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Abstract. In this study, a hierarchal decomposition for the interaction of the structure, fluid 
and electrostatic field or the structure-fluid-electrostatic interaction, which is one of typical 
phenomena in micro-electro-mechanical system (MEMS), is proposed in order to solve it 
efficiently.  The proposed decomposition partitions the structure-fluid-electrostatic interaction 
into the fluid-structure interaction (FSI) and the electrostatic field, and, moreover, splits the 
FSI into the velocity and fluid pressure fields.  In this way, the whole interaction system is 
decomposed into the three fields in a hierarchal way.  The proposed decomposition is 
implemented using a finite element method and is applied to a micro cantilever beam actuated 
by the electrostatic force in air.  It follows from the comparison among the results for the 
structure-fluid-electrostatic interaction, the FSI and the experiment that the proposed method 
taking into account the full-interaction can predict the vibration characteristic of the MEMS 
accurately. 
 
1 INTRODUCTION 

MEMS are typically smaller than 1 millimeter and larger than 1 micrometer in size.  At 
these size scales, the surface forces are superior to the body forces due to the scale effect.  
Therefore, MEMS are typically driven by the electrostatic force, and their vibrations are 
damped significantly due to the fluid viscous force from air.  In addition, both the electrostatic 
and fluid viscous forces are sensitive to the structural behavior.  Therefore, the structure-fluid-
electrostatic interaction is one of typical phenomena in MEMS.  Vibration characteristics such 
as the resonance frequency and the damping ratio are the key design parameters, and the 
interaction analysis is required in order to predict them accurately [1, 2]. 

In this study, a finite element analysis for the structure-fluid-electrostatic interaction is 
proposed.  The proposed analysis consists of the partitioned analysis, where the structure-
fluid-electrostatic interaction is partitioned into the FSI and the electrostatic field, and the 
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monolithic analysis for the FSI.  Moreover, the monolithic FSI system is solved using a 
projection method [5, 6, 7], where the FSI is split into the velocity and fluid pressure fields.  
Its application can be seen in [8, 9].  The decomposition used in the proposed analysis 
consists of the partitioning and the splitting in a hierarchal way.  Therefore, it is called as the 
hierarchal decomposition. 

The proposed analysis is applied to the micro cantilever beam driven by the electrostatic 
force in air.  It is demonstrated from the comparison among the results for the structure-fluid-
electrostatic interaction, the FSI, and the experiment that the proposed analysis taking into 
account the full interaction can predict the dynamic behavior of MEMS accurately. 

2 FINITE ELEMENT ANALYSIS USING HIERARCHAL DECOMPOSITION 

2.1 Finite element discretized equations 
The finite element discretized equilibrium equation system for the structure-fluid-

electrostatic interaction is schematically written as 
 

Qs + Qf = ge,          (1) 
 

where Q is the equivalent internal force vector including all effects such as the structural and 
fluid inertia, the structural elasticity, the fluid diffusion, and the fluid pressure gradient, g is 
the external force vector, and the superscripts s, f and e denote the quantities corresponding to 
the structure, the fluid, and the electrostatic field, respectively.  Since MEMS can undergo 
large deformation, the finite deformation is taken into account using the total Lagrangian 
formulation, where the Hooke’s law is used for the relation between the second Piola-
Kirchhoff stress and the Green-Lagrange strain under the assumption of small strain.  The 
fluid is assumed to be Newtonian. 

The electrostatic force ge is the nonlinear function with respect to the structural 
displacement vector us.  In the present study, ge is obtained as follows:  The electrostatic 
potential φ is obtained from the Laplace equation with the boundary including the structural 
surface.  Next, the electrostatic field E is given by the gradient of φ.  Finally, ge is obtained as 

 
ge = -(ε/2)(E・n)2n,         (2) 

 
where ε is the dielectric constant, n is the unit vector outward normal to the structural surface. 

2.2 Coupled analysis using hierarchal decomposition 
In order to partition the structure-fluid-electrostatic interaction into the FSI and the 

electrostatic field, Eq. (1) is evaluates as 
 

t+ΔtQs (k+1) + t+ΔtQf (k+1) = ge (t+Δtus (k)),       (3) 
 
where the superscript t+Δt denotes the current time step, and the superscript k with the round 
brackets denotes the iteration at the current time step.  After deriving the electrostatic force ge 
using the previous structural displacement t+Δtus (k), Eq. (3) can be solved monolithically.  
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Moreover, the FSI is split into the velocity and pressure fileds using a projection method [5, 6, 
7].  In this way, the structure-fluid-electrostatic interaction is decomposed into the three fields 
in a hierarchal way.  Therefore, the proposed decomposition is called as the hierarchal 
decomposition. 

The predictor multi-corrector algorithm based on the Newmark’s method is used for the 
time integration.  Fig. 1 shows the analysis flow of the proposed analysis. 

 
Figure 1: Analysis flow of the prpposed method. 

3 NUMERICAL EXAMPLE 

3.1 Problem setup 
The present problem is schematically shown in Fig. 2.  A micro cantilever beam is made 

using a chemical etching for the SOI wafer (the upper and bottom layers are made of arsenic-
doped Si and conductive, while the middle layer is made of SiO2 and isolated).  The step 
voltage is applied between the beam (the upper layer) and the base (the bottom layer).  The 
beam has the dimensions of the length L = 1.00×103 μm, the width W = 36 μm, the thickness 
H = 3.0 μm and the gap G = 5.0 μm, which are identified using the SEM images. 

The structural mass density ρs is assumed to be equal to that of the bulk material of Si 2328 
kg/m3.  The Poisson’s ratio ν is assumed to be 0 [3].  Since the Young’s modulus E is usually 
different from that of the bulk material of Si due to the scale effect, it is evaluated as follows:  
The natural frequency of the beam is evaluated from the experimental result of its free 
vibration in vacuum (under 2 Pa).  Then, E is evaluated using the natural frequency from the 
experiment and its theoretical solution under the assumption of the Euler-Bernoulli beam.  E 
is evaluated as 184.2 GPa, which is consistent with that in the previous study [4].  The 
material properties of air (26 degrees C) are the mass density ρs = 1.18×10-3 g/cm3 and the 
viscosity μ = 1.82×10-4 g/(cm sec).  The dielectric constant of air is 8.859×10-12 F/m. 

End

k = k+1

t = t+Δt

Derive electrostatic force using Eq. (2)

Derive intermediate velocity increment from equilibrium equation (3) using previous pressure

Derive current pressure from pressure Poisson equation 

Derive velocity increment from equilibrium equation (3) using current pressure

Predict acceleration, velocity, displacement, pressure using Newmark’s method

Correct acceleration, velocity, displacement and pressure using Newmark’s method

Start
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Figure 2: Schematic view of the problem setup. The micro cantilever beam is driven and vibrated by the 

electrostatic force generated by the step voltage between the beam and the base. 

Each voltage to the chip is supplied by the high speed DC power supply (the risetime is 
approximately 50μsec).  The velocity in the y-direction of the free end of the beam is 
measured using the laser Doppler vibrometer (Ono Sokki Co., Ltd., Japan).  The data of the 
supplied voltage and the velocity of the beam are simultaneously collected using a data 
acquisition system with a sampling speed of 500,000Hz.  The former is used to obtain the 
applied voltage between the beam and the base, and the latter is used for the validation of the 
present numerical results.  The time histories of the maximum applied voltages are shown in 
Fig. 3. 

 
Figure 3: Time histories of the maximum applied voltages.  The black line indicates the applied voltage in air, 

while the gray line indicates that in vacuum. 

The symmetry with respect to the y-z plane is taken into account for the analysis domain.  
The mesh for the structural domain consists of 661 nodes and 240 elements, where the 
quadratic hexahedral elements (20 nodes) are used, the mesh for the fluid domain consists of 
5,916 nodes and 26,698 elements, where the linear tetrahedral elements (4 nodes) are used, 
and the mesh for the electrostatic field domain consists of 195 nodes and 480 elements, where 
the linear tetrahedral elements (4 nodes) are used.  The time increment used in the numerical 
analyses is 1μsec. 
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3.2 Results and discussion 
Fig. 4 shows the time histories of the velocity in the y-direction of the free end of the beam 

for the applied voltage in Fig. 3.  As shown in this figure, the air damping was significant.  
Therefore, the FSI must be taken into account in the present problem.  Fig. 4 also shows the 
necessity of the full interaction analysis.  As shown in this figure, the numerical result for the 
structure-fluid-electrostatic interaction was consistent with the experimental result, while the 
numerical result for the FSI was inconsistent with the other results.  The vibration from the 
full interaction analysis was over-damping, while that from the FSI analysis was under-
damping.  This qualitative difference was caused by the high sensitivity of damping to the gap.  
At equilibrium, the displacement from the full interaction analysis was -1.36μm, while that 
from the FSI analysis was -0.899μm.  Therefore, the damping in the full interaction analysis 
was far larger than that in the FSI analysis. 

 
Figure 4: Time histories of the y-velocity of the free end of the micro cantilever beam for the applied voltage in 
Fig.3.  The black line indicate the numerical result for the structure-fluid-electrostatic interaction, and the narrow 
black line indicates the numerical result for the FSI, while the gray line indicates the experimental result in air. 

4 CONCLUSIONS 
In the present study, the finite element analysis using the hierarchal decomposition was 

proposed in order to solve the structure-fluid-electric interaction.  The proposed analysis was 
applied to the micro cantilever beam driven by the electrostatic force in air.  It follows from 
the comparison among the results for the structure-fluid-electrostatic interaction, the FSI, and 
the experiment that the proposed analysis taking into account the full-interaction can predict 
the MEMS dynamic behavior accurately. 
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