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1. Introduction. A problem in approximation theory on which I
have recently worked [2] required for its solution a proof that

the zeros of all partial sums of the expansion

(1-2) D=1 422+ Z oo, +a, 2" + ... ,
(1)
_13..(2n-1) _ (2n)! )
n 24... 2n B 221’1 (n|)2
_13 5 35
3876128 0
all lie outside the unit circle |z| = 1. It is easily verified

that this is indeed true for the first few partial sums, but I

have been unable either to devise a function-theory proof for the

general case or to find in the literature any general theorems on

the zeros of partial sums which could be applied to this expansion.
The proof to be presented here proceeds in the following way.

We show that the real part of any partial sum is positive on the

unit circle. Being harmonic, it is therefore also positive inside

the circle, and hence the partial sum cannot vanish there. = Now

the real part on the circle is a function of the polar angle 0, and

we shall show separately, and by entirely different methods, that

it is positive (a) for a range 0 < 0 < 0,, and (b) for a range

0, <0 <m, where6; < 0,. No single method has been found

that covers the whole range 6, < 6, < m. For (a) we approximate to

the trigonometric sum involved by a related integral. = For (b) we

make use of trigonometric manipulations. There is nothing fixed

about 0; and 6, : many variations of (a) and (b) can be exhibited

leading to different values of 0; and 0,. All that is necessary

is that we obtain values such that 6; < 0, , thus making the two

ranges of 6 overlap.



It is not difficult to convince oneself that the real part
of every partial sum 1is positive on the unit circle: if for

example one tabulates the values of

1 +ajcosO +....... + a, cosn0

for 6 between 0° and 180° at intervals of, say, 10°, and for

n= 1, 2, ... up to say 10 or 20, the result stated Is seen to

be highly likely. But closer examination of the values suggests
that an even stronger result holds, namely that these values are

greater than or equal to 2, with equality only forn = 1 and 6= 180°.
It turns out that it is almost as easy to prove this, by methods

(a) and (b), as to prove the weaker result, and we shall therefore

proceed to do this. Thus, letting

s, (0) = —%+ a; cos 0+ axcos 20 + ... + a, cosn®.

we shall show that

shn(@) >0, v "
It 1is clearly only necessary to consider the range 0 < 6 < m.
2. Range 0 < 6 < 0,. The sum s, (0) may be written, for any

fixed O,

sn(0) = 2 ax, cosk0
0)

== f(xi)
wherex, =k6 and f(x) =a(x/6)cos x, a(t) being a continuous
function taking the value a, whent = k, (The prime on X denotes
that the first term is halved.) It 1is clear therefore that s, (0)
may be roughly regarded as a trapezoidal approximation to the
integral

I f(x) dx

taken between appropriate limits, and the value of the integral

3)

)

>



gives an estimate for s, (0). Obviously for the estimate to be
useful O should not be too large.

The formula (2) for a, is too complicated to be practicable
here, so we obtain an approximation using Stirling's formula.
For our purpose we need both an upper and a lower estimate for

a, , and these are given by the inequalities

_ 1 1 1
(a 8n) ) < a_ < TR ¥Yn > 1. (6)
These are proved as follows. By one form of Stirling's formula
nl =y Vem) exp(————" ) L 0< N < 1,
e 12n  360n°
' — @21’1 1 ”
(2n)! (= (4mm) expt - 288013 ., 0 < A< 1.
Then (2) gives
1 1 A 1
n = f—t——) , - — <} < L 7
’ Wexp(8n+180n3) T )
Now using Tylor’s Theorem with Lagrange remainder
1>6Xp(_—1)=1—i+w, O<M< 1
8n 8n 128 n
_ 1. .7/8
SR BT O
while
A A _ 1/16
Pligon” ~ 1+ 180n® " 1 180n°
It follows that
-1 000035 _ 1
exp(8n + 0n3) > exp(8 ) > 1 8n

giving the first inequality in (6). The second follows at

once from (7).

We now let f(x) =% and x, =k 0, with 0 fixed. Then by
X

(6) the terms of (3) satisfy

aicos k 0> 1 /(%)f(xk), k> 2,

rk—ig if f(x) > 0,1 iff(x) < O.

where

(8)



If we write
n, = [(2p-1)n/20)], p= 1,2, .. ,
then
cosk0 >0, k € [0,n],[my*+1, n3],[ng+]1, ns], ... , 9)
cosk0<0, ke[n; +1, ny],[n3+1, ng],............. (10)

With the help of (8) we shall prove that there exist 0,, u and o,

with u> o, suchthat for 0< 6< 0, |
n

S, ©) :g'akcoske >u > o0, (11)
2
and
n
2q
Sp (00 — sp_ (006 = ¥ apcosk 6> - 0,9 =23, .. (12)
2q 2 n2+1

Then clearly Snzq (6) >0, q= 1,2, .. , and it will follow at
once that

s(60)>0, vn,0<0<60, (13)
For if

ne [mg +1, mgi], sa(0)= s (0) by (9),
while if
ne [mg 1, myg ], sy (6) = Sn2q (6) by (10).
To obtain an inequality of the form (12), let us write for
simplicity S=Sn2q(9) - Sy, (0), Q=ny , P=n, . Then
2Ssin%0 = - apﬂsinau%)e + (ap+1-ap+2)sin(aa+%))e +...+ (ag -2 )sin((Q—%)E)
+ ag sin((Q +%)6

Now

no = P9=32—n—8,where()£6<e. (14)
Thus

-sin(P+%) 0 = cos(S—%e) > cos%@ ,
and hence

28sin} 0> a,1c0810 - (ap-ap2) - ... - (agu-aq) -aq,



1.€.

S > —;am tang , V0 .

Now by (6) and (14),a,, < % v(%e). It follows that
> —% \/(%)tan% = —o(0) , say,

and since 0(8) is an increasing function,

s>-06(0, )if 0506 <6, ,
which is (12) if we take a = o(0 ,) .

For (11) we must use an entirely different procedure. We

observe first that

f'(x) = x*(sinx- (x-3/4x) cos x),

which has just one root in (0, 31/2), namely at x =y:37“—0.22760,

and is positive to the left of this point. Thus the graph of f(x)
is concave upwards in (0,y) and any trapezoidal sum of values of
f(x) in (0,y) exceeds the corresponding integral. By (8) we
deduce a similar inequality for a sum of terms ay coskf , where

kO <y. We cannot however use concavity in this way in (y, 3m/2),

where f(x) is concave downwards.  Instead we use the standard result

|h(f(a)+f(a+h)) — J f(x)dx| < 1 h3(max|f'(x)|1n(a a-+h))

for the error in trapezoidal quadrature- Now let

n=[y/0].

Then it is easy to see from the above considerations that

1 1 1 /2
Sn, (0) > 2t fcose + \/—(J f(x)dx — 6 I f(x)dx) +
155 _ 1p_1
+1G3A - 6B 50 -
where A=x/ee(5f(xz) - @ £ f(x)dx) ,

B =Vl f(x,) -} Teodx

(15)

(16)

(17)



c=V0(0(my0-n0) +8%) M,
M = max [f"(x)| in(n0, 3w/2) .

We deal with A, B and C in turn, and shall assume that

0<0 <m/4.
Then
A =ZZ/2c0526 - \/26 Zf x% sinxdx

is an increasing function of 0, for its derivative is

— 1 gin2p + 1 zje X%sinxdx> N+ 1 zje 2 gy
VO o T

V2 00 o 0
_ 16 _
=20 (52 -1)>0.
> _ 17
Next, writing n, 0 =§—81, OSB'<9<§,
. . n/2
Bavo (—0% ) L2y cos xdx)

2\/(2—5') en/zfs' T

2 2 1,2
(n—28')+n92) ) V(E) )
9\/(719/2)<7t\/2
4(n-28") 32

< Vo (\/(2

Again, 6237“-n20<9, ;19>y-9>y—%>%“,

and M < max [f"(x)]| in (%“,37“) . Now if we write

v(x) = x? f'(x) - sinx- (x—%) COS X ,

it is easily seen that v'(x) < 0 in (7—5‘,37“) . It follows that

M< (75y** max [v(IB)| , [vCF]) , < 0.3559 .
Further, we either have
W<y <mb , mb - <% and § <-377E -y < 0.2277,

or
mw=mnb <y , and §<86.



Thus if 0 < w/4,
¢ < VB 4 02277) M < 0.1556\x .

Finally, collecting results and using the values ([1]. p.329)

1 3n/2

U fdx =V2C(3) > 0.45405 ,

Ln/Z _
Where e ‘f] f(x)dx = \/ZC(I) < 1.10294

C(x) :z cos (5 ') dt

we obtain from (17)

Sn, (0) >w(0) =0'\~7’gs+%cose—0'827,0<6<%,

and since w(0) 1is a decreasing function,

Sy (0)> p(02) if 0 <0 <0, <T.

Comparing (16) and (18) with (12) and (11), the desired result (13)
will now follow if we can find 6, < m/4 such that p(0,) > o(0,).
A suitable value (and one near the maximum possible) is 6, = 0.69,

for p(0.69) > 0.022 while o(0.69) < 0.019 .

3. Range 0,<6 <rn. By multiplying (3) by sin%e it readily
follows that if n > 2,

an sin (n + %—)6

5,(0) = ¢,(0)+

2 sin % 0
> b, sin (n+1—)9
where . (0) -1 . 3 2 ,
¢ 4 2 sin %—9
with b, = a,,—a, = a2k1;1 = Zkak— i

Thus the b's, like the a's, form a positive decreasing sequence.

They are in fact the coefficients in the ?xpansion
1

)
(12) = (1-2)(1-2) = 1 - bz - by -
We need also to rewrite (19) as

sh (0) = @, (0) +y,,(0), p=<n,

(18)

19)

(20)

(21)

(22)



% b, sink—1)P0+a,sin(n+1)0
Where v,, () ' 2 2

ZSin%O

N Y il b +a, a

Then N <B = D

Vo 2sinlo  2sinlo

2 2

by (21). Noting also (19) it follows that

e (0)>Dy(0) -— 2 VO ,n>p ,
2sin %9

with equality only if n is odd, p = n and 0 = &.

Let x denote cos 0 . Then in the range -1 <x< 1

s1(0)= %X+%z 0, with equality only when x = -1,

=32, 1,1 3, .19, 1
$2(0) X Xty 4(x+3)+24>0.

Now take p = 3 in (25). Since for any Kk,

sin( k — 1)0
1 2 =U,.,x) + U (x),

sin 79

where U _ is the Chebyshev  polynomial of the sec ond kind , we have

sin i6 sin 2 0
; 12*:2X+1, - % =4x’+2x+1 .
sin 79 sin 79

Thus the right hand side of (25) becomes y/32, where

— 4> + 6x + 9 -_5V2
y X 6x + 9 NP

We may write this as

- + 12 + — w18 _ 542
y= 2x+ 1) +u, u=2x+8 Ja-n °

and

= - 1) + = + _ 52
y= (2x- 1) w, w= 10x+8 Ji-n

and since u"<0 and w"< 0 in (-1,1), the graphs of u and w are both

concave downwards, and therefore lie above any chord. = Now U(-1) =

u(0) =8- 5v2 >0, whence u>0 in [-1,0]. Similarly w(0) >0,

w(0-8) = 16 - 5¥10> 0, so w>0 in [0,0-8], It follows that
y>0 in [-1, 0-8] ,

and since cos(0-644) < 0-8, we have by (25), (26) and (27)

(23)

(24)

(25)

(26)

(27)

1,



sn (0)>0 ,vn, 0, =0.644< 6 <m, (28)
with equality only when n = 1 and 0 = =.

Since we have proved (13) with 6, = 0.69>0,,(4) follows.

Remark 1. It is in fact the case that y> 0 in a wider interval than
(-1, 0.8), namely in (-1, &) where & = 0.818 ... , this being the only
root of y in (-1,1). This 1s not difficult to prove, with the help

of Rolle's theorem, and gives a lower value of 60, but the above
method is simpler and gives a low enough 0; for our purpose. The

same applies to several other possible variations on the use of (25).

Remark 2. Suppose it has been proved that for some value of p
a
¢, (0) > —F— pl , 0>a . (29)
2sin 2 0

Then by (25) it follows that

sp ()20, 6>a, n>p . (30)
sin( k — l)9 i
NOW-I;’ k> 2, decreases steadily from the value 2k -1 at
Sin ——
2
0 = 0 to zero at O =2n/(2k-1). Thus if we take
m=(Z+l], (31)

then o 2n/(2m-1) and
dm (0) >¢m(a) , 0<6<a .

Now suppose that m>p . (This is not necessarily the case, for
if a is arbitrarily increased towards m, m decreases towards 1.

If however a has the smallest value for which (29) holds, i.e. is
such that ¢, (a) = a,/2 sin% o, then probably m>p follows, but I

have been unable to prove this.) Then ¢, (a) > ¢, (a), since all
terms of ¢m(o) are positive and they include the terms of ¢, (a),

while a,, <a, . Thus if we define o' by
. - a,
singol =t s (32)



10.

S a, o 1 . .
we have sin y o < 20 (a)_sm 2 o,by (29) 1e.a' < a. Moreover

if a'<0< a, we have

0, (0)> —Fn > A=
2 sin %—a' 2 sin %9

so that (30) can be improved (as regards 0) to

s, (0)>0, 0>a', n>m.
Further, if n<m and k<n+l1, (k—%)aﬁn, and it follows by (19) that

sn(0)>0, 6<a, n < m,
and thus finally spn (0)>0, 6>ad, n > p, (33)

1.e. (30) with a replaced by o' <a.

The whole process can now be iterated: putting o' in place of
a in (31) gives m', certainly > m, and putting o' and m' in (32) in place
of a and m gives a", certainly <a' (since ¢ L(0)> om (') > dm ().

In this way we produce a strictly decreasing sequence a, o', a", .....

If this sequence could be proved to converge to zero, we would have

a proof that s, (0)>0, VO, n>p. In fact however, takingp = 1, 2 or 3,
the sequence does not appear to converge to zero, so we cannot use this
method as a means of avoiding the use of the method of section 2.
This convergence behaviour is associated with the slow rate of convergence
to zero of the sequence a , and indeed this is at the root of failure

of several other methods that have been tried for solving the present
problem.

Remark 3. (24), and hence (25), depends on the by ‘s and a, being all
positive, i.e. the ay's forming a positive decreasing sequence, and the
same method could be used to prove s, (8)>0 for 6>0, whenever the
coefficients have this property. Similarly (15) also holds in all such
cases, and the method of section 2 can be attempted whenever bounds on

a, as in (6) are known.



1.

4. Conclusion. We have proved that the trigonometric series (3)
has the simply property (4) when the a, are the coefficients in the
Maclaurin  series (1), and hence, as a corollary, that all partial
sums of (1) have all their zeros outside the wunit circle. Inspite
of its complicated nature, the present proof 1is put forward in the
hope of stimulating the search for a better one, for surely such
exists !
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