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Abstract. We describe recent progress in understanding the continuous symmetry properties
of non-Hermitian, PT-symmetric quantum field theories. Focussing on a simple non-Hermitian
theory composed of one complex scalar and one complex pseudoscalar, we revisit the derivation
of Noether’s theorem to show that the conserved currents of non-Hermitian theories correspond
to transformations that do not leave the Lagrangian invariant. We illustrate the impact that
this has on the consistent formulation of (Abelian) gauge theories by studying a non-Hermitian
extension of scalar quantum electrodynamics. We consider the spontaneous breakdown of both
global and local symmetries, and describe how the Goldstone theorem and the Englert-Brout-
Higgs mechanism are borne out for non-Hermitian, P7-symmetric theories.

1. Introduction
The standard lore of quantum mechanics is that operators corresponding to real-valued
observables must be Hermitian. However, not all matrices with real eigenvalues are Hermitian,
and, in the case of the Hamiltonian, it turns out that the reality of the eigenspectrum [1],
and unitary evolution [2], can instead by guaranteed by the weaker condition of unbroken
PT symmetry, that is symmetry under the combined action of parity P and time-reversal T
transformations (for overviews of P7T-symmetric quantum mechanics [3], see references |4, 5|).
In this talk, we consider the continuous symmetry properties of non-Hermitian, P77 symmetric
field theories, summarising the results of references [6, 7, 8| (see also reference [9]) and focussing,
in particular, on how Noether’s theorem [10], the Goldstone theorem [11, 12, 13| and the Englert-
Brout-Higgs mechanism [14, 15, 16] are borne out. In the context of a complex scalar model,
we show that there exist conserved currents for non-Hermitian theories, but the corresponding
transformations do not leave the Lagrangian invariant [6]. In the case of spontaneously broken
global symmetries, the existence of the conserved current is sufficient to ensure that Goldstone’s
theorem still holds [7], and we obtain a massless Goldstone mode. However, in the case of
gauge theories, coupling minimally to the conserved current means the Lagrangian is not gauge
invariant [8]. As a result, we must couple to a non-conserved current, and, in the case of non-
Hermitian scalar quantum electrodynamics, the consistency of the Maxwell equations precludes,
in general, our working in Lorenz gauge (i.e. setting the four-divergence of the gauge field to
zero) [8]. With these subtleties understood, we find that the Englert-Brout-Higgs mechanism
can still generate a gauge-invariant mass for the vector boson [8]. Throughout what follows, we
focus only on the regimes in which the eigenspectra remain real and avoid the exceptional points
of the theories (see, e.g., reference [17]); for a complementary discussion, see reference [9].
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2. A scalar model
We consider the following non-Hermitian complex-scalar theory with P7T symmetry [6]:

L = 0,070 + 0a050%02 — mi|d1]> — m3|da|® — 1 (d1d2 — d501) (1)

where m?,m2, u? > 0. It is PT-symmetric if the c-number fields ¢; and ¢ transform as

¢1> <+ ¢1) <¢1) <+ ¢1‘>

P — and T: — - 2
(¢ — 2 ) 7 \+; @
Notice that we have chosen ¢o to transform as a pseudoscalar. For a discussion of the discrete

symmetry properties of the corresponding operators in Fock space, see, e.g., reference [9].
For |m? — m3| > 2u?, the squared mass eigenvalues

1
M3 = (3 +md) & o yf(mh - m3)? — ut 3)

are real, and the theory is in the unbroken phase of P7 symmetry. The eigenvectors of the mass
matrix are ey oc (M2 —m3, —u?)T and e_ oc (M2 —m3, —p?)T. They are not orthogonal with
respect to Hermitian conjugation, i.e. eLes # 0, but they are orthogonal with respect to PT
conjugation, i.e. eie; = 0, where e = (Pe*)T with P = diag(1, —1).!

However, the action is not Hermitian, and it turns out that we cannot simultaneously satisfy

oL oc oL oc _ (&
57 8a78(8a<1ﬂ) = 0 and 75 80‘7(9(8&(1)) = 0, where & = <¢2> , (4

except for the trivial solution ¢; = ¢2 = 0 [6]. This is just the statement that the left and
right eigenspectra of non-Hermitian matrices are, in general, distinct. We are nevertheless free
to choose in which of these the zero mode resides. In other words, we can choose one of the
usual Euler-Lagrange equations to define the equations of motion (see section 3). The two
choices are, however, physically equivalent, since the difference amounts to a sign change on the
non-Hermitian terms (u? — — p?), which can be absorbed into a field redefinition.

Choosing to define the equations of motion by the variation with respect to ® = (P®*)T (or,
equivalently, with respect to ®1), we have

O+ mi)g1 +p’d2 = 0 and  (O+mi)ge —p’dr = 0. (5)

Notice that these classical equations of motion are not P7T symmetric, such that non-trivial
solutions will, in general, break the P7 symmetry spontaneously (see section 4).

3. Noether’s theorem
Turning now to the variational procedure, the variation of the action is

58 = /d4x [(‘% Da aﬁ)é@ + 5@1(‘% Oa, az)]

0D " 9(0,9) OBt T 9(0,DF)
oL oL
+a“(a(aaq>) 5B + 6Pt a(aacbi)ﬂ . (6)

Since only one of the Euler-Lagrange equations can, in general, be satisfied, requiring 65 = 0
means that the other must be supported by an external source or non-vanishing surface terms [6].

! To the best of our knowledge, the i notation was first introduced in reference [3] for the P7 conjugate. The
notation was extended in reference [6] to include matrix transposition, denoted here by a superscript T.
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Alternatively, we see that the Noether current

or o
1 R
5= Haae) ° 0 GaLen (M)

is conserved only if it corresponds to a transformation that effects a particular variation of the
Lagrangian; that resulting from the non-vanishing of the other Euler-Lagrange equation [6].
Specifically, if we define the equations of motion by the variation with respect to ®*, we require

oL oL
oL = <a<1> — B4 M)(S(I) (8)

in order for the current to be conserved [6] (for a summary, see also reference [18]).
As an example, we can consider the global U(1) transformations of the model in equation (15).
The Lagrangian is invariant under the transformation ® — e~®. The corresponding current

it = i(¢10%¢1 — [0%¢1]¢1) + i(d30% P2 — [0°¢5)¢2) (9)
however, is not conserved:
Oaf§ = 2ip* (9301 — ¢102) - (10)

On the other hand, the transformation ® — e~*"?®, which does not leave the non-Hermitian
terms in the Lagrangian invariant, leads to a conserved current

§% = i(¢10%1 — [0%¢1]d1) — i(30%d2 — [0%P3)¢2) (11)
Under this transformation, the Lagrangian transforms to
Lo = 0adi0%¢1 + 0a030%¢2 — mi|o1* — m3|gaf* — p(e™Pdig0 — e P0501),  (12)

and the variation 0L = 2u?(¢30¢1 — ¢3d¢p2) is consistent with equation (8). Notice, however,
that the eigenspectrum is invariant under the transformation, and the Lagrangian (12) describes
a one-parameter family of equivalent theories.

One can also consider the following non-Hermitian extension of the Dirac Lagrangian [19]:

Ly = zﬁ(maaa —m — u75)¢ . (13)

The parity-odd, anti-Hermitian mass term ((y°)" = %) treats left- and right-handed chiralities
unequally (cf. reference [20]), allowing, e.g., for novel scenarios of flavour oscillations |21, 22| and
neutrino mass generation [23, 24|, or the chiral magnetic effect to occur in equilibrium [25]. The
conserved current is [26]

gy = ¥® <1+ :175>¢, (14)

corresponding to the transformation ¢ — e_w(l‘“”s/m)w, for which the variation 0L, =
— 2upyP61) is consistent with choosing the equations of motion by varying with respect to ) [6].

4. Global symmetries and the Goldstone theorem
The proof of the Goldstone theorem [11, 12, 13| relies on the existence of a conserved current
(see, e.g., reference [27]), and it should therefore hold also in the non-Hermitian case.

We consider the following theory with a spontaneously broken global U(1) symmetry [7]:

L= 0.010°01 + 0030°02 + miler]* — mlenl” — W2(d100 — 0361) — Tlonl'.  (15)
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Choosing the equations of motion to be defined by the variation with respect to ®*, as before,
the symmetry-breaking vacua of the theory are given by the solutions to [7]

Srfon — mion + ] — 0 ad w6 - 0. (16)
1,2 =012 ¢1,2 =012

Up to an overall complex phase, we find

2,172 _ 4 1
(1) = 2 () o)
2 gmy m3

Notice that vy depends on the sign of ;2, and the spontaneous breaking of the P7 symmetry
manifests in non-P7-symmetric terms in the action at linear order in the fluctuations |7, §|.

The equations of motion for the fluctuations (5172 = ¢12 — v12 read [7]

~ m2m32—2u* m%mgﬁu‘l 2 ~
b1 2 7 peo 0 b1
A [ ey | [5) o
[ A = m3 m2 1Y S+ 0(9%) . (18)
?2 — ,u2 0 m% 0 ?2
> 0 —u? 0 m% >

The eigenspectrum depends only on pu#, as before, and it remains real for (2m2m3 —3u* —m3)? >
4p*m3 and positive semi-definite for u* < m3 (when m? > m3). Moreover, it contains one zero
eigenvalue, corresponding to the Goldstone mode

~ 2 ~
G x Im¢; — M—zlmqﬁg, (19)
my

consistent with the Goldstone theorem, as we could have confirmed directly from the conserved
current (see reference [7]). As pointed out in reference [9], the Goldstone mode is normalisable
with respect to the P7T inner product only away from the exceptional point, which lies at
p? = +m32, when the mass matrix above becomes defective and we lose an eigenvector.

5. Local symmetries and the Englert-Brout-Higgs mechanism

We turn our attention now to the case of spontaneously broken local symmetries in non-Hermitian
theories (see reference [8]). Motivated by the fact that 9,05F*? vanishes identically due to the
antisymmetry of the field-strength tensor F*% = 9* A% — 95 A® we might be tempted to gauge
the U(1) symmetry of the model of sections 2 and 3 by minimally coupling a gauge field A, to
the conserved current via the covariant derivative D, = [0, + iqP A, of the complex doublet
®. Proceeding in this way, we obtain the Lagrangian

1

1 E,sF“? | (20)

L_ = [Df¢1]* DS ¢1+ (D do] "D g —mi|n [* —m3|¢a|* — i (¢7 2 — 9361)
where DY = 0% £ iqgA®. The conserved current is
g% = iq(¢iDF¢1 — [Din] d1) — iq(¢5D%¢2 — [D o] ¢2) , (21)
corresponding to the transformations

B(z) — e P Do) and  A%z) — A%x) + 9%f(x). (22)
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However, these transformations do not leave the non-Hermitian part of the Lagrangian invariant.
This loss of gauge invariance, while not affecting the classical scalar eigenspectrum, leads to a
(problematic) non-transverse one-loop polarisation tensor [8|:
2 k"B 4 M2
ka2 =0) = - — 2 H At pd oMM in (S5 )| (23)
82 (M2 — M2) M?
+ —
We can restore gauge invariance in the weak sense by going beyond the minimal coupling
prescription and modifying the non-Hermitian terms to include factors of the Wilson line [28]

W(z) = exp [z’q / "y Aa} , (24)

where the path starts at the boundary (infinity) and ends at . The Lagrangian takes the form [§|

Lw = [DF1]*DSor + [Dy¢o]* D¢ — milgn|* — m3|gal> — p>(W*2eids — W2ese1)
1
- W P (25)

The Wilson line transforms as W (z) — W (z)e“/(®) for gauge transformations that vanish at
infinity, and the Lagrangian in equation (25) is gauge invariant. However, we have restored
gauge invariance at the cost of introducing a path dependence [8]. Moreover, the direct coupling
to the non-Hermitian term may, in general, be inconsistent with the reality of the gauge field.

Alternatively, we can couple minimally to the non-conserved current, assigning like charges to
the complex scalar fields ¢; and ¢o. In this case, however, the Maxwell equation is inconsistent
unless we can extend the gauge Lagrangian in an appropriate way. It turns out that a sufficient
ingredient is the usual gauge-fixing term [8], and we take

Ly = [Dad1]' D1 + [Datha]* D2 — mi|¢1]> — m3|¢o|* — p(¢d2 — ¢561)
1 af 1 )2
— FasF™ = 37 (0.4, (26)

with D% = D¢ and the gauge symmetry restricted to transformations involving gauge functions
that satisfy OJf = 0. The Maxwell equation becomes

OA% — (1-1/€)0%03A° = ig(¢1 D1 — [DG1]*d1) +iq(d3 D2 — [D¥¢o]*h2) = Ja+ (27)
and its divergence leads to the constraint

Omy = 2igu*(¢7¢2 — d361) , (28)
where mp = — 0, A% /€ is the conjugate momentum to Agy. This precludes the usual Lorenz gauge
condition 9, A% = 0. (While ¢j¢p2 — ¢p5¢1 may vanish classically, we have (¢5¢2) — (¢5¢1) # 0.)

Having defined a consistent non-Hermitian deformation of scalar quantum electrodynamics, we
are now in a position to consider the extension of the Englert-Brout-Higgs mechanism [14, 15, 16|
to non-Hermitian Abelian theories. Taking the Lagrangian

£ = [Dati]" D61 + [Dada] D02 + milér]® — milal® — 1*(8762 — d301) — 7 16"
1 af 1 a2
- Z oaﬁF - 275 (aaA ) > <29)

we have the same symmetry-breaking vacuum as the global case in section 4. Expanding around
this vacuum, equation (17), we find that the gauge field obtains a mass

M3 = 2¢*(Jv1]* + |va]?) (30)

such that we can indeed generate a gauge-invariant vector boson mass via a non-Hermitian
extension of the Englert-Brout-Higgs mechanism [8] (cf. reference [9]). The generalisation to the
non-Abelian case [29] may be presented elsewhere.
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6. Concluding remarks

We have discussed global and local symmetries in the context of a non-Hermitian complex-scalar
model that exhibits PT symmetry. We have shown that a careful treatment of Noether’s theorem
indicates that there exist conserved currents for non-Hermitian models but that these correspond
to transformations that do not leave the Lagrangian invariant. In the case of gauge symmetries,
we have argued that it is necessary to couple to the non-conserved current in order to preserve
gauge invariance but that the non-Hermitian nature of the theory leads to a constraint on the
gauge field, precluding the Lorenz gauge condition. In the case of spontaneously broken global
and local symmetries, we have illustrated that the Goldstone theorem and the Englert-Brout-
Higgs mechanism are still borne out. These results pave the way for further studies aiming to
construct consistent non-Hermitian extensions of the Standard Model of particle physics.
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