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Panov’s theorem for weak Hopf algebras

Christian Lomp, Alveri Sant’Ana, and Ricardo Leite dos Santos

ABSTRACT. Panov proved necessary and sufficient conditions to extend the Hopf algebra struc-
ture of an algebra R to an Ore extension R[z; o, d] with z being a skew-primitive element. In this
paper we extend Panov’s result to Ore extensions over weak Hopf algebras. As an application
we study Ore extensions of connected groupoid algebras.

1. Introduction

In [9], Panov found necessary and sufficient conditions for an Ore extension H = R[z;0,J]
over a Hopf algebra R, to have a structure of a Hopf algebra which extends the Hopf algebra
structure of R and such that z is a skew-primitive element, i.e. A(z) = g ® x + 2 ® h, for some
g,h € R. Later in [4], Brown et al. extended Panov’s result by allowing x to be more general. In
this paper we extend Panov’s characterisation to Ore extensions of weak Hopf algebras, where by
weak Hopf algebras we mean a generalisation of Hopf algebras in the sense of Bohm et al. [1] see
also [5L[8]. A weak Hopf algebra R is a (unital, associative) algebra and a (counital, coassociative)
coalgebra, with counit € and comultiplication A, satisfying certain conditions. The difficulty for
Panov’s characterisation to carry over to weak Hopf algebras lies in the fact that the counit € of a
weak Hopf algebra R is not multiplicative and that the comultiplication A does not map 1 to 1®1.
Indeed it is well-known that a weak Hopf algebra is a Hopf algebra if and only if A(1) =1® 1
if and only if € is an algebra map (see |1, page 391]). Hence if R is a weak Hopf algebra over
a field k and z is a primitive element (in the usual sense), i.e. A(z) = 1® z + z ® 1, then the
coassociativity implies

A Rz+1@2z014+20101=1010z+1R2z@ 1+ Ax)

If  and 1 are linearly independent, then comparing the tensorands on both sides implies A(1) =
1 ® 1, which shows that R is a Hopf algebra. Note that the counity implies ¢(z) = 0. Hence
x and 1 are only linearly dependent if x = 0. Thus we will not be able of extending Panov’s
characterisation with the ordinary definition of a primitive element.

Recall that if R is a Hopf algebra, then R* is an algebra with the convolution product and R
is an R*-bimodule with the left and right action given by f-a :=a; f(a2) and a- f := f(a1)as for
any a € R and f € R*. Let X(R) denote the set of characters of R, i.e. the set of x € R* that
are algebra maps. Following |3, 1.9.25], the left (resp. right) winding automorphisms of R are the
automorphisms 7, (resp. 77) given by 7! (a) = a-x = x(a1)ay (resp. 75(a) = x - a = a1x(az)), for
a € R.

In |9, Theorem 1.3], Panov showed that an Ore extension H = R[z;0,d] of a Hopf algebra R
carries also a Hopf algebra structure which extends the one of R and such that x is skew-primitive
with A(z) = g®x + 2z ® 1 for some group-like element g € R if and only if there exists a character
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X : R — k such that o = 77 = Ady7} and A(6(a)) = ga; ® 6(az) + 6(a1) ® as for all a € R. Here
Ad, is the conjugation by g, i.e. Ady(a) = gag™! for all a € R.

Note that while any element g in a Hopf algebra H that satisfy A(g) = g ® ¢ is a group-
like element, and hence invertible, the identity maps e, for an object x of a groupoid G, satisfy
Aley) = ey ® ey, but are not invertible elements in the groupoid algebra k[G] unless G has only
one object and hence k[G] is actually a group algebra and therefore a ordinary Hopf algebra. This
means that additional care has to be taken in defining group-like and skew-primitive elements for
weak Hopf algebras.

The paper is organised as follows. In Sections 2 and 3 we develop the necessary machinery
that will be used throughout the work. In section 4 we present our main results, Theorems 4.2
and 4.4. In the first one we show necessary and sufficient conditions to extend the structure of
a weak bialgebra to an Ore extension of it and in the latter we treat the same problem in the
case of a weak Hopf algebras. In both results we needed to assume certain additional hypotheses
that are trivially satisfied in the case of ordinary Hopf algebras, thus obtaining a generalisation
of Panov’s result announced above for the context of weak Hopf algebras. In the last section we
apply our results to the study of Ore extensions of connected groupoid algebras. Throughout the
text, k will denote a field and tensor products are taken over k. Automorphisms and derivations
of k-algebras are assumed to be k-linear.

2. Group-like elements in and characters of weak bialgebras
We start this section recalling the concepts of weak bialgebras and weak Hopf algebras. For
more details and properties of these structures we refer [1,8].

DEFINITION 2.1. A weak bialgebra is a k-vector space R with the structures of an associative
unital algebra and a coassociative counital coalgebra with comultiplication A and counit € such
that:

(i) The comultiplication A is a multiplicative k-linear map such that
(A@id)(A(1) = (AM) @ DI A1) = (1o A1) (A1) @ 1);
(ii) The counit € is a k-linear map which is weak multiplicative in the sense of
e(abc) = e(aby)e(bac) = e(aba)e(bic), for all a,b,c € R.
We recall the linear endomorphisms e, €5, €} and €, on a weak bialgebra R:
et(a) = e(11a)ls, es(a) = e(ala)ly, €;(a) = e(aly)l, €.(a) = e(1za)ly,

for all @ € R, where we are using the Sweedler notation without summation symbol A(a) = a1 ®as,
for any a € R. Moreover, any weak bialgebra R has the two subalgebras

Ry :=Im(es) ={a € R| A(a) =11 ® ala}, R, :=Im(e) ={a € R| Aa) = 11a® 15},
which are separable algebras over the base field & (see [5], 36.6, 36.8]).

DEFINITION 2.2. A weak Hopf algebra is a weak bialgebra R with multiplication p and comul-
tiplication A, such that there exists a linear map S : R — R, named antipode, that satisfies

e = p(id @ S)A, €s = p(S ®id)A and S(a1)azS(as) = S(a), for alla € R.
Thus, if R is a weak Hopf algebra with antipode S, then €;(a) = a1.S(az) and €5(a) = S(a1)az
holds for every a € R. Moreover, using the weak counity property ii) one easily deduces for
any a,b € R:
(1) e(ab) = e(acy(b)) = e(ael (b)) = (€ (a)b) = eles(a)b)
Hence if €(b) = 1, then e(ab) = €(a) and if e5(a) = 1 then e(ab) = €(b). Using equation and
induction one proves:
LEMMA 2.3. Let R be a weak bialgebra and g € R. Then:
(i) €(g) =1 if and only if e(ag™) = €(a), for any a € R and n > 0;
(i) es(g) =1 if and only if e(¢™a) = €(a), for any a € Rand n > 0.

The same is true if we change €; by €, in (i) and €, by €, in (i7) of Lemma above.
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2.1. Weak group-like Elements. As mentioned before, any element g in a Hopf algebra
H that satisfy A(g) = g ® ¢ is a group-like element, and hence invertible. However this might
not be anymore the case for weak Hopf algebras and therefore additional care has to be taken in
defining group-like elements for weak Hopf algebras.

DEFINITION 2.4 (cf. |7, Definiton 4.1]). An element g of a weak bialgebra is called weak group-
like if A(g) = A(1)(g® g) and A(g) = (9 ® g)A(L) hold. A group-like element is an invertible
weak group-like element.

If R is a weak bialgebra, then we denote the set of weak group-like elements of R by G.,(R).
Thus, G(R) := G (R) NU(R), is the set of group-like elements of R, where U(R) denotes the unit
group of R. Note that 1 is always a group-like element in any weak bialgebra. Furthermore it is
easy to check that G, (R) is a monoid with the multiplication of R and that G(R) is a subgroup
of U(R).

EXAMPLE 2.5. Let G = (Go,G1) be a groupoid with |Gy| finite. Let R = kGy be its groupoid
algebra, which is a weak Hopf algebra. Then any element g € Gy satisfies A(g) = g @ g and as
A(g) = A(D)A(g) = A(9)A(1), g is a weak group-like element. A particular groupoid algebra is
R = M, (k), the n x n matriz ring over a field k. Here |Go| = n and for any i,j € Go there exist
exactly one morphism E;; from i to j. Clearly Ey; are the identity maps and it is easy to check
that E;j By = 05 sE; satisfies the ordinary multiplication rule of the elementary units of the n x n
matriz ring My (k). Thus we can identify R = kG, with M, (k) such that

A(E”) = Eij X EZ‘]‘, G(Eij) = ].7 and S(E”) = Eﬂ
In particular, the monoid G, (R) of weak group-like elements of R = M, (k) is given by

Gy (M, (k)) = {Z Eioiy | I €{1,...,n}, o:1—={1,...,n} injective }

icl

The group-like elements are precisely the permutation matrices, i.e. the elements of the form
Jo = Z?zl Eiqiy for some o € Sy,. The assignment o +— g, is an isomorphism of groups between
the symmetric group S, and G(M,,(k)).

To see the above equality, we take v = szzl AijEij € Gy(R). Since A(y) = A(1)(y®y) we
have that sz:l NijEij @ E;j = ZZj,t:l NijAitEij @ Eyy. Consequently, we obtain )\fj = \ij and
Aijhit = 0 whenever t # j, for all 1 < 4,j,t < n, and it follows that \;; € {0,1}. Moreover, if
Xij 0 then A\jy =0, for allt # j. Set I ={i € {1l,...,n}:3j: \jj =1}. Then we can define a
map o : I — {1,...,n} by o(i) = j if and only if \;j = 1 and it follows that v =, ; Eis(iy. The
reverse inclusion is clear.

Using the counity properties we have the following easy Lemma:

LEMMA 2.6. Let g be a weak group-like element in a weak bialgebra R. Then g = €(g)g =
ges(9). If R is a weak Hopf algebra then €,(g) = gS(g) and es(g) = S(g)g are idempotents.

It follows from the last lemma that for any weak group-like element g that has a right inverse
e:(9) = €.(g) = 1 holds, while e5(g) = €,(g) = 1 holds if ¢ has a left inverse. Consequently, if R
is a weak Hopf algebra, then S(g) is a right inverse of a weak group-like element g if and only if
e:(g) = 1 as well as S(g) is a left inverse of g if and only if €5(g) = 1. The example of the matrix
units of R = M, (k) shows that in general €;(g) might be different from 1 for a weak group-like
element g.

2.2. Weak Characters. A character y of a Hopf algebra R is a (unital) algebra homomor-
phism x : R — k. In particular, characters are group-like elements of the finite dual R° of a
Hopf algebra. One particular example of a character of a Hopf algebra is its counit € € R*. In
the case of a weak bialgebra, the counit is not an algebra homomorphism as it is neither unital
nor multiplicative. However the notion of a left (respectively right) winding map ’7'>l< (resp 7y) as
mentioned in the introduction (see also |3, 1.9.25]) makes sense for weak bialgebra.
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DEFINITION 2.7. A weak right character of a weak bialgebra R is a linear map x : R — k
such that 7y is a unital algebra homomorphisms. We denote the set of all weak right characters
by X (R).

LEMMA 2.8. Let R be a weak bialgebra. Then X (R) is a submonoid of the multiplicative
monoid R*. Moreover, for any x € X! (R):

(1) 7y(a) =a for any a € Ry and x € X,,(R).
(2) If x is invertible in R* with inverse X', then 7} is an automorphism of R and x' € X, (R).

(3) If 7y is an automorphism of R, then x has a left inverse X' in R*.

PROOF. Since R is a coalgebra, 77 = id, i.e. € € X (R). Let x and x’ be any elements of R*.
For any a € R we have

(2) ey (@) = a1x * X' (a2) = arx(az2)x'(as) = 7y (a1x'(a2)) = 77 (7. (a)) -
Hence if x and X’ are in X, (R), then 77, , = 7y o 7}, is a unital algebra map.

(1) Let @ € Ry. Then A(a) = 11a ® 12 (see [5, 36.6]). Hence 7y (a) = liax(1l2) = 7y (1)a = a,
since 7y is unital.

(2) This follows from equation (2, because if x’ is a (two-sided) inverse of y in R*, then

T T o __ T _ - _ _ r _ T '
Ty O Tyt = Tyuys = Te =0d = Te = Tyryy = Tys O Ty
Hence, 7, is the inverse function of the algebra map 7y and therefore itself an algebra map, i.e.
! T
X' € X, (R).

(3) If 77 is an automorphism with inverse o, then X' = eo satisfaz

'

X' x(a) = X'(a1)x(az) = ea(7(a)) = €(a),  Va € R.
Hence y’ is a left inverse of x in R*. g

Analogously to the definition of a weak right character, we can define a weak left character as
an element y € R* such that T)l( is a unital algebra homomorphism. The set of such elements shall
be denoted by X! (R). It is clear that left and right characters are the same if R is cocommutative.
With an analogous proof as in the last lemma we have

LEMMA 2.9. Let R be a weak bialgebra. Then X! (R) is a submonoid of the multiplicative
monoid R*. Moreover, for any x € XL (R):

(1) T)l((a) =a for any a € Ry and x € X\ (R).

(2) If x is invertible in R* with inverse x’, then T)l< is an automorphism of R and x' € X' (R).

(3) If T)l( is an automorphism of R, then x has a right inverse x' in R*.

Furthermore, we set X,,(R) = X! (R) N X7 (R), whose elements are called weak characters
and X(R) = U(R*) N X, (R), whose elements are called characters.

ExAMPLE 2.10. Let R = M, (k) be the weak Hopf algebra from Example and take x €
Xw(R). As R is cocommutative, o := 7. = 7y is a unital algebra homomorphism. For each i, j
there are elements A\ij == x(Eij). In particular, o(E;;) = X\ijE;; and hence Y, Ey; =1 =o0(1) =
> ok ANiEii, d.e. Nig =1 for all i. Moreover,

/\il/\leij = O'(Eil)O'(Elj) = (T(EilElj) = O'(Eij) = /\ijEij-

Thus A = A\yAi; for all i,j,1. The case j =i shows that 1 = A\ = Ay, t.e. Ay = )\lzl, for
any i,0. Thus \jj = Ay = )\l_il/\lj, which holds for any l. Fizing | = 1 one can show that
A12, ..., A1, uniquely determine all such elements \;; and hence the algebra map o. Conversely, it
is clear that for any 1 = 1,qa,...,q, € U(k) =: k* one can define a weak character x by setting
X(Eij) == qi_lqj. Note that any such weak character is actually invertible. Hence we have shown
that X,,(R) = X(R) ~ (k*)"~1 as groups. Furthermore, if n > 1, then the characters x defined
like this are not multiplicative, since x(F11F22) = 0, while x(F11)x(F22) = 1.

The following Proposition is important for Panov’s theorem.

PRrOPOSITION 2.11. Let R be a weak bialgebra and o : R — R a unital algebra homomorphism.
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(1) o =1y for some x € X;,(R) if and only if Ao = (id ® o)A.
(2) 0 =7 for some x € X.,(R) if and only if Ao = (0 ®id)A.

In both cases x = eo.
PROOF. (1) Let o = 7y for some x € XJ,(R). Then for any a € R:
Ac(a) = Afar)x(az) = a1 ® agx(az) = a1 @ 7y (az) = (id ® 0)A(a).

On the other hand if o satisfies Ao = (id ® 0)A, then applying id ® € and setting y = eoc € R*
yields for all a € R:

o(a) = (id®@€)A(o(a)) = (id @ x)A(a) = arx(az) = 7y (a).
The proof of (2) is similar to (1). O

COROLLARY 2.12. Let R be a weak Hopf algebra with antipode S, then for any x € X, (R):

: ro_ r l — .
(i) S*7y =e€s7y and 7, xS = T, ;

(ii) If xS is the inverse of x in R* then S = TiST; = T;STf(.
PROOF. (i) For any a € R: S x 7 (a) = S(a1)azx(az) = es(aix(az)) = €s(7y(a)). Similarly
Ti(a) * 8 = x(ar)azS(az) = e(x(a1)az) = €t(7>l<(a))-
(73) Suppose that xS is the inverse of x. We calculate

7 (8(13(a))) = S(a1)x(S(az))x(az) = S(a1) (xS * x)(az) = S(a),

for any a € R. Similarly 77 (S(7(a))) = x(a1)x(5(a2))S(as) = (x * x5)(a1)S(az) = S(a).

O

2.3. Tensor Products. The tensor product of two weak bialgebras (resp. weak Hopf al-
gebras) is again a weak bialgebra (resp. weak Hopf algebra). More precisely if A and B are
weak bialgebras with coalgebra structures (A, A4,e4) and (B, Ap,€p), then the algebra A ® B
has the coalgebra structure A(a ® b) = flip(As @ Ap)(a® b) = (a1 ® b1) ® (az ® by) and counit
€(a ®b) = ea(a)ep(b). If A and B have antipodes S4 and Sp, respectively, then S(a ® b) =
Sa(a) ® Sp(b) defines an antipode on A ® B. In particular G,,(A ® B) = G(A) ® G,,(B) and
Xw(A® B) = X,y(A4) @ X,y (B) C A* ® B*, where for x € X,,(4) and x’ € X,,(B) one naturally
means by x” = x ® x’ the map that sends a ® b to x(a)x’(b).

Note that for any Hopf algebra H, the matrix ring M, (H) = M, (k) ® H is a weak Hopf
algebra that is a Hopf algebra if and only if n = 1.

Going back to the example of a groupoid algebra R = kG, Example we note that any
groupoid can be decomposed in its connected component, i.e. the partition of the vertices Gy
such that between two different parts there does not exist any morphism. Then R decomposes
into a direct product of groupoid algebras of its connected components. Furthermore if G is
connected and e; is any vertex in Gy, then G = Aut(e;), the set of automorphisms of e; is a
group. Suppose that G is connected and that Gy = {ej,...,e,} is the set of vertices. For any
i > 1 fix a morphism o; from e; to e;. Then any morphism 3 from e; to e; is of the form
8= a;lgaj, where g = aﬁa}l € G (where we write the composition of maps from left to right,
as in the case of going along the arrows in a diagram). Hence the map 8 — ¢gE;; defines an algebra
automorphism from the groupoid algebra kG to the matrix ring M, (kG) over the group algebra
kG. Hence we will identify R with M,,(kG) and as such R = M, (k) ® kG is a tensor product of
the Hopf algebra kG and the weak Hopf algebra M, (k). In particular given any group character
p: G — k™ and elements ¢; = 1,¢a,...,q, € k™ (see Example we have a character y of R

defined by x(gE;j) = q[lqu(g)-

3. Skew-primitive elements in and skew-coderivations of weak bialgebras

3.1. Skew-primitive elements. A weak Hopf algebra that contains a primitive element
in the usual sense must be a Hopf algebra, as mentioned in the introduction. We propose the
following definition.
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DEFINITION 3.1. Let H be a weak bialgebra and g,h € H two weak group-like elements. An
element x € H is called (g, h)-primitive if A(x) = A(1)(g@x+z®h) and A(z) = (9R@x+z®@h)A(1).
An element is called skew-primitive if it is (g, h)-primitive for some weak group-like elements g, h.

REMARK 3.2. Let R C H be an extension of weak Hopf algebras, x € H and g,h € R such
that A(l)(g@z+2®@h) = Ax) = (g2 +x @ h)A(1). Suppose RN Rx = 0= RNaR. The
coassociativity of A applied to the first equality shows that

A (gegRr+g@r@h+2@A(h) = (ARid)A(r) = A*(1)(A(9)@r+gRr@h+r@h@h).
Hence comparing the coefficient of 1 ® 1 ® x in both expressions leads to A%(1)(g ® g ® 1) =
A%(1)(A(g) ® 1). Applying id @ € yields A(1)(g ® g) = A(g). Analogously, using the second

equality, one concludes A(g) = (g ® g)A(1) which shows that g needs to be a weak group-like
element. The same is true for h, i.e. x is (g, h)-primitive.

LEMMA 3.3. Let R be a weak bialgebra and x a (g, h)-primitive element. Then
z=e(g)x + e(x)h = geg(x) 4+ zes(h).
PRrROOF. This follows from the counity condition and the comultiplication of x. O

REMARK 3.4. As a consequence from the last lemma one concludes that e;(x) = 0 if e:(g) =1
and h is left Ry-torsion free, while es(x) =0 if es(h) =1 and g is right Re-torsion free.

Moreover if R C H is an extension of weak bialgebras such that x € H, g,h € R and
RNRxr = RNzR =0, then x = e(g)r = xes(h) and e(x)h = ges(x) = 0. Thus if x is left
Ry-torsion free, €.(g) = 1, which would imply that g has a right inverse in case R is a weak Hopf
algebra, by Lemma . Similarly if x is right Rs-torsion free, then es(h) = 1, which would imply
that h has a left inverse in case of R being a weak Hopf algebra.

EXAMPLE 3.5. Let H be a Hopf algebra and consider the weak Hopf algebra R = M, (H) for
some n > 0. The coalgebra structure of R is given by (cf. Subsection

A(hEU) = A(h)(E” ® Eij), E(hE”) = €(h), S(hEZJ) = S(h)Eﬂ,Vh S H, VL]
Let x € H be a primitive element. Then zE;; is a (E;j, E;;)-primitive element of R since

A(zE;j) = Eij @ vE;; + xE;; ® E;;. Note that if n > 1, then neither is E;; invertible, i.e.
€(Eij) # 1, nor is E;; a left Ry-torsion-free element. However e(xE;;) = 0.

3.2. Coderivations. A derivation ¢ that satisfies Panov’s condition is called a coderivation.
We briefly discuss basic properties of such maps. Given a coalgebra C', a coderivation on C is a
map § : C' — C such that Ad = (id® § + 0 ® id)A holds (see [6l p.44]). For any x € C* the map
0:=(id® x — x ®1d)A is a coderivation, since
Ad(a) = Alaix(az) — x(a1)az)
= a1 ®azx(az) — x(a1)az ® a3
= a1 ®azx(az) — a1 ® x(az)as + a1x(az) ® az — x(a1)az ® as
= a1 ® (S(Clg) + 5(0,1) X ag = (ld RI+O® 1d)A(a)
Any such coderivation is called inner. It follows from [6, Theorem 3] that any coderivation of a
coseparable coalgebra is inner. Thus § = 0 is the only coderivation of a coseparable, cocommutative
coalgebra, e.g. C' = M, (k).
For an element a € R of an algebra we denote by A\, : R — R the right R-linear map given by
left multiplication by the element a, i.e. A\,(x) = ax.

DEFINITION 3.6. Let R be a weak bialgebra and g,h € G,(R). A map 6 : R — R is called
(g, h)-coderivation if A = (A\g ® 0 + 0 @ Ap)A. A skew-coderivation is a (g, h)-coderivation for
some g,h € Gy(R).

LEMMA 3.7. Let § be a (g, h)-coderivation of a weak bialgebra R such that es(g) = es(h) = 1.
Then €5 = 0.
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PRrROOF. For a € R we have by Lemma [2.3
§(a) = (e®id)Ad(a) = (e ®id)(ga; ® 6(az) + d(a1) ® haz) = 6(a) + €(d(a1))has

Hence €(d(a1))haz = 0. Applying € again and using equation leads to 0 = €(d(a1))e(hag) =
e(d(a1))e(az)) = e(6(a)), using again Lemma O

4. The main results

Before we present necessary and sufficient conditions to extend a weak Hopf algebra structure
from an algebra R to an Ore extension H = R[z; 0, 0] we would like to point out that it is possible
to apply Panov’s original characterisation for Hopf algebras to produce proper weak Hopf algebra
structures on Ore extensions.

Let A be any Hopf algebra with automorphism o, o-derivation ¢ and group-like element g.
Suppose that the Hopf algebra structure of A can be extended to the Ore extension A[zx;c,d] such
that x is (g, 1)-primitive, e.g. if this data satisfies Panov’s criteria. Then given any weak Hopf
algebra R, the algebra R® A has a natural structure of weak Hopf algebra with group like element
G =1®g. Moreover, & = idr ® ¢ is an automorphism of R® A and 6 = idr ® ¢ is an -derivation
of R® A. Since (R ® A)[y;7, 0] is isomorphic to R ® Alx;0,d] with y — 1 ® z, the weak Hopf
algebra structure of R® A[z; 0, 8] can be lifted to a weak Hopf algebra structure on (R® A)[y; 7, §]
which extends the weak Hopf algebra structure of R ® A and would be an ordinary Hopf algebra
if and only if R was an ordinary Hopf algebra.

A particular example is the groupoid algebra H = M, (kG) for some group G, field k and
n > 0. Since H = R® A with R = M, (k) a weak Hopf algebra and A = kG an ordinary
Hopf algebra, we have that if kG|x;0,d] has a Hopf algebra structure extending the one of kG,

then M, (kG)y, 7, d] becomes a weak Hopf algebra extending the weak Hopf algebra structure of
M, (kG).

PROPOSITION 4.1 (Necessary conditions). Let R be a weak bialgebra with automorphism o,
o-derivation 6 and weak group-like element g, such that the weak bialgebra structure on R extends
to a weak bialgebra structure on H = R[x;0,06] with © an (g,1)-primitive element. Then

(i) e(g) =1;

(ii) 0 is a (g,1)-coderivation;
(iii) o = Ti, for some weak left character x € X! (R), which has a right inverse in R*;
(iv) A(o(a))(g®1) = (g ®1)(id® o)A(a) holds for any a € R.

PROOF. By Remark e:(g) = 1. By equation and Lemma we have therefore
e(Hz) = 0. For any a € R we have:
A(z)A(a) = (9g®z+2®1)Aa)
= (901 ®0(a2))(1 @ x) + gar ® 6(az) + (0(a1) ® az)(z @ 1) + 6(a1) @ az
= (901 ®0(a2))(1 @ x) + (0(a1) ® az)(x ® 1) + gay ® 6(az) + 6(a1) @ az
On the other hand using the multiplication rule in H:
A(z)A(a) = Ao (a))A(z) + A(d(a)) = Alo(a))(g @ 1)(1 @) + Ao(a))(z @ 1) + A(d(a))

Hence comparing the coefficients of 1 ® z, z ® 1 and 1 ® 1 we conclude

3) A(o(a))(g®1) = ga1 ®o(az)
(4) Afo(a)) = o) ®az
() A(d(a)) = gar @ d(az) +6(a1) @ az.

The first of these equations is condition (iv), while the last equation shows that ¢ is a (g,1)-
coderivation. By Proposition , the second equation yields o0 = T)l< for y = oo € X! (R). Since
o is an automorphism, x has a right inverse, by Lemma [2.9 (]

For an invertible element g € R the linear automorphism of R that sends an element a to
gag~! is called the (left) adjoint map by g and denoted by Ad,.
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THEOREM 4.2 (Extending the weak bialgebra structure). Let R be a weak bialgebra with
automorphism o, o-derivation 0 and group-like element g with €(ad(b)) =0 for all a,b € R.
Then the following statements are equivalent:

(a) The weak bialgebra structure on R extends to a weak bialgebra structure on H = R[x; 0, 0]
such that x is a (g, 1)-primitive element.
(b) There exists character x such that o = 7. = Adyrl and § is a (g,1)-coderivation.

PRrOOF. (a) = (b) By Proposition [£.1] 6 is a (g,1)-coderivation and there exists a weak left
character x = eo such that o = 7. Moreover by the same proposition, one has A(o(a))(g ® 1) =
(9@1)(id®o)A(a), for any a € R Multiplying g~ ' ®1 from the right side yields Ao = (Ad,®0)A
and applying (id ® €) to both sides from the right brings us to o = Ad,7[,. Since ec = 67')[( =X, we
have o = Ad,7, or equivalently 77 = Ad,-10, which shows that 7 is also an automorphism and
hence x € X (R) is also a weak right character and y has a right inverse, i.e. x is a character.

(b) = (a): Suppose o = Ad,7y, then for any a € R:

A(o(a))(g @ 1) = Algarx(az)g™ ) (g ® 1) = (garg™") @ (gazg™")(g ® 1)x(a3) = ga1 ® o(az).
Assuming e(ad (b)) = 0 for all a,b € R, we also calculate for all a € R:

() (or+z01)A(1)A(a) ga1 ® o(az)x + gay ® 6(az) + o(a1)z @ az + 6(a1) ® ag

= Ao(a))(g @)+ Ao(a))(z @ 1) + A(d(a))

where we also used that J is a (g, 1)-coderivation, together with Proposition In particular for
a=1weobtain (g@z+z®1)A(1) = A(1)(¢g ® x+2x ®1). Moreover, by the universal property of
the Ore extension we obtain a (non-unital) algebra homomorphism A : H — H ® H that extends
the comultiplication of R and satisfies A(z) = A(1)(g ® x +  ® 1) since the equation (}) shows
that A(z)A(a) = A(o(a))A(x) + A(d(a)) holds for all a € R. In order to prove the coassociativity
of A, we show (A ® id)A(z) = (id ® A)A(z) since then by the uniqueness part of the universal

property of the Ore extension both maps (A ® id)A and (id ® A)A are equal. As a shorthand we
write A%(a) = (A ®id)A(a) for any a € R. Note that

A?(a)(A(1) ® 1) = A%(a)(1® A(1)) = A%(a).

Hence we calculate:
(A®id)A(z) = A*(1)(A(9)@z+ Alz)®1)
= AN’)yogrr+tgrl+rlel)
= A’(D)(geAlx)@z+ 2 A1)
= (d®A)A(x).
This shows the coassociativity of A.

For the counity, we define a linear map ¢ : H — k by ¢ (Z?:o aixi) = €(ap) for any a; € R.
The map € is well defined since the powers of z form a basis of H over R. Note that for all a,b € R:
e(axb) = e(ao(b)x) +e€(ad(b)) = 0, where we use our additional assumption that e(ad(b)) = 0 holds
for any a,b € R. By induction it is easy to prove e(HzH) = 0.

It is enough to verify the property of the counit for elements of the form az™ with n > 0. A
short induction argument shows that for any n > 0, there exist elements CZ-(Z-) € R such that

(6) gor+zel)" =Y Wil @al,

4,j=0
where C}fg =1 and C’i(z) = 0 for any i < n, as well as Cé?n) = ¢g" and Céz) € span{ad(b) : a,b € R}
for any j < n. Then

n

(id®e)A(ax™) = Z alcl(,?)a:ie(agzj) = Zaci(’%)xi =azx",
=0

i,j=0

since C 0 =0 for i <n and C( 0=1 Moreover,
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n

(e ®id)A(ax™) = Z e(alc’i(z)xi)ang =e(a19") aga™ + Z alC((f;)) asa? = ax™.

where we use Lemma for e(ag™) = €(a), since €(g) =1 by Lemma and e(alc’éz)) =0 as
by equation @), alCéZ) € span{ad(b) : a,b € R} and €(ad(b)) = 0, by our additional assumption
for (b) = (a). Hence H is coalgebra.

Now, we are going to show the weak counity property. Let a = ax +a, 8 = Bz + b and
v =47z +c € H. Using e(HxH) = 0, what we have mentioned earlier, it is easy to check that
e(afy) = e(abe). Note that A(8) = A(B)(g @ x4+ 2 ® 1) + A(b). Thus

e(aB)e(B2y) = 6(04519) 6(32337) + 6(045195) 6(527) + e(aby)e(bay) = e(aby)e(bay) = e(aby )e(bac)
=0 =0

Similarly e(afB2)e(B1y) = e(abs)e(b1y) = e(aba)e(bic). Since R is a weak bialgebra we have

e(afr)e(Bay) = e(aby)e(bac) = €(abe) = e(aby)e(bic) = e(afa)e(Br7)-

This shows that H is a weak bialgebra extending the structure of R.
O

REMARK 4.3. The extra condition €(ad(b)) = 0, for all a,b € R in the Theorem, seems to
be strange and it is not clear to the authors whether it is really needed. If g a group-like element
and hence invertible, then es(g) = 1 by Lemma [2.6f Moreover, if & is a (g,1)-coderivation and
es(g) =1, thened =0 by Lemma. If we had 6(Rs) =0 and o = T)l( for some weak left character
x € XL (R), then for all a,b € R:

€(ad(b)) = e(es(a)d(b)) = e(o(€s(a))d(b)) = e(6(es(a)b)) — €(6(es(a))b) = 0,
where we use equation in the first equality, the Rg-linearity of T>l< in the second equality (see
Lemma[2.9 ) and 6(Rs) = 0 and €6 = 0 in the last one. Clearly §(Rs) = 0 for an arbitrary Hopf
algebra, or for 6 = 0, i.e. in case R is a coseparable, cocommutative weak Hopf algebra like a
groupoid algebra.

THEOREM 4.4. Let R be a weak Hopf algebra with antipode S, o an automorphism of R, 0
an o-derivation of R and g a group-like element. Suppose that §(Rs) = 0. Then the following
conditions are equivalent:

(a) The weak Hopf algebra structure of R extends to a weak Hopf algebra structure on H =
R[x;0,0], such that x is (g, 1)-primitive element and S(z) = —S(g)x.
(b) The followz'ng statements are satisfied:
(i) o= 7' = Adyty, for some character x of R;
(ii) 0 is a (g, 1)- coderwatzon
(iii) AdgS = 0oSo;
(iv) 6So = A\gS6, where Ny denotes the left multiplication by g.
PROOF. (a) = (b) By Proposition o = 7. for some weak left characters x and ¢ is a
(g, 1)-coderivation. Hence by Remark €(ad(b)) = 0 for all a,b € R. Thus, we can apply
Theorem to obtain that x is a character. Under the assumption that S(z) = —S(g)x and
using the commutation rule in H = R[z; 0, ] we calculate for any a € R:
S(a)S(g)r = —S(za)
= —S(o(a)z) - 5(6(a))
= S(g)zS(a(a)) = 5(6(a)) = S(g)a(S(o(a)))z + [S(9)6(S(o(a))) — S(6(a))]
Comparing the coefficients of = and 1 leads to the equations S(a)S(g) = S(g)o(S(o(a))) and
e

S(9)8(S(o(a))) = S(6(a)) for all a € R. Hence Ad,S = S0, since S(g) = g~ ! by Lemma
and 650 = A\yS6.
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(b) = (a): Let o = 7| for some character x. Using the assumptions §(R,) = 0 and € 0§ = 0,
we have e(ad(b)) = 0 for all a,b € R, by Remark [£.3] Hence by Proposition [4.2] the weak bialgebra
structure of R extends to H = R[z;0,6] with = being (g, 1)-primitive and ¢(Hz) = 0. Since
€(axb) = e(ao (b)) + €(ad(b)) = 0 for all a,b € R we also have e(HzH) = 0.

Let v = —S(g)x. Using properties (iii) and (iv) we calculate for all a € R:

S(a)y = —=S5(a)S(g)z - 5(6(a)) + S5(5(a))
= —5(g)o(S(a(a)))z = 5(9)d(S(a(a))) + 5(4(a))
= —5(g)(xS(o(a))) + 5(6(a))
= 75(0(a)) + 5(8(a))

Hence by the universal property of the Ore extension, there exists a unique unital anti-algebra
homomorphism S : H — H that extends S and sends z to S(z) = v = —S(g)x. We will verify the
antipode axioms of a weak Hopf algebra. It is clear that a;S(as) = €/(a), S(a1)as = €5(a) and
S(ay)azS(as) = S(a) holds for all @ € R. For any h € H we have ¢;(hz) = ¢(11hz)1ly = 0, since
€(Hz) = 0. Therefore

(hx)ls((hx)g) = hlgS(hg.’E) + h1$S(h2) = 7hlgS(g)l’S(h2) + h1£US(h2) =0= Gt(hl'),

as gS(g) = e:(g) = 1 by assumption (b.i).

Similar, es;(hx) = e(hxly)ly = 0, since e(HxH) = 0. Furthermore note that the elements of
Ry commute with x, because ¢ = Ti is Rs-linear by Lemma and 0(Rs) = 0 by assumption,
ie. za = o(a)z + 6(a) = ax for any a € R,. Hence using S(z) = —S(g)z and S(a1)az € Rs we
calculate for any a € R: S((az)1)(az)2 = S(a1g)asx + S(a1zx)az = S(g)(es(a)r — zes(a)) = 0.
Suppose that S(h1)he = 0 for all h = ax™ with a € R and some n > 0. Then we also calculate:
S((hx)1)(hz)s = S(h1g)hsx + S(hix)he = S(g)S(h1)hex + S(x)S(h1)he = 0. Hence by induction
on n we have that S(hi)hy = €5(h) for any h = az™ with a € R and n > 0. In particular we have
that Hs = e€5(H) = e5(R) = R, i.e. all elements of H; commute with z in H.

Finally we will show
(7) S(h1)haS(hs) = S(h)

for all h € H. Again it is enough to show this only for the monomials A = az™ with n > 0. For
n=0and h = a € R we have S(h1)h2S(hs) = S(h) since S extends the antipode of R. Suppose
that (@ holds for all elements h = ax™ for some n > 0. Then
S((hx)1)(hx)2S((hx)s) = S(hi1g)hagS(hsx) + S(h1g)hexS(h3) + S(hix)haS(hs)

= 5(9)S(h1)h2gS(x)S(h3) + 5(g)S(h1)haxS(hs) + S(x)S(h1)haS(hs)

= —5(9)es(h1)gS(g)xS(h2) + S(g)es(h1)zS(he) + S(x)es(h1)S (he)

= —S(g)wes(h1)S(h2) + S(g)zes(h1)S(he) + S(x)S(h)

S(x)S(h) = S(hx)
O

REMARK 4.5. Condition (b.iii) is automatically satisfied in case g is invertible and the inverse
of x is of the form xS, which is always true for an ordinary Hopf algebra. This is so, because in
this case, by Corollary one has that S = T;Sri. Since by condition (b.i), o = T>l< = AdgTy
we have AdyS = oS0, i.e. gS(a)S(g) =o(S(c(a))), for all a € R.

We present now an example of an Ore extension R[z;o] which extend the structure of a weak
Hopf algebra R and that was not obtained by tensoring a Hopf algebra that admits a Hopf-Ore
extension (in the sense of Panov) by a weak Hopf algebra.

EXAMPLE 4.6. (c¢f. |2, Example 9]) Let k be a field and N a positive integer not divisible by
the characateristic of k. The algebraic quantum torus is defined as the algebra

R=k(U V.V |UN =1,VU =qUV).
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where q € k satisfies ¢ = 1. It is well known that R is a weak Hopf algebra with structure given
by
| XN
nyrmy\ __ i+ny,rm —iym nyrmy __
AUV )—N;(U VTRUTV™), UMV )_{
and S(UV™) =V—mU™,

Now consider the automorphism o : R — R given by o(U) = U and o(V) = UV. Then
o= 7')[( = 7y for the weak character x € R* deﬁned by x(U"V™) = Ng™~ ! if N divides n +m
and zero otherwzse Then, by Theorem- [; 0] is a weak Hopf algebra extending the structure
of R, with x being a (1, 1)-primitive element.

N, Ur=1
0, Ur#1 °

5. Ore extensions of connected groupoid algebras

We finish by discussing the Ore extensions of the groupoid algebra kG of a “connected”
groupoid G, by which we mean a groupoid such that any two objects are connected by a morphism.
We furthermore assume that the set of objects is finite. Then R = kG = M,,(kG), for some n > 0
and some group G. Panov characterised such Ore extensions for the case n = 1 (see [9, Proposition
2.2]).

PRrROPOSITION 5.1. Let R be a cocommutative weak Hopf algebra, with automorphism o and
o-derivation § such that the weak Hopf algebra structure of R extends to one of H = Rlx;0,0]
with © being an (g, 1)-primitive element, for some group-like element g, such that S(z) = —S(g)z,
d(Rs) = 0 and the inverse of x is xS, then g is central.

PROOF. Since o(a) = 7l (a) = Ady7}(a) by Theorem we have

a = x(S(a1))o(az) = Adgo (07" (a)) = Ady(a).
Hence ag = ga, for all a € R. O

The Proposition generalises [9, Corollary 1.4]. Moreover, the last proposition applies in partic-
ular to groupoid algebras kG of a connected groupoid with finitely many objects, i.e. R = M, (kG)
for some n > 0 and group G. Generalising Example 2.5 any weak group-like element is of the
form v = >, 9iE; o) for some subset I C {1,...,n} and injective map o : I — {1,...,n}
and elements g; € G. Moreover, if v has a left inverse, then I = {1,...,n} and o has to be a
bijection. In particular + has also a right inverse which is S(v) = ZZ L gZ 1EU(Z) i Furthermore
the characters x € X,,(R) of R = M, (kG) are of the form x(gFE;;) = p; 'p;p(g), where p € kG*
is a group character and p1,...,p, € k* are non-zero scalars. Clearly xS is the inverse of .

Let R be a cocommutative weak Hopf algebra, x € X(R) and g a central group-like element
of R. Suppose that a € R* satisfies

(8) a(adb) = a(a)e(b) + x(a)a(b), Ya,b € R.
Then 7., satisfies
9) 7! (ab) = a(arby)azbs = aar)age(by)ba + x(ar)aga(bi)by = 7. (a)b+ 7 ( )7L (D).

Define the map 6 : R — R, by 6(a) := (1 — g)7i(a), for all @ € R. Since 1 — g is central, we
have §(ab) = 6(a)b + T>l< (a)d(b), i.e. J is an Ti—derivation. Furthermore ¢ is a (g, 1)-coderivation,
because

Ad(a) = afar)A(l —g)A(a)

= afa)((1-9)®1+g® (1—g))A(az)

= afa1)(l - g)az ® as + ga1 ® (1 — g)a(az)as
)

= d(a1) ®az+gar ®(az) = (@id+ Ay ® §)A(a)

Q

where we use the cocommutativity in the third equation. Note that Ad, = id as g is central and

TX = Adyty = 7y, as R is cocommutative.
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of G. Suppose that there exists « € R* such that a(a ( )e (b) + x(a)a(b) holds for any
a,b € R and a(Ey) =0 for any i. Let o =7 and §(a) := (1 — g)7l(a), for all a € R. Then § is
a o-derivation and a (g, 1)-coderivation such that Rz; TX, 0] becomes a weak Hopf algebra with

Alz)=AD)(g@x+z®1), e(HzH) =0, S(x) = —g 'a.

PROOF. We first observe that §(Rs) = 0. In fact, since every element of Ry is of the form
Zi /\iEiia with /\i S k‘, we have 5(21 )\IE“) = Zz )\15(E”) = Zi )\i(l — g)Ot(Eii)Eii = 0. Hence,
in order to obtain our result, it is enough to check the conditions of the implication (b) = (a)
of Theorem Conditions (i) and (¢7) hold by the preceding discussion and because g is an
invertible central element. Also, since xS is the inverse of x, condition (iii) follows by Corollary
Thus, the only work to do is to prove condition (iv).

We begin by noting that under our hypotheses we have a(g;; ;) = —X(gijEij)a(giglEji). In
fact, because

0 = oEu)=algi;EBijg;;' Eji) = algi;Eij)e(g;; Eji) + x(9:Eij) (g, Eji)
= olgi;Eij) + x(9i;Eij)alg;; Eji).-

THEOREM 5.2. Let G be any group, n > 0, R = M, (kG), x € X(R) and g a central element
b) =

Let a = Z” 9ijFij € R. Then we obtain
S(9)8(S(e(a)) = g ' > x(9iEi;)5(S(gi; Ei - Z X(9:5Ei;)6(g;;" Eji)
ij=1 i,j=1
- Z X(9:iEij)6(95; Eyi) = g7 > x(9i; Eij) (1 — g)a(g;;  Eji)gi; By
ij=1 ij=1
—1
= Z x(gi; B glj Eji)gij E;i = Z (g Eij gzg Eji
= Z a(gi; Eij) gzj Eﬂ g_lgij Z a(gi; Eij)S((1 = 9)gi; Eij)
n_ =
= Z S((L = g)algiiEij)gi; By Z 9i5Ei5)
i,j=1 4,j=1
= 5((a))

Multiplying by g on the left yields §(S(o(a))) = ¢S(d(a)) and the proof is complete.
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