Involution centralisers in finite
unitary groups of odd characteristic

S.P. Glasby, Cheryl E. Praeger and Colva M. Roney-Dougal

ABSTRACT. We analyse the complexity of constructing involution centralisers in unitary
groups over fields of odd order. In particular, we prove logarithmic bounds on the num-
ber of random elements required to generate a subgroup of the centraliser of a strong
involution that contains the last term of its derived series. We use this to strengthen
previous bounds on the complexity of recognition algorithms for unitary groups in odd
characteristic. Our approach generalises and extends two previous papers by the second
author and collaborators on strong involutions and regular semisimple elements of linear
groups.

1. Introduction

Parker and Wilson [12] showed in 2010 that involution-centraliser methods could be
used to solve several computationally difficult problems, and gave complexity analyses
for these algorithms in simple Lie type groups in odd characteristic. Central to these
approaches are conjugate pairs (¢,%9) of involutions. If g is a uniformly distributed random
element of a group G, and y = 9 has odd order 2k + 1, then z = gy* is a uniformly
distributed random element of C' = Cg(t). This observation is due to Richard Parker,
see [2, Theorem 3.1]. Parker and Wilson in [12, Theorem 2] showed that if G is a simple
classical group of dimension n, then the proportion of elements g of G such that ¢¢9 has odd
order is bounded below by cn™!, for some constant ¢, so that with high probability O(n)
random elements ¢ suffice to construct such a random element z. Moreover, for infinitely
many odd field orders, if G is linear or unitary then the lower bound cn™!' cannot be
improved (see [12, p. 897] and [1, Theorem 1.2]). If y = 9 has even order 2k, then z = y*
is an involution in the centraliser C' of t. However, these elements z are not uniformly
distributed in C'; instead z is uniformly distributed only within its C-conjugacy class.

In this paper we analyse the centralisers C' of strong involutions ¢ (see Definition 1.1)
in unitary groups G in odd characteristic. We show that there exists an absolute constant
D such that given a strong involution ¢, a set of Dlogn random elements ¢ suffices to
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construct a set of involutions that generates a group containing the last term in the derived
series of Cg(t). A careful analysis of the highest power of 2 dividing |[t¢9] is required
here. Our methods build on the work of Praeger and Seress [14], and of Dixon, Praeger
and Seress [3], but we encounter fundamental new difficulties: the structure of regular
semisimple elements in GU,(¢) that are “almost irreducible” (in a sense that we shall
make precise in Definition 2.7) and conjugate to their inverses is very different from those
in GL,(¢). In future work, we plan to address the symplectic and orthogonal groups. For
these families of groups completely different arguments will be required: for example, one
may readily compute that in Sp,(3) and Spg(3) there are no regular semisimple elements
that are inverted by involutions.

DEFINITION 1.1. For an involution ¢ € GL,(¢?), we write E, (t) and E_(t) to denote
its eigenspaces for eigenvalues +1 and —1. Such a t is strong if n/3 < dim(E,(¢)) < 2n/3.
For an element x of a group G, let inv(x) denote x1*//2 when |z| is even, and 1¢ otherwise.

DEFINITION 1.2. A random variable z on a finite group G is nearly uniformly distributed
if for all g € G the probability P(z = ¢) that x takes the value g € G satisfies

1 3
—— < Plx = —_—
aa <Fe=9 <3

Our first main technical theorem is as follows.

THEOREM 1. There exist positive constants k,ng € R such that the following is true.
Suppose that n > ng, that t is a strong involution in GU,(q) with q odd, and that g is a
nearly uniformly distributed random element of GU,,(q). Let z(g) := inv(tt9), and let z(g).
be the restriction of z(g) to the eigenspace E.(t) (where e € {+,—}). Then

(i) z(g)+ is a strong involution with probability at least k/logn; and
(ii) z(g)- is a strong involution with probability at least r/logn.

Our proof shows that the values ng = 250 and x = 0.0001 suffice. The comparable
values in [3] for the case of special linear groups with nearly uniform random elements
are ng = 700,k = 0.0001, and echoing the view expressed there, ‘we believe that these
constants are far from best possible’.

From Theorem 1, and [3, Theorem 1.1], we are able to deduce the following result (see

§11).

THEOREM 2. There exist constants \,n1 € R such that the following is true. Let
n = ny, let G = GL,(q) or GU,(q) with q odd, and let t € G be a strong involution.
Fore € {+,—}, let S. = SL(E.(t)) if G = GL,(q), or SU(E.(t)) if G = GU,(q). Let A
be a sequence of at least Alogn random elements of G, chosen independently and nearly
uniformly, and let H = (inv(tt?) | g € A). Then

P(H contains Sy x S_) > 0.9(1 — ¢ "/ — ¢~ 2/3).

One of our motivations for proving the preceding two theorems was an application
to computational group theory. Two key steps in many algorithms (for example, those
in [7,8,12]) are first to construct an involution ¢ in a group G of Lie type, and then
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to construct a subgroup of the centraliser of ¢ that contains the last term, C (%), in the
derived series of C¢(t). For some of these algorithms, including the constructive recognition
algorithms in [7], the involution ¢ is required to be strong.

DEFINITION 1.3. Let G be a group. For an involution ¢ and an element g of G, we let
R(g,t) be inv(y) when y := 9 has even order, and gy!¥/2l when |y| is odd. It follows that
R(ga t) € OG(t)

Building on work of Liibeck, Niemeyer and Praeger [9], we can remove the degree
restriction in Theorem 2, and include the step of finding a strong involution, whilst only
slightly worsening the probability of success (see §11).

THEOREM 3. There exists a positive constant p such that for all n > 3, for all odd q,
and for G = GL,(q) or GU,(q), the following holds with probability at least 0.89(1 —
g P —q7?3). A sequence S of [plogn] independent nearly uniformly distributed random
elements of G contains an element x such that t := inv(z) is a strong involution, and
moreover C(t) = (R(g,t) | g € S) = Ca(t)>.

Leedham-Green and O’Brien in [7]| define certain generating sets for the quasisimple
classical groups in odd characteristic, called standard generators, and use a recursive ap-
proach, via repeated involution centralisers, to find these standard generators in the given
group. Our improved analysis in Theorem 3 of the number of random elements required to
construct an involution centraliser enables us to replace a factor of n in their complexity
analysis with a factor of logn. Let £ denote an upper bound on the number of field oper-
ations needed to construct an independent nearly uniformly distributed random element
of SU,(¢q), and let x(¢q) be an upper bound on the number of field operations equivalent
to a call to a discrete logarithm oracle for F,. Reasoning in the same way as [3, §1.1], the
following can be deduced from [7] and Theorem 3.

THEOREM 4. Let q be odd, and let S = SU,,(q). There is a Las Vegas algorithm that
takes as input a set A of generators for S of bounded cardinality, and returns standard
generators for S as straight line programmes of length O(log®n) in A. The algorithm
has complezity O(logn(é + n3logn + n?lognloglognlogq + x(¢?))), measured in field
operations.

To prove Theorem 1, we carry out an extensive analysis of the products of conjugate
involutions in GU,(¢). Some of our results may be of independent interest, so in the
remainder of this section we describe them.

DEFINITION 1.4. Denote the characteristic polynomial of a square matrix y by ¢, (X).
Such a matrix y is reqular semisimple if c¢,(X) is multiplicity-free. Let V = [, with ¢
odd, equipped with a unitary form having Gram matrix the identity matrix I,,. We say
that an involution ¢ € GL,(¢?) is perfectly balanced if dim(E, (t)) = |n/2]. Following [14],
we define C(V) to be the class of perfectly balanced involutions in GL,(¢?), and we define
Cu(V) to be C(V) N GU,(q).

We let
(1)  TIy(V)=1y(n,q) = {(t,t") € Cy(V) x Cy(V) | y := tt’ is regular semisimple} .
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THEOREM 5. For q odd, let vy(n,q) = [Iy(V)|/|Cu(V)|* be the probability that a random
element (t,t') € Cy(V') x Cy(V) lies in Iy(V'). If n # 3 then wy(n,q) > 0.25, and wy(3,q) >
0.142.

REMARK 1.5. We prove that ty(2,q) > 0.25, that ty(n,q) > 0.343 for n > 4 even, and
that ty(n,q) > 0.254 for n > 5 odd. We shall also prove in Corollary 11.4 that the limits
as m — 0o of ty(2m, q) and vy(2m + 1, q) exist, and determine each limit.

The structure of this paper is as follows. In §2 we begin our exploration of the conjugacy
classes of GU,(q), and of the characteristic polynomials of elements of GU,(¢q). In §3
we define a set of ordered pairs of conjugate involutions (¢,¢9) such that inv(tt9)|g, o
is guaranteed to be a strong involution. Thus to prove Theorem 1 it suffices to show
that this set is sufficiently large. In §84, 5 and 6 we classify the Ux-irreducible regular
semisimple elements of GU,(¢q) (that is, such elements that are as close to irreducible
as possible, see Definition 2.7), determine their centralisers, and count the number of
involutions inverting them. In §7 we calculate various upper and lower bounds on the
number of monic polynomials that correspond to irreducible factors of the characteristic
polynomials of these Ux-irreducible regular semisimple elements. In §8 we define and
analyse our key generating function, Ry(q,u). In §9 we factorise Ry(q, ), and prove bounds
on the coefficients of certain generating functions that refine the information in Ry(q, ).
This additional information allows us to control the powers of 2 dividing the orders of
the roots of the characteristic polynomial of ¢#9, and hence to bound the dimension of
the (—1)-eigenspace of inv(¢t?). In §10 we prove Theorem 1, and finally in §11 we prove
Theorems 2, 3 and 5.

1.1. Acknowledgements. The work for this paper began whilst the third author
was a Cheryl E. Praeger Visiting Research Fellow, and the authors are grateful for the
hospitality of the Universities of St Andrews and Western Australia, and the Hausdorff
Research Institute for Mathematics, Bonn. We are grateful for support from Australian
Research Council Discovery Project grants DP160102323 and DP190100450. We thank
Eamonn O’Brien for his extremely careful reading of several drafts of this article.

2. Preliminaries

In this section we study the conjugacy classes and characteristic polynomials of in-
volutions in GU,(q), and of regular semisimple elements of GU,,(¢q) that are products of
involutions. We shall assume throughout the paper that ¢ is an odd prime power.

Let V' = F7, be the natural module for GU,(q), and unless stated otherwise, take the
sesquilinear form fixed by GU,(¢) to have the identity matrix I, as its Gram matrix as in
Definition 1.4. Determining conjugacy in GU,(q) is straightforward:

THEOREM 2.1. (Wall, [16, p.34]) Let g,h € GU,(q). If g and h are conjugate in
GL,(¢?) then they are conjugate in GU,(q).

DEFINITION 2.2. An involution ¢ € GL,(¢?) has type (a,b) if dim(E,(t)) = a and
dim(E_ (1)) = b.
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For ¢ odd, involutions in GL,(¢?) are conjugate if and only if they have the same type.
The following corollary of Theorem 2.1 is therefore immediate.

COROLLARY 2.3. Each type (ny,n_) of involution in GL,(q?) forms a unique conjugacy
class in GU,(q). In particular, Cy(V) is a GU,(q)-conjugacy class.

We define three involutory operations on polynomials over F.. Let
(2) f(X> = Xn+an—1Xn_1+"'+a0qu2[X]7

and let o be the involutory automorphism o : x + 29 of Fp. Then we define the o-
conjugate of f(X) to be

fOX)=X"+al X" P4 +af.
If ag # 0 then we also define the x-conjugate of f(X) to be
(3) (X)) = X"+ aiag ' X" 4 agag ' X2 4 ap 0t X +ag?
and define
X)) = f7(X) = [7(X).

It is clear that the operations * and ~ are involutions on the set of monic polynomials
of degree n over [F 2 with nonzero constant term.

By abuse of notation, we also write o for the automorphism of GL,(¢*) induced by
replacing each matrix entry by its image under 0. We write AT for the transpose of a
matrix A, and write h~ = h~°T for h € GL,(¢%).

Our choice of unitary form means that h € GL,(¢?) lies in GU,(q) if and only if
h heT = I. In other words, we have the following.

LEMMA 2.4. A conjugate of h € GL,(q?) lies in GU,(q) if and only if h is conjugate
to h™.

Notice that the characteristic polynomial g(X) = ¢4(X) of h € GL,(¢?) satisfies
cp=1(X) = g"(X), and ¢~ (X) = g™ (X).

COROLLARY 2.5. Let y € GL,(¢?) be reqular semisimple, and let g(X) = ¢, (X).
(i) A conjugate of y lies in GU,(q) if and only if g(X) = g~ (X).
(ii) If y € GU,(q) then y is conjugate in GU,(q) to y=* if and only if g(X) = g*(X).

PROOF. In both parts, one direction is clear, and the other follows from the fact that
since y is regular semisimple, ¢g(X) is equal to the minimal polynomial m,(X), and g(X)
is multiplicity-free. The fact that y and y~! are conjugate in GU,(q) (rather than just in
GL,(¢?%)) follows from Theorem 2.1. O

Recall that C(V') is the class of perfectly balanced involutions (Definition 1.4). The
importance of C(V) for studying regular semisimple elements is illustrated by the following;:

LEMMA 2.6 ([14, Lemma 3.1]). Let t,y € GL,(¢?), such that y is reqular semisimple,
and t is an involution inverting y. Let t' = ty.

(i) If ged(cy(X), X? — 1) = 1, then all involutions inverting y lie in C(V') and n is even.
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(iii) Ift,t" € C(V) and n is even, then ged(c,(X), X* —1) = 1.

)
PRrROOF. Part (i) follows from [14, Lemma 3.1(a) and Table 1], Part (ii) is [14, Lemma
3.1(c)], and Part (iii) follows from [14, Lemma 3.1(b)(i)]. O

We shall need the following three properties of polynomials.

(ii) If t,t' € GL,(q*) are conjugate in GL,(q*) then either t,t' € C(V) or —t,—t' € C(V).

DEFINITION 2.7. Let g(X) € Fp2[X]. We say that g(X) is separable if it has no repeated
roots in the algebraic closure Fy2. The polynomial g(X) is Ux-closed if g(X) = ¢~ (X) =
g"(X), and is Usx-irreducible if it is Ux-closed and no proper nontrivial divisor of g(X) is
Ux-closed.

DEFINITION 2.8. Define I1j(n, q) to be the set of separable, degree n, monic, Ux-closed
polynomials over g with no roots 0, 1, —1.

For n = 2m, we define the following set, recalling that Cy(V) = C(V) N GU,(q):
teCy(V),ye GU(V),y" =y ',y regular
(4)  Ay(V) =Ay(2m,q) = {(t,y) | u(V):y (V),y" =y, yreg }

semisimple, and ¢,(X) coprime to X? — 1
This set is analogous to the set RI(V') defined in [14, Equation (3)]. We now show the
link between Ay(V) and and IIy(n, q). Recall the definition of Iy(n,q) from (1).
LEMMA 2.9. With respect to a fized unitary form, Ay(n,q) is equal to the set

{(t.y) [t € GUu(g), y €SUnlg), ¥ =1,9" =y, ¢,(X) € Iy(n,q)} .
When n is even, |Ay(n,q)| = [Tu(n, q)].

PROOF. Let S denote the displayed set. We show first that S C Ay(n,q). Let (t,y) €
S. Then ¢ inverts y, and our assumption that ¢,(X) € Ily(n,q) implies that y is regular
semisimple and ged(c,(X), X? —1) = 1. Hence t € Cy(V) by Lemma 2.6, and therefore
(t,y) € Ay(n,q).

For the reverse containment, let (¢,y) € Ay(n,q). Since y' = y~!, with y regular
semisimple and ¢,(X) coprime to X? — 1, all involutions in GU,(q) inverting y are in
Cu(V) by Lemma 2.6. Let t' = ty. Then t' also inverts y, so t' € Cy(V) by Lemma 2.6.
Hence, by Theorem 2.1 the involutions ¢ and ¢’ are GU,(g)-conjugate. Then y = tt’ is a
product of two conjugate involutions in GU,(q), and so y € SU,(q). Therefore (t,y) € S.

For the final claim, consider the map 0 : (¢,t') — (¢,tt") = (¢,y) from Iy(V) to Cy(V) x
GU(V). It is clear that 6 is injective, and ¢,(X) is coprime to X? —1 by Lemma 2.6(iii), so
the image of  is a subset of Ay (V). Hence |[Iy(V)| < |Ay(V)]. It follows from [14, Lemma
4.1(a)] that Ay(V) C Im(#), so these two sets have equal sizes. O

3. Pairs of involutions yielding strong involutions

In this section, we characterise a certain set of ordered pairs of involutions (¢,t9) from
GU,(¢q) whose product y = tt9 is such that inv(y)|g, ) is strong. Recall that V' = F, is
the natural module for GU,,(q).

First we make a simple observation about subspaces of F(t).
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LEMMA 3.1. Let t € GU,(q) be an involution, and let U be a subspace of E,(t). Then
U™ is t-invariant, and further if U is non-degenerate then UL is also non-degenerate and

UnU+ =0.

PROOF. Let u € U and w € U+. Then evaluating the form on u and w' gives (u,w') =
(u',w) since the form is t-invariant and t* = 1. This is equal to zero since u’ € U. Thus
(U+) € U+ and we conclude that (U+)! = U*. Finally, if U is non-degenerate then
UNU+ =0 and thus also U+ is non-degenerate. O

Recall the definition of type (Definition 2.2), and that types naturally parametrise the
conjugacy classes of involutions in GU,,(¢q) by Corollary 2.3.

DEFINITION 3.2. Given 0 < a < 3 < 1, an involution ¢t € GL,(¢?) of type (ny,n_) is
(o, B)-balanced if o« < ny/n < 6.

We shall now define a key set of ordered pairs of conjugate involutions.

DEFINITION 3.3. Let Ky ¢ be the GU,,(¢q)-conjugacy class of involutions of type (s,n —
s). Fix 0 < a < f < 1, and let Ly(n,s,q;«,3) be the set of ordered pairs (¢,t) €
Ky s x Ky, such that:

(i) Vi := E (t)NEL(t') is a non-degenerate subspace of V', and has dimension h = 2s—n,
(so, by Lemma 3.1, V5 := V' is non-degenerate, (t,t')-invariant, and of dimension
n—h=2Mn-s));

(ii) (t|vy,tt'|v,) € Au(n — h,q) and inv(tt'|y,) is (o, §)-balanced.

LEMMA 3.4. Let (t,t') € Ly(n,s,q;a, ), and let Vo be as in Definition 3.3. If W is a
(t,t")-invariant subspace of Vo, then dim W is even, and the involutions tly and t'|w are
both perfectly balanced.

PROOF. The characteristic polynomial of ¢t|y, lies in IIy(2(n — s),¢) by Lemma 2.9,
and in particular it is coprime to X? — 1. Thus also, by Definition 2.8, the characteristic
polynomial of tt'|y lies in Ily(r, q), where r = dim(W). It then follows from Lemma 2.6
that 7 is even and both t|y and ¢|y lie in Cy(W) (and hence are perfectly balanced). O

LEMMA 3.5. Let s satisfy 2n/3 > s > n/2, let h = 2s —n, let & = max {0, 1— 3(3;)}

and let B =1— ﬁ Then oo < 8. Choose (t,t') € Ly(n, s, q;«, 3), and let Vi and Vy be
as in Definition 3.3. Let z = inv(tt'), Voo == Vo N E,(2) and Vo := E_(z2).
(i) Each entry in the table below is the dimension of the intersection of the subspaces
labelled by their row and column of the entry, and ky +k_ = (n—h)/2=n —s.

|E.(t) E_(t) V
Vi h 0 h
Vor | ke ky o 2k,
Voo | k_ ko 2k_
\% S n—s n

(ii) The involution z g, ) is (1/3,2/3)-balanced.
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PROOF. This proof has similarities to [3, p. 445], but we have modified the approach to
make it more transparent and to deal with the unitary form. It is clear from the definitions
of a and § that 0 < o < 1/3 and 1/3 < § < 2/3, and that if & = 1/3 then § > 1/3, and
so a < 3.

(i). The first and last rows of the table are clear, so we need only prove the middle two
rows. Since t is conjugate in GU,(q) to a diagonal matrix, and our standard unitary form
is the identity matrix, the spaces F.(t) are non-degenerate, and V = E,(t) L E_(t), so
E_(t) = E.(t)*. For the same reason E_(z) = E,(2),s0 V = E,(2) L E_(2).

By definition, the subspace V; is fixed pointwise by ¢ and ¢ and hence also by z, so
that E,(z) contains both V; and Vs, . Since Vo, < Vo = V& we have V) L Vo, < E,(2).
Since V' =V} L V5, an arbitrary vector v € E.(z) is of the form v = v; + vy for some
v; € Vi (1=1,2). Thus v = vz = v1z + v92 = v] + V92 whence vy = vyz € Vo . This yields
E.(2) =V; 1L Vo, , and hence also Vo_ = E_(2) = B (2)* <Vt = Vs

Let D = (t,t'). By Lemma 3.1, V5 is D-invariant, and D centralises z, so Vo, and V;_
are D-invariant subspaces of V5. It follows from Lemma 3.4 that, for ¢ = £, V5. has even
dimension, say 2k., and that dim(E,(t) N Va.) = dim(E_(t) N Vae) = dim(Va.)/2 = k..
(ii). The involution z|y, is («, §)-balanced by Definition 3.3, so

2k, k.

a < = < B
n—h n-—s

Let 2’ := z|g, (1), and notice that
EL(2) = Er(z) N EL(t) = Vi L (Voy N EL(Y))
which by Part (i) has dimension h + k. Since dim F (t) = s, the element 2" is (1/3,2/3)-
balanced if and only if 1/3 < (h+ky)/s < 2/3.
From n/2 < s < 2n/3 and h = 2s — n, we deduce 0 < h < n/3. By Part (i),
ky+k_ =n—s,s0 h+ki+k_ =s,andso (h+ky)/s =1—k_/s. Froma < k;/(n—s) <,
we now deduce that

s k. k_ 2s
% —1-8<1- - <l-a<
3(n —s) b n—s n—s “ 3(n —s)
Hence s/3 < k_ < 2s/3, which in turn implies that 1/3 <1 —k_/s = (h+ ky)/s < 2/3,
as required. ]

4. Ux-irreducible polynomials

Recall the three involutory operations on polynomials that we defined in §2, and what
it means for a polynomial to be Ux-irreducible (Definition 2.7). In this section we classify
the Ux-irreducible polynomials, and determine the 2-part-orders of their roots (that is, the
maximal power of 2 dividing the order of their roots).

In the remainder of the paper, we shall sometimes refer to a polynomial f(X) € Fp[X]
as simply f, when the meaning is clear.

LEMMA 4.1. Let f(X) € Fp2[X] be monic, irreducible, and of degree deg f = m.
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*(X) = f(X) then either f(X) is X +1 or X —1 orm is even.
(X) = f(X) then m is odd.

(X) # X £+ 1 then at least one of f7(X), f*(X) does not equal f(X).
(X)# X £1 and f(X) = f~(X) then m is odd.

PRrROOF. Parts (i) and (ii) are proved in [4, Lemma 1.3.15(c) and Lemma 1.3.11(b)],
respectively. Part (iii) follows immediately, so consider Part (iv). Suppose that f(X) =
f7(X) # X £1. By Part (iii), at least one of f7 f* is not equal to f. Conversely,
f~ = f7 = f, so we deduce that f7 = f* # f.

Let ¢ € F2m be aroot of f, so that f is the minimal polynomial of ¢ over F . Then the
set of roots of f7is {¢%,¢7, ..., ¢} and the set of roots of f* is {¢, L ,C*qu_Q}.
Since these sets are equal, (71 = CquH for some 7, and so C‘I%HH = 1. Hence ¢ € Fuit2 =
F(g2y2i+1, an odd degree extension of Fp2. Thus m = |Fg2(() : Fg2| is odd. d

DEFINITION 4.2. For a monic irreducible polynomial f(X), we let w(f) denote the
order of one (and hence all) of its roots. Similarly, w(g) denotes the order of one (and
hence all) of the roots of a Us-irreducible polynomial g(X). We write ny for the 2-part of
an integer n, and let wy(f) denote the 2-part of w(f).

Let y € GU,(q) be both regular semisimple and conjugate to its inverse. We distinguish
five possibilities for irreducible factors f(X) of the characteristic polynomial ¢, (.X).

PROPOSITION 4.3. Lety € GU,(q) be reqular semisimple, and let f(X) be an irreducible
factor of c,(X) € Fp2[X] of degree m. If y is conjugate to y=* in GU,(q), then ¢, (X) is
Us-closed, and f(X) satisfies precisely one of the following:

Type A. f=f*# f7. Thus [~ = f7# f, [ ] ¢,(X), m is even, and w(f) | (¢™ + 1).
Type B. f = f7%# f*. Thus f~ = f"# f, ff~ | c,(X), m is odd, and w(f) | (¢™ —1).
Type C. f# f*=f7. Thus f~ = f, ff*| c,(X), m is odd, and w(f) | (¢™+ 1).

Type D. [{f, f*. f7, [~ =4, fff7f~ | ey(X), and w(f) | (¢*™ — 1).

Type E. f(X)=X+£1.

PROOF. Let g(X) = ¢,(X). Since y is conjugate to y~', we have g = ¢*, and by
Corollary 2.5, g = ¢g~. Thus ¢* = ¢g~, and hence g = ¢7, so ¢ is Ux-closed.

Since g = g*, the polynomial f* is a factor of g, and either f = f* or ff* divides g.
Furthermore, since g = ¢~, the polynomial f~ is a factor of g, and either f = f~ or
F(X)f~(X) divides g(X).

If f=f*= f° then, by Lemma 4.1, m = 1 and f(X)= X 4+ 1, and we are in Type E.
Assume now that [{f, f*, f~}| = 2. Then it is easy to see that equalities between the
polynomials, f, f*, f7, f~, and the divisibility concerning ¢,(X), satisfy the conditions of
precisely one of Types A to D.

Let ¢ be a root of f. In Type A, the degree m of f is even by Lemma 4.1(i), and since
f = f*, the roots of f in Fjm are

S R (O N !
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Thus (7! = Cq% for some ¢ with 0 < ¢ < m — 1, and so Cq%“ = 1, from which we deduce
that ¢ € Fpai N Fpem = Foagms. If @ # m/2 then 4(i,m/2) < 2m, contradicting the
irreducibility of f. Hence i = m/2 and (?" ! = 1, as required.

In Type B, the degree m is odd by Lemma 4.1(ii), and we deduce from f = f7 that
CquH_l = 1 for some 7, and hence that 2¢ +1 = m. In Type C, the degree m is odd by
Lemma 4.1(iv), and we use f = f* to reach a similar conclusion. For Type D, we shall

see in §5 a construction of regular semisimple elements that is independent of the parity
of m. 0

REMARK 4.4. We shall eventually see that almost all irreducible polynomials are of
Type D, independent of the parity of m.

REMARK 4.5. Observe that Type E is equivalent to f(X) = f*(X) = f7(X)
Hence if deg f > 1, then the hypotheses for Types A, B, C can be abbreviated to f
f=f7 and f = f~, respectively.

£ X,
=/

DEFINITION 4.6. If one (and hence all) of the irreducible factors of a Ux-irreducible
polynomial g(X) # X £+ 1 are of Type A, B, C or D, then we say that g(X) has this type.

DEFINITION 4.7. Let N(¢? r) denote the number of monic irreducible polynomials
f(X) € Fpe[X] of degree r with ged(f(X), X) = 1.

LEMMA 4.8 ([3, Lemma 2.11]). Let P, 2 be the set of monic irreducible polynomials
f(X) of degree r over Fp2 (q odd) with nonzero roots (so |P, 2| = N(¢*,1)).
(1) wa(f) < (¢* —1)2 for all f(X) € P, p.
(ii) wa(f) = (¢*" = 1)y for at least N(q*,7)/2 of the f(X) € Py .
If r = 2% then wo(f) = (¢*" — 1) for exactly (¢*" — 1)/(2r) of the f(X) € P, p.

DEFINITION 4.9. Let Dy, be the Ux-irreducible polynomials in F2[X] of type D and
degree 4r (so that each irreducible factor has degree r). Let Dy, be the subset of Dy,
consisting of those polynomials g with wa(g) = (¢* — 1)2 = ra(g® — 1)2. Let Nj(q,4r)
be the number of monic Ux-irreducible polynomials g € F,2[X] of degree 4r such that
wa(g) = (¢*" — 1)2.

We shall now show that Dy, contains all monic Us-irreducible polynomials g € F2[X]
of degree 4r such that wa(g) = (¢°" — 1)a, so that |Dy, | = Ny (g, 4r).

LEMMA 4.10. Let g(X) € Fp[X] be a Ux-irreducible polynomial with an irreducible
factor f(X) of degree r.
(i) If g(X) has type A, B or C, then ws(g) < (¢* — 1)s.
(ii) If g(X) € Dy, then wy(g) < (¢* —1)o. At least N(q*,7)/8 of the polynomials g(X) €
Dy, satisfy wa(g) = (¢°" — 1)a.
(i) Ny (q,4r) = |Dy| = N(¢?,r)/8, with equality if r = 1; and if r = 2°=* > 1 then
Ny (g,4r) = (¢*" = 1)/(8r).

PROOF. (i) It follows from Proposition 4.3 that wy(g) divides 2, ¢ — 1, ¢+ 1 for Types,
A, B and C, respectively. The result follows.
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(i) Let g(X) € Dy,.. Then wy(g) | (¢* — 1), by Proposition 4.3. By Lemma 4.8, wy(f) =
(¢*" — 1), for at least N(¢* 7)/2 of the monic irreducibles in P, 2 and these irreducibles
have roots of greater 2-power order than those that correspond to irreducible factors of
polynomials of types A, B or C, so the result follows.

(iii) The claim that |D,,| = N (¢, 4r) follows from Part (i), and the bound |N{ (¢, 4r)| >
N(q% 1)/8 follows from Part (ii).

Let r = 1. The set D, consists of polynomials (X — {)(X — ¢ )(X — ) (X = (%) in
F,2[X] such that the order of ¢ is divisible by (¢* — 1),. We now count the number of such
polynomials. Observe that ¢,(™!, (7% ¢? all have the same order and ¢ & {¢7%,¢79,¢7}. Tt
follows that [{¢, (", (7% ¢?}| = 4. The elements of F}, with order divisible by (¢* — 1), are

precisely the nonsquares, and there are (¢ — 1)/2 nonsquares. We take these nonsquares
four at a time to make Ux-irreducible polynomials, and so |D; | = (¢* — 1)/8.

Now consider r = 2°=! > 1. By Lemma 4.8, there are (¢* — 1)/(2r) degree r monic
irreducible polynomials f(X) over F, such that wo(f) = (¢*" — 1)2. Part (i) implies
that each such f(X) corresponds to a Ux-irreducible polynomial g(X) of type D, yielding
exactly (¢*" —1)/(8r) such g(X). By Part (ii), each such g(X) satisfies wa(g) = (¢*" — 1),
and hence lies in Dy,. Conversely each polynomial in Dy, is of this form. Hence |D,| =

(q* —1)/(8r). .

5. Centralisers of Ux-irreducible, regular semisimple elements

In this section we investigate the centralisers and normalisers of cyclic subgroups of
GU,(q) whose generators are regular semisimple, Ux-irreducible, and conjugate in GU,,(q)
to their inverse. We also count the number of involutions in GU,(g) that invert these
generators.

The field F2m may be regarded as a vector space Fe, and from this point of view
the multiplicative group of F2m is a subgroup of GL,,(¢*) acting regularly on the nonzero
vectors. There is a single conjugacy class of such Singer subgroups of GL,,(¢?), and their
generators are Singer cycles. Thus if (z) = Cpem_; is a Singer subgroup in GL,,(¢?)
then we may identify s with the additive group of the field Fpm, and (z) with the
multiplicative group IFZM, so that the Singer cycle z corresponds to multiplication by a
primitive element (. Moreover, Ngr,, (2)((2)) = (2,5) = Cpm_1 x Cpy = TLi(Fgom [Fp2),
with s: z — 27 corresponding to the field automorphism ¢: ¢ — (7" of F2m over F e
(see [5, Satz I1.7.3]).

5.1. Singer subgroups and regular semisimple elements. In this subsection we
change our unitary form, and work with matrices written relative to a decomposition

V =Wy®W; where W, and W are totally isotropic subspaces.

Choose an ordered basis (vq,...,v,) for V such that Wy = (v1,...,v,) and W§ =
(U1, - -+, U2m). In this subsection our unitary form has Gram matrix

5) =)
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where I, is the identity matrix. We denote this unitary group by GU(J) = GUy,(q).
Consider the monomorphism

(6) a: GL,,(¢*) — GLgn(¢*) defined by a (g a_OUT) :

To see that a(a) € GU(J), it is straightforward to check that a(a)Ja(a’?) = J, or
equivalently a(a)” = a(a°"). Thus the automorphism a + a7 of GL,,(¢*) induces the
automorphism a(a) — a(a)’ on the image of a.

5.2. Types A and B: [{f, f7, f*, f~}| =2, with f # f~. To assist with our analysis
of Types A and B of Proposition 4.3, we first consider the more general situation where
y € GUagyp(q) is regular semisimple with characteristic polynomial f(X)f~(X), where f(X)
is irreducible. We later add the condition that y is conjugate to its inverse. We can then
write V=W & W™ = Fi2 & F; where the restrictions ylw and y|w~ to W and W~ have
characteristic polynomials f(X) and f~(X), respectively. It follows from [11, Definition
2.2 and Lemma 2.4] that the subspaces W and W~ are totally isotropic.

Before proceeding with our analysis we make a few general remarks.

REMARK 5.1. Let a € GL,,(¢). Then a is conjugate in GL,,(q) to its transpose. In fact,
by a result of Voss [15] (see also [6, Theorem 66]), there is a symmetric matrix ¢ € GL,,(q)
which conjugates a to its transpose, that is ¢ = ¢! and ¢ lac = a”.

Let a € GL,,(q) be irreducible, with characteristic polynomial f(X). If a’ € GL,,(q)
is also irreducible and (7 is a root of its characteristic polynomial for some 7, then a’ also
has characteristic polynomial f(X), and consequently o’ is conjugate to a in GL,,(q).

LEMMA 5.2. Let V =Wy @ Wg, with Wy totally isotropic. Let J be the Gram matrix
of the form on 'V, as in (5), and let o be as in (6). Let z € GL,,(q?) be a Singer cycle for
GL,,(¢%), and let s € Ngy,, (i2)((2)) be such that z* = 27

(i) Let H := o(GL,,(¢*)). Then H s the stabiliser in GU(V') of both Wy and W§. The
stabiliser of the decomposition V- =Wy @ W is Stabgu ) (Wo @ W§') = H x (J).

(ii) Let Z := a(z). Then Cou)(Z) = (Z) = Cpm_y, and N := Nqu(»((Z)) = (Z,B) =
Cm_1.Copm, where B = a(b)J for some b € GLy,(¢%) such that b=*zb = 29T, More-
over,

78 =771 and B® = a(b'™T) = a(2's) for some ( € Z.

(iii) Let y € GLam(q?) be reqular semisimple with characteristic polynomial f(X)f~(X),
for some irreducible polynomial f(X). Then some conjugate of (y) lies in (Z) <
GU(J), and has centraliser (Z) and normaliser N in GU(J).

ProOOF. (i) The fact that H < GU(J) follows from our remark after (6). The spaces
Wy and WS are non-isomorphic irreducible 2 H-submodules of V. Define H to be the
stabiliser in GU(J) of both W, and W{". We shall show that H = H. The restriction
Hlw, = H|w, = GL,(¢?), and the subgroup K of H fixing W, pointwise must fix the
hyperplane (w)* N Wy of Wy for each non-zero w € Wy. Thus K induces a subgroup
of scalar matrices on Wy". However (! %) € GU(J) implies A = 1, so K is trivial. It
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follows that H = H. Finally each element of Stabqu.;)(Wo @ W) either fixes setwise, or
interchanges, the subspaces Wy and Wy, and it is straightforward to check that J € GU(.J),
and that J interchanges these two subspaces. Hence Stabgy ) (Wo @ Wy') = H x (J).

(ii) The spaces Wy and W~ are also non-isomorphic irreducible F2(Z)-modules, so that
CaUsnm(q)(Z) fixes each of Wy, W setwise, and so is contained in their stabiliser H, by
Part (i). Since Cgr,,(g2)(2) = (2) = Cpem_y (see [5, Satz 11.7.3]), we have Cqu,,,(q)(Z) =
(Z). To prove the second assertion we note that N must preserve the decomposition
V =Wy & W, since N normalises (7). Thus N < H x (J), by Part (i). Also NN H
is the image under o of Nqr,, (42)((2)), and this is (a(2), a(s)), (again see [5, Satz I1.7.3]).
Now N N H has index at most 2 in N, and we shall construct B € N\ (N N H).

Let f(X) = c.(X), and let ¢ be a root of f(X). Then the roots of f(X) are ¢4 for
0 <i<m—1. Since |z| = ¢>™ — 1, the element 27 is irreducible and one of the roots
of c.a(X) is ¢4, Similarly 29 is irreducible and one of the roots of ¢, (X) is (¢9)7 = ¢7°.
Hence, by Remark 5.1, z is conjugate in GL,,(¢?) to 29° which in turn is conjugate to 297,
Let b € GL,,(¢?) be such that b=12b = 29T and let B := «(b)J. Then, using the fact
noted after (6) that a(a)’ = a(a™°7) for all a,

z8 = (a(2)"")” = a(2")’ = a(z"")” = a((z"7)"T) = a(z7) = Z7°.

In particular, B normalises (Z) and interchanges Wy and Wy;". Thus N = (Z,a(s), B).
A straightforward computation shows that B? and «(s) both conjugate Z to 77 so
B?a(s)™ € Cauy(Z) = (Z). Hence N = (Z,B), and B? = a(z's) for some integer (.
Another easy computation yields B? = (a(b)J)? = a(b!=T), so o771 = 2¢s,

(iii) The fact that y is conjugate to an element of GU,,,(¢q), and hence to an element of
GU(J), is immediate from Corollary 2.5. The primary decomposition of V' with respect
to y, as discussed at the beginning of §5.2, is V.= W @& W~ where both W and W~ are
totally isotropic, and the restrictions of y to W and W™ are irreducible with characteristic
polynomials f(X) and f~(X), respectively. Since GU(J) is transitive on ordered pairs of
disjoint totally isotropic m-dimensional subspaces, replacing y by a conjugate, if necessary,
we may assume that W = W, and W~ = W".

Then y fixes both W and W~ setwise, and hence y = a(yy) for some yy € GL,,(¢*), by
Part (ii). From the definition of a(yy), we have yo := y|w,. It follows from [5, Satz I11.7.3]
that there exists ¢ € GL,,(¢*) such that y§ € (z) and N, 2)((0))¢ = Naw,.(g2)((2)) =
(z,s). Thus, replacing y by its conjugate y*(©, we have Cau,,. () (¥) = Cavan(@)(Z) = (Z)
and Ngu,,.()((y)) N H = (Z,a(s)). Since Ngus,,, (o ((y)) normalises Cqu,,.(q)(y) = (Z), it
is contained in N, and since B = «(b).JJ normalises the cyclic group (Z), it also normalises
(y). Thus Nauy,, ) ({y)) = N. O

As a corollary we count the number of involutions which invert an element y as in
Lemma 5.2(iii).

COROLLARY 5.3. Let y € GLa,,(¢%) be regular semisimple, with Ux-irreducible char-
acteristic polynomial g(X) = f(X)f~(X), where f(X) is irreducible and f(X) # f~(X).
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Then up to conjugacy y € GUay,,(q), and some element of GUs,,(q) inverts this conjugate
of y if and only if one of the following holds.

(i) f(X) is of Type A and exactly ¢™ + 1 involutions invert y.
(i) f(X) is of Type B and ezactly ¢™ — 1 involutions invert y.

PROOF. Note that f(X) # X £ 1 since f(X) # f~(X), and hence, in particular,
ly| > 2. Let z, Wy and N = (Z, B) be as in Lemma 5.2. By Lemma 5.2(iii), we may
assume up to conjugacy that y = a(z') for some i € {1,...,¢*™ — 2} such that z* is
irreducible on Wy, and every element of GUs,,(q) that inverts y, if one exists, must lie
in N. If both n and n/ invert y, then n'n~! centralises y and hence, by Lemma 5.2(iii),
n’ = a(z")n, for some i. Moreover, if n inverts y then certainly a(z%)n also inverts y for
each i. Hence either 0 or |z| = ¢*™ — 1 elements invert y. We show first that such inverting
elements exist, in both types, and then we count the number of them which are involutions.

It follows from Lemma 5.2(ii) that if an element n of GUy,,(q) inverts y, then n is of
the form a(z7)B* € N for some j, k such that 0 < j < ¢*" —2 and 1 < k < 2m — 1. Note
that k& # 0 since |y| > 2 implies that n does not centralise y. Recall from Lemma 5.2(ii)
that Z8 = 779, so y? =y~

Suppose first that k is even. Then

yt=n"tyn =y
and so 217" = 2~ which is equivalent to z/¢"*1) = 1. This implies that z* € For NFpom =
Foom (identifying 2 with an element of Fyom). However, 2* acts irreducibly on F7%, so 2*
lies in no proper subfield of Fm that contains Fp2. Hence k& = m, and in particular m
is even (since k is assumed to be even), and we are in Type A by Proposition 4.3. Here
ly| = |2*| divides ¢™ + 1, and hence n = «a(z?)B™ inverts y for each j € {0,...,¢*™ — 2}.
Now suppose that k£ is odd. Then

and so 217D = 1, whence 2! € For NFpem = F em) C Fpaem since k is odd. As in the
previous case, z* lies in no proper subfield of F2n containing F2. Hence (k,m) = m, so
again k = m. Thus m is odd (since k is odd), and we are in Type B by Proposition 4.3. Here
ly| = |2*| divides ¢™ — 1, and hence n = «(z?)B™ inverts y, for each j € {0,...,¢*™ — 2}.

We now count the inverting involutions. Observe that, by Lemma 5.2(ii), B? = a(z's)
for some ¢ € {0,...,¢*" — 2}, where s 'zs = 2¢°, with 22" ~! =1 and s™ = 1. Hence

(7) B* = a(z's)™ = a((zes)m_lsze‘f) =...= oz(ze(qm_l)/(qQ_l)).

Type A: Each inverting element is of the form n = a(z?)B™, for some j € {0,...,¢*"—2},
and m is even. Such an element n is an involution if and only if

1 =n%=a(z)B™a(z’)B™ = a(2)a(1")B*™ = a(z/@" D) g™,

Hence, by (7), n? = 1 if and only if ¢*" — 1 divides j(¢™ + 1) + £(¢*™ — 1)/(¢*> — 1).
Since m is even, this holds if and only if ¢™ — 1 divides j + £(¢™ — 1)/(¢* — 1). In
particular j = j'(¢™ —1)/(¢*> — 1) (there are (¢™ + 1)(¢> — 1) integers j with this property
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in {1,...,¢*" — 2}), and in addition ¢* — 1 divides j' + ¢. Thus we have exactly ¢" + 1
possibilities for j, and hence there are exactly ¢"™ + 1 involutions which invert y.

Type B:  Each inverting element is of the form n = a(z7)B™, for some j € {0,...,¢*™—2},
and m is odd. Such an element n is an involution if and only if

1 =n?=a(z)B™a(z’)B™ = a(2)a(z 71" )B*™ = a(z 77"~y g2m,

Thus, by (7), n* = 1 if and only if ¢*™ — 1 divides —j(¢™ — 1) + (¢*™ — 1)/(¢* — 1). In
particular, ¢™ —1 must divide £(¢*™ —1)/(¢*>—1), or equivalently, £(¢™+1)/(¢* —1) must be
an integer. Given this condition, n? = 1 if and only if ¢™+1 divides —j+£(¢™+1)/(¢*—1).
As j runs through {0, ..., ¢*™—2}, there are exactly ¢™ — 1 values with this property. Thus
there are either 0 or ¢™ — 1 inverting involutions. To prove the latter holds, we construct
an inverting involution.

We have m odd and f(X) = f7(X), so all of the coeflicients of f(X) lie in F,, and
hence all of its roots lie in F,m. This means that some conjugate of z* by an element of
GL,(¢?) lies in GL,,(¢) (the subgroup of GL,,(¢?) of matrices with entries in F,). We
may therefore conjugate y = a(2") by an element of a(GL,,(¢*)) € GUs,,(q) (see (6)) and
obtain an element in a(GL,,(q)). Let us replace y by this element so that y = a(z") with
2t € GL,,(q). By Remark 5.1, there is a symmetric matrix ¢ € GL,,(g) which conjugates
2 to its transpose, that is, ¢ = ¢! and ¢ 'z'c = (). Note that (2)T = (2%)°T and
T = ¢, since 2',¢c € GL,(q) and ¢ = ¢''. Therefore T(2")"Tc T = (¢7127%)T =
27" and it follows from (6) that a(c) 'ya(c) is the block diagonal matrix a(z") with
diagonal components 27, z=%. Thus C := a(c)J conjugates y to a(z~%) = y~1. Moreover
Ja(c)J = a(c ) = a(c™), and hence C? = a(c)Ja(c)J = alc)a(c™) = 1, that is, C is
an involution inverting y. Il

5.3. Type C: [{f,f%, [} =2, f = f~. We now consider regular semisimple
y € GUsgp(q) with Us-irreducible characteristic polynomial ¢, (X) = f(X)f*(X), where
f(X) = f~(X) has degree m. So y is in Type C of Proposition 4.3, and in particular
m is odd. The primary decomposition of V' as an F(y)-module is V = U @ U*, where
the restrictions y; := y|y and ys := y|y+ have characteristic polynomials f(X) and f*(X),
respectively. Reasoning in exactly the same way as in the proof of [11, Lemma 2.4], we
see that U* < U*. Since dimU* = m = dim U, we deduce that U* = UL, and so both U
and U* are nondegenerate.

For the analysis in this subsection it is convenient to work with matrices with respect
to an ordered basis (vy,...,vy,) where U = (vy,...,v,) and U* = (Uy1, ..., Vo), and
with Gram matrix J = I,,,, where [5,, denotes the identity matrix. The stabiliser in
GUap(g) of the subspace U (and hence also of U* = U*) is H := Stabgu,,.()(U) =
GU(U) x GU(U*) = GU,,(q) x GU,,(q). It is convenient to write elements of H as pairs
(h,h') with h,h' € GU,,(q). The stabiliser in GUs,,(q) of the decomposition V =U L U*
is H := H - (r), where 7: (h, ) s (K, h) for (h,h) € H.

By [5, Satz 11.7.3], we may replace y by a conjugate in H such that y; and ys are
contained in the same Singer subgroup (z) = Cym4; of GU,,(q), and moreover, such that
Yo is equal to y; .
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LEMMA 5.4. Let y € GLoay(¢%) be regular semisimple, with c,(X) a Ux-irreducible
polynomial in Type C. Then up to conjugacy, y € GUsy,(q), m is odd, and with the notation
from the previous two paragraphs

(1) Navan(((2) x (2)) = (2,6) L) Z TU(¢™) 1 Cy where ¢: 2 > 2"

(i) € Gt ((8)) < H, a1 Cataniey(9)) = ) X {2) = Cou
(iii) y is inverted by precisely ¢ + 1 involutions in GUap(q).

PROOF. First note that by Corollary 2.5, up to conjugacy y € GUsz,,(q), and then by
our discussion before the lemma, we can assume that y = (y1,9; ') € H.

(i) Let C := (z) x (2). Then the only proper non-trivial F.C-submodules are U and U*,

and so C' < H and Ngu,,,(q(C) < H. Now the normaliser of (z) in GU,,(q) is Ny := (2, ¢),
and so Ngu,,,(q)(C) = N1 1 C.

(ii) As observed above, U and U* are non-isomorphic irreducible F(y)-submodules, and
we may assume that y = (y1,y;'). Hence Cqu,,((y)) < H. Moreover, since y; is
irreducible on U, its centraliser in GU,,(q) is (z), and hence Cqu,,,(o)((y)) = C.

(iii) Since y = (y1,%; "), the involutory map 7 conjugates y to y~'. It follows that the
elements which conjugate y to y~! are precisely the elements of the coset C'r. These
elements are of the form (21, 29)7, for some z1, 25 € (z), and are involutions if and only if
2y = 27 *. Thus there are precisely |z| = ¢ + 1 involutions which invert y. U

5.4. Type D: |{f, f7, f*, [~} = 4. We now consider regular semisimple y € GUy,,(q)
with Ux-irreducible characteristic polynomial

¢y (X) = F(X)f7(X) A (X) f7(X),
where f(X) has degree m, so that y is in Type D of Proposition 4.3. The primary decompo-
sition of V' as an F 2 (y)-module is V = U@ U~ @ U* @ U, where the restrictions y|vy, y|u~,
Y|+, ylus have characteristic polynomials f(X), f~(X), f*(X), and f7(X), respectively.
Hence these four m-dimensional subspaces are pairwise non-isomorphic F g (y)-submodules,
and so the centraliser C':= Cqu,,,(q)(y) lies in the stabiliser H in GUyp,(q) of all four sub-
modules U, U™, U* and U°.

Let W :=U @ U~ and W* := U* @ U?. Then the characteristic polynomials of y|y
and yly-, namely g(X) = F(X)f~(X) and ¢"(X) = ¢°(X) = f*(X)f°(X), are both
~-invariant. Thus both W and W* are non-degenerate, and V= W L W*. Moreover
on considering y|w, y|w+ as in §5.2, we see by Lemma 5.2 that each of the four subspaces
U, U~,U*,U°? is totally isotropic.

For the analysis in this subsection it is convenient to work with matrices with respect

to an ordered basis (vy,...,v4,) of V, where U = (v1,...,0m), U™ = (Upi1,- -, Vom),
U* = (Vamity - U3m), and U7 = (U311, - - -, Uam), and with the Gram matrix
0O I, 0 O
L, 0 0 O
J = 0o o0 0 I, |’
0O 0 I, O
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where I,,, denotes the identity matrix. Then, by Lemma 5.2, the subgroup of GU(.J) leaving
each of U, U~,U* and U? invariant is

{79 0y tesconn)

where the matrices a(a), a(b) € GUy,(q) are as defined in (6). We note that GU(J)

contains
o 0 Iy
(),

which interchanges the subspaces W and W* and normalises H. We often write elements
of H as pairs (a(a), (b)) with a,b € GL,,(¢*). Since y; := y|y € GL,,(¢?) is irreducible,
it is contained in a Singer subgroup (z) of GL,,(¢?), and it follows from Lemma 5.2 that
ylw = aly) and Couw)(ylw) = (Z), where Z = «(z). Also, since y|y-, y|ys have
characteristic polynomials f*(X), f7(X) = (f~(X))*, we may replace y by a conjugate in
H so that y|w~ = a(y; ). Thus we may assume that y = (a(y1), a(y; ).

LEMMA 5.5. Let y € GLyy(q*) be regular semisimple, with c,(X) a Ux-irreducible
polynomial in Type D. Then, up to conjugacy, and with the previous notation, the following
hold:

(1) v = (a(y1), a(y; ")) € GUan(q), where y; € GL,,(¢%), with characteristic polynomial

Y

F(X), y1 is contained in a Singer subgroup (z), and C = Cqu,,.()(y) = (Z) x (Z) =
q22'm,17 whe,re Z - OC(Z))

(ii) Navy.()(C) = N1Cy = (Z,B) (1), with N, B, as in Lemma 5.2;

(iii) y is inverted by precisely ¢*™ — 1 involutions in GUy,,(q)

(iv) The integer m can be even or odd. Let m = 2°71r with b > 1 and r odd. Then

lyla < 2°7Y(¢% — 1)2, and equality can be attained in this bound.

PRrROOF. (i) The assertions about y follow from Corollary 2.5, and the discussion above.
The structure of C follows from Lemma 5.2 applied to y|yw = a(y;) and y|y~ = a(y; ).

(ii) The normaliser Nguw)((ylw))) = N = (Z, B), as in Lemma 5.2, and Ngu,,, () (C) is
therefore equal to N (7).

(iii) The element 7 is an involution which inverts y = (y1,%; '), and hence, if z € GU(V)
inverts y, then x lies in the coset C'7 of the centraliser C' of y, so © = (a(z1), a(z9))7, for
some 21, zp € (z). The condition 22 = 1 is equivalent to z, = z;'. Thus there are precisely
¢*™ — 1 involutions inverting .

(iv) The order of y is equal to |y;|, which is a divisor of ¢*™ — 1. Now (¢°™ — 1), =
(2" — 1)y = 2271(¢2 — 1)5. To see that equality may be attained in the bound, notice
that we may set y; = 2, so that |y| = ¢*™ — 1: in this case the roots of f(X) = ¢, (X)
are of the form {¢,¢?,...,¢"" "}, where ¢ has multiplicative order ¢*™ — 1, so f(X) &
{f*(X), f7(X), f~(X)}, as required. This also shows that m may be even or odd. O
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6. Involutions inverting regular semisimple elements

Having considered the regular semisimple elements whose characteristic polynomials are
Usx-irreducible, we now consider the general case. We remind the reader that we assume
throughout this paper that ¢ is an odd prime power.

Let y be a regular semisimple element of G = GU,(q), and suppose that y' = y~! for
some involution ¢ € G. Let g(X) := ¢,(X). Then each of X —1 and X +1 may divide g(X)
with multiplicity at most one, so g(X) = go(X)(X — 1)° (X + 1)% where 6_,5, € {0,1}
and go(X) is coprime to X? — 1 and multiplicity-free.

DEFINITION 6.1. We define A C F,2[X] to contain one irreducible factor of each Ux-
irreducible polynomial g(X) in Type A. Similarly, we define B,C, D C F2[X] to contain one
irreducible factor of each Ux-irreducible polynomial from Types B, C and D, respectively.
For a Ux-closed polynomial g(X'), we shall write A, to denote the set of irreducible factors
of g that lie in A, and similarly for the other classes.

Then go(X) may be written as

®) | TLre ) TTr) ) TTAE)FCON TTAX) LX) f(X) £7(X).

feAy feBy feCy feD,

We consider the primary decomposition of V' as an Fp(y)-module, equipped with our
unitary form, and combine the two summands corresponding to { f(X), f7(X)} in Type A,
the two summands corresponding to {f(X), f*(X)} in Types B and C, and the four sum-
mands corresponding to {f(X), f~(X), f*(X), f7(X)} in Type D, to obtain the following
uniquely determined y-invariant direct sum decomposition of V:

(9) V:@Vf@@Vf@@Vf@@Vf@Vi.

feAy feBy fecy fe€Dy

such that

(A) for each f € Ay, the restriction y; = y|y, € GU(V}) has characteristic polynomial
fX)f7(X), with f(X) = f*(X) # f7(X) = [~(X);

(B) for each f € By, the restriction y; = y|y, € GU(V}) has characteristic polynomial
SX) (X)), with f(X) = f7(X) # f*(X) = f~(X);

(C) for each f € Cy, the restriction y; = yly, € GU(V}) has characteristic polynomial
SX) (X)), with f(X) = f~(X) # f*(X) = f7(X);

D) for each f € D,, the restriction yr = y|y, € GU(V}) has characteristic polynomial

g ) ¥ f

FX) (X)) fo(X)f~(X), with all four polynomials pairwise distinct;

E) dimV. € {0,1,2}; if dimV, =1 then y|y, has characteristic polynomial X — 1 or

+

X +1;if dimVy =2, then Vi =V, @ V_, and y|v,, y|v_, y|v, has characteristic
polynomial X — 1, X + 1, X% — 1, respectively.
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LEMMA 6.2. Lety € GU,(q) = GU(V), where y is reqular semisimple and conjugate in
GU,(q) to y=, with characteristic polynomial g(X) = c,(X) = go(X)(X — 1)%+ (X + 1)°-
with 64,6 € {0,1} and go(X) as in (8).

(i) Each non-zero summand in (9) is a non-degenerate unitary space, and distinct sum-
mands are pairwise orthogonal.
(ii) The centraliser Cquvy(y) has order

H (q2degf . 1) H (qdegf + 1)2 H (q2degf . 1)2 <q+ 1)6++6,'

feAyUBy fecy fe€Dy

(i) The number of involutions in Cy(V')(see Definition 1.4) that invert y is equal to

[T +0 ) [ [T =0 | [T +0 ) [ []@* -1 | ),

feAy feBy fecy feDy

where e(y) = 2 if X% — 1 divides g(X), and (y) = 1 otherwise.
(iv) If n = 2m is even, and g(X) is coprime to X? — 1, then the number of pairs (t,y') €
Ay(V) (as defined in (4)) such that y' has characteristic polynomial g(X) is

|GU2m(Q>|
(erAg(qdegf - 1)> (ersg(qdegf + 1)) (ercg(qdegf + 1)) <erDg(q2degf - 1)) -

PROOF. (i) Each space in the primary decomposition of V' as an F 2 (y) module is either
non-degenerate or totally singular. It follows from §5 that the spaces corresponding to a
Ux-irreducible summand always span a non-degenerate space. Let U, W be distinct such
summands, corresponding to Usx-irreducible polynomials h(X), h'(X) respectively. Let
h(X) = > ;X" € Fpe[X], so that a, = 1. Then h, ' are coprime, and so uh(y) =

Yoi_gaiuy' =0, for each u € U, while h(y)|w is a bijection. Denote by (u,w) the value of
the unitary form on v € U,w € W. Then

T T

0= (uh(y),w) = }_ai(uy’,w) = 3 aiu,wy™) = (u, 3 _afwy™) = (u,wh™(y)y™).

i=0 =0

Since h is Ux-irreducible, h™~(X) = h(X), and hence wh™(y)y~" ranges over all of W as w
does. It follows that W C U*.

Parts (ii) and (iii) follow from the remarks above on applying Lemmas 5.2, 5.4, 5.5
and Corollary 5.3. For (iv), recall that the number of these pairs is equal to the number
|GU(9)|/|Ccu,(q)(y)| of conjugates of y times the number of ¢t € Cy(V) inverting y. By
Lemma 2.6(i) if g(X) = go(X) then all involutions inverting y lie in C(V'), since n is even.
Thus all involutions in GU,(¢) that invert y lie in Cy(V'), and hence Part (iv) follows from
Parts (ii) and (iii). O
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7. Formulae for the number of Ux-irreducible polynomials in each Type

Recall the division of Usx-irreducible polynomials into Types A to E from Proposi-
tion 4.3. We count the number of polynomials with irreducible factors of degree r in each

type.
First we present some standard counts of polynomials. Let Irr(r,F,) denote the set of

monic irreducible polynomials in F,[X] of degree r. By Definition 4.7, N(q,r) = |Irr(r,F,)|
if r > 1 and N(¢,1) = ¢ — 1: we do not count the polynomial f(X) = X as the matrices
we consider are invertible. We define the following quantities as in [4, pp. 23-26]:

N~(q,r) = number of f € Irr(r,Fp) with f~ = f (over F,2 not F,).
N*(q,r) = number of f € Irr(r,F,) with f* = f.
M*(q,r) = number of subsets {f, f*} with f € Irr(r,F,) and f* # f.

The Mobius p function is defined on Z-, and takes values as follows:

(—=1)* if n is a product of k distinct primes
p(n) = I
0 if n is not square-free.

The following formulae can be found in [4, Lemmas 1.3.10(a), 12(a), 16(a) and (b)].

THEOREM 7.1. Let r > 1 and let q be an odd prime power. Then
(13, 1) (g7 = 1)

N(g,r)=4qq—1 ifr=1,
\%de« p(d)g/? if r > 1;
(¢ +1 ifr =1,
N™(q,r) =140 if r is even,
(Vg 7) if r > 1 is odd;
(2 if r =1,

N*(q’ T) =9 %Zdh‘,d odd :u(d) <q'r/(2d) - 1) if ris evell,

0 if r > 1 is odd;

(1(g—3) ifr=1,
M*(q,r) = %(N(q,r) — N*(q, 7)) if r is even,

(5N (q,7) if r > 1 is odd.

We now prove some bounds on these quantities.

LEMMA 7.2. Set £ =q/(q— 1), and let r > 1. If r > 2 then let p < ps < --- < p; be
the prime divisors of r.
(i) ¢ —2¢"? < q" —&¢7/" < rN(q,r) < q" —1, and N(q,7) > 0.956(¢" — 1)/r forr > 5.
(ii) N(g,r+1) > N(q,7).
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(iii) Let r be even. Ift = 2 then rN*(q,7) = ¢'"/* — ¢"/®P2) | whilst if t > 2 then

—2
T2 qr/@) _gqr/@m) < N (g ) < % — g/ P2) Z__lqr/mpgy
PROOF. (i) The upper bound, and the claim for r > 5, are [3, Lemma 2.9(ii)]. If r =1
then the result is trivial. If r = p{ is a prime power then rN(q,7) = ¢" — ¢/, and the

result follows since ¢ > 1. Hence assume that ¢ > 2. Then rN(q,7) = ¢" — ¢"/?* + § where
0 = g, asp H(d)d"?, 50

r r - —1 r 1 g
6] < Z q/d<q/mzq :q/p1<1_l >:q/p1(£_1).
i=1

d|r,d>p1 q

q

(ii) This is [3, Lemma 2.9(iii)].
(iii) Let r = 2°k where b > 1 and k > 1 is odd. Then from Theorem 7.1 we get

rN*(gr) = Y u(d)g ) = Y p(d) =) u(d)g! B,

d|k,d odd d|k,d odd d|k

since k > 1 implies that >, p(d) = 0. If ¢ = 2, then the result now follows, so assume
that ¢ > 3. Then similarly to the proof of Part (i)

qT/2 _ qr/(2p2) /(2p3) (1 + Z q ) < T’N* q) ) q?"/2 _ qT/(Qm) /(2p3) ( Z q—l>

Thus writing £ = ¢/(q¢ — 1) gives
(10) q7“/2 _ qT/(2P2) _ gqr/(st) <rN*(q,r) < qT/2 _ qT/(Qm) —(2— g)qr/@m)' 0
LEMMA 7.3. Let r be a positive integer. Then

N(q,2r)—3/2 ifr=1,
N(q,2r) if r > 1.

N | —

(N*(¢*,2r) + M*(¢*,r) — N~ (q,7)) = {

PROOF. Suppose first that » = 1. By [4, Corollary 1.3.16],

N*(q*,2) + M*(¢*,1) = 5+ =q -2

Since N~(¢q,1) = ¢+ 1 and N(q,2) = (¢*> — q)/2, the r = 1 case follows. Now suppose that
r > 1. Then, by [14, Lemma 5.1], N*(¢%, 2r) + M*(¢*,7) = N(¢? r), and it follows from
[4, Corollary 1.3.13] and its proof that (N(¢* ) — N~(q,7))/2 = N(q,2r) (note this also
holds for r even since in that case N~ (g,7) = 0). O

DEFINITION 7.4. We define A(q,7) to be the number of Ux-irreducible polynomials in
Type A of degree 2r over F2 (so that the irreducible factors have degree r). Similarly, we
define B(q,r) and C(q,r) to be the number of Ux-irreducible polynomials in Types B and
C of degree 2r, and D(q,r) to be the number of Ux-irreducible polynomials in Type D of
degree 4r. Recall Definition 4.9: it is immediate that |Dy,.| = D(q, 7).
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LEMMA 7.5. Letr > 1. Then

sN* (% 1) =1=0 ifr =1,

A(q,T): {EN*(Q2 T) 1f7’>1
2 ) )
lNN(QaU_Z:l(q—?)) ifr =1,

Pl = {in(q r) 2 it r > 1
2 ) >

sNY(g, 1) —1=3(¢—1) ifr=1,

“lan= {ENN(Q r) 2 it r > 1
2 ’ )

D(q,r) = %(M*(QQJ)_NN(QJ))-I—%Z}l(q—l)Q ifr=1,
’ S(M (% 7) = N~(q,7)) if > 1.

PRrROOF. In each type, the equivalence of the two statements for r = 1 follows imme-
diately from Theorem 7.1. In each of the following types, we first count the number of
polynomials f € Irr(r,[F2) satisfying the type conditions, and then deduce the number of
Usx-irreducible polynomials of the relevant degree.

TypE A. By Proposition 4.3, in this type f = f* # f?, and if f exists then r is even.
Therefore A(q,1) =0, and if » > 1 and r is odd, then A(q,r) = N*(¢?,7)/2 = 0. Suppose
that r is even. By Lemma 4.1, r even implies that f # f7, and hence in this case A(q, ) is
the number of pairs {f, f7} C Irr(r, F,2) satisfying f = f*, namely A(q,r) = N*(¢*,7)/2.

TypPE B. By Proposition 4.3, in this type f = f? # f*, and if f exists then r is odd. Thus
if  is even then B(q,r) = 0= N~(q,r)/2. Suppose that r = 1 so f(X) = X — (, for some
¢ € Fpe. Since f # f*, the polynomial f is not X £ 1 or X, and so the root ¢ ¢ {0, £1}.
Moreover, since f = f7, we have ( = (7 so ( € F,\{0,£1}. Note that, for each such ¢, the
polynomial f # f* since ¢ # (~!. Thus there are ¢ — 3 possibilities for ¢, so the number
of pairs {f, f*} is B(¢,1) = (¢ — 3)/2. Suppose now that » > 1 and r is odd. Then f # f*
by Lemma 4.1, and hence in this case B(q,r) is the number of pairs {f, f*} C Irr(r,Fj)
satisfying f = f?, namely B(q,r) = N(q,7)/2 = N"~(q,1)/2.

Type C. By Proposition 4.3, in this type f # f* = f7 (so f = f~), and if f exists
then r is odd. Thus if 7 is even then C(q,7) = 0 = N™~(q,r)/2. Suppose that r = 1 so
f(X) = X =, for some ¢ € Fpe. Since f* = f7 # f, the root satisfies (™! = (7 # (,
so (7' =1 and ¢? # 1, whence ¢ # £1. Thus there are ¢ — 1 possibilities for ¢, and
the number of pairs {f, f*} is C(q,r) = (¢ — 1)/2. Suppose now that » > 1 and r is
odd. Then f # f* by Lemma 4.1, and hence in this case C(g,r) is the number of pairs

{f, 7} CIrr(r,Fp) satistying f = f~, namely C(q,7) = N~ (q,7)/2.

TyPE D. In this type the irreducible polynomials f, f7, f*, f~ are pairwise distinct. First
suppose that r =1, so f(X) = X —(, for some ¢ € F2. The conditions f # f~ and f # f*
are equivalent to (9! #£ 1 and (97! #£ 1, respectively. These two conditions together imply
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that f, f7, f*, f~ are pairwise distinct, and hence
1 1
D(g,1) = (@ =D =g+ D)= (=1 +2) = 7(¢—1)*

Suppose now that » > 1. We will prove that B(q,r) + C(q,7) + 2D(q,7) = M*(¢*, 7).
Solving for D(q,r) then gives the desired result. The number of pairs {f, f*} C Irr(r,F2)
satisfying f # f* is, by definition, M*(¢?,7). We enumerate these pairs by a different
argument. We showed under ‘Type B” and ‘Type C” above that the numbers of such pairs
for which f7 = f,or f7 = f*,is B(q,r) or C(q,r), respectively. For the remaining pairs the
polynomials f, f*, f7 are pairwise distinct, giving a set { f, f7, f*, f~} of size four: there are
D(q,r) such subsets and each corresponds to two pairs, namely {f, f*} and {f7, f~}. O

The following is an immediate corollary of Theorem 7.1 and Lemma 7.5.
COROLLARY 7.6. The following identities hold.
L(N(g?, r) — N*(¢?,r if r is even,
D(Qa 71) = 4115\] (2 ) 1 ( )) . .
iN(¢*,r) — 5N (q,7) if r > 1 is odd.
We now prove bounds on these polynomial counts that will be useful later.

LEMMA 7.7. (i) Ifr =2° for b > 0 then D(q,r) = (¢" — 1)?/(4r).
(ii) If r =3, then 4rD(q,r) = ¢® — 2¢> — > + 2 < ¢*" — ¢" + %qr/‘o’. For all other r,

T T 1 T T T q+1r T
¢ —2g “EZ 1 <4rD(q,r) < ¢* —q JrTq/?’<q2 —1.

(iii) 4rD(q,7) = (¢* — 1) —n(q,7)(q" — 1), where 0 < 1 —2¢=2"/3 < n(q,r) < 2.2.

ProOF. If r > 1, then let the prime divisors of r be p; < py < ... < p;.
(i) The result for » = 1 is immediate from Lemma 7.5. Otherwise, by Corollary 7.6,
D(q,r) = (N(¢*,7) — N*(¢?,r))/4. Then using Theorem 7.1 and the fact that r = 20 > 1,

we deduce that ) ( )2
1 q T __ q’f’ qT _ 1 q’f’ _ 1
D = - — =
(g.7) 4 ( r r ) dr 7

as required.

(ii) By Part (i) we may assume that r is not a 2-power, and in particular that r > 3. Before
commencing the main part of the proof, notice first that if ¢*" — ¢" + %qr/ 3 > ¢*" —1 then
¢ —1< %q’"/i" < 2¢"3, 50 (¢" — 1)* < 8¢", which is impossible, since ¢ > 3 and r > 3.
Thus the last inequality holds.

Suppose first that r is even, and hence is divisible by at least two primes. Then by
Corollary 7.6, D(q,r) = (N(¢* ) — N*(¢*,7)) /4. We deduce from Lemma 7.2(i)(iii) that

4rD(q,r) > (¢* — (> — 1)7'q") — (¢" — /™)
1

>¢" —(2¢ - 1) -1 =¢" —2¢ - q2—_1qr’
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and (using the fact that r/ps < r/ps — 2 if p3 exists)

4rD(q,r) < (¢ = 1) = (¢" = (L+q ))g"™ <¢* —q" + %lqr/?’-

Suppose now that 7 > 1 is odd, so that D(q,r) = N(q¢? r)/4 — N(q,7)/2, by Corol-
lary 7.6. If r is an odd prime then rN(¢°,7) = ¢°" — ¢° and so 4rD(q,r) = (¢*" — ¢*) —
2(¢" — q) = ¢ — 2¢" — ¢* + 2q. This is less than the required upper bound for all odd
primes r, is greater than ¢*" — 2¢" — ¢"/(¢*> — 1) for r > 3, and is precisely the stated value
when r = 3. If r is composite (so r > 9), then Lemma 7.2(i) gives

2 2
2r q 2r/ r 2r r q 2r/3
4rD(q,r) > (¢ — 219 ") =20q 1) >q" -2 — 2 1
and since 2r/3 + 2 < r this is greater than ¢*" — 2¢" — qz%lqr. Also (setting &' = q/(¢+1))

+1
4rD(q,r) < (¢ —1) = 2(¢" — €'q"/") < ¢ —2¢" +26'¢"* < ¢* —¢" + qTq %3

(iii) Set 4rD(q,r) = (¢* —1) —n(q,r)(¢" — 1), and let n = n(q,r). When r is a power of 2,
the result follows easily from Part (i) (in fact here n = 2), so assume that r is not a power
of 2. The upper bound in Part (ii) yields that, for all such r,

q+1 qg+1 ¢

—1-n¢ -1)<—¢+—4q" /3 or equivalently, n>1—-—— .
q q q” -1

We must show that
g+1 ¢ 2
: < .

q qr — 1 q2r/3
For all r > 3 and ¢ > 3, it is clear that ¢"~! < ¢" — 2, and so ¢" + ¢"~ ' < 2¢" — 2. Hence
(¢+1)¢" = ¢ +¢" = q(q"+¢" ") < a(2¢"=2) = 2q(¢"—1). Thus ((¢+1)/¢)-¢"/(¢"—1) < 2,
from which the claimed lower bound on 7 follows.

For r an odd prime

4rD(q,r)=¢" —2¢ —*+2¢=q¢" —1—(2¢" +¢* —2¢— 1)

which gives n(q,7) =2+ (¢—1)*/(¢" — 1) so 2 < n(q,r) < 2+2/13 < 2.2. Otherwise, Part
(ii) yields

r r r q _1+q2
n(g"—1)=¢" =1 —4rD(q,7) < 0 =2 D
so using r > 2 and ¢ > 3 gives
1 q> 1 1 1
n<2+ + =2+ - +
-1 (¢-1)(-1) -1 ¢ -1 (¢—-1(¢-1)
< 2.1683. O

LEMMA 7.8. Let g =5 andr > 1. Then

£ Dl(g,r) _ DB,r) . N*(¢%r) _ N*(3,r)
O 2y W) 2
q 173 1 qg-—1 3r—1

N~(q,r) < N~(3,r)

S 1 (i > .
forr (iii) e 1
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PROOF. (i) Suppose r = 2° is a power of 2. Then Lemma 7.7(i) implies that

D(q,7) _ qg —1
¢r—1 dr(g"+1)

This is an increasing function of ¢q. Hence Part (i) holds for such r. A straightforward
calculation shows the result when r = 3, so assume that r» > 5. Using Lemma 7.7(ii),

D(gr) _ ¢ =20 —F=d" = 20+ 550 —1 B4 9g"
Ar > =1 >1— >1— — .
q2r —1 q2r —1 q2r —1 q2r —1 4(q2r _ 1)
Using Lemma 7.7(ii) again gives
A D(3,r)<327“—3’“+§3f/3_1 :>ﬂ"—§37“/3—1<1 1
"o ST g o1 3 —1 2.3

Since ¢ > 5 and r > 5, one may verify that 2¢" > 9- 3" + 2. Hence 2¢*" > 9-3"¢" + 2,
and s0 2(¢*" — 1) > 9-3"¢". Hence 1/(2-3") > 9¢"/(4(¢*" — 1)), and so the result follows.

(ii) The result is immediate from Theorem 7.1 if 7 is odd, or if r is a power of 2, so let
r = 2%k, where k is odd. If k = p? is a prime power, then 7N*(¢?,r) = ¢" — ¢'/?, and
the result can be verified by direct calculation. So let p; < p3 be the two smallest odd
primes dividing r, then Lemma 7.2(iii) states that rN*(¢%,r) > ¢" — ¢"/* — %q’“/m and
rN*(3%,r) < 3" — 37/P2 — %37"/”3. Assume, by way of contradiction, that

5 1
(3" —1)(¢" — g — qu/ps) < (¢ —1)(3 — 3r/pz _ 537’/193)'

Then

1 5 5 1
qr(gr/pz + 53?“/173 —1) - 3T(qr/p2 + qu/p:s —1)+ (qf/pz _ 37"/:02) + (qu/ps _ 537“/193) <0
and so in particular ¢"(3"/P2 4 137/Ps — 1) — 37(¢"/P2 4 2¢4"/Ps — 1) < 0. Dividing by (3¢)"/?2
yields a contradiction. Hence the result holds for all » and gq.

(iii) The arguments here are similar to the previous two parts. By Theorem 7.1, the result

is immediate if 7 is even or if » = 1. Assume that r > 1 is odd, so that N~(q,r) = N(q, 7).
Let p be a prime divisor of r. We digress to prove

R F 1) (g r 1) (3l

(11) qq’”—{—ql > 33Tf1 or equivalently ¢ + 1)q’" +(q1 ) > (8" + 1)3r —i-(31 i 1).

It suffices to prove (¢"/? + 1)(3" + 1) < (3”7 4+ 1)(¢" + 1). This is true if ¢"/P3" < ¢"3"/?

and ¢'/? + 3" < ¢" 4+ 3"/P. The first inequality is true as 3"1~1/?) < ¢"(=1/P) " The second

inequality is 3" —3"/? < ¢" — ¢'/P or xh—xo < 2P —x where x5 = 377 < ¢"/P = x. However,

the function 2 — x is increasing for = > 1, so the second inequality holds. This proves (11).
If r = p® is a prime power, then rN(q,7) = ¢" — ¢'/P. Thus Part (iii) is true by (11).

Suppose now that r has distinct prime divisors p; < ps. Thus p; > 3, po > 5 and so r > 15.
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Then as in (10) we see that 7N (q,7) = q"—q"/P* —6q"/P2, where 2—q/(q—1) < § < q¢/(q—1).
Hence
rN(gr) ¢ =g Sqm 33 3 UG
— an — :
q-+1 q +1 qg-+1 3r+1 3r+1 3r+1
Using (11), it suffices to show that
3r/p2 3q"/P2
>
3r+1 g +1
As ¢ +1>¢q and 2-3" > 3" + 1, it suffices to show that 37/72¢" > (6 - 3")¢"/P2. This is
true because (¢q/3)"171/r2) > (5/3)150-1/5) = (5/3)12 > 6. This concludes the proof. [

or equivalently (" +1)3"/P2 > 3¢"/P2(3" 4 1).

8. The generating function Ry(q,u)

In this section, we define a key generating function, analyse its convergence and bound
its coefficients. We continue to assume throughout that ¢ is an odd prime power.

8.1. Introducing Ry(q,u). Recall the definition of Ay(2n,q) from (4).

DEFINITION 8.1. We shall consider the ‘weighted proportions’
|GU24(q)
and define the generating function Ry(q,u) = > - ru(2n, ¢)u".

TU(ZH,Q) : for n > 1, letting TU(O,q) =1,

Recall Types A to D from Proposition 4.3, and that we use these types to describe
Usx-irreducible polynomials. Recall also Definition 6.1.

Let U,, denote the set of all monic Ux-closed polynomials g(X) of degree 2n such that
ged(g, X? — 1) = 1. It follows from Lemma 6.2(iv) that, for n > 1, ry(2n, q) is the sum
over all g(X) = ¢,(X) € U, of the expression

1
(Tyon @ 1) (Mm@ + 1) (Tyee @7 + D) (Mm@ 1)

Thus the generating function Ry(q,u) can be expressed as

oo

nz:% ggn (erAg(qdegf — 1)) (erBgucg(qdegf + 1)) (erpg(quegf _ 1)>

THEOREM 8.2. Ry(q,u) is equal as a complex function to So(q,u)S(q,u), where Sy(q,u)

-1 -3
equals (1 + qf—l> (1 + un1> and S(q,u) is the infinite product

n

9 ~

r N~ (q2,7") r (g,r) 2r L (11277“)—1N~ (q,r)
U 3 U 2 u u 2 2
1 ’l | 1 | | 1 | | 1 .
(+q2—1)2 (Jrqr—l) (Jrq“rl) (+q2r—1>

r=1 r=1 r>1

Furthermore, Ry(q,u) is absolutely and uniformly convergent on the open disc |u| < 1.
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PROOF. Let

deg f deg f 2deg f
, B u u U
Ru(q,U) - H (1 + qdegf _ 1) H (1 + qdegf+ 1) H (1+ q2degf — 1) ’
JeA feBuC feD
Then computing the coeflicient of u™ for each n shows that Ry(¢, ) is equal to Ry(q, u).
The contribution of each term of this infinite product depends only on the degree of

the corresponding polynomial f, and so R{,(q, u) is equal, as a complex function, to
(12)

u” A(g,r) u” B(g,r)+C(q,r) u2r D(q,r)
R\(q,u) = 1+ ) (1 + ) (1 + ) .
U(q ) H ( qr_l H (]T‘{‘l 11;[ q2r_1

r even r odd all »

Substituting the values from Lemma 7.5 into the above expression for R{j(¢,u), and
noting from Theorem 7.1 that N*(¢,r) = 0 for » > 1 odd, whilst N~(g,r) = 0 for r even,
shows that R{)(¢q,u) = So(q,u)S (g, u).

We now consider convergence of S(g,u). By [4, Corollary 1.3.2], each of

u’ %N*(qzﬂ") 1 . 9 |'LLT‘
the product H 1+ and the sum Z EN (¢°,r)——

r>1 ¢ —1 r>1 ¢ —1

is absolutely and uniformly convergent if and only if the other has these properties. Now,
by [4, Lemma 1.3.16(a)], N*(¢%,7) = r~'¢" + O(¢"/?) when r is even, and is equal to 0
when r > 3 is odd, so the displayed sum is absolutely and uniformly convergent for |u| < 1.
Similarly, for the product

u” N~ (g.r) ju”|
H (1 + ) we consider the sum Z N~(q,r)

r>1 qr + 1 r>1 qT + 1

By [4, Lemma 1.3.12(a)], N~(¢,7) = r~'¢" — O(¢"/?) when r is odd, and is equal to 0
when 7 is even, so as before this term is absolutely and uniformly convergent for |u| < 1.

For T[,.,(1 + qé‘f:l)%M*(q27r)_%NN(q’T), we use the same arguments: by Lemma 7.5 this

exponent is equal to D(q,r) for r > 1, and then Lemma 7.7(iii) gives bounds on D(q, )
that guarantee absolute and uniform convergence for |u| < 1. Il

THEOREM 8.3. The limit lim,,_, ry(2n, q) exists and is equal to

(114:—3) 11 (1 - qT(q7"2+ 1))NW)'

at+1/ pr odd

PRrROOF. Consider the expression Ry(q,u) = Sy(g,u)S(q, u) from Theorem 8.2. We use
the fact that N*(¢* r) = 0 for r > 1 odd, by Theorem 7.1, to see that

r IN*(g,r) 2s 1N*(g?,29)
U 2 U U 2
1+ =(14+—— 1+ .

r>1 s=1
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Similarly, since N~(q,1) = N(q,1) + 2 and N~(q,r) = 0 for r even, by Theorem 7.1,

T N~ (qar) 2 T N(q7r)
u u U
||(1—|— "—i—l) :(1—0— +1) || (1+ 7,_|_1) .
q q r>1odd q

r>1

Since Ry(q,w) is uniformly convergent, we can rearrange the infinite product. Substituting
the above displayed expression into Ry(q,u) gives

(1+ £2)3/2 w2\ 2@ 2n)+M (@) =N (gr) w O\
Ru(q,u):LH<l+ ) 11 (1+ > :
d

_u 2r __ T
b ot >l 7 ! r>1 od ¢ +1

In the first infinite product, we rewrite the exponents using Lemma 7.3, then replace
2r by r, and finally we combine the two infinite products to obtain

(13) Rolg, u) = (1 + (J%) B 11 (1 + q_“ﬁ) e

r>1

We have shown in Theorem 8.2 that this expression converges for |u| < 1. By [4, Lemma
1.3.10(b)] with u replaced with u/gq, the following equality holds for |u| < 1,

1—u/qH 1_u_T N(q,r):]_
1—u q '

Multiplying this by our expression for Ry(q,u) gives that for |u| < 1

B 1— % - u(u = (—1)) N(q;r)
- (1—U)(1+L)H (1 Q’”(Q’”—(—l)’”)> '

q+1/ r>1

Now consider the above expression for Ry(q,u). By [4, Corollary 1.3.2 and Lemma
1.3.10(a)], Ry(g,u) has a simple pole at u = 1 and is of the form (1 —u)~'H(u) where

B 1 — % - ur(,ur N (_1)7“) N(q,r)
) = o1l (1 PP <—1>T>> '

qgt+17 r>1

Using the bound N(q,r) < ¢"/r from Lemma 7.2(i), and [4, Corollary 1.3.2], we see that
H (u) is analytic in the disc [u| < \/g. Thus by [4, Lemma 1.3.3], lim,,_,o 7y(2n, q¢) = H(1),
and the result follows. g

8.2. Upper and lower bounds on ry(2n,q).

NoTaTioN 8.4. If f(z) 1= > ., f22" is a power series, we write [2"]f(z) to denote
the coefficient f,, of 2", and we write |f|(z) for the power series > o |fa[2". Let g(z) :=
> nso gnz". We write f(2) < g(2) if f,, < gp for all n.
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DEFINITION 8.5. Recall (14), and define Ry(q,u) = Au(q, u)Buy(gq, u), where
1—u

Au(q,u) = ;anun = = :_ ) and
B _ B ur(ur o (_1)7“) N(‘Ja”)
N ;bnu - 1;[1 (1 7 (4" — (—1)’")) '

We let By(q,u) = [],-, Bu(r, ¢, u), where

u(u = (—=1)) N(q,r)
nraw = (1= Ge— )

We shall bound ry(2n, ¢) by first bounding the b,,.

LEMMA 8.6. For all n, the absolute value |b,| < Bq¢™?, where 3 = q/(¢ —1). In
particular, By(q,u) is absolutely convergent for all |u| < ¢*/2.

PROOF. First we claim that for » > 1 and n > 0,

u"(u" + 1) N(ar)
q(q" —1)) '

To see this, let N := N(q,r). Then we calculate that when r is even

Bulra,u) = (1 - Z:EZ:—Ill)))N N QXN: 2 W (JD (n j— j> (qr(qu-i— 1))7 v

n=0 \n/2<j<n

(15) |Bul(r, q,u) < (1 +

and hence when r is even
w(u + 1)\ ur(u+ 1)\
Byl(r. q.u) < (1+—) < (1+— |
[Bull ) q"(q"+1) q"(q"—1)
It is shown in [3, p.433| that when r is odd

u (u
|BU|(T7Qau) < (1 +
q\q

Hence (15) holds for all values of r.
Now, from Definition 8.5, we deduce from (15) that

1 N(q,r)
1Bul(g,u) < []1Bol(r,q ) <<H(1+ ““) |

r>1 r>1 "g"=1)

Comparing the expression for By(gq,u) with that for B(q,u) in [3, Equation (8)], we
can reason just as in the proof of Lemma 4.1 in [3, p.434] that the bound in [3, Equation
(10)] is valid for |Byl(g,u). This is precisely the bound in the current lemma.

The convergence claims are clear. U
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THEOREM 8.7. Let a = (¢> — 1)/(¢° 4+ 2q). Then By(q,1) = 3., bn converges and
lim,, 00 7u(21, q) equals aBy(q,1). Furthermore

ag'’? 42

1) 1)
PROOF. By Definition 8.5, the coefficient ry(2n,q) = >} _, an—ibs. Notice that
1-1/¢¢ 1 2q + 1 1
1+2/¢ 1—u qlg+2) 1+u/(g+1)

en 1= [ru(2n,q) — aBuy(g,1)| < — O(q~ V72,

AU (Q7 u) =

Hence a,, = q2+2q + ¢,, where ¢, = (—1)"%. By Lemma 8.6, By(g, 1) converges.

Therefore

(16) ru(2n,q) — aBy(gq, 1) = Z(a+cn k)i —aZbk = ch bk —aZbk

k=0 k>0 k>n
We bound the terms on the right side of (16) as follows. Using (2¢+1)/(¢(g+2)) < 2/(q+1)
gives

el = (20 + D(g(a +2)(@+1)") 7 <2g+ 1) <27
Hence, by Lemma 8.6,

n

> crbur

k=0

20 2p
= —k/2 =
< Z gL gl k n/2+1 Z (1 — ¢ 12) T D22 — 1)

Similarly, from Lemma 8.6, we deduce that

OJZbk

k>n

af - aBq'/?
< OéZﬁq - (n+1)/2(1 o q_1/2> o q(n+1)/2<q1/2 I 1).

k>n

Substituting the previous two displayed equations into (16), and setting 5 = ¢/(q — 1),
gives

(0q" + 2)5 0q/? 42
2 —aB 1) < = .
ru(2n, ) — aBy(g, 1)] g2 (g2 = 1)~ ¢DR2(g—1)(¢V/2 - 1)
Therefore ry(2n,q) — aBy(g,1) as n — oo as claimed. O

We next record a technical lemma.
LEMMA 8.8. Let a,b € Rog such that b > 1 and ab < 1. Then (1 —a)® > 1 — ab.

PRrOOF. It suffices to show that blog(l — a) > log(l — ab). We use the expansion
log(1 —x) =—>°, a"/n, valid for 0 < 2 < 1. Notice that

1 b b?
blog(l—a)——ab—a2b(§+§+-~), log(l—ab)——ab—a2b(§+%—|—--->.

Since b > 1, it follows that a'v'™/(i + 2) > a'/(i + 2) for all 4, from which the result
follows. g
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q2_1 <1 2 )(1—1
p=—-—[1-— ,
¢ +2q q(qg+1)

let § =1—3/(4¢*), and let ,, be as in Theorem 8.7. Then pud — e, < ry(2n,q) < p+ &,.
In particular, ry(2,3) = 0.25, and 0.3433 < ry(2n,3) < 0.3795 forn > 2.

THEOREM &.9. Let

PrOOF. We first bound By(g,1). It follows from Definition 8.5 that

9 N(q,r) 2 N(q,1)
Bu(a.1) = <1_—> <(1__> |
ulg. 1) H q(¢"+1) q(g+1)

r > 1 odd

By Theorem 7.1, the upper bound above is v := (1 —2/(q(q + 1)))?~!. For a lower bound,
note that 1 —2/(¢"(¢" +1)) > 1 —2/¢*", and N(q,r) < ¢"/r by Lemma 7.2(i). Hence

2 N(q,r) 9 q/r
_ s > 1— = .
=0 1l ( "(q" +1)) > 11 ( q2’”)

r>3 odd

Lemma 8.8 with a = 2¢™2" and b = ¢"/r gives (1 — 2¢~2")7/" > 1 — 2/(rq"), and by

induction
2
>0 01 (1-5)=0 - ¥ &
r>3 odd r>3 odd
However,
2 1 1 2 1 3
> < Z - EN = <2
r r 2s 3 =2 3
r>3 odd " r>3 odd q r=0 even q 20 q Sq 1 q 46]

and so By(q,1) >~ (1 —3/(4¢%)). Setting 6 =1 — 3/(4¢®) and

-1 ( . 2 )q‘l
p=ay= —
(g +1) q(qg +1)
gives ud < aBy(q,1) < p. The main claim follows from Theorem 8.7. When ¢ = 3, this
becomes 0.3601 < aBy(3,1) < 0.3704.

Finally, we estimate ry(2n,3) for n > 3. We compute the values of ry(2n,q) directly
for n < 20, using the expression for Ry(q,u) given in (13), and we find that ry(0,¢q) and
ru(2,q) are as given, and that for n > 2 we can bound 0.3433 < ry(2n,q) < 0.3795.
Assume therefore that n > 21. For ¢ = 3, Theorem 8.7 simplifies to

2+ 19v3, oy
30

However, (27 + 19v/3)/30 < 2 and 3-(»=1/2 < 3710 and so
aBy(3,1) —2/3" < ry(2n,3) < aBy(3,1) +2/3'.
The bounds for n > 3 now follow from 0.3601 < aBy(3,1) < 0.3704. O

|ru(2n,3) —aBy(3,1)] <&, =
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9. Controlling the eigenspaces of inv(y)

We wish to estimate the proportion of pairs (¢,y) € Ay(2n, q) for which inv(y) induces
a strong involution on one of the t-eigenspaces. A central issue underpinning this is the
link between the eigenspaces of inv(y) and the characteristic polynomial of y (acting on
some U < V). Suppose that there is a y-invariant decomposition U = U* @ U~ such that

(a) the restriction y~ := y|y- has a certain 2-part order, say 27, and
(b) the restriction y* := y|y+ is guaranteed to have 2-part order strictly less than 25,

The e-eigenspace of inv(y)|y is U, and it is possible to detect whether conditions (a,b)
hold from the characteristic polynomial of y|. In Subsections 9.1 and 9.2 we introduce
functions Gyp(q,u), Rup(q,u) and Gy,(g,u), each related to Ry(q,u), for certain non-
negative integers b. These three functions will help detect these properties. We will see
that Gy (¢, u) counts pairs (t~,y~) for which the 2-part order of y~ equals 2°~!(¢* — 1)s,
while the pairs (¢7, y™) counted by Ry (g, u) are such that the 2-part order of y™ is less than
20=1(¢?> —1),. Thus properties (a) and (b) are determined by the characteristic polynomials
of y*.

The functions G\, (¢, u) and Ry(q, u) are therefore crucial. In particular we will need
lower bounds on the sizes of the coefficients of their power series. In Subsection 9.1 we define
functions Ty 4(q, u), for positive integers b, and prove that Ry (g, u) = Ry(q, u)Ty (g, u)™"
(Theorem 9.2). The 2-part orders of the roots will play a critical role. In Subsection 9.2,
we introduce a truncated version Fyy(q,u) of Gy (g, u) from which it is easier to deduce
lower bounds for the coefficients of Ga,b(% u). We also prove the fundamental Lemma 9.5
that links the number of pairs (¢,y) in Ay(2n,q), where y has a particular type of char-
acteristic polynomial, with products of certain coefficients of Ry;(q,u) and Gy ,(g,u). In
the remaining two technical subsections (9.3 and 9.4) we obtain the required lower bounds:
for the coefficients of Ty (g, w)™! (in 9.3), then for Ry (g, u) and Fy (g, u) (in 9.4). These
bounds are used in §10 to prove Theorem 1.

Our methods in this section are guided by the work of Dixon, Praeger and Seress in
[3], and we have used similar notation to facilitate comparisons between the two analyses.
However, the results of [3] unfortunately do not carry over without careful re-analysis.

We shall continue to assume that ¢ is an odd prime power.

9.1. Related functions Gy ;(q,u), Rys(q,vw) and Ty (g, v). Recall from Theorem 8.2
that Ry(q,u) = Sp(q,u)S(g,u). Recall also the relationships between the power series given
in Lemma 7.5. For each b > 0, we now define an infinite series Gy (g, u) = >, - 95(2n, ¢)u™
as follows. First define

Algr)
GU,O(Q>U) = Hr21 <1 + qr—l> Hr21 <
LN (g2 N~ ()
- SO(Q7U) Hr}l ( ) r>1 (1 + T+1) :

It follows from §8 that gg(2n,q)|GU2n(q)| is equal to the number of pairs (t,y) €
Ay(2n, q) for which each factor in the Ux-factorisation of ¢,(X) is of type A, B or C.

) q,7)+C(q,r)
(17)
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For the infinite product S(q,u) = Ry(q, u)/So(q, u), the terms are labelled by integers r
such that r = 2°~1m for some positive integers b, m with m odd. We henceforth abbreviate
“all odd integers m > 1”7 simply as “m odd”. For each b > 1, define

2bm D(Q72b71m)
u
(18) Gup(q,u) = H <1 + T—l) ;

m odd q

and so by Lemma 7.5

u2bm %M*(q272b71m)7%NN(qubilm)
H <1+q2bm—_1) fOl"b>1,

— m odd
Guslav) W2\ u2m O\ M@ m) =5 N (gm)
<1+q2—1) 11 (Hq?m—l) .
L m odd

It follows from §8 that for b > 1 the quantity [u"]Gus(q, u)|GUa,(g)|, that is to say,
av(2n, q) |GUs,(q)|, is equal to the number of pairs (t,y) € Ay(2n, q) for which each factor
in the Us-factorization of ¢,(X) is of type D, and each Ux-irreducible has four irreducible
factors over FF2 each of degree r = 2°~'m for some odd m. In particular, the Us-irreducible
polynomial g(X) has degree 4r = 2*"1m with m odd, and ws(g) < (¢*" 1)y = 2°71(¢®—1)s;
moreover a large fraction of these polynomials g(X) have ws(g) = (¢ — 1)y = 2°71(¢? — 1),
(see Definition 4.9 and Lemma 4.10).

For b > 1, we now define an ascending chain of subsets Ay (2n,q) of Ay(2n,q). Let
Ay p(2n,q) consist of those (¢,y) € Ay(2n, q) such that each Ux-irreducible factor g(X) of
¢, (X) is either of type A, B, or C, or is of type D and has the 2-part of its degree dividing 2°.
Thus in particular Ay ;(2n,q) contains only those (¢,y) where each Ux-irreducible factor
of ¢,(X) is of type A, B, or C; whilst Ay2(2n,q) also allows factors of type D, provided
that their degree is 4m for some odd m.

.

DEFINITION 9.1. For b > 1, let ry;(2n,q) = |Ayp(2n,q)| /|GUs,(q)| for n > 0, and let
rup(0,¢) = 1. We define Ry,(q,u) := > 7 rus(2n,q)u”, and for b > 1, set Ty(q, u) =
sz}b GU,k’(Q? U)

THEOREM 9.2. The power series Ry(q,w), and Gyp(q,w) (for b > 0), and Ry (g, w)
and Typ(q,w)™t (for b > 1) all converge absolutely and uniformly in the open disc |u] < 1.
In this disc,

o0 b—1
Ry(q,u) = HGU,b(Q>U)a Ruyp(q,u) = HGU,k(QaU) and Ryp(q, ) = Ry(q, u)Tup(g,u) "
b=0 k=0

PRrROOF. By Theorem 8.2, Ry(q,u) converges absolutely and uniformly in the disc |u| <
1. A similar argument shows that the Gy (g, u) converge absolutely and uniformly for
|u] < 1. Hence Ty 4(q, u) is also absolutely convergent for each b. Since convergent products
converge to nonzero limits, it follows that Ty (g, u) " is also absolutely convergent.
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From (12), we see that the terms of Ry(gq,u) are a permutation of the terms of
[1,20 Gup(g,w). The absolute convergence for |u| < 1 of each infinite expression in the
first displayed equality in the statement implies that this equality holds.

Next, let b > 1. Since 0 < ry,(2n,q) < ry(2n,q) for all n, Ry (g, u) converges abso-
lutely and uniformly for |u| < 1. It follows from the discussion after (18), and Definition 9.1,
that Ry (g, u) is a product of a permutation of the terms of HZ;B Gu (¢, u). The absolute
convergence for |u| < 1 of each infinite expression in the second displayed equality in the
statement implies the equality of these functions. The final equality is now immediate. [J

9.2. Truncations of the power series Gy;(q,u). For the definitions of the subset
D,, of Dy, and the quantity N (q,4r), see Definition 4.9.

DEFINITION 9.3. For b > 1, we ‘truncate’ the infinite product defined by (18) by
reducing the exponent of each term, and hence removing some of the factors. We set

Ny (
20m v
u
(19) Ub (¢, u E gu{,2nq || <1+q2bm_1>

n=0 m odd

q’2b+1m)

REMARK 9.4. For b > 1 the product expression for G ,(q,u) is a truncation of the
one for Gyy, because Dy, C Dy,.. For b = 1 notice that replacing the exponent D(g,m) in
(18) by the exponent N (g, 2m) either preserves or decreases exponents, even for the term
m = 1, as the exponent of (1 + q;‘—il) in Gya(q,u) is

(3/2) + M*(¢*,1)/2 = N™(¢;1)/2 = D(q,1) = (¢ — 1)*/4 > (¢* = 1)/8,
since ¢ > 3. Theorem 9.2 shows that each G;,(q, u) is absolutely convergent for |u| < 1.

We do not know the precise value of N (g,2"'m), but we found a lower bound for it
in Lemma 4.10(iii). Hence, rather than calculate G\, ,(q, u) it is simpler to compute

uzbm [1N(q2 ob 1m)“
(20) Fup(q,u Zbe 2n, qu" == ] <1+qum—_1> :

m odd

Our next result shows the important role that the coefficients of Ry (g, u) and G\, ,(q, u)
(and hence also of Fy(g,u)) play in estimating the proportion of pairs (¢,y) € Ay(2k, q)
with the properties (a) and (b) discussed at the beginning of this section.

LEMMA 9.5. Fizb> 1, letk > ¢ > 0 with k > 0, and let ap, := ry(2k—2¢,q) gy (24, q).
Then age|GUsak(q)| is equal to the number of pairs (t,y) € Ay(2k,q) such that the charac-
teristic polynomial c,(X) for y has the form ¢,(X) = ¢, (X)c; (X), where:

(i) ¢, (X) is the product of the Ux-irreducible factors g(X) of c,(X) which lie in the
set U, oad D,,1,,; so in particular each has degree with 2-part 2+ and satisfies
wy(g) = 2""'(¢* — 1)2. Furthermore, degc, (X) = 2.

(ii) ¢, (X) is a product of Ux-irreducible polynomials g(X) which are either not of type D
or have degree with 2-part dividing 2°, and satisfy ws(g) < 2°72(¢* — 1),.
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(iii) If € > 0 then inv(y) is of type (2k — 2¢,2¢).

(iv) 0 < Fup(q,u) < Gy ,lq,u), and if fup(2n,q) # 0 then 2 divides n.

(v) [u"|Fup(q,u) |GUsy(q)| is at most the number of pairs (t,y) in Ay(2n,q) such that
each Ux-irreducible factor g(X) of c,(X) satisfies wa(g) = 2°71(¢* — 1),.

PRrROOF. Recall that ry,(2k — 2¢, q)|GUax_2(q)| counts certain pairs (t,y) € Ay(2k —
20, q) (Definition 9.1). By Lemma 4.10(i)(ii), it follows from b > 2 that |y|, < 2°72(¢? —1),.
By construction, gy ,(2¢,q)|GUx(q)| is the number of pairs (t,y) € Ay(2(,q) such
that each Us-irreducible factor of c,(X) lies in {J,, ,g0 Dosr1,,- Such a y satisfies |ylo =
20=1(g% —1),, and the 2-part of the degree of each Us-irreducible factor is 2°+1. Notice that

’GU%(Q)’
|GUas—20(q) x GUa(q)|

By Lemma 6.2, to count the pairs (t,y) € Ay(2k,q) with decomposition ¢,(X) =
¢, (X)c}(X) satisfying (i) and (i), we can first count the number of decompositions of V/
as U L W with U and W non-degenerate, and dim(U) = 2k — 2¢: this is

|GUas(q)]

’GU21<72€(Q) X GU%(Q)‘.

We then multiply by the number of possible actions of t|;y and y|y such that all Usx-
irreducible factors of y are of type A, B or C, or of type D with 2-part of the degree at
most 2°: this is exactly 7y 5 (2k—20)|GUar—2(q)|. Finally we multiply by g ,(2¢, ¢)|GUs(q)|
for the number of choices of t|y and y|y that ensure that each irreducible factor g(X) of
¢yl (X) lies in D, for some odd m. Parts (i) and (ii) now follow immediately.

For Part (iii), notice that by Part (i), wa(c, (X)) = 2"7'(¢* — 1), whilst by Part (ii),
wy(cf (X)) < 2°7%(¢* — 1)2. Hence if £ > 0 then inv(y) has (—1)-eigenspace of dimension
deg(c, ) = 2¢, and inv(y) has type (2k — 2/, 2¢).

For Part (iv) it is immediate from (20) that each coeflicient fy(2n,q) of Fyu(q,u) is
non-negative, and from Lemma 4.10(iii) that gj,(2n,q) > fus(2n,q) for all n. For the
final claim, notice that if fy;(2n,q) > 0 then gy ,(2n,q) > 0, and so, as argued for Part
(i) above, there exists (t,y) € Ay(2n, q) such that each Ux-irreducible factor of ¢,(X) has
degree divisible by 2**'. Hence in particular 2°*! divides 2n, and the result follows.

Part (v) now follows from Part (iv) and the proof of Part (i). O

are|GUak (q)] = 1up(2k — 20, q)[GUak—20(q)| - 9y,(2¢, 4)|GU2(q)] -

9.3. Bounding the coefficients of Ty (g, u) . Recall the power series Ty ,(q,u),
see Definition 9.1. We will use the bounds derived for ry(2n,¢) in Theorem 8.9, together
with bounds we shall derive in this subsection for the coefficients of Ty (g, )™, to obtain
bounds for the coefficients of Ry ;(q, ). It will suffice to consider only b > 3. Now

ka —D(q,2%=m) 0 - —D(q,2°='m)
u
(21) Tup(q,u) HH ( 1) ZH(qubm—_l)
m=1

k=bmodd

where the second rearrangement is permissible in the disc |u| < 1 due to Theorem 9.2.
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Fix a value of b > 3 and define d := 2, U := «* and Q := ¢*". We will now bound the
coefficients t,, := [U"]Ty(U) of the power series Ty (U), where

00 gm N\ ~Pladm/2)
(22) 1-Ty(U) =[] (1+Qm_1) .

However, we will need to take a somewhat indirect route to do so.

m=1

LEMMA 9.6. Assume that b > 3, that is, d > 8, and define

= anU" = —log (1 —Ty(U)) + ﬁlog(l - U).
n=0

(i) Tu(U) and Wy(U) are absolutely and uniformly convergent in the open disc |U| < 1.
(ii) In this disc, 1 —Ty(U) = Ty (g, u)™*
(iii) wo = 0, and |w,| < 2d"'n=H(Q — 1)™™2 for alln > 1.

PROOF. (i) Notice that the product in (22) converges absolutely and uniformly if and

only if the product J[%_, (14 U™/(Q™ — 1)))?@*/%) does so too. By [4, Lemma 1.3.1],
this happens if and only if Y~ D(q,dm/2)|U™|/(Q™ — 1) converges absolutely and uni-
formly. By Lemma 7.7(ii), D(q,dm/2) < (¢"™ —1)/2dm < Q™ /2dm, so the result follows.

(i) This is now immediate from (21) and (22).

(iii) We follow the same strategy (but with Wy(U) in place of W (U)) as in the proof of
[3, Lemma 4.2], to write Wy (U) = Wy 1(U) + Wy2(U) where

Wy1(U) := mZ:l {D(q,dm/2)Q£{Wi 2dm} Zwln ,
Wisa(U) = 3 S (-1 Dlg.dm/ 2 Zwm ,

Notice that wy = 0. In order to treat the w; ,, we use Lemma 7.7(iii) to get

D(q,dm/2) gt _ U <1_77(q,dm/2))

Qm—1 2dm Qm/2 4+ 1
where 1 —2Q~™/3 < (g, 2¢) < 2.2. Thus for all n > 1,
| = D(g.dn/2) 1 | | —nlg.dn/2) | _ 1 22 _LUQ- 1)~n/2
PO =1 2dn| T [2dn(Q 2+ 1) T 2dn QM2 41 dn ‘

Since D(q,dm/2) < (Q™—1)/2dm, we can mimic the proof of [3, Lemma 4.2] to deduce
that

|wan| < (2dn)H(Q — 1) (1= (Q — 1)) ™" < (2dn)~'1.0002(Q — 1)"2.

Hence |w,| < [win| + |wa,| < 2d7'n~1(Q — 1)7™/2 for all n > 1 as required. O
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Let Wy(U) be as in Lemma 9.6, and let E(U) := exp(=Wy(U)) —1=>""", e,U". Let
hU) = S0, hiU*, say, be the series for 1 — (1 — U)"**. Then

(23) 1-Ty(U) =0 -U)Y* 1+ EU)) = (1-hU)) 1+ EWU)).

Comparing (23) with [3, Equation (13)], we see that replacing d by 2d in the discussion in
[3], we may deduce from [3, Equation (14)] that for k£ > 2

—(1+ logk)
24 1> 2dkh, > — .
(24) > exp ( .
We use this to estimate the values of the coefficients e,, and t;.

LEMMA 9 7. Let d=2">8, and let v = (1 +d~1)(Q — 1)~ V2.
(i) len| < 57" for alln > 1. In particular, v < 0.014 and d |e;| < 0.025.
(i) dkty < O 5065 for k > 1, whenever dk < e¥/?,

PROOF. (i) Lemma 9.6 shows that |w,| < 2d71(Q — 1)_"/2 for alln > 1. Let g =
(Q —1)7%2 and o = 2d7'B, so that |w,| < af" ' foralln > 1, and v := o/2+ 3 =
(1+d M) (Q - 1)_1/2 < 1. Thus [3, Lemma 3.4] applies to —Wy(U) with this o and /3, and
yields |en| <ayvl = Hdv“ for all n > 1. From ¢? > 3% we see that v < 0.014, and that

dles| < £5y =2(Q —1)71/2 < 0.025.

(ii) The proof is similar to that of the upper bound in [3, Lemma 4.4, and we only give
the necessary details. First let k& = 1. From (22) we see that t; = D(q,d/2)(¢? —1)"! =
0.5d~*(¢%? —1)/(¢%? + 1) by Lemma 7.7(i), and so ¢; < 0.5d*. Suppose therefore that
k> 2.

Equations (23) and (24) show that t, = hy — e + Zf;ll ex_ih; and 0 < hy < 1. Thus
Part (i) gives

k—1
ek, 1 1 i
tr — hr < —ek—l—g 1+d{’yk+ﬁg ;’yk }fork>2
i=1

where v < 1.125(¢? — 1)71/2. Hence dkvy < 1.125¢*(3% — 1)~1/2 < 0.759.
Part (i) yields (1 — )2 < 1.0295. Hence, as in the proof of [3, Lemma 4.4],

s
ty — hy <

2 k g —27.-1
< 3.577vd “k™".
1+az<7 +20[(/@:—1)(1—7)2) Y
Since 3.577vd~' < 0.0065 we have t;, — hy < 0.0065d 'k~! for 2 < k < e¥?d™'. It is
immediate from (24) that dkh; < 0.5, so we conclude that dkt, = dk(tx — hy) + dkhy, <
0.5065 for 2 < k < e¥2d~', as required. O

9.4. Bounding the coefficients of Ry,(¢,u) and Fyu(q,u). Recall from Defini-
tions 8.1 and 9.1 that Ry(q,u) = Y o~ ru(2n,q)u™ and Ryy(q,u) = > " rus(2n, ¢)u”
We now prove a lower bound on the coefficients ry ,(2n, ¢), provided that n is not too large.

LEMMA 9.8. Forallb>1, 0 K Ru(S,U) < Ru(q, U) and 0 < RUJ,(?),U) < Rugb(q, u)
Furthermore, for b > 2, Ryy—1(3,u) < Ryp(3,u).
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PROOF. First we claim that 0 < Gyo(3,u) < Guo(gq,u). Recall (17). From Theo-
rem 7.1 we find that N*(¢*,1) = 2 and N~(q,1) = ¢+ 1, and so

U q_2 ur %N* (q2,7”) ur N™ (Q7T)
G Ju) =1+ 1+ 1+ .
volg,u) < q+1> H< qr—l) 1:[2< q“rl)

r>=2

It is clear that 0 < (14 33%7)*7% < (1 + qT‘Ll)q_Q, so consider next the rth term of the first
infinite product. Since %N *(¢*,r) = A(g,r) counts certain polynomials over Fp, it is an
integer, and so it follows from Lemma 7.8(ii) and [3, Lemma 3.1] (with N = 1N*(3%,r),

M =IN*(g®r),a= (¢ —1)"tand b= (3" —1)7!) that

)
N AN*(32r) roo\ 3NV (@)
U 2 U 2
0 1 1
<<(+3T_1> <<(+qr_1>

for all » > 1. Next consider the rth term of the second infinite product. As in the previous
paragraph, from Lemma 7.8(iii) and [3, Lemma 3.1] we deduce that

ur N~(3,7) o N~(q,r)
0« |1 < |1+ .
(v55s)  <(+i)

The claim now follows by multiplying all of these terms together.
Now we claim that 0 < Gy (3, u) < Gup(g,u) for b > 1. This follows for all m > 1
from (18), Lemma 7.8(i) and [3, Lemma 3.1]:

- u2m D(3,m) (14 u2m D(gq,m)
32m _ ] q2m -1 '

Now we prove the lemma. For the first two bounds on Ry(3,u) and Ry (3, u), recall
that Ry(q,u) = [[2y Gup(q,v), and Ryy(q,u) = HZ;% Gu (g, u), so the results follow
immediately from the bounds on Gy (3, u).

The final bound follows from noting that Ry (3, u) = Ruyp-1(3, )Gy p-1(3,u), and that
Gup—1(3,u) is a power series with non-negative coeflicients and constant term 1. Il

LEMMA 9.9. Let b >3 and d = 2°. Then ry4(2n,q) > 0.247 for all n < e¥/2.

PROOF. The proof of this lemma is similar to that of [3, Lemma 4.5], so we indicate
only the relevant earlier results. By Lemma 9.8, we may assume that ¢ = 3. The values of
rus(2n,3) for 1 < n < 24 may be computed: they are all at least 0.25. Lemma 9.8 then
shows that if b > 3 then ry,(2n,3) > ry3(2n,3) > 0.25 > 0.247 for all n < 24.

Hence, using Lemma 9.8, it suffices to show that 7y 4(2n,3) > 0.247 for each consecutive
b, and n in the range 3- 2" <n < e? . Using (21) and (22), and setting ko = |n/d] > 3,
we get 1y p(2n,3) = ru(2n,3) — 301 ap, TU(2(n — kd), 3)ty.

Using Theorem 8.9 in place of [3, Lemma 4.1], we deduce that ry(2n,3) > 0.3433 for
n > d; ry(2(n — kod),3) < 1; and ry(2(n — kd),3) < 0.3795 for 1 < k < kg — 1. Since
kdt, < 0.5065 for all k such that dk < e¥? by Lemma 9.7, we proceed as in the proof
of [3, Lemma 4.5, but with (0.3433,0.5065,0.3795) in place of (0.4346,1.02,0.4543), to
deduce that ry,(2n,3) > 0.3433 — 0.5065 - 0.3795/2 > 0.247. O
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Finally, we find a lower bound for certain coefficients of Fy;(q,u). Setting b > 3,
d:=2">8,U=uand Q = ¢%, (20) becomes

um (%N(qz,mdﬂ)—l
Fuplq.u) = F(U) = [] <1 + om — 1) :
m odd

Recall from Lemma 9.5(v) that [u"]Fy,(q, u) |GUs,(q)] is a lower bound on the number
of pairs (t,y) € Ay(2n,q) such that the 2-part of the order of each eigenvalue of y is
2b71(q2 — ].)2

LEMMA 9.10. Assume b >3, sod=2">8. Then for all k such that kd < ed/?
fus(2dk,q) = [UMF,(U) = 0.2117d" k.

The proof of this lemma is almost identical to that of [3, Lemma 4.6], and so is omitted.
To see why these proofs are equivalent, notice that in [3] the exponent of the mth term in
the infinite product for F,(q,u) is [N(q, md)/4], and the bounds
md __ md md __
N(q,md) > (@™ —2¢™) . Nlgmd) S 0.956(¢™" — 1)
4 dmd 4 dmd
are used. Our exponent is N(¢* md/2)/8, and Lemma 7.2(i) gives
N 2 md md 2 ) md
(g%, md/2) S 2™ —2¢™) o N(¢'md/2) 2x0.956(¢™ 1)
8 8md 8 8md

for md/2 > 5. It is not hard to find an equivalent bound when md/2 = 4. Notice also that
the assumption that & is odd in [3, Lemma 4.6] is unnecessary.

10. Proof of Theorem 1

DEFINITION 10.1. Suppose that 0 < o < § < 1, and let Jy(2m, q; «, 3) be the set of
all (t,y) € Ay(2m,q) for which inv(y) is (a, §)-balanced. Set

(25) jU(2m7 q; &, /8) = ’JU(2m7 q; &, 5)‘ / |GU2m(q)| :

DEFINITION 10.2. For 0 < a < < 1land b > 1, let Fyp(q, u;m(l — B),m(1 —«)) be
the truncated power series obtained from Fy(q,u) = > pey fus(2°7k, q)quk by keeping
only the terms fy,(2°+'k, ¢)u®"* for which m(1 — ) < 2%k < m(1 — ).

LEMMA 10.3. Fizm >0, and let 0 < a < < 1. Then

Ju@m, g, B) = [  Rus(g,u)Fuu(g, uym(l = B),m(1 - ).
b=2
PROOF. If ¢,(X) € Iy(2m,q) is the characteristic polynomial for y and ¢, (X) is
the polynomial as in Lemma 9.5, then by Lemma 9.5(iii), inv(y) has (—1)-eigenspace
of dimension degc, (X), and so inv(y) is («,)-balanced if and only if 2m(1 — 3) <
degc, (X) < 2m(1 — a). It follows from Lemma 9.5 that we may bound jy(2m, ¢; o, 3)
by summing the coefficients of u™z* in the power series Ry(q, u)Fys(q, uz), over b > 1,
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and over ¢ in the range [m(1 — ), m(1 — «)] (and we recall that non-zero summands in
Fup(q,uz) =300 fus(20, q)(uz)" occur only if 2° divides £). O

LEMMA 10.4. Let a,c be real with 0 < a < c¢. Then

1 c 1
Z —>log<—> - —.
k a a
a<k<c, keZ
PROOF. The proof is similar to that of [3, Lemma 3.8], so we only sketch the details.
Each non-negative integer ¢ satisfies 1/¢ > f“ x-'dz. Set ly := [a] and ¢; := |c|. The
sum in question equals

4 0141 c
1 1
g - = / e > / z 'dx = log <E> —log (f_o) .
=Ly E Lo Lo a a

From ¢,/a < 1+1/a we deduce that log ({y/a) < 1/a, so the required inequality follows. [

LEMMA 10.5. Let b > 3 and d := 2°. Then for all a and B with 0 < a < B < 1 and
positive integers m < e/?,

: ) 0.05228 -« d

PrROOF. We mimic the proof of [3, Lemma 5.1]. First we use Lemma 9.10 bounding
fup(2dk,q) > 0.2117/dk in place of their Lemma 4.6. Next, we use Lemma 9.5(iv) to see
that if fy,(2n,q) # 0 then n = dk for some k. We let s be the sum of the coefficients of
Fy (g, u) for terms with degrees between m(1— /) and m(1—«). We then use Lemma 10.4,
Lemma 9.9 and Lemma 10.3 to see that jy(2m, ¢; o, §) = 0.247 s, so the result follows. [

DEFINITION 10.6. Let

o(n,s,q;a, B) = |Lu(n, s, ¢ v, B)| / | Ku |
be the proportion of pairs in Ky ¢ X Ky ¢ which lie in Ly(n, s, q; o, 8) (as in Definition 3.3).
We define

m

(26) pu(m,z) = [[(1 = (=1)'z7"), for > 1 and m € N

i=1
and note that |GU,,(q)| = ¢" pu(m, q).
LEMMA 10.7. Let 2n/3 > s > n/2 > 2, let ju(2n — 2s,q; o, B) be as in (25), and let

SOU(n - S,Q)QSOU(SNJ)Q
eu(n, q)pu(2s —n,q)

Then EU(nﬂsa(J; CY,B) = 9(”757Q)jU(2n_ stq;aaﬁ)a and 9(”757Q) > %

0(n,s,q) =
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PROOF. For the main claim, we mimic the proof of [3, Lemma 5.3], but modify to count
decompositions into non-degenerate unitary subspaces. Let h := 2s —n, and let 2y be the
set of pairs (V1, V2) of non-degenerate subspaces of V, of dimensions h,n — h respectively,
such that Vit = V5. Then for each (V},V5) € Qu, and each (ty,12) € Ay(n — h,q) acting
on V5 such that inv(ys) is (o, §)-balanced, there is (see Lemma 2.9) a unique pair (¢,t’) of
involutions in GU,(q) such that tjv, = t, t}y, = taya, and tjy; = [y, = I. It follows from
Definition 3.3 and [3, Lemma 2.2] that (¢,t') € Ly(n, s, q; «, 5).

Conversely, for each (¢,t') € Ly(n, s, q; a, 5), relative to Vi, V5 as in Definition 3.3, the
pair (¢, tt)y,) € Ay(n — h,q). Thus by (25) and Definition 10.6, we conclude that

tu(n, s, q;a, B) = Q| |CGUn_n(q)| ju(n — h,q;a, B)/ | Kyl

Using the obvious expressions for |(2y| and |Ky 4|, and recalling from (26) that |GU,(¢)| =
¢" pu(n, q), we obtain the expression for f(n, s, q) given in the statement.
To prove that 6(n, s, q) > 81/98, we use [13]. For 1 < k < n,1 < r <n, define

Q(k,n; —q) := H(l —(=q)™) and A(r,n; —q) := o r ?;)1;{;1—7:1)_ _—

i—k
so that (noting 2s —n < n/3 by assumption), 8(n, s, q) = Q(2s—n+1,n; —q)/A(s,n; —q)>.
By [13, Lemma 3.2(b)], A(s,n; —q) is less than 1 if s is odd and less than 28/27 if s is even.
Since s < n, it follows from [13, Lemma 3.2(a)] that (2s —n+1, n; —q) is greater than 1 if

n is even and greater than 1 — ¢~ %"~ > 8/9 if n is odd. Hence (n, s, q) > (;—g)z (3). O

ProoOF OoF THEOREM 1. We shall prove this theorem first for uniformly distributed
random elements of GU,,(¢q), then generalise to nearly uniformly distributed elements.

Let ¢ be a strong involution in GU,,(¢q). Then ¢ is (1/3,2/3)-balanced and so is of type
(s,n —s) with n/3 < s < 2n/3. We claim that it is enough to consider the case where
s = n/2. Indeed, if s < n/2, then —t is a strong involution in GU,(q) of type (n — s, s)
with n—s > n/2, and since (—t)(—t9) = 19 for all g € GU,,(¢q) the value of z(g) := inv(t9)
is unchanged. Thus by replacing t by —t where necessary, we assume for the rest of this
proof that n/2 < s < 2n/3.

(i) Let Ky be the conjugacy class of ¢ in GU,(q), that is, the set of involutions of type
(s,n — s), and let my be the probability that, for a random g € GU,(q), the restriction
of inv(tt9) to E(t) is (1/3,2/3)-balanced. Now 7, is independent of the choice of ¢ in
Kys. A straightforward counting argument shows that 7 is equal to the proportion of
(t,t') € Ky, x Ky, such that the restriction of inv(¢t') to E.(t) is (1/3,2/3)-balanced.

If we choose av and (3 as in Lemma 3.5, we see from Lemma 3.5(ii) that the restriction of
inv(tt') to E4(t) is (1/3,2/3)-balanced whenever (t,t') € Ly(n, s, q; o, B). It is immediate
from Definition 10.6 that 7 > fy(n, s, q; a, 5).

We now find x and ng such that fy(n,s,qa,8) = k/logn for all n > ng. Suppose
that n > e*, or equivalently, that n > 54. Then there exists a unique b > 4 such that
20=2 < logn < 2°71, or equivalently, setting d := 2°, n satisfies e¥/* < n < e¥2. Thus the
conditions of Lemma 10.5 hold with m = n — s < %2, and hence
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@) - e ) > S (s (125) - ey )

Using the definitions of o and 8 from Lemma 3.5, we first deduce that
s s_n
(”—5)(1—5):(n—5)m:§ Z 5
so that 1/((n — s)(1 — B)) < 6/n. We also see that
1—_a_{ 2 if n/2 <s<3n/5
1-5 3(n—s)/s if3n/5<s<2n/3,
which implies that log ((1 — a)/(1 — 8)) > log3/2 > 0.4054. Substituting into (27) we get
Ju2(n —s),q;a, B) = 0.05228d " (0.4054 — 6d/n) = 0.05228 (0.4054/d — 6/n),

so let (1(n,d) = 0.05228 (0.4054/d — 6/n). Elementary calculus shows that (;(n,d)logn
increases with n, for fixed d > 0 and n > 3. First consider b = 4 (so 54 = |e¢*| < n <
2980 = [e®]). Since (1(250,16)log 250 > 0.0003, we have (;(n, 16)logn > 0.0003 for all
n > 250. Conversely, when b > 5, d := 2" and e?/* < n < e¥/2,

d/n < e ¥*d < 32¢7® < 0.01074 and logn > d/4.

Thus
C1(n,d)logn > 0.05228d " - (0.4054 — 6 - 0.01074) - d/4 > 0.0044

in this case. Hence jy(2(n — s),q;«, 8) > 0.0003/(logn) holds for all n > 250. Finally,
applying Lemma 10.7, for all n > 150

T+ 2 gU(”v 37(];04,5) - 9(n,s,q)ju(n - h’aqvaa@)
> (81/98) x 0.0003/logn > 0.0002/ log n.

This proves (i) with ny = 150 and x = 0.0002, for uniformly distributed random elements.

The proof of Part (ii) is similar. We take o = 1/3 and § = 2/3 since Lemma 3.5 (ii)
shows that zy, is of type (2ky,2k_) and zp_q) is of type (ky,k_) so the former is strong
exactly when the latter is. We make a similar estimate using Lemma 10.5 for jy(2(n —
s),q;1/3,2/3) (noting that now 1/((n — s)(1 — 3)) = 3/(n —s) < 9/n). This shows that,
for all n > 250, and d chosen as the power of 2 such that e¥/* < n < e#/?

ju(2(n —s),q;1/3,2/3) > 0.05228d *(log 2 — 9d/n) = (z(n, d), say.

We calculate that (»(250, 16) log 250 > 0.00211 and hence ((n, 16)logn > 0.00211 for
n > 250. Furthermore an argument similar to the one above shows that if b > 5 and
et < m < e¥? then

0.05228

d
C2(n,d)logn > (log2 —9 x 0.01074)1 > 0.0077.

Hence for all n > 250, we get jy(2(n —s),q;1/3,2/3) > 0.00211/log n and so

P
7 > ly(n,s,q:1/3,2/3) > (81/98)0.00211/ log n > 0.00174/ log n.
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This proves (ii) with ng = 250 and x = 0.0017, and thus completes the proof of Theorem 1
with ng = 250 and x = 0.0002, for uniformly distributed random elements.

For nearly uniformly distributed random elements g of G, let 7, be the probability that
the restriction of inv(¢t9) to E,(t) is (1/3,2/3)-balanced. It follows from Definition 1.2
that 7, > ly(n, s, q; o, B)/2. The rest of the proof follows as before, but the final value of
k is halved. The argument for 7_ is similar. O

11. Proofs of remaining main theorems

11.1. Proof of Theorems 2 and 3. Before proving Theorem 2, we give a lemma
which reduces the problem to proving the result for uniform distributions.

LEMMA 11.1. Let X be a nearly uniform random variable on a finite group G. Let'Y
be the results of three independent trials. Then P(g € Y) > 1/|G| for all g € G.

PROOF. The result is trivially true if |G| = 1. Suppose now that |G| > 2. By definition
of nearly uniform, P(X = g) > p where p = 1/(2|G|). Then

PlggY)=(1-P(X =9)°<(1-p)’soP(ge¥)>3p=3p"+p’=2p+p(1-3p+p?).
However, 0 < p < (3—+/5)/2as |G| > 2,s01-3p+p*> >0andP(g € Y) > 2p=1/|G|. O

DEFINITION 11.2. (See [13]). Let H be a group, and let H = (Cy,...,C.) be a sequence
of conjugacy classes of H. A c-tuple (hy,..., h.) is a class-random sequence from H if h;
is a uniformly distributed random element of C; for all ¢, and the h; are independent.

PrROOF OF THEOREM 2. By Lemma 11.1, it suffices to prove the theorem for uniform
random elements. We first consider G = GU,,(q), and address GL,,(¢q) at the end.

Let V. = E.(t) for € € {+,—}. We construct involutions inv(¢t?) which have determi-
nant 1 and hence lie in SU,,(¢). However their restrictions inv(¢t9)|y, are guaranteed to lie
only in the subgroup SU(V).2 of GU(V.) consisting of elements with determinant +1.

We shall now choose an nq, as in the statement of the theorem, and then show that
the result holds for all n > n;. Let x and ny be as in Theorem 1. In [13, Theorem
1.1] it is shown that there exist constants ¢ and ny such that for ¢ > ny and for every
sequence H of ¢ conjugacy classes of strong involutions of SU,(q).2, a class-random sequence
from H generates a group containing SU,(q) with probability at least 1 — ¢=*. We let
ny = max{3ng, no}.

By Theorem 1, since n > ny > ng, the probability that a sequence of N = [~ logn]
random elements g do not produce at least one strong involution inv(¢t9)|y, and at least
one strong involution inv(¢t9)[y_ is at most

K N 1N
1— <[(1—-= -1
(n) <(-w) =

Let m € Z. Then the probability that m/N random elements g do not produce at least
one strong involution inv(tt9)|y, and at least one strong involution inv(¢t9)|y_ is at most
e < (3/8)™. This can be made as small as required, by choosing m sufficiently large.
Furthermore, each such strong involution inv(¢t9)|y. is class-random in SU(V%).2.
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We now define the sequence A and constant A from the statement of the theorem. The
sequence A will be thought of as the concatenation of three disjoint subsequences, A, A_
and B, and will have total length [Alogn]. The constant A\ > 0 is chosen such that, with
(combined) probability at least 0.9, all of the following three independent events occur:
(i) the subsequence A, contains at least ¢ elements g such that inv(¢t9)|y, is a strong
involution; (ii) the subsequence A_ contains at least ¢ elements g such that inv(¢t9)]y._ is a
strong involution; (iii) the subsequence B contains at least one g € G such that z = inv(¢t9)
is an additional strong involution on V. Assume now that all three of these events occur.

Let s = dim(V,), so that dim(V_) = n —s. Let K; = (inv(tt9) | ¢ € Ay), and
Ky = (inv(tt?) | g € A_). Set K = (K3, Ky) and H = (inv(tt9) | g € A), so that

K < H < (SUs(q) x SU,—5(q)) 2 < CGUn(Q)(t)

where (SUs(q) x SU,—5(¢)).2 = SU,(¢) N (SUs(q).2 x SU,—s(q).2).

Since t is a strong involution in GU,(q), and n > ny > 3ny, both dim(V,) = s >
n/3 = ny and dim(V_) = n — s = n/3 > ny. It therefore follows from [13, Theorem 1.1]
that P(K |y, contains SU(V,)) > 1—¢~*, and independently P(K>|y_ contains SU(V_)) >
1 — ¢~ "%, Hence the probability that both K|y, > SU(V,) and K|y, > SU(V_) is at
least (1—¢~*)(1—¢~ ™)), and since this expression is increasing as s goes from n/3 to n/2,
this probability is at least 1—¢~"/®—¢=2"/3+¢". Suppose then that both K|y, > SU(V,)
and K|y > SU(V_).

If s # n/2 then every subdirect subgroup of SU(q) x SU,,_s(q) is the full direct product,
and therefore K, and hence also H, contains SU(q) X SU,,_s(q). Suppose now that s = n/2.
We show that, with high probability, in this case also H contains SU,/(q) x SU,/2(q).
Suppose that K does not contain SU, 2(q) x SU,/2(q). Then K = K|y, = SU,(q) or
SU,/2(¢).2, and K is a diagonal subgroup of K|y, x K|y, with isomorphism ¢ : K|y, —
Kly_.

Recall the element z defined by the final subsequence B of A. Let zy = z|y, and
z_ = z|y_, so that z, is a strong involution on V,, with 1-eigenspace of dimension a and
(—1)-eigenspace of dimension b, where (1/3)(n/2) < a < (2/3)(n/2) and a+b=n/2. If H
is also a diagonal subgroup of H|y, x H|y_ then ¢ naturally extends to H|y, , and ¢(z;) =
z_. Hence z_ acting on V_ also has (£1)-eigenspaces of dimensions a, b, respectively. As
we noted in the Introduction, z is a uniformly distributed random element of its conjugacy
class C in Cq(t) = Cqu,(g)(t), and the members of C are elements 2" such that 2’|y, , 2[v_
are GU, »(q)-conjugate to z;,z_ respectively. In particular, for a given z, = 2|y, , each
element of the GU,, »(q)-conjugacy class of z_ would occur as z|y_ with equal probability
(which we show is very small). Using [13, Table 4], the GU, (¢)-conjugacy class of z_
has size

‘GU”/2(q)‘ > 3 (n/2)%2—a?—b> _ gq&zb > 2 n2/9'

|GU,(q) x GUy(q)| = 16 16
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Hence P(z]y. = ¢(z)) < (16/9)g~™/?. Drawing everything together, P(H contains
SU,/2(q) x SU,,/2(q)) is greater than

16 s o
0.9(1 =g =g g )1 = g ) > 0.9(1 = g7 = g7

where we increase n; if necessary so that the final inequality holds.

For GL,(q), [3, Theorem 1.1] states a similar result to our Theorem 1 for uniformly
distributed random elements. An argument identical to the final paragraph of our proof of
Theorem 1 upgrades [3, Theorem 1.1] to nearly uniformly random elements, and then the
remainder of the proof is identical, but with linear groups in place of unitary groups. [J

PROOF OF THEOREM 3. By [9, Theorem 1.1], there exists an absolute constant ¢ such
that P(g powers to a strong involution) > ¢/logn, for g a uniformly distributed random
element of GG. So there exists a constant ; such that ¢; logn independent uniform random
elements suffice to produce such a strong involution ¢ with probability at least 0.89/0.9.
We first run this random process to produce such a t.

For n > ny, we now apply Theorem 2, with this known strong involution ¢, to see that
a further Alogn random elements of G will suffice to produce generators for a subgroup of
Cg(t) that contains the last term, C¢(£)>°, in the derived series of C(t). This step succeeds
with probability at least 0.9(1 — ¢=™/3 — ¢=2"/3). Thus we set y; = d; + A, to get that the
overall probability of success in this case is at least (0.89/0.9) - 0.9(1 — ¢~ /3 — ¢~2"/3).

Assume instead therefore that n < ny. By [12, Theorem 2|, there is a positive constant
a such that if ¢; is any involution in G, then the proportion of ordered pairs (t1,t]) such
that ¢1¢{ has odd order is bounded below by an~™!. We set t; to be our known strong
involution ¢. If t#9 has odd order 2k + 1, then g[t, g]* is a uniformly distributed random
element of Ci(t) (see [2, Theorem 3.1]). Since the probability that two random elements of
S = SL,,(q) or SU,,,(q) generate S is greater than 1/2 (see [10, Theorem 1.1]), reasoning as
in the case n > nq, there is a constant d, such that if A is a sequence of d5 logn uniformly
distributed random elements g € G then the probability that (R(g,t) | ¢ € A) contains
Cg(t)™® is greater than 0.9(1 — ¢~™/3 — ¢®*/3). We therefore may set uy = &, + 0y to get
that the overall probability of success in this case is at least 0.89(1 — ¢~™/3 — ¢*"/3).

Finally, we set p = max{s, 2}, and the result follows. O

11.2. Proof of Theorem 5. The proof of the following lemma is similar to that of
[14, Lemma 4.1(b)]. We assume that the Gram matrix of the unitary form is the identity
matrix. Recall (26). We let py(2) = limy,—00 @u(m, z), and define ¢y(0, z) = 1.

LEMMA 11.3. Let ®y(m, q) = ou(m, q)*/pu(2m,q). Then for m > 1, wy(2m,q) equals
TU<2m7 q)(I)U(ma Q>7 and
(1 _ (_1)m+1q7m71)2
(L+g2mH)(L+q71)

wu(m,q)*pu(m+1,q)?
(1+1/9)eu(2m+1,q)

Ly (2m + 17 Q) =l (Qm) q) = TU<2m7 Q)
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PROOF. First let n = 2m be even, and let x € Cy(V) (see Definition 1.4). Then
ICo(V)| = |GU2m(q)] - [GUm(q)| 7. Hence, by (1),

M)l _ Ay
ICu(V)[2 |Cu(V)[?
GUn ()"
W = TU(2m7Q)

9 4
(qm wu(m&))
g py(2m, q)
= ry(2m, q)®y(m, q).

Now let n = 2m+1 be odd. Then |Cy(V)| = |GUapm+1(q)|/(|GUsn(q)|- |GUp11(q)]). Let
(z,2') € Iy(V), asin (1), and y = z2’. By [14, Lemma 3.1(b)], ged(c,(X), X?—1) = X -1,
and x and 2’ both negate the 1-dimensional fixed point space V. of y. The element y, and
hence also the pair (x,z’), determine a decomposition of V' as in (9), which we can write
as V =V, L Vi, where Vj is the sum of the V; for f of Type A, B, C and D. We define
xo = x|y, and yo = Y|y, and note that since V4 is non-degenerate, xo, yo € GU (V) and so
in particular (zo, o) € Ay(Vo).

Conversely, the decomposition V' = V; L V4, together with the pair (g, o), uniquely
determines (x,y) and hence also (z,2’), because (i) x negates Vi, so © = —Iy, & x¢; and
(ii) y fixes V4, so y = Iy, & yo.

Thus [Iy(V)] is equal to |Ay(Vo)| = |Au(2m, ¢)| times the number of decompositions of
V' as an orthogonal direct sum of a non-degenerate 2m-space and a non-degenerate 1-space.
The orbit-stabiliser theorem then yields

) [GUsmei ()
ICOV)[2 |GUL(g)] - [GUsm(q)|

|GUm(Q)|2 ) |GUm+1(Q)|2
(g +1)[GUgps1(q)]

(qm2wu(m, Q)) : (q(m+1’290u(m +1, q))
(g + 1)g@mtD)? oy (2m + 1, q)

pu(m, q)’pu(m + 1, q)°
(1+1/q)pu(2m+1,q)

Ceu(2m,q) pu(m, g)*pu(m +1,q)°

pu(m, )t (1+1/q)pu(2m+1,q)

(1= (=1)mHtgm-1)?

(I+g 2 H(l+qg1)

(by Lemma 2.9)

1GUnm(g)/*
|GU2m(Q)|

Ly <2m7 Q)

= [Ay(V)] (by Definition 8.1)

Pu (m, 9)4
Pu <2m7 Q)

= TU(Qma Q) =Tu (2m7 Q)

|GU2m+1<Q)’2

w(2m+1,q) |Ay(2m, q)|

=Tu (2m7 Q) :

2

=Ty (2m7 q) :

=Tu (2m7 Q)

= lu (2m7 q)

as required. O

= lu (2m7 q) ’

Theorem 8.3 showed that ry(co, q) := lim,, . ry(2m, q) exists.
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COROLLARY 11.4. The limits as m — oo of wy(2m, q) and ty(2m + 1,q) satisfy

lim wy(2m, q) = ry(00,q) - pul(q)?®, Jli{l)o w2m+1,q) = ry(00,q) - pu(q)* /(1 + ¢ ).

m—o0

PROOF OF THEOREM 5. By Lemma 9.8, ry(2m, q) > ry(2m, 3). Hence by Theorem 8.9,
ru(2m, q) > 0.3433 for m > 2, whilst ry(2,q) > 0.25.
We first claim that for m > 1,

p(m, q)*
Py(m,q) = ———=>1
(m, ) ©(2m, q)
To see this, first note that
1 —1\4 1 —1\2
By(lg) = T _(E)

(I+g¢H(1l—-¢?) (I-g)
Similarly, for m = 2,

1 —141_ —2\4 1 —121_ —2)\2
@U(Q’q) — 71( +q 72 ( qig) — — ( +7q1 ) E2 q )72 > 1
I+gHA-¢?)A+q¢?)A=q¢*) (A-g'+q¢?)(1+q7?)
since (1+¢ 1?2 >1+¢2?and (1—¢2)?>1—q ' +¢ 2 for ¢ > 3. So assume that m > 3.
If m is odd then an easy calculation shows that

(I4+q™)*
g2 (1 — g72m)

(I)U(mJQ>:q)U(m_]—7q) >q)U(m_17Q)

+

1

Thus it is sufficient to prove that ®y(m,q) = Py(m — 2,q) for even m > 4: from this we
shall conclude that, for m > 2, ®y(m,q) > Py(2,q) > 1. For m > 4 even,

(I4+q¢ ™)1 —qg™)*

Py(m, q) = Py(m —2,q) - (1+ ¢~ 2m+3)(1 — g~2m+2)(1 4 ¢=2m+1)(1 — ¢~2m)

The largest of the four terms in the denominator is 1 + ¢~ 23 < (1 + ¢ ™ )(1 — ¢7™).
Thus ®y(m,q) > Py(m — 2,q), and the claim is proved.

Hence by Lemma 11.3 we find that vy(2m,q) > ry(2m,q) > 0.3433 for m > 2, whilst
1(2,q) > ry(2,q) = 0.25. This concludes the arguments for even dimension.

Let

(1— (=g ")
(I+g? )1 +q7Y)

Then 6(1,q) > 1 — ¢ ' — ¢ 2% and §(1,3) = 4/7. For ¢ > 5 our bound shows that
d(1,q) > 19/25 > 4/7, so 6(1,q) > 4/7 for all ¢. If m > 2 then performing the division
shows that §(m,q) > 1—q 14+ ¢ 2 —¢3 > 20/27. The result for +(2m + 1, q) follows from
Lemma 11.3 and our bounds for ¢(2m, q). O

6(m,q) =
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