
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
        TR/90     November 1979 

        NUMERICAL SOLUTION OF A FREE BOUNDARY 

        PROBLEM BY INTERCHANGING DEPENDENT 

    AND INDEPENDENT VARIABLES 
 

     by 
 

  J. CRANK and T. OZIS 

CORE Metadata, citation and similar papers at core.ac.uk

Provided by Brunel University Research Archive

https://core.ac.uk/display/334707?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

w926033x 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 ABSTRACT 

T h e  c l a s s i c a l  p r o b l e m  o f  s e e p a g e  o f  f l u i d  t h r o u g h  a  p o r o u s  d a m  i s  
s o l v e d  t o  i l l u s t r a t e  a  n e w  a p p r o a c h  t o  m o r e  g e n e r a l  f r e e  b o u n d a r y  
p r o b l e m s .  T h e  n u m e r i c a l  m e t h o d  i s  b a s e d  o n  t h e  i n t e r c h a n g e  o f  t h e  
d e p e n d e n t  v a r i a b l e ,  r e p r e s e n t i n g  v e l o c i t y  p o t e n t i a l ,  w i t h  o n e  o f  t h e  
i n d e p e n d e n t  s p a c e  v a r i a b l e s ,  w h i c h  b e c o m e s  t h e  n e w v a r i a b l e  t o  b e  
c o m p u t e d .  T h e  n e e d  t o  d e t e r m i n e  t h e  p o s i t i o n  o f  t h e  w h o l e  o f  t h e  
f r e e  b o u n d a r y  i n  t h e  p h y s i c a l  p l a n e  i s  r e d u c e d  t o  l o c a t i n g  t h e  p o s i t i o n  
o f  t h e  s e p a r a t i o n  p o i n t  o n  a  f i x e d  s t r a i g h t — l i n e  b o u n d a r y  i n  t h e  
t r a n s f o r me d  p l a n e .  

A n  i t e r a t i v e  a l g o r i t h m  a p p r o x i m a t e s  w i t h i n  e a c h  s i n g l e  l o o p  b o t h  
a  f i n i t e - d i f f e r e n c e  s o l u t i o n  o f  t h e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  a n d  
t h e  p o s i t i o n  o f  t h e  f r e e  b o u n d a r y .  T h e  s e p a r a t i o n  p o i n t  i s  l o c a t e d  
b y  f i t t i n g  a  ' p a r a b o l i c  t a i l '  t o  t h e  f i n i t e - d i f f e r e n c e  s o l u t i o n .  



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



1. 

1.  Introduction

    A free  boundary problem involves  the solut ion of  an el l ipt ic  par t ia l     

    d i f ferent ia l  equat ion subject  to  condi t ions  on a  boundary,  .par t  of  which 

    is unknown in position and shape.  The most familiar model problem refers 

    to the seepage of water through an earth dam, separating a high reservoir    

    from a lower one.   The upper surface of the water within the dam has to 

    be  de te rmined  as  par t  o f  the  so lu t ion .  

      Successive authors have approached the problem by solving a sequence of    

     fixed boundary problems corresponding to successive, iteratively-computed   

     posi t ions  of  the f ree  boundary.   Relaxat ion methods,  f ini te  differences  

     and f ini te  e lements  have al l  been used to  execute  the solut ion.   Key 

     references are to be found in Cryer (1976),  Aitchison (1972;  1977),  

     and Furzeland (1977; 1979). 

       More recently, Aitchison (1977) and others referred to in Furzeland (1977;1979) 

       have avoided the iterations by using the Baiocchi transformation (1972) 

      to reformulate the problem as a variational inequality over a fixed domain. 

       The present paper transforms the region within the dam contained partly 

      by the free boundary into a domain with fixed, known boundaries by  

      interchanging the dependent variable with one of the independent, space 

      variables. 

 

       This idea is well-tried in fluid flow problems and has recently been applied 

      to moving boundary problems in heat flow (Crank & Phahle, 1973;  Crank & 

      Gupta, 1975; Crank & Crowley, 1978, 1979). 
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    In  the  t r ans fo rmed  p lane  i t  i s  poss ib le  to  so lve  the  dam prob lem,  fo r         

    example, by an it  erative algorithm which approximates within each s ingle  

    i t e ra t ive  loop  bo th  the  so lu t ion  o f  the  pa r t i a l  d i f fe ren t i a l -  equa t ion  

    and the posit ion of the free boundary.  

2.  The Seepage Problem

      The mathematical formulation of the problem depicted in Figure 1, in    

     t e rms  of  the  ve loc i ty  po ten t ia l  φ ,  i s  

    0=
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        where n is the outward normal on AE. 
        

       The double condition on AE is needed here as in all free boundary problems 

       in order to determine the position of AE as well as to solve the differential 

       equation (1).   

         

       We now replace (x,y), the usual dependent variable, by x = x( ,y) as φ φ
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I n  g e n e r a l ,  o n  a  b o u n d a r y  y  =  g ( x )  w e  h a v e  

        
[ ]212
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)'g(1

'g

+

φ−φ
=φ ,  g'=dy/dx,      (8) 

where,  for  example,  n and n  is the outward normal  to y = g(x) . n/n ∂φ∂=φ

Provided  we have on the free boundary AE ,'g ∞≠

       .y,0
yx
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∂
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But  )/x(/)y/x()y/( x ∂ ∂∂ φ∂−=∂φ∂ so  tha t  
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On the impervious foundation BC we have 

       .0y,0
y
x

==
∂
∂                   (11) 

The other boundary conditions are 

      ,.dy0,,Lx;1,0x d ≤≤φ=φ==φ=              (12) 

         and    x = L,      = y   on DE.                    (13) φ

Thus, we now wish to solve (7) subject to conditions (10) to (13) inclusive 

in the region B'A'E'D'C in Figure 2 in the (y, φ ) plane. All the boundaries 

are fixed.  The original free boundary AE has become the known straight 

boundary A'E', y = φ .  What we do not know, however, is the position 

of E'  on A'D' corresponding to the separation point E in Fig.  1,  at  which 

the boundary condition on A'D' changes from x = L to the condition (9). 
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W e  c o v e r  t h e  r e g i o n  w i t h  a  m e s h  o f  s p a c i n g s  yδ,δφ ,  a n d  d e n o t e  

.xby)yδj,δi(x j,iφ  E q u a t i o n  ( 7 )  c a n  b e  a p p r o x i m a t e d  i n  p a r t  b y  

 ,0
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I n  o r d e r  t o  a p p r o x i m a t e   a t  t h e  p o i n t  ( iδ22 y/ ∂φ∂ φ ,jδy )  w e  n e e d  t h r e e  

v a l u e s  o f   o n  t h e  l i n e s  c o r r e s p o n d i n g  t o  e q u a l l y - s p a c e d  v a l u e s  o f φ

y ,  y j - 1  ,   y j  ,   y j + 1  ,  b u t  c h o s e n  s u c h  t h a t  x  =  x i  , j  a t  e a c h  p o i n t .  

We interpolate  l inear ly  on each of  the mesh l ines  y  = y j + 1  and y = y j - 1  

as il lustrated in Figure 3.  Thus on the y = yj + 1 l ine we obtain 
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and similarly on y = yj-1. 

S u b s t i t u t i o n  o f  t h e  r e s u l t i n g  t w o  v a l u e s  o f  φ  t o g e t h e r  w i t h   i t s e l f  iφ

i n t o  t h e  u s u a l  f i n i t e - d i f f e r e n c e  r e p l a c e m e n t  f o r   i n  ( 1 4 )  y i e l d s  22 y/ φφ∂

a n  a p p r o x i m a t i o n  t o  ( 7 )  f o r  t h e  t y p i c a l  i n t e r n a l  p o i n t  ( iδ ,jδy ) .  φ

I f  we  co l lec t  toge ther  te rms  in  x i , j    we can  wr i te  the  d i f fe rence  e q u a t i o n  

i n  t h e  s i m p l e s t  i t e r a t i v e  f o r m  

 

=
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+
−
δδφ

+
−
φ−φ

+
−
φ−φ +

−+−−−

−

+++

+ 1n
j,i3n

j,1ij
n

1i

2

n
1j,1i1j

n
i

1ii
n

1j,1i1j
n
i

1ii x
)x,x(

)y(16
x,xx,x

 

 

= +
−

φ−φ
+φ+

−

φ−φ

−−−

−−−−

+++

++++
n

1j,1i1j
n
i

n
1j,i1i1j

n
1ii

in
1j,1i1j

n
i

n
1j,i1i1j

n
1ii

x,x
x,x

2
x,x

x,x
 

+ 3n
j,1i

n
j,1i

n
j,1i

n
j,1i

2

)xx(

)xx()y(8

−+

−+

+

+δδφ
 

where  is the nn
j,ix th  iterate of xi,j.                                                                             (16) 
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Correspondingly, on the boundary y = φ    we use either x = L or 
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from (10). 

A p p l i c a t i o n  o f  ( 1 6 )  t o  p o i n t s  o n  t h e  l o w e r  b o u n d a r y ,  y  =  0 ,  i . e .  j  =  0 ,  

i n t r o d u c e s  . f i c t i t i o u s  p o i n t s  o n  t h e  l i n e  j  =  - 1 ,  o n e  s t e p  o u t s i d e  t h e  

r e g i o n ;   t h e s e  c a n  b e  e l i m i n a t e d  f r o m  ( 1 6 )  s i n c e  ( 1 1 )  i m p l i e s  

x i,-1 = x i, 1 for all i. 

3 .   T h e  i t e r a t i v e  c y c l e

We  s t a r t  b y  a s s u mi n g  t h e  s e p a r a t i o n  p o i n t  E '  t o  b e  a t  o n e  o f  t h e  me s h  

points on A'  D' in Figure 2.  Then we know that x = L along C '  D '  and D  ' E '  

and  a l so  t ha t  x  =  0  on  B 'A ' .   F o r  e v e r y  o t h e r  me s h  p o i n t  w i t h i n  t h e  

r eg ion  and  on  t he  r ema in ing  pa r t s  o f  t he  bounda ry  we  have  de r i ved  an  

equat ion.   We carry out  one i terat ive cycle  by sweeping along s u c c e s s i v e  

j - l i n e s  f r o m  l e f t  t o  r i g h t  i n  F i g u r e  2  i n  t h e  o r d e r  j  = 0 ,  1 ,  2 ,  . . . .   

where y = j  = 0 is the lower boundary.  The new values of xi , j  are r e t a i ne d  

for  use in  the next  cycle  subject  to  the proviso that  on the boundary A 'D '  

we  t ake  t he  new  va lue   t o  b e  1n
i,ix +

   =  min 1n
i,ix + ( )  L,   x 1n

i,i
+ , 

since we know that x i ,  j  .  ≤  L.  We proceed with successive loops, i terating 

va lue s  o f  t he  so lu t i on  and  t he  pos i t i on  o f  t he  s epa ra t i on  po in t  E '  a l ong  

A  'D '  in the same loop by using (18).   The iteration proceeds until  the 

difference between successive i terates  a t  each point  of  the mesh is  less  

than  some presc r ibed  amount .   The  h ighes t  mesh  po in t  on  the  boundary  

A 'D '  (Fig. 2) at which x = L is the best approximation to the separation 
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point  that  can be obtained direct ly  f rom the set  of  f ini te-difference 

equat ions (16)  and (17) .   In  general ,  however ,  the  t rue separat ion point  

wil l  l ie  between two neighbouring mesh points  and the f ini te-difference 

s o l u t i o n  i t s e l f  w i l l  b e  l e a s t  a c c u r a t e  n e a r  t h e  s e p a r a t i o n  p o i n t .

I n  p a r t i c u l a r ,  t h i s  s o l u t i o n  w i l l  n o t  s a t i s f y  t h e  c o n d i t i o n  t h a t  t h e  

gradient of the free boundary dx/dy, should approach zero at the separat ion 

point .   We therefore  f i t  a  "parabol ic  ta i l"  to  the f ini te-difference 

approximation to  the free  boundary.  

  4.   Improved position of separation point

Suppose the true position of the separation point is denoted by 

E'(x = L, y = ys),  (Fig. 2) where ys < yj ,  and (j , j)  is the lowest 

mesh  poin t  on  the  f ree  boundary  for  which  x  <  L  in  the  f in i te -d i f fe rence  

solution. 

Since dx/dy = 0 at E'(x = L, y = ys )  we write near E' ,  for x ≤  L ,  

 

x = L - A(y - ys)2  ,         (19) 

 

where A is a constant to be determined.  Then 

 

x j ,j  = L - A(y j – ys)2        (20) 

and 
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approximately 
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B y  i n s e r t i n g  i n  ( 2 0 ) ,  ( 2 1 )  a n d  ( 2 2 )  t h e  r e l e v a n t  v a l u e s  o f  x  a n d  y  

f r o m t h e  f i n a l  s t a g e  o f  t h e  i t e r a t i v e  s o l u t i o n ,  w e  o b t a i n  a n  i n t e r p o l a t e d  

v a l u e  f o r  y s .   I f  y s <  y j - 1 ,  ( 1 9 )  a l s o  y i e l d s  a  r e v i s e d  v a l u e  f o r  x  j - 1 , j - 1 .  

I n  o r d e r  t o  e s t i m a t e  t h e  e f f e c t  o f  t h e  " p a r a b o l i c  t a i l "  ( 1 9 )  o n  t h e  

f i n i t e - d i f f e r e n c e  s o l u t i o n  e l s e w h e r e  i n  t h e  d o m a i n ,  a  f u r t h e r  s t a g e  o f  

t h e  i t e r a t i v e  p r o c e s s  w a s  p e r f o r m e d  u s i n g  t h e  v a l u e  o f  x j - 1 , j - 1  a n d  o f  g '  

a t  t h a t  p o i n t  f r o m  t h e  " p a r a b o l i c  t a i l " .   I f  a  s i g n i f i c a n t  c h a n g e  w a s  

f o u n d  i n  x  j ,  j  a  n e w  t a i l  w a s  f i t t e d  t o  u p d a t e  y s .  

Numerical results

I n  o r d e r  t o  f a c i l i t a t e  c o mpa r i s o n s  w i t h  t h e  r e s u l t s  q u o t e d  b y  

A i t ch i son  (1977 )  and  E l l i o t t  ( 1976 )  we  t ake  L  =  2 /3 ,  d  =  1 /6 ,  H  =  1  

and  h d  =  1 /6 .  

Calculat ions have been carr ied out  on an 18 x 18 mesh (δ φ = δy =  0.0556)  

and 30 x 30 mesh (δ = δy = 0.0333) .  In  order  to  s tar t  the  i terat ive φ

process  the  separa t ion  po in t  was  f i r s t  a s sumed  to  be  a t  the  po in t  D '  

i n  F ig .  2 ,  co r r e spond ing  t o  D  i n  F ig .  1 .   S t a r t i ng  a t  me sh  po in t s  f u r t he r  

a long  the  l ine  D 'A '  was  l a te r  found  to  y ie ld  the  same  f ina l  r esu l t s .  

The initial values of x along the free boundary D'A' were linear interpolates 

between x - 2/3 at D' and x = 0 at A'.   On each line, y = constant,  initial 

values of x at internal mesh points were obtained by linear interpolation 

between the end values on C' D'A' and B' A'.  

I t  has  not  been  poss ib le  to  car ry  out  a  formal  s tudy  of  convergence  of 
the  i te ra t ive  process  for  so lv ing  the  non- l inear  d i f fe rence  equat ions  (16) .  

Instead, Table 1 demonstrates the convergence of some of the numerical 

va lues  ob ta ined  on  the  l ine  y  =  1 /6  a t .  se lec ted  s tages  o f  the  18  x  18  

mesh  i t e ra t ive  so lu t ion .   Essen t i a l ly  the  same  behav iour  was  found  fo r  

t h e  3 0  x  3 0  me s h .    T h e  i t e r a t i o n  p r o c e s s  c e a s e s  w h e n   n
jix1n

jix −+   <10 - 4  

a t  a l l  points of the mesh. 
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F ig .  4  s hows  an  ex t r ac t  f r om the  r e su l t s  ob t a ined  on  t he  18  x  18  g r i d  

a n d  F i g .  5  s h o w s  a l l  t h e  me s h  p o i n t s  i n  t h e  r e g i o n  o f  t h e  s e p a r a t i o n  

p o i n t .  

In  Table  2  the  pos i t ions  of  the  f ree  boundary  ca lcu la ted  by  the  present  

method using the 18 x 18 and 30 x 30 meshes are compared with cor responding  

resu l t s  ob ta ined  by  Ai tch ison  (1977)  and  El l io t t  (1976) .  

Table  3  compares  var ious  va lues  obta ined  for  the  y  coord ina te  of  the  

s e p a r a t i o n  p o i n t  E .   I t  i s  w o r t h  r e c a l l i n g  t h a t  C r y e r  ( 1 9 7 6 )  c o n s i d e r e d  

t he  most  re l iab le  va lue  to  be  0 .5297.  

Conclusions

The pr imary aim of  this  paper  is  to  demonstrate  that  the  idea of  inter-

changing the dependent  with one of  the independent  var iables  can form the 

basis  of  a  method which i terates  s imultaneously the posi t ion of  the f ree  

boundary  and  the  so lu t ion  of  the  par t ia l  d i f fe ren t ia l  equa t ion .  The  resu l t s  

compare favourably with those obtained recently by mathematically more 

sophisticated techniques.   For a given mesh, this method locates the posit ion 

of the free boundary more precisely than do fixed-domain methods based on 
a minimisation or similar formulation.  We are conscious that we have used 

only the very s implest  i terat ion algori thm and that  the convergence would 

very probably be improved by using alternative algorithms.  We have not felt  

i t  worthwhile  to  explore  this  aspect  in  re la t ion to  the a l ready over-s tudied 

dam problem.  Equally, the method could be developed using finite e lements  

instead of  f ini te  differences.  



TABLE     1 

Conve rgence  o f  va lue s  o f  10 4 x  a t  s e l e c t e d  i n t e r n a l  p o i n t s  

o f  an  18x18  me sh  on  y=1 /6  

 

4 /18  8 /18  12 /18  17 /18  

0  6222  4444  2667  444  

50  6374  4753  2833  465  

250  6404  4995  3181  550  

289  6405  4995  3186  552  

φ

Iteration 



TABLE 2 
 

Comparison of values of 104x at chosen y-values on the free boundary. 
 
 
 

 
y 

 
(18 x 18) mesh 

 
(30 x 30) mesh 

Aitchison
(24 x 24) mesh.

Linear 
element 

Quadratic 
element 

0.5330 6669 6667 6667 - - 

0.5333 6667 6667 6665 - - 

0.5667 6549 6562 6423 - - 

0.6000 6432 6458 6180 - - 

0.6333 6149 6120 5960 5957 5975 

0.6667 5806 5787 5652 5631 5648 

0.7000 5462 5448 5314 5283 5285 

0.7333 5089 5064 4943 4908 4914 

0.7667 4667 4647 4425 4494 4519 

0.8000 4205 4192 4095 4072 4132 

0.8333 3722 3695 3611 3583 3653 

0.8667 3174 3151 3081 3050 3243 

0.9000 2549 2549 2498 2440 2460 

0.9333 1860 1871 1835 1735 1904 

0.9667 - 1078 - - - 



 
 
 
 
 
 
 
 
 
TABLE  3    COMPARISON OF SEPARATION POINTS 
 
 
 

Mesh Size ys Elliott Aitchison 

18 x 18 0.5338 - Values in the  

range * 

24 x 24 - 0.5338  

30 x 30 0.5337 - 0.5289 - 0.5426 

 
 
 
 
* T h e  r a n g e  c o me s  f r o m f i t t i n g  a n  a n a l y t i c  e x p r e s s i o n  t h r o u g h  r  p o i n t s  

o f  t h e  n u m e r i c a l  s o l u t i o n .  F o r  r  =  1 3  t o  1 6  i n c l u s i v e  y s  i s  

e f f e c t i v e l y  c o n s t a n t  a t  y s  =  0 . 5 2 8 9 .  C r y e r  ( 1 9 7 6 )  q u o t e s  

   y s  =  0 . 5 2 9 7  e v a l u a t e d  f r o m  t h e  a n a l y t i c  s o l u t i o n  b y  

P o l u b a r i n o v a - K o c h i n a  ( 1 9 6 2 ) .  
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Figure 1. The dam problem. 



 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

Figure 2. Transformed plane. 
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Figure 3
  

Interpolation for points at which x = xi . j .  



 
 
 
 
 
 
 
 

 
 
 
 Figure 4. Selected values of 104x from 18 x 18 mesh. 



 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

Figure 5.  All  values  of  104x on sect ion of  18 x 18 mesh.  around 
separat ion point.  



 
 
 
 
 
 

 
 
 


