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INTRODUCTION

The past decade accounted for a vast literature of
techniques and algorithms to solve numerically a variety
of two-point boundary value problems. A rapid glance
through any prominent journal of numerical analysis supports
the opinion that the computer user is confronted with a wide,
and even bewildering, choice of possibilities. Excluding
the literature concerning 'shoting methods', and 'non-local
approximants' (eg. Chebyshev series) the user enters the
extensive field of 'local approximations' encompassing all

the documented finite difference and finite element schemes.

The subclass of finite element schemes has recently received
the concerted attention of numerical analysts. In particular
the user will be aware of the existence of projection methods
(including collocation methods) and schemes derived from a
variational formulation of the problem. This variational
formulation was derived by Ciarlet, Schultz, and Varga [4] who
established that the analytic solution of the boundary value
problem strictly minimises a certain functional. ~Computational
aspects and rates of convergence are considered in [4] [10] and
[17] amongst others. The nomenclature 'projection’ defines
the underlying principle of projection methods. We project
the problem into a finite dimensioned subspace of an appropriate
Hilbert space by some technique, and derive the approximant to
the remodelled problem. In particular we may view the Galerkin
procedure as a specific example of a projection method. The
Galerkin method is employed by Douglas and Dupont [6] , Wheeler
[22] to investigate a class of linear two-point boundary value
problems. A superconvergence result at the knots is established
in [6]. Projection schemes of a collocation type for classes
of non-linear equations are studied in [8],[9],[11] and [13].
Collocation methods require the spline approximant to satisfy

the differential equation at certain internal points,

We illustrate the finite difference approach by mentioning



the paper by Stepleman [18]. In particular for the two-point
boundary value problem independent of the first derivative, and
with disjoint boundary conditions, Stepleman notes that his
method is the classical Numerov method.

Of fundamental significance is the structure of the
appro ximant, or for finite differences, the structure of the
difference formula. Independent of the approach employed the
numerical solution is dependent on a polynomial structure.

The spline function spaces used in projection and variational
formulations are piece—wise polynomials satisfying certain
continuity constraints. Analogously, the finite difference
schemes are polynomial based. For example the fourth order
Numerov formula is derived by spanning the interval [0,2h]
by a quartic polynomial, and collocating the values of the
function and its second derivatives at the knots x=0,h,2h.
Recently, much interest has surrounded the study of splines
that are closer in structure to the function being approxi-
mated than the more conventional polynomial splines. The
classes of regular splines defined in chapter 2 are but one

example of an alternative structure .

The intrinsic characteristic of the class of regular
splines of chapter 2 is a twice continuous differentiability
throughout the region of application. Thus, it is to be
expected that the collocation scheme based on regular splines
is a generalisation of the cubic spline collocation scheme
derived from the cubic spline's consistency relationship.
For schemes utilising the cubic spline see [2],[3],[12],
[13] amongst others. The method and results of Sakai
outlined in chapter 1 constitute the basis of the existence
and convergence proof of chapter 4. Under the assumption
ensuing the existence of a cubic spline collocation solution
we establish an existence and convergence result for the
regular spline collocation scheme of chapter 3. We note
that these assumptions are arbitrary and others of identical
consequence may be substituted. Finally, in Chapter 5,
computational aspects of the regular spline collocation are

discussed and numerical examples evaluated and compared.
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1. A Two-Point Boundary Value Problem

The problem studied in the following chapters is

y'(x) = f(x,y(x)) (1.1)
y(@) = Ya (1.2)
y(b) = (1.3)

where y,andy, are constants and f(x,y) is twice contin-

uously differentiable, with respect to x and y, in a region D

of the (x,y) plane intercepted by two lines x=a and x=b.
To ensure that the solution, y(x), of (1.1)-(1.3), is

unique in a subregion of D, we follow Urabe[19],[20], who

introduces the concept of an 'isolated solution'. The

solution, y(x), is called an isolated solution if and only

if x(b) # 0 where ¢y (x) isthe solution of the equation of

first variation, namely

re = £ &Yy Xy , y@ = 0 and py'@=1

The terminology isolated solution is associated with a
proposition by Urabe [20,pp 47] which states that , if y (b)#0,

there exists no other solution to (1.1)-(1.3) in U, where

U = (Y] |yx-yxIi<¢, a<x <b} c

and {, is an appropriately chosen positive constant.
We now introduce a cubic spline collocation solution,
0 (x), to (1.1)-(1.3) which is defined over a set of uniformly

spaced knots {xi}{r:fl where a=x; < x, ... <Xpy =b, and h=(b-a)/m.



Sakai [13] uses a projection method and cubic spline functions
to approximate the solution of the two point boundary value

problem

y'(x) = g(x,y(x),y'(x)) , y@@) = y; , y(b) = yp

Furthermore, it is understood that for an equation independent

of the first derivative y'(x) the projection method reduces

to a collocation method based on the consistency relationship

for cubic splines [1,pp.284]. Thus, the result of Sakai [13,pp.361]
is applicable to (1.1)-(1.3) and proves the existence of a unique
cubic spline 'solution’, 0(x), in a region Ay

A, = (X[ yx)-yx)| < y , a<x<b} < U (1-4)
where y is some positive constant and h is sufficiently

small, say h < h,. Furthermore, 0(x) satisfies the error bound

1 §(x) — G6(x)|lp < Nh?2 (1-5)

where || - ||, 1s the usual supremun norm and N a positive

constant independent of h.

Let us outline the construction of the cubic spline 0.(x).

Denote by G the vector whose j™ element, Qj, is given by

ﬁ) = ﬁ(XJ) J =1,2,.., m+1 (1-6)

The vector U is determined as the solution of the non-linear



system of equations Fy(u) = o where F( () = o is given by

U =y, =0
%f(xj_l,ﬁj_l) + %f(xj,ﬁj) + %f(xjﬂ,ﬁjﬂ) = Illz(ﬁj_l—zﬁj+ﬁj+1) =0

i=23,...,m (.7

§ - = 0.
um+1 b
The cubic spline, G(x), is determined uniquely over
[xj,xj+1] , j=12,...m, by the knot values 0:, Uiy and

the knot values of the second derivative, namely f (xj,ﬁj) and

f(Xj+19ﬁj+1) -

Finally, we note that the Jacobian, Jg(u), of the system
Fq(w) is non-singular whenu =10 and that ||JS_1 (W)l 18
bounded (see [14]).

The non-zero elements of Jg(0) are

Jsa,1) =1
IsGi, -1 = _hlz + %fy(xj—laﬁj—ﬂ j=2,3,.,m
(1.8)
Iij) = 1122 + 26y (xj,0)) j=23.m
Js(j,j+1) = _% + %fy(qu-l,ﬁjﬂ) j=2,3,.., m

Js(m+1,m+1) =1



2. Regular Splines

Regular splines, as employed in the following context,
were introduced by Wemner [21]. Leta =z <z ...<z,,1 = b,
and consider functions ff (x,¢,d), defined for x € [z9,z/,1],

depending on two parameters c,d where ¢ and d are in certain

prescribed intervals, for example [Jor [J;.The functions,
fg, are subject to conditions defined below.

The set of equally spaced knots {Xi}in:l_l 1s specified
such that each z,, /= 1,2,..., n+1, coincides with a knot
X, for some p € {i}irr;fl . Hence each interval Ip, where
I, = [Xp, Xp41] »18 contained in exactly one interval
[zp,zp41]. The notation tj(x,c,d) is used to denote the
restriction of 1t/ (x,c,d) to Ij. In this way the functions
ti(x,c,d) are well defined when the mesh of knots is refined.

For a given set of knots {xi}in;_fl and classes of functions

{t g}?zlwhich are twice continuously differentiable with

respect to x, and continuous with respect to ¢ and d, we

define a spline by

N Xy X 5% = {uxjux) e C¥[ab], g

Il
o

+ t. 9‘9d' s
jociadi)

.em and j = 1,2,...,m 2.1)
PJ J

where m is the set of linear polynomials.

In the context of this paper we need the following

assumptions on the classes of functions tj(x,c,d) :



(Al) The classes tj(x,c,d) shall be regular.
ie. any two functions of the same class either coincide
or the difference of their second derivatives have at

most one zero in I;
This assumption ensures that the functions fti(x,c;,dj) j=,2,....m

can be parameterised in terms of ¢"(x ) and t.(x ) To explain
] ] ]

(Al) in greater detail it is necessary to quote a theorem by
Werner [21], namely
"If the family of splines is made up of regular functions
then the interpolating spline is unique.'
Thus regularity is a sufficient condition for uniqueness of the
spline interpolating the data produced by the collocation method
of chapter 3, always assuming that the data is within the range
of the spline.

If the classes of functions tj(x,c,d) are parameterised

as above we adopt the notation

t. =t.(x,x. ,,M., M. :x
] J(J jH Ty g )
Where 42
t.x.,x. ., M., M. ;x. = M. fori = jand j + 1
x2 1Vl Ty g 1

(A2) The functions t; are smooth .

ie. the functions t; are four times continuously differen—

tiable with respect to x, and these derivatives are twice
continuously differentiable with respect to M; and M.
(A3) The functions t; are 4-bounded ,,

ie. the fourth derivative, t}l , of t; with respect to x

shall be a twice continuously differentiable function

of % (Mj;1 = M;) and either M; or M.

-7 -



The assumption (A3) is motivated by the fact that only two
parameters are needed to control the behaviour of the second
and higher derivatives of the spline. It would be unwise to

use bounds on M; and M;.;,as whenh — O the two parameters

become increasingly identified with each other.  However

M; and% (Mj11, - M;) are well defined as h— O.

Examples of admissible classes of functions t; are now

given, cf.[16,pp.176].

Example 1 f = c(d-x+x;.)" k+#0,,2
d h d M 42 h M: % 0
cg . = MJ+ klz an Cc = m whnenever _] *
Clmg

The above classes of functions yield splines of various
structures for different values of k. For any k <0 we have
a rational spline. The standard cubic spline is derived by
allocating to k the value three. The condition for (Al) - (A3)
to hold is given by

M :

J
e IR , M:# M:
M + J j+1
unless k = 2n+l where n is any positive integer. For the
latter cases (Al) — (A3) hold unconditionally.
d(l+x-x7)
Example 2 tj =ce J
M . M .
_ 1 j+1 _ J
where d = b log ( Mj j and ¢ dzed



Once again, the necessary and sufficient condition for

(Al) - (A3) to hold is

M.
L elR M. =M,
Mj+1 J j+l
Example 3 tj =c log(d — x + Xj)
where d = h and ¢ = —M-d2

1 J
M: 2
1 — J
Mj+1

For this class of function the conditions (Al) - (A3) are

satisfied whenever

0< Mi
< <
Mj+1

Example 4 ti = ¢ sin(p (x—x; )+d) n# O

M .
_ -1 1 j+1
eg. d = cot {sin( Mh)( M cos (uh)j}
and e o= -M; cosecd whenever M; # o.

Functions of this class satisfy (Al)-(A3) unconditionally .

Following Schaback [16] and Werner [21] we define the

difference operators

N xpxp)e®) = g(ffz) - ff"l)
Ko = L Ao - 8o |

where Xx;,X;,X; are piecewise disjoint and g(x) e C [a,b].

If the function g(x) is differentiable we may allow x; and x,






3. A Regular Spline Collocation Method

In this chapter we derive a collocation method that
yields a regular spline as an approximate solution to the
problem (1.1) - (1.3).

From (2.1) any regular spline, u(x), satisfying (A l)

can be expressed by

I.=a. +b.x +t. = 1,2,.....,
u(x)J aJ Jx J(x) ] m

where the parameters are still undetermined. Following
Werner [21] the linear parameters a; and b; may be determined

in terms of u(xj) and u(xj ) giving

u(x) Ij = u(xj) - tj(xj) + (u(xjﬂ) - u(xj) + tj(xj)
(3.1)

X — X.

- tj(xj+4:)) [ . J} + L) i =12,., m

The function u(x) and its second derivative are continuous

for x € [a,b]. Hence the conditions

u (x. I. = v (x. I. 1 m
( J+1)‘J ( J+1)‘J+1 ! 3.2)

are necessary and sufficient for u(x) ¢ C* [a,b]. The
expression (3.2) applied to (3.1) yields a relationship
analogous to the consistency relationship of cubic splines,
namely

p(Xj ,Xj_l, MJ ,Mj-l ) + P(XJ ,Xj+1 ,mj,mjﬂ ) =2A2 (Xj-l ,Xj,XjJr])U(X)

i = 23,...m (3.3)



A collocation, method is derived by fitting the
equation (3-1) to the problem (1-1)—(1-3) at the set of

m+1

knots {Xj}jzl . Setting u;= u(x;) this can be written as

Mj = f(Xj,U,j) J —l,2,...,m+1

Equations (3-3) and (3-4), when combined, yield a
non—Ilinear system of equations, F(u) =0, from which the knot
values of the regular spline collocation solution are calcu-
lated.  This system of m-1 equations in m-1 unknowns 1is

given by

ul—ya:O
X.,X. ,f(x.,u.), f(x. ,,u.
PO o Xy fx ) 105 gy )

+ p(Xj9Xj+19 f(Xjauj)f(X'+19uj+1))

J
1 :
— h_2(uj—1 ,—Zuj + uj+1) =0 j =2,.,m
Ungl ~Yp =Y

Let us assume that the system of equations (3.5) has
a unique solution u~ . The vector u’ yields values at the
knots, which, combined with (3.1) and (3.4), construct a

regular spline approximant, y (x), to 9(x).

4, An Existence Theorem

In the following we use results from Urabe [19,pp.123]
and Sakai [13,14]. Firstly, we quote a proposition by Urabe

as its implementation establishes the required theorem.

(3:4)

(3.5)



Proposition

Let F(d) = o be a given real system of equations where
a and F(a) are the vectors of the same dimension and F(Q) is a
continuously differentiable function of a defined in some
region Q of a. Assume that F(a)=0 has an approximate
solution a = a for which the determinant of the Jacobian
matrix J(Q) of F(a) with respect to d does not vanish at Q= ot ,

and there is a positive constant P and a non-negative constant

k < 1, such that

O Q5 = {a|[la-a [lx<p} = Q

@) [[J(@) Iy, < «/M' for any a € Q,

... M'r
(111) —x <p

where r and M' are positive constants such that [|[F(®)|, < 1,

and || T @)L, < M' .

Then the system F(a) = 0 has one and only one solution
a=a*in Qp and

* _ A < M'r
lo* = & o < MT

In our implementation of the above proposition we take
U as the approximate solution to the system of equations
F(u) =0, given by (3.5). Our first intention is to construct

a region Qp, (1) over which F(u)is well-defined and differentiable.



Let the setQu@) — IR™' be defined by

Q @) ={u

uj - u(xj)‘ <ch,j = 23,.., m, Uy = Ya,U g = yb} 41)

+1
" and

where u; i1s the j™ component of the vector u e IR
c is a positive constant independent of h. Also, it is

necessary to define the region V, by

v =l y)|l Y0 —d ) o <y -Nh 2, xea bl A (42)
for any h< h, , where the constants N and y are explained
in (1.4) and (1.5). Furthermore, let hbe sufficiently-
small, say h<h; < h, , such that the points
(n, uj+1) , (Xj’ a) € Vh for any u e Qh(g) (4-3)

where Xx; < < xj;; and a lies between u; and uj,
j = L2,,..,m. The above restriction on h ensures that,
at the points indicated in (4-3), f(x,y) is twice contin-
uously differentiable with respect to x and y and all these
derivatives are bounded.

For simplicity of notation we adopt

M. = f(x;, 0(x)) and M, = f(x5u.).

In the latter u;. is the j component of an arbitrary
vector u € €, (4), h < h; . The expression (4:3) immediately

yields the boundedness of M;. and M;., and further that
M. - M. fy(x., o u(x.) — u. f ch
§ oM RG] aG) —ug (4 gy |

for some a between 0(x)) and v; j =23, .. m

- 14 -



In the examples of chapter 2, stipulations guaranteeing
the fulfilment of (A1)-(A3) imposed restrictions on the
values M ; for various classes of functions t; Consequently,

we require one further assumption, namely
(A4) The functions t;J=12,...,m, are admissible.

ie. the admissible values for {Mj}?;-1|_1 include the

set m where

m = {M

M; - MJ. ‘ <Loh,j =23, m M =f@y,,M_, = fby)

whenever h<h,, for some h, < h; .The constant L is a bound
on fy (¢, *) over U, and M;= (M); ,

The above assumption is a theoretical restriction on the
choice of classes of functions {ti}riil and dictates that the
admissible values for {M, }?;1 must include a small interval
containing the values {Mi}riz Hence, from (1.5), M .has f(x;,¥(x;)
as an admissible value whenever h is sufficiently small, and thus

the choice of classes {tj }Eil is well—defined as h—O.

The following lemmas are essential to our proof

Lemma (3

Let u(x) be the function derived by a combination of (3:1)
and (3.4) where the knot values, u(xj) are replaced by the
ith component of an arbitrary vector u € Qy (0). Then for h suffi-

ciently small u(x) |I; is 4-bounded.
Proof.

By (A.4) and (4.3) the function u(x) is well—defined

over Q () whenever h<h, . The assumption (A3) informs us that

u(x) Ij is 4-bounded if M; and % (M;;; -Mj) are bounded.

- 15 -



We note that, whenever h< h, ,M;. = f(xj,u;) is bounded

by (4.3), and
1
Mj+1 - MJ = K(f(xj+l’uj+l) - f(xj,uj))
_of +(uj+1_ui)£‘.
ox (n: uj"'l) h 8y (X.], (X)

Where x; < n <xj5; and a lies between u; and uj;;. The

derivatives of (4-4) are bounded by (4-3) .Using the triangle

rule, u € Q, (i) and that U (x) is a cubic spline solution

to (1-1)-(1-3) we have

—q.
J

- u + +

u. —u.
J

Ui T S T Y [ T i

< 2ch +h|u(§)‘ Xj<§<xj+l.

Thus%(Mj 4 —Mj) is bounded for anyu e Q. (4)whenever

h <h, and the proof is complete.

Lemma 4
Let w (x) be four times continuously differentiable
over I; and be the cubic polynomial that interpolates

the values w(x J.), wi(x i+ ), w" (X i Jandw"  (x i+1 Jofw(x) Then

sh 4
||w(x) - £w(x) ||OO < Yy

Proof

It is easily seen thatfw(x) can be expressed by

le—(§ )X € ijhere Xj

(44)

< E <X .



£w(x) = W(Xj) A2

+ %[Zw" (Xj) + w" (Xj+1 - Xj)(x - Xj+1)

1., " 2
o IV ) = WG - X)P - X))

The interpolation is exact for any w(x) & 13, the set of cubic
polynomials.  Applying the Peano kernel theorem, the interpo-

lation error, Rw(x), is given by

Xj+1

Rw(x) = W) — £w(x) = | k(t)yw I{/ (t)dt

X .

J

where k(t) = R,[(x-t)3]/31. The notation R,[.] implies

an application of the functional R to a function of x, and

_[(x=t) ifx>t
(x-0) _{o ifx<t

— X .
Note that Rw(x) < WY (s Jj+l Ko from Some &, Xj < &< Xj+1'
X

j
Evaluating the above integral yields a bound on Rw(x), and

maximising this bound over I; gives the desired result

Lemma 5

The non-linear system of equations (3:5) is well—defined,
and differentiable with respect to u, over Q4 , (i) whenever h is
sufficiently small.
Proof

Let u be an arbitrary vector in Q (1) » h <h,, and u(x)

be the function derived from (3:1) and (3:4)when the knot value

- 17 -



u(x;) 1s allocated the value of the jth component of u.
Note that u(x) coincides with a regular spline over each

separate interval I; but that u'(x) 1s not necessarily

continuous at the knots {X .}m

ilj=2 j

is 4-bounded for j=1,2,...,m.

we bound  |[u(x) -0 (X)||», X, ]j, by using
[[u(x)- 0 ()] o<[[u(x)- £ )] H] £ u(x)- 0 (x)]] (4-6)

The first term on the right hand side of (4.6) may be
bounded by using lemma (4), and the second term by using
(4:5) whilst remembering that, as 0(x) is a cubic spline,

£ 0 (x)= u(x), x e I;, Hence,

lu) =869 llop < cfh *+ lu -t oo Lx e, (“7)

for some constant C.

Finally, using (4.1) and taking the supremun of
the bounds for j=1,2,...,m, it is easy to see that for

h <h,

lux) —d(x) [l = O(h), x € [a b]

Consequently, for h sufficiently small, say h<hz<h,we

have

‘oo < vy ~ NhZ.

‘u(x) — u(x)

and hence, for any u € Q; (4), h < hj; the function

- 18 -



u(x) € Ay . Thus F(u) is well-defined and differentible

with respect to u over Q3,h<h;

Remember U is an initial approximation to the exact solution,
u*, of the non-linear system of equations, F(u)=0, defined
by (3:5). Let us define @ (x) to be the function derived from (3-1)
and (3-4) when the knot values G (x;.) =u(x;) forJ i=12,..,m+l.
Note that 0'(x) 1is not necessarily continuous at the knots

unless G = u*. Set u- (x) Ip=u; u: (x) Now, by using

lemma (3) we see that u(x) | Ij is 4-bounded.

The lemma (1), and the aforementioned 4-bound, yield for

X €& 1]
2 =N — -
A (Xjaxjaxj_l_l)u(x):p(xja J+19( )f(X_]+1’uj+1))
—lf(x il )+lf(x 0. )+REx.+x Ei(x))
3T e gl U Ll S
(4-8)
where R(x j’ J+1’ (x)) —ﬁu (Z‘,) xj<<“,<xj+1.
Using (1:7),(3:5) and (4:8) we determine F(u) to satisfy
Ul-ya=0

POy 06 00 0y G5y + PO X g B 0,60 g )

24, + 4 — 0(h2 P
2uj + uj+1) = 0th~) ] =23,..., m

- 19 -



Hence, for some positive constant R, and h<h

| E(d) [l < Rh 2 (49)

To simplify the notation, we utilise corollary (2) to

denote

v . A A
R(x IR (x)) R(Mj’Mj+1)’ Mj—f(xj,uj) etc.

R@.,

uj+1)

and D;, D, to be differential operators signifying
differentiation with respect to the first, respectively
second, variable of the above functions.

From (3:5) and (4:8) the hon—zero elements of the

Jacobian, J(ii),of the vector F(u) can be expressed as

1

Jan =

J T e i. )+ D R(@@. . )

G, J-D h2 6 Y\ j-1" "j-1 2 i’ -1

b= i 2f x.a)+D, (R(E.,0. )+R@..d. )

G p2 M K 1 it -1 it
] ! L 5 D R(ii.,d (#10)
G, j+1 2 T g Iy Uy P DR

J(m+l,m+1) =1 2,3 ...... ,M

The corollary (2) and the 4-bound on G (x)|;; gives us

that

D, R(»») = 0(h%) p=1 and 2 (4-11)

A direct application of the expressions (1:8), (4:10)

- 20 -



and (4-11) reveals that, for some positive constant T

115(@—J(@)l;y< Th2 h < h,.
The existence and boundedness of J' (&) is achieved

by applying the above bound, and a result from [7 ,pp. 365],

to the expression

7wy = - agt @ g @ - sy gt @)
Thus, for h sufficiently small, say h<h;<h;

J(@) 1is nonsingular and

1T 0@ o <M, M >0

(4-12)
Next, we require a bound on E=J(u)-J(a) for any
ue Q, (W), h <hy.Using (4:10), the non-zero elements of
E may be written as
1 . ~ =T
E(j,j—l) - g(fy(x j_lauj_l) - fy (X j—l’uj—l)) + DZ(R(uj’uj—l) - R(uj’uj—l))
2 . ~ ~ PN
E(_],J) = g(fy(xj:uj)_ fy(Xj,uj)) + Dl(R(uj’uj—l)_ R(uj’uj—l))
+Dl(ﬁ(uj,ujH)—ﬁ(ﬁj,ﬁj+l))
1 . ~ T
EG i =gy S ) ~ Ty & U ) Dy (RQou ) =R .05 4))
72,3 e, m (4-13)

We illustrate the construction of the bound on (4-13)

with reference to the element E(;j.;) . The line

- 21 -



(x [REELE +(1 —(x)uj+1), 0<ac<l, 1s contained in Vh,h<h3 <h,,

and hence we can apply the mean value theorem to obtain

[y ppuey) —fy Ol DI< Clug =8, | (4:14)

for some positive constant C,

Note that I~{(u i uj R (x i X um (x)) where the

+1) =

function u(x) is that of lemma (3) and hence u(x)|1j 18

J+1°

4-bounded. Now ,

~ ~ _ a ~
DZ(R(uj’uj+l)_R(uj’uj+l)) = auj+l |:R(Mj’Mj+1)_R(Mj’Mj+1)j|

0 . .
= D,R(o( :+(1-a)M.. M. YM.-M.
O DR +(-0N M M -M) |
+l
for some a,0< a < 1. It is necessary to prove the 4—boundedness

of a spline over I; when M; = af(xj,uj)+(1—a)f(xj,ﬁj), and

M. =1

i+ Xj+1,uj+1).The bound on M or My, is trivial, and

M. —-M.

J+1 ] 1 3 Y 3
= L) M N e M M)

is readily bounded by similar arguments to those used to bound  (4-4)

We may now consult corollary (2) and deduce that

~ ~ 2 R ) )
|D2(R(uj,u —R(uj,uj+1))|SCh |uj—uj| ; ¢20.(415)

j+1)
Analogously bounded expressions exist for the other terms of

(4-13) and the combination of (4:13)-(4-15) achieves the

desired result, namely
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. T ~
FIw) = (@) flo = Flle-dlo < Th (4:16)

for any u ¢ Q, (), h< hy; where T is a positive constant.

Collecting together the relevant results we may now
apply Urabe's proposition. Note that, for h sufficiently
small, lemma (5),(4:9),(412) and (4:16) satisfy the
prerequisite conditions over €, (Q) .

ie 13(w) = 3(8) [loo STh<§, 0<k<l

MRh 2
-k

and

Therefore, we have proved the existence of the

vector g* such that F(u*) = 0, and

2
I P @:17)

To determine a global convergence result we use

(1:5), lemma (4), (4-7), (4:17) and the bound

1y (-9 (Ol < Iy (x)- £¥ [l £y (x)- G(x)|

HAx)- YX)w , xe L.
to prove that
% n * R .
[y ® —y® llo =sup {ly ® -yX® [, X € Ij; j=12,
= 0(hd).

The results of this chapter are summarised in the
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following theorem;

Theorem

Let the classes of functions {t j}gn—l satisfy the

conditions (A1)-(A4), then in a sufficiently small neighbourhood
of the isolated solution, ¥ (x), of the problem (1:1)-(1:3)

there exists a unique regular spline solution y * (x) such that

(1) The knot values {y*(x j)} 31‘{1 satisfy the determining

system of equations F(u)= 0.

(ii) 1500 =y (&) lly = Oh?%)ash — 0.

5. Computational Aspects and Examples

The selection of optimum classes of functions {fi}l.n:1
is of fundamental importance. This process relies heavily
on a preconceived notion of the analytic solution from the
formulation of the problem. However, for a particular type
of equation, we can be considerably influenced by the structure
of the function f(x,y(x)) or by predetermining a characteristic
of the analytic solution. A possibility is to asssume a power

series expansion for y(x)
ie y(x) = (x — al)“ (@), +ag(x —a)+ ... ) (5-1)

The  exponent, «a, is determined by  substituting (5:1) nto
equation  (1-1) and  equating the least exponents of  (x-a;.)

on either side of the equation. Consequently, a feasible
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solution may incorporate the function

%i(x, c,d = cx - % ,a = 1,2

Flexibility of application is an important feature of
regular splines and different classes may be deployed over

consecutive intervals [z ,i],[Zi,zi+1]. Computationally,
this is facilitated by expressing (3.5) in a simplified form.

For an arbitrary regular spline, u(x), defined over I; we

have by lemma (1) that

2 Mi M
A (Xj’Xj’Xj+1)u(X) 3 + 5 +Aj. (5-2)
With predetermined expressions for {A . }inil the terms

(3:5) and (5:2) yield a computationally versatile system

of equations, namely

Ui = Ya
L . w4+ ZfX U)X U ). = 2u . tu. )
I et S it S TR R RN o S ) RN ] j+1
+ Aj_] +Aj.=0 i=2,3,...,m
"mil b (5:3)
The expressions A; for the examples of chapter 2 are
Example 1
M . M
A. = I+l [32—2a+1—k(k_1)}— J {az ka+k(k_1)}
] kk -1) 6 k(k —1) 3
where a = ! I
- Mﬁlrz
M.
J

When K =3, the cubic spline, A; =0.
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Example 2

5 M n-2
o B .
A= 3 6-n“+n M .| log J+1
Example 3.
2 M . M .
A.—M{a—log J +a+1— J*1
J ] 2 M . 3 6
j+1
where a = 1 I
M. |2
|
MjJ
Example 4
®© 1 1
A.=-M . L p)n _
j j =, D (h) 2n + 1) 62n!

1

M .cosph-M
n J

+1 | X 1
: J z (_1)n+1 (uh)2n+l{
sin ph n=1

In examples 2 and A, a truncation of the infinite series
for A; is used in numerical work.

A change in class of spline is frequently necessitated by
the nature of the solution. The examples of chapter 2 illustrate
that some classes of regular splines are not defined for all
values of the second derivative. A common occurrence is that
the sign of the second derivative must remain constant throughout
the region of application. Such a spline, t(x), is invalid in
a small neighbourhood of any point, 1, where t"(n)=0. The
spline t(x), is obviously a 'bad fit' to the analytic solution

in the neighbourhood of the point x = m. Consequently, we require

- 26 -
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a criterion to determine the deployment of the spline t (x).

To illustrate how a regular collocation scheme may be applied
we investigate a hypothetical problem. Assume that ¥ (x) has a

singularity at x=a; , a; ¢ [a,b], but is regular elsewhere,

ie ¥(x) is given by (5:1) with appropriate constants {ai};’oz2
The exponent, a, is determined as. previously stated and hence
the splines to be incorporated in the solution include the
rational spline,

c .
J

t = . b. — .
(x) aJ+ ](X XJJ+(dj—x+xj)a X

The effect of the singularity on y(x), x € [a,b], whether
significant or not, lies chiefly in the region of a boundary point.
The scheme proposed is to apply the rational spline over
[a,a'],[b,b] and the cubic spline over [a'b'], for suitable
a\,b'. In this way the spline solution can ' fit ' the effect of
the singularity and rid us of the necessity to use extremely
small values of h if this effect is overwhelming (cf.Problem 1).
The selection of a' and b' will be influenced by the function
f(x,y(x))and its values at x =a and x=b. A judicious choice

for a',b' removes the obstacle associated with the sign of
¥"(x). The cubic spline is only one possibility for the
interval [a',b'], and any class of splines that is defined
unconditionally may be used instead (eg.Examples 1 and 4).
Solution of the appropriate system of equations (5:3)

will yield information to formulate and solve a refined system.

Using this information it is possible to realize the character
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of y(x) by evaluating certain structural parameters, qj,

derived by a direct comparison of the supposed structure of

the analytic solution to the corresponding regular spline

approximant. We qualify this process by referring to Examples 1.4

of chapter 2. Assume that for x €[a,b]c<[a,b], and constants
e,f,g and p:

cf.Example 1.
If 9x) ~e +fx + gp - x) & k # 12
then qj = dj + xj for any j such that [; < [a’,b’].

Similarly, we have

Example 2

v (X) ~_e+fx+gepX qj~_dJ
Example 3

yX)~ e+ fx + glog (p — x) qj:dj+>(j
Example 4

V(x) ~¢ +fXx + gsin (U X + p) qj:dj—uxj

Returning to our hypothetical example, let us assume
that the parameters {qj}g:1 of the rational spline are
closely grouped but for every other class of splines the

m

ner4] VAY substantially. We

associated parameters, {qj}
decide that, for x e [a,Xx ], the rational spline is a

good 'fit' whilst the cubic spline is probably best for

X € [Xr+lab]'

Numerical criteria implementing the above ideas, are

as follows: Let {q j}?ll be the values of the parameter for

- 28 -



an arbitrary class of regular splines

(CD
d:.1 7 9; —
Let 1y =L I/ where qj=max {l,]q;[}
1
Then, if
< ch, the spline is
~ . _ applicatio n
|rp+1 fp | = min I<j<m-1 { Tl T Y > ch, the spline is not

applicatio n

for some C 0<C 5%

Normalise the values {q j} ?1:1 by

(C2)

Apply the spline over the mtervals [x;,Xpu], and [x,,X]

where the integers r and s satisfy

|51j—61p|<02 j=rnr+1,...,p

|51p—€1p| <e 2 j=p+Lp+2,...,s-1

The effect on the solution of the parameter C in (C1)
will be discussed later.

We may now define a remodelled system of equations (5:3)
based on the criteria (C1) and (C2). The solution of the first
system of equations is an excellent initial value to the
remodelled problem, and comparatively little extra effort is

required to solve this additional iterative problem.
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Four problems are evaluated by the above criteria. For

comparative purposes the problems are also evaluated by the cubic
spline collocation method and by Numerov's method. As previously

stated, the latter is a fourth—order finite difference scheme. For

simplicity of notation we define by E the absolute error, and E .

the relative error. The parameter C of (C1) 1is taken to be C=%.

2.3
Problem 1 y'(x) = 26() +; )~ _ 2
1.01
y(0) = 101, y@0) =0
A 1.01 2
X) = —/—X
Y@ x 1.01)
Table 1 The regular spline solution y * (x) uses the rational
spline K=-1, and the cubic spline.
X * E E, h
y (%)
.05 16.8358 497 x 107 295 x 10™ 1
2 4.7728 3.32 x 107 6.96 x 10 |
5 1.7331 2.68 x 10°° 155 x 1073 1
025 | 28.8576 1.08 x 10°° 3.76 x 107 .05
02 4.7703 821 x 10™* 1.72 x 107* .05
5 1.7309 541 x 107 313 x 10°* .05
The values of the parameters {( j}§=1 ,h= .1, are
4, = -0.00999 4, =-0.00947 g, = -0.00583
4, = 0.00589 , 4, = 0.0330 , 4e = 0.0854
G, = 0.175 , G, = 0.318

The cubic spline and Numerov's solutions are too inaccurate

to give a useful comparison with the above values of h.
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L€

4.3
y'(x) = OO +X D7 px 2, y(-%)=19.9375, y(2):—?

Problem?2
B 50
~ 10 4
Y(X)_x+1 x
The regular spline incorporated the rational spline, K =-1,the cubic spline
and the polynomial spline, K= 4.
Regular  Spline Cubic Spline Numerov's Method
X h E E, E E, E E,
-3 01 390 x 10°* 273 x107 390 x 10~ 2.73 x 107 123 x 107 8.63 x 107
02 | 01 172 x 10™ 2:07 x 107 2-31 x 107 2.78 x 107 6-:11 x107* 733 x 107
310-8 | 0-1 1-:05 x 1074 2:04 x 10°° 7-039 x 1073 1-44 x10°7 2:67 x 10°* 519 x 107
1:5 | 01 546 x 1074 514 x 10°* 136 x 10°* 128 x 107 910 x 107 857 x 107
-3 | 005 1-:01 x10°* 7-04 x 107 946 x 1073 6.63 x10™* 799 x 107° 560 x 10°
02 0-05 4-58x 10°° 550 x 10°° 566 x 1073 6.79 x 10°* 394 x 107 473 x 107
0-8 0-05 274 x 1073 533 x 107 1-80 x 1073 349 x 107|172 x 107 334 x 10°¢
15 | 0-05 136 x 10°* 128 x 1074 500 x 10°° 470x 1073 586 x 10°° 551 x 10°°
The parameters {qj}?zl of the rational spline withh= .1, are
G, =-99798, 4, =-100327, §,=-10123, G, =-1.0202 G5 = —1.0143




-Zg -

Problem 3 y' (x) = % yx) +x2(x-12%)2 - (12x 2 +2-12x) , (y(0) =120, y(l) = %
A 30
§60 = ——-x*(x-D?
(x + )2
2
The regular spline solution incorporated the rational spline, K =2, and the
cubic spline.
Regular Spline Cubic Spline Numerov's Method
X | h E E, E E, E E,
2 |l 993 x 10 1-62 x10° 0-657 1-:07 x 107 2:90 x 107 474 x 107
5 |l 796 x 10°° 2:66 x 107 0-360 120 x 107 1-30 x 1072 434 x 107
8 |-l 532 x 10™ 300 x 107 0-130 734 x 107 427 x 107 2441 x 107
2 |05 | 250 x 10 409 x 10°° 0-157 2:56 x 107 190 x 107 3-10 x 107
5 |05 |588x 10° 1-96 x 107 871 x 107 291 x 107 847 x 107 283 x 107
5
¢ [+05 | 120x10* | 675 x 10 3-17 x 1072 1-79 x 10® | 2-77 x 10* 157 x 10




_88_

Problem 4 y'(x) =16y — (n2 +16)sin wx , y() =e? y2) = e
A o 4x .
y(x) =e + sin T X
The exponential spline comprised the regular spline solution.
Regular Spline Cubic Spline Numerov 's Method
X h E E, E E, E E,
12 1 2:05x 107 169 x 107 | 1-96 162 x 10 1-54  x 10°] 128 x 10
15 1 1192 x 107 4-76 x 10°| 5-25 130 x 107 | 412  x 10%| 102 x 10™
1-8 1 427 x 107 319 x 10° | 7-21 538 x 107 564 x107 49f x 107
1-2 05 | 502 x 107 4-15 x 10° | 0485 401 x 107 968 x 10*| 801 x 10°
1-5 05 | 484 x 107 120 x 10°| 130 323 x 107 2:59 x 107 644 x 10°
1-8 05 | 107 x 1073 7-99 x 107 1-78 133 x 107 354 x 107 2:65x10°




Synopsis

The previous chapters generalise the well-established theory
of the cubic spline collocation scheme to classes of regular spline
collocation schemes. We have proved that the existence and
convergence of the latter schemes is implied by that of the former.
Consequently, we may now consider classes of schemes wherein, formally,
only the cubic spline collocation option existed.

Numerically, the versatility of the proposed scheme is of major
importance. The classes of splines utilised depends on the ingenuity
of the user. These may include the examples of chapter 2 or a class
derived from an intuitive idea of the dominent terms of the true
solution.  Corresponding to the classes employed, structural parameters
will be evaluated and these may yield desirable information e.g. the
location of a singularity. The numerical examples of chapter 5
illustrate the increased accuracy obtainable by a judicious application
of regular splines compared with the cubic spline. Also, the results
give a favourable comparison with Numerov's method, for the specified
values of h. However, as h — O, a fourth order method will converge
faster than the second order collocation scheme and the comparison
must favour the former. Yet, cf.problem 1, meaningful results may be
obtained by the collocation scheme when the fourth order, polynomial
based methods are inapplicable.

At this point we introduce the paper by Daniel and Swartz [5].
They derive a fourth-order, cubic spline scheme by collocating to a
perturbed differential equation which i1s satisfied by the cubic spline
interpolant of the true solution. The generalisation of their work
to incorporate regular splines 1s a research possibility for the future.

We now consider the effect of varying the parameter C of (CI),
chapter 5. Obviously as C — O the number of splines satisfying (CI)
will decrease and may equal zero. However, a small value of C will
ensure applicability of a spline that imitates the dominant structure
of the true solution in a subregion of [a,b]. In particular C=1/16
ensures applicability of the rational splines in problem 1 and 2,
whilst C= 1/100 1s sufficient for the rational spline in problem 1.
Note that the evaluation of problem 2 by Numerov's method is perfectly
acceptable, and hence, to detect problems to which regular splines are
especially recommended we suggest a value of C= /30. For

comparison with the cubic spline collocation scheme the value C=1_
2

1S acceptable.

~Let us conclude with the following comments. The regular spline
collocation scheme is meaningful and interesting in itself, but note
that the convergence is second order. Taking the parameter C=1_

2
we achieve better results than those obtained by solely considering

the cubic spline. However, if a polynomial based spline closely
interpolates the true solution, without requiring excessively small
values of h, it appears likely that a fourth order scheme is preferable.
Therefore, an interesting possibility is the production of computer
packages for the problem (1.1)-(1.3) involving the regular spline
collocation scheme and some fourth order method. The -collocation
scheme may be applied, with C = 1/30, to remove the necessity of using
excessively small values of h. Imtlally we employ the collocation
scheme, to investigate the suitability of appropriate classes of
regular splines, and then switch to the fourth order scheme if none
are revealed.
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