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Abstract. We investigate the influence of piezoelectromechanical effects on the band
structures of electron (hole) states in wurtzite quantum dots. We apply the 8-band k · p
method and solve the corresponding eigenvalue (partial differential equations) problem
for quantum dots with wetting layers based on the Finite Element Method. The cou-
pled multiphysics model includes the piezoelectromechanical part and the band structure
calculation part for electrons (holes) in quantum dots. We show that the piezoelectrome-
chanical effects bring the localization of electron states at the top of the dots and hole
states at the bottom of the dots.

1 Introduction

Studies on low dimensional systems have attracted considerable attention, spurred on
by the development of smaller and faster electronic devices and by the exploitation of their
extraordinary properties for improved performance in various areas of science and technol-
ogy, including nano- and micro-electronics, thermoelectricity and magnetism [1, 2, 3, 5].
Today’s technology allows us to grow finite size semiconductor quantum dots with wetting
layers. One can expect a straightforward analogy to the planar electronic/optoelectronic
industry to extrapolate that complex compositionally modulated quantum dots structures
could greatly increase the versatility and power of these building blocks in nanoscale ap-
plications [1, 2]. Low dimensional semiconductor nanostructures such as quantum dots,
quantum wells and quantum wires can be grown in the laboratory by Stranski-Krastanov
growth technique [1, 2, 3, 5, 6, 7, 8, 9, 10]. Devices based on these nanostructures are
used in optoelectronics as light emitting diodes, lasers, etc [1, 2]. The band structures of
nanostructures can be engineered and modified by several different schemes such as gate
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Figure 1: Realistic shape and size with actual mesh generated for an AlN/GaN quantum dot.

controlled electric fields and n- or p-type doped semiconductors as well as other tech-
niques. Piezoelectromechanical effects provide another efficient way to modify the band
diagram of semiconductor materials.

In this paper, based on the fully coupled model and 8-band k · p method, we analyze
in detail the influence of electromechanical effects on the band structures of wurtzite GaN
quantum dots with wetting layers.

2 Computational Method

We consider GaN quantum dots embedded into the AlN matrix of hexagon shape (see
Fig. 1). In all results reported here, each side of the hexagon for AlN matrix has its
length of 17 nm and height of 20 nm. The height of the pyramidal shape GaN wurtzite
quantum dots is 5 nm. Such quantum dots are grown over 1 nm thickness of the wetting
layer. In the first part of the solution procedure, we have solved the system of partial
differential equations (PDEs) describing piezoelectromenchanical interactions in order to
find the corresponding piezoelectric fields and potentials. In the second part, we diagonal-
ize the strain dependent 8-band k · p Hamiltonian based on the Finite Element Method
(FEM) [14]. In particular, in a typical simulation run, an AlN/GaN quantum dot with
wetting layer contains the total number of 15945 elements, of which (from bottom to top)
4698 elements are in the lower barrier, 4255 elements are in the wetting layer, 3615 ele-
ments are in the quantum dots, and 3377 elements are in the upper barrier (see Fig. 1). We
impose the Neumann boundary condition at the interface of AlN/GaN and the Dirichlet
boundary conditions on the rest of the boundary. We utilize the UMFPACK solver in the
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Figure 2: (Color online) Probability distributions of ground and first excited states of electrons in an
AlN/GaN quantum dot without accounting for piezoelectromechanical effects.

COMSOL multiphysics package [14] to find the piezoelectromechanical fields, eigenvalues
and eigenfunctions of the corresponding eigenvalue PDE problem. Following [11, 12], in
the next section we provide further details on the Hamiltonian and two main parts of the
mathematical model.

3 Physics-Based Mathematical Model

3.1 Piezoelectromechanical effects in Cartesian coordinates

The starting point for the analysis of the influence of piezoelectromechanical effect
on the band structure calculation of low dimensional semiconductor nanostructures is the
coupled system of the Navier equations for stress and Maxwel’s equations for piezoelectric
fields as [11]

∂jσik = 0, (1)

∂iDi = 0. (2)

The stress tensor components σik and the electric displacement vector components Di are
given by

σik = Ciklmεlm + enik∂nV, (3)

Di = eilmεlm − ε̂in∂nV + Pspδiz, (4)

where Ciklm are the elastic moduli constants, eik is the piezoelectric constant, εin is the
permittivity, V is the piezoelectric potential, Psp is the spontaneous polarization and
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Figure 3: (Color online) Probability distributions of heavy holes and light holes in an AlN/GaN quantum
dot without accounting for piezoelectromechanical effects.

E = −∂V
∂z

is the built in piezoelectric field. Also, εik are the components of strain tensors
which are written as

εij = εuij + ε0ij, (5)

where ε0ij are the local intrinsic strain tensor components due to lattice mismatch and εuij
is position dependent strain tensor components. These two can be written as

ε0ij = (δij − δizδjz) a+ δizδjzc, (6)

εuij =
1

2
(∂jui + ∂iuj) , (7)

where a = (a0 − a) /a0 and c = (c0 − c) /c0 are the local intrinsic strains along a- and
c-directions, respectively (which are nonzero in the quantum dots and zero otherwise).
Here, a0, c0 and a, c are the lattice constants of the quantum dots and the barrier material
of the NWSLs.

3.2 8-band k · p model in Cartesian coordinates

The steady state Schrödinger equation of the Kane model for the electrons in the
conduction band and holes in the valence band can be written as [11]

Hψ = Eψ, (8)

where

H =

(
Hc Hcv

H†
cv

Hv

)
,ψ =

(
ψc

ψv

)
, (9)
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Figure 4: (Color online) Piezoelectric field and piezoelectric potential vs distance along z-direction in an
AlN/GaN quantum dot.

with ψc = ψc (r) and ψv = ψv (r) are the position dependent conduction and valence
band envelope function.

The total wave function Ψ is (see [11])

Ψ =
∑

j=c,x,y,z

fjψj = fψ, (10)

where f = (fc fx fy fz) and ψ = (ψc ψx ψy ψz)
T . The functions f are spinless and ψ

is a spinor:

ψj =

(
ψ1
j

ψ2
j

)
, j = c, x, y, z. (11)

Hence, the basis functions of the Hamiltonian (9) take the following form:

(
fcψ

1
c , fcψ

2
c , fxψ

1
x, fxψ

2
x, fyψ

1
y , fyψ

2
y , fzψ

1
z , fzψ

2
z

)T

The next step is the description of the matrix Hamiltonian H of (9). The diagonal
element of the conduction band Hamiltonian Hc can be written as

Hc = A′
1k

2
z + A′

2

(
k2
x + k2

y

)
+ Uc

+a1εzz + a2 (εxx + εyy) , (12)

where Uc = Uc (r) is the position dependent edge of the conduction band Γ1, a1 and a2 are
deformation potentials for the conduction band. The parameters A′

1 and A′
2 are expressed
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Figure 5: (Color online) Probability distributions of ground and first excited states of electrons (holes) in
an AlN/GaN quantum dot with piezoelectromechanical effects. Notice that the piezoelectromechanical
effects bring the localization of electron wavefunctions to the top of the dot and hole wavefunctions to
the bottom of the dot.

via the components 1/m‖ and 1/m⊥ of the tensor of the reciprocal effective masses for
the conduction band in the single-band approximation and the Kane parameters P1 =
−i�〈φc|�kz|φz〉/m0 and P2 = −i�〈φc|�kx|φx〉/m0. They are given by [11]

A′
1 =

�2

2m‖

−
P 2
1

Eg

, (13)

A′
2 =

�2

2m⊥

−
P 2
2

Eg

, (14)

where Eg is the band gap of semiconductor materials.
The intra-valence-band Hamiltonian Hv can be written as

Hv = H(0) +H(so) +H(ε) +H′(k). (15)

The Hamiltonian H(0) entering Eq. (15) represents the position-dependent potential en-
ergy of an electron:

H(0) =




Uv6 0 0
0 Uv6 0
0 0 Uv1


 , (16)

where Uv6 = Uv6 (r) and Uv1 = Uv1 (r) are the position dependent edges of the valence
bands Γ6 and Γ1, respectively.
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The spin-orbit Hamiltonian H(so) in Eq. (15) can be treated as a perturbation term
and can be written as [7, 8]

H(so) = i




0 −∆2σz ∆3σy

∆2σz 0 −∆3σx

−∆3σy ∆3σx 0


 , (17)

where ∆2 = ∆2 (r) and ∆3 = ∆3 (r) are the parameters of the valence-band spin-orbit
splitting and σi(i = x, y, z) are the Pauli spin matrices:

σx =

(
0 1
1 0

)
, σy =

(
0 −i

i 0

)
, σz =

(
1 0
0 −1

)
. (18)

The kinetic energy Hamiltonian H′(k) in Eq. (15) can be written as

H′(k) =




L′
1k

2
x +M1k

2
y +M2k

2
z N ′

1kxky N ′
2kxkz

N ′
1kxky M1k

2
x + L′

1k
2
y +M2k

2
z N ′

2kykz
N ′

2kxkz N ′
2kykz M3

(
k2
x + k2

y

)
+ L′

2k
2
z


 , (19)

where

L′
1 = L1 +

P 2
1

Eg

, L′
2 = L2 +

P 2
2

Eg

, (20)

N ′
1 = N1 +

P 2
1

Eg

, N ′
2 = N2 +

P1P2

Eg

. (21)

Also,

L1 =
�2

2m0
(A2 + A4 + A5) ,

M1 =
�2

2m0

(A2 + A4 −A5) ,

N1 =
�2

2m0

2A5, L2 =
�2

2m0

A1,

M2 =
�2

2m0

(A1 + A3) , N2 =
�2

2m0

√
2A6

M3 =
�2

2m0
A2, N3 = i

√
2A7,

(22)

with A1, A2, . . .A7 being real material parameters in conventional notations [7, 8, 11], m0

is the free electron mass. Wurtzite structure has six fold rotational symmetry and thus
we use the relation L′

1 −M1 = N ′
1.
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Finally, the strain tensor components are written as [11]

H(ε) =



l1εxx +m1εyy +m2εzz n1εxy n2εxz

n1εxy m1εxx + l1εyy +m2εzz n2εyz
n2εxz n2εyz m3 (εxx + εyy) + l2εzz


 , (23)

where material constants l1, l2 m1, m2, n1, and n2 are expressed via conventional defor-
mation potential tensor components as follows: [8, 7, 11]

l1 = D2 +D4 +D5, m1 = D2 +D4 −D5,

n1 = 2D5, l2 = D1, m2 = D1 +D3,

n2 =
√
2D6, m3 = D2.

(24)

We can also apply six fold rotational symmetry in the strain Hamiltonian of wurtzite
structure which holds the relation l1 −m1 = n1.

The Hamiltonian Hcv of (9) (H†
cv

is its Hermitian conjugate) can be written as

Hcv = (Hcx Hcy Hcz) , (25)

where
Hcx = iP2kx, Hcy = iP2ky, Hcz = iP1kz. (26)

4 Results and Discussions

In Fig. 2, we have plotted the probability distributions of ground and first excited
states of electrons in AlN/GaN quantum dots without accounting for piezoelectrome-
chanical effects. In Fig. 3, we have plotted the probability distributions of heavy holes
and light holes in AlN/GaN quantum dots without accounting for piezoelectromechanical
effects. Since we consider the flat band of AlN/GaN quantum dots in our 8-band k · p
Hamiltonian, we see that the localization of the wave functions of the electrons and holes
in quantum dots reside in the center of the dots.

Next, we have solved the piezoelectromechanical part and plotted the piezoelectric
fields and piezoelectric potentials in AlN/GaN quantum dots in Fig. 4. We couple the
piezoelectromechanical and band structure calculation parts via the 8-band k · p Hamil-
tonian.

Then, we have diagonalized the strain dependent 8-band k · p Hamiltonian based on
Finite Element Method and investigate the influence of piezoelectromechanical effects in
wurtzite AlN/GaN quantum dots. In Fig. 5, we have plotted the probability distributions
of ground and first excited states of electrons and holes in AlN/GaN quantum dots. It
can be seen that the influence of piezoelectromechanical effects bring the electron states
to the top of the dots and hole states (both heavy and light holes) to the bottom of the
dots near the wetting layers.
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5 Conclusion

We have solved the three-dimensional coupled multiphysics model of strain dependent
8-band k · p Hamiltonian in Cartesian coordinates based on the Finite Element Method.
We have shown that without piezoelectromechanical effects, electron and hole wavefunc-
tions are located in the center of the quantum dots. By accounting for piezoelectrome-
chanical effects, we have found that in the analyzed wurtzite AlN/GaN quantum dots
these effects push the distribution of electron wavefunctions to the top of the quantum
dots and hole wavefunctions to the bottom of the quantum dots, near the wetting layer.
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[11] S. Prabhakar, R. Melnik, P. Neittaanmäki, and T. Tiihonen,, Coupled electromechan-
ical effects in wurtzite quantum dots with wetting layers in gate controlled electric
fields: The multiband case, Physica E 46, 97-104 (2012). (2012).

[12] S. Prabhakar, R. Melnik, P. Neittaanmäki, and T. Tiihonen, Coupled magneto-
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