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The Linear Dependence Relations and Truncation

Errors for Interpolating Even Order Splines

W. D. Hoskins and D. S. Meek

Abstract:

Linear dependence relations are derived for
even order polynomial splines defined over the points
midway between a uniformly spaced set of knots. The
leading term of the truncation error is determined and

isillustrated by an example.






1. Introduction

The linear dependence relations for odd order polynomial
splines have been studied for small orders by a variety of workers,
however the general relations for odd polynomial splines on a
uniform partition were obtained by Fyfe in [6] and Swartz [11].
The local truncation error of the odd order polynomial splines
defined in this way has been analysed by Swartz [11] and
Albasiny and Hoskins [3]. Less work has been done with even order
polynomial splines defined over points midway between the knots of
a uniform partition as in [8] and [9]. Subbotin [10] has demonstrated
the existence of such even degree splines with certain boundary
conditions and now the linear dependence relations and the local

truncation error will be described [7].

2. Linear Dependence Relations

Let s(x) be a spline of degree N interpolating to the

function f(x) on [xo,xn] and defined over points midway

between the knots of a uniform partition, then s(x) satisfies

the following conditions:

(a) s(x) is a polynomial of degree at most N in each interval

[xk—h/2, xk+h/2], k=1,2,..,n-1 andin the intervals
[XO’ x0+h/2], [Xn—h/2, Xp] ,h:(xn—xo)/n and xk:xo+kh,

k=01 2 .., n



(b)  using the notation s, =s(x, ) and fk sf(xk), S =fk,

k=012 .., n

and
(© s(x) c N [xg.xn] -

Although N even is the case of interest, all the formulae below

also hold for odd N. It is convenient subsequently to refer to

such a spline as a midpoint interpolating polynomial (m.i.p.) spline.
The linear dependence relations satisfied by an m.i.p. spline are
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p=0,1,2, ...,N

where

2N = CDP (N-p)! QW) (i+1/2)

1 _N+1_N
QN_|_1(X) - W \% X+

defined on the integer knots. Proof of the result (1) is exactly
analogous to that found in Loscalzo and Talbot [6], Swartz [11],

Fyfe [5] and is given in detail in Meek [7].

Several values of the coefficients C.(p)

i+1/2 N are given in

table 1.



AN o AL o 12 A o 1 2 3
o] 1/2 1/2 o| 1/4 6/4 1/4 0f{ 1/8 23/8 23/8 1/8
1] -1 1 i1}-1/2 o 1/2 1f-1/4 -5/4 5/4 1/u
2 1 =2 1 2| 1/2 -1/2 =1/2 1/2
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N = 4
A o 1 2 3 u
0 i1/16 76/16 230/16 76/16 1/16
1} -1/8 -22/8 0 22/8 1/8
2 /4 4/4  =10/4 4/u4  1/4
3} -1/2 2/2 0 -2/2 1/2
L 1 -4 'S -4 1
Table 1
.. (p) . . _
'Hmcodﬂuaﬂschﬂle, i =0,1, , N; p=0,., ..., N

For example, a fourth degree m.i.p. spline satisfies the relation
(p=2 in table 1.)

4
1 h 1} I J I 1
E 4|_ (Si+2 + 763H_1 + ZBOSI + 768I_1 + S'I_Z)
1 h?

:Z 2—| (Si+2 + 4Si+1 - 1OS| + 4Si_1 +Si—2) .

Various properties of the coefficients C |(E)L N follow
1

immediately from their definition in terms of B-spline [4].



A generating function for these coefficients is known [7] and is

: N-p (_1/2
N ) V2 NeL [ d z
c\P e - P a-p™N* [z—j —1, 2
DRCHIPIN 2P (1-2) = - (2)
p=012,...,N.
3. Leading term of the Truncation Error
The leading term of the truncation error may be found in the
following manner.
Define the coefficients agNn = L apspns aaN - by
the equation
sinhN*1y - xNJrl(aO N2 Nx2 +...)
andfor t=0,1, 2, ... let
® _1 ¥ m N/t
with the indeterminate 0° taken to be unity. Then it follows that
E(p) _ 0 if t+p is odd @
tLN if t<p ,

and in addition if g = [(N-p+2)/2] then
N -p)!
_ (N-p! &2mN + M = 01..q-1

=(P)
p+2m,N 22m
and 29\ B (5)
E(p) — (N _p)! a +(_1) N_p (2_2 ) 2q
p+2q,N 524 2q,N 524 2q

a Bernoulli number [1].

with qu
The proof is given from equation (3) by rewriting it as first
t
® _1(,d) ¥ o i-N/2
BN T %@z) & SN ?
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then by using equation (2)
E(p) B (_1)p (Zijt (1_ Z) N+1 [ZEJN_p Z]J_Z
LN = ¢ dz ,(N+D)/2 dz 1/z

2X

z=1

Now substitution of z=e“" and performing the differentiation

N-p times gives

t
1 1 d q i 20+2
E'E)N = Epy (&j {xp (igo e N X b Lo )j}

x=0

where

(N-p)! i N if 1 =01 ..,9-1

€y N = B .
21N N- o
(N-p)! agn + (<D p%(z-zz') if i =q

Clearly the properties (4) are true and without loss of generality
now let t=p+2m, m=0,1,2,... anda
() _ 1
Ep+2m,N B pall €2m,N
and equations (5) follow.
The local truncation error for m.i.p. splines is obtained
in a manner similar to [3], is given in detail in [7], and

brief summary now follows.

Since the m.i.p. spline satisfies equation (1), the appropri-
ate equation giving the truncation error ep,N,k+N/2 is
hN N

N—p N
(0) (p) _ b p)
N! Eo Ci+1/2,N fk+i ~ (N-p)! EO Ci+1/2,ka+i + €p,Nk+N/2 (6)

The left-hand side of equation (6), expanded about the midpoint of the

interval [x,, x,, N] by Taylor's theorem, is



i1 w2m N-+2j . .
N| & oh (pr2m)  h O ((p+2)) N+2j+2
h (mzzo J2m 22mN fieniz T BN Teniz + O )|

where j:[sz] Expansion of the right-hand side of (6) gives

_ 2m N+2
N[O R eem WY ) pe2g | ooN20+2)
M0 92M 2mN "k+N/2 (N-p)! p+2q k+N/2
TN k+N/2
N-—p+2 o . .
where q:[T] Now if j > g, then the truncation error is
o _(_1)N—p+1 hN+2d (2—22q) Bog ¢ (P+29) +0(hN+2q+2) @
P,NK+N/2 ~ (N=p)! 22q 2q k+N/2 '

and it is easy to see that ] > g for all p > 1 and when
p=I and N is even. If p=| and N is odd, then j=q and the trunca-

tion error is given by

\ h2N+1[2_2N+1] L (N2)

_ 2N+3
eNkiN2 = CDT A | B feenyz +O0T) )

For example, if f(x) has sufficiently many continuous

derivatives,
1 h fi 76f; 230f; + 76f; 4 +f:
16 a1 e * 76fjyq + 2300 + 76f; 4+ )
—lﬁ(f ¢ A - 10f + 4f 4 41 o) — —— h8 Vi 4 o(nl0)
- 4 2 i+2 i+1 i i—1 i—2 1920 i ’
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