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ABSTRACT

In this work, we present a conservative method for three-dimensional inviscid fluid-structure interaction
problems. On the fluid side, we consider an inviscid Euler fluid in conservative form. The Finite Volume
method uses the OSMP high-order flux with a Strang operator directional splitting [1]. On the solid side,
we consider an elastic deformable solid. In order to examine the issue of energy conservation, the behavior
law is here assumed to be linear elasticity. In order to ultimately deal with rupture, we use a Discrete
Element method for the discretization of the solid [2]. An immersed boundary technique is employed
through the modification of the Finite Volume fluxes in the vicinity of the solid. Since both fluid and
solid methods are explicit, the coupling scheme is designed to be globally explicit too. The computational
cost of the fluid and solid methods lies mainly in the evaluation of fluxes on the fluid side and of forces
and torques on the solid side. The coupling algorithm evaluates these only once every time step, ensuring
the computational efficiency of the coupling. Our approach is an extension to the three-dimensional
deformable case of the conservative method developed in [3]. We focus herein numerical results assessing
the robustness of the method in the case of a undeformable solid with large displacements subjected to
a compressible fluid flow.

1 Introduction

Many situations involve phenomena of fluid-structure interactions. The study of such phenomena is mo-
tivated by the fact that the consequences are sometimes catastrophic for the mechanical structure. For
example, in the military or safety domains, the effects of an explosion on a building or on a submarine
involve complex non-linear phenomena (shock waves, cracking, rupture, ...) [12]. In view of these applica-
tions, we consider on the fluid side an inviscid compressible fluid flow model so as to deal with air shock
waves and on the solid side an elastic deformable solid.
The main challenges in fluid-structure interaction problems are the computation of the fluid forces that
act on the rigid or deformable structure and the modification of the fluid domain due to the displacement
of the solid. Another difficulty that arises in fluid-structure interaction problems is the coupling of
models with different descriptions: the fluid is classically described in Eulerian formulation and the
elastic structure in Lagrangian formulation. Several types of methods have been developed for this
purpose. Fully Eulerian [10], fully Lagrangian [11], Arbitrary Lagrangian-Eulerian (ALE) methods [4]
and fictitious domain methods ([5], [7], [8]) have been proposed to address the issue of fluid-structure
interaction. In general, monolithic Eulerian or Lagrangian approaches are limited to the case where
the fluid and solid behave according to similar equations with different parameters. The ALE method
deforms the fluid domain in order to follow the movement of the structure. It is a method with adapted
mesh on the solid boundaries which requires possibly costly re-meshing of the fluid domain when the
solid goes through large displacement or rupture.
In fictitious domain methods the solid is superimposed on the fluid fixed grid, and additional terms are
introduced in the fluid formulation to penalize or prevent the penetration of fluid inside the solid. Various
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types of fictitious domain methods have been developed: Immersed Boundary methods [5], Ghost Fluid
methods [6], Embedded Boundary methods [7], etc.
An important issue in compressible fluid-structure interaction is the conservation of mass, momentum
and energy. The accurate capture of shocks is based on conservation properties and the preservation
of physical properties is an important ingredient towards an effective numerical method. In addition,
verifying conservation at a discrete level is a natural means to prove the numerical stability of the
scheme. Embedded Boundary methods [8] are built in such a way that the spatial discretization satisfies
mass, momentum and energy conservation.
We therefore use the Embedded Boundary method developed by Colella et al. [8] in combination with
a Finite Volume method for the fluid and a Discrete Element method for the solid. The Finite Volume
method is computed on a Cartesian grid, using high-order upwind fluxes [1] computed with a Lax-
Wendroff approach. The Discrete Element method [2] is a particle method for elastodynamics, in which
particles interact through forces and torques yielding the macroscopic behaviour of the assembly. Both
methods being time-explicit and computationally expensive, we require that the coupling algorithm be
explicit too. The method is tailored to yield the exact conservation of mass, momentum and energy of
the system and exhibits consistency properties. A conservative explicit coupling algorithm between the
Finite Volume method and 2d undeformable solid has already been developed in [3]. Herein we extend
the results to the 3d deformable case.
This paper starts with a brief description of the fluid and solid methods. Then, we present the proposed
conservative coupling method and the explicit time-integration coupling procedure between the inviscid
fluid and the deformable moving structure. Next, we point out several properties of the coupling method.
Finally, we present numerical results showing the energy and mass conservation by the coupling scheme
and the ability of the method to compute the interaction of strong discontinuities with irregular moving
boundaries.

2 Fluid and solid description

2.1 Inviscid compressible flow

The fluid is modeled by the Euler equations expressing conservation of mass, momentum and energy for
an inviscid compressible flow, which are written in Cartesian coordinates:

∂U

∂t
+

∂F (U)

∂x
+

∂G(U)

∂y
+

∂H(U)

∂z
= 0, (1)

U =




ρ
ρu
ρv
ρw
ρE




, F (U) =




ρu
ρu2 + p
ρuv
ρuw

(ρE + p)u




, G(U) =




ρv
ρuv

ρv2 + p
ρvw

(ρE + p)v




, H(U) =




ρw
ρuw
ρvw

ρw2 + p
(ρE + p)w




,

where ρ is the mass density, p the pressure, (u, v, w) the velocity vector and E the total energy. The
pressure in the fluid is modeled by the state equation of a perfect gas: p = (γ − 1)ρe, e being the specific

internal energy with E = e +
1

2
(u2 + v2 + w2) and γ = 1.4 the ratio of specific heats, assumed to be

constant.
The numerical resolution of these equations is based on a Cartesian grid explicit Finite Volume method
and directional operator splitting. For the flux calculation we use the OSMP numerical scheme which
is a one-step high order scheme [1]. It is derived using a coupled space-time Lax-Wendroff approach,
where the formal order of accuracy in the scalar case can be set at an arbitrary order. In this work we
use order 11. The coupling method is actually independent from the numerical scheme used for the flux
calculation.

2.2 Deformable solid discretization method

The deformable solid is modeled using a Discrete Element method. The solid is discretized with a
finite number of rigid particles. Each particle is governed by the classical equations of mechanics and
interparticle links ensure the macroscopic behaviour of the solid [2]. The solid is discretized into polyhedral
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particles which have a rigid-body motion and interact through forces and torques. The expression of
these forces and torques allows one to recover the macroscopic behaviour of materials. Furthermore, this
approach facilitates the handling of rupture and fracture, because breaking the link between material
grains ensures the loss of cohesion between solid particles.
The position and velocity of the solid particles are given respectively by the position of their center of
mass X, the rotation matrix Q, the velocity of the center of mass V and the angular momentum matrix
P. The movement of solid particles is integrated in time by an explicit scheme using the Verlet scheme
for translation and the RATTLE scheme for rotation [3].

3 Coupling method

Fluid-structure interaction needs to take into account the solid obstacles in the flow calculation as well
as the fluid efforts on the solid. For the first point we use a method of immersed boundaries which allows
for easy modification of existing fluid solvers. In this context, the solid and fluid grid overlap, leading to
fluid-solid mixed cells, thereafter called “cut-cells”.

3.1 Cut-cells description

Since the solid is discretized into polyhedral particles, the fluid-solid interface is simply the set of faces
of these polyhedra in contact with the fluid.
We denote with integer subscripts i, j, k quantities related to the center of cells and with half integer
subscripts quantities related to the center of faces. Let Ci,j,k be a cut-cell of size (∆xi,j,k, ∆yi,j,k,
∆zi,j,k) and ΩS(t) the solid domain. The relevant aspects of the intersection between the moving interface
and cell Ci,j,k are:

• the volume fraction 0 � Λi,j,k � 1 occupied by the solid in the cell Ci,j,k:

Λi,j,k(t) =
Vi,j,k(t)

Vi,j,k
, (2)

Vi,j,k = (∆x∆y∆z)i,j,k being the volume of Ci,j,k where the solid occupies the volume Vi,j,k(t) at
instant t:

Vi,j,k(t) =

∫

Ci,j,k∩ΩS(t)

dx dy dz.

The volume fraction is evaluated at the discrete time tn. The interface between cells Ci,j,k and
Ci+1,j,k is denoted ∂Ci+1/2,j,k.

• the side area fraction 0 � λi±1/2,j,k, λi,j±1/2,k, λi,j,k±1/2 � 1 of each face; for example on face
∂Ci+1/2,j,k we have

λ
n+1/2
i+1/2,j,k =

An+1/2
i+1/2,j,k

(∆y∆z)i,j,k
, (3)

where An+1/2
i+1/2,j,k is the area representing the intersection of the solid with face ∂Ci+1/2,j,k averaged

over
[
tn, tn+1

]
:

An+1/2
i+1/2,j,k =

1

∆ t

∫ tn+1

tn

∫

∂Ci+1/2,j,k ∩ΩS(t)

dy dz dt.

• the boundary area denoted A
n+1/2
fi,j,k

, is the area of the surface formed by the intersection of the

fluid with the solid in the cell during the time interval
[
tn, tn+1

]
:

A
n+1/2
fi,j,k

=
1

∆ t

∫ tn+1

tn

∫

Ci,j,k ∩ ∂ ΩS(t)

ds dt.

We also denote �nfi,j,k(t) the outward normal to the surface (see Fig. 1).

3
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�nfi,j,k
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Solid
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A i+
1/
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k

�n

�n

Solid

Fluid

Figure 1: Description of a cut-cell

3.2 Treatment of the cut-cells

To take into account the position of the solid in the fluid domain, we rely on the immersed boundary
method which modifies the fluid fluxes in cut-cells.
Consider a fluid cell partially intersected by a solid, as shown in Fig. 1. Integrating (1) on this cut-cell
and over the time interval [n∆t, (n+ 1)∆t] and applying the divergence theorem, yields

(
1− Λn+1

i,j,k

)
Un+1
i,j,k =

(
1− Λn

i,j,k

)
Un
i,j,k +∆t




(1− λ
n+1/2
i−1/2,j,k)

∆xi,j,k
Fi−1/2,j,k −

(1− λ
n+1/2
i+1/2,j,k)

∆xi,j,k
Fi+1/2,j,k

+
(1− λ

n+1/2
i,j−1/2,k)

∆yi,j,k
Gi,j−1/2,k −

(1− λ
n+1/2
i,j+1/2,k)

∆yi,j,k
Gi,j+1/2,k

+
(1− λ

n+1/2
i,j,k−1/2)

∆zi,j,k
Hi,j,k−1/2 −

(1− λ
n+1/2
i,j,k+1/2)

∆zi,j,k
Hi,j,k+1/2




+
∑

f∈Ci,j,k

A
n+1/2
fi,j,k

φ
n+1/2
fi,j,k

.

(4)

The additional flux φf results from the presence of the solid boundaries f in the cell Ci,j,k. This flux
takes into account the exchange of energy and momentum between the solid and the fluid results from
pressure forces.

The computation of average time of the side area fraction λn+1/2 and of the boundary area A
n+1/2
f can

be very complex and 3d implementation would be highly time consuming [7]. Instead, we take λn+1 and
An+1

f , and we calculate directly the conservative state given by the discrete balance in the cell, as in [3]:

(
1− Λn+1

i,j,k

)
Un+1
i,j,k =

(
1− Λn+1

i,j,k

)
Un
i,j,k +∆t

{
(1− λn+1

i−1/2,j,k)

∆xi,j,k
Fi−1/2,j,k −

(1− λn+1
i+1/2,j,k)

∆xi,j,k
Fi+1/2,j,k

+
(1− λn+1

i,j−1/2,k)

∆yi,j,k
Gi,j−1/2,k −

(1− λn+1
i,j+1/2,k)

∆yi,j,k
Gi,j+1/2,k

+
(1− λn+1

i,j,k−1/2)

∆zi,j,k
Hi,j,k−1/2 −

(1− λn+1
i,j,k+1/2)

∆zi,j,k
Hi,j,k+1/2

}

+
∆t

Vi,j,k

∑
f∈Ci,j,k

An+1
fi,j,k

φn+1
fi,j,k

+
∑

f∈Ci,j,k

∆Un,n+1
fi,j,k

.

(5)

The term ∆Un,n+1
fi,j,k

denotes the amount of Un swept by the movement of the interface f during the time
step; the amount swept by the movement of the interface f is such that

4
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∑
Ci,j,k

∑
f∈Ci,j,k

∆Un,n+1
fi,j,k

=
∑
Ci,j,k

(Λn+1
i,j,k − Λn

i,j,k)U
n
i,j,k.

In practice, we decompose the interface into triangles which are contained in one cell (not necessarily the
same) at times n∆t and (n + 1)∆t. We calculate ∆Un,n+1

fi,j,k
as the integral of Un on the prism built on

these triangular bases. The detailed procedure to obtain these terms will be given in [13].
The main limitation of immersed boundary methods is that they involve small control cells (”small” in
the sense that the solid volume fraction is > 0.5). In order to ensure the CFL stability condition of
explicit schemes on these cells, the time step should be decreased to an unacceptably small value.
To deal with these issues, we use a conservative mixing process following the ideas developed in [9] with
minor changes. Let p be a small cell and g a completely fluid (Λg = 0) neighboring cell. We define the
following exchange terms:

Epg =
(1− Λg)

(2− Λp − Λg)
(Ug − Up), Egp =

(1− Λp)

(2− Λp − Λg)
(Up − Ug),

and we set

Up = Up + Epg, Ug = Ug + Egp. (6)

The mixing procedure is fully conservative and ensures that the equivalent volume of a mixed cell is
compatible with the usual CFL condition using the standard size cells.

3.3 Coupling algorithm with a deformable solid

At the beginning of the time step tn+1 = (n+1)∆t, we known the state of the fluid Un
i,j,k, the position and

rotation of the particle (Xn,Qn), as well as the velocity of the center of mass and the angular momentum
(Vn,Pn). The general procedure for the conservative coupling method can be described by the following
five steps:

1. The fluid fluxes are precomputed. We denote by px, py and pz the mean pressures used to compute
the fluxes in the x, y and z directions.

2. The fluid forces �Ff acting on a planar solid boundary f of surface Af and normal vector �nf are
equal to the force exerted by these pressures on the surface in contact with the fluid:

�Ff · �ex = −pxAfn
x
f , (7)

�Ff · �ey = −pyAf ny
f , (8)

�Ff · �ez = −pzAfn
z
f . (9)

3. The solid is advanced in time: internal forces are computed based on the position of the solid
particles. The position of each particle (submitted to a constant external fluid force) is integrated
using the Verlet scheme for translation and the RATTLE scheme for rotation [3].

4. The volume fractions of solid in fluid cells Λn+1
i,j,k and surface fractions of solid on cell interfaces

λn+1
i±1/2,j,k, λ

n+1
i,j±1/2,k, λ

n+1
i,j,k±1/2 can then be computed using the new position of the solid boundary.

The fluid fluxes are modified using Λn+1
i,j,k, Λ

n
i,j,k, λ

n+1
i±1/2,j,k, λ

n+1
i,j±1/2,k, λ

n+1
i,j,k±1/2, pressures px, py and

pz and the velocity of the boundary in order to enforce the conservation of fluid mass and of the
total momentum and energy of the system.

5. The final value of the state Un+1
i,j,k in the cell is calculated using (5). Owing to the perfect slip

conditions at the solid boundary, the flux φn+1
fi,j,k

is given by

φn+1
fi,j,k

=
1

An+1
fi,j,k

(
0, Πx, Πy, Πz, V

n+1/2
f ·Π

)t

, (10)
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where

Π =

(∫

f

p̄n+1
x nn+1, x

fi,j,k
,

∫

f

p̄n+1
y nn+1, y

fi,j,k
,

∫

f

p̄n+1
z nn+1, z

fi,j,k

)t

,

and V
n+1/2
f is the velocity in the center of the interface in the cell Ci,j,k:

V
n+1/2
f = V n+1/2 +Ωn+1/2 ∧ (Xn+1

f −Xn+1),

where Xn+1
f is the center of the part of interface f at time (n+1)∆t in the cell, Xn+1 the center of

the particle containing f , and V n+1/2 and Ωn+1/2, respectively, the average velocity and rotation
velocity of the particle in the time interval [n∆t, (n+ 1)∆t].

The general structure of the explicit coupling scheme is presented in Fig. 2.

SOLID FLUIDCOUPLING

�Xn, Qn, �V n, Pn

(1) Computation
of fluxes

ρn, �un, pn

(2) Predicted pressure is
transferred to the solid
boundary

(5) Fluid update

Fn+1/2, Gn+1/2, Hn+1/2

(3) Solid update

px, py, pz

(4) Boundary update:
Λn+1, λn+1, An+1

f , �nf
�Xn+1, Qn+1, �V n+1, Pn+1

ρn+1, �un+1, pn+1

Figure 2: Structure of the explicit coupling scheme

3.4 Properties of the coupling scheme

The properties stated in this section can be proven and we have verified them numerically (see [3] for the
proof in 2d; the proof in 3d is similar).
Conservation of mass, momentum and energy
These properties hold for periodic boundary conditions and in the cases where there is physical conser-
vation (i.e. mass and energy with fixed boundaries, conservation when boundaries are far ...).
Perfect slipping along a wall
The coupling algorithm preserves exactly a uniform constant flow parallel to a rigid half-plane, even in the
case when the solid is not aligned with the fluid grid. This last result shows that no artificial roughness
appears on the solid walls.
Galilean invariance
Consider an arbitrary shaped rigid body moving at constant velocity and without rotation, immersed in
a uniform fluid flowing at the same velocity. Then, the uniform movement of the fluid and the solid is
retained by the coupling algorithm.

6
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4 Numerical results

4.1 Conservation of mass and energy

In order to verify the conservation by the coupling scheme, we consider a test consisting in a simple shock
tube in a straight rectangular channel and a rigid mobile body inside this channel. The computational
domain is a simple rectangular box (x, y, z) ∈ [0, 2]× [0, 1]× [0, 1] and the initial flow field is given by

{
ρ = 1.4, u = v = w = 0, p = 5 ifx < 0.16,

ρ = 1.4, u = v = w = 0, p = 1, ifx ≥ 0.16.
(11)

The solid is represented by the cuboid (x, y, z) ∈ [0.4, 0.9] × [0.4, 0.6] × [0.4, 0.6]. The computation is
performed on a (140× 70× 70) grid with periodic boundary conditions. The simulation time is 1 s.
The pressure and density fields on the outer domain boundaries at time 1 s are shown in Fig. 3. We
examine more precisely the pressure and density distribution along the line y = 0.5 in the plane z = 0.75
in Fig. 4. The shocks and rarefaction waves are well captured by our method, without spurious numerical
oscillations. The resolution of the shocks is obviously moderate due to the coarseness of the fluid mesh.

(a) (b)

Figure 3: Distribution of pressure (a) and density (b) at time t = 1.

(a) (b)

Figure 4: Pressure distribution (a) and density distribution (b) along the line y = 0.5 in the plane
z = 0.75 at time t = 1.

In Fig. 5 we present the relative conservation error of fluid mass, computed as the difference between the
initial total mass value and the total mass value computed at different time steps. This mass difference
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is normalized by the maximum amount of mass swept by the movement of the solid. In Fig. 6 we present
the relative energy conservation error of the system, computed as the difference between the initial energy
value and the energy value computed at different time steps. This energy difference is normalized by the
maximum energy exchange between the fluid and solid, which is the relevant quantity to evaluate the
relative effect of coupling on conservation issues.
We observe a small variation of both mass and energy, without any clear growth or decrease of either
quantity. The variation of mass is as low as 0.01% of the mass swept and the variation of energy is as low
as 0.4% of the energy flux in the system. We suppose that the main effect accounting for these variations
are the rounding errors involved in the evaluation of geometric quantities in cut-cells, since both mass
and energy are impacted at similar levels.
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Figure 5: Relative conservation error on fluid mass.
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Figure 6: Relative conservation error on energy.
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4.2 Interaction of a shock wave and a sphere

In this problem, a planar shock interacts with a rigid mobile sphere in a rigid channel (Fig. 7). The
side boundaries of the domain are rigid walls while the left and right are respectively inflow and outflow
boundaries.
The computational domain is the rectangular box (x, y, z) ∈ [0, 1] × [0, 0.2] × [0, 0.2]. The shock is
initially set up to a Mach number of 3, so that the initial values are

{
ρ = 3.857, p = 10.333, u = 2.6929, v = w = 0, ifx < 0.08,

ρ = 1, p = 1, u = v = w = 0, ifx ≥ 0.08.
(12)

The initial position of the center of mass of the sphere is C(0.15, 0.05, 0.1) with radius R = 0.05. The
sphere is approximated by a polyhedron discretized with 236 faces.
The computation is performed on a 200×40×40 grid. We impose inflow and outflow boundary conditions
at x = 0 and x = 1 respectively and mirror boundary conditions on the remaining outer boundaries of
the fluid domain. The simulation time is 0.255s.

Figure 7: Initial position of the shock and sphere.

 0.045
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 0.055

 0.06
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Y

X

Center of mass position

Figure 8: Trajectory of the center of mass of the sphere in the plane (x, y).

The impinging shock wave impacts the sphere and is partially reflected, while part of the shock wave
moves past the sphere and part of it is transfered as kinetic energy to the sphere. The reflected shock
then reflects itself on the lower wall (y = 0), creating an overpressure under the sphere and lifting it up.
Complex interactions between the sphere, the walls and the reflected shocks then occur. In Fig. 8 we
display the trajectory of the sphere in the plane (x, y). The final position of the center of mass of the
sphere is C(0.535, 0.08145, 0.0984). The physical system is symmetric with regard to the plane z = 0.1.
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This feature is fairly well preserved visually by the numerical results, even though the polyhedron itself is
not perfectly symmetric. As a result, the sphere mass center is no longer exactly at z = 0.1 at t = 0.255.
30 contours of density and pressure at the final time are plotted on Fig. 9a and Fig. 9b, respectively. This
computation shows the ability of the coupling algorithm to compute interaction of strong discontinuities
with irregular moving boundaries.

(a)

(b)

Figure 9: 30 contours of density (a) and pressure (b) at time t = 0.255.
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