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Abstract

This paper gives a sketch of proof of Mazur's Theorem classifying the possible rational torsion
subgroups of elliptic curves defined over Q. We will prove Mazur's theorem by using two main
lemmas. The sketch of proof of these two lemmas will be the goal of all the work. We will
provide the tools needed to understand the proofs, trying to make the work as self-contained as
possible although we must avoid some technical parts. We will present the basic notions of the
theory of elliptic curves, discuss about Weierstrass equations, the Mordell-Weil group, isogenies,
endomorphisms, the basics of the theory of group schemes, Néron models for elliptic curves, and
modular curves.
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1. Introduction

The study of elliptic curves has been an area of great interest to mathematicians since long ago.
From the arithmetic point of view, one of the most important theorems in that area is the theorem
of Mazur that describes the possible subgroups of rational torsion points in the Mordell-Weil group
of the elliptic curves defined over QQ.

Let E be an elliptic curve over Q. The Mordell-Weil group E(Q) is a finitely generated (abelian)
group. Hence we can write

E(Q) = Z" ® E(Q)tors -

The positive integer r is called the rank of E(Q). A formula for this rank is given by the conjecture
of Birch and Swinnerton-Dyer, whose solution rewards the Clay Institute of Mathematics with a
million dollars. As for the torsion subgroup E(Q)tors, Barry Mazur proved the following elegant
theorem (twice, in 1977 and 1978, referenced in [16] and [18], respectively).

Theorem 1.1. (Mazur). Let E be an elliptic curve over Q. The possible torsion subgroups of

E(Q) are:
(1) Z/NZ, where1l < N <10 or N = 12;

(2) Z/2Z x ZJ2NZ, where N = 1,2, 3, 4.

It is known that all the above 15 groups do arise for infinitely many elliptic curves over Q.
The reason for that is that the corresponding modular curves have genus zero. Modular curves
are algebraic curves whose points classify elliptic curves with torsion level structures. They are an
essential tool in the more delicate and key point of Mazur's proof.

Our goal in this memory is to discuss Mazur's proof that elliptic curves over Q cannot have
torsion points of prime order larger than 13. The complete details of the proof are far beyond our
scope but we will try to make an sketch of the proof as self-contained as possible. However, there
are aspects that we can just mention, because of the difficulty involved in proving some concepts
and others, simply, because it is assumed that the reader is aware of these results. In terms of
prerequisites, we assume that the reader has a graduate level understanding of most mathematical
fields. In particular, we freely use without mention fundamental results from algebraic geometry,
algebraic number theory, and Galois theory.

The plan is as follows. In Section 2, we begin directly with the proof of Mazur's theorem based
on two lemmas. The remainder of the memory is devoted to understand and sketch a proof of
these two lemmas. In Section 3, we present the basic notions of the theory of elliptic curves, where
we focus on those results which will be needed in the proof of Mazur's Theorem. For example,
we discuss about Weierstrass equations, the Mordell-Weil group, isogenies and endomorphisms. In
Sections 4 and 5 we will give the necessary requirements for the proofs of the lemmas 2.2 and 2.3,
respectively. We develop the basics of the theory of group schemes, Néron models for elliptic curves
and modular curves.

Finally, we include an appendix that contains some final remarks: the case N = 11, the Lutz-

Nagell theorem, examples of elliptic curves with different torsion subgroups over Q and generaliza-
tions of Mazur's theorem.
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2. Mazur’s theorem

Our goal in this section is to give a sketch of the proof of the following result:

Theorem 2.1. (Mazur). Let E/Q be an elliptic curve, and suppose that P € E(Q)ors is a point
of prime order p. Then p < 13.

In a manner similar to Alfred Hitchcock's movie Dial M for Murder, we shall present the proof
first, and then we will describe the main characters involved in the proof. To this end, one reduces
the Theorem to the following two lemmas.

Lemma 2.2. Let E/Q be an elliptic curve with a point P € E(Q)tors of odd prime order p. Then
E is isogenous over Q to an elliptic curve E'/Q such that: (i) E' has also a point of order p in
E'(Q)tors, and (ii) the extension Q(E'[p])/Q(up) is ramified.

Lemma 2.3. Let E/Q be an elliptic curve with a point P € E(Q)tors of prime order p > 13. Then
the extension Q(E[p])/Q(up) is unramified.

Here, Q(p) denotes the p-th cyclotomic field. Before we start with the proof of the above
lemmas, it is worth to consider the following example that illustrates them. It concerns with the
rational isogeny class of the first elliptic curve of conductor 11. This class contains three elliptic
curves:

E | Weierstrass equation JE
1A | Y24y =x3—x2—10x—20 —212313/11°
11B | y?> 4y =x3 — x? —212/11
11C | y?> 4+ y = x> — x® — 7820x — 263580 | —2122938093 /11

We take the prime p = 5 and want to check that Lemma 2.2 holds, but Lemma 2.3 does not apply
since p < 13. The rational torsion 5-points of these curves are as follows:

E | E@Q]

11A|(0:1:0),(5: —6:1),(5:5:1),(16: —61:1),(16:60: 1)
11B|(0:1:0),(0: —=1:1),(0:0:1),(1:-1:1),(1:0:1)
11C | (0:1:0)

Both lemmas focus in the relative extension Q(E[p])/Q(up). With the help of Sage one finds:

E | disc(Q(E[p])/Q(kp)) | QUE[P])/Q(kp)
11A | (1) unramified
118 | P PrPr P’ ramified
11C | PERIBIIF1 B, ramified

We can apply Lemma 2.2 to E=11A or E=11B since they have a rational 5th torsion point.
The corresponding E’ is 11B in both cases. The conclusion of Lemma 2.3 is true for E =11A but



it is false for E=11B (recall we have p =5 < 13). We cannot apply neither Lemma 2.2 or Lemma
2.3 to E =11C since it does not have a rational 5-torsion point.

Our next task is to give the proof of Lemma 2.2. To this end, we shall need to make use of the
following tools: the Weil paring, the finiteness of the elliptic curves in a rational isogeny class and
the Hilbert class field of cyclotomic extensions (see Section 4).

Proof. (of Lemma 2.2) Suppose, for contradiction, that all the elliptic curves in the rational isogeny
class of E having a rational p-torsion point contain a Galois submodule isomorphic to fip; that is,
the attached exact sequence

0 — Z/pZ — E'[p] — pup —> 0

splits (see Section 4.2) for all the elliptic curves E’ rationally isogenous to E with a rational p-torsion
point.
Let E; = E. To the attached Galois submodule of E;[p] isomporphic to i, it corresponds a

rational isogeny
E1 — E2

with kernel p, (see Section 3.4). The image of the Galois submodule isomorphic to Z/pZ gives

rise to a point of order p in Ex(Q). By assumption, E; also has a Galois submodule isomorphic to
tp. Then we can repeat the process, and we obtain a sequence of rational isogenies

E1—)E2—>E3—>...

where every elliptic curve has a rational p-torsion point and a Galois submodule isomorphic to .
Since the rational isogeny graph is finite (see Section 3.4), one must have some E; isomorphic
to E; for some j > i. Composing the corresponding isogenies and this isomorphism, we get an
endomorphism
f: E,' — E,'.

Observe that E;(Q) has point of order p and this point does not belong to Ker(f) by construction.
Since f is defined over Q, it should be an scalar (see Proposition 3.12) and this gives a contradiction
since deg f is a power of p.

By the previous paragraph, there exists an elliptic curve E’/Q in the rational isogeny class of
E such that it contains a rational p-torsion point and the corresponding exact sequence does not
split. In other words, the Galois representation attached to E’[p] looks like

1 *
QE(;P ~ 0 Y

with % # 0. Let K = Q(E’[p]). We claim that the extension K/Q(y,) is ramified.

Indeed, the representation g/ , factors through Gal(K/Q) — GL2(F,), and the image of the
subgroup Gal(K/Q(up)) is the group consisting of the matrices

o 1)
096 1))

for k in IFp. Since



Elliptic Curves and Mazur's Theorem

the extension K/Q(up) is abelian. Suppose, for contradiction, that K/Q(up) is unramified.
Then, K must be contained in the Hilbert class field (see Section 4.3) of Q(up). In fact, since

Gal(K/Q(pp)) has order p and the conjugation of (Z/pZ)* ~ Gal(Q(up)/Q) on Gal(K/Q(up)) is

given by B
G96D6Y -6

one realizes that K corresponds to the Herbrand subgroup Y =1 = YP~2 (see Section 4.3). But if
this subgroup is non-trivial, then by the Herbrand theorem (theorem 4.3) we have that the Bernoulli
number B, = 1/6 has numerator divisible by p which is impossible. Thus, necessarily K/Q(up) is
a ramified extension. d

The next step is to prove Lemma 2.3. For this proof we will use the theory of the Néron models
and deep properties of the Jacobian of the modular curve Xy(N), for N prime, as well as some other
concepts that you can find in Section 5.

Proof. (of Lemma 2.3). Suppose that E/Q is an elliptic curve with a point P € E(Q)tors of prime
order p > 13. Denote K = Q(E[p]). We want to show that K/Q(up) is unramified. By the
Néron-Ogg-Safarevich criterion (see proposition 5.6), we know that K/Q(pp) is unramified at all
primes of Q(yp) lying over rational primes of good reduction for E, except possibly those primes
lying over p. Thus, we need to analyze the (eventual) ramification at primes lying over g at which
E has bad reduction and the primes lying over p (whether E has bad or good reduction at p). The
strategy is to construct a split exact sequence

0—Z/pZ — E[p] = pp — 0

of Gal(Q/Q(up))-modules. The point P provides the kernel submodule Z/pZ with trivial action.
To obtain the complementary submodule 11, we shall make use of the Néron model of E.

First, we fix a prime g of bad reduction, and let & be the Néron model for E over Zg (see
section 5.2). Let Z/pZ C € be the constant finite flat subgroup scheme generated by P. Consider
the special fiber €/IF, of the Néron model and the short exact sequence

0 — &%, — &m, —> Pp — 0

where €9 is the identity component and ®, is the group of components.

We claim that E%q[p] is nontrivial. Indeed, by lemma 5.9 we know that E has multiplicative
reduction at g, and therefore €° is isomorphic to G, over Fq or Fg2. The multiplicative group
Gm(Fq) = IF‘Z has points of all orders relatively prime to g (a different argument using the Tate
curve is needed in the case ¢ = p). On the other hand, since p > 13, we have Z/pZ ¢ &(F4)° by
the crucial lemma 5.14 (it is precisely here where the modular curves play a role!) From the exact
sequence

0 — €%(Qq) — &(Qy) — €(Qq)/€%(Qq) — 0

we obtain the desired (nontrivial) complementary submodule. Note that
€%, [p] = €°(@q)[PI" C E(Qq)lp] = E(Qg)lp]

where |q = Gal(Qq/QY") is the inertia group at g.



Finally, we need to show that the extension K /Q(p) is unramified over the primes lying over p
whenever E has good reduction at p. To do this, we consider again the short exact sequence of
Zp-group schemes

0 —Z/pZ — E[p] — pp — 0.

Over ﬁp the group Z/pZ is completely disconnected, while p, collapses to a point. Applying the
connected component of the identity functor shows that E[p]® = tp, and this exact sequence must
also split. We conclude that Q(E[p]) is unramified over Q(1p) also at all primes lying over p, and
this completes the proof. ]

2.1 Proof of Mazur’s Theorem

The proof of Mazur’'s Theorem follows immediately from lemma 2.2 and lemma 2.3.

Proof. Suppose that E(Q) has a torsion point P of prime order p. By lemma 2.2, E is isogenous over
Q to an elliptic curve E’/Q such that E has also a point of order p in E'(Q)tors and Q(E’[p])/Q(12p)
is ramified. Now, by lemma 2.3, the relative extension Q(E’[p])/Q(pp) is unramified since p > 13.
Therefore, we get a contradiction and p must be less or equal than 13. 0

3. Elliptic curves: basic facts

In this section we give a brief introduction to the theory of elliptic curves: Weierstrass equations,
Mordell-Weil group, isogenies, and endomorphisms. Throughout, our primary references are the
two books by Silverman [4] and [5].

Definition 3.1. An elliptic curve (E, Og) over a field K is a smooth, projective curve E of genus
1 along with a specified point Og, all defined over K.

In practise we will simply talk about the elliptic curve E/K, and Og will be understood to be
the base point. Further, as is standard practise we use the notation E(K’) to denote the set of
points of E defined over K’ for any field extension K’ of K.

3.1 Weierstrass equations

Let K be an arbitrary field. A Weierstrass equation for an elliptic curve E/K is an equation of the
form:
y2 + aixy + azy = x3 + 32x2 + agx + ag

where a1, as, a3, a4, ag are constants in K. As consequence of the Riemann-Roch theorem, all elliptic
curves admit Weierstrass models in the projective plane P?(K).

If char(K') # 2, then we can simplify the equation by completing the square. The substitution

v Sy - ax - a)

gives an equation of the form

E: y2 = 4x3 + ng2 + 2bax + bg,
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where
b, = af +4a,
by = 2a4 + a1a3
b6 = a% + 436 .

We also define quantities

bg = 3%36 + 4arag — ar1azas + agag — ai,
cy = b% — 24 by,
C6 = —b3 + 36baby — 216bg,
A = —b3bg — 8b; — 27b3 -+ by by b,
j=alh,
Y dx . dy
2y +aix + a3 3x2+42ax +ag — a1y’

Definition 3.2. The quantity A is the discriminant of the Weierstrass equation, the quantity j is
the j-invariant of the elliptic curve, and w is the invariant differential associated to the Weierstrass
equation.

Assuming now that the characteristic of K is not 2 or 3, our elliptic curves have Weierstrass
equations of the form E : y2 = x3 4+ Ax + B. In that case, we have

3
A = —16(4A%3 +27B%) and j= —1728(42\).

Since elliptic curve are non-singular curves, their Weierstrass equations satisfy A # 0. However,
we shall need to consider their reductions at certain places and then we obtain Weierstrass equa-
tions corresponding to cubic curve that can have singularities. Now, we shall analyze the possible
singularities of a cubic curve: nodes and cusps. To this end, we consider a general situation. Let
P = (xo, yo) be a point satisfying a Weierstrass equation

f(Xv}’) =y2+31Xy—|—a3y—x3—azx2—a4x—a6 =0,

and assume that P is a singular point on the curve f(x, y) = 0. Then we have

of of
PV =5, (P)=0

It follows that there are «, 3 in a separable algebraic closure K of K such that the Taylor series
expansion of f(x,y) at P has the form

F(x,y) = f(x0.%0) = (¥ = y0) — alx = x0))((y = y0) = B(x —x0)) — (x — x0)*.
Definition 3.3. The singular point P is a node if a # . In this case, the lines
y—yo=a(x—xp) and y—yo=PB(x—x)

are the tangent lines at P. On the other hand, if @ = 3, then we say that P is a cusp, in which
case the tangent line at P is given by y — yp = a(x — xp).



Proposition 3.4. The following statements hold:

(a) A cubic curve given by a Weierstrass equation satisfies:

(i) It is nonsingular if and only if A = 0.
(ii) It has a node if and only if A =0 and ¢4 # 0.
(iii) It has a cusp if and only if A = ¢4 = 0.
In cases (ii) and (iii), there is only the one singular point.

(b) Two elliptic curves are isomorphic over K if and only if they both have the same j-invariant.

(c) Let jo € K. There exists an elliptic curve defined over K(jo) whose j-invariant is equal to jp.
Proof. See [4] (page 45). O

Let E be an elliptic curve defined over a number field K and let B be a prime of the ring of
integers of K. From the previous discussion, the reduced curve E mod ‘B is of one of three types:

Definition 3.5. (a) E has good (or stable) reduction if E is nonsingular.
(b) E has multiplicative (or semistable) reduction if £ has a node.

(c) E has additive (or unstable) reduction if E has a cusp.

In cases (b) and (c) we say that E has bad reduction. If E has multiplicative reduction, then
the reduction is said to be split if the slopes of the tangent lines at the node are in the residue field
of B, and otherwise it is said to be nonsplit.

The following two results play an important role in the proof of Mazur's theorem.

Proposition 3.6. Let E/F; be an elliptic curve. Then there exists o € C with |a| = \/q so that
for all positive integers n the curve E(IFgqn) contains exactly q" — o —@" + 1 points.

Proof. See [1], page 11. O

Proposition 3.7. Let E/Q, be an elliptic curve for some prime p, and suppose that E has additive
reduction at the maximal ideal of Z,. Then there exists an extension field K/Qp, with ring of
integers O so that E/K has either good or multiplicative reduction at the maximal ideal of O.
Furthermore, one can choose K to have absolute ramification index at most six over Qp.

Proof. See [10], chapter 2. O

3.2 Mordell-Weil theorem

Let A be an abelian variety defined over a field K. Then, the set of K-rational points A(K) has
structure of an abelian group. In the case of abelian varieties of dimension one (that is, elliptic
curves) it is a classical fact that one can make completely explicit the addition law on points through
algebraic expressions from the Weierstrass equations (see section 3.3).
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Addition of distinct points Adding a point to itself

Figure 1: The composition law.

In general, an important theorem due to Weil ensures that the abelian group A(K) is finitely
generated and it can therefore be written as

A(K) =ZP1®..®ZP, @A(K)tors

where the torsion group A(K)tors is finite and r is called the rank of A over K.

It is very difficult to control the rank and the torsion subgroup of abelian varieties. Even for the
case elliptic curves, we are far from having a complete understanding of the torsion subgroup, the
Theorem of Mazur for elliptic curves over Q being one of the exceptions. See the Appendix [6] for
more information on this.

3.3 Group law

Let E be an elliptic curve defined over a field K given by a Weierstrass equation. If P and Q are
two points in E(K), then we can uniquely describe a third point, P+ Q, in the following way: draw
the line that intersects P and Q. This will generally intersect the cubic at a third point, R. We
then take P + Q to be —R, the point opposite R (symmetric with respect to the x-axis).

This definition for addition works except in a few special cases related to the point at infinity
and intersection multiplicity:

- When one of the points is Og. Here, we define P + Og = P = O + P, making Og the identity
of the group.

- If P and Q are opposites of each other, we define P+ Q = Og.

- If P = Q we only have one point, thus we can't define the line between them. In this case, we
use the tangent line to the curve at this point as our line. In most cases, the tangent will intersect
a second point R and we can take its opposite. However, if P happens to be an inflection point
(see point T on Figure 1) , we take R to be P itself and P+ P is simply the point opposite itself.



In algebraic terms, given the elliptic curve E: y? = x> 4 ax + b over the field K (whose
characteristic we assume to be neither 2 nor 3), and points P = (xp, yp) and Q = (xq@, y@) on the
curve. There are two cases:

1. Assume that xp # x@. Let y = sx + d be the line that intersects P and Q, which has the
following slope:

_YP—YQ
Xp — XqQ

Now, we define R = (xg, yr) = —(P + Q) as

S

XR:S2—XP—XQ, yr = yp + S(xg — xp).

2. If xp = x@, then there are two options: if yp = —yq, including the case where yp = yg =0,
then the sum is defined as Og; thus, the inverse of each point on the curve is found by
reflecting it across the x-axis. If yp = yg # 0, then Q = P and R = (xg,ygr) = —(P+ P) =
—2P = —2Q is given by

3x3 +a
s_>Xpta

5 ' XR:52—2XP, yr = yp + s(xr — xp).
yp

3.4 Isogenies

A rational map between smooth curves is always a morphism (regular everywhere). Since elliptic
curves have a distinguish point (the origin), it is natural study morphisms between elliptic curves that
send the origin to the origin. For the following definition, we do not assume that K is algebraically
closed.

Definition 3.8. (Isogeny) Let (E1, O1) and (Ep, O2) be elliptic curves defined over a field K. Then
an isogeny is a morphism of curves f : Ey — Ej such that f(O;) = Oy. If there exists a nonzero
such map, then E; and E; are said to be isogenous. The degree of the isogeny is by definition the
degree of the morphism f. It can be proven that to be isogenous is an equivalence relation among
elliptic curves over K.

An isogeny f satisfies that either f(E;) = { Oz} or f(E1) = Ex. Thus except for the zero isogeny
defined by [0](P) = O for all P € Ej, every other isogeny is a finite map of curves. Hence we
obtain the usual injection of function fields

- ?(E2) — ?(El)

The degree of f, which is denoted by deg(f), is the degree of the finite extension K(E;)/f*K(E>).

Elliptic curves are abelian groups, so the maps between them form groups. We denote the set
of isogenies from E; to E, by

Hom(E;, E) = {isogenies E; — Ep}.
The sum of two isogenies is defined by

(f +&)(P)=f(P) +&(P)

11
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and f + g is a morphism, so it is an isogeny.

If E; = Ep, then we can also compose isogenies. Thus if E is an elliptic curve, we let
End(E) = Hom(E, E)
be the ring whose addition law is as given above and whose multiplication is composition,

(f8)(P) = f(g(P)).

Definition 3.9. Let E be an elliptic curve over K and let m € Z with m > 1. The multiplication
map [m]: E — E is an isogeny of degree n>. The m-torsion subgroup of E, denoted by E[m], is
the kernel of this isogeny,

E[m] = {P € E(K) : [m]P = 0}.

For char(K) = 0, the map [ ] : Z — End(E) is usually the whole story, i.e., End(E) = Z;
otherwise, we say that E has complex multiplication. When necessary, we can specify Endk(E) to
restrict to the subring of endomorphisms defined over the field K.

Example 1. Assume that char(K) # 2 and let j € K be a primitive fourth root of unity, i.e.,
i> = —1. Then, the elliptic curve E/K given by the equation

E:y?=x3—x

has endomorphism ring End(E) strictly larger than Z, since it contains a map, which we denote by
[i/], given by
[1]: (xy) = (=x,1y).

Thus E has complex multiplication. Clearly [i] is defined over K if and only if i € K. Hence even
if E is defined over K, it may happen that Endk(E) is strictly smaller than End(E).

Continuing with this example, we observe that
[T o [](x.y) = [1(=x.iy) = (x, —y) = =(x.y),
so, [i] o [i] = [-1]. There is thus a ring homomorphism
Z[i] — End(E)
m + ni — [m] + [n] o [i].
If char(K) = 0, this map is an isomorphism, Z[i] = End(E), in which case Aut(E) = Z[i]* =
{£1, £/} is a cyclic group of order 4.

Example 2. This second example deals with elliptic curves over Q. In [18], Mazur shows that the
modular curve Xp(43) has a unique rational point corresponding to the elliptic curve

E:y?+y =x3—1590140x — 771794326

with Cremona's label 1849a2. This elliptic curve is Q-isogenous to 1949al. Composing with
Q-isomorphisms (twists), the elliptic curve E is also Q-isogenous to the elliptic curves 16641e2,
16641el, 29584h2, 29584h1, 4622532, 46225al, ... all defined over Q. Obviously, the defining
equations of these isogenies are too monstrous to be written here.



Proposition 3.10. The following properties hold:
(i) Isogenies preserve the group addition law.
(ii) Let f : E — E’ be an isogeny. Then, Ker(f) is a finite subgroup of E and E' ~ E ] ker f.
(ii) If G C E is a finite subgroup, then there is an isogeny f : E — E’ with Ker(f) = G.

Proof. See [4], pages 71-74. O

Definition 3.11. (Dual Isogeny) Given a degree n isogeny f : E — E’ of elliptic curves over a
field K, there is another isogeny defined over K (called the dual isogeny) f : E/ — E of the same
degree such that f o f = [n].

3.5 Endomorphisms

Let E be an elliptic curve defined over a field K. An important tool in the study of the endomorphism
ring End(E) is the map
deg : End(E) — Z.

We denote by Hom (Ei, Ep) the collection of homomorphisms from E; to E, defined over K, and let
Endk(E) = Homg(E, E). The group structure on E, determines a group structure on Hom(E;, E5)
such that as a Z-module, Hom(E;, E>) is free of rank at most four. Composition of endomorphisms
gives a ring structure on O = End(E), and we refer to O as the ring of endomorphisms of E. For
an elliptic curve E, the abelian group law E x E <— E is a morphism of varieties. Thus the map

[m] :E — E
Py Pt -t P

sending a point to the sum of P with itself m times is a morphism of E to itself sending O to O.
This allows us to define an injective ring homomorphism

Z — End(E).
Since any isogeny f : Ey — E is a group homomorphism, for all integers m we have
[m]g, of =fo[m]g.

The following proposition gives an important result about this map that is used in the proof of
Mazur's theorem. To prove it would require developing the theory of dual isogenies.

Proposition 3.12. Let E/Q be an elliptic curve, and let f € Endg(E) be an endomorphism defined
over Q. Then f is a scalar; that is, f = [m] for some m € Z.

Proof. See [1], page 13. O

4. Requisites for the proof of Lemma 2.2

4.1 Weil pairing

The Weil pairing was introduced by André Weil in 1940 and it plays an important role in the study
of the arithmetic properties of elliptic curves.

13



14

Elliptic Curves and Mazur's Theorem

In this section we let E/K be an elliptic curve and we fix an integer m > 2 which we assume
to be prime to p = char(K) if p > 0. As an abstract group, the group of m-torsion points satisfies

E[m| = Z/mZ x 7] mZ.

Let T € E[m]. Then there is a function f € K(E) satisfying div(f) = m(T) — m(0). Next
take a point T’ € E(K) with [m]T" = T. Then there is similarly a function g € K(E) satisfying

div(g) = [m]*(T) = [m]"(0) = > (T'+R)—(R).

ReE[m]

Since f o [m] and g™ have the same divisor, we can (and do) assume that f o [m] = g™ after
multiplying f by a convenient scalar in K. Now let S € E[m] be another m-torsion point, where

we allow S = T. Then for any point X € E(K), we have
g(X +5)" = f([mX + [m]S) = f([m]X) = g(X)™.
The Weil pairing is the bilinear form
em Elm] % Elm] — pim

on the torsion points of order m of an elliptic curve E defined over a field K taking values on the

n*h roots of unity, defined as follows. Given S and T points in E[m], we declare:
g(X+5)
em(S, T) ==,
e g(X)

where X € E is any point such that g(X 4+ S) and g(X) are both defined and nonzero. The Weil
pairing has the following properties:

Proposition 4.1. (Weil pairing).
(i) Linearity: If P, Q, R € E[n] then
en(P+ Q,R) = es(P, R)en(Q, R),

en(P, Q@+ R) = en(P, Q)en(P, R).

(ii) Alternating: If P € E[n], then e,(P,P) = 1. This, along with linearity, implies that if
P, Q € E[n], then e,(Q, P) = e,(P, Q])~%, which is usually called anti-symmetry.

(i) Non-degeneracy: If O # P € E[n], there exists Q € E[n] such that e (P, Q) # 1.
(iv) Compatibility: If P € E[mn] and Q € E[n], then emn(P, Q) = en(mP, Q).
(v) Galois action: Let P, @ € E[n] and o € Gal(K/K), then

en(P, Q)° = en(P?, Q7).

Proof. See [4] (page 94). O



For any elliptic curve E/K and each prime p different from char(K'), we obtain a Galois repre-
sentation B
Gal(K/K) — GLo(Fp).

Thanks to the Weil pairing, the determinant Gal(K/K) — [, of this representation is the cyclo-
tomic character giving the Galois action of the p-th roots of unity.

Corollary 4.2. There exist points S, T € E[m] such that e,(S, T) is a primitive m-th root of unity.
In particular, if E[m] C E(K), then pm C K*.

Proof. The image of ep, is a subgroup of p,, hence we may suppose that Im(ep,) = pg. It follows
that
1=en(S, T) =en([d]S, T) forall S, T € E[m].

The nondegeneracy of the ep-pairing implies that [d]S = O, and since S is arbitrary, d = m. So,
em(S, T) is a primitive mth root of unity. Finally, if E[m] C E(K), then the Galois invariance of
the en-pairing implies that e, (S, T) € K* for all S, T € E[m]. Hence un, C K*. O

In particular, one has the inclusions of field extensions K C K(up) € K(E[p]) that has been
used in lemma 2.3. The Weil pairing admits a generalization to abelian varieties and it has also
applications to elliptic curve cryptography and identity based encryption.

4.2 Galois representation attached to torsion points
To begin, recall that given an elliptic curve E defined over Q, then the set of p-torsion points

Elp] := E(Q)[p] = {P = (x,y) € E(Q): p- P = Og} U{Ok}
is a 2-dimensional Fp-vector space where the absolute Galois group Gal(Q/Q) acts in a natural
way:
P7 = (x,y)” = (x7.y7).
Since the action is linear (P + Q)7 = P? 4+ Q7, we get an homomorphism

0ep: Gal(Q/Q) — GLa(Fp).
It is clear that ¢ = g factors through Gal(Q(E[p])/Q), given an embedding

Gal(Q(E[p])/Q) — GLa(Fp).

Due to the Weil pairing, the determinant det g is the cyclotomic character
\: Gal(@/Q) — Gal(Q(u,)/Q) ~F;.

which gives the Galois action on the p-th roots of unity: (7 = ¢X(%) for ¢ € tp- In particular, this
amounts to the inclusions

Q < Q(rp) € Q(E[P]) -

Assume that E(Q)tors contains a point P of primer order p. Then, the 2-dimensional vector space
E[p] has a 1-dimensional vector subspace (P) with trivial action. Hence, we get a short exact
sequence

0 — (P) — E[p] — E[p]/{P) — 0

15
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where the action on the quotient is given by the cyclotomic character, since det o = x. Alternatively,
we can use the Weil pairing e, to define a map E[p] — pup by Q@ — e,(P, Q). Since P € E(Q),
this gives the short exact sequence of Gal(Q/Q)-modules

0 — Z/pZ — E[p] — pp — 0.

As a consequence, the image of the Galois representation should be of either form:
10
0 x
1 =
0 x

The above exact sequence splits in the first case, and it is non-split in the case * £ 0.

Imo =

4.3 Hilbert class field of cyclotomic extensions

Given a number field extension N/Q, the Hilbert class field of N is defined as the maximal abelian
extension of L/N. It turns out to be a finite extension (so L is a number field). In fact, the abelian
Galois group Gal(L/N) is isomorphic to the ideal class group of N.

In view of Mazur's theorem, we restrict ourselves here to the cyclotomic case N = Q(pup) for
an odd prime p. We will announce Herbrand theorem without proof. We refer the reader to [16]
and [17] for more details.

Let Q(up) be the p-th cyclotomic field and let K be its Hilbert class field. Let Y’ be the
maximal quotient of Gal(L/Q(up)) where every element has order a power of p, and let Y be the
subgroup of Y’ generated by elements of order p. In particular, we see that Y is the trivial group
whenever p—is a regular prime. An odd prime number p is defined to be regular if it does not divide
the class number of the p-th cyclotomic field Q(up).

The group Gal(Q(1p)/Q) acts on Gal(K /Q(p)) by conjugation in Gal(K/Q), and Gal(Q(xp)/Q)
acts on Y. We consider ¢ any primitive p-th root of unity and an arbitrary element o on

Gal(Q(up)/Q). We have o(¢) = ¢? for some d € (Z/pZ)* and d does not depend on the
choice of (. Thus, there exists

Gal(@(1p)/Q) — (Z/pZ)’
a canonical isomorphism, and we obtain an action of (Z/pZ)* on Y. Now, for any integer j, we
define Y1) to be the subgroup of Y on which a € (Z/pZ)* acts as multiplication by a/.

We can now state Herbrand’'s Theorem.

Theorem 4.3. (Herbrand). Using the above notations, let 1 < j < p — 1 be an odd integer. If
YU) js non-trivial, then the Bernoulli number B,—j has numerator divisible by p.

For example, consider the smallest irregular prime p = 37. We need j such that 1 < j < 36 and
j odd. Choosing j = 5, one has:

—7709321041217
510

Bp—j = B3> =



7709321041217 .
and we can see that % = 208360028141 and, therefore yU) = y©) #0.

Ribet’s theorem provides the reciprocal of Herbrand's theorem (see [17]):

Theorem 4.4. (Ribet). Let 1 < j < p—1 be an odd integer. If the Bernoulli number B,_; has
numerator divisible by p then YU) is non-trivial,

5. Requisites for the proof of Lemma 2.3

5.1 Group schemes

Definition 5.1. (i) Let S be a scheme. A group scheme over S, or an S-group scheme, is an
S-scheme m : G — S together with S-morphisms m : G xs G — G (group law, or
multiplication), i : G — G (inverse), and e : S — G (identity section), such that the
following identities of morphisms hold:

mo(m X idg) =mo (idg xm): G xs G — G,
mo(eXidG):j1:5><5G—>G,
mO(/dGXE):jQZGX55—>G,

and
eom=mo(idg x i)oAg/s =mo (i xidg)oAg/s:G— G,

where j1 : S Xs G —> G and jo : G X S — G are the canonical isomorphisms.

(i) A group scheme G over S is said to be commutative if, writing s : G X5 G — G x5 G for
the isomorphism switching the two factors, we have the identity m=mos: G xs G — G.

(iii) Let
TG — S, m, i, e

and

7T2:G2—>5| my, i21 €2

be two group schemes over S. A homomorphism of S-group schemes from G to Gy is a
morphism of schemes f : G — Gy over S such that

fomlzmzo(fxf):Gl Xs Gl—> G2.
This condition implies that foe; = ey and foip =i of.
In practice it will usually either be understood what m, i and e are, or it will be unnecessary to

make them explicit; in such case we will simply speak about “a group scheme G over S” without
further specification.

We present two examples, the additive group and the multiplicative group.

17
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1. Additive Group: Consider Spec Z|[x], and we need to define the multiplication
Spec Z[x] xz Spec Z[x] — Spec Z[x].
The structure of a group scheme is given, on rings, by the following homomorphisms:

m : Z[x] — Z[x] ®z Z|x] = Z|x1, x2] given by x — x ® 1+ 1 ® x, defining the group law;
i: Z|x] — Z|x] given by x — —x defining the inverse;
e: Z[x] — 7Z given by x +— 0 defining the identity.

The group scheme SpecZ][x] is denoted G,, and it is so called because for any ring R we
have G,(R) = G,(Spec R) = R™, the abelian group underlying R.

2. Multiplicative Group: One can similarly define a Z-group scheme G, so that G,,(R) = R*
for any ring R. In this case G, is dual to the ring Z[x, x"1]. The structure of a group scheme
is defined by the homomorphisms given by

X — x ® x, defining the multiplication;
X x 1 defining the inverse;

x +— 1, defining the identity element.

We obtain R-group scheme analogs of the additive and multiplicative groups schemes, which we
denote (G,)r and (Gn)g. However, for any R-algebra A, one easily checks that (G,)r(A) = G,(A)

and (Gpm)Rr(A) = Gm(A) as groups. Hence (G,)g and (Gn,)g are in some sense the same as G,
and G,.

Definition 5.2. A finite flat group scheme of order n is a Spec R-group scheme Spec A where A is
a locally free R-algebra of rank n.

Now, we collect a couple of results on group schemes which will be needed in the proof of
Mazur's Theorem. In both cases the proofs are complicated to be included here, so we will give
references for the proofs.

Proposition 5.3. (Raynaud). Let p be an odd prime, and let O be the ring of integers of a
field K/Qp of absolute ramification index less than p — 1. Let G be a commutative, finite flat
O-group scheme of order a power of p. Then G is uniquely determined up to isomorphism by the
isomorphism type of its generic fiber.

Proof. See [19], p. 152. O

Proposition 5.4. Let T be an open subscheme of SpecZ over which 2 is invertible, let A be an
abelian T-group scheme, and let p be any prime giving a closed point of T. Then the specialization
map A(T )tors — A(Fp) is injective.

Proof. See [24]. O



5.2 Néron model

The purpose of this section is to explain the definition and basic properties of the Néron model &
of an elliptic curve E over a global or local field K.

The motivation is due to the fact that the reduction mod g of an elliptic curve E defined over
Q is not a problematic issue as long as we stay at primes g where the elliptic curve has good
reduction (which are all the primes except finitely many). But when trying to reduce at primes
of bad reduction we do not get anymore an elliptic curve in positive characteristic. Indeed, the
reduction is a curve with (a unique) singularity and one should be careful with the reduction map.

André Néron proposed in the 1960s the minimal regular models for curves (arbitrary genus) as
well as for abelian varieties (arbitrary dimension) as a good solution to deal with the special fibers
at primes of bad reduction. In the case of elliptic curves (genus one and one dimensional varieties
at the same time), the computation of these minimal regular models can be done explicitly with
Tate's algorithm.

An excellent expository about Néron models is offered by Silverman in Chapter IV of [5]. Here,
we limit ourselves to recall its definition and main features, emphasizing the properties needed with
regard to the proof of Mazur's theorem.

Let R be a Dedekind domain with field of fractions K, and let C/K be a curve. A regular model
for C is a proper flat scheme C over R which is regular and whose generic fiber is C. A regular model
C is minimal if for any other regular model €', there exists a map of schemes €’ — € extending
the identity on the generic fiber. The main theorem is that minimal regular models exist and are
canonically unique. One can find a regular model for C by starting with any model and repeatedly
blowing-up and normalizing. From there, one can find a minimal regular model by blowing-down
certain divisors in the special fiber.

Let E/K be an elliptic curve and let €/R be its minimal regular model. The Néron model of E
is then the smooth locus in C. This can be taken as a definition.

What are the advantages to consider the Néron model of E? Assume that R is a Henselian
DVR (discrete valuation ring), let K its fraction field as above, and k be its residue field. Let W
be the minimal Weierstrass model of the elliptic curve E/K. Since W is proper over R, we have
W(R) = W(K) = E(K). However, W is typically singular. Its smooth locus Wg, is a group scheme
over R. Typically, it is not proper, and not all K-points of E extend to Wgn,. Those that do are
the subgroup Ep(K), which has finite index in E(K).

The Néron model is an extension € of E over R which combines the desirable properties of
W and Wgp,: it is a smooth group scheme and all K-points extend to R-points. The identity
component of € is usually denoted by €° and it is Wgn, while the component group of &/k (at
least for k algebraically closed) is E(K)/Eo(K). So all points of E(K) extend to E(R), and Eo(K)
is the subgroup of points which extend to &°,

Theorem 5.5. (Kodaira-Néron) Let R be a Dedekind domain with field of fractions K, let € be
a Néron model over R for an elliptic curve E/K, and let ¢ C R be any nonzero prime ideal with
residue field kq. Let E(kq) denote the special fiber of € at q.

1. If E has stable reduction at q, then &(kq) = E(kq)° is an elliptic curve.

2. If E has semi-stable reduction at q, then there exists an extension k of kq of degree at most
two so that €(k)? = k* and &(k)/E(k)° = Z/nZ for some positive integer n.
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3. If E has unstable reduction at q, then &(kq)® = k', and &(kq)/E(kq)° is a finite group of
order at most four.

Proof. See [5], p.361-379. O

Examples of Néron models. We are going to illustrate the Néron models of the elliptic curves
11A, 11B considered in the introduction. Since the conductor of these elliptic curves is 11, the only
prime of bad reduction is g = 11.

E | Weierstrass equation JE E(Q)
11A | y? +y = x3— x2 —10x — 20 | —2'2313/115 | ([5:5:1])
1B |y +y=x>—x —212/11 [ ([0:-1:1])

E | E(Q) — E(F11) | singular point
11A collapse (5,5)
11B injective (8,5)

The process to build the minimal regular model of an elliptic curve is rather intricate. A detailed
description and examples are given by Silverman in [5]. At each step, one should make a translation
to bring a non-regular point at the origin, and then do the blowing up with three local charts. Then
inspect how they glue each other and check if there are still non-regular points to initialize the
process again. The software package MAGMA has the functionality to compute regular models of
curves of arbitrary genus (Steve Donnelly was the author of that part of the code).

e Case 11B: y?2 +y = x3 — x2. Since v11(j) = —1, the Kodaira symbol is /; and that means
that the special fiber of the Néron model has only one component. We run the following script in
MAGMA (web page: http://magma.maths.usyd.edu.au/calc/):
sk Kok ok Kok ok Kok oK ok ok Kok oK Kok oK ok ok Kok ok K o
P<x,y,z>:=ProjectiveSpace(Rationals(),2);

C:=Curve(P,y 2*z+y*z"2-x"3+x"2%z) ;
M:=RegularModel(C, 11);
IntersectionMatrix (M) ;
ComponentGroup (M) ;

Q:=PointsCubicModel(C,10°4) [i];

PointOnRegularModel (M,Q) ;
skook ok sk ok K ok ook ok o ok o K ok o ok ok K ok o ok ok o ok o K ok o ok ok o ok o ok ok o ok ok K ok

This script returns the patch index like < n,i > where n counts the blowups and / counts
the patches of each blowup. Also, returns patch equations, point coordinates, the component


http://magma.maths.usyd.edu.au/calc/

indices and component equations for each point Q:= PointsCubicModel(C, 10%)[i], for i from 1 to
5 (because we have five torsion points).

The intersection matrix of its components is trivial, because it has only one component. The
component is given by the equations

x3 4 10x2 4 10y? + 10y,

Z.

except for point (0 :1:0), the point to infinity, which has the equation given by:

x3 4 10x2y + 10y? + 10y,

Z.

Now, we want to see where the torsion points are:

Torsion Points | Coordinate points | Point reduction | Component indices
(0:0:1) [0,0,11] [0,0,0] [1]
(0:1:0) [0,0,11] [0,0,0] [1]

(0:-1:1) [0, —1,11] [0, 10, 0] [1]
(1:-1:1) [1,-1,11] [1,10,0] [1]
(1:0:1) [1,0,11] [1,0,0] [1]

Notice that all the torsion points fall on the same component.

e Case 11A: y?2 +y = x3 — x2 — 10x — 20. Since vi1(j) = —5, the Kodaira symbol is /5 and
that means that the special fiber of the Néron model has five components. We run the following
script in MAGMA:

skook sk ok ok ok o sk ok o ok o K ok o sk o ok ok o ok ok o ok o K ok o ok ok K ok o ok ok o ok ok K ok
P<x,y,z>:=ProjectiveSpace(Rationals(),2);

C:=Curve (P,y 2*z+y*z"2-x"3+x"2%z+10*%x*2"2+20%z"3) ;
M:=RegularModel(C, 11);

IntersectionMatrix (M) ;
Q:=PointsCubicModel(C,1074) [i];

PointOnRegularModel (M, Q) ;
sk sk sk sk sk sk sk sk sk sk sk sk ok ok ok ok ok ok sk ok ok ok o o o ok ok ok sk ok sk ok ok ok kK ok oK ok oK

21
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The intersection matrix of its components is:

-2 1 1 0 O
1 -2 0 1 0
1 0 -2 0 1
0O 1 0 -2 1

o o0 1 1 =2

where the position a;; denotes the intersection number between the components / and j. We can
represent the special fiber of the Néron model with Figure 2.

Figure 2: Distribution of components

The five 11A torsion points are located in the special fiber of the Néron model.

Torsion Points | Coordinate points | Point reduction | Component indices
(0:1:0) [0,0,11] [0,0,0] [1]
(5:-6:1) [0, —1,11] [0, 10, 0] 2]
(5:5:1) [0,0,11] [0,0,0] 3]
(16 : 60 : 1) [11,0,0] [0,0,0] [4]
(16 : —61:1) [11,-1,0] [0, 10, 0] (5]

In this case, each torsion point belongs to a different component of the special fiber:

Torsion Points | Component equation
(0:1:0) | X3 +10x2y2 + xay2 + 2y3 + 10y2 + 10y, 2
(5:-6:1) | x+9+9,2z
(5:5:1) X2 + 2yo, 22
(16:60:1) | x2,y2 + 22
(16: —61:1) | x2, )2+ 1

Observe the different behaviour in the previous two examples. In the first, all the five torsion
points fell in the same component (the unique component, the identity component), while in the



second example each one of the five torsion points fall in a different component. This observation
is the key to the strategy in the proof of Mazur's theorem, since we will come to contradiction for
p > 13. More precisely, if E(Q) has rational cyclic subgroup of order p > 13, then Mazur shows
that, one the hand, all the p-torsion points should fall in the identity component of the special fiber
if the Néron model of E (as for the case 11B) and, on the other hand, he shows that all of them
should fall in the different components of the special fiber (as for 11A, where p = 5). This yields
a contradiction with the existence of a p-torsion point with p > 13.

5.3 Néron-Ogg-Shafarevich

We state without proof the ramification criterion of Néron-Ogg-Shafarevic, which is used in the
proof of lemma 2.3. We refer to [3] for a proof.

Proposition 5.6. (Néron-Ogg-Shafarevich). Let E be an ellipitc curve defined over a number
field K. Let m be a positive integer, and let 3 be a finite place of K with B { m. If E has good
reduction at ‘3, then K(E[m])/K is unramified at 3. Also, if K(E[m])/K is unramified at *§ for
infinitely many m, then E has good reduction at *J3.

Corollary 5.7. Let E; and E; be elliptic curves defined over a number field K. Suppose that there
is an isogeny f: E; — E, defined over K. Then E; has good reduction at any given prime of K if
and only if Ey does.

Proof. Suppose that there is an isogeny f: E; — E; defined over K. Let 3 be any prime of K.
Let m > 1 be any integer relatively prime to deg f and m t 3. Now, we restrict f to E;[m] and
we obtain that f|g, (4 is injective. And we can see that f : E;[m] — Ex[m] is bijective. Because
f is defined over K we see that this is an isomorphism of Gal(K/K)—modules, and consequently
K(Ei[m]) is unramified over B if and only if K(Ex[m]) is.

This equivalence holds for infinitely many integers m. Now we can apply the Néron-Ogg-Shafarevich
(see proposition 5.6), and we see that E; has a good reduction at K if and only if E, does. O

We complete this section with a result of Shafarevich. For more information we refer to [4]
p.264.

Proposition 5.8. (Shafarevich). Let K be a number field, and let S be a finite set of places of
K including all the infinite places. Then, up to isomorphism over K, there are only finitely many
elliptic curves defined over K with good reduction at all primes not in S.

5.4 Multiplicative lemmas

In this section we prove two lemmas on the possible reduction of an hypothetical elliptic curve over
Q with a rational point P € E(Q)¢ors of order p > 13.

Lemma 5.9. Let E/Q be an elliptic curve with a point P € E(Q)tors of prime order p > 13. Then
E has either good or multiplicative reduction at all primes q.

Proof. Let £ be the Néron model for E over Z, and let Z/pZ C & be the constant finite flat
subgroup scheme generated by P. Suppose that E has a additive reduction at a prime q. We know
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that &(F,)° has index at most four in (F,) by theorem 5.5. This implies
Z/pZ(Fq) € 8(Fq)o-

By theorem 5.5, we also know that
0 Y
E(Fq)” = F;r.

Therefore, we have
Z/p C Fy,

which is a contradiction when g # p. It remains to to study the case g = p.

By proposition 3.7, we know that there exists a field extension K/Q, of absolute ramification
index at most 6 so that E/K has either good or multiplicative reduction at the maximal ideal of O,
the ring of integers of K. If e = [K : Qp] is the absolute ramification index, we may choose K so
that e < 6.

We consider &’ the Néron Model for E over O and & X spec(z) SPec(0) the base change of €
from Z, to O. By NMP there exists a morphism

f 1 & Xgpec(z) SPeC(0) — &

which is an isomorphism on the generic fibers.

Now, we can conclude that f must be trivial on the special fibers because there are no nontrivial
maps from an additive group to a multiplicative group or to elliptic curves over given field.

Let G C & be the closed subgroup scheme generated by Z/pZ(K) C &'. We have a natural
morphism
(Z/pZ)o — Go

which is an isomorphism on generic fibers, and not an isomorphism on the special fibers, by the
above discussion. Since e < 6 < p—1, we can apply proposition 5.3 to the finite flat group scheme
G of order p and we get a contradiction.

Therefore, the elliptic curve E has either good or multiplicative reduction at all primes q. [

Lemma 5.10. Let E/Q be an elliptic curve with a point P € E(Q)ors of prime order p > 13.
Then E has bad reduction at 2 and 3.

Proof. If E has good reduction at some prime g, then by proposition 3.6, the reduction £(FFy) has
at most g +2,/q+1 points. On the other hand, the reduction is injective as well, and consequently
p <q+2,/q+1. Thisis a contradiction for g < 7.

By lemma 5.9 we see that E must have a multiplicative reduction at 2,3 and 5. But, by Tate's
theory, E(F 2) = F?> a cyclic group of order g?> — 1. We cannot have Z/pZ C F, for g =2,3, by
virtue of our hypotheses on p. O

5.5 Modular curves and the key theorem

We will discuss here only those modular curves used in the proof of Mazur's Theorem, and even in
this specific case we shall omit proofs.



Let H denote the upper-half plane, that is H = {z € C: Im(z) > 0}. For any 7 € H we obtain
a lattice A € C generated by 1 and 7. This lattice corresponds to a complex elliptic curve. We

define
a b
SLQ(Z)_{< d) :a,b,c,deZ,ad—cb—l}
c

We will also use the notation (1) = SLy(Z).
Proposition 5.11. The map j : H/SL2(Z) — C is bijective.

Proof. See [1], page 13. O

The Riemann surface X(1) = H/SL2(Z) is the simplest example of a modular curve.

The modular group SLy(Z) acts on the upper half-plane H by fractional linear transformations.
The definition of a general modular curve involves a choice of a congruence subgroup I of SLy(Z).
A classical example is that of, for a fix any positive integer N, we consider the congruence subgroups

Fo(N) = j Z € SLy(Z): ¢ =0 mod /v}
a b
r(N)= R €SLy(Z):c=0,a=1,d=1 mod N}
rv) =2 (2 P)esty(z): c=0a=1.d=1,6=0 mod N
c d

giving rise to the modular curves Xo(N), X1(N), and X(N), respectively.

In fact, the above curves H/To(N), H/T'1(N), H/T'(N) need a compactification at the cusps.
This is defined by extending the action of SLy(Z) on H* = H U P}(Q), as follows

(a b> [x :y] — [ax + by : cx + dy] .
c d

Proposition 5.12. There exists a smooth projective curve Xo(N)/Q and a bijection
Jno  HY/To(N) — Xo(N)(C)

with the following property: let T € H/To(N), and let K = Q(jn,0(7)). Then T corresponds to a
pair (E, C) where E/K is an elliptic curve and C C E is a cyclic subgroup of order N also defined
over K.

Proof. See [23], section 6.7. O

The other important idea is a modular interpretation for the points of Xo(N) corresponding to
P1(Q) C H*. Whenever N is an odd prime one can easily check that P1(Q)/Io(N) consists of two
points, which are sometimes called 0 and co. These points are named the cusps of Xo(N) and, in
some sense, they correspond to curves defined by singular Weierstrass equations.

To fix ideas, let E/Q be an elliptic curve with multiplicative reduction at some prime p, let €
be a Néron model for E over Z, and let C C E(Q)tors be a cyclic subgroup of order p. Then the
reduction of E mod p is not an elliptic curve, and then the pair (E, C) corresponds to one of the
cusps when reduced mod p. The key fact is the following:
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1. If C C &(F,)° then (E, C) corresponds to 0.

2. If C ¢ &(F},)P, then (E, C) corresponds to oo.

The following proposition is key to the proof of the following theorem, which is the key to prove
Mazur's theorem. Indeed, it is in some sense the heart of Mazur's proof of his Theorem.

Proposition 5.13. (Mazur). Let N be an odd prime. There exists an abelian variety J and a
surjective morphism f: Xo(N) — J such that J(Q) is a torsion group. Further, if the cusps 0,
oo € Xo(N) satisfy £(0) = f(o0), then N < 13.

Proof. See [16], pages 148-150. O

The following theorem is the key point in the proof of Mazur's theorem. The article [16] is
devoted to its difficult and technical proof.

Theorem 5.14. (Mazur). Let E/Q be an elliptic curve with a point P € E(Q)tors of prime order
p > 13. If E has bad reduction at a prime q, then the subscheme generated by the point P satisfies

Z/pL(E,) 7 E(F,).

Proof. By lemma 5.9, we know that E has multiplicative reduction at g. By proposition 5.5, it
follows that
E(Fq2)° = F,

a cyclic group of order g — 1. So, Z/pZ(F,) C &(F4)° can only occur if p divides g°> — 1. In
particular this inclusion does not hold if g € {2, 3, p}.

Now, consider, for contradiction, that Z/pZ(F4) C &(F4)° and, by the previous paragraph, we
can (and do) assume that g # 2,3 or p.

We consider S the scheme SpecZ[1/2p] and let x be the S-valued point of Xp(p) determined
by the pair (Es, (Z/pZ)s), that is x = jp.0(Es, (Z/pZ)s).

By lemma 5.10, we know that E has multiplicative reduction at 2 and 3 and

Z/PL(F2) ¢ &(F2)°

and
Z/pL(F3) ¢ E(F3)°.

Therefore, we can conclude that the value of x lying over 2 and 3 is oo, while the value of x
lying over q is 0, because Z/pZ(F,) C &(F4)°. Figure 3 shows the scheme-theoretic diagram where
oo and 0 are the cuspidal sections over S.

Now we consider the natural projection to the Eisenstein quotient f : Xp(p)/S — J/S. One
has f(x) = (x) — (c0). By proposition 5.13 one has that J(S) = J(Q) is a torsion group.

Since S is an open subscheme of SpecZ over which 2 is invertible, if A is any abelian scheme
over S, and (¢ any rational prime representing a closed point of S, then the specialization map
A(S)tors — A(Fy) is injective (see proposition 5.4). Applying this fact to A = J, the specialization
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Figure 3: Scheme-theoretic diagram.

map J(S) — J(IFy) is injective. With ¢ = 3, we see that (x) — (co) is the neutral point in J(S).
With ¢ = g, we see that (x) — (c0) = (0) — (c0) in J(S).
Hence (0) — (00) must be the divisor of function on Xy(p), and we have that

Now, by proposition 5.13 we obtain that p < 13, which is a contradiction (the ultimate reason
is that for p > 13 the modular curve Xy(p) has genus > 1 and we get a contradiction with the
Riemann-Roch theorem). Therefore, we can conclude that Z/pZ(F,) ¢ &(Fq)°. O

6. Appendix

1. Mazur's theorem ensures that elliptic curves over Q do not have a rational torsion point of
primer order p > 13. The case p = 11 is also excluded in the list of possible torsion subgroups.
The reason is as follows. The modular curve Xj(11) classifying elliptic curves with a point of order
11 has genus one. In fact, it can be seen that Xi(11) is our elliptic curve 11B in the introduction,

given by the Weierstrass equation:
3.2

y2 +y=x —x“.
The five rational torsion points corresponds to the rational cusps of Xj(11). The elliptic curve 11A
in the introduction corresponds to the modular curve Xp(11) (see [9] for more information).

2. The Lutz-Nagell theorem gives an efficient algorithm to compute the torsion subgroup of an
elliptic curve defined over Q. This theorem is more modest than Mazur's theorem, but still forceful
enough to make it possible to determine the torsion group of any specific elliptic curve, at least if
one knows a Weierstrass equation for it. So the point of departure is an elliptic curve over Q with
an integral Weierstrass equation:

y2:x3+ax+b,

where a and b are in Z. Any Weierstrass equation can be brought onto this form by an admissible
change of coordinates. The discriminant A = 27b% + 4a> plays a prominent role in the theorem.
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Theorem 6.1. (Lutz-Nagell). [f the elliptic curve E/Q has the integral Weierstrass equation
y?=x3+ax+ b with a,b € Z and P = (x,y) € E(Q) is a nonzero torsion point. Then x and y
are integers, and either y = 0 or y? is a divisor in the discriminant A , that is y?|A.

Proof. See [4], page 221. O

3. The following is a list of elliptic curves with each possible torsion subgroup. The web page of Tom
Womack contains PARI code that lists elliptic curves over Q with each of the fifteen possibilities
of torsion subgroups. We can obtain more information in [7], page 4.

Curve E(Q)tors
y2=x3-2 {0}

y>=x3+8 Z)27
y2=x344 7/3Z

y? =x3 +4x 7./A7
y2—y=x3-x? YR
y2=x3+1 7./67Z

y? = x3 — 43x + 166 Z]TZ

y2 4+ Txy = x3 + 16x 7./87

Y2+ xy+y=x3—x%—14x+29 7./9Z

y2 + xy = x3 — 45x + 81 7./107Z

y2 4+ 43xy — 210y = x3 — 210x2 7./127Z

y? =x3 - 4x (Z)27) x (Z./27)
y?=x3+2x% - 3x (Z/A7) x (Z)27Z)
y? +5xy — 6y = x> —3x2 (Z/6Z) x (Z/27)
y? + 17xy — 120y = x> — 60x? (Z/8Z) x (Z/27)

We calculate, for example, the torsion points of the curve
Ei:y?+xy+y=x3—x>—14x+29

If we look at the table, we see that E; is isomorphic to Z/9Z. So we will have 9 torsion points.

Torsion points of E1(Q)
(0:1:0) (=3:7:1) (9:-29:1)
(1:3:1) (3:-5:1) (3:1:1)
(1:=5:1) (9:19:1) (-3:-5:1)

We can calculate the torsion points of the curve
Ey : y? 4+ 5xy — 6y = x> — 3x°

If we look at the table, we see that Ej is isomorphic to (Z/6Z) x (Z/2Z). So we will have 12
torsion points.



Torsion points of Ex(Q)

(0:1:0) (0:6:1) (3:0:1)
(=6:18:1) (3:-9:1) (0:0:1)
(2:-2:1) (=3:3:1) (12:-72:1)
(3/4:9/8:1) (12:18:1) (—3:18:1)

’E(K)tors| S B(d)

4. Barry Mazur formulated the Strong Uniform Boundedness Conjecture, asserting that the car-
dinality of E(K)trs can be bounded above by a constant which depends only on the degree of
K/Q. This conjecture was proved in 1994 by Loic Merel.
of Mazur's theorem (see [8]):

He proved the following generalization

Theorem 6.2. (Merel 1994). For all d € Z, d > 1 there exists a constant B(d) > 0 such that
for all elliptic curves E over a number field K with [K : Q] = d then
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