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Prime ideals in three dimensional regular local rings

ABSTRACT

The aim of this work is twofold. First we study a family of prime ideals, in
the power series ring in three variables over a field, which need arbitrarily
high number of generators. This family was introduced by T. T. Moh in
the seventies. Second, and having in mind to generalize this phenomenon to
any three dimensional regular local ring, we study the proof of the existence
of a prime ideal minimally generated by four elements, in any regular local
ring. This fact was recently stated by F. Planas. We conclude the present
dissertation by extending this result to a prime ideal minimally generated by

five elements.

Key words: Moh’s primes, power series rings, regular local rings, Hilbert-

Burch Theorem.
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Introduction

The study of prime ideals is a classical and long-standing algebraic problem. In par-
ticular, the analysis of generators of prime ideals. F.S. Macaulay, in 1916, gave a first
approach to the problem of bounding the minimal number of generators of prime ideals.
He found a set of prime ideals {P,,}, in the polynomial ring in three variables, so that
every P, needs at least m generators. Later on, S.S. Abhyankar provided a more precise
discussion on Macaulay’s prime ideals. In 1973, T.T. Moh adapted Macaulay’s examples
to the power series ring in three variables. He proved that there exists a family {P,} of
prime ideals, in the power series ring in three variables, where each {P,} is minimally
generated by at least n elements. Furthermore, he proved in 1979, that P, is generated

by exactly n + 1 elements.

This work has two main purposes. The first one is to describe and understand Moh’s
examples. We will study the construction of these prime ideals and delve into Moh’s
proof, in order to understand the reason why these ideals need exactly n + 1 generators.
The second purpose is to try to generalize this family of prime ideals to any regular three

dimensional local rings.

The structure of the present dissertation is the following. In Chapter [1, we prove

the following result:

THEOREM. Let k be a field of characteristic zero. Let k[[x,y, z]| be the power series
ring in three variables over k. Then, for an odd positive integer n, there exists a family

of prime ideals {Pn} such that each P, needs exactly n+ 1 generators.

Having this result in mind, in Sections [I] and [2, we introduce the theoretical back-
ground regarding binomial vectors and numerical semigroups. In Section [} we dig into
Moh’s prime ideals. We prove the first half of his result, namely, that each P, needs at
least n generators.

Then, in Section [, we prove the whole aforementioned Theorem.

Last section of Chapter [I| shows that these prime ideals can be generated by the n x n
subdeterminants of a n x (n + 1) matrix.

Chapter [2| considers the problem of Moh, but in any regular local ring of Krull dimension
three. In Section [I] we follow the recent article of F. Planas, [6]. There it is shown the
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existence of a prime ideal minimally generated by four elements, in any regular local ring
of dimension three.

This result provides us with an idea of how to find a prime ideal minimally generated by
more elements. We display this general process in Section [2 Finally, in Section [3, we
prove the existence of a prime ideal in a regular local ring of dimension three, minimally
generated by five elements.

We finally present our conclusions and ideas for further work.



CHAPTER 1

Generators of prime ideals in power series rings of three

variables

The purpose of this chapter is to give a family of prime ideals {P,}, in the power
series ring k[[x,y, ]|, such that P, needs at least n generators. We follow the articles of
Moh [4] and [5]. Before proving the main result about generators in prime ideals, we will

need some general notions on binomial vectors and semigroups.

1. Binomial vectors

In this section we present the main tools on binomial vectors that will be used subse-
quently in Section . We reproduce the definitions and the structure of Moh [5]. When
necessary, we add some observations and examples for comprehension purposes, as well
as some remarks to clarify the most difficult points.

Let k be a field of characteristic zero. Therefore, k contains a copy of Z, Z — k. Let k>

and £™ be the k-vector spaces of dimension co and m.
NOTATION 1.1. The binomial coefficients are defined as follows:

bij = (Z):J,(;—lj),, fori>j;
bi,j =0, fori < j.

The binomial coefficients are positive integers that can be thought in k&, through the
inclusion Z — k.

DEFINITION 1.2. For a fixed integer n > 0, the n-th binomial vector b, is defined as
by == (bnos .-, bnn,0,...) € K.

EXAMPLE 1.3. The first binomial vectors are: by = (1,0,...), by = (1,1,0,...), by =
(1,2,1,0,...), b3 = (1,3,3,1,0,...), by = (1,4,6,4,1,0,...), and so on.

Let T = {t1,...,t,} be a set of m non-negative integers. We can always suppose

that they are labelled so that, t; < ... < t,,. We can consider then, the binomial vectors

associated to the set of integers in T'. Let us give a basis of the k-vector space k“#4(T) in

terms of these binomial vectors.
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DEFINITION 1.4. For the k-vector spaces £ and k™, we consider the following map

projections:
ko RALN k™ oo Sy e
A A ) = AL A A Ame) = Moy )

Following Moh’s framework, we define some matrices, which will be used to prove

some subsequent lemmas and propositions.

DEFINITION 1.5. Given m > 0 and T = {ty,...,tn},

- By, .+, is the m x m matrix whose rows are the vectors p,,(by,), ..., pm(bs,).
That is,
btl,o e btl,mfl
Btl ----- tm = (pm(btl)""7pm<btm)) =
T V. |

- The matrix ;A is the identity m x m matrix with —1 in the position (7,7 + 1).

That is,
1 0 0
0O 1 0 0
ZA:
1 -1 0

- The matrix A,, is the product of all ;A, A,, := Hmfl A.

i=1 1

EXAMPLE 1.6. Let us take 7' = {1,2,5,7}. Then the matrices By, 4, , 2A and A,
are as follows:
11 0 O 1 0 0 0 1 -1 1 -1
1 2 1 0 01 -1 0 0 1 -1 1
Biass = A= A=
BT 5 1010 ? 00 10 ! 0 0 1 -1
1 7 21 35 0 0 01 0 0 0 1

In order to prove the main theorem of this section we need three lemmas.

LEMMA 1.7. |4, Lemma 2.1.] Fort; > 0,

Moreover, det(By, ... +,,) = det(By 1. ,,—1)-

.....
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PROOF. Note that
bti,o = btifl,()?
b;j = bt—1j-1 = bty -

The first equality is clear by definition, since by, o = (t(;) =1, for any ¢;. The second one,

follows directly from the definition. Indeed:

b b o ti! (tz‘ — 1)' o
e N R (CEr S
ti!—j(t; — 1)! (t; — 1)! b
- : : = ~7 — Ot—-1,5-
= ti—j—-1 jlE—1-4)1 "
Now we compute the product of the matrices By, -1A-... 1A
b b 1 -1 0
t1,0 t1,m—1 0 1 O
: : 9 A A
b U ' o
tm.0 tm,m—1 0 - - 1

Multiplying the first two matrices, we obtain the matrix

bt1,0 btl,l - bt1—1,0 T btl,m—l

btm,O btm,l - btmfl,O e btm,mfl

Applying the second aforementioned equality involving the subtraction of two binomial

vectors, we get:

bt1,0 btlfl,l o btl,mfl

Otpoo Otn—11 0 brnm-1
Then, multiplying this matrix by 2 A, we will obtain some sums of b; ; for the third column
and the rest of the matrix will remain the same. So, applying the previous relations for

the third column, we obtain the following matrix:

bt1,0 btl—l,l bt1—1,2 T btl,m—l

btmo btm—11 bi—12 o0 bium—a

Recursively, multiplying and also applying the first equality involving binomial numbers

to the first column, we arrive to the matrix

btlfl,o T bt171,m71

btm—l,O btm—l,m—l



1. Binomial vectors

which is precisely By, 4

,,,,, t..—1- The determinant equality follows directly by applying

determinants to this matrix equality. We use that the product of determinants is the

determinant of the product and that the determinant of each ;A equals 1.

For a better understanding of the proofs, we illustrate it with an example.

EXAMPLE 1.8. Let us take T', as before, T" = {1,2,5,7}. Then B; 557 - A4

11 0 O 1 -1 1 -1 10 0 0

12 1 O 0o 1 -1 1 11 0 0
Biagsz- Ay = =

1 5 10 10 0O 0 1 -1 1 4 6 4

1 7 21 35 o 0 0 1 1 6 15 20

LEMMA 1.9. |4, Lemma 2.2.] Suppose t; = 0. Then,

det(By,,..1,,) = det(p), (bey), - - - P (br,)) -

= BO,1,4,6 .

Proor. Clearly if b, = by = (1,0,...,0), we can develop the determinant of By,

by the first row. So we need to compute the determinant of the following matrix:

btz,l T bt27m—1

T Y |

This determinant is precisely the determinant of the matrix (p/,(bs,), ..., pl. (b))

EXAMPLE 1.10. Suppose that T'= {0,2,3,4}. Then

det<B072’3’4) = det

—_ = =
=W NN O
DS W = O
=~ o= O O

On the other hand,
210
det (07, (2), P (3), P (4)) = det [ 3 3 1] =4.
4 6 4

LEMMA 1.11. |4, Lemma 2.3.] We have,

det(p),(by), - ph(br,)) =

.....

PRroOF. To prove this equality, it is enough to consider the following fact:

; ] t(t; — 1)! i,
N A N . ~ — —0t-1,45-1-
ST (P YT ¢ I B T (A TR
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tit1
J

Multiplying each entry (i, j) of the matrix By,_1 ¢, —1by , we get the matrix

(p:n(btz% te 7plm(btm)) :

The previous multiplication can be seen as multiplying the i-th row by ¢;,; and the j-th

column by % So, by taking determinants and applying their properties, we get:

(t2 .. 'tm)

m det(Btzfl ..... tmfl) .

det(p:n<bt2)7 <. 7p;’n(btm)) =
O

EXAMPLE 1.12. To illustrate this lemma, take T' = {1,2,5,7} and compute the de-

terminant matrices:

2 1 0
det(p1,(2); P (5), (7)) = | 5 10 10 | =175;
7 21 35
9.5.7 5.7 11 0
3] det(By15-17-1) = = 1 4 6|=175.
' 16 15

Now we are in position to prove the main theorem of this section.

THEOREM 1.13. [4] Theorem 2.1.] The set {pm(bs,),- .., pm(bs, )} forms a basis for
k™.

PRrROOF. Let us proceed by induction on m.
For m = 1, p1(b;,) = (1), which clearly defines a basis of k. Let us suppose that the
result holds for m — 1 and let us prove the case m. We proceed now by induction on t;.
If t; = 0, by Lemmas and [I.11] we have the following equality:

B (tz"'tm)
..... tm)—m

By induction, the right hand side of the equation is different from zero. Therefore

det(Bt2,1 tmfl) .

.....

det(Btl 7777 tm) 7£ 0.

The set {pm(b,), - - -, pm(by,, )} is linearly independent and is a basis of the k-vector space
k™. Let us assume that it is proved for ¢; > 0 and prove it for ¢; + 1. Let us consider the
labelled set {t; + 1,t9,... ¢} with t; +1 <ty < ... < t,. By Lemma , we have the
following equality:

det(Biy11,..t,,) = det(Byy1-1t9—1,...tm—1) = det(Biy to—1,..tr—1) -

By induction, the rightmost term on the equality is different from 0. Therefore, the
leftmost term is also different from zero. Hence {p,,(b,), - .., pm(bs,, )}, with ¢; > 0, forms

a basis of k™. 0



2. Numerical semigroups 13

ExAMPLE 1.14. Continuing with the previous example given by 7" = {1,2,5,7}, let

us see that a basis of k% is

{pm(bl)a Pm(bg), pm(b5)> pm<b7)} )

where m = 4. Thus, the vectors {(1,1,0,0),(1,2,1,0),(1,5,10,10),(1,7,21,35)} must
generate k* and be linearly independent. Since the dimension of the k-vector space k* is
4, we just have to prove that they are linearly independent, i.e. the determinant of the
matrix formed by the coordinates of these vectors is different from 0. Indeed, this is the
case:

0 O

1 0
10 10
21 35

det Bios7 =

1<y

=60 #£0.

—_ = = =

N Ot NN =

2. Numerical semigroups

REMARK 2.1. Moh uses the notion of semigroup to refer to what we currently know as
numerical semigroups. We follow the definitions and the results in |7, Chapter 1] which,

by now, have become standard in this area.

DEFINITION 2.2.

- A semigroup (S,4+) is a set S with a binary associative operation + on S.

- A semigroup S is a monoid if it has an identity element with respect to its
operation.

- A subset of a semigroup (monoid) closed under the operation is called subsemi-

group (submonoid).

DEFINITION 2.3. A numerical semigroup S is a submonoid of N with finite comple-
ment. Here, we understand 0 € N and 0 € S. Thus a+b € S for all a,b € S and N\ S is
finite.

The next proposition gives us an alternative way of finding numerical semigroups for

generated monoids.

PROPOSITION 2.4. Let A be a nonempty subset of N. Then the monoid (A) generated

by this subset is a numerical semigroup if, and only if, gcd(A) = 1.

ProoOF. We follow the proof of |7, Lemma 2.1.] For the forward implication, we
denote d = ged(A). As (A) is a numerical semigroup, N\ (A) is finite. Therefore, it exists
a positive integer n € A such that n+1 € A. So d divides n and n + 1, thus d = 1.
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To prove the converse, it is enough to prove that the complement of (A) is finite. As
1 = ged(A), there exist aq,...,a, € A and zy,..., 2, € Z such that
1l=za1+...+ z,a,.
We can assume, without loss of generality, that the first [ coefficients z; are positive and
that the next ones are negative. Therefore, we have the following equality:
a1+ ...+ za=1—-2z10141 — ... — 2Zpa, =1 145,

where s = —zj 1ai41 — ... — zpan, >0, s € (A) and s+ 1 = z1a1 + ... + ziqy € (A).
Claim: Given an n such that n > (s — 1)s+ (s — 1), then n € (A).
Clearly, from the Claim, it follows that N\ (4) C {z € N|z < (s —1)s+ (s — 1)} and so
N\ (A) is finite.
To prove the Claim, divide n by s so that
n=gqgs+r,

withg e Nand 0 <r <s—1. So

n=gqs+r=qs+r+rs—rs=r(s+1)—(¢—1)s.

If we prove that ¢ —r > 0, since s and s+ 1 are in (A), it would follow that n € (A). So
let us see that ¢ — r > 0. Using the hypothesis of the Claim and that 0 <r <s—1, we

obtain
gs+r=n>(s—1)s+(s—1)>(s—1)s+r.
Therefore gs > (s —1)s and ¢ > s — 1 > r. Hence ¢ —r > 0. O
EXAMPLE 2.5. Let us give an example of a numerical semigroup. Let us consider the
set A ={2,7,9}. Clearly (A) C N and is closed. It remains to see that its complementary

is finite. It is easy to see that (A) contains all the even numbers and all the odd ones
bigger than 7. Thus

N\ {4) = {1,3,5}.
We can check that the theorem holds, as ged(A) = ged(2,7,9) = 1.

Once we have established these concepts we can define the Frobenius number. This number

is used as an assumption in Moh’s article.
DEFINITION 2.6. If S is a numerical semigroup, the Frobenius number is defined as
F(S) =max{n € Njn ¢ S}.
The set of gaps of S is defined as
G(S)=N\S.
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The genus of S is defined as
g(S) = Card(G(9)) .

DEFINITION 2.7. Let S be a numerical semigroup and n € S,;n # 0, the Apéry set of

n in S is defined as the following set:
Ap(S,n):={seS:s—n¢S}.
LEMMA 2.8. The Apéry Set of n in a numerical semigroup S is equal to
Ap(S,n) ={w(0),...,w(n —1)},
where w(i) is the least element of S congruent with i mod n, i € {0,...,n — 1}.
PROOF. See |7, Lemma 2.4.]. O
EXAMPLE 2.9. Let S = (2,7,9) be a numerical semigroup. Then,

Ap(S,7) ={0,8,2,10,4,12,6} .

The next proposition will provide a way to find the Frobenius number and the genus of a

given numerical semigroup.

PRrROPOSITION 2.10. Let S be a numerical semigroup and let n # 0 be an element of
S. Then

F(S) = maxAp(S,n) —n; g(S):l Z w _n—l'
n weAp(S,n)

PROOF. First, let us see that the element max Ap(S,n) — n is not in S. This is clear

by the definition of the Apéry set. So we just have to check that there is not an integer
greater than max Ap(S,n) — n that is not in S.
Let x be such that z > maxAp(S,n) —n. That is, x + n > maxAp(S,n). Let T =
i € Z/(nZ), with i € {0,...,n — 1}. Therefore,  + n is congruent with i + 1 mod n.
Let us take the element w(i + 1) € Ap(S,n), which is congruent to i + 1 mod n. Since
r +n >max Ap(S,n), x + n is congruent with w(i + 1) mod n. Therefore

r+n=wli+1l)+nsSr=wli@+1)+AN-1)n.

As S is a numerical semigroup, i.e. is closed under the sum, x € S.

To prove the second part, we consider the Apéry set of n in S,

Ap(S,n) ={w(0) =0,w(l)=14+kn+...,w(n—1)=n—1+k,_1n}.
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An integer z, congruent with 4, does not belong to S if, and only if, w(i) > =. Therefore,

for each i € {0,--- ,n — 1}, there are k; integers not in S. Thus

+...+ n— +Rn+...+n n—171 w .
! ! n ! ! n

ExXAMPLE 2.11. Let S = (2,7,9) be a numerical semigroup. Let us compute its

Frobenius number and its genus.
S =1{0,2,4,6,—}  N\S=1{1,3,5}.
Therefore F/(S) =5 and g(S) = 3. Let us check that the proposition follows,
F(S) =maxAp(S,7) —7=12—-7=15;
g(S)=1%-21=3.

Let us focus on 2—generated numerical semigroups.

PROPOSITION 2.12. Let a,b be two non-negative integers such that ged(a,b) = 1. Let
S = (a,b) be the numerical semigroup generated by a and b. Then,
_ab—a—-b+1 F(S)+1
2 2
PrOOF. By Lemma 2.8, we know that the Apéry set of a in S is formed by the least

F(S)y=ab—b—a; ¢(5)

elements of S congruent with 1,...,a — 1. Therefore,
Ap(S,a) ={0,b,2b,...,(a — 1)b}.
So, by Proposition [2.10},
F(S) =maxAp(S,a) —a=(a—1)b—a=ab—b—a.
For the genus we just apply the formula given above. O
NOTATION 2.13. From now on, we denote Z; = {i € N|0 <i < L}.

REMARK 2.14. Let S = (a,b) be the numerical semigroup generated by a and b, with
ged(a,b) = 1. Let A be

AZ{HES|H§F(5)}=SQZF(5).
Clearly A C Zr(s). By Definition [2.6]

N \ S g ZF(S) )
and its cardinal is the genus, ¢g(5). Therefore,
F(S)+1
Card(A) = F(S)+1—g¢g(S) = FS)+1 =g(9).
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Now, we are the position to understand Moh’s [4, Section 4].

DEFINITION 2.15. For a positive integer n, a numerical semigroup S is residuely equally
distributed mod n, if
F(S)+1

2n ’

REMARK 2.16. Let S = (a,b) with ged(a,b) = 1. Then S is equally distributed mod
1. Recall the definition of A in the previous remark. When n = 1, then {i + 1Z} = Z.

Therefore,

Card(S N {i +nZ} N Zps)) = for all i € {0,...,n —1}.

A={neSn<F(S)}=SNZNZpisy=SNZLps) -
Taking cardinalities,
F(S)+1
2
THEOREM 2.17. [4, Theorem 3.1.] Let n be an odd positive integer. The semigroup

= Card(A) = Card(S N Zg(s)) -

S = {(n+1,n+2) is residually equally distributed mod n.

PROOF. We are going to follow the proof of [4, Theorem 3.1.]. First, we can apply the
previous propositions because (n+1,n+2) = 1. So, by Proposition , S is a numerical
semigroup. Let us write the set {i € N|0 < i < F(S9)} in a matricial way. Let D be the

n X (n 4 1) matrix defined as:

0 1 n
n+1 n+1+1 n+1l4+n
D = (d;j) = . . .
m=—1mn+1) n—1n+1)+1 -+ (n—=1n+1)+n

Claim: If 7 > j, then d; ; € S. Indeed,
dijg=0-Dn+)+G-D=>0-j)n+1)+G-1n+2).
Since ¢ — 7 > 0 and j —1 > 0, then d;; € S. By the previous remark [2.14]

FS)+1 (n+1)(n+2)—(n+2)—n+1)+1 nn+1)
2 2 2
which is the number of d; ; € S, when ¢ > j. Therefore, we can conclude that

Card(S N ZF(S)) =

To finish the proof we find the set of elements in the following intersection:
ZF(S) N {Z + nZ} .

So we look into the entries of the matrix that can be written as i - An for A € Z. We find

the following elements:

{dl,z’+17 d27i, dg’z;l, e ,di+1?1, di+1,n+17 e 7dn,i+2} = {’l, Z+n, e ,i—l—in, z+(z+1)n, e ,Z—l—'rm} .
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The next element of the set {i + nZ} is i + (n + 1)n. However, this one is not in Zpgg).
Finally, we check which of the elements of this set are in S, i.e. @ > j. Let us suppose
that ¢ + 1 is even. The first % elements are not in .S, but the next % elements do are.
The following % elements are not in S and the last % elements are. Let us suppose
now that ¢ + 1 is odd. In this case, the first % elements are not in S, the following % +1

elements are in S, the next "’TH + 1 are not in S and the last ”’TH are. In both cases,

the number of elements in S is ”TH Therefore,
: n+l nn+1)—1+1 F(S)+1
d 7} NZ = = = _
Card(S N{i +nZ} N Zps)) 5 o 5

0

EXAMPLE 2.18. Let us give an example to illustrate the proof. Let S = (4,5) and let
n = 3. Then,

S ={0,4,5,89,10,12, -} and N\ S ={1,2,3,6,7,11}.
The Frobenius number of S is 11. Let us compute the intersection for i = 2 and n = 3:
SNn{2,58,11,...} NZy; = {5,8}.

Therefore,
11+1

2-3

3. Generators in prime ideals

In this section we prove the main theorem of the chapter. Let k[[z,y, z]] be the power

series ring in the variables x,y, z over a field k. Let us define a collection of prime ideals

n+1
2

that A > n(n + 1)m and ged(A, m) = 1. Let p be the following ring morphism:

P,, n > 1, in k[[z,y, z]]. For an odd integer n, set m = . Let A be an integer such

p: K,y 2] — K]

T — $nm + tnm+)\
y — tm(n—i—l)
z > gmnt2)

Notice that the ring morphism p has nothing to do with the projection map p,, defined
in Section [ We will keep this notation just to match the one used by Moh.

DEFINITION 3.1. Let P, be defined as
P, =kerp.
Note that P, is a prime ideal because k[[t]] is an integral domain and

k[[z, y, 2]] /ker p = Imp C K[t]].
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Let o be the following ring morphism:

o: kl[z,y,2] — K[z, 2]
€T — "
— yn—I—l
z N ar

We proceed to establish some definitions related to this mapping.

DEFINITION 3.2. The order of an element f = "> >
for f #01is

i+j+k=r ai,j,kxiyjzk € k[[l’7 Y, Z]]a

ord (f) = min{i + j + kl|a; ;» # 0}.
The leading form of f is defined as
LF(f) = Z a; ;'Y 2" such that i 4+ j + k = ord (f).
A series f is homogeneous if f = LF(f).

REMARK 3.3. If necessary, we fix an ordering on the set of monomials in three variables

x,, z; for instance, the degrevlex, with = < y < z, we have:

1<x<y<z<x2<$y<xz<y2<yz<22<
<x3<x2y<x2z<xy2<xyz<y3<y2z<yz2<z3<...

The number of monomials of degree r in 3 variables is b,;2, = (’”ﬁ) and the number of
monomials of degree less than or equal to r in 3 variables is b, 43, = (TJTT3). In particular,
the number of monomials of degree less than or equal to r—1 in 3 variables is b(—1)43,—1 =
(T’SL2). Every series f € k[[z,y, z]] is uniquely determined by its coefficient sequence, that
is, the sequence ¢y : N — £ of its coefficients placed according to the aforementioned
ordering, namely:

cr = (Cf,h Cf2,Cf,3, - - )= (a0,0,07 a1,0,0, @0,1,0, @0,0,1, 42,0,0, A1,1,0, A1,0,1, @0,2,0, - - -) € k™.
Of course, for A, i € k, we have cypi,9 = Acy + picg. Let us consider the map defined in
Section [T}, p, : £ — k™. Then

ord (f) =r< Pbria3 (Cf) =0 and Poyis.3 (Cf) 7é 0.

Similarly,

ord (f) > r < Pbrias (Cf) = 0.
DEFINITION 3.4. Let f(xz,y, 2) € k[[z, v, 2]].

- The o-order of f(x,y,z) is defined as cord (f(x,y,z)) = ord (o(f(x,y, 2))).
- The o-leading form of f(x,y,z) is oLF(f(x,y,2)) = o Y (LF(f(z,y,2))), where

LF is the leading form of a power series.
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- f(z,y, 2) is o-homogeneous if f(x,y,z) = cLF(f(x,y, 2)).

REMARK 3.5. Clearly a o-homogeneous (or homogeneous) power series must be a
polynomial. Let us suppose that the o-order (or order) of a o-homogeneous power series
(or homogeneous) is r. Each monomial appearing in ¢LF(f) must have degree r (or the
monomials appearing in LF(f)). Since there are a finite number of monomials a,g,2%y” 27
verifying an + f(n+ 1) + y(n +2) =r (or a+ 4+ v = 7). It follows that if f(z,y, 2) is

o-homogeneous, then f = oLF(f) is a polynomial.

Next, we give an example to better understand these concepts.

EXAMPLE 3.6. Let us consider the power series f(z,y,2) = xy? + 2> + zyz + y*. Let

us compare its order and leading form with its o-order and o-leading form.
a(f(:v,y, Z)) _ $ny2(n+1) + ZS(n+2) + mnyn-i-lzn-l-Q + y4(n+1) _
Then,
oord (f(z,y,2)) =3n+2; ord (f(z,y,2)) = 3;
oLF(f(x,y,2)) = xy?; LF(f(z,y,2)) = vy + 2° + zyz.
Neither the o-leading form nor the leading form of f(x,y, z) match with itself, therefore

it is not o-homogeneous or homogeneous. Let us give an example of a o-homogeneous

power series. Let g(z,y,2) = xy? + 232. Then
0_(g<$,y7 Z)) — xnyQ(nJrl) + SanZnJrZ.

Then, cord (g(z,y,2)) = 3n+ 2, so cLF(g(z,y, 2)) = zy* + 22°z = g(x,y, 2). Therefore,

g(x,y, z) is o-homogeneous.
NoTATION 3.7. Let W, be the k-vector space defined as:
W, ={f(z,y,2) € k[[z,y, 2]] | f(z,y, 2) is o-homogeneous of cord =r} U {0}.
PROPOSITION 3.8. The dimension of W, is finite.

PROOF. Let F be the k-vector space defined as follows:
E= (2’2" |a, B,y <71).

Clearly W, C E. The dimension of F is finite, therefore the dimension of W, must be
finite. O

Let U, := W,Nk[[y, z]]. Let d, = dim W, and e, = dim U,.. Recall the notation in Section
, where S = (n + 1,n + 2) is the numerical semigroup generated by the integers n + 1
and n+ 2, and Z; = {i € Z such that 0 <i < L}.

REMARK 3.9. Let (8,7) be a couple of integers such that g,y > 0, and let S =

(n+1,n+2). For a fixed r > 0 and some a € N, the following statements are equivalent:
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- Bn+1)+y(n+2)=r—an,
- Bn+1) +~v(n+2) e SN{r+nZ}NZz,.

THEOREM 3.10. [4], Theorem 4.1.] With the previous notations, in particular n is a
: _ n+l U
fixed odd integer and m = % We obtain.:
(1) d. =), €, wherei € SN{r+nZ}NZ,.
Especially
(2) d. <m, ifr <n(n+1).
(3) d, =m+s,ifn(n+s) <r<nn+s+1)andr < (n+1)(n+2), for any s > 1.
PROOF. Notice that the generators of W, are the monomials z°y”27 such that,
an+pBn+1)+y(n+2)=r.
Let
Wy =W, Na%|ly, 2],
U,«’a =U,N Wia.
We have the following 1 — 1 correspondence:
Wya +— Upa
xayﬁz’y % yﬁz’y
l.ayéze — yéze ]
W, is also generated by the monomials 2%y®2?, where the « is fixed and o and 3 satisfy
the following equation:
fn+1)+y(n+2)=r—an.

Let us check that this correspondence is well defined. Given the monomial x%y?z7 of
W,.o, we have to prove that its image is contained in U, . Clearly y?27 € k[[y, 2]]. So we

just have to see that its o-order is r — an.

Thus, 2%y"2" e W, = an+ f(n+1) +y(n+2)=r
=B+ +yn+2)=r—an=y’2" € W,_a,.
Let us prove now that the inverse map is also well defined. Take 3°2¢ € Um and let
us prove that, for a fixed a, the monomial z%¢y°2¢ € W, ,. Clearly, it is contained in

2°k[[z,y]], so we have to prove that its g-order is . This is clear since U,, = W, N
2k, y, 21l N k[ly, 2]]. Then,

dn+1)+en+2)=r—an.
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Therefore cord (z%y°2¢) = r and z°y°z¢ € W,,. To finish the proof of (1), we use the

previous remark. Then we have this isomorphism:

@Um%@Ui where i € SN{r+7Z}NZ,.

Since there exits a 1 —1 correspondence between W, , and U,—an. We obtain the following

collection of isomorphisms:

Wr = @Wr,a
= @Urfom

= @UlwhereZESﬂ{T—FZ}ﬂZr

Therefore d, = > e; where i € SN {r+ nZ} NZ,. This proves statement (1).
We now turn to the proof of (2) and (3). Suppose that r < (n+ 1)(n + 2). In particular
r<n(n+1). Let (5,7) and (¢, ) such that, for a fixed 0 < o < r, one has

fn+1)+vy(n+2)=r—an=¢en+1)+d(n+2).
So (f—¢€)(n+1)=(6—~)(n+2). Hence

f—e=un+2)and § —y=wv(n+1), for some u,v € N.

Thus
B=un+2)+e>un+2).
Then
r>r—an=p0pMn+1)+vn+2)>un+2)(n+1)+yn+2)
= (u(n+1)+7)(n+2).
Therefore

(uln+1)+7)(n+2) <7 < (n+1)(n+2).
It follows that nun + 1) + v < n + 1 and necessarily © = 0, so § =€ and 7y = J.
This fact ensures that e; = dimU; = 1, for all i < (n + 1)(n + 2). Then

d, = Zei = Card(SN{r+nZ}NZ,).

Now, let us prove (2). Take r < n(n+ 1), which is equivalent to r < F(.S). Indeed, recall
from Section 2} that the Frobenius number of S = (n+1,n+2) isn(n+1) — 1. Applying
now Theorem [2.17, we have:
F(S)+1 n(n+1)

o 2n

Card(S N {r +nZ} NZ,) < Card(S N {r +nZ} N Zrs)) =

This proves the statement (2).
To prove (3), we assume n(n +s) < r < n(n+s+1) and r < (n+ 1)(n + 2) for
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some s > 1. We already know that d, = Card(S N {r +nZ} NZ,). Since s > 1, then
r>n(n+s)>n(n+1)> F(S), where FI(S) =n(n+1) — 1. Then

Card(SN{r+nZ}NZ,)=
Card(S N {r+nZ}NZpe) + Card(SN{r+nZ}n{i: F(S)<i<r}).

Since F(S) is the least positive integer not in S, the set {i : FI(S) < i <r} C S. So,
to end the proof it is enough to compute Card({r + Z} N {i : F'(S) < i < r}). Let us
take an element ¢ in the intersection of {r + nZ} with {i| F(S) <i <r}. Soi=r —un
for some u € N, because i must be smaller than or equal to r. Since F(S) < ¢ and
F(S)=n(n+1)—1, then

nn+1)<r—un.
Therefore un < r — n(n + 1). Dividing by n and using 7 < n(n + s+ 1), then

r n(n+1)<n(n+s+1)
n n n

u <

—(n+1)=s.

This proves,
{r+nZ}n{i| F(S)<i<r}C{r—un|0<u<s}.

The other inclusion is clear, therefore

d, = Card(SN{r+7Z} N Zpes)) + Card(SN{r +Z}N{i: F(S) <i<r})=m+s.

DEFINITION 3.11. Let us consider the monomial 24”27,

- The associated binomial vector is:
b(xy”27) = (bao,- -+ baa,0,...) = by € K=.
- The associated binomial m-vector is:
bin(2%Y"27) = pim(b(z°Y"27)) = (baos - - - baym) € E™.
Let Z aagwa:ayﬁ 27 be o-homogeneous. Then,
b(z aamxo‘yﬂzv) = Z Aapyb(z%y”2") and bm(z Aapy Y 27) = Z aambm(aﬁo‘yﬂzv) )
In general, let f(z,y, z) be a power series,

- its associated binomial vector is:

b(f(z,y,2)) = bloLF(f(z,y,2))),

- and its associated binomial m-vector is:

b (f (,y,2)) = pm(b(f (2,9, 2))) -
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PROPOSITION 3.12. |4, Proposition 4.1.] Let f(x,y,z) € P = P,. Then

b (f(2,y,2)) =0,

n+1

where n is a fized odd integer and m = "3

PROOF. Assume cord (f(z,y,2)) = r. Consider the decomposition of f as the sum
of its o-leading form and the rest, f(z,y,2) = g(x,y,2) + h(z,y, z), where oLF(f) =

g(x,y, 2). Let anp,2*y’2” be a monomial of g(z,vy,z). Therefore,
p(aaﬂvgjayﬂzﬁ) — aaﬁ’ytamn(l —I'_ tA)atm(n+1),8tm(n+2)7 ]

Since that cord (anp,x°y°27) = r, then an + B(n + 1) + y(n + 2) = . By applying the

Binomial Theorem, we obtain the following:
p(aamxayﬂzv) = aaﬁvt”m(baﬂt}‘ +...+ bavm_lt/\(m_l) +...).
We do the same for a monomial aasuxﬁy‘sz“ of h(x,y, z), whose order is s > r. Then
p(aag”a:ey‘sz“) = aa;utsm(be,ot)‘ + ..+ be,m,lt’\(m’l) +...).

Claim: The terms of the form #™“* with « < m, only come from the o-leading form
of f(z,y,z). Thus suppose that t"™+%* = ¢m+vA " Since s > r, then v < u < m. On
the other hand the equality implies rm + uA = sm + v\ < (s —r)m = (u — v)A. Since
(A\,m) =1 and A > m, then m|(u — v). Therefore m < u—v < u < m and we arrive to a
contradiction. So the elements of the form ¢"™%* can only be cancelled among them, in
addition if "+ = "+ implies u = .

Let us compute p(f(x,y, 2)):

p(f(2,y,2)) = plg(z,y,2)) + p(h(z,y, 2))
= tapyt™ (baot + . .+ bo o1t ")
+ { the rest of the terms of p(g(x,y, z)) and p(h(x,y,z))}.
As we mentioned before, the terms of the first sum can only be cancelled among them, so

the rest of the terms do not interfere in the sum. Since f(z,y, z) € P, then p(f(z,y,z2)) =

0. Thus, one must have

Z agyt ™ (baot™ + ...+ bamo ™) = 0.
Hence
Zaaﬂfyba,i =0. for i <m-— ]_’

and by definition,
bin(f(2,y,2)) = 0.
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Let us consider de k-vector space V, = W, N ({o-leading forms of elements in P, } U{0}).
We denote ¢, = dim V.

THEOREM 3.13. [4, Theorem 4.2.] With the previous notations, in particular n is a

fized odd integer and m =

n+1 ; ;
“5=. The vector space V, is the kernel of the mapping

by : Wy — K™
Moreover,
(1) ¢, =0 ifr <n(n+1).

(2) ¢, =d. —m ifr >n(n+1).
(3) e, =1ifn(n+1) <r <n(n+2).

PROOF. Remark that W, is generated by the monomials {z%y?27} such that:
an+pn+1)+v(n+2)=r.

Considering the proof given in Theorem [3.10], for r < (n-+1)(n+2) since x%y® 27 = x%y2°,
then 3 = e and v = §. Therefore, the elements of {x%y®27} are determined by the « index.
Thus,

dp = dim W, = Card({xayﬁzv}an+,3(n+1)+’v(n+2)=7") = Card({pmba}) -
By Theorem we know that dr < m. Then, by Theorem we affirm that {pm,0.}
is a set of linearly independent vectors. Just by applying the previous definitions, we con-

clude that the set of associated m-binomial vectors {b,,(x%y”27)} are linear independent.
The map

by« Wy — E™ |
is injective since {b,,(z*y?2"?)} are linear independent vectors. By Proposition m,
V. Ckerb,, =0=V,=0=%kerd,,.

Now, let us prove (2) and (3). First, let us prove that b, is surjective. We consider an
element s € SN{r+nZ}NZp), where S is the numerical semigroup, S = (n+1,n+2).
Then,

s=Bi(n+1) +7(n+2) Bi,vi € N.

Therefore for some a; € N, we have
Bin+1)+vn+2)=r—an<san+fin+1)+vn+2) =r.

Thus, 2% +y% + 2% € W, and «o; # o for i # j. We can consider the family of elements of
W, given by {z%y% 271}, such that B;(n+1)+7;(n+2) is an element of SN{r+nZ}NZps).
Clearly,

Card(b,,) = Card(S N {r +nZ} N Zps)) = m.
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By applying Theorem the set {pmba, } forms a basis of k™. Considering the definition

of associated m-binomial vector,

{pmba,} = {bm (%Y 27)} .

The previous discussion tell us that the monomials {xaiyﬁi 2% }o<i<m are contained in W,
and are part of the generators of W,.. Then, the set {b,,(x%y%27)} is in the image of b,,,

which is contained in k™. Therefore,
m = Card({b, (z*y"27)}) < dimIm(b,,) < m,

and b,, is surjective. Applying the Theorem of Dimension for vector spaces, we have the

following equation:
d, = dim W, = m + dim ker b,,, .

By showing that Vr = kerb,,, we end the proof of the theorem. Clearly V, C kerb,,,
so it is enough to prove the other inclusion. Let f(z,y,z2) € kerb,, and let us see that
f(z,y,2) € V,, i.e. is a o-leading form of an element of P,. Let us find a family of power

series {g;} for i > rm + mA, such that:

1) ord p(gi(z,y,2)) = s > i.

2) ord p(gi1(z,y,2) — gi(x,y,2)) > .

3) oLF(gi(z,y,2)) = f(z,y,2).

4) ord (gi+1(2,y, 2) — gi(z,y, 2)) > 73;(:32 :

(
(
(
(

Let us proceed by induction, i = rm + mA, g;(x,y, 2) = f(z,y, z). Clearly,

p(f(:c7 y7 ’Z)) = Z aa7ﬂ7fyba7mtrm+m)\ + ey

where the terms of order less than 7m + mA, are cancelled out because b,,(f(z,y,z)) = 0.
So ord p(f(x,y,2)) > rm+mA =i. Since f(z,y,2) is o-homogeneous, then cLF(f) = f.
Therefore conditions (1) and (3) are satisfied. In this first step, conditions (2) and (4)
are void. For the general case, let us suppose that there exist an element g;(z,vy, z) for
© > rm+ m verifying the previous conditions. Now let us construct the element g;,;. Let

s =ord (p(gi(x,y, 2))), we can assume that s € u\ + mZ, with 0 < u < m. Then,
s—(uA+rm) >rm—mA— (uA+rm)=(m—u)A > A>n(n+1)m,

recall that the last inequality comes by the choice of A. Observe that the last integer not
in S is

F(S)=n(n+1)—1.
So we can assure that s — (uX +rm) € mS. Therefore, there exist 3, € N such that

s—(urA+rm)=pBn+1)m+~y(n+2)m.
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Then we conclude that ord p(y®z7) = s — (u\ + rm). Now, since b,, : W, — k™ is
surjective, there exist h(zx,y, z) € W, such that b,,(h(z,y,z)) = (0,...,1,0,...,0), where
1 is in the position u + 1. L.e. the binomial coefficients verify that b, , = 0 for ¢ # u and
ord (p(h(x,y, z)) = rm + uX. Then,

ord (p(y°2"h(x,y, 2))) = s and oord (y*27h(z,vy, 2)) = cord (y°27)+(cord (h(z,y,2)) <r.

For some a € k, we have constructed gi1(x,y, 2) = gi(x,y, 2)+ay® 2 h(z,y, 2) € k[[z,y, ],
such that:

(1) ord (p(gi(z,y, 2) + ayP27h(x,y,2))) > s.

(2) ord (p(gi+1(z,y, 2) — gi(w,y, 2))) = ord (p(ay’ 2 h(z, y, 2))) = s > i.
(3) ULF((QiJrl(xa Y, Z)) = O-LF((gl(x7y> Z)) = f(a?,y, Z)‘

(4)

ord (gis1(x,y, 2) — gi(z,y,2)) = ord (ay®2"h(x,, z)) =
(847 +ord (h(z,y,2)))(n+2)m

B+~ +ord (h(z,y,2)) =

(n+2)m
s—(rm—+ul)+rm _ i—mA
m(n + 2 “mn+2)

i—mA\
m(n+2)

series g(z,y, z) € k[[z,y, z]] verifying the following conditions:

Let us note the floor function for of as r;. There exist a uniquely determined power

- ord p(g — gi) > i.
~ord (g —gi) > 1.

The construction of g is not evident so we will clarify it in a remark at the end of the
proof. Now let us prove that p(g(z,y,2)) = 0. We proceed by contrapositive, supposing
p(g) # 0. Then, for some N € N, ord p(g(x,y,2)) = N. Let us take gyi1(x,y, z) with
ord p(gn+1) > N +1 > N. According to the construction of g,

ord plg — gi1) > N +1.

Therefore p(g) and p(gn+1) agree up to order N. Since p(g) has order N, then ord p(gn11) =

N, which is a contradiction. Thus,
plg(x,y,2)) =0.
So, we can affirm that f(z,y,z) € V,.. Therefore,
kerb,, =V, and ¢, =d, —m.
The statement (3) is proved by considering (3) of Theorem [3.10]and take s = 1. Therefore,

cG=d,—m=m+1—-m-=1.
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O

REMARK 3.14. Let f € k[[z,y, z]] be a o-homogeneous power series of o-order r > 1.
Let {r;};>1 be an ascending chain of integer numbers which tends to infinity. Let {g; }i>1 be
a sequence of power series such that cLF(g;) = f, ord (gix1 — g;) > ri, ord (p(g;)) > i and
ord (p(giy1—gi)) > i . Then there exists a uniquely determined power series g € k|[x, y, z]]
with ¢LF(g) = f and ord (g — g;) > r;. Moreover ord (p(g — g;)) > i.

To describe g in a uniquely way, it is enough to describe its coefficient sequence c,.
According to the remark 3.3,

(1) ord (gi+1 - gi) > T pb'ri+2,3 (Cgi+1> = pbri+2,3 (Cgi)'

Thus, from 1 to by, 423, let the coefficients of g be those of g;. Concretely, py, ., ,(cy) =
Dby, 425 (Cqy)- I other words, g and gy agree up to order 71 — 1. From b, 123+ 1 t0 byy123,
let the coefficients of g be equal to those of g5. In fact, using , this is equivalent to say
that the coefficients of g and g, agree up to the b,,,23-th term, because the first b,, 193
coefficients of ¢; and g, agree. Recursively, let the coefficients of ¢ from b, 423 + 1 to
by, 42,3 be those of g;1;. In other words, the series g and g;1; agree up to order r;;; —1
and so ord (g — gir1) > Tiy1-

From this construction, it seems reasonable to think that ord (p(g — ¢;)) > . From here
we deduce that p(g) tends to infinity. However the proof is not clear. We assume this

results from Moh’s claim. He defined the power series ¢ = lim g; and he assert that
1—00

ord (p(g)) = oc.

In order to understand and prove the next theorem we stablish the following notations.

First, let us generalize the concept of the order of a mapping. Let « be

a: kllx,y,z2]] — K[z, 2]
X — P
— yﬁz
N — 2'83

We define the concepts of a-order, a-leading form and a-homogeneous as in Definition
B-4 The a-order of f(z,y,z2) € k[[z,y,z]] is aord (f(z,y,2)) = ord (a(f(z,y,2))). The
a-leading form of f(z,y,2) is oLF(f(z,y,2)) = a *(LF(f(z,y,2))). Finally, a power
series is a-homogeneous if f(z,y, z) = aLF(f(x,y, 2)).

Let 8 = min(f, B2, B3) and let w, be defined as follows:

w, = {f(z,y,2) € k[[z,y, 2]]| f(x,y, z) is a-homogeneous and aord (f(x,y,z)) =r}.

The following lemma will be used in the proof of Theorem |3.16
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LEMMA 3.15. Let us consider a set of power series {fi,..., fn}. Let {hy,... hy,} be
their a-leading forms. Let s = min{aord (f;)}, if
9(x,y,2) = Y gi(w,y,2) fi(x,y,2), where gi(x,y,2) € k[[x,y,2]] and s < aord (g) < s+5.
Then,
OéLF SC Y, 2 Zgl z,Y,z), Gi € k

PRrROOF. First, let us consider that aord (g(z,y,2)) = s. We want to see the shape
of its a-leading form. Therefore, we choose the elements of g with a-order r. The only
possible candidates are the a-leading forms of the f; with a-order r, multiplied by a

constant ¢;(0,0,0). The rest of the elements have greater a-order. Therefore,

alF(g(x,y, 2 Zgzzxy, ; gi€k.

Where g; = ¢;(0, 0, 0) for ¢ such that cord (h;) = r and g; = 0 for i such that cord (h;) > r.

Now let us take cword (g) = s + 1. Our candidates for the a-leading form are:

(1) i(x,y, z)h; where ord (h;) = s.
(2) ¢:(0,0,0)h; where ord (h;) = s + 1.

Let us see that the first candidate is not good enough. The power series g;(z,y, z) is
composed by some monomials of g(x,y,z). The condition to be in the aLF(g) is the

following:
aord (gih;)) = s+ 1.
However,
aord (g;h;) = aord (g;) + aord (h;) = aord (g;) + s.

This means that cord (g;) = 1, nevertheless cword (g;) > 5. So aord (g;h;) > f+s > 1+s.
Thus,

aLF(g(x,y, 2 ZgZ i(x,y,2), where g; € k for i such that aord (h;) > s.

Where the constants g; are zero when aord (h;) > s + 1. Recursively, we apply the same

reasoning when the a-order of g is growing up to s+ 3 . We obtain that for each g(x,y, 2),
aLlF(g(x,y, z Zgl x,y,z), where g; € k, for i such that cord (h;) >s+j— 1.
Remark that the constants g; are zero when aord (h;) > s+ j. O
THEOREM 3.16. [4, Theorem 4.3.] Let Q be an ideal of k[[x,y, 2]]. Let
s = min{aord (f(z,y, 2))| f(z,,2) € Q}
Let N be the minimum number of generators of @, let

v, = w, N {a- leading forms of Q} U {0} .



3. Generators in prime ideals 30

Then,
NZr:Zdimvi, s<i<s+p.

Proor. We want to build inductively a system of generators for () with N elements.
So that the a- order of each element increases and letting N > > dim(vi) for s < i < s+f.
Let {g1,...,9n} be at system of generators of ) and let {hy,..., hx} be their a- leading
forms. Then, let us consider a set of elements in @, {gi1,...,giq4}, such that their a-
leading forms {h;1,...h; 4} constitute a basis for the v;. For the first case i = s, we can

express the elements {gs1, ..., gsq,} as a combination of {g,...,gn}:

9s,j = Zui7j<x7y>z>gi(xaya Z) V1 S] < ds .
i=1

Then, we consider the a-leading forms of each part of the equality. By applying Lemma
3.15 we obtain the following:

N
hs,] - Zui,jhi(x7 Y, Z) )
=1

the w;; are equal to zero when aord (h;) > s. Therefore, the set {hy,...hq, } forms a
basis for vs. This tells us that at least the set {gi,...,gn} must have d, elements, in
other words N > d,. Finally, we must assure that the a-order of the following g;(z,y, 2)
increases. By definition the set {hi(x,y, 2), ..., hq,(x,y, 2)} generate the a-leading forms

of a-order s. Then, there exists a; ; € k such that

aLF(g;(z,y, 2 Za” x,y,z) Vj>ds.

Replacing the g;(z,y, ) when j > d, by g¢;(z,y, z) + z:a”gZ (x,y, z), we force the new

gj(x,y, z) to have a-order greater than s. Inductively for s’ > s, the system of generators
{o1(z,y,2),...,9n(z,y,2)} verifies:
Ahj(w,y,2) | Z di<j< Z d;} forms a basis for vs, for all 5 < s .

s<i<ds s<i<dsy1
N> d,.
s<i<s’
- aord (gj(x,y,2)) > s —1forall j > Z d; .

s<i<s’
Let us prove that the inductive process works, i.e. for s’ + 1 the previous statements are

true. Let us consider the set {gs 1,...,0s.4,}, We can express each gy ; as follows:

gs'j = Zui,j(x,y,z)gi(x,y,z) V1 S .] S ds'
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Let us suppose that for some 7 < Z d;, wi j(,y, ) is a unit. Then by taking

s<i<s’
M = min{(gj(x,y,z) | ui,j(‘wayv Z) = 1} )

we have the following:

aord (gs’,j(‘xa Y, Z)) = aord (gM(x7 Y, Z)) .

However, by construction of the {g;(z,y, 2) hi<j<y._,_, d;» the a-order of gy (z,y, 2) is less

than s’ but the order of gy ; is exactly s’, so we arrive to a contradiction. Therefore,
uij(z,y,2) # 1 and aord (u; ;(z,y, 2)gi(x,y,2)) > f+s>s Vi< Z d; .
s<i<s’
Now, let us consider the a-leading forms of gy ;(,y, z). By applying again Lemma [3.15]

we get to:

N

hy j = Zui,jhi@j? Y, Z) )

i=1

where u; ; are constants equal to zero, when aord (h;) > s'. Therefore, the set
{hj(JI,y,Z)l Z dz<j§ Z dz}a
8§i<dsl 8§7:<dsl+1

forms a basis for v., proving the first statement. Clearly, there must exist at least,

Z d; of g;(z,y,2), such that their a-leading forms are a basis for vy,...,v,. That

y Ug-
s<i<s’

implies N > Z d;. Finally, we can assume the existence of some a; ; € k verifying the

s<i<s’
following;:

Z a; ;hi(x,y, z) = { the monoids of a(g;) with a-orders} ,

for Y oo di <i< Y iigdiand Vi> 30 o o di. Forj >3 .. di, wereplace
gj(x’ Y, Z) by g]<l', Y, Z) + Z ai,jgi(m7 Y, Z) Then:

aord (g;(x,y,2)) > 5.

We have proved that the inductive process works. Therefore letting s’ = s + 8 we have
proved that N > Z d; =r. OJ

s<i<s+p

Now we have enough tools to state the main result of this chapter.
THEOREM 3.17. [4, Theorem 4.4.] There are at least n generators for P,.
PROOF. Let us consider Theorem [3.16] and the following modified notation:

a=0, Q=P, w.=W,,
/8:77,, d,L:Cz
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By Theorem [3.13] we know that the minimum o-order of the elements in P, is n(n + 1).
Below these orders ¢; = 0, which implies V; = {0}. Therefore, by Theorem m,

the minimum number of generators of P, > Z G

where n(n + 1) <1i < n(n+ 1) + n. Applying again Theorem and summing up all
together, we obtain

the minimum number of generators of P, > Z = Z 1=n.

4. Minimal generators of P,

In the previous section we have set that P, needs at least n generators. This section
contains the proof that there are exactly n 4+ 1 elements generating P,. We keep the

notation of Section 3] First of all, let us state a key lemma . Let us consider the mapping
p:kllz,y, 2] — K[[t],
where P, = kerp.
REMARK 4.1. Let J be an ideal of k[[x, y, z]]. The o-leading ideal of .J is, by definition,
oLI(J) = (cLF(f)|f € J).

In particular, oLI(P,) = (hq,...,h,) where h; are the generators of the k-vector spaces
V.

LEMMA 4.2. [5, Lemma 2.1.] Let fi,..., fs elements be in P, with o-leading forms
generating the o-leading ideal of P,. Then,

(fla-”;fs):Pn-

PRrROOF. Set

oLF(f;) = h; = o-leading form of f;,
oLI(P,) = the o-leading ideal of P, .

Thus, by hypotheses oLI(P,) = (¢cLF(f)|f € P,) = (h1,...,hs). Let g(z,y,2) € P,.
Therefore its o-leading form is in the ideal oLI(P,), so

oLF (g(x,y, 2 Zgzxy, i(,y,2),

gi(z,y,2) € k[[z,y, z]]. Let G(x,y, z) such that

G(l’,y, )—gl‘y, Zgzx% fz(x y7 )
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Moreover, we can assume that no term of G is divisible by h;. Otherwise there would
exist at least a term of G of the form G;h;. Therefore we can consider the following
construction:
g(z.y,2) = > _ gy, 2) fi(a,y,2) + G'(x,y,2).
j=1

Where ¢g; = g; Vj # iand g; = g; + G;. And G' = G — Gih; — Gi(fi — hy). In
particular, if G # 0 we can assume that its o-leading form is not divisible by h;(x,y, 2).
On the other hand, since P, is an ideal and ¢,> ¢;f; € P, then G € P,. Therefore,
oLF(G) = (h1, ..., hs) which implies G = 0. O

THEOREM 4.3. |5, Theorem 2.1.| The prime ideal P, needs at least n+ 1 generators.
In particular there are fi, ..., foi1 € P, such that:

(1) The o-leading forms of f; are in Vymi1)4i—1, fori=1,...,n.
(2) The subspace Vy(nia) is generated by x - oLF(f1) and fni1.

Moreover any f1, ..., fnr1 satisfying this two conditions generate P,.

PROOF. Let us consider a set of generators of P,, {¢1,...,¢s}. By theorem and
there exist {f1,..., fn} such that:

- The o-leading form of f;, generates the subspace V;, for n(n+1) <i < n(n+ 2).
-oord (f;) =n(n+1)+(:—1) forallie {1,...,n}.
- The set {f1,..., fu,gn+1,---,9s} is a set of generators for P,. Such that

oord (g;) > n(n+2) forall j € {n+1,...,s}.

Let us prove (2). The subspace V,(n42) has dimension 2, recall Theorem [3.13, Let us
consider all the possibles o-leading forms of the set { f1, ..., f,}, and let us take an element
f(x,y,2) € k[[z,y, 2]]. We want to prove that only one of the generators of V(49 is of
the form,
f(z,y,2)oLF(f;), i€{l,...n}.

Therefore, the second generator must be the o-leading form of the element f,.;. The
condition to be a generator of V,,(,,40 is cord (f(z,y, 2)h;) = n(n+2). The only possibles
candidates are hy and f(z,y,z) = ax + .... Then, (2) has been proved, by construction
implies (1). Therefore, P, needs at least n + 1 generators. Finally, we want to prove
that any fi,..., fny1 verifying conditions (1) and (2), generate P,. Let us recall the
previous lemma, . It is enough to prove that their o-leading forms {hy,..., hni1},
generate the o-leading ideal of P,. Clearly, {hq,...,h,11} generates the vector spaces
Vams1)s - - - Vamaa2). Therefore, it is enough to prove that V, for » > n(n + 2) can be
generated by {hy,...h,.1}. We distinguish two cases,

(1) The V, where n(n+2) <r < (n+1)(n+ 2).
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(2) The V, where r > (n+ 1)(n + 2).

Let us start by (1). Let us consider the semigroup S = (n + 1,n + 2). Then, we consider
the elements of S with residue » — 1 mod n, i.e. the elements of the form tn + (r — 1)

where t € Z. By Theorem [2.17),
Card(SN{(r — 1) + nZ} N Zypny1)-1) = m.

Therefore, we can consider m elements d;, ;,,...,d of S, with residue r — 1. We can

tmJm

express them as follows:
dij, = Bs(n+1) +y5(n+2) forj=1,...,m.

This elements must be positive, so f,,vs > 0. Moreover, we can assume 0 < d;; < n(n+1).
Let us denote the elements d;; = r — 1 +tn, t € Z. Summing up all together, we obtain

the followings inequalities:

nn+2)<dj—tn+1l=r<nn+1)—tn+1;

n(t+1)<1.
Therefore ¢t < —1. Now, let us consider the monomials z®1yf1+12m g@meyBmtlm of
W,.. We can assume o; >0 fore=1,...,m:

an+fin+1)+n+1+yn+2)=r;
an+n+1+d;=r;
an+n+1l+r—1+tn=r;
(i +t+1)n=0.
Therefore, a; = =t —1 > 1 —1 = 0. Moreover ,this «; are different between them. This
idea follows from fixing the (;,~; as we explain in Proposition Next we consider the

morphism

by : Wy — k™.

By Theorem and Definition the set {by, (z®1y1H120), . by, (z0myfmtlyim)}
forms a basis of k™. Let us consider an element of WW,., this element can be expressed as

a linear combination of the monomials generators of W,.:

f(x, Y, Z) = Z aaﬁwxayﬁz’y .
Therefore, without lose of generality we can follow the proof for a monomial 2%y°2Y € W,..
Moreover, we can assume that either o or 3 are greater than zero. Otherwise a = 3 = 0.
Therefore
an+pn+1)+~v(n+2)=r,
y(n+2)=r.



4. Minimal generators of P, 35

Considering the bounds of r, n(n +2) < r < (n+ 1)(n + 2), then we obtain:
n<y<n+1,

which is a contradiction. Finally, we build an element of ker b,,, starting with the mono-
mial 299”27, We can assume that any element of the kernel has this structure. The image
of this monomial can be expressed as a linear combination of {b,,(z%y " 12%)},_; ., in

the following way:
bm(l’ay Z’y) _ Zaaibm(xaiyﬁi_‘_lzw) )

Therefore,
x¥yP 2 — Z (o, 2%y 27 € ker b, =V, ( see Theorem [3.13)) .

Let us suppose a > 0. This allows to divide by x, o; —1 > 1 and o — 1 > 0. Therefore,
dividing the previous expression by x, we obtain an element of V,_,. On the other hand,
let us suppose 8 > 0, then dividing by y we obtain an element of V,_,,_;. So any element
of V, can be expressed as an element of V,_,,V,_,, 1 by multiplying by x or y. This
means that, every element of V, for n(n +2) < r < (n+ 1)(n + 2) can be generated by

{hi, oo haga )
Let us prove case (2). Here we apply a similar reasoning. In this case let us take the

elements d;,;,,...,d of S = (n+ 1,n+ 2) with residue r — 3. By the same argument

tmJm

as before, we can assume the existence of m elements in the set
SN {r—34+nZ} N Lymni1)-1 -
Let us express this elements as follows:
dijy = Bj(n+1) +v;(n+2); Vi=1,...,m.
We denote d;; = r — 3 + tn. Summing all up, we get the following inequalities:
(n+1)(n+2)<dj—tn+3<n(n+1)—tn+3;
2+t)n<1.

Therefore, t < —2. Now, let us consider the monomials x®1y#1 11+ gomyBmtlym+l
Each «; > 0. This follows from this relation:
am+Bin+ 1) +n+1+yn+2)+n+2=r;
an+2n+3+d; =r;
o +2n+3+r—3+itn=r.
Therefore o; = —2 — t which implies o; > 0. We can assume that the «; are distinct. As

we did for the previous case, the elements {b,,(x®1y51+1m+0) b, (zOmyfmtlyym+l))

form a basis of k™. Similarly, we can consider a monomial z%y”27 € W, and assume that
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for any element of W, the proof follows. Then, we can assume that «, g or  are different

from zero. By taking the monomial 2%y°27, we construct an element of the kernel of b,, :
x*y’ 27 — Z aoﬁx‘“yﬁ"“z%Jrl € kerb,, =V, (see Theorem [3.13) .

Let us suppose a > 0, dividing by x we obtain an element of V,_,,. Let g > 0 dividing by
y we obtain an element of V,._,,_; and dividing by z an element of V,._,, 5. This means that
any element of V,. can by expressed as an element of V,_,, V,_,,_1 or V,_,,_o multiplying
by x,y, z respectively. Therefore the o -leading forms hy, ..., h,y1 generates the elements
of V. for all r.

We have proved in case (1) and in case (2) that,

O'LI(Pn) = (h17 ey hn+1) .
Therefore, (f1,..., fur1) = Ph. O

5. Determinantal ideals

Our goal in this section is to express the ideal P, as an ideal generated by n x n
subdetermintants of an n x (n + 1) matrix. We will follow the next process. First, we
find a system of equations for the generators fi,..., f,11. Then we consider the matrix
associated to these equations and we check if the power series fi, ..., f,+1 can be generated
by the subdeterminants of this matrix.

Let us begin by stating the following lemma. Recall that n is an odd positive integer and

m = "t
LEMMA 5.1. |5, Lemma 3.1.] With the notations,
V., = W, N0 ({o-leading forms of the elements in P,} U{0});
¢ =dimV, .
we have,

=2, forr=n*+2n+2,...,n*+3n—1;
¢ =3, forr=n>+3nn*+3n+1.
Proor. Recall from Theorem that ¢, = d, —m. Then by applying Theorem [3.10

we get
d-=m-+s,s>1andn(n+s)<r<nn+s+1).

We take s = 2. Then ,
cc=m+2—-—m=2forr=n*+2n+2,...,n°+3n—1.
Finally, by letting s = 3. We obtain,

cc=m+3—m=3forr=n>+3n,n*+3n+1.
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O

Now, we will find a system of equations for the power series fi,..., f,i1. The power
series z fi, yfo and x f3 have o-order n? + 2n + 2. Then oLF(zf1), cLF(yf2), oLF(zf3) €
Vi2ionso. By Lemma [5.1] a basis of V219,15 has only two elements. Therefore the

elements
ULF(Zf1)7 O_LF(ny)v O'LF(ZUfg),
satisfy a non trivial relation,
amzaLF(fl) -+ ClLQyO'LF(fg) -+ a173xaLF(f3) =0
where a1, € k,a;,; #0fori=1,2,3.
Clearly, the power series a1 12 f1 +a1 2y fo+a1 32 f3 € P,. Therefore, they can be expressed

as a combination of the generators of P,,

n+1
a1,12f1 + al’gny + Cll’gl’f;; = Z blfZ , b; € /{ZHI, Y, Z]] .
=1

By abuse of notation,
a1 = a112 — by, a12 = A12Y — by, a1 = 130 — bz,
ap; =—b for4 <i<n+1.
Therefore we obtain one equation for fi,..., foi1,
aazfi +aipyfo+arzrfstaiafs+ ...+ a1 fo =0.

We can repeat this process for 1 < j < n—2. The power series z f;,y fj+1 and x f; 12 have o-
order n?42n+j+1. Then their o-leading forms are in V;;2 9,4 41. Applying again Lemma
, since the dimension of V2 9,441 is two, then 20LF(f;),yoLF(f;+1),20LF(fj12)
satisfy the following non trivial relation:
a;j ;20 LE(f;) + a; 1190 LF (fj41) + a;4200LF (fj42) = 0
for a;; € k,a;, #0fori=j,5+1,7+2.

Once more, the power series a;;zf;,a; 119y fj+1,0; 420 ;42 € P,. Then, repeating the

same process, we get a system of n — 1 equations for fi,..., fui1,
j—1 n+1
E ajifi + aj;z2fi + a9 fim + ajp2vfive + E ajifi=0.
i=1 i=j+3

Finally, we repeat this reasoning for j = n—1,n. The power series 2% f , 2 fu—1,Yfn , Tfni1
have o-order n? + 3n. On the other hand, the elements zyfi,2%fs, 2f ,yfasr have o-
order n? + 3n + 1. Lemma tells us that the dimension of V2,3, and of V2,3,
is 3. Therefore, 220 LF(f1),20LF(f_1),yoLF(f,),oLF(xf,.1) satisfy a non-trivial re-
lation among them. Similarly, zyoLF(f), 2?0 LF(f2),20LF(f,),yoLF(f,11) satisfy a
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non-trivial relation. Proceeding as before, we obtain two equations for the power series

fla"'vfn+1:

n—2
2 } : _
Ap—-11T fl + an—l,ifi + an—lm—lzfn—l + an—l,nyfn + an—l,n+1$fn+1 =0 )
=2
n—1
2 _
an 1Y f1 + an2a”f2 + E an,ifi + @nnzfn + anpi1yforr = 0.
=3
At the end, we get a system of n equations for fi,..., f,41. Considering its associated
matrix system, we can write:
a112 a2y Q132 Qai4 cen a1 n+1 Ji
az,1 (222 Q23Y Q24T . a2 pn41 fa 0
2
Ap-11T . - coi Op—1nY  Op1p T fn 0
2
Ap1TY G2k . . Q2 Ap 1Y fri1 0

Now our goal is to apply Cramer’s rule. Let A; be the n xn subdeterminant of the matrix

above, omitting the i-th column and affected with the sign (—1)"+H=7
a1z ... Qii-1 Q141 .- G1p41

Ai — (_1)(n+1)—i
an’lxy N an,i—l an,i+1 Ce an,n—i—ly

Let us prove that A, ; # 0 and its o-order is n*+2n. Let us consider the subdeterminant
A,11 by taking a; ;(0,0,0). It is enough to prove that A, # 0 and has o-order n? + 2n.

The subdeterminat Znﬂ can be written as follows:

Q112 12y Qa13% 0 R 0

0 (222 Q23Y (24T

0 0 azs3z asqy ... 0
a1y apox® 0 R (B

The element from the diagonal Az", where A = [[_, a;;, can not be vanished by any
other element. Therefore A, ;1 # 0 and moreover oord (A,;;) = cord (") = n(n + 2).

Since A, 11 # 0, we have the following system of equations:

@117 a12Y Q132 Q14 ce ain fi A1,n+1
21 G292 Q23Y A24T - a2 n f2 ag n+1
= - : Jni1-
Qpo112° . . . Un_1ga-1Z Gpe1gly ! Un—1,n412

2
Ap1TY  Apok e S e UpnZ fn Apnt1Yy
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Using Cramer’s rule and applying some determinants properties we obtain f; in terms of

the subdeterminants:

a1 n+1 Q122 ... ... ... Q1n

_ _fn+1 . . - fn+1 A
fi= N : : = A 1-
n+1 9 n+1
Upnt1llY 2" ... ... ... (ppZ?
Proceeding similarly for the rest of power series fs, ..., f,., we get:

Jni1 frt1
LS N SIS0 N
L= At =R

Clearly, fo+1 = AA, 11 where A is an element from the quotient field of k[[x,y, 2]]. It
is left to show that A\ € k[[x,y,z]]. This fact should be deduced from cord (A, ;1) =

oord (fny1) =n? + 2n. Let g € P,, we can express g as

n+1

g= Z b, f; for some b; € k[[z, vy, 2]] .

i=1
Substituting the f; for the relations obtained using Cramer’s rule, we obtain:

n+1
=1
Then,

(fl, ey fn+1) - )\(A17 ey An+1) .
Clearly A has to be invertible, otherwise the ideal P, of height 2, would be contained in

an ideal of height 1 which is a contradiction. Therefore,

(fiseoos for1) = (A, o0, Apyy) .

So we have proved that P, = I,,(¢), where I,,(p) is the ideal generated by the subdeter-

minats of the matrix ¢. In our case,

a2 a2y Q132 Q14 ce a1 n+1
Qs 1 Q22 A23Y A24T S a2 n+1
gp =
2
Ap—1,1T e Ce . Ap—1nY Gp—1n4+1T
2
Ap1TY  Ap 2T o o (pn % pn+1Y

An interesting observation is that we can prove this result in another way, using Hilbert-
Burch Theorem [1, Theorem 1.4.17.].

THEOREM 5.2. The ideal P, verifies the following equality:

where I,(p) is the ideal generated by the subdeterminats of an (n + 1) X n matriz with

entries in R = k[[z,vy, z]].
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PROOF. The ideal P, is a prime ideal of height 2 because dim R/P,, = 1. Since R is a
regular local ring, grade(P,) = ht(P,) = 2. Since R is a regular local ring of dimension 3,
all the prime ideals are perfects. Therefore, there exists a free resolution of R/I of length

2. Thus, we have the following exact sequence:
0—-R"5S R 5 R—-R/P, -0,

where n 4 1 is the minimum number of generators of P, and the rank mus be n (see

|1, Theorem 1.4.13.]). Therefore, we have a free resolution
0—R"—= R - P, —0.

By the Hilbert-Burch Theorem [1, Theorem 1.4.17.], we deduce that P, = al,(y), where
a is a R-regular element. Since R is regular, R is a domain therefore a is not a zero
divisor. Moreover, a must be invertible, otherwise the height 2 prime ideal P, would be
included in a height 1 ideal. Thus,



CHAPTER 2

Generators of primes ideals in a three-dimensional regular local

ring

The goal of this chapter is to try to generalize the ideas of Moh, in the articles[4] and
[5], for any regular local ring R of Krull dimension 3. We follow the result of the article
|6, where F. Planas finds a prime ideal minimally generated by 4 elements. Our aim is to
define a prime ideal minimally generated by 5 elements proceeding as in [6, Lemma 2.].
We distribute this chapter in three sections. In the first one, we state Lemma 2 of [6]
and we explain in detail the proof. In the second one, we stablish a general criterion to
find prime ideals minimally generated by n elements. Finally, on the third one, we give

an original example of a prime ideal minimally generated by 5 elements.

1. A prime ideal minimally generated by four elements

In this section we explain Lemma 2 of the article [6]. This result shows a method about
finding prime ideals, in a regular local ring of dimension three, minimally generated by
n elements. The proof of the lemma uses commutative algebra theory, therefore we will
reference many of the definitions and results. However, we start by proving a lemma and

recalling a definition.

LEMMA 1.1. Let (R,m) be a reqular local ring. Denote (R, ) to its completion. Let

I be an ideal of R. If its completion T is prime then I is also prime.

PROOF. Let us consider the completion morphism
R—R.
By this morphism the ideal T is defined as follows:
I=1IR.

The completion R is flat and faithfully flat over R. Therefore R C Rand I = IRNR
[3, page 63]. Then, if I is prime, I is also prime. O

DEFINITION 1.2. An ideal [ is called grade unmized if for all p € Ass(R/I),
grade(I) = grade(p) .

41
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Now we will state and prove Lemma 2 of [6]. The idea of the proof is to find a possible
prime ideal I generated by 4 elements. To verify that I is prime, we take p, an associated

prime to I, and we check I = p.

THEOREM 1.3. [6, Lemma 2.] Let (R,m, k) a regular local ring of Krull dimension 3.
Let x,y, z be a regular system of parameters. Let I be the ideal of R generated by
Ji :ys_x4’ f2:$y2_23+f4_$y37

fas =22y +vy*z —x22 — 23 and f, = 2y?® — y2® — 2%y? + 232
Then I is a height two prime ideal minimally generated by four elements.

PRrOOF. By Lemma, we can assume (R, m) to be complete. Observe that fi, fo, f3, fa

are, up to a change of sign, the 3 x 3 subdeterminants of the 4 x 3 matrix o,

x  xy oz

T Y 0
Y2 = 2

—z —x° —y

-y —z

Therefore, I = I3(¢p2), where I3(p2) denote the ideal generated for the subdeterminants of
¢o. Check that (f1, fo, ) = (z,y3, 23), then grade(fi, f2, ) = 3. By |1 Corollary 1.6.19.],
f1, f2 is a R-regular sequence in I3(yp2). Then grade(I(¢2)) > 2. Therefore, by applying
the converse of the Hilbert-Burch Theorem, see |1, Theorem 1.4.17.],

0> R RIS RS R/IT—0,

is a free resolution of R/I. Note that o; is the 1 x 4 matrix defined as (fi1, fa, f3, f1). (It
is a minimal resolution since @o(R?) C mR* and ¢ (R*) = I C m.) Therefore,

2 < grade(]) < projdimg(R/I) < 2,

the inequalities are equalities and I is a perfect ideal |1, Definition 1.4.17.] of grade 2.
Moreover, [ is grade unmized. This implies that m is not an associated prime of I. The
aim of the proof is to find a relation for length(R/(xR + I)) and length(R/(zR + p)), in

the following way:
m = length(R/(xR + I)) > length(R/(zR + p) > m, where m € N.

We start by computing length(R/(zR+1)). Let S = R/xR, be a local ring with maximal
n = (y, z). By the third isomorphism theorem,

Wﬂ% ~ RJ(xR+T).
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Observe that n® = (xR + I)/xR, then R/(zR + I) ~ S/n3. Let us notice the following

1 — 1 correspondence:
{ Submodules of R that contain xR + I'} <— { Submodules of S that contain n®} .

Therefore, lengthy(R/(zR + I)) = lengthg(S/n?). Since y, z are a S-regular sequence,
there exist a graded isomorphism S/nly, z] ~ G(n), see |1, Theorem 1.1.8.]. Now, we can

compute the length of S/n? with the following exact sequences:
0—n'/n'tt = S/ - S/m" =0, fori=1,2.
Since n’/n*1 are k-vector spaces for kK = S/n and the length is additive then,
length(S/n?) = dimg(S/n) + dimy(n/n?) + dimg,(n?/n?) =6.

Therefore length(R/(zR + I)) = 6.

Now, let us see that length(R/(zR +p)) > 6. We consider the one dimensional complete
Noetherian local domain D = R/p, see |3, page 63]. Let V be its integral closure. V
is a one dimensional integrally closed Noetherian local domain, therefore V' is a discrete
valuation ring (DVR). Moreover, V' is complete, see |9, Theorem 4.3.4.]. Set v(z) = v,
v(y) = v, and v(2) = v,. Sincef; = 0in V, then by applying v to the equality 2*—y* = 0,
we obtain

dv, = 3y, .

Therefore, v, = 3q for some integer ¢ > 1. Let us prove that ¢ > 1 by supposing ¢ = 1.
Then v, = 3 and v, = 4. Since fo = 0 in V then z* = z(zy + 2* — y*). Applying the

valuation to this equation we get,

v, > min(12,7+v,).

If 7+wv, > 12, then 3v, > 12 and v, > 4. Otherwise, 3v, > 12+ v,, then v, > 4. In both
cases the inequality is true so we can assume v, > 4. Since f3 = 0 in V', then we have the
following equality:
:z:2y = —yQZ +x2 + :z:3y.
Applying v to this equality, we get
10 > min(12,11,13),

which is a contradiction. Therefore ¢ > 1 and v, > 6.

Since
R/(zR+p) = (R/p)/(xR/p) = D/2D,
then, length,(R/(zR+p) = length,(D/xD). Our propose is to compute length,(D/z D).

Since f1, fo are zero in D, 23, 4® € xD. Therefore z is a system of parameters, i.e. xD is an
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m/p-primary ideal of the Cohen-Macaulay local domain (D, m/p, k). By [9, Proposition
11.1.10.] we get the following equality:

length,,(D/Dx) = ep(xzD; D),

where ep(zD; D) is the multiplicity of D in D. Let K be the quotient field of D. Since
V' is the integral closure of D in K, then, by definition, V' is contained in K. In particular,
the quotient field Ky of V' is contained in K (because it is the minimal field containing
V). Hence

DCVCKyCK.

Again, since K is the minimal field containing D, then Ky = K. Thus, D and V have the
same field of fractions. By definition, V is a finitely generated Cohen-Macaulay D-module
of rankp(V)=1. As K =S"'DC S7'V C K,

rank(V ®p K) = rank(S™'V) = rank(K) = 1.
Applying |1, Corollary 4.7.11.] we obtain,
length, (V/2V) = ep(xD; D)rankp(V) = ep(xD; D).
Finally we need to compute length,(V/xV'). By [8, Lemma 10.51.12.],
length,(V/xV) = [ky : k]lengthy, (V/2V),

where [k, : k] is de degree of the extension k& — k,. Now, it is left to compute
lengthy (V/2V). As Visa DVR and x € V \ V*, then x € (t), where (¢) is the maximal
of V. So x = ut” with u a positive integer. Therefore, we can consider the following

unrefinable chain of submodules,
oCc @) /) cC...c@)/@®) cV/t.
Then lengthy (V/2V) =r = v(ut") = v(z) = v,. Summing up all together we get,
lengthp(R/(xR +p)) = length,(D/xD) = ep(xD; D) = length, (V/2V) =
[ky : kllengthy (V/2V) = [k, : k]ve > 6.
Since xR+ I C xR + p, then
6 = length(R/(zR + I)) > length(R/(zR + p)) = [kv : klv, > 6.
Therefore,
length(R/(zR+ 1)) = length(R/(zR + p))
Let us consider the following short exact sequences,

0—+2R+1—-R—R/(tR+I)—0 and 0—zR+p—>R— R/(xR+p)—0.

By the additivity of the length, length(zR+ I) = length(zR+p). Since tR+1 C xR+ p,
then xR+ 1 =2xR +p.
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Note that ¢ p. Otherwise, (fi, fo,x) C xR+ 1 C p and p = m. But the maximal is
not an associated prime to I. Therefore pN xR = xp. Let us consider the following short

exact sequence:

0—p/I -R/I—R/p—0.

We tensor the previous short exact sequence by @ g R/zR, and we get
Tory(p/I,R/xR) — Tor1(R/(xR+ I), R/xR) — Tor1(R/(xR+p), R/zR)
—p/I® R/tR— R/(xR+ 1) — R/(xR+p) = 0.
Since p N xR = ap, then Tory(R/(zR + p), R/xR) = xRN p/xp = 0. Applying some

properties of the tensorial product, we get to the following short exact sequence
0— L/zL — R/(xR+ 1) = R/(zR+p) — 0.

where L = p/I. Since xR+ 1 = xR+ p, L = xL. Therefore by Nakayama’s Lemma,
L=0andp=1.
We conclude that I is a prime ideal. Since the aforementioned resolution of R/I is

minimal, then [ is minimally generated by 4 elements. U

2. Generalisation of the proof

In the previous result, we have seen a process to build a prime ideal minimally gen-
erated by 4 elements. In this section, we will explain the general scheme of this process.
We keep the notation of Theorem [1.3]

The first step is to find an ideal I generated by n + 1 elements, fi,..., f,4+1. Moreover,
we ask this functions to be the n x n subderterminants of a (n+ 1) x n matrix. This ideal
is our candidate to be prime.

Let I = (f1,..., fns1) and let o be the matrix whose subdeterminats are f; up to sign.
The next step is to check if for any of z,y or z, there exist f;, f; such that

grade(fia fj7 '7;2) =3 )

where x; = x,y or z. To simplify the notation, we are going to take x; = x. Then by
|1, Corollary 1.6.19.], f;, f; is a R regular sequence. and grade(/3(y2)) > 2.
Then, we can apply the converse of the Hilbert-Burch Theorem, see |1, Theorem 1.4.17.],

0= R"— R 5 R— R/l >0,

is a free resolution of R/I, moreover it is a minimal resolution since ¢ (R"™!) =T C m
and o R") C mR" ™. So I is a perfect ideal of dimension 2 and it is grade unmixed. As
we concluded before, the maximal is not an associated prime of I.
The following step is to take p € Ass(R/I). We want to find a non negative integer k,
verifying

k =lengthp(R/(xR + I) > lengthy(R/(xR +p) > k.
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To compute length(R/(xR+ I), it is enough to find a non negative integer m, such that
n" = (xR + I)/xR, where n is the maximal of the local ring D = R/xR. Therefore, we
can conclude that lengthy(R/(zR+ 1) = k.

The next step is to to check if lengthy(R/(xR + p) > k. To prove it, it is enough to see
it v, > k. The idea of this proof is to check if 2™ — 2] € I, for x; = y,z and r,m € N.
Now, proceeding similarly as in the above-mentioned proof, we should be able to achieve

v, > k. Once we get to this point, the rest of the proof holds. Therefore
k =lengthy(R/(xR+ I) > lengthp(R/(xR +p) > k.

And applying Nakayama’s Lemma we conclude that [ is a prime ideal.

Since the resolution of R/I is minimal, then I is minimally generated by n + 1 elements.

3. A prime ideal minimally generated by five elements

In this section we are going to give an example of a prime ideal, in a regular local
ring of dimension 3, minimally generated by 5 elements. This ideal is inspired on Moh’s
primes. More precisely on [2, Example 3.6.]. The common idea is to consider the following
ring morphism,

po KXY, Z]] = K[[t]]

X — t®
Y g4 gh
A — te.

Therefore, our first candidate to be the prime ideal I, minimally generated by 5 elements
is the kernel of p. Our example is done in a regular local ring R of Krull dimension 3. We
substitute the variables X,Y and Z for the regular parameters x,y, z. Then, by taking
a =10, by = 11, by = 16 and ¢ = 12, our ideal I would be the kernel of p. Subsequently,

using Singular (see [10]), we calculate a resolution of ideal I,
0—=R'SR -T1-0.

We replace in ¢, the £2 and £3 for 41 to avoid characteristic problems. Then, by

considering the modified matrix ¢, we obtain our final candidate I = I3(s).

THEOREM 3.1. Let (R,m, k) be a regular local ring of Krull dimension 3. Let x,y, z

be a reqular system of parameters. Let I be the ideal of R generated b
g Y g Y
fi=v?2% — a2 — sty + 2223, fo = -2 Fay a0 — 2P,
3 =yt — 2wyPy + 2%2% — 2322ty fu = —ayd + 2Pyr + 2t — a2t
fs=y y y y y
fs = 2%y — 232 — y2? + 2z,

Then I is a height 2 prime ideal minimally generated by five elements.
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PROOF. By Lemmall.1] we can assume (R, m) complete. Observe that f1, fa, f3, fa, f5

are the 4 x 4 subdeterminants of the 5 x 4 matrix ¢,

-y 0 0 —z4zz
x 0 —z Y

Therefore I = I3(y3). We check the following equality:

(f3, fa, ) = (y", 2%, @)
Thus, grade(fs, fs,2) = 3. By |1, Corollary 1.6.19.], f3, f1 is a R-regular sequence and
grade(I(p2)) > 2. Therefore, by applying the converse of the Hilbert-Burch Theorem, see
[1, Theorem 1.4.17.],
0-RZ RS RS R/I—0.
is a free resolution of R/I, where 1 is the 1 x 5 matrix defined as (fi, fo, f3, f1, f5)- (The
resolution is minimal since @o(R?*) C mR® and ¢;(R®) C I C m). Therefore,

2 < grade(]) < projdimg(R/I) <2,

so the inequalities are equalities and [ is a perfect ideal |1, Definition 1.4.16.] of grade 2.
Moreover, I is grade unmized. This implies that m is not an associated prime of I.
Following the proof of Theorem [1.3] we compute length(R/(zR+ I)). Let S = R/zR, be

a local ring with maximal n = (y, z). By the third isomorphism theorem,
R/xR/(xR+1)/xR~ R/(xR+1).

We check that n* = (zR + I)/zR, therefore R/(zR + I) ~ S/n*. Moreover, there exists

a one an one correspondence

{ Submodules of R that contain zR + I'} <— { Submodules of S that contain n*} .

In this sense, we arrive to the equality lengthp(R/(xR + I)) = lengthg(S/n?). Since
y,z are a S-regular sequence, there exist a graded isomorphism S/n[y, z] ~ G(n), see
|1, Theorem 1.1.8.]. Now, we can compute the length of S/n* with the following exact
sequences:
0—n'/n*tt = S/t S/t -0, fori=1,23.

Since n’/n*1 are k-vector spaces for kK = S/n and the length is additive then,

length(S/n) = dim(S/n) + dimy(n/n?) + dimy,(n*/n?) + dimg (n® /n*) = 10.
Therefore length(R/(zR + I)) = 10.

Now, let us see that length(R/(xR + p)) > 10. Let us consider the one dimensional
complete Noetherian local domain D = R/p, see |3, page 63]. Let V be its integral
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closure. V is a one dimensional integrally closed Noetherian local domain. Therefore V'
is a discrete valuation ring (DVR). Moreover V' is complete see |9, Theorem 4.3.4.]. Set

v(z) = vy, v(y) = v, and v(z) = v,. The element 2° — 2% = —x(f2) + 2(/f4), therefore

25 — 2% € I. Since 2°

— 2% =01in V. By applying v we get,

6v, = dv, ,
therefore v, = 5q where ¢ is an integer, ¢ > 1. Let us prove that ¢ > 1. Let us suppose
that ¢ = 1 then v, = 5 and v, = 6. Since f; = 0 in V then y?2? = z(2® + 2%y + x23).
Applying v to this equation we get,

2vy, +2v, > v, + min(18,15 + 1) .
If v, +15 < 18 then, v, < 3 and v, > 8, it is a contradiction. Therefore v, + 15 > 18,

vy > 3 and
2u, +12>5+18.

Thus 2v, > 11. Since f; = 0 in V, we obtain the equation
2(-1+ 1) = y(—2?y + 2°).
Applying v we get,
3v, + v, > vy +min(10 + v, 18) .

Remark that v(—1 + x) = 0 because  — 1 does not belong to the maximal of V. Let us
suppose 18 < 10 + v,. Then,
v, +v, > v, +18,

and v, < 3, it is a contradiction. Therefore 18 > 10 + v,
vy + v, > 20, + 10,
11 > 2y,

which is a contradiction. Thus ¢ > 1 and v, > 10. From here and as we did in Theorem
[1.3] we deduce:

10 = length(R/(zR + I)) > length(R/(zR + p)) = [ky : kv, > 10.

Therefore length(R/(xR + I)) = length(R/(zR + p)). Again, proceeding as in Theorem
[1.3] we arrive to p = I.

We conclude that [ is a prime ideal. Since the aforementioned resolution of R/I is

minimal, then [ is minimally generated by 5 elements. U



Conclusions and Further work

The purpose of this thesis is to study the family of prime ideals introduced by T.T.
Moh in the seventies and, subsequently, to extend his ideas to any three dimensional

regular local ring.

Our main achievements are the following:

- A detailed explanation and proof of the construction of Moh’s primes. Namely,
the existence of a family of prime ideals, in the power series ring in three variables,
minimally generated by n + 1 elements.

- These prime ideals are determinantal ideals. More precisely, they are the ideals
of the n X n minors of an n X (n + 1) matrix with entries in the power series
ring. This phenomenon is the starting point to extend this result to any three
dimensional regular local ring, as shown in a recent example for four generators
stated by F. Planas.

- We study with great care the aforementioned example.

- We propose a general scheme that would allow to find a prime ideal, in any
three dimensional regular local ring, minimally generated by an arbitrarily high
number of generators.

- Following this scheme we give an original example of a prime ideal, in a three

dimensional regular local ring, minimally generated by five elements.

An interesting fact that we would like to emphasize is the following. While Moh’s primes
are constructed for an odd non-negative integer number n, we realise that there are prime
ideals in a three dimensional regular local ring, minimally generated by four and five
elements. Therefore, Moh’s restriction seems to be unessential.

Some interesting further work would be the following:

- Using the method described in Section 2, we would like to investigate the exis-
tence of prime ideals minimally generated by six and seven elements. Although
this may represent a remarkable increase in the complexity of the computations,
we guess that this is a short, middle-term available result.

- Of course, the low number cases would be just an excuse to address the general

problem. That is to say, given a three dimensional regular local ring, and given
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any non-negative integer n > 1, our purpose is to find a prime ideal minimally

generated by n elements.
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