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In this note we propose the Moore-Gibson-Thompson heat conduction equation with two temperatures and prove
the well posedness and the exponential decay of the solutions under suitable conditions on the constitutive param-
eters. Later we consider the extension to the Moore-Gibson-Thompson thermoelasticity with two temperatures
and prove that we cannot expect for the exponential stability even in the one-dimensional case. This last result
contrasts with the one obtained for the Moore-Gibson-Thompson thermoelasticity where the exponential decay

was obtained. However we prove the polynomial decay of the solutions. The paper concludes by giving the main
ideas to extend the theory for inhomogeneous and anisotropic materials.

1. Introduction

The Fourier formulation to describe heat conduction is widely used
by scientists. In this situation, the heat flux vector is proportional to the
gradient of the temperature. However, the combination of this proposi-
tion with the energy equation

ch+ divgq=0, (c>0) n

predicts the instantaneous propagation of heat!. That means that every
thermal perturbation is instantaneously felt at any point of the material
regardless of the distance. This phenomenon is not well accepted from
the physical point of view because it contradicts the causality principle.
In order to overcome this drawback, several alternative proposals have
been stated. In this sense we can recall the one proposed by Tzou where
the heat flux and the gradient of the temperature have a delay in the
constitutive equation (Tzou, 1995). In this case it is usual to speak of
phase-lag theories. The constitutive equation is given by:

Gt +7) = k0, (X,1+7,), k>0, @)

where 7, and 7, are the delay parameters which are assumed to be
positive. The notation ¢ ; means the derivative of § with respect to the
variable x;, and from now on the repeated subscripts mean summation.
The derivative with respect to the time is denoted using a dot over the
function. This formulation suggests that the temperature gradient estab-
lished across a material volume at position x and time ¢ + 7, results in
a heat flux to flow at a different time ¢+ 7,. These delays are usually
understood in terms of the microstructure of the material.

Choudhuri (2007) suggested a generalization of Tzou’s theory where
the heat flux vector is assumed to be in the form:

qi(X, 1+ 1)) = —kja;(X,t + 73) — k0 (X, 1 + 1), 3)
E-mail address: ramon.quintanilla@upc.edu
! In the above equation q = (g;) is the heat flux vector and @ is the temperature.
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where @ = 6. The variable «a is called the thermal displacement, and was
used by Green and Naghdi to propose their theories (Green and Naghdi,
1992; 1993). The new parameter 75 is again a delay parameter. Choud-
huri’s proposition is known as three-dual-phase-lag.

These two proposals have different derivations when the heat flux
and the gradients of the temperature are approximated by the Taylor
polynomials and one thinks that the proposal of Choudhuri tries to
recover Green and Naghdi theories when different Taylor approxima-
tions are considered. This new approach gives rise to different equa-
tions (depending on the selected Taylor polynomial) to describe heat
conduction that have been analyzed by many authors (see, for exam-
ple, Abdallah, 2009; Borgmeyer et al., 2014; Hader et al., 2002; Mi-
ranville and Quintanilla, 2011; Quintanilla, 2002; Quintanilla, 2003;
Quintanilla and Racke, 2006a; Quintanilla and Racke, 2006b; Quin-
tanilla and Racke, 2007; Quintanilla and Racke, 2008; Quintanilla and
Racke, 2015; Rukolaine, 2014; Zhang, 2009).

Unfortunately both proposals (Tzou and Choudhuri), lead to ill-posed
problems in the sense of Hadamard. It has been shown that combining
Egs. (2) (or (3)) with the energy Eq. (1) leads to the existence of a se-
quence of elements in the point spectrum such that its real part tends to
infinity (Dreher et al., 2009) and therefore the continuous dependence
of solutions fails.

To obtain a heat conduction theory with delays but without such an
explosive behavior, Quintanilla (2008, 2009) combined the delay pa-
rameters of Tzou and Choudhuri with the two-temperatures theory pro-
posed by Chen and Gurtin (1968), Chen et al. (1968, 1969), Warren and
Chen (1973). The constitutive equation reads

Gi(X, 1+ 1)) = =k (X, 1+ 73) — ko Ty(X, 1 + 1), @)

where a=pf—-aApf, 6 =T —aAT and a is a positive constant.
In fact, this theory was extended to the thermoelastic context
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(Quintanilla, 2008; 2009). To do so, one must assume the equation of
motion

tjij = Pilj, )
the energy equation

Ty =—q;; 6
and the constitutive equations

1 =2pe;; + Ae,.5;; + fr05;;

7
n=—pe; +co M

where t;; represents the stress tensor, 4 is the entropy, (1;) is the displace-
ment vector, e;; is the strain tensor, A and y are the Lamé constants, TO*
is the uniform reference temperature, and g* is related with the thermal
expansion constant and p and c are the mass density and the thermal
capacity, respectively.

These new theories are currently under deep study (Banik and Kano-
ria, 2012; Ezzat et al., 2012; Leseduarte et al., 2017; Magana et al., 2018;
2019; Mukhopadhyay et al., 2011; Quintanilla and Jordan, 2009).

If 7, = 73 < 7; in equation (3) and the heat flux vector is approxi-
mated by?

q; (X, t+ 1) = q;(x,1) + f*qi(X, n, ™= T — T,

one obtains the thermal formulation of the Moore-Gibson-Thompson
equation (Quintanilla, 2019)3(see also Conti et al., 2020, Conti
et al.,Pellicer and Quintanilla, 2020). This equation has received a lot
of attention in the last years (see among others Conejero et al., 2015;
Dell’Oro et al., 2016; Dell’Oro and Pata, 2017; Kaltenbacher et al., 2011;
Lasiecka and Wang, 2015; Pellicer and Said-Houari, 2017; Pellicer and
Sola-Morales, 2019).

Therefore it is also natural to consider the equation obtained in a sim-
ilar way, but in the case that we consider the Eq. (4) instead of Eq. (3).
We note that in this case we obtain the equation

Te @ +ci = k*Af + KAT. ®)

One thinks that it is suitable to denominate to this equation as Moore-
Gibson-Thompson with two temperatures (in short MGT +2TT).

The aim of this paper is double. First we want to study the stabil-
ity/instability of the solutions to this equation. Second we will consider
the thermoelastic one-dimensional problem. Therefore, the system of
equations that we want to study is given by

t, = pii
o (C)]
TO n=—dqy
with the following constitutive equations:
t=pu, + f*0
(10)

n=—p*u,+co

and we will prove the stability of solutions, the slow decay and the
polynomial decay.

The results proposed in this paper have a theoretical aspect, but they
are relevant from the physical and the engineering point of view. We fo-
cus our attention to prove the well-posedness of problems as well as to
obtain the rate of decay of the solutions of them. The term well posed
problem comes from the definition of Jacques Hadamard (1865-1963)
that believed that mathematical models for the description of physical
phenomena should satisfy the existence and uniqueness of solutions and
the continuous dependence with respect to the initial data. When a prob-
lem is not well posed in the sense of Hadamard the solutions are highly
sensitive to changes. Small changes in the data of the problem provoke

2 From now on we omit the star.

3 This procedure is equivalent to introduce a relaxation parameter for the type
III heat equation extending the Cattaneo-Maxwell proposition for the Fourier
law. Details can be found in Quintanilla (2019)
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relevant differences in the behaviour of the solutions. In particular the
numerical instabilities occur. Therefore well-posedness is a needed step
to investigate numerical aspects in the analysis of a problem. On the
other side the rate of decay of the solutions also plays a relevant rol
from the engineering point of view. The damping of the system deter-
mines when we can despise the effects of a perturbation. For instance
when the rate of decay is fast (exponential) the vibrations become very
small after a short period of time and the consequences of the pertur-
bation have a negligible impact. However, when the rate of decay is
slow the vibrations can be noted for a large period of time and we can-
not despise the effects before a very large period of time. Therefore we
choose here two examples to illustrate this aspect. They correspond to
the heat conduction of Moore-Gibson-Thompson with two temperatures
and the one-dimensional thermoelasticity when the heat conduction is
described by the same heat equation.

In the next section we obtain the suitable conditions on the consti-
tutive parameters to guarantee the stability/instability of the solutions.
In fact, we see that the decay for the case of the MGT + 2TT heat equa-
tion is controlled by an exponential. Later we show the stability of the
system of the MGT + 2TT thermoelasticity, but we prove that in the one-
dimensional case the decay is not controlled by an exponential. This last
result is in contrast with the case of the MGT thermoelasticity. However
we show the polynomial decay. The paper concludes by giving the main
ideas to extend the theory for inhomogeneous and anisotropic materials.

It is worth saying that the existence and the exponential decay of the
solutions of the purely thermal problem can be obtained from the ref-
erence (Kaltenbacher et al., 2011) in their study from an abstract point
of view of the Moore-Gibson-Thompson equation. However, we believe
that it is suitable to present our approach because we emphasize the
form of the operators and the dissipation. Our proposition with respect
the heat equation is an alternative approach to the problem. Further-
more, with the help of the approach to the heat equation problem the
thermoelastic problem is easy.

2. Thermal problem

We consider equation (8) in a three-dimensional domain B whose
boundary is smooth enough to apply the divergence theorem. To have
a well-posed problem we need to introduce the initial conditions:

B(x,0) = fo(x), B(x,0) =To(x), f(x,0)=uwy(x), x € B, an

and the homogeneous Dirichlet boundary conditions

B(x,1)=0, x € 0B. 12)
From now on, we assume that the constitutive constants satisfy:

(i) ¢>0,7>0,k>0, k*>0.
(i) k>k*z.

The meaning of the positivity of ¢ is clear. Assumptions (i) on k and
k* are the natural ones and they are related with the stability of solutions
for type II/III theories. Also the positivity of 7 is a standard requirement.
Condition (ii) is usual in the study of the MGT equation to guarantee the
stability of the solutions. We see here that this condition also works for
the MGT + 2TT.

From the definition of «, it is clear that

/azdyzf (7 + 20l + @18 )av
B B

when we assume null Dirichlet boundary conditions. Therefore, taking
into account the Poincaré inequality, we have

/a2dV ~ /(|vp|2 +alAgPav.
B B

We will transform our problem into an abstract problem involving a
convenient Hilbert space. First, we note that Id —aA : f > f—aAp =
« is an isomorphism on W?22(B)n WOI’Z(B) and takes values in L2(B),
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where W22(B), WO1 2(B) and L2(B) are the usual Hilbert spaces. We shall
denote by ®(a) = # the inverse operator. Therefore, the L2 norm of « is
equivalent to the W22 norm of g.

We work in the Hilbert space

H = L*(B) x L*>(B) x L*(B). (13)
To propose a synthetic expression to the above problem, we define
the following operators:

Af(a) = IZ—;ACIJ(a), B*(6) = CLTACIJ(H), C(p) = —%q&. (14)

Hence, our problem can be written as
dU

e AU, U(0) = (ag, 6y, ¢o) 1s)
where ay = fy — alpy, 6y = Ty — aAT,, ¢y = v, — aAy, and

0 I1d 0
A=10 0 1d |

A*  B* C

We will prove that A generates a contractive semigroup. We first note
that the domain D of A agrees with the Hilbert space and then it is
dense.

We consider the following inner product in H

. v)

- % / (c(e + 1) 0" + 17 + K*(B, + TT )" + 7T7) + TKriT*i)du
A P ,

1 % N =
+3 /B (k a(f; + 1T, + 715 ) + mKTy,-iT’jj)dv, (16)

where here and from now on we denote K = k — tk*, U = (a, 0, ¢) and
V = (a*,0*%, ¢*) where a = f — aAp, a* =y* —aAy*, 0 =T — aAT, 6* =
T* — aAT* and the bar means the conjugated complex. It is worth noting
that this inner product defines a norm which is equivalent to the usual
one in the Hilbert space.

Lemma 2.1. The following inequality
Re(AU,U) <0, (17)
is satisfied for every U € D.

Proof. Straight calculations give
Re(AU,U) = —% /t;(riri +aTl,T;)dv (18)

In view of the condition (ii) the lemma is proved. []

Lemma 2.2. Zero belongs to the resolvent of the operator A. In short 0 €
p(A).

Proof. let (|, f5, f3) € H. We must prove that the system
0=f, ¢=fr, A'a+B0+Co=f3,

has a solution. After substitution we obtain the equation:
Afa=f3-B"f1 —Cf,.

We first note that the right hand side of this equation is in L2(B). As the
operators B*, C are bounded and —A* is bounded and coercive in L? this
equation has a solution. Then, the lemma is proved. []

In view of the Lumer-Phillips corollary to the Hille-Yosida theorem
we have:

Theorem 2.3. The operator A generates a contractive semigroup.
A consequence of the previous theorem is the following result:

Theorem 2.4. For any U(0) € H, there exists a unique solution to our prob-
lem such that U(r) € C'([0,1,], D).

Moreover, we know that the continuous dependence of solutions on
initial data and supply terms (in case they were assumed) could also
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been obtained. Therefore our problem is well posed in the sense of
Hadamard. Even more, the solutions are stable in the sense that the
energy of the system does not increase.

The spectral analysis of the equation may give some information on
the behavior of the solutions with respect to the time. In fact, we have
the following:

Remark 2.5. We have assumed that (ii) holds. If we do impose that this
assumption holds we can obtain the instability of solutions. In fact, let us
assume that there are solutions of the form f(x, t) = exp(wt)n,(x) where
n,(x) is an eigenfunction of the Laplace operator with null boundary
conditions. We see that w will satisfy the equation

ze(1 + 2,a)x> + c(1 + A,a)x* + kA, x + k* 4, = 0.

By the Hurwitz rule the necessary and sufficient condition to guaran-
tee that the solutions of this equation are on the left hand side of the
complex plane is that the coefficients are positive and that

re(l + A,@)k* A, < c(1 + A,@)k4,.

But this is equivalent to assume (ii). Therefore if (ii) fails to be true there
exist elements at the point spectrum which are on the right hand side of
the complex plane and the instability of solutions is proved.

Now, we will show the exponential decay of the solutions for our
problem when (ii) holds.

To prove the exponential decay, we recall the characterization stated
in the book of Liu and Zheng (1999).

Theorem 2.6. Let S(t) = {e*'} 10 be a Cy-semigroup of contractions on a
Hilbert space. Then S(t) is exponentially stable if and only if the following
two conditions are satisfied:

@ iR C p(A),
(@) fim 04T - A Ml ey < o0

Lemma 2.7. The operator A satisfies iR C p(A).

Proof. We here follow the arguments given in the book of (Liu and
Zheng (1999), page 25). Let us assume that the intersection of the imag-
inary axis and the spectrum is non-empty. Therefore, there exist a se-
quence of real numbers 4, with 4, >, |4,| <|®| and a sequence of
vectors U, = (@,,0,,¢,) in D(A) and with unit norm such that

G4, T = AU, = 0. 19
In our case, writing this condition term by term we get

iA,a, —0, - 0in L2, (20)

iA,0, — ¢, — 0in L2, 1

idyp, — A*a, — B*0, — C¢p, — 0 in L2, (22)

In view of the dissipative term for the operator, we see that
0, — 0in L2, (23)

From (20) we also see that a,, — 0 in 2.
We now want to see that ¢, tends to zero in L2. To this end we
multiply (21) by ¢, to see that

{0, Ahy) = |, 11> = 0. (24)

The convergence of ¢, will be guaranteed whenever we show that
(Ons Anpn) — 0. From (22) we see

ict(0,, A,¢,) = (0,, A%a, + B*0,+ C¢,) (25)

We see that the right hand side tends to zero because A*, B* and C are
bounded. Therefore the convergence of ¢, to zero follows in L2. Then
we arrive to a contradiction and the lemma is proved. []
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Lemma 2.8. The operator A satisfies

‘!‘i_m 1GAZ = A gy < 0.

Proof. The proof also follows a contradiction argument. Suppose that
the thesis is not true. Therefore there exist a sequence of real numbers
A such that |1,| - c and a sequence of unit vectors in D(A) in such
a way that (19) holds. Again, conditions (20)-(22) still hold. Now we

can use a similar argument to the one used in the proof of the previous
lemma because the key point is that 4, does no tend to zero. []

The two previous lemmas give rise to the following result.

Theorem 2.9. The Cy-semigroup S(1) = {e"'},5 is exponentially stable.
That is, there exist two positive constants M and a such that || S(H)U|| <
M||U||e~*.

Proof. The proof is a direct consequence of the two previous Lemmas
and the Theorem 2.6. []

3. One dimensional thermoelastic theory

We consider now the three-dimensional isotropic and homogeneous
thermoelastic materials. In this situation the field equations become*

pily = puy j; + (A+ pu; ;i + pro; (26)
ci +ctd =y + il ;) + kT ;; + k*ﬁ’jj 27
It is not difficult to prove the existence and uniqueness of solutions under
homogeneous Dirichlet boundary conditions by adapting the semigroup
arguments to this new situation. In fact if we define the energy of the
system

1 A A A A A A
E@ = 5 /B (puiu,. + pd; ;0 + (A + ,u)ui’iuj’j)du

+ % /B (C(H + 'rq.'))z + k*(ﬁyi +tT)(B; +7T,) + TKTJ-TJ-)dU

1 * 2 2
+3 /B ((ak*(B;; + 7T ;)" + 7aK(T ;) )dv, (28)

where f = f + 7 f, we obtain that

E(®) + F(t) = EO), 29)

where

Fo= [ [k vartae 60)
0 B

Therefore if we assume that p, 4 and 4 + u are positive, we obtain the
stability of the solutions of the system. However we cannot expect ex-
ponential decay of solutions for this problem. To show this claim we
concentrate our attention to the one-dimensional problem. That is, we
consider the system

pii = pu, + pH(@, + 7d,) (31)

cit+ et a= i, + kT, +k*B,,. (32)

where we have drop the hats to simplify the notation.

We consider these equations in the interval [0, z] and assuming ho-
mogeneous Dirichlet boundary conditions for the displacement and ho-
mogeneous Neumann boundary conditions for . We could find solu-
tions of the form

u = Aexp(wt)sinnx, f = Bexp(wt)cosnx, 33)
whenever
A(pw® + un®) — B(1 + n*a)f*w(1 + tw) = 0, (34)

4 From now on we assume that Ty =1 to simplify the calculations.
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and
AB*new + Ble(l + @)’ (1 + 70) + n* (ko + k*)| = 0. 35)

To guarantee the existence of nontrivial solutions we need to impose
that

(p® + un?) [c(l + n2a)w*(1 + ) + n*(kw + k*)]
+ (5 no(1 + n*a)w(l + tw) = 0. (36)

We can write

@ + i@’ + pr@® + p30” + pyw + ps =0, 37
where
2 #\2 2
—i un”  (B*)°n kn
=7, =t — 38
P P p pc ct(1 + n2a) ©G%
2 12 )
un®  (f*)°n k*n
p3=——+= T (39)
pT pct ct(1 + n%a)
kn* k*n*
p=—= - (40)

per(1 + n2a)’ Ps= per(l + n2a)

We want to see that there are solutions to the equation p(w) = 0 as near
as we want to the imaginary axis. This fact will be shown if the poly-
nomial p(w — €) has a root with positive real part for every ¢ as small as
we want, but positive.

We have the polynomial

x° + q1x4 + q2x3 + q3x2 + q4x + g5,
where

q=p—5¢, gp=py+ 102 —4ep,
q3 = p3 — 106 + 6€2p1 —3ep,
qy =ps+ 5¢* — 4e3p] + 362p2 — 2ep;

qs = D5 — E'S + 64}71 - 63[72 + €2p3 — €Py

We use the Hurwitz theorem that says that the necessary and suffi-
cient condition to guarantee that the solutions of the equation

x5+q1x4+q2x3+q3x2+q4x+q5 =0, 1)

have negative real part is:

q 1 0
1
A =q >0,A = det<‘“ ) >0,A; = det|g, 4 g >0 @2
LEI))
a5 44 43
q 1 0 0
Ay = det|B 2 O > 0, and

45 44 43 9

0 0 s 4y

a 1 0 0 0

3 4 q 1 0

As=det|lgs g4 a3 a q|>0. 43)

0 0 ¢ @ a
0 0 0 0 g

We will study A,

Ay = a1 — a3 = pypy — Py — €Q2p; + 4p) + 24¢7p; — 40¢”. (44)
It is clear that
(k™! = k*)n?
—py = T R 45
P1P2 = Ps ct(1 + n2a) “3)

which is bounded as well as 24¢?p; — 40¢*. However for every e as small
as we want (but positive) we can select n large enough to guarantee
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that e(2p, + 4p%) becomes unbounded and therefore ¢,¢, — g3 < 0. This
argument shows that the solutions of our system decay in a slow way,
or, in other words, that a uniform rate of decay of exponential type for
all the solutions can not be obtained. We also note that from the analysis
proposed here it is clear that the result can be obtained for any finite
interval.

We have proved that:

Theorem 3.1. The solutions of the problem determined by the (31, 32)
with homogeneous Dirichlet condition for the displacement and homogeneous
Neumann boundary condition for the thermal variable do not decay in a
uniform exponential way.

It is worth comparing this situation with the case of the Moore-
Gibson-Thompson thermoelasticity where the exponential decay was
proved for the one dimensional case (Quintanilla, 2019). That is, in the
present case a combination of a hyperbolic equation with two tempera-
tures does not imply the exponential decay even in the one dimensional
thermoelastic case. We emphasize that this is not the first time that we
observe this result, because a similar quality was obtained in the refer-
ences (Leseduarte et al., 2017; Magana et al., 2019).

To finish this section we will prove that the solutions of the problem
determined by the system (31,32) with the initial conditions u(x,0) =
uy(x), u(x,0) = vy(x) and (11) with the boundary conditions

u(0,1) = u(z,1) = p0,1) = p(x,1) =0, (46)
decay at least as t'/2. To this end we first consider the Hilbert space H =
Hy X L* X L2 X L* X L2 If U = (u,v,a,0,¢) and V = (u*,v*,a*, 0%, ¢*),
where a=p-af,,, a* =y*—ay;, 0=T—al,,, 0" =T*—aT} we
can define the inner product

,vy= % / (qu + i + (0 + 1)@ T b
B
(B + T + 7T0) + KT, T, )dx

1 D ESE———— —k
+3 /B (K by + T )z, + T2 + 2aK T, T, )dx,  (47)
This product is equivalent to the usual one in H.

We can write our problem in the form

dU
2 =AU U0) = (), v, ap. 0. ¢y). (4%

where «aj, 6, and ¢, are defined as in second section. Our operator A
can be written as

cocooRo
Vo oo~
cococo
Wo~=Zo
~om~o

A* C

where Mu = pp~lu,,, NO=p*p710,, Np=1*p"'p,, Pv=p*cr)!
v, and A*, B* and C are the restriction of the operators defined at section
two in the one dimensional case.

We note that the domain of the operator is determined by the ele-
ments of the Hilbert space such that v € H) and Mu+ N6 + L € L?.
It is clear that is a dense subspace. At the same time we also have

Re(AU,U) = _g /(lTX|2 +alT, [Pdx <0. 49)
B

It is also easy to prove that zero belongs to the resolvent of the oper-
ator. If we consider (f}, f5, f3, f4. f5) € A we need to solve the system

v=f1, 0=f3, d=f4

Mu+ N0+ Lp=f,, Pv+A*a+B0+Co=fs.
We have v, 6 and ¢ and we need to solve the equations

Mu=f,-Nfs—LF,, A'a=fs—Pfi—B'f;-Cf,.
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Now it is transparent the existence of this solutions for u and « and we
have proved:

Theorem 3.2. The operator A generates a contractive semigroup. And for
any U(0) in the domain of the operator, there exists a unique solution to our
problem such that U(t) € C'([0,1,], D)°.

We now prove the decay estimate:

Theorem 3.3. Our semigroup is polynomially stable of order 1/2. That is,
for every U(0) in the domain of the operator there exists a constant (inde-
pendent of the initial data) such that | S()U|| < C||U0)||t~1/2.

Proof. To show the result we will prove that the imaginary axis in
included in the resolvent of the operator and that(see Borichev and
Tomilov, 2010)

mupoorz”(ul - A1 Lz < oo.

First we assume that the imaginary axis is not included at the resol-
vent. Hence it will exist a sequence 4, — 4 and a unit norm sequence
U, = (u,,v,,a,,0,,¢,) such that

1GA,T — AU, ey = 0.

In this case, we have

idyu, —v, - 0in H', (50)
iA,v, — Mu, — N0, — L, — 0in L?, (51
iA,a, —0, - 0in L2, (52)
i2,0, — ¢, — 0in L?, (53)
iA, ¢, — Pv, — A*a, — B9, — C¢p, — 0 in L. (54)

In view of the dissipation we see that 6,, goes to zero in L? and hence
a, and ¢, also tend to zero because the origin is not on the resolvent.
It follows that Pv, — 0 in L? which implies that v, — 0 in H! and then
also u,, tends to zero at the same norm. We arrive to a contradiction.

We now prove the asymptotic condition. Assume that it is not true.
We also obtain the existence of a sequence 1, —» o and a unit norm
sequence U, = (u,, v,, a,,0,, ¢,) such that

A(idu, —v,) > 0in H', (55)
A2(iA,v, = Mu, = N9, — Lg,) » 0in L?, (56)
(id,e, —0,) > 0in L?, (57
A2(i4,0, — $,) > 0in L2, (58)
A(id,¢, — Pv, — A*a, — B*0, — C¢,) > 0 in L. (59)

Dissipation inequality implies that 4,6, — 0 in L2 and therefore «, and
¢, also tend to zero in L2. From the last convergence we see that
A71Pu, — 0 in L2 which implies that u, — 0 in H! and we also obtain
that v, — 0 in L2 which finish the proof of the theorem. []

We point out that the analysis for Neumann boundary conditions
for the temperature can be done in a similar way (see for instance
Leseduarte et al., 2017)

5 The corresponding result for the three dimensional case can be obtained
after the natural extension of the proposed arguments.



R. Quintanilla
4. Inhomogeneous case
It is possible to extend the previous analysis to inhomogeneous ma-

terials. We recall that in this case the equations are given by:

g; +74; = m;(X)(K*B; + kT ), (60)

a=p—alm;x)B;);, 6 =T —alm;x)T,);, (61)

where m;;(x) is a symmetric positive definite matrix.
In this case the heat equation becomes

e(x) @ +e(®)i = (my;()(K*B; + KT ). (62)

We now assume that (i) and (ii) hold as well as that mij(x) is positive
definite. That is, there exists a positive constant C such that

my(EE > CEe, 63)

for every vector (¢;) and for every point. The energy of the system de-
termined by this new equation with the initial and boundary conditions
proposed in section two reads

EQ) = % / (00 + 70)" + Km, (B, + T8, + T + TKm, (T, T, )do
B

+ % / (k*a(m,-j(x)(ﬂj +1T) )V + Kra((m,-j(x)TJ),j)z)dv
B
+/ /K(mij(X)T_,-TJ +a((mij(x)fi)_j)2)dvds = E(0). (64)
0 B

The exponential stability can be obtained following a similar argument
as the one we used in section two.

The problem can also be extended to the thermoelastic situation as-
suming that

tii = Cijg(Xuyy + ﬂi*j(x)ﬁ, n= —ﬂi*j(x)ui’j + c(x)0. (65)

After combination of these equations with the equation of motion, the
energy equation and the constitutive equation proposed in this section
for the heat flux vector we obtain a new system of the MGT + 2TT ther-
moelasticity. Assuming, as ususal, that the elasticity tensor is positive
definite and symmetric tensor the existence and uniqueness of the solu-
tions can be proved.
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