(r+)

ρ4+
, where a prime de-
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notes derivative with respect to the r variable. By noting

that T rr |r+ = − Q2

8πρ4+
, the dependence on cos θ disappears

and, after introducing the geometrical volume, identify-

ing T = ∆′(r+)
4π(r2++a2)

and using the holographic equiparti-

tion, the equation of state here studied is recovered. Sec-
ond, an important point to be remembered is that the re-
duced mass for the Kerr–Newman black hole, EK , when
computed at the horizon, satisfies a holographic equipar-
tition rule as EK = 1

2N T , which shows the emergence
of the degrees of freedom appearing in the equation of
state.

In a previous work [8], these degrees of freedom where
used to show how, under certain circumstances, a statis-
tical treatment could reproduce the Van der Waals like
equation of state. The gravitational degrees of freedom
were reimagined as particles in a container that experi-
enced a contact interaction with the walls. In this dual
system, the canonical ensemble partition function sucess-
fully reproduced the equation of state and the Bekenstein
entropy if two heuristic constraints where met. Namely:
a modified state counting and a relationship between the
de Broglie and specific volumes of the constituents of the
dual gas, coined the stacking condition. Since Eq. (51) is
a Van der Waals like equation with a modified pressure,

it would be interesting to extend the model presented in
[8] to account for the new pressures that appear on the
left hand side of Eq. (51) via the dual system approach.
This extension is left for future work.
In addition, it is worth mentioning that the strategy here
developed can be straightforwardly applied to other mod-
els such as the well known Kerr-Taub-NUT solution, for
example. Even more, it can be applied to generic ro-
tating solutions, as those obtained by the Newman-Janis
algorithm, to some extent. Of course, the main issue
with generic solutions is that the mass/charge/angular
momentum can not be identified unless some particular
static seed is specified. We leave these and other prob-
lems for future work.
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