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1 Introduction

There is hardly any other field of physics which both fascinates and confuses hu-
manity as much as the behaviour of our galaxy does. The aim of astromathemat-
ics is to clear up this confusion by establishing rigorous analytical results, which
not only allow us to explain acts in the past, but also yield predictions for the
prospective behaviour of galaxies.

In fact, since a galaxy contains up to trillions of stars, it is not feasible to model
each star individually, which would lead to an N-body problem. We will instead
describe the state of a galaxy for a given time ¢ € R by its non-negative density
function f = f(t,z,v). Here, (z,v) € R3xR? is an element of phase space, where
x denotes the position and v the velocity of a star. Then, integrating the density
f(t) over a certain part of phase space yields the mass contained in this region
at a given time t € R.

We restrict our model to the gravitational interaction of stars. In particular, we
neglect the influence of collisions, as they are only rarely happening. Therefore
the density function f is constant along particle orbits. We will describe the
latter by Newton’s equation of motion, i.e., an individual particle with position
x, velocity v and unit mass satisfies

T =w, 0 =—-0,U(t, ),

where U = U(t, x) is the gravitational potential of the galaxy. This conservation
property leads to the Vlasov equation

Oif +v-0pf —0,U-8,f =0.

By Newton’s law for gravity, paired with the common boundary condition at
spatial infinity, the gravitational potential obeys the Poisson equation

AU =4mp, lim U(t,x) =0 for t € R,

|z|—o0

where p is the spatial mass density induced by f, more precisely

pt,x) = | f(t,z,v)dvfort € R, z € R
R3
Note that we normalized the gravitational constant to unity. The latter three
equations combined form the three dimensional, gravitational Vlasov-Poisson
system, which is a closed system of non-linear partial differential equations de-
scribing the time evolution of a galaxy.
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A much more detailed motivation of this system can be found in [20, [27], for
physical background we refer to [4]. An overview over some systems closely
related to the Vlasov-Poisson system, in particular covering the relativistic and
fluid cases, is given in [23].

The aim of this thesis is to analyse steady states of this system which only depend
on their self-induced particle energy and are called “isotropic”, i.e., we consider
a time independent density of the form

Jolz,v) = p(E(z, v))

for some appropriate function ¢: R — [0, 0o[, where the particle energy
Lo
E(z,v) = §|v| + Up(z)

is induced by the associated stationary potential Uy. A question of particular
interest is the stability of these steady states, since the stability of an equilibrium
determines whether or not it appears in reality. In the last chapter of this thesis
we prove a stability result for the King model, where the ansatz function ¢ is of
the form

p(E) = (e F —1) EecR

_;’_ )
for some cut-off energy Fy < 0. This model — named in honour of I. King [18]
— is of particular interest from an astrophysics point of view, since it describes
isothermal galaxies. However, for the actual proof of this stability result we need
a couple of tools. These tools are also of interest by themselves.

In the first chapter following the introduction we begin by considering the Vlasov-
Poisson system under the assumption of spherical symmetry. We then rigorously
define the class of isotropic steady states and analyse their effective potential
similar to |10} [19], which is a crucial quantity of equilibria in the radial setting.
Lastly, we introduce some technicalities needed later on, more precisely homo-
geneous Sobolev spaces and the spherical symmetry of functions which are only
defined almost everywhere.

Chapter 3| covers the linear transport operator

D=v-0,— 0;Uy- 0y,

where Uy is the time independent potential corresponding to a linearly stable
equilibrium, i.e., ¢ is strictly decreasing on its support, cf. [5,/17]. As a matter of
fact, this operator naturally appears when linearising the Vlasov-Poisson system
about the steady state inducing Uy, see [17, [27]. Surprisingly, a weak extension
of D is also used in [9, 19] to obtain non-linear stability results. We will therefore
carefully define D in a weak sense on some dense subset of a radial and weighted
L?-space and prove the required properties of the resulting operator, including
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the skew-adjointness and a characterisation of its kernel. In fact, the kernel of D
has first been rigorously analysed in [3] for smooth and radial functions and the
result is well known as “Jeans’ theorem”, since it was first asserted by J. Jeans
[15,|16] that functions in this kernel can only depend on the particle energy of the
steady state and the modulus of the angular momentum. However, the existing
proof can not be directly applied to the weak extension of the transport operator,
which is why we provide an alternate proof adapted to this new setting.

In the next chapter, we use D to investigate another operator, which we call
“Guo-Lin operator” due to its appearance in [9] and which is of the form

Aot) = —Ap + 47 /RS | (E(-,0))| - P(-,v)dv — 47r/ 1 (E(-,v))|dv -1

for appropriate 1: R® — R, where P is the orthogonal projection onto ker(D).
It turns out that the most important tool to prove the non-linear stability of the
King model is the coercivity of Ay, i.e., a bound of the following kind:

<-’40¢7 1/)>2

n >0
ved lv|#0 ||| ’

where H is some reasonable function space with norm || - ||. Unfortunately, The-
orem implies that this coercivity estimate does not hold true when choosing
H = H?(R®) and | - || = || - ||m(rs), which is the setting Guo & Lin used in
[9]. Instead, we show the coercivity of the Guo-Lin operator with H = H!(R?)
and its semi-norm || - || = ||V - ||z by using Antonov’s coercivity bound [2, |10].
Here, H'(R?) is the radial homogeneous Sobolev space introduced in Chapter
Despite this result being slightly weaker than the one from Guo & Lin, it still
suffices for the application in the final chapter.

We can then prove the stability of the King model against spherically symmetric
perturbations in Chapter [5| using the tools from above. This whole chapter is
based on the second part of [9], where an equal result is shown by a similar ap-
proach. Some of the techniques applied there originate in [22], where non-linear
stability for the %-dimensional Vlasov-Maxwell system has been shown.
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2.1 The spherically symmetric Vlasov-Poisson
system

As a beginning, we want to introduce the general setting in which we will work
from now on. All the results in this section are quite basic and can be found in
[27] in much greater detail than they are presented here.

As motivated above, we consider the three dimensional, gravitational Vlasov-
Poisson system

Of+v-0.f —0,U-0,f =0,

AU = 4mp, lim U(t,z) =0 for t > 0,

|z|—o00
p(t,z) = f(t,z,v)dv for t >0, x € R?,

R3

with initial condition
F(0) = f on R® x R?

for a given function f: R3 x R3 — R. If not stated explicitly otherwise, - always
denotes the scalar product. We will always restrict ourselves to non-negative,
compactly supported and smooth initial data, more precisely f € Cl(R3 x R3)
and f > 0, as those launch unique global classical solutions [0, 00[ 3 ¢ — f(t) €
Cr(R? x R?) of the Vlasov-Poisson system, see [27].

In addition, we only consider the case where f is spherically symmetric on R3 xR3.

Definition 2.1: Let n € N.

a) g: R" — R is spherically symmetric on R", if g(Ay) = g(y) for every
rotation matriz A € SO(n) and y € R™.

b) g: R" x R" — R is spherically symmetric on R" x R", if g(Ay, Aw) =
g(y,w) for every rotation matrix A € SO(n) and y,w € R".

Note that the symmetry on R3 x R? differs from the one on R%. To be constantly
reminded of this crucial difference, we will always denote the phase space by
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R3 x R3. Furthermore, due to the uniqueness of classical solutions of the Vlasov-
Poisson system, the spherical symmetry of f is preserved by the system, i.e., f (t)
is spherically symmetric on R? x R? for any ¢t > 0. This causes the gravitational
potential U(t) and the spatial density p(t) to be spherically symmetric on R? as
well.

Moreover, a spherically symmetric function on R? x R? can be expressed in the
coordinates

ro=lz|, w:= %, L= |z x v|?

where r is the spatial radius, w is the radial velocity and L is the modulus of the
angular momentum squared. In these coordinates, with some abuse of notation,
the Vlasov-Poisson system for the unknowns

f<t7 x? U) - f(t7 717 w7 L)7 U(t7 x) - U(t7 T)? p(t7 x) = p(t7 ,r‘)
takes the form
L
O f +wo.f+ (T—g - @U) O =0,
2
((33 + —8T) U=dnp, lim U(t,r) =0 fort >0,
r r—00
p(t,r)ziz/ /f(t,r,w,L)ddefortZO, r >0,
™Jo JR

cf. [10].

2.2 Isotropic states and their effective potential

For our stability analysis we restrict ourselves to isotropic steady states, i.e.,
steady states depending only on their self-induced particle energy. We will there-
fore carefully define this class of steady states based on [27].

Definition 2.2: Let Uy € C?*(R3) be a time independent and spherically sym-
metric potential vanishing at infinity, i.e., limg0 Up(x) = 0. In addition, let

1
E(z,v) = §]v|2 +Up(z), z,veR?

be its induced particle energy. Then E is obviously constant along solutions of
the characteristic system

T =, 0 = —0,Up(x).
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This means that every function depending only on E solves the Viasov equation
for the potential Uy (up to reqularity issues), which leads to the ansatz

fo(z,v) = p(E(z,v)) for (z,v) € R® x R®.

Here, ¢ € L2 (R) is non-negative and there exists a negative cut-off energy

Ey < 0 satisfying
(i) p(E)=0 for E > Ej.
(ii) ¢ € C(] = 00, Eq|).
(i1i) There exists n < Ey such that ¢ > 0 on [n, Eyl.
Then fy is an isotropic steady state of the Vlasov-Poisson system (or
Just isotropic state), iff

1
AUy = 4mpy = 47r/ g0(§|v|2 + Up) dv on R?,
3

R

where
po: R* — [0, 00[, po(z) = /3 fo(z,v) dv
R

1s the time independent spatial density induced by fq.

Before we get to the properties of such equilibria, we first present the two most im-
portant and popular classes of isotropic states. First, there are the polytropes,
where ¢ is of the form

p(E) = (Ey — B)}

for some 0 < k < % Here, the subscript 4+ denotes the positive part. The other
important example is the so called King model given by

(E) = (e"F — 1)+.

Indeed, for the stability analysis in Chapter [, we will restrict ourselves to models
of the latter kind.

Now we want to note some well known, but very important properties of gen-
eral isotropic states. However, we refer to [3, 23, 28] for a much more detailed
discussion, in particular concerning the existence theory of these states.

Remark 2.3: Let fy be an isotropic steady state of the Vlasov-Poisson system.

a) We require Uy to be spherical symmetric on R3. However, the results in
/8] imply that every isotropic steady state has to be spherically symmet-
ric anyway, which means that we do not lose steady states by making this
assumption, see also (25, 20).
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b) fo and poy inherit the spherical symmetry of Uy, i.e., fo is spherically sym-
metric on R3 x R® and pg is spherically symmetric on R3. With some abuse
of notation, we will denote the radial functions by the same symbols, i.e.,
Us() = Up([2]), po() = polj]) and 5o on.
This allows us to use the (r,w, L)-coordinates known from Section m
which the particle energy takes the form

1 L
E(r,w, L) = §w2 —+ U()(T) + ﬁ

¢) Due to the negative cut-off energy Eq < 0 and the boundary condition of
the gravitational potential Uy, the steady state is compactly supported with

supp(fo) C {(z,v) € R* x R* | E(z,v) < Ey} C R® x R®.

d) The negative cut-off energy also causes the steady state to have finite mass

M, = / po(z)dz = 47r/ 2 po(r) dr = lim mg(r) € ]0, o0,
R3 0

r—00
where mg(r) == 4x for s2po(s) ds denotes the mass “inside” the radiusr > 0.

e) Integration of the radial Poisson equation yields the following explicit for-
mula for the gravitational potential and its derivative for r > 0:

n(r) == [ Spuls)ds = am [ spuls) s,
0 T
, A [ mo(r
Uy(r) = 0, Us(r) = r_2/ s%po(s) ds = 22 )
0

In fact, isotropic states are quite general and we have to restrict ourselves to a
smaller class of steady states later on. However, the assumptions from Defini-
tion suffice to show some useful properties of the “effective potential” which
we need in the following:

Definition & Theorem 2.4: For a fized isotropic state fo and L > 0 we define
the effective potential as

Pr: ]0,00[ = R, ¢p(r) = UO(T)"‘%-

Note that this quantity appears in the particle energy when expressed in (r,w, L)-
coordinates. We claim the following properties:

a) For any L > 0 there ezists a unique r;, > 0 such that

%1})3(1/&) =ty (ry) <O0.

Moreover, the mapping 10,00[ > L +— 1y, is continuously differentiable.
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b) For any L > 0 and E € |¢r(r),0[ there exist two unique radii ro(E, L)
satisfying

O<r_(E,L)y<rp<ry(E,L)<oco
and such that Y (re(E, L)) = E. In addition, the functions
{(E,L) € |—00,0[ x ]0,00[ | ¥r(rr) < E} > (E,L) = ry.(E, L)

are continuously differentiable.

2

M,
c¢) For any L > 0 we have ¥ (ry) > Uy(0) and ¥ (ry) > _Q_LO'

d) For any L >0 and E € |3 (rr), 0] the radii ro(E, L) from above satisfy

M,
<r_(E,L)<r, <r.(E,L) < —fo.

2M,

e) For any L > 0, E € |¢r(ry),0] and r € [r_(E,L),r.(E,L)] we have the
concavity estimate

E L)y—r)-(r—r_(FE, L))

(4 (
B=lr) 2 b = e B Iy (B L)

All these results can be found in [10} [19]. For the sake of completeness, we will
also prove them here.

Proof:
a) Since ¢ (r) = U(r) — % = r72(mo(r) — £) by Remark for r > 0,

Y7 (r) = 0 is equivalent to mg(r) — £ = 0. Due to the mapping |0, 00| >

7+ mo(r) — £ being strictly increasing on ]0, oo[ and

lim (mo(r) — £) = —00, lim (mg(r) — £) = M, > 0,

r—0 r r—00 r
there exists a unique radius r;, > 0 with ¢} (ry) = 0 as well as ¢} (r) < 0 iff
0 <r <rgand ) (r) > 0if and only if » > r;. This monotonicity together
with lim, o ¥ (r) = oo and lim, . 91 (r) = lim, o, Up(r) = 0 implies that
¥ (ry) is indeed negative and the minimal value of ¥, on ]0, col.
Furthermore, since

d L ) L
o (mo(r) — ?) = 4dnr po(r) + 2> 0

for all » > 0, we can obtain the continuous differentiability by the implicit
function theorem.

10
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b) The monotonicity of ¢y, from part a) together with the limit of ¢ (r) as
r — 0 and r — oo directly yields the existence and uniqueness of 71 (E, L)
with the claimed properties. In particular, since ¢} (r) # 0 for r # 1/1L(r )
the implicit function theorem once again implies that the mapping (E, L)
r+(FE, L) is indeed continuously differentiable on the set given above.

c) The first estimate is easily obtain from Uj(r) > 0 for » > 0, since this
implies Up(0) = min(Uyp).
For the second estimate, we first note that for all » > 0

Up(r) = _mo(r) _ 47 /00 spo(s)ds >

,
°° M,
> —— (mo(r) —|—47T/ s“po(s) ds) S———
r , r
Hence,
M, L mo(rr) ma(rr)
> 20 2 Mo+ \re)
Vulre) 2 rL * 2r2 L ot 2L
_ Mg (mo(r) mg(ri) o Mg
oL \“" M, M2 )= oL

where we used My > mo(ry) = %

d) Estimating Uy(r) like above, we obtain that every r > 0 with E —(r) > 0
also satisfies F + % — 2% > 0. Solving this quadratic inequality, we obtain

L
M0+\/M2+2E — /M2 +2EL’
note that M2 +2EL > 0 for 0 > E > wL('r’L) by c). Therefore

r(B,L) > =

Mo—i-\/M +2EL
L — M, —\/]\/[2 2EL M,
ri(F,L) < = 0 0+ <=

T My—+/MZ+2EL 2F E

e) Forr e [r_(E,L),r.(E,L)| let

(ry (B, L) —r)-(r—r (B, L))
2r2r _(E,L)r.(E,L) '

Then the radial Poisson equation yields

&) = B — iy (r) — L-

L) = 20, ) — o) + 5 = =2 L g ) 4 =
= —% acli’ [r?US(r)] = —4mr®po(r) < 0.

11
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Thus, the mapping [r_(E,L),r (FE,L)] > r — r{(r) € R is concave with
¢(re(E,L)) = 0, which implies the non-negativity of £ on the interval
[r_(E,L),ry(E, L)] and therefore concludes the proof. O

We will need the two radii ri. quite often later on, since they bound the r-range of
a trajectory, see Section [3.3] However, it will turn out to be very useful to define
r+(E, L) for as many E, L as possible, in order to avoid constant distinction of
cases.

For this sake, first note that there exists a unique radius r_(E, L) > 0 such that
Yr(r-(E,L)) = E in the case L > 0 and E > 0 as well, since lim, 0 ¢ (r) = o0
and lim,_, . ¥ (r) = 0. Now let

r(E,L)=r,=r(E,L)if L>0and E <(rp),
r_(E,L)=r (E,L)if L >0and F > 0.

2.3 Homogeneous Sobolev spaces

In the following, we need a certain kind of Sobolev space which is not very
common. We therefore explicitly define it here and prove some useful properties.

Definition 2.5: Let
H'(R®) = {f € L},.(R%) | Vf € L*(R%R?)}
be the three dimensional, homogeneous Sobolev space of first order.

There are several ways to define homogeneous Sobolev spaces. In fact, Defini-
tion [2.5 has the disadvantage that |V - || is only a semi-norm on H'(R?), since
IV fll2 = 0 does not imply f = 0 almost everywhere. To solve this issue, one
could work with equivalence classes containing functions which are a.e. equal up
to the addition of a constant, i.e., sharing the same gradient. However, it would
then be much more difficult to work with the function itself, since it would only
be fixed up to the addition of a constant.

Another elegant way of defining the homogenous Sobolev space is completing the
space C>°(IR3) with respect the norm ||V - ||. However, this also leads to the
latter space and its problems, which is why we chose the definition from above.
We now prove some Poincaré type estimates by applying the ones known from
regular Sobolev spaces.

Lemma 2.6: Let Q C R3 be a bounded, non-empty domain with C* boundary.
Then there exists a constant C' > 0, only depending on §2, such that

1112 < ClIV Iz + M) / fl

for every f € H'(R?).

12
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Proof: This is just an easy corollary of Poincaré’s inequality (see [7]), note that
f € H'(Q) since  is bounded. O

The lemma above becomes even more useful if we can assure [, f = 0. This can

be achieved for any function in H 1(R3) by just adding a constant, which does
not change the semi-norm ||V - ||2. In this case we even obtain the following:

Lemma 2.7: Let Q C R? be a bounded, non-empty domain with C' boundary.
Then there exists a constant C' > 0, only depending on €2, such that

[fllze@) < ClIV fllz2)
for all f € HY(R?) satisfying Jo [ = 0; in particular we get f € L5(Q).

Proof: Let f € H'(R®) with [, f = 0. From Lemma 2.6|it follows that || f|| ;20 <
C|IV fllz2(q)- Moreover, a basic corollary of the Gagliardo-Nirenberg-Sobolev in-
equality (see [7]) yields || f||zs) < C| f||a1(q)- We conclude the desired inequality
by combining these two estimates. O

In addition, we get the compact embedding of H'(R?) into L*(Q) if we restrict
ourselves to functions with vanishing integral over  like in Lemma [2.7, more
precisely:

Lemma 2.8: Let Q C R3 be a bounded, non-empty domain with C' boundary.
Furthermore, let A C H'(R®) be bounded with respect to ||V - ||o, that is to say
supsea |V fll2 < 0o, and all f € A satisfy [, f = 0.

Then A is precompact in L*(1).

Proof: Since A is bounded with respect to ||V - ||z and for each function f € A
the integral fQ f vanishes, Lemma yields the boundedness of A with respect
to || - ||r2() as well. In other words, A is a bounded subset of H'(€2). Due to the
properties of Q, H'() is compactly embedded into L?(2), cf. [1} [7]. O

2.4 Almost everywhere radial functions

Since we are interested in the spherically symmetric Vlasov-Poisson system, all
the L2-spaces appearing later on can be restricted to radial functions as well.
However, the definition of this symmetry is not as straight forward as for smooth
(and in particular pointwise defined) functions, since we only work with equi-
valence classes of functions in L?. We therefore carefully define this symmetry
and prove some intuitive and useful characterisations by reducing the problem to
smooth functions:

13
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Lemma & Definition 2.9: Let f € L}, (R3). Then the following statements are
equivalent:

(i) For all A € SO(3) we have f = f(A-) almost everywhere on R3, where the
set of measure zero may depend on the rotation matriz A.

(ii) There exists (fi)ren C C°(R3) such that fi, — f in L'(Bg(0)) for all R >
0, where C°(R3) = {g € C>°(R®) | g is spherically symmetric on R3}.

(iii) There exists f": [0, 00— R measurable such that f = (| -|) a.e. on R3.

If f has these properties, we will call it spherically symmetric almost every-
where on R®. Also note that in this case f" is uniquely defined a.e. on [0, c0l.

Proof:

(1) = (ii): Let J € C2°(B1(0)) be a spherically symmetric mollifyer, which means
that J > 0 and [, J = 1. As usual, let J; = k*J(k-) for k € N. Obviously,
Ji € CZ(B1(0)) is spherically symmetric itself and fy == Ji « f — fin
L*(Bg(0)) for any R > 0 by basic convolution theory, cf. [21]. The key of this
whole proof is that f; inherits the symmetry of f, since

ulda) = (o )A) = [ Az =) ) dy =
= /]Rg Je(Ax — Az)f(Az)dz = /RS Je(A(x — 2)) f(Az)dz =
= /]RB Je(x —2)f(2)dz = (Jk % f)(z) = fr(x)

for A € SO(3) and z € R3.

(i1) = (iii): By defining f/: [0,00[—= R, fi(r) = fx(re1), we have fr = fi (| -|)
on R? for any k € N. A standard change of variables then yields

Hﬁ—ﬂbwm»Z/

Br(

) |fe(x) — fi(z)|dz =

R
=m£ﬂwm—ﬁww

for k,l € N, which means that (f])ren is a Cauchy-sequence in

(r—r2)

R
L} ([0, R]) = {g: [0, R] — R measurable | /o 2| g(r)| < oo}

14
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As a weighted, one-dimensional L!-space, L%r H7,2)([0, R]) is complete, i.e., there

exists " € L(,,,,2)([0, R]) such that fi — f"in L{, , » ([0, R]). Changing back
into the original variables, we arrive at

R
1=l oo = [ PU0) = )] dr =
1 :
=i ), 1) = el

for k € N, i.e., fr, = f"(] - |) in L*(Bg(0)). Since L'-limits are unique almost
everywhere, we can conclude f = f7(] - |) a.e. on R.

(7ii) = (i): Obvious. O

In a completely analogous fashion we can also define the spherical symmetry on
R? x R3 and prove similar characterisations:

Lemma & Definition 2.10: Let f € L, .(R* x R?). Then the following state-
ments are equivalent:

(i) For all A € SO(3) we have f(z,v) = f(Az, Av) for almost every (z,v) €

R3 x R3, where the set of measure zero may depend on the matriz A.

(ii) There exists (fi)ren C C° such that f, — f in L'(B%(0)x B3(0)) for every
R > 0, where C>*(R3 x R?) denotes the space of all infinitely differentiable
and spherically symmetric functions on R x R3.

(iii) There exists f": [0,00[xR x [0,00[— R measurable such that f(x,v) =
Fr(|z], 22, |z x v|?) for almost every (z,v) € R3 x R3.

fa]”

If f has these properties, we will call it spherically symmetric almost every-
where on R3 x R3. Also note that in this case f" is uniquely defined a.e. on
[0, 0o[xR x [0, o0l

15



3 The transport operator

In this whole chapter, let fo = ¢ o E be a fixed isotropic state in the sense of
Definition [2.2] In addition, we assume that ¢ is decreasing on its support, i.e.,
¢'(E) <0 for E < Ey. The latter property corresponds to the linear stability of
the equilibrium fy, see [5, 17]. However, all the results below could be generalised
to larger classes of steady states.

Let 2y denote the set where fy does not vanish, that is to say

Qo = {(z,v) € R’ x R?| fy(z,v) # 0} = {(z,v) € R* x R* | E(z,v) < Ep}.

Note that Qy C R3 x R? is a bounded, spherically symmetric domain.
The aim of this chapter is to define and analyse the transport operator induced
by the steady state f, given by

Df=v-0pf = 0:Us-0uf

for suitable f: Qo — R.

In fact, it does not suffice to define D on classically or weakly differentiable func-
tions for the application in the non-linear stability analysis. Instead, we define
the whole transport operator D in a weak sense on some dense subset of a suitable
L?-space. Our approach is similar to the one for the definition of weak derivat-
ives, see [21].

When choosing the right domain of definition, the resulting operator is not only
skew-symmetric, but also skew-adjoint with respect to a properly weighted L>2-
scalar product. We also provide an explicit characterisation of the kernel of D,
which is a generalisation of Jeans’ theorem [3| for radial and smooth functions.
All these results have been used in [9, 19] to obtain non-linear stability for equi-
libria of the Vlasov-Poisson system. However, the detailed weak definition of D
as well as the proofs of the results above have not been properly addressed yet.
We also want to note that a similar operator also appears in the stability and
instability analysis in the relativistic case, i.e., when considering the Einstein-
Vlasov system, cf. [11]. The skew-adjointness of the operator then follows ana-
logously as in the non-relativistic case, see [29]. Whether or not the kernel can
be characterised similarly as well is still an open question, even in the case of
smooth functions.
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3 The transport operator

3.1 Weak definition

The standard way to define weak derivatives is to consider the scalar product
with smooth functions and integrate by parts. We will pursue this approach to
define D in a weak sense as well. Therefore, we first have to define D on smooth
functions:

Definition 3.1: For f € C}(Qy) let
Df: Qy— R, (z,0) —v-0.f(x,v) — Up(x) - Opf(x,v).
Next we have to justify the “integration by parts” formula for smooth functions:

Lemma 3.2: Let x € C(] — 00, Ey|) be an energy weight function.
Then, for any f,g € CHQy) we have

AXWWMVQWQMWM@WZ—/x@@@ﬁﬂ%%ﬁwM@@-

Qo

Proof: Let (X,V): R x R? x R® — R3 x R? be the solution of the characteristic
system of fj

X=V, V=-0,U)X)
satisfying the initial condition
X(0,z,v) =z, V(0,z,v)=0v

for z,v € R?, see [27] for the global existence & uniqueness of this characteristic
flow. Here, = denotes 0;, where we will always write X = X (¢, x,v) etc. Applying
the chain rule, we can express the transport operator as follows:

Df(ﬂ?, U) = at‘t:O [f(X(tv Z, ’U), V(t7 Z, U))] ’ (l’, U) € Q0~
Furthermore, the particle energy FE is conserved along the characteristics (X, V),
ie., E(x,v) = E(X(t,z,v),V(t,z,v)) for (z,v) € Qy and ¢t € R. In particular,

(x,v) € Q is equivalent to (X (¢, z,v),V(t,z,v)) € Q for any ¢t € R.
In addition, since (X, V)(¢,-) is measure preserving (cf. [27]), we obtain

/Q (B, ) - F((X V)t 2,0)) - (X, V)(t, 2,0)) d(z, v) =
= [ (B fa0) - gla,0) a0

17



3 The transport operator

for every t € R by a change of variables. Thus

0= at‘t:O |:/Q X(E(ZB,U)) : f(<X> V)(t’xvv)) 'g((X> V)(t7$vv)) d([E,U) =
= /Q X(E(z,v)) - O _o [F (X, V(L 2,0)) - g((X, V)(t, 2, 0))] d(z,v) =

:/Q X(E(z,v)) - [Df(z,v)g(z,v) + f(z,v)Dy(z,v)] d(z,v).

Note that we can switch the order of differentiation and integration due to the
compact support of f and g. n

Since we are dealing with the spherically symmetric Vlasov-Poisson system, we
may restrict ourselves to radial function spaces. For D to work properly on these
spaces however, it has to preserve spherical symmetry. We therefore verify this
property for smooth functions first.
We call a function spherically symmetric on €2y, if its extension by 0 is spherically
symmetric on R? xR in the sense of Definition[2.1l Note that the set 2y C R*xR?
is spherically symmetric, i.e., for any A € SO(3) we have (x,v) €  if and only
if (Azx, Av) € Qq, since E is spherically symmetric.
In addition, it will turn out that D reverses v-parity. Also note that €2y is obvi-
ously symmetric in v, i.e., (z,v) € € is equivalent to (z, —v) € .
Lemma 3.3:

a) Let f € CYHQ) be spherically symmetric on Qy. Then Df is spherically

symmetric on o as well.

b) Let f € CHQ) be even in v, i.c., f(x,—v) = f(zx,v) for (z,v) € Qy. Then
Df is odd in v, i.e., Df(x,—v) = =Df(x,v) for (z,v) € Q.
c) Let f € CHQ) be odd inv. Then Df is even in v.
Proof:

a) Let A € SO(3) and (z,v) € Qp be arbitrary. To not get ourselves confused
with matrices and their transposes, - will denote the matrix (instead of the
scalar) multiplication in this part of the proof only, i.e.,

Df(z,v) =0T - 0, f(x,v) — (8,Up(x))" - dpf(x,v),
where all vectors are interpreted as column vectors. Then
Df(Az, Av) = (Av)T - 0, f(Ax, Av) — (8,Us(Ax))" 8, f(Ax, Av) =
=0T AT . 9, f(Ax, Av) — (0,Up(x))" AT - 0, f(Az, Av) =
=T 0, f(x,v) — (0,Up(2))" - 0, f (x,v) = Df(z,v),

where we obtained 0, f(Ax, Av) = A-0, f(z,v) as well as similar statements
for 0, f and 0,Uj from the spherical symmetry of f.

18



3 The transport operator

b) For (z,v) € Qy and f even in v we have

Df(x,—v) = —v - 0pf(x,—v) — 0, Up(z) - (0,
= —0U- axf(x7 _U) + axUO(x) : av [
= —v- 0, f(x,v) + 0. Up(x) - 0y [f(x,v)] = =D f(z,v).

c) For (z,v) € Qp and f odd in v we have

Df(x, —v) = —v - 0uf (x, —v) = D Uo(x) - (O f) (2, —v) =
= =0 0pf(x, —v) + % Up(2) - O, [f (x, —v)] =
=v-0:f(x,v) = 0:Us(x) - 0y [f(z,v)] = Df(x,v). N

Since D preserves spherical symmetry, it is convenient to define the operator D
in (r,w, L)-coordinates as well:

Definition & Remark 3.4:

a)

b)

Let

Q'f‘ —

o = {(r,w, L) €]0, 00[xRx]0, 00[| E(r,w, L) < Ey},

where E(r,w,L) = sw® + ¢ (r) as before. The idea behind QU is that it
expresses the set Qg in (r,w, L)-coordinates. Note however that

{(:U,U)GR3XR3|(|:C| Jr xv]?) e Qp) =

!|
={(z,v) € Q| z xv#0} T Qy,

since Qfy does not contain points with L = 0 (and r = 0). Anyway, these
missing points form a set of measure zero in 2y and are therefore negli-
gible.

Also note that just like Qo, U is a bounded set. To see this, recall that
E(r,w,L) > ¢p(r) = Up(r) + 5% > Us(r) for (r,w,L) € QF, where

lim, .o Up(r) = 0 > Ey. This yields the boundedness of r, from which
we may also deduce the one of L and w, since Uy > Uy(0).

For ¢ € CX(Q) let
(D"¢)(r,w, L) == w - 0,.((r,w, L) — ¢} (r) - 0p((r,w, L), (r,w,L) € .

D" translates D into (r,w, L)-coordinates, which means that for every £ €
C:.(Q) = {f € C:(Q) | f is spherically symmetric on Qo} such that
& e CHQ) we have

D'(§") = (Dg)" on §,
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3 The transport operator

which can be easily verified by using the chain rule. Here, £ and (DE)"
are defined in the sense of Lemma & Deﬁmtion (after extending & on
R3 x R3) | i.e.,

T L-v 2
& (||, e |z x v|*) = &(z,v) for (x,v) € Qy s.t. x x v #D0.
x
Note that £ € C.,(Q) does not imply & € CL(Q), since the support of
functions in CH(QF) have to be bounded away from the sets {r = 0} and
{L = 0}. Also, D¢ is spherically symmetric and Lemma yields

/TX(E(r,w,L)) G w, L) - (DG)(rmw, L) d(r,w, L) =

0

:-/Q V(E(rw, L)) - (D¢ w, L) - Go(rw, L) d(r,w, L)

0
by a change of variables for all ¢;,¢ € CHQ) and x € C(] — oo, Ey).

It turns out that the right space for D to be weakly defined on is the radial subset
of a weighted L?-space. We therefore define spaces of this kind:

Definition 3.5: For a fived energy weight x € C(] — oo, Ep]) let
lexl(ﬂo) = {f: Qo = R measurable | || f|| < oo},

where
I£12, = / (B, 0))] - | (2, 0) [ d(z, v).

This norm is based on the (real) scalar product

(Fada = [ (B0 fo.0) - gl 0) o)
as usual. Furthermore, let

L|2x|,'r(QO) ={f € L&, () | f is spherically symmetric a.e. on Qo}

x|

be the radial subspace of L|2X|(Qg). Spherical symmetry a.e. on g is defined simil-

arly to Lemma & Deﬁmtion recall again that Qg is a radial subset of R3 xR3.
Note however that when extending some element from fo‘(Qo) by 0 on R? x R3,
the resulting function does not have to be in Li, .(R> x R3) due to the additional
weight. Nevertheless, since the weight depends only on the spherically symmet-
ric particle energy E, characterisations similar to Lemma € Definition[2.10 also

hold true in the weighted case.
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3 The transport operator

To transfer the well known properties of regular L?-spaces to these weighted
ones, we seek a connection between the convergence in the weighted space and
in the regular one. Unfortunately, since the behaviour of a weight function x €
C(] — 00, Ep]) is unknown near the boundary {E = Ejy}, these two convergences
do not need be equivalent in the general case. They are however, if we can assure
a fixed compact support:

Lemma 3.6: Let y € C(] — o0, Ey[) be such that x(E) # 0 for E < Ey. Further-
more, let f: Qy — R be measurable with compact support in g, i.e., there exists
a compact subset K CC Qg such that f =0 a.e. on Qo \ K. Then:

a) If f € L*(Qy), then f € L|2X|(QO) as well and

£l < CllA 2,

where the constant C > 0 depends only on the steady state fo, the weight
function x and the support K.

b) If f € L2 (), then f € L*() as well and

x|

1fllz < Cll s

where the constant C' > 0 depends only on fy, x and K.

Proof: Since E is continuous on R?® x R3 and K CC Qy = {F < Ey}, there exists
d > 0 such that K C {E < Eq—4d}. Therefore, by the continuity of y, there exist
constants ¢o, Cy > 0 such that ¢y < |x(E)| < Cy for any Up(0) < E < Ey — 0.
From the latter we obtain

co < [x(E(z,v))| < C for (z,v) € K.

Note that the constants ¢y, Cy only depend on fy, x and K as required. We now
conclude

a) [I£1I Z/K\X(E(%v))!-\f(x,v)IQd(x,v) < CollflI3 -

IX(E(z,v))|
x IX(E(z,v))|

As mostly when working with weakly defined differential operators, it will turn
out to be very useful to approximate elements from these weighted L?-spaces by
smooth functions with compact support in €2g. We therefore need the following
density results:

1
b) IfII; = | f(z,0)Pd(z,v) < C—Ollfllfx\- O
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3 The transport operator

Lemma 3.7: Let x € C(] — 00, Ey|) be such that x(E) # 0 for E < Ey. Then
a) C2(Qy) is dense in LQX (o) (with respect to || - ||jy1)-

b) C.() is dense in L +(Q0) (with respect to || -+ ||y )-

Proof: Let [ € L‘QX|(QO). Our aim is to approximate f by its standard mollific-
ation. To apply Lemma and conclude the convergence of the mollifyers, we
first have to restrict ourselves to a compact support.

For this sake note that Qo = {E < Eo} = Upo{E < Ey — £} as an ascending
union. Therefore, by Lebesgue’s dominated convergence theorem, we have

f-Ypep,- 1y — fin L (Q) as k — oo,

Thus, we may assume that f has compact support in €y, in particular f € L?*(€)
due to Lemma [3.6]

Now let J € C2°(R? x R?) be a spherically symmetric mollifyer, i.e., J > 0 and
Jgs Jgs J = 1. As usual, define Jj, := k%J(k-) for k € N.

Due to the compact support of f in Qg, we have fy = Ji*x f € C(€y) for k € N
sufficiently large. In particular, there exists K CC €y such that supp(fy) C K
for every large k € N. Since f, — f in L*()) by basic convolution theory, we
can obtain the desired convergence f, — f in L\Qxl (Qp) with the aid of Lemma .
This finishes the proof of a).

For part b), note that both the multiplication with the cut-off function 15_p, - 1
and the convolution with the spherically symmetric mollifyer J;, preserve the
spherical symmetry of f. O

Finally, we will define D weakly on a suitable and dense subset of the weighted,
radial L2-space

(£20) —L (80),

/|77'

where ¢ is the function from our fixed isotropic ansatz.

Definition 3.8: Let f € Ly, ,.(Q0), i.e., f is spherically symmetric a.e. on Q,
which is defined similarly to Lemma & Definition[2.10. We say that Df exists
weakly, if there exists p € L, () such that

/Qoﬁ“’g: /wim”

for every test function § € C;,.(Qo). In this case Df = p (weakly).
Furthermore, let

D(D) = {f € L%,

(o) | Df ewists weakly and Df € L2| (Q0)}

'’

denote the domain of the operator D.
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3 The transport operator

Remarks: Let f € L}, (Q).

loc,r

a) If Df exists weakly, then it is uniquely determined almost everywhere on
Qo by a change of variables and the Du Bois-Reymond theorem, see [21].

b) If additionally f € C.(Q), then the weak and “classical” definition of D f
coincide due to Lemmata and [3.3.

¢) D(D) is a linear subspace of L*, (Qo) and D is linear, i.c., if f,g € D(D)
4k

and a € R, then af 4+ g € D(D) with D(af + g) = aDf + Dg.

d) Usually in weak definitions like the one above, one would choose C2°(2) as
the class of test functions. However, we will need that functions depending
only on the particle energy E can be considered as test functions. Since E
is not necessarily in C°°, we extend the class of test functions to C1(Qyp).
Nonetheless, the approximation result Theorem |3.15 implies that choosing
C2.(8) as the class of test functions would lead to the exact same operator.
Furthermore, since we always work in spherically symmetric spaces, it suf-
fices to consider radial test functions only. Indeed, for the skew-adjointness
it s crucial that the space of test functions is contained in D(D) itself,
which means that allowing non-radial test functions as well would cause
some difficulties later on.

Since C7, () C D(D) by Lemmata 3.2/ and we directly obtain the following
due to Lemma 3.7t

Corollary 3.9: The unbounded linear operator D: D(D) — L*:  (Q), f+ Df
o]’

1s densely defined.

Also, there is a quite different approach to define D weakly, which was suggested
in [9]. It requires some definitions and tools from functional analysis, which can
all be found in 12| |14, 25].

Remark 3.10: For s € R and f € L*, () let U(s)f: Qy — R be defined by
1"

(L{(s)f)(q:,v) = f(X(S,$,U>,V(S,I,U)), (I,U) € Q,

where (X, V): RxR3xR3 — R3 x R3 is the solution of the characteristic system
associated with the steady state fy

X=V, V=-0,U(X),

satisfying the initial condition (X,V)(0,z,v) = (z,v) for x,v € R3. By using the
properties of (X, V) from [27], one can easily verify that (U(S))ser is a unitary
C°-group on L? (o), i.e.,

1
le’]”
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3 The transport operator

(i) U(s): 2%‘ () — Li . (o) is a linear operator such that HZ/l(s)fHﬁ =

||f|| 1 for all f € L? T(Qg) and s € R.

L
(11) U0) = id and U(s) oU(t) =U(s + t) fort,s € R.
(i) Wm(U(s)f) = [ for [ & Li (o).
S LP 5T
By Stone’s theorem, such a unitary C°-group has a unique skew-adjoint infinites-
imal generator D defined on the dense subset

D(D) = {f ¢ L%ﬂn( 0) | l%% exists in L2‘1/‘7T(QO)}
by
Df = 1%% f e D(D).

Since D is skew-adjoint on a dense subset of L?,

(Q0) as well (which will be
/‘7

shown in the following section, see Theorem @ and D and D coincide on the
dense subset C} (), we can actually show D = D, in particular D(D) = D(D).
In the latter argument we used that each essentially skew-adjoint operator has a
unique skew-adjoint extension (cf. [25]).

Since we do not need this alternate representation of D, we omit a detailed proof.

3.2 Skew-adjointness

The aim of this section is to show that the operator D: D(D) — L%

skew-adjoint, which means that D* = —D. .

Since D is skew-symmetric on smooth functions by Lemma [3.2] the main tool for
this result is to approximate a function from D(D) in a way such that the images
under D converge as well.

For this, we first need the following properties of our domain of definition D(D)
and D:

(Qo) is

Lemma 3.11:

a) Let f € D(D) and x € C*([0,00]) be such that f-(xoL),Df - (xoL)
L, (Q), where L(z,v) = |z x v|* for z,v € R®. Then f-(xoL) € D(D

w;th D(f-(xoL))=(Df)-(xoL) weakly.

M

~—

b) Let f € D(D) and x € C(] — oo, Ey[) be such that f-(xoE),Df-(xoFE) €
L%J(Qo). Then f-(xoE) € D(D) with D(f-(xoFE)) = (Df) - (xoFE)

weakly.
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3 The transport operator

Proof:

a) Let £ € C,(Q) be an arbitrary test function. Since x o L € C}(€), we
know £ - xyo L € CCI,T(QO) as well. Also, due to L being constant along
characteristics, we have DL = 0 and therefore D(§ - x o L) = (DE) - x o L
classically. Thus, Definition yields

1 1
L D — I —— 'D OL- =
/QO ol oL (9 /Q ol Do L)

1
= — Df)-xvyolL-E.
/QO‘()OIOE’( f) X 5

b) This part can not be done like the first one, since y (and therefore y o E)
does not need to be differentiable here. We still have to show

1 1
/QO oy e B (D6 = - /Q ERy IR TN

for a fixed but arbitrary test function £ € C?(€). To apply similar tech-
niques like in part a), we mollify x:

Let J € C*(] — 1,1]) be a one—dimensional mollifyer ie, [pJ =1and
J > 0. As usual, set Jy, = kJ (k) € C(]— 1, £]) and x; == Jk*x € C*(R)
for k € N (where we extend x by 0 if necessary)

Let & > 0 be such that supp(¢) € {E < Ey — 6}. Since y is uniformly

continuous on [UO(O) -1, Ey — é}, we obtain that for an arbitrary € > 0
there exists ¢ €]0, 2[ such that for all £, E € [Uy(0) — 1, By — 3] satisfying

|E — E|<5wehave|)(( ) —x(E)| <e.
If we now choose k& € N with % < 0, this yields

(B) = X(B)| = | | J(EW(E = LE)AE ~ x(E)| =
-1 [ e ( (B~ 1E) = x(E)) dE'| <
S/l HEN(E - 1) ~x(B)AE < ¢ [ 1=

for every E € [Uy(0), By — 0]. Thus, we have shown that x, — Y in
LOO([UQ(O), Ey — (5]) as k — oo.
Since - xp o B € C}.(Q), D(§ - xx 0 E) = (D) - xi, 0 E for k € N just like
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3 The transport operator

in part a) and supp(DE) € {E < Ey — 0} as well, we obtain

/Qomf.xoﬂ(@g)_/{E<Eo_5}mf~on-(D€)—
B klgrolo {E<Eo—3} ﬁf e b (Df) B
ik (B<By-5} |#' i B’ Plae &)=
Y e R
1

Note that we integrate over bounded sets only, which allows us to evaluate
the limits with Lebesgue’s dominated convergence theorem. O]

The latter result yields the following important connection between our weak
definition of D and the non-weighted L?-scalar product:

Corollary 3.12: Let f € D(D). Then
fDe=-| Df-¢
Qo Qo

for any test function & € C},.(Q).

Proof: Apply Lemma b) to x = |¢'|, which potentially has to be cut to
ensure integrability. In a similar fashion like done in the previous proof, we may
restrict ourselves to a compact subset of )y due to the compact support of test
functions. O]

If we want to approximate functions in D(D), it is convenient to mollify them in
(r,w, L)-coordinates instead of (x,v)-coordinates to ensure spherical symmetry.
Therefore, we need to define the weighted L%-spaces in (r,w, L)-coordinates and
investigate how the weak version of D works in the transformed setting.

Definition & Remark 3.13: For x € C(] — oo, Ey]) let
fol(ﬂg) = {f: Q) = R measurable | || f|| < oo},

where

£y =4 | (B0 D) 00, D drv, ),
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3 The transport operator

This norm is based on the (real) scalar product
(Fogh =47 [ (B D) L) g w. L i, 1)
2

as usual. Note that L|2X|,T(QO) ~ fo‘(QS), since by changing variables
L} (Q0) 3 fr [ e LYy (%)

is an isometric isomorphism. Here, we made the factor 472 from the change of
variables directly a part of the norm.

Lemma 3.14: Let f € D(D). Then

(DI )y == D) o and | @pyc=— [ oD

[ I’ r
Qg

for every ¢ € CL(p).
Proof: For ¢ € CHQf) let

&(z,v) —((]x| ’1’| o x v]?) for (z,v) € Qyst. 2 xv#0

and extend £ by 0 on 2. Since the support of { is bounded away from the sets
{L =0} and {r = 0}, we have £ € C_, (). Furthermore, " = ¢ by definition.
Thus, a change of variables yields

(D0 = (D], 1. = —([.DE)

L
[’ I’

== D) o = DT

The equality in the non-weighted scalar product follows by the same change of
variables combined with Corollary |3.12] O

We can now prove the desired approximation result:

Theorem 3.15: Let f € D(D). Then there exists a sequence (Fy)ren C Cgs.(€20)
such that F € C2(Q) for k € N and

F, — f and DF, — Df mL (QO) as k — oo.

Proof: We split the proof of this theorem into several steps:

1) Reduction to a compact support:
For each k € N let x, € C*(R) be an increasing cut-off function such that

e

1
Xk(z) =0 for z < o xk(z) =1 for z >
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3 The transport operator

Now let

fk(x, U) = Xk(L(xv U)) ) Xk(EO - E<I?U)) ’ f(x,v)
for (z,v) € Qy and k € N. Since the boundedness of xj; together with the
spherical symmetry of E and L ensure fj € LL (©p), Lemma [3.11] yields

4)
fr € D(D) with Dy, = (xgo L) (xxo (Eo— )) (Df). Thus, by Lebesgue’s
dominated convergence theorem, we obtain

fx — fand Df, — Df in L (QO) as k — oo respectively.

Therefore, by applying all the followmg arguments to fi for £ € N large
enough, we may assume that f" has compact support in {1, i.e., there exists
m € N such that for a.e. (r,w, L) € Qf with f"(r,w, L) # 0 we can deduce

1 _
E(r,w,L) < Ey—— <0, Bi(r,w,L)C )
m m
To see the latter, let £ € N be large enough such that Uy(0) < Ejy

Then, for each (r,w, L) € Qf satisfying L > 5= and Ey — E(r,w, L) >
we obtain

242l

L 1
o3 < B(rw, L) = Ug(0) < By — o — Uy (0)

and therefore

1 1\ :
r> = ]{?Eo—k'Uo(O)—— > 0.

2 2
Since E' is uniformly continuous on compact sets bounded away from {r=
0}, we may conclude B1 (r,w, L) C Q if m € N is large enough.
Note that the above also implies Df = 0 a.e. on {(z,v) € Qo | |z| <
LV L(z,v) < =V E(x,v) > Ey— =} due to the Du Bois-Reymond theorem.
Furthermore, (Df)" has compact support in €.

The approximation sequence:

We want to mollify f" to get the approximation sequence. Therefore
let J € C°(B;(0)) be a three-dimensional mollifyer, i.e., [psJ = 1 and
0 < J < 1. As usual, define J;, := k*J(k-) for k € N.

Then, due to the compact supports of f" and (Df)" in €2, standard molli-
fying arguments, a change of variables and Lemma imply

fre LX) and J x f7 — f7in L*(Q) & L2 ( 0) as k — oo
as well as

(Df)" € L*(Q) and J, x (Df)" — (Df)" in L*() & L2 ( 0) as k — oco.
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3 The transport operator

3) Boundedness:
We now want to show that D" (Jy x f7) — (Df)" in L?(Qy), at least after
extracting a subsequence.
For this sake, we first prove that (D(Jy * f))ren C L*(£25) is bounded,
from which we can obtain the weak convergence of a subsequence by the
Banach-Alaoglu theorem (cf. [21]).
First, by the properties of the support of f" and the boundedness of {1,
the mean value theorem yields the existence of some constant C;, > 1 such
that

|E(z) — E(2')| < Cflz — 2| for 2,7 € Bi(supp(fr)) C Q.
Now, choose k € N such that & > 2CLm. Then, for every z = (r, w L) e
with (Ji % f7)(2) # 0, we have B1 (2) C Q) and E(z) < Ey — 5. To see
the latter, first note that (Jj * }w)(z) # 0 yields the ex1stence of some
2 e B%(z) N supp(f"). Thus, since B%(z’) C Qf and E(2) < By — L, we
obtain Bﬁ(z) C Qf and E(z) < Ey — 5.

In particular, Ji, x f7 € CX(Q) for k > 2CEpm. For these k and z =
(r,w, L) € supp(Ji * f7) C Qf we then obtain

D" (J* f1)] (2) =w - [(0: k) * [T (2) — ¢/L(7,) @udi) 7] (2) =
:/Q w - O (2 — Z) 77/12(7«) O Ji(z — Z/)] fr(Z/) 1 —

- /B Op k(2 = 21) = (i (r) = () - Ouwdi(z = 2] f7(2) d2'+

l
k

+ /T [w' - 0y Jk(z — 2') — L (r') - Dudi(z — 21)] fT(2') d2’

where we used the notation 2" = (r',w’, L'). Since ¢y (r) = Uy(r) + + 3% is
uniformly bounded on B% (supp(Jx * 7)) C B (supp(f")) C €, the mean
value theorem yields "

[ =) 0 = ) = (0) = Gh07) - (s — )] 1) 0| <
B1(2)
<[ DR IrE =
Bl(z

:—/ DI - |f7(= = 2)] dz =

ZCk?’/ (DT)(E2)| - |f"(2 = 2)|dz = Ok (|(DT) (k)] * | f]) (=),
B (0)
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3 The transport operator

where C' > 0 depends on the support of f and the fixed steady state fj.
As for the second summand, note that Ji(z — -) € C}() for k > 2Cm,
since supp(Jy(2 — ) C B_1(2) C . Thus, by Lemma we conclude

/r (W' Opdi(z — 2") =L (1) - Oudi(z — 2] f1(2) d2’ =

—(D" [Je(z = )], )2 = (Je(z =), (Df)")2 = [Ji x (Df)"] (2).
Altogether we get

Dk * f)ll2 < Tk (D) |2 + CE[(DT) (k) | ]2 <
< ||k % (D) |2+ CE|| ]2 - |(DT) (k)1

where we used Young'’s inequality (see [21]). Since Ji * (Df)" — (Df)" in
L*(Q) as k — oo, the first term is bounded. As to the second, note that

D
IDJ (k- ||1—/ IDJ(kz)|dz = — /|DJ |d’—H J”l

Overall, we obtain the desired boundedness.

Weak convergence:
Due to the previous step, there exists a subsequence (J, * f")jen C (Ji *
M ren and a limit g" € L?(£25) such that

D" (Ji, * f7) — ¢" in L*(Q) as j — oo.
What remains to show is g = Df, where

g(xv):—g(|x| H Jr x o), (w,v) € stz xv#0.

Let & € C7,(Q) be an arbitrary test function. We have to ensure £ €
CH(2), which can be achieved due to the compact support of f” in Qf:
From the properties of the support of (Ji; * f”) shown in the third step of
this proof, we obtain

(Xzm © L) - (X2m © (Eo — E)) - D" (Ji; * f7) = D" (Jy, * ")

if k; > 2CEm, where X, is known from the first step. Now let £ =
(Xam © L) - (Xam © (Ey — E)) - € and note that £ € C(Q5). In addition,
we have f-DE = f-DE and gf = g€ a.e. on ()y, where the latter follows
from the properties of the supports of (Ji, * f") used above and the Du
Bois-Reymond theorem. Thus, changing variables yields

(9.€) 1, ={9,6) 1 =(g".6") 1, = = lim (D"(J}, #f1),6) 1 =
= — lim ((Jy, * "), Drf” = —(f", (Df)”ﬁ =
(f 795)% = —(f, DO%
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3 The transport operator

where we used the transformed version of Lemma 3.2l from Definition &
Remark as well as the fact that (-,&") 1 = (- - Yo € [L2(%)] due

R Pl ' [¢'oE]
to the compact support of £".

5) Strong convergence:

A standard way to convert weak convergence into strong one is by applying
Mazur’s lemma (see [21]). This theorem passes to convex combinations
of the original sequence to strengthen the convergence. Fortunately, these
convex combinations behave very well with linear operators like D and also
inherit regularity and properties of the support.

For brevity, we will call the weakly convergent subsequence (f} )ren = (Ji, *
IM)jen, i.e., D" fi = (Df)" in L*() as k — co. Mazur’s lemma now states
that for every k € N there exists Ny, > k and weights ¢}, ...,k € [0,1]

with Z] ", ¢5 =1 such that

Ng, Ng,
D" (Z ﬁf;) = dDf; - (Df) in L () as k — oo,

Jj=k J=k

Let F} = Z;V’“k ckfr for k € N. Since

Ng
1
177 = Filly < 3 el =l for v € {2, 17} amd k €K,

we still have F} — f7 in L*(Q) and L2 (QT) as k — oo.
Also recall that F] € C(Qy) for k > 2(ng Finally, set
r xz-v 2
Fi(z,v) = F{(|z|, ER |z x v|?) for (z,v) € Qys.t. . xvF#0
x

and extend F by 0 on Qg for k € N. Then F}, € CZ5.(€) for k sufficiently
large due to the compact support of F} and changing variables yields

Fr, — fin L2 (QO) and DF}, — Df in L*()) as k — oo.

I’

Lemma allows us to conclude DFy, — Df in L* (Q) as well, which
finishes the proof of this theorem. O

Recall that Theorem clearly implies that choosing Cg%.(€2) as the class of
test functions would lead to the exact same operator D.
Another application of the result above is that can expand the properties of D

from Lemmata [3.2] and [3.3| to the whole space D(D):
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3 The transport operator

Corollary 3.16: D is skew-symmetric on D(D), i.e., for all f, g € D(D) we have

{f,Dg) 2. = —(Df.9)

‘71/| .
Proof: Approximate one function like in Theorem [3.15and use Definition[3.8] [
Corollary 3.17:

a) Let f € D(D) be even in v a.e. on $y, i.e., for a.e. (x,v) € Qy we have
f(z,—v) = f(z,v). Then Df is odd in v a.e. on Qy, i.e., Df(x,—v) =
—Df(z,v) for a.e. (x,v) € Q.

b) Let f € D(D) be odd in v a.e. on Qy. Then Df is even in v a.e. on €.

Proof: What remains to show is that the sequence (Fj)ren preserves the respect-
ive property of f. Then, since the even and odd subspaces are closed in Lz% T(Qo)
due to the Fischer-Riesz theorem, we may conclude the claimed result‘sw l‘oy ap-
plying Lemma to the approximation sequence from Theorem [3.15] We will
restrict ourselves to the case where f is even in v, since the other case works
completely analogously.

First note that the cut-off functions from the first step of the proof of The-
orem (3.15] are even in v, since they depend only on the particle energy and the
modulus of the angular momentum squared. Therefore, if f is even in v, this
property is preserved by the multiplication with these cut-off functions.

For the mollification to preserve this property, we have to choose the mollifyer
J to be even in w, i.e., J(r,—w,L) = J(r,w, L) for all (r,w,L) € R?® (in the
case where f is odd in v, we have to choose J to be even in w as well). Then,
one can easily verify that J * f" is even in w as well, since f being even in v
is equivalent to f" being even in w. This property is clearly also preserved by
convex combinations. O

From the skew-symmetry we can now finally obtain the desired skew-adjointness
quite easily. Before that, we recall the definition of the adjoint operator of D, see
[14] for details.

Let D*: D(D*) — L*, (Qo) denote the adjoint of D: D(D) — L*, (), note

1
1" B

that D is a densely defined operator on the Hilbert space L?, (). The domain

rate
of definition of D* is
D(D") i={f € 1%, (%) | 3C; > 0 ¥g € D(D): [(Dy, )1, | < Cylgll 3 } =

={fe L%,T(Qo) | 31k € L%,T(Qo) Vg € D(D): Dy, f) 1. = (g.h) 1 }.

T

In case of the second definition, D* is defined by D*f := h for f € D(D*).
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3 The transport operator

Theorem 3.18: D: D(D) — L?, () is skew-adjoint, i.e., D* = —D.

gall’
Proof: We show D* = —D in two steps:
C: Let f € D(D*) and h € L?, (£) such that <Dg,f>‘71| = (g, h>ﬁ for all
1" 2 4

g € D(D). In particular, since C}, () C D(D), we have
(f, D) 1 = (h&) 1

for all test functions £ € Cf, (). However, this means f € D(D) with
Df = —h by Definition |3.8|

U

: Let f € D(D). Corollary immediately yields

[’ [’

for all ¢ € D(D), i.e., f € D(D*) and D*f = —Df. O

3.3 Jeans’ theorem

In this section, we want to characterise the kernel of the operator D: D(D) —

L2, (Q). For smooth functions, it is well known that each element of this
T’

kernel depends only on the particle energy of f; and the modulus of the angular

momentum squared, ie., for all f € C! (Q) with Df = 0 on Qg there exists

g: R? — R such that
1
f(z,v) = g(E(z,v), L(z,v)) = g(§|v\2 + Up(z), |2 x v|?) for (z,v) € Q.

This has first been rigorously shown in [3] and is well known as “Jeans’ theorem”.
Indeed, this result is closely related to the fact that spherically symmetric steady
states of the Vlasov-Poisson system depend only on their particle energy and the
angular momentum, which was first suggested by J. Jeans [15, [16] at the begin-
ning of the last century.

Therefore, it seems convincing that every element in the kernel of the unbounded
operator D from the previous sections depends only on E and L as well. How-
ever, this is not as easy to show as one might think. In the Section [3.2] we could
reduce some properties of D to the respective properties on smooth function by
the approximation of Theorem [3.15] for example Corollaries and [3.17] How-
ever, the key for those results was that the properties had been preserved by the
mollification used in the proof of Theorem [3.15, Unfortunately, the mollification
of a function in the kernel of D does not have to belong to the kernel anymore.
Nevertheless, approximating an element from the kernel similar to Theorem |[3.15
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3 The transport operator

will turn out to be very helpful. Indeed, we will show that the distance between
elements of this approximation sequence and their projection onto the space of
functions depending only on (£, L) tends to zero.

To define the projection mentioned above, we first have to analyse the solutions of
the characteristic system in (r, w, L)-coordinates associated with the fixed steady
state fo. We refer to [4, 9, |L0] for a much more detailed discussion. The charac-
teristic system of D" takes the form

r=w :—¢L() L=0.

Let R >t +— (r(t),w(t), L) be an arbitrary global solution of this system. Since
the particle energy is conserved along these characteristics, there exists £ € R
such that £ = E(r(t),w(t), L) for all £ € R. We assume that the solution satisfies
L > 0 and F < 0, otherwise it is not of interest. For any ¢ € R we have

Yr(re) < ¢r(r(t)) < %UJQ(Z?) +¢(r(t)) =FE

and thus r_(E, L) < r(t) < r(E, L) by Theorem 2.4 Furthermore, solving for
w yields

F(t) = w(t) = £1/2E — 21 (r(t))

for t € R. Therefore, r oscillates between r_(E, L) and r(E, L), where 7 = 0 is
equivalent to r = r(F, L) and 7 always switches its sign when reaching r.(F, L).
By applying the inverse function theorem and integrating, we also obtain the
following explicit formula for the period of the r-motion, i.e., the time needed for
r to travel from r_(E, L) to r(E, L) and back to r_(F, L):

Definition & Remark 3.19: For L > 0 and ¢y (ry) < E < Ey let

T+(E7L) d
T(E,L) =2 / L ,
r(B,L) \/2E — 2 (r)

the period of the characteristic fixred by (E,L). Since E —1y(r) > 0 for
r_(E,L) <r <ry(E,L), the expression above is well defined. The finiteness of
the integral T(E, L) can be verified using Theorem :

T‘Jr(E,L) d?“
T(E,L) =2 / S
r(B,L) B —r(r )

r+(E,L)
§2/+ ry/r-(E,L)r.(E,L) 4 <
E,L) \/_\/7”+ L) —r)-(r—r_(E,L))
AL _, M

E’L/ —or 2 <
NG om‘” VI~ BT

where we used the substitution r = s(ry.(E,L) —r_(E,L)) +r_(E, L).

T‘
<2-=
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3 The transport operator

The projection onto the space of functions depending only on E and L can now
be obtained by integrating over the trajectories fixed by (E, L). Thus, for fixed
(r,w, L) €]0,00[xRx]0,00[ let R 5 ¢t — (R, W)(t,r,w, L) be the unique global
solution of the characteristic system

R=W, W =-yi(R)

satisfying the initial condition (R, W)(0,r,w, L) = (r,w). For the global existence
of the characteristic flow (R, W) see [27].

Definition & Remark 3.20: For f € L?, (Qq) (extended by 0 on R* x R?)
T
and L >0, ¥r(rp) < E < Ey let
1
PI(E,L) ::/ FRW)(t-T(E,L),r_(E,L),0,L), L) dt =
0

o /7“+(E7L) fr(r,\/2E — 21 (r), L) + fr(r,—+/2E — 241 (r), L)
(

 T(E,L) J,_ E,L) 2F — 2¢1,(r)

the average of f over the trajectory fixed by (E,L). Then Pf(E,L) is
uniquely determined for a.e. (E, L) € R? satisfying L > 0 and ¢ (ry) < E < Ey,
since changing to (r,w, L) and from there to (t, E, L)-coordinates yields

f(z,v)d(z,v) = 47° f (ryw, L)d(r,w, L) =

= 472 / / )-Pf(E,L)dEdL.
L(ry)
Further, a similar change of variables yields
1
Sy P E ) L) - o v) ) =
o, [¥'(E(z,

Pf(E,L) - Pg(E,L)dEdL =

= 47° / /
wL("'L

a |#'(E ( ,0))]

for all f,g € LL (Q). In particular, (Pf, f> 1 = ||73f||2 and therefore
o

IPFI* < ||f||21 , wher’e we identified Pf as 9 (m V) Pf( (x,v), L(z,v))
4 ]
by a slight abuse of notation.

Since in addition P [Qo > (x,v) — Pf(E(z,v), L(z,v)) € R] = Pf, the mapping

S, 0) - Pg(E(x,v), L(z,v)) d(x, v)

L% (Q0) 3 f [ 3 (x,v) = Pf(E(z,0), L(x,v)) € R] € L% ()

le| l¢1?
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3 The transport operator

15 indeed the unique orthogonal projection onto the closed subspace

Kp ={f cL* ,r(Q‘)) | 3g: R* - R s.t. f(z,v) = g(E(z,v), L(x,v))

2

for a.e. (z,v) € Qo} =
={f € L% (Q) | f(x,v) =Pf(E(x,v), L(x,v)) for a.e. (x,v) € Q}

\T

of L*, (), see [14] for details on the definition and uniqueness of orthogonal
4K

projections. Recall that L(x,v) > 0 and ¢¥r(ry) < E(z,v) < Ey for almost every
(z,v) € Qq, i.e., the mappings used above are a.e. defined on Q.
That Kp is a closed linear subspace of LLT(QO) can be verified by changing

PR
variables and using the completeness of weighted, two dimensional L?-spaces or

alternatively by applying the Fischer-Riesz theorem.

As motivated above, we now want to show the following generalisation of Jeans’
theorem:

Theorem 3.21: ker(D) = Kp.

Proof: To get started, we first show the easy inclusion. Let f € Kp, i.e., there
exists g: R? — R such that f(z,v) = g(E(z,v), L(z,v)) for a.e. (z,v) € Q.
We will show f € ker(D) with similar techniques like the ones we used to prove
Lemma [3.2l Let (X,V): R x R® x R® — R? x R? be the characteristic flow
associated with the steady state fp, see Lemma for a detailed definition.
Since F and L are conserved along characteristics, i.e.,

E(X(t,x,v),V(t,z,v)) = E(z,v), L(X(t,z,v),V(tz,v))=L(x,0v)

for z,v € R & t € R, we obtain

1
/Q @ ) V) dee) =

1
:/Qom'f(%v)'f(%v)d(%v)

for every ¢ € Ccl,r(Qo) and t € R by changing variables. Note that we used
f € Kp here to deduce that f is constant along characteristics. Thus

1
Ozatlt:() {/Qom-f(w,v)-f((X,V)(t,x,U))d(x7U) —
:/ ;-f(x,v).athzo [E((X,V)(t, x,0)]d(z,v) =

:/ ;-f(x,v)-l)f(m,v)d(x,v),
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3 The transport operator

where the compact support of the test function & € C.,(€) allowed us to switch
the order of differentiation and integration. By Definition the latter means
that f € D(D) with Df =0, i.e., f € ker(D).

As for the other inclusion, let f € ker(D), i.e., f € D(D) with Df = 0. As stated
above, we show f € Kp by approximation. We split this argument into several

steps:

)

Reduction to a compact support:
Just like in Theorem let xx € C*°(R) be a smooth, increasing cut-off
function satisfying

1
Xk(x) =0 for z < o Xe(z) =1 for

wlr—

for each &k € N. Now set

fe(w, v) = xi(L(x, ) - xe(Eo — E(x,0)) - f(x,v)

for (xz,v) € Qy and k € N. Since f;, — f in L2 (QO) as k — oo and Kp is

closed, it suffices to show f, € Kp for every k: E N to conclude f € Kp.
Thus, we assume that there exists m € N such that for a.e. (z,v) € Q with

f(x,v) # 0 we have L(z,v) > = and E(z,v) < Ey — = < 0.

Approzimation like in Theorem .'
Just like in the proof of Theorem [3.15 we can construct an approximation

sequence (F)ren C Cg5.(€20) such that

F, — f and DF, — Df = 0in L*, () respectively as k — oo,
[
where the supports satisfy
1
supp(Fy) C {(z,v) € Qo | L(z,v) > %}, k e N.

Furthermore, we have F] € C°(€)) for every k € N.

An auxiliary estimate — the heart of the proof:

As motivated at the beginning of this section, we want to show that the
distance between Fj and the projection PFj tends to zero as k — oo. To
prove this, we first estimate the distance between a smooth function and
its projection onto the space of functions depending only on E and L in
general:

Let £ € C., () with £" € C} () be arbitrary, but fixed. We will use the

abbreviation

C(t,E,L) = ¢ ((RW)(t-T(E,L),r_(E, L),0,L), L)
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3 The transport operator

fort e R, L >0 and ¥ (ry) < E < Ey, where (R, W) is the characteristic
flow in (7, w, L)-coordinates as used in Definition & Remark [3.19, For these
(E, L) we may therefore write

1
PeEL) = | (kB L)dt
0
By a slight abuse of notation, we will call the mapping

(x,v) — PE(E(z,v), L(x,v)),

which is defined a.e. on Qg, also P€. Then, changing to (¢, F, L)-coordinates
yields

I€ = PelPs, =
_47r/ / Iso /|<tEL) PE(E, L)|?dtdEdL =

_ / /wm i /1 C(t, B, L) - /gsEL)ds
<47r/ /¢r>|so //ygtEL ((s, E,L)[’dsdt dE dL,

where we used the Cauchy—SChwarz inequality in the last step. To estimate
the inner two integrals, we first consider the case where s <. With aid of
the main theorem of calculus we arrive at

t t t 2
/ 1 / C(t, B, L) — C(s, E, L)* dsdt = / o.C(. E, L) dr
0 0 s

0 0
1 t t 1
g/ /(t—s)/ |8T§(T,E,L)\2d7-dsdt§/ 0,¢(r, E, L) dr,
0 0 s 0

where we used the Cauchy-Schwarz inequality once again. By estimating
the part where s > ¢ in a similar way, we obtain

2 T(E,L)
1€ — 7>£H = 8 / /w( B / 8,¢(, B, L)]*dr dE dL.
Recall
0.C(r,E,L)=T(E,L)- (D"¢)(R,W)(r-T(E,L),r_(E,L),0,L), L)

for7 € R, L > 0 and ¢ (ry) < E < Ey by definition. Therefore, by using
the estimate of T'(F, L) from Definition & Remark we get

lE=Pels,

<327T4M4/ / | E L E4L/ (DEY (.. )|>dr dEdL,
Yr(rr) QO

where the omitted argument of (Dﬁ) is (R,W)(rT(E,L),r_(E,L),0,L), L.

2

dtdEdL <

dsdt <
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4) Conclusion:

We now want to apply the estimate from the previous step to the elements
of the approximation sequence. Due to the properties of the support of F},
for k € N, we obtain the bound

1 < 2m

FiL = B
for all L > 0 and ¢ (r;) < E < Ej for which there exists 7 € R and k € N
such that 0 # (DFy)"((R,W)(r - T(E,L),r_(E,L),0,L), L), recall again

that £/ and L are conserved along characteristics. Using this inequality and
changing back into (x,v)-coordinates, we finally arrive at

||Fk_,PFkH% <
< 64rt MY

(DF) (.. ) drdEdL =
0E4/ /wL(TL |<P /

= 16W2M§E_§HDFI€H% —0as k — oo.

Hence, since Fj, — f, we obtain PF, — f in L* (Q) for k — oo as
I’
well. Since Kp is a closed subspace of Li (Qo) and (PFy)ren C Kp, we
|7
conclude f € Kp. m

Remarks:

9

b)

To prove Theorem we did not use the already known Jeans’ theorem
for smooth functions. Instead, we provide a “new” proof, which also works
for the weak version of D. Note however that our proof relies on the form of
the characteristics in (r,w, L)-coordinates in a crucial way (since we used
them do define the projection P). In [5], these properties of (R, W, L) were
the key ingredient for the proof of Jeans’ theorem as well.

Another possible approach to the kernel of D is by interpreting D as the

infinitesimal generator of the unitary C°-group (U(s))ser on L? "1 (),
ToT"
see Remark-for details. Then, Df =0 for a function f € D(D) can be

interpreted as Os }S: [U(s)f] =0 in the Bochner-sense. This instantly leads
to

ker(D) ={f € D(D) |U(s)f = f for every s € R}.

However, showing that the set on the right hand side equals Kp does not
seem to be easier than what we did to prove Theorem |3.21. The latter is
the main reason we did not pursue this alternate definition of D.
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3 The transport operator

c¢) In a similar way as done in this chapter, one could also define the transport
operator in a weak sense on non-radial functions by dropping the assumption
of spherical symmetry from all function spaces involved.
More precisely, for f € L} (), Df exists weakly, if there exists W €

loc
Li,.(Q0) such that for every test function & € CH(Qy),

1 1
_f.pgz_/ [-€.
/QO |’ o E| Qo | 0 E|

In this case Df = i weakly. The domain of D is defined as

D(D) = {f € L* (Q) | Df exists weakly and Df € L*1 (Q)}.
e’ e’

Then the resulting operator D: D(D) — L2, (Q) is linear and densely
defined on L*, ().

Furthermore,wthere holds an approximation result similar to Theorem |3.1
for D as well, from which the skew-symmetry and skew-adjointness of D
follow just like for D.

However, due to the differing classes of test functions, it is not clear whether
or not D is indeed the restriction of D on spherically symmetric functions,

i.e., if

4

(S0)

van L

D and D,
[

equal.

Newvertheless, for the application in the following chapters as well as in [9,
19/, this uncertainty is insignificant, since the transport operator is only
needed on spherically symmetric functions there.
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4 The Guo-Lin operator

In this whole chapter, let fo = ¢ o E be a fixed isotropic state in the sense of
Definition[2.2] In addition, we assume that ¢ is decreasing and that the derivative
is bounded near the cut-off energy Ey, i.e., ¢’ < 0 on|—o00, Ey[ and ¢’ is bounded
on [n, Ey| for all n < Ej, note that ¢’ is continuous by definition.

This turns out to be a real restriction on the class of steady states which we can
handle with our approach. For example, isotropic polytropes (Ey — E)’_i with
0 < k < 1 do not satisfy the boundedness condition. Nevertheless, isotropic
polytropes with & > 1 and the equally important King model (e®o~# — 1) , can
still be considered.

Just like in the previous chapter, let €0y denote the set where fy does not vanish,
that is to say

Qo = {(z,v) € R’ x R?| fy(z,v) # 0} = {(z,v) € R* x R* | E(z,v) < Ep}.

Note that Q9 C R3 x R? is a bounded domain. Let Ry, Py > 0 be some fixed
radii such that Qg C Bg,(0) x Bp,(0).

The aim of this chapter is to define a certain operator, the “Guo-Lin operator”,
and prove a coercivity estimate for the operator and a finite dimensional approx-
imation. The latter will turn out to be a key tool for proving the non-linear
stability of the King model in Chapter [5] Related techniques have also been used
in [19] to show the non-linear stability of steady states also depending on the
modulus of the angular momentum squared.

4.1 Definition

Before getting to the desired coercivity estimate, we have to define the operator
in question and prove first properties of the appearing quantities. We start by
defining radial Sobolev spaces, on which the operator will be defined:

Definition 4.1: For k € Ny and 0 < R < oo let
H¥(BRr(0)) = {¢ € H*(Bg(0)) | v is spherically symmetric a.e. on Bg(0)},

where Boo(0) == R and H*(Br(0)) is the usual Sobolev space of order k over the
set Br(0), see [, |21]. Here, a function is called spherically symmetric a.e. on
Bgr(0), if its extension by 0 is spherically symmetric a.e. on R? in the sense of
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4 The Guo-Lin operator

Lemma & Definition [2.9. As usual, we denote L2 == HY.
Analogously, set

HY(R?) = {¢y € H'(R®) | ¢ is spherically symmetric a.e. on R®},

see Sectz’onfor a detailed definition of the homogeneous Sobolev space HI(R3)
and its properties.

Next, we want to define a similar projection like the one from Definition & Re-
mark [3.20] of these radial L?-functions.

Definition 4.2: For ¢ € L?(Bg,(0)) and L > 0, ¢(r;) < E < Ey let

. ) r+(E,L) ¢r (7")
PUs,L) = T(E,L) /r_m) 2F — 20..(r) an,

where T is known from Definition € Remark . Also, r(E,L) < Ry since
E(ry(E,L),0,L) = E < Ej.

Note the similarity to the projection defined in Definition € Remark [3.20. In
particular, PY(E, L) can be interpreted as the average of 1 over the trajectory
fized by (E, L). With slight abuse of notation, we call the mapping

(x,v) = PY(E(x,v), L(z,v))

P again. In the same way as in Definition & Remark [3.20, the latter is well
defined a.e. on Qy. We will extend this function by 0 on the whole space R3 x R3.

Lemma 4.3: The mapping P from above has the following properties:
a) For any ¢ € L*(Bg,(0)) we have Py € L2, (Q) with

l’],r
[Pl < Ml < Cllvlle2sg, o)

where C' > 0 depends only on the steady state. This means that the linear
operator P: L(Bg,(0)) — Li, () is continuous. We refer to Defini-
tion 3.5 for the definition of weighted L?-spaces over Qy and their norm.

Here, 1 € L*(Bg,(0)) becomes a function on Qg by simply dropping the v-
dependency and restricting the arguments to g, i.e., we take Qy 3 (z,v) —

P(z) € R,
b) For any v € L?(Bgr,(0)) we have

(¢ o E)-Py €ker(D) and (¢ o E) - (v —PyY) L 1 ker(D),

I’

where the latter means (Y — P, f) 1 =0 for every f &€ ker(D). Note that

#|
(¢ oE)=—|¢ o E|l and (¢’ o E)-ge€ L*, (Q) iffg € L|2<p,|7r(Qo).

1
l1”
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4 The Guo-Lin operator

Proof:

a) The second inequality is a direct consequence of the boundedness of ¢’ on
[Uo(0), Ep[ and the one of g in v.
For the first estimate, we change from (z,v) to (r, E, L)-coordinates to get

(P, ) = / (B, )] - Pola,v) - () d(z,0) =

r+(E,L) ¢T(T)
= E. L drdEdL =
= / /¢L TL) E)l - Pyt >/T‘(E7L) 2 —2¢(r) '
T(E,L)
=8 (P — < dFEdL =
= [ /Qp PRGOS
i ' (E(z,0))] - (PY)*(z,v) d(z,v) = | PY[[}.
Thus,

0 < 1Py = ¥lliy = IPYIiy — 2Py V)i + 1915 = ¢l = IPYIE,

which implies the desired inequality.

b) From the first part it follows that Py € Ll2 g0’|,r(Q0>7 from which we imme-
diately conclude (¢’ o E) - Py € ker(D) by the explicit characterisation of
ker(D) from Theorem [3.21]

As for the second claim, let f = g(E, L) € ker(D) be arbitrary. Then a
similar change of variables like the one above yields

(o B)- P f) o = / Po(z,v) - f(z,0)d(z,v) =

T(E,L)
= — E L E.L)-
s / /wL(TL)pw g< ’ ) 2

) AED () _
— 82 / /w - / o BEC3 T drdEdL =
=~ [ @) ) e) = (¢ o B) . )

dEdL =

note that all integrals are finite. O]

We are now able to define the operator with its quadratic form.
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4 The Guo-Lin operator

Definition 4.4:
a) Let
ICo: LA(R?) — LZ(]RS)
¢|—>47T/ | (E(-,v))| - Py(-, dv—47r/ | (E(-,v))|dv - .

Here, we extend ¢’ by 0 on R, i.e., ¢ (E(x,v)) =0 if (z,v) & Q. Note that
Koh € LA(R3) for h € LA(R?) follows by the boundedness of @' o E and its
support together with Lemmal[{.5 Now let

Ao H(R?) — L2(R?), Ay = —A+ K.

We will call Ay the Guo-Lin operator because of its appearance in [9].
Clearly Ay preserves spherical symmetry, i.e., Aogh € L2(R3) for h €
HZ?(R3).

b) The quadratic form associated with Ay can be written as
(Ao, )2 = [[VY[[3 + 4 (IPLIF = I1¥[1F0)

for ¢ € HZ(R®), where we integrated by parts and used (P, ¢) =
||771PH|2W,| from the proof of Lemma . Note that the latter expression is

even defined on H'(R®), since H'(R?) C L?(Bg,(0)) by Definition|2.5. We

therefore set
(Ao, )2 = VO[3 + 4m (1Pl — 11l
for each 1 € H(R?).

Just like the semi-norm ||V - ||, on H'(R3) itself, it turns out that the quad-
ratic form associated with the Guo-Lin operator is invariant under addition of a
constant, more precisely:

Lemma 4.5: For any ¢ € H (R?) and C € R we have

(Ao( + C), ¥ + C)a = (Ao, ¥)2.

Proof: Clearly, V(¢ + C') = V1 in the weak sense. Moreover, PC = C and
(P, C) 1| = (¥, C)| by similar computations like the ones we used to prove
Lemma [4.3] Therefore, expanding the norm yields

(Ko(v +C), 1+ Ca = A ([P0 + O)liy — Il¥ + Clif)) =
=47 (IPYIE — 1¥lE) = (Kow, ¥)a. O
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4 The Guo-Lin operator

4.2 Coercivity

The aim of this whole chapter is to prove a coercivity estimate of the following
kind:

(Aot 1)

inf —— >0
verm @) Julzo Y] ’
for some reasonable norm || - ||. This turns out to be the most important tool to

show the non-linear stability of the King model in Chapter [5}

Y. Guo & Z. Lin presented an estimate like this in [9] using the H'(R?*)-norm
and restricting themselves to the space H?(R?). Unfortunately, it turns out that
this result does not hold true:

<A0¢7 77ZJ>2

Theorem 4.6: in —
veH2(R3)ullz20  [[Y]|3

<0.

Proof: Consider a sequence of smooth and spherically symmetric cut-off functions
(Xr)ken C Co2(R?) with the following properties: 0 < x;, <1 on R?, x; = 1 on
By(0), supp(xx) C Bis1(0) for all & € N and (||Vxx|loo)ken, (J[D*Xk|loo)ren are
bounded.

Now, for every k € N let

Xk
BHIE

Uy, =

Our aim is to show that (Agt, ¥r)2 — 0 as k — oo, since ||1)||l2 = 1 for all
k € N by definition and clearly ()reny C HZ(R?).
Indeed, since 0 < xj, < 1 on R?, x; = 1 on By(0) and vol(By(0)) = 5k, the
denominators above satisfy

4r

x5 > gk’g

and thus

1
3 2
Vk]|oo < (47rk:3> —0 as k — oo.

To show the desired convergence, we now estimate each of the three terms occur-
ring in the sum (Ag, 1)o separately:

1) From the boundedness of (|| Vxk||s)ken and Vxy, vanishing outside of By1\
Bi(0) with vol(Byy1 \ Bi(0)) < Ck? for some constant C' > 0 independent
of k, we easily obtain

2
||v¢kr\3=/ M@ g0 2 € 0 as k- oo
R3 ||Xk||2 k
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4 The Guo-Lin operator

2) [|¢/(E(-,v))|dv e L' N L>*(R?) yields
el <11 [ B o) doll - [l 0 as k= o
3) The convergence [Pl — 0 for & — oo follows directly from the con-
vergence of the second term together with Lemma [4.3] O]
Remarks:

@)

b)

One can even show that Ko is relatively (—A)-compact, where A is inter-
preted as the Laplacian on the space of spherically symmetric functions,
i.e., A HX(R3) — L2(R®). By Weyl’s theorem, we have

Uess(AO) = Oess(_A> = [07 OO[

The idea behind the sequence (Vy)ren from the proof above is that it is a
Weyl sequence for —A and 0. Therefore, by the relative compactness, it is
also a Weyl sequence for Ay and 0. We refer to [14] for all these rather
abstract results from spectral theory.

In our decreasing case, i.e., ¢’ < 0 on |—o00, Ey|, we know a priori that
infyep2rs) (o1 (Ao, )2 > 0 by the instability criterion from the first part of
/9] and the well known non-existence of exponentially growing radial modes
for decreasing models like fo, see (5, |17]. Hence, we even obtain

<~A0¢7 ¢>2 —0.

YeH2(R), [pla20 ||| |3

The error in the proof in [9] is that the embedding HF(R?) C L3(R3) is not
compact for any k € N, see [0] for a counterezample. Also note that we can
not restrict ourselves to a bounded set, since the desired estimate will be
used on gravitational potentials in Chapter[d, which do not have a compact
support in general.

Theorem [4.6| illustrates that every norm containing the L?-norm, like || - || z1(gs),
can not be considered to show the desired coercivity estimate. However, it turns
out that H!(R?) with its semi-norm ||V - ||5 is the right space for this result.

A first evidence for this is that the quadratic form associated with the Guo-Lin
operator is invariant under addition of a constant just like the semi-norm ||V - |2
itself by Lemma [4.5]

Also

note that H'(R®) is a very natural space for gravitational potentials of

smooth & spherically symmetric solutions of the Vlasov-Poisson system to be
part of, since their derivative is in L*(R?), but the function itself may not be
quadratically integrable over the whole space R3.

We therefore want to show the following:
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4 The Guo-Lin operator

Theorem 4.7: Let

Ao = inf Aov,¥)s € RU{—o0}.

verh @) [vulbzo || V3
Then \g > 0. In particular, for every 1 € H} (R3) we have
(Aoth, Y2 > Ao V|3,

We split the proof of this very important theorem into several parts. First, we
show that the infimum is obtained by a non-constant function. After that, we
will prove that the quadratic form of this minimizer does not vanish. It turns out
that the latter result relies on the Antonov coercivity bound [2] in an essential
way.

Proposition 4.8: At least one of the following statements is true:

(i) The infimum o from Theorem s obtained by a non-constant function,
i.e., there exists vy € HY(R?) such that ||Viby|l2 # 0 and

<A0¢07 ¢0>2

= \o.
IVebolI3 ’

(ii) Ao = 1.
Proof: We split the proof of this result into several steps:
1) An improved minimizing sequence:

Let (xk)ren C H'(R®) be a minimizing sequence for the infimum in The-
orem (4.7, i.e., [[Vxi|l2 # 0 for & € N and

<~A0Xkan>2
VXl

We will modify this minimizing sequence such that its integral over B, (0)
vanishes and that it takes a constant value in the H'(R®) semi-norm, i.c.,
we consider the sequence (Vg )ren C H} (R?) given by

1
Y= —=—— [ x —f Xk(z) dx
’ HVXkH2< ’ Bry (0) 1)

for k € N, where f;, = vol '(Q) - [ for suitable Q C R®. As motivated

above, we clearly have 1, € H'(R?), J5s (o) Y1 =0 and ||V ||z =1 for all
0

k € N. Additionally, Lemma [4.5] implies

— Ao as k — oo.

<-AOXkan>2
IV x|l

which means that (1 )ken is still a minimizing sequence.

Ao < = (Ao¥k, V)2 = 1+ 4m (1Pl — lonllfs)
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4 The Guo-Lin operator

2)

Convergence of the sequence:

Since (|| Vog||2)ken is bounded, we know that after extracting a subsequence,
again denoted by (¢ )ren, (Vbr)ren is weakly convergent in L*(R?; R?) due
to the Banach-Alaoglu theorem, see [21]. Thanks to the compact embed-
ding from Lemma [2.8] this causes (¢;)ren to have a (strongly) convergent
subsequence in L*(Bg,(0)).

However, to obtain the limit on the whole space R?® and show its spherical
symmetry, we have to iterate Lemma [2.8

Coincidence of the limits and spherical symmetry:

Let x € L*(R? R3) be such that Vi, — x in L*(R3;R?) as k — oco. Fur-
thermore, as stated above, there exists 1) € L?(Bg,(0)) and a subsequence
(wi)k@\] C (@ij)keN such that

Ui — by in L*(Bg,(0)) as k — oo.

For this limit we obtain Vi) = x in D'(Bg,(0)), i.e., as a weak derivative
with test functions in C°(Bg,(0)). The latter is a direct consequence of the
two convergences. In addition, since the spherically symmetric subspace of
L*(Bg,(0)) is closed due to the Fischer-Riesz theorem, we also obtain the
spherical symmetry of the limit, i.e., ¥4 € L?(Bg,(0)).

By applying Lemma to Bag,(0) and a similar argumentation, we also
get the existence of 17 € L?(Bsg,(0)) and a subsequence (12 )reny C (U1 )ren
such that

V2 — CF — 7 in L?(Bag,(0)) as k — oo,

where C} = fBzRO © Y2(x)dz is needed for the sequence to satisfy the

conditions of Lemma . Note that the subtraction of C? does not affect
the ||V - ||2 semi-norm and therefore also not the ||V - [|s-boundedness of
the sequence. In the same way as above this yields 92 € L?(Bag,(0)) and
V2 = x in D'(Byg,(0)). In particular, Vo) = Vi in D'(Bg,(0)), which
implies that there exists a constant C? € R such that 1§ = 2 + C? a.e. on
Br,(0).

We can now define the desired (global) function as

Yo = g + C* on Bag,(0).

[terating this argument, we get a function 1)y defined on the whole space R?
such that 19 = 15 a.e. on Bg,(0), v € L}, (R*) and Vi) = x in D'(R?).

Altogether, 1)y € H(R3) and, after extracting a subsequence of (¥y)ren
which shares its name with the original sequence,

Y, — o in L*(Bg,(0)) and Vi, — Vb in L*(R*R?) as k — oo.
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4 The Guo-Lin operator

4)

The limit 1s non-constant:
Lﬁ?ma yields ¥ — 19 and P, — Pi)g in qu},‘(Qo), from which we
obtain

1Pl — ellty = 1PYollf — l1vollfy as k — oo

and subsequently

Ao = 1+4m ([[Pvolliy — [¥olli) -
Now there are two possible cases: If [|Pyol[?,
Ao = 1.
Otherwise we have [|Pyy||?, < [[¢o[?, by Lemma 4.3, which also leads to
Vo ||z > 0. To see the latter, let ¢ = 1o — fBR(O) Yo(x) dx, which clearly
satisfies [ By (0) 1;0(36) dx = 0. Moreover, Lemma yields

= [[¥ollf,, we instantly get

||P1/~}0||\2<p’\ - ||ILO||\2¢’\ = ||P¢0|||2<p’| - ||¢0|||2<p’| <0,
and consequently
0 < [PPollipr < Yol < Clldboll 2 (s, o)) < ClVoll2 = ClI Vo2,

where we used Lemmata 2.6 and [£.3] Here, C' may change with each in-
equality, but still depends only on the fixed steady state fo.

The infimum is obtained by the limit: ‘
We even get |Vl = 1 in the latter case. Indeed, 1y € H'(R?) and
IVboll2 # 0 lead to

Aotbo,
Ldr ([Pl — [oll) = Ao < 0% V002

||V@/Jo||§
4
=1+ P — ||
by definition of the infimum Ag. This shows [[Viy|l2 > 1. On the other
hand, the weak lower semicontinuity of || - [|o (cf. [21]) yields

k—o0

Thus, we finally obtain

<A01/J07 ¢0>2 .

O
V4ol |3

Ao =1+4n (!|73¢0H|2¢| - H1/10|||2¢/|) = (Aoto, Yo)2 =
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4 The Guo-Lin operator

Usually in proofs like the one above, one of the hardest steps is to show that the
limit of the minimizing sequence has non-vanishing norm, i.e., ||Viyll2 # 0 in
our situation. However, this has been done rather quickly, since ||V - ||3 is one
summand of the quadratic form and therefore a vanishing norm of the minimizer
would instantly imply Ag > 0. Abstractly speaking, this can be interpreted as
the relative (—A)-compactness of A, discussed in the remark above, cf. [14].

Since the second statement from the proposition above would instantly prove
Theorem 4.7 we only have to consider the case where the first one is true. It

therefore remains to show that the operator (i.e., its quadratic form) is positive,
which means that for any ¢ € H!(R?) with ||[V1]|s # 0 we have

(Ao, ¥)2 > 0.

This has been done in [19] in a quite similar situation. Nevertheless, we present
the required tools here as well.
Just like in 9], the positivity of the quadric form crucially relies on the coercivity
of the Antonov functional, which has first been shown by V. Antonov in [2]. We
therefore introduce this result:

Definition & Lemma 4.9: The Antonov functional (on smooth functions)
s given by

1 1
A: Co(Q) = R, A(f) = SIIfI% = —N10:Ur 3,
2 Wl 8w
where Uy = —%‘*ng f(-,v) dv is the gravitational potential generated by f. Since

the gradient of potentials induced by smooth and compactly supported functions
is square integrable (see [21]), the expression above is well defined. Furthermore,
the following coercivity estimate holds true:

For all f € C%() odd in v, ie., f(x,v) = —f(x,—v) for (x,v) € Qy, we have

where D is the transport operator from Definition[3.1) and 0,Uy denotes the radial
deriwative of the steady state potential.

We will not prove the “Antonov coercivity bound” here, but refer to [10] for a
detailed proof, where an even sharper estimate has been shown. A similar result
in the case where the steady state also depends on L can be found in [19).

We have now finally collected all the tools to prove Theorem [4.7}

Proof of Theorem[{.7:  Suppose that the first statement from Proposition 4.8
holds true, otherwise we could immediately conclude Theorem [4.7, Thus, let
1y € HY(R?) be such that || V|2 = 1 and

Mo = (Aot to)2 = L+ 47 ([Pollf) — Ivolly) -

It remains to show that (Agtg, )2 > 0, which we do in several steps:
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4 The Guo-Lin operator

1)

Approximation:
By Lemma |4.3| we know that

(¢ 0 E) - (o — Pio) € ker(D)*,

where | works with respect to (-, ) -

@

As a densely defined linear operator on the Hilbert space L%, (€q), D
1"

satisfies

ker(D*)* = im(D),

cf. [14]. Using the skew-adjointness of D from Theorem [3.18| we therefore
obtain

(¢' 0 E) - (o — Piy) € ker(D)* = im(D).

We can not stress the importance of the latter statement enough. Note that
we used the explicit characterisation of ker(D) from Theorem to show
(¢' 0 E) - (thg — Phy) € ker(D)* and Theorem to conclude D* = —D.
In fact, this result is the main reason why we went on the effortful journey
of defining D in a weak sense and investigating its properties in Chapter [3|
Clearly, since (19 — Pt)y) depends only on r, E and L, we also know that
(/o E)-(1hg—P1y) is even in v a.e. on Qq, i.e., (¢’ 0 E) - (1bg—Pibo)(z, —v) =
(¢ 0 E) - (g — Pio)(x,v) for a.e. (z,v) € Q.

Improving the approximation sequence:
From the first step of this proof we obtain the existence of a sequence
(hi)ren C D(D) such that Dhy — (¢’ o E) - (b9 — Piby) in L*, () as

1

]
k — oo. By applying Theorem [3.15] we even get a sequence (;’f smooth
functions (f)ren C Cg5.(Q0) such that Dfy — (¢ o E) - (g — Pihy) in

L2, (Q) as k — oco.

I’
Corollary shows that D reverses v-parity. We therefore want to use
the fact that (¢’ o E') - (¢ — Py) is even in v to improve the approximation

sequence even more:
For k € N and (z,v) € Qy we set

Filw,0) 3= 3 (fu(e,0) = fule, —))

Obviously, Fy € C25.(€) is odd in v for each & € N. An easy computation
yields D [fi(-, —)] (z,v) = =D fp(z, —v) for (z,v) € Qy and k € N, where
(=) = [0 > (z,v) = fr(z,—v)]. Since the limit (¢’ o E) - (b9 — Py)
is even in v a.e. on {1y, we also obtain

DF;, — (¢' o E) - (o — Pibg) in L?1 (Qo) as k — oo.

I’
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3) The connection between Ao and the Antonov functional:
Using the approximation sequence from the second step, we arrive at

Ao = <A01/107¢0>2 =1+4nr (||P¢O||\2¢'\ - ”%Hio’\) =
= 1+ 4rl|po — Pl — 87 (tho — Pbo, tho) ) =
= L+4nll(¢"e B) - (do = Pro)lls +

- 87r<(<,0’ o E) - (vo — Piy), (90/ ok)- ¢0>ﬁ =

= klim (1 + 47| DF||*. — 87(DFy, (¢’ o E) - ¢0>1) :
—00 [’

I’

For k € N let Upp, = —ﬁ % [s DFy(-,v) dv denote the gravitational po-
tential induced by DF},. Since DF}, € C}(€y), it follows from basic poten-

tial theory that UDFk € 02(R3) with VUDFk < LQ(R3;R3> and AUDFk =
A [os DFy(-,v) do, cf. [21]. Thus

—8m(DFy, (¢’ 0 E) - o) 1 = 81(DFy, thy)2 =

_1_
I’

= 87T/ Yo(z) | DFyp(x,v)dvde =2 [ to(z) - AUpp, (x)dx =
R3 R3 R3

. / Vio(z) - Vg, () dz > ~2[ Vol - VU [l2 >
RS
> — (||V¢0||§ + ||VUDFk||§) =— (1 + ||VUDFk||§)

for every k£ € N, where we used the inequalities of Cauchy-Schwarz and
Cauchy.

Admittedly, one step in the computation above has not been justified yet,
namely the integration by parts

Yo(z) - AUpp, (z)de = — | Viho(z) - VUpp, () d.
R3

R3

Indeed, ¢y € L}, (R?), AUpr, € C.(R?) and Vi, VUpr, € L*(R%R?),
which means that both integrals exist. Since 1y € H'(R?), it seems very
convincing that this formula holds true. However, potentials of general com-
pactly supported smooth functions do not need to have a compact support,
i.e., they are not in the class of test functions used for weak derivatives.
Moreover, any attempt of cutting off the functions involved fails due to the
fact that 1)y itself does not have to be square integrable over the whole space
R3. In fact, we need an additional property of potentials induced by the
images of the transport operator D. To give this property its well deserved
appreciation, we will justify the integration by parts formula at the very

end of this proof.
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4 The Guo-Lin operator

Inserting the estimate from above into the equation for \y, we now obtain

Ao = khm (1 + 47THDFkHi — 87T<DFk, ((70/ o E) . w0>|1|> >
—00 P o’

> lim sup (47r|]DFkH21 — HVUDFkﬂg) = 87 limsup A(DFy),
k—oo [’

k—o00

where A is the Antonov functional known from Definition & Lemma (4.0

Conclusion by Antonov’s coercivity bound:
The Antonov coercivity bound from Definition & Lemma [4.9] yields

. 1 0, Uo(|]) 2
A 247rhrnsup/ . NFg(x,v)|* d(x,v).
02 TR Jo P B e

In particular Ay > 0, since 0,Uy > 0 on [0, 0o by Remark .
Now suppose A\g = 0. Once again using the coercivity bound, this would
lead to

I 1 0. Up(|z|)
im :

koo Jo, [@'(E(z, )] x|
Let £ € C.,(f0) be a test function whose support is bounded away from
{z =0}, i.e., supp(§) C Qo \ ({0} x R?). Then

(& (¢ 0 E) - (Yo — Pi)) lim (§, DFy) 1+ = — Jim (Df Fk>i

T koo Tl I
by Lemma [3.2] Indeed, by applying the Cauchy-Schwarz inequality we even
obtain

0 <& (¢ 0 B) - (o — P)) 1 | = lim |(DE ) 4 | <

1 2
<10ely o (., GG i)

Since 0,Uy(r) = mO(T) > 0 for » > 0 in our case of an isotropic model, there
exists a constant c > 0 depending on the test function ¢ such that

0rUo(|z])

|z]

| F(,v)]? d(x,v) = 0.

> ¢ for (z,v) € supp(§).

Using the Antonov coercivity inequality, we therefore conclude
(& (¢' 0 B) - (Yo = Pebo)) 1, = 0 for all € € CL, (% \ ({0} x R?)).

Since Yy — P1)y is spherically symmetrlc on )y just like the test function,
changing to (r,w, L)-coordinates and the Du Bois-Reymond theorem yield
o — Ptbg = 0 a.e. on Q. However, similar to Proposition [4.8] this imme-
diately leads to Ao = 1, which is the desired contradiction.

We have therefore shown Ag > 0.
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4 The Guo-Lin operator

5) Justification of the integration by parts:
Let k € N be fixed and ppp, = [ DFy(-,v) dv € C}(R?) be the spatial
density induced by DF},. Then ppp, has vanishing mass, i.e.,

/ ppr, () de = / / [v- 0. Fy(z,v) — 0,Up(x) - OpFr(x,v)]dvdz =0,
R3 R3 JR3

where we integrated by parts to get

/ v - Op F(x,v) d:p:v-/ Oy Fy(x,v)dz = 0 for v € R?,
R3

BRO (0)

/ 0.Up(z) - Oy Fy(x,v) dv = 9,Up(x) - / Oy Fy(z,v) dv = 0 for x € R,
R3 By (0)

In addition, DF} inherits the spherical symmetry of Fj by Lemma [3.3]
Consequently, ppr, and the potential Upg, are spherically symmetric on R?
as well. By using the radial Poisson equation for Upp, similar to Remark [2.3]
we therefore obtain

s
VUr, () = 75 / ( )pDFk(y) dy for = € R\ {0},
By (0

in particular VUpp, (z) = 0 if |z| > Ry. Thus, VUpp, € C}(R?* R?), which
means that in both sides of the integration by parts formula in question we
can restrict ourselves to an open & bounded set 2 C R3, where we know
that ¢y € H'(Q). This verifies the integration by parts and concludes the
proof of Theorem O

4.3 Finite dimensional approximation

It turns out that we do not need the coercivity of the whole Guo-Lin operator for
the stability result in Chapter 5] but the one of a finite dimensional approximation
of the operator. In this section we therefore want to approximate the Guo-Lin
operator Ag by replacing the projection P with a finite sum. We prove a coercivity
result similar to Theorem for this approximation as well.

To approximate the projection P finite dimensionally, we need an orthonormal
basis of the projection space of P, i.e., the space of functions depending only on
the particle energy and the modulus of the angular momentum squared:

Definition & Lemma 4.10: There exists an orthonormal basis (by)ren C CH()

of
kp = {f € Ly,() | |¢' 0 E| - f € ker(D)}
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4 The Guo-Lin operator

with respect to the scalar product (-, )y, i.e., by € kp, (bg, b)) || = 0% fork,l € N
and for all f € kp we have

n

Z(f, bi) | )be — f in L|2§D,|(QO) as n — oo.

k=1

In addition, we may choose by to be constant on ).
Note that as a closed linear subspace of Lﬁp/‘r(Qo); kp s a Hilbert space with
the same scalar product as well. Furthermore, C1(Qy) C L2, () due to the

l’],r
boundedness of ¢’ and €.

Proof: As a separable Hilbert space, kp has an orthonormal basis, see [13]. Tt
remains to show that this orthonormal basis can be chosen to contain only smooth
functions as claimed:

For this sake, we have to work in the transformed (E, L)-space. Let

Q(’)EL ={(E(z,v), L(x,v)) | (x,v) € Qo, x X v #0} =
={(E(r,w,L),L) |r,L >0, we€ R with E(r,w, L) < Ey}

denote the image of Qy under the mapping (F, L). To investigate the shape of
QF*, note that E(r,w, L) = fw?+1(r) > ¢r(ry) = E(ry,0,L) forr > 0, w € R
and L > 0 by Theorem [2.4] Thus,

05t = U [Wr(rr), Eo[x{L},
L>0
where [t (rp), Eol:= 0 if ¢p(ry) > Ey for some L > 0. Since |0,00[3 L
i (ry) € R is continuously differentiable by Theorem , we therefore obtain
the measurability of QY C R? and that the boundary of QFF is a set of measure
zero in R2.
Now, consider the weighted two-dimensional L? space

L|2¢,|T(QOEL) = {g: Q" — R measurable | ||g|||,r < 0o},

where
ol =47 | BN TE.L) 9B D) A(E. L)
0

and T is known from Definition & Remark and is well defined on QFF. Then
L|2 S0/|T(QOEL) = L|2@/|T(int(Q§L)) has a dense and countable subset containing only
smooth & compactly supported functions, i.e., there exists a sequence (xx)ren C
Ce(int(QF")) such that {x) | k¥ € N} C Lf, (") is dense with respect to
| [} where int(QF") denotes the interior of QF". Since rp = L7 (") by

changing variables, we obtain the density of {& | k¥ € N} in kp with respect to
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4 The Guo-Lin operator

|- |l if we set & (z,v) == xu(E(z,v), L(z,v)) for (z,v) € Qy and k € N,

Moreover, & € C}(€y) for k € N due to the smoothness and support prop-
erties of x,. From this countable dense subset we can explicitly construct an
orthonormal basis of xkp using the Gram-Schmidt orthonormalisation process,
see [13]. The resulting basis functions are linear combinations of elements of the
sequence (&g)ren, which means they inherit the smoothness of (& )gen. Starting
the orthonormalisation process with a constant function completes the proof. [J

In the following, we will work with one fixed orthonormal basis (by)ren satisfying
the properties from above. Since such a basis is far from unique, all the following
definitions depend on this choice. However, the results we will prove hold true
for every basis.

Also note that, different to Guo & Lin in [9], our orthonormal basis is not sep-
arated in (F,L). Indeed, even finding a separated orthonormal sequence is not
as straight forward as one might think, due to the non-separated weight T'(E, L)
appearing in the transformed integrals. However, for the application in Chapter
it is not needed for the orthonormal basis to have this property.

We will now define the approximated version of P and prove that it really ap-
proximates P:

Definition & Lemma 4.11: Forn € N let

’P"’L: L|2<p’|,7"(90) - L|24,0’|,7"(Qo)a Pnf = Z(f? bk>|(,0/|bk
k=1
Obuviously, P, is a well defined, linear & continuous operator on L|2<p’|,r(QO>' Fur-
thermore, for each 1 € H}(R3) we have

Py — P in Lﬁp,‘(Qo) as n — 0o,
where P is known from Definition [{.9

Proof: To show the claimed convergence, we first extend P on the whole space
L%, ,(Q) similar to Definition & Remark@, ie,let Pt L, (Q0) — Lt ()

be defined by
Plf(x,v) = /1 f"(R,W)(t-T(E,L),r_(E,L),0,L),L)dt =
0

1 /r+<E,L> fr(r, /2B = 201(r). L) + f7(r, —2E — 201 (r). L) .

T(E,L) )i g1 2FE — 29y (r)

for a.e. (z,v) € g, where we used the abbreviations £ = E(x,v) and L = L(z,v).
In addition, let

7)2: L|2<p’|,r(QO) - L|2@’|,T(QO)7 P2f = nh—>nolo Pnf = Z<f7 bk>|<p’|bk7
k=1
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4 The Guo-Lin operator

where the limit is taken with respect to || - [||,7. Since (by)ren is an orthonormal
sequence, P? is well defined by Bessel’s inequality (cf. [13]).

It now remains to verify that P and P? are both orthogonal projections onto
the closed subspace kp of Llsa 1.-(80), 1e

PP =P = (P)* and im(P') = kp

for i = 1,2, since these orthogonal projections are unique, see [14].

That P! is an orthogonal projection can be shown completely analogously to
Definition & Remark [3.20f The respective statement for P? follows quite easily
by the properties of the orthonormal basis (bg)ken, see [13]. O

We now also define an approximation of the Guo-Lin operator as well by replacing
the projection P with its approximated form P,:

Definition 4.12: For fixed n € N et
IC,: L2(R?) — L2(R?),

r—>47r/ 1" (E(-,v))| - Puth(-, dv—47r/ 1" (E(-,v))|dv -1

and
A, HX(R?) — L2(R?), A, =-A+K,.

Similar to Definition[4.4, K, and A, are well defined and we set

(Aath, 0)2 = VI3 + d (|Patp By — [012) =

=[Vl; = 4xllv — Purblliy,

for each ¢ € H,} (R3). For the latter equality we used the projection properties of
P

We now present the reason why we want b; from Definition & Lemma to be
constant on €2y. In fact, this property provides a similar result to Lemma for
the approximation as well:

Lemma 4.13: For any n € N, o) € H}(R?) and C' € R we have

(An(¥ +C), 1 + Cha = (Ant), ¥)s.

Proof: Clearly, V(1) 4+ C) = V1. Moreover, b, L, by for k > 2 by definition,
and since b; was chosen to be constant on €2y, we have

PuC = Z<C’ bk>\¢’\bk = (C, bl>|gp’|bl = (C on €.

k=1

Thus, (P, C) | = (¥, PuC) i) = (¥, C)j by the symmetry of P, and

(Kn(@+C), (0 +C))a = 4r (|Pu(v + Ot — I+ CliE) =
= 4 (|Pat it = [012,) = (Kath, )a. O
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4 The Guo-Lin operator

Then, for n € N large enough, we can obtain a similar coercivity result like the
one from Section [4.2l We prove this by reducing it to Theorem [4.7] using related
techniques like for the proof of Proposition [4.8]

Theorem 4.14: Forn € N let

An = inf (At )2 € RU{—o0}.

vel} ®9),|Volaz0 VY3

Then N, — Ao as n — oo. In particular, since A\g > 0 by Theorem [[.7, there
exists ng € N such that \,, > ’\2—0 forn >mng, i.e.,

A
(At )2 2 TV

for all ¢ € H'(R®) and n > ny.

Proof: First note that for each n € N and ¢ € H'(R?) we have

1Pl =D 1, b < 1, by | = P17
k=1 k=1

by the Pythagorean theorem and Definition & Lemma [£.11] Thus

(Anth, )2 = VO[3 + 4r | Putplfy) — 4rllellf <
< IVOI; + 4x [Pyl — 4 ll¥llfy, = (Ao, ¥)a.
In particular, this means A\, < A for all n € N.

Now suppose that A, # Ao as n — 00, i.e., there exists 0 < € < Ag, an increasing
sequence (ng)reny C N as well as (xr)reny C H!(R?) such that | Vx| # 0 and

(Ap Xy Xk)2
1Vxkll3

Just like in the first step of the proof of Proposition 4.8, we “improve” this
sequence by setting

< X\ —e€for keN.

1
V= ——— | x —][ Xk(z)dx
S el 5T T o)

for k € N. Then 1, € H'(R?), fBR ©) Ur(z)dr = 0 and ||Vipglla = 1 for any
0
k € N. In addition, Lemma implies

An b
Mo — e > SAmXEXR2 )t (Pl — el)
IVl
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4 The Guo-Lin operator

Similar to Proposition , we now obtain the existence of 1)y € H!(IR?) such that
Y — g in L*(Bg,(0)) and Vi, — Vi in L*(R* R?) as k — oo

by the Banach-Alaoglu theorem and the compact embedding from Lemma [2.§]
where we passed to a subsequence. Due to Lemma (4.3 and the minimizing prop-
erty of \g, we therefore obtain

(Ao, Yi)2

Ao < lim ———==
T ke [V

=(1+ 47TH73¢0H|2¢| - 47TH¢0”|2¢|) =1+ (Kotho, 0)2-

In addition, we have (K, ¥x, Yr)2 — (Kotbo, 10)2 as k — oo. To see the latter,
we split into several terms to arrive at

| (Ko ke, k)2 — (Koo, Yo)2| < [{Kn,, (Yr — 10), Y — o)2|+
+ (Ko, Vi — to)2| + |(Kn,, (Y — o), Vo) 2| + [(Kny o — Kotbo, Y0)2|

We now estimate each addend after the other to show the desired convergence:

1) Since [P, (r — )2, < [Pk — do)lIZ, < 1o — doll2,, by Lemma i3

and the Pythagorean theorem, we obtain

(Ko (101 — 10) 00 — Vo) 2| < 4[| P, (v — $0)[I7 + 47l — voll? <

< 87|y — onﬁp,‘ —0as k — oo.

= 1}1320 (1 + 47T||731/1k||\2¢’\ - 47T||¢k|‘|2<p'|) =

2) Definition & Lemma yields Py, 00 — Pt in L7, (Q) and thus

(Ko 0, Ui — o) 2| < AT P to, Y — o) || + 47| (Yo, Y1 — o) | — 0.

2

3) Since Py, is symmetric on L,

(Q), Ky, is symmetric as well. Therefore,

|y (Ve — o), 0)2| = [(¥r — Yo, Kn,tbo)2| — 0 as k — oo

just like the second term.

4) Ko — Kotho in L2, () as k — oo by Definition & Lemma m

]
Overall we conclude

(Any i V)2
IVl

which is the desired contradiction and therefore completes the proof of The-

orem [4.14] O

Ao < 14 (Kotbo, bo)e = 1+ lim (KCp, ¥k, )2 = lim <X — ¢
k—o0 k—o0
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5 Stability of the King model

In this chapter we use the tools collected in the Chapters [3] and {] to prove a
non-linear stability result for the King model. This approach, in particular all
the estimates in Sections and [5.3] are extracted from the second part of [9],
where a coercivity estimate similar to Theorem is used to establish non-
linear stability as well. We also want to refer to [19], where the stability of a
non-isotropic model has been shown by related techniques.

Therefore, let fy = ¢ o E be a fixed isotropic state of the Vlasov-Poisson system
in the sense of Definition throughout this whole chapter. In addition, we
require ¢ to be of the form

p(E) = (e™F — 1)+, EeR

for some fixed negative cut-off energy Fy < 0, i.e., fy is a King model. Again, we
refer to [23] 28] for the existence theory of these models.

Note that ¢'(F) = —e~F for E < Ej, in particular, ¢’ < 0 on | — co, Ey[ and
¢ is bounded on intervals of the form [n, Ey[ for n < Ey. This means that the
fixed steady state fy satisfies all the general conditions from Chapters [3] and [4]
Similar to the previous chapters, let

Qo = {(z,v) e R x R?*| fo(z,v) # 0} = {(z,v) € R* x R* | E(z,v) < Ep}

denote the set where f, does not vanish. Moreover, we need the Casimir function
corresponding to the King model, which is given by

=0+ HImQ+f)—f [f>-1

We refer to |10}, |27] for a detailed motivation as well as the properties and im-

portance of this Casimir function. However, we immediately want to note that
®'(f) =1In(1 + f) for f > —1, which leads to

' (fo(z,v)) = Ey — E(z,v) for (x,v) € .

Furthermore, ® is a non-negative & convex function on [0, col.

5.1 Statement of the stability result

In this section we want to present the desired stability result and introduce all
the required quantities and notations.
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5 Stability of the King model

Theorem 5.1 (Non-linear stability of the King model):
Let fy = (eEO_E — 1)Jr be a steady state as specified above.
Then, for every S > 0 there exists C > 0 such that for every spherically symmet-
ric, non-negative initial data f € CHR? x R?) with
1

Ifle <5 and d(f, fo) < &,

the unique global & classical solution f: [0,00[xR? x R* — [0, oo of the Vlasou-
Poisson system launched by f = f(0) satisfies

d(f(t). fo) < C-d(f, fo)

for allt > 0.
Here, d is a distance measure adapted to the problem and is defined in Defini-

tion [5.3

The aim of this whole chapter is to prove Theorem [5.1] 5.1} Therefore, if not stated
explicitly otherwise, let f € C}(R?® x R?) be some fixed spherically symmetric,
non-negative initial data. Let S > 0 be a bound for the L**-norm of f just like
in Theorem e, S > flle-

In addition, let f: [0,00[xR? x R3> — [0,00[ be the unique global & classical
solution of the Vlasov-Poisson system satisfying the initial condition f(0) = f.
Then f(t) € C}(R? x R?) is spherically symmetric and non-negative for all ¢ > 0
as well, see [27].

Before getting to the proof of Theorem in the next sections, we first have to
introduce some notations.

Definition 5.2: Let F' € C.(R® x R?) be a non-negative function. As usual, let
1
Eyin(F) = —/ [v*F(z,v)dx dv
2 R3 JR3

be the kinetic energy,
1

Epot(F) = —— [ |0.Ur(z)|*d
ptlF) = = [ 10.Ur(z) e
the potential energy and
1
H(F) = Epin(F) + Epot(F / |v]*F(z,v)dzdv — — ]8 Up(z)]? dx
R3 JR3 8T
the total energy. Here, Up = —f * ng v)dv denotes the gravitational

potential induced by F'. By basic potentml theory (cf 121]), we know that Ur €
CHR?) and 0,Ur € L*(R* R?), i.e., Epy is well defined. In addition, let

/ / ))dxdv =
R3 JR3

:/RB/Rg(l—i—F(x,v)) ‘In(1+ F(x,v)) — F(x,v)dzdv
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5 Stability of the King model

be the Casimir functional induced by the King model. Also, let

:/ / F(z,v)dxdv
Rr3 JR3

denote the total mass of F. Then the sum
Hem(F) =H(F)+C(F) — Ey- M(F)

1s called the energy-Casimir-mass-functional. Note that all these quantities
could be defined on a much large class of functions, which we do not need here.

Since the fixed steady state fy is not infinitely smooth at the boundary {E = Ey}
of its support, it turns out to be very useful to treat f — f; on €y and R3 x R3\
separately. We will therefore use the following abbreviations:

g: [0,00[xR* x R* = R, g(t,x,v) = f(t,z,0) — fo(z,v),
Gin =9 1o, =(f — fo) Loy, Gour =9 Trsxra\Q, = I Trsxr3\0,
and

¢- [0, c0[xR? — R, w(t x) = Uy(t,x) = Uy (x) = Upuy(x) — Up(x),
'lv[) - Ugma 'Q[)out gout

Obviously, we have g = ¢;, + gouwr and 1 = 1;, + 1. Note that the potential is
linear in its generating function.

As motivated above, we now want to measure the distance between the steady
state fo and f(t) for a fixed time ¢ > 0. For this sake, we first use a Taylor
expansion of the energy-Casimir-mass functional at fy similar to [27] to obtain

Hearlf(0) = Hew(fo) = [ [ ®((t.0.0) = @) dedos
/Rg [ (Ba.0) = Bu) - (¢t,2,0) = fo(o,v)) dadot

= &5 L, 10:Us(t,2) = 0.U(@)P d

for all t > 0. Here, we integrated by parts and used the Poisson equation to get

/Rg (0.U(t, 2) — 0,Up(x)) - 0:Uo(x :‘4”/]1@ /R (t,2,0) - Uo(x) da do,

note that Uy(t), Uy € C?(R?) and that all boundary terms vanish due to the linear
decay of Uy and the quadratic decay of 0,U,(t) at spatial infinity.
This leads to the following:
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5 Stability of the King model

Definition 5.3: For fized t > 0 we define the distance between the steady state
fo and f(t) as follows:

d(t) =d(f(t), fo) : /R/R ft,z,0)) — ®(fo(z,v)) dz do+

/ / (x,v) — Ey) - g(t, z,v) de dv+
]R3 R3

2

In addition, it is useful to split these integrals into their parts over o and its
complement. Therefore, let

din(t) = din(f (1), fo) rz/ O(fo(w,v) + gin(t, x,v)) = @(folz,v)) d(z,v)+

Qo

+/Q (E(x,v) — Ey) - gin(t, z,v) d(x,v),
dout(t> = out(f( ) fO) /1%3 RS\Q q)(gout(taxav))d(xvv)+

-I—/ (E(x,v) — Ep) * gout(t, z,v) d(z,v).
RSXRS\QO
Since fo + gin(t) = f(t) on Qo, we have

d(t) = din(t) + 8% /Rg |00 0in (t, )2 A + doue (1)

Admittedly, d does not look like a distance measure at first glance. In fact, it
is even unclear if d is non-negative. We will therefore justify the role of d as a
distance measure in the following remark similar to [27].

Remark 5.4: Let t > 0 be a fized time. Since ® is convex on [0, 00[, we obtain
dzn(t) 2 / (q),(fo([)’}, U)) + E([E, U) - EO) ) gm(t7 z, U) d(ZL’, U) = 07
Qo

where we used Y'(fo) = Eg — E on Qq for the last equation. Moreover, since ® is
actually strictly conver on [0,00[, we also obtain that d;,(t) = 0 is only possible

if gin(t) =0 on Qq, i.e., f(t) = fo on Q.
A similar computation yields

dout(t) > / (CD/(O) + E($7 U) - EO) ) gOut(t7 z, U) d(l‘, U) > Oa
RSXRg\QO
since ®'(0) = 0, E — Ey > 0 on R® x R*\ Qo and gou(t) > 0. Analogously,
dout(t) = 0 is equivalent to gou(t) = f(t) =0 = fu on R3 x R3\ Q.

Overall, we conclude d(t) > 0 and that d(t) = 0 is equivalent to f(t) = fo on the
whole space R? x R3.
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5 Stability of the King model

We also want to note straight away that one could define the distance measure
differently, in particular when it comes to the question which part of the potential
to include into d. In fact, the analogous distance used for the stability results
in [10, 27] slightly differs from d. However, it turns out that a similar stability
result to the one from Theorem [B.1] holds true for this alternate distance. We
refer to Section [5.4] where we will discuss this matter in more detail.

We now introduce two last abbreviations:

Definition 5.5: For fired t > 0 let
1
L, (t) = din(t) — _/ |0, (8, )| dez,
87T R3

1 1
Iout(t) = dout(t) - g /[RS |a’c¢out(ta $)|2 dl‘ - E 3 axwm(ta $) : 8x¢out(ta ZL‘) dZL‘

Using the Taylor expansion of the energy-Casimir-mass functional from above,
we can now express He s (f () —He.n (fo) in terms of I, (t) and I, (t) as follows:

Remark 5.6: For every t > 0 we have

Hean(F8)) — Her(fo) = dinl®) — S 10O + doa(t) =

din(t) — 8% (1928 ()13 + 2(0stin (), Osthout(t))2 + 0aour(B)3) + dows(t) =
Lin (t) + Tow(2).

In the following sections we will therefore separately estimate I, () and I, (t)
in terms of d(t) .

5.2 Estimating 7,
The target of this section is to estimate
1 1
Iout(t) - dout(t) - 8_/ |8mwout(ta ZL‘)|2 dJT - ax¢in(ta {L‘) . ax¢out(ta l’) dl’
T Jprs AT Jps

in terms of d(t) for t > 0. We start with ||0,%,u:(t)]]3:

Lemma 5.7: There exists a constant C' > 0, only depending on the steady state
fo and S, such that for allt >0 and 0 < vy < min{—%, 1} we have

wlo

10 oneDI3 < C (7 douelt) +77F - dgs(8))

64



5 Stability of the King model

Proof: Let t > 0 and 0 < v < min {—£o 52, 1} be arbitrary. First, a basic corollary
of the Hardy-Littlewood-Sobolev 1nequahty (cf. [21]) yields

1000a®I < 1| [ gmeltsrv) ol <
<H/ Gout (t,+5v) - Lpo< i v)<Bosny dvl[a+
1 [ oalt10) L ol
R3 >

where we used gout(t) = Gout () (L{gy<m<mo+1}+1{Ey+y<E}), the triangle inequality
and Cauchy’s inequality. Also note that for the sake of abbreviation, we allow
our constants C' > 0 to change from line to line.

We now estimate both of these summands separately:

1) By applying Hélder’s inequality twice, we obtain

1] Gout(t,,0) - Lipo<p(w)<Borny dv][e =
R3 5

N
5
= (/3 (/3 gout(t; LU,U) . ]l{EoSE(x,v)gEo+7} dU) dx) <
R R

6 6
< ([ Mot 2,905 - et ) <

wlw

2
3
< / g2, (t,z,v)dedv - (/ VOI%({EO < E(x,") < Ey+7}) dx) :
R3 R3

In addition, for every a € [0, S] the Taylor theorem yields the existence of
some « € [0, a] such that
a’ 21

a a 1
:_®// — >_
A E e et

D (a)

note ®(0) = 0 = '(0). Therefore, since 0 < gour(t) < [ F)]loo = || flloo < S

by the LP-norm preservation of the Vlasov-Poisson system (cf. [27]), we
arrive at

/ / o (t, 2, v) dzdo < C(S / / (Gout(t, z,v)) dz dv <
R3 JR3 R3 Rs
' out

Next we have to identify the volume of the set

{Eo < E(z,-) < By +7} = {veR’ | By < E(z,v) < Eg +7} CR’
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5 Stability of the King model

for fixed x € R?, recall E(x,v) = £|v]* 4+ Up(x).
We only have to consider the case where vol({Ey < E(x,-) < Eg+~v}) # 0,

which particularly implies Up(x) < %, since v < —£8. Also, due to the

boundary condition limyy|_, Us(y) = 0, the set {Uy < %} C R? is bounded.
Furthermore, by applying the mean value theorem on a a%, we obtain

vol({Ey < Bz, ) < Fy+7}) =
= vol ({v € R* | 2(Ey — Up(z)) < |v|* < 2(Ep +v — Up(x))}) <
<ol ({v € R* | /2(Ey — Uo(2))+ < |v] < /2(Ey — Up(x))+ +27}) =
= (2B - U@)) +2)% — (2(By ~ Uo())) <
< 2m -2y - \/2(Ey — Up(2))4 +27 < C(fo) -

note that Uy(0) < Uy < 0. We therefore conclude

</R voli ({Ep < E(x,-) < By +}) dx) 2_

wl
A
R
,-A\
S
A
I
-
2
o
N~—
2
N
(oM
53
N———
wivo
AN

First, interpolating L$ by L' and L% (cf. [7]) yields

H / Gout (b1 0) - Ly oy A0l <
R3 5

7
< ” - gout(ta K U) ’ ]l{Eo+7<E(',U)} dv“f

w\m [=[<)]

|| gout( ) ]l{E0+’y<E' }dUH

Then, using the standard estimate

/RS gout(ta X, U) : ]l{E0+'Y<E(I:U)} dv S

3
5
< C(S) : (/R3 ‘U|2 : gout(ta iL‘,U) ’ 1{E0+V<E(mﬂ))} d’U)

for z € R? (cf. [27]) and observing that

[v|* = 2(E(x,v) — Up(z)) < 2(E(x,v) — Ey) — 2Uy(0)
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5 Stability of the King model

for x,v € R3, we obtain

|| / Gout(t0) - Ly ey 03 <
R3 5

7
6
< C(S) : (/[R;3 /1%3 gout(taxvv) . ]l{E'0+'y<E(z,v)} dx dU) :

. ( / 3 / S(E(:c,v) — Eo)  Gout(t; 2,0) - Lpysr <oy Ao dvt
R3 JR

1
2
— U()(O) / / gout(tu xz, U) ’ ]l{EO+’Y<E(~’”7U)} dz d’l))
R3 JR3

Since @ >1lon {Ey+v < E} and ® > 0 on [0, 00[, we conclude

|| / gout(ta'7 U) : ]l{E'o+'y<E(-,v)} dv“% S
R3 g

Combining the inequalities for the two summands from above finishes the proof

of Lemma n

Lemma 5.7 together with the Cauchy-Schwarz inequality also yields the following
estimate for the mixed term (9,1;n (1), Oxthous(t))2 of Iy (t):

Corollary 5.8: There exists a constant C' > 0, only dependmg on the steady
state fo and S, such that for allt >0 and 0 <~y < min {—22,1} we have

[ 0tnlta) Outaltiz) da] <C- (- dle) +7F - ad ).
R3
Proof: For arbitrary t > 0 and 0 < v < min {—£2,1} Lemma [5.7) yields

[ 0utin(t2) - 0t da] < 10O 102D <

wlu

< VBT - db(1)- Cf0.S) - \Jy-d(t) + 775 -k (1) <

< C(fo )'<7§'d(t)+76 di(1)).

where we used the non-negativity of d;;, and d,; from Remark [5.4] O
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5 Stability of the King model

Overall, by combining Lemma and Corollary 5.8 we obtain the following
estimate for I,,(t):

Corollary 5.9: There exists a constant C' > 0, only depending on the steady
state fo and S, such that

Lout() = doua(t) = C-

[NIES
QU
—
~
~—
_|_
\Q‘
wlu
Q
Wl
—~
~
~—
_l’_
\Q‘
[N [}
QU
ol
—~
~
N—
N————

for allt >0 and 0 <7<min{—%l,1

—

5.3 Estimating /;,

The target of this section is to estimate
1 2
]m<t) = dm<t) . |a:c¢in(t7 I)| dx
& R3

in terms of d(t) for t > 0. To this end we split [;,,(¢) into three parts:

Definition 5.10: For fixed 0 <7 <1 andt > 0 let
I7, 3 () = [0 (0) 3+
+T/Rs /IR{3 (fo(z,v) + gin(t, x,0)) — ®(fo(x,v))+
+ (E(z,v) — Ey) - gin(t, x,v) + i (t, x) - gm(t,x,v)) dz do,
1 - m )
. /R/R (fo, 0) + Gnlt, 2, )) — D fo(, v))+

,0) — Eo) - gin(t, z,v)+
+ (%n(t,x) — PN(zbm(t))(:v,v)) - Gin(t, x,v)) dz dv,

Iy = (1=7) [ [ Pulva®)e0) - gtz 0) dod.

I i"n,2 (t) =

Here, Py is the finite dimensional approximation from Definition € Lemma
where N := ng is chosen like in Theorem [4.1{ Note that ¥;,(t) is continuous &
spherically symmetric on R® and 0,1, (t) € L*(R?;R3) by basic potential theory
(cf. [21)), ice., un(t) € HI(RP).

The following result shows that [;, is indeed the sum of the three parts defined
above.
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5 Stability of the King model

Lemma 5.11: For allt > 0 and 0 < 7 < 1 we have

Lin(t) = L 1 () + 15 () + L, 5().

Proof: It remains to show that

1
/ Vin(t, ) - gin(t, z,v)dedv = ——/ |8$¢m(t,x)|2dm
Rg ]R3 471- ]RS

for fixed ¢ > 0. Just like in the proof of Theorem [4.7] it may seem very convin-
cing that this integrating by parts formula holds true, since both integrals exist.
However, a detailed proof is far from trivial. In particular, we do not know if
Yin(t) is twice continuously differentiable, since fR3 gin(t, -, v) dv does not need to
be continuous.

To actually justify the integration by parts, we denote

pin(t, T) ::/ gin(t,z,v)dv for x € R,
R3

Obviously, pi,(t) € L' N L®(R?). Let (hg)ren C C°(R?) be an approximation
sequence such that

hy — pin(t) in L*'(R?) and L%(R?’) as k — oo.

By potential theory (cf. [21]), we also obtain 9,Up, — 0,1, (t) in L*(R?; R?) as
k — oo, where Uy, = —ﬁ x hy is the potential induced by hy. Therefore,

/ Yin(t,x) - gin(t, z,v) dxdv = lim Yin(t, x) - hy(x) da,
R3 JR3

k—o0 R3

/ 0pbin (t, 7)|* dz = hm Opin(t, x) - O,Up, (z) dx,

R3
which means that it suffices to show

Vinlt 2) - () dr = —— [ Outu(t.0) - .U (@) o
R3 47'('
for fixed k € N. To this end, note that v, (t) € CT(R?) with lim_00 ¢ (£, 2) =0
and 0,1;,(t) € L*(R3;R?), since p;,(t) € L' N L>=(R?). Analogous statements
hold true for Uy, as well. Fortunately, since hj, is smooth & compactly supported,
we also get Uy, € C?(R3?) with AU, = 4why and the quadratic decay of 9,Up,,
i.e., the existence of some constant Cj > 0 such that

10,Up, ()] < for z € R

| _ vk
14z
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5 Stability of the King model

To show the approximated integration by parts formula we have to approximate
once again. Let x € C2°(R?) be such that y =1 on B;(0), 0 < x <1 on R? and
supp(x) C B2(0). For n € N set x,, := x(%). Then
1
Yin(t,x) - hy(x) der = — lim Yin(t, ) - xn(x) - AUy, (x) do =

R3 47 n—oo R3

1 ..
=—— lim O (Vin(t) - xn) () - O Up, (z) d =
TT Nn—00 R3
1
= _E nh_g)lo o5 Xn(x) : 8x¢m<t7 .17) : 8thk (.17) dx+
1.
~ nh_}rgo g Yin(t, ) - OpXn(x) - OpUp, (x) d.
Note that 1, (t)-x, € H'(R?) for n € N, which justifies the performed integration
by parts. Since 9,1, (t), 9,Up, € L*(R3;R?), Lebesgue’s dominated convergence

theorem together with the Cauchy-Schwarz inequality yields

lim Xn () - Opthin(t, x) - OpUp, () do = / OpVin(t, ) - OpUp, () dx.
R3

n—oo R3

As to the other term, we use the quadratic decay of 0,U}, to obtain

<

Yin(t, ) - OpXn(x) - OpUp, (x) da
R3

< / in(t,2)] - Purxn ()] - 10U, ()] dit <
RS\Bn(O)

Cr
< )
~ 1+n?

oo - [ 00 (o)]

for n € N. Since
1 T
o)l de = [ 100D de=n* [ 0@l dy = ol
R3 n Jrs n R3

and |9 ()| oo (r3\ B, (0)) — 0 as n — oo by the boundary condition of ¢;,(t), we
may conclude

lim Yin(t,x) - OpXn(x) - O,Up, (x) dx =0,

n—oo R3

which finishes the proof of Lemma [5.11} ]

Note that the approach to prove the integration by parts in Theorem differs
highly from the proof above. In the latter, the key is that the potential 1, ()
vanishes at infinity. In the proof of Theorem however, we used that the
potential involved is generated by a spatial density with vanishing mass, which
causes the gradient of the potential to be compactly supported.

Lemma now allows to estimate Ij, |, I7,, and I}, 5 separately in order to
establish an estimate for I;,.
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5 Stability of the King model

Lemma 5.12: There exists a constant C' > 0, only depending on the steady state
fo and S, such that for allt > 0 and 0 < 7 < 1 we have

I7

in,l

(t) >T- dm(t) -C-7- Haxwm(t)”%

Proof: Let t > 0 and 0 < 7 < 1 be fixed. First, using the integration by parts
formula from the proof of Lemma [5.11} we obtain

T

IE(8) =7 dunlt) + © / ot ) - gt 2.) das
’ 2 Jrs Jgrs

by Definitions and Moreover,

<

/ Q/Jln(tax) : gm(t,l’,v) dz dv
R3 JR3

< |[[Yin ()| 22(BR, o)) | Gin(t, -, v) AV|| L2 (BR, (0) <
Bpy (0)

< CO(f0, ) - [[in (O 2B, (0))

where Ry, Py > 0 are chosen like in Chapter [i] i.e., Qg C Bg,(0) X Bp,(0), and
where we used the Cauchy-Schwarz inequality as well as the estimate |g;,(t)] <

1f (O)llos + [[folloo = I fllos + Nl folloo <5+ | fo|loo-
From the spherical symmetry of ¢;,(¢t) € C'(R?) and lim,_, 7, (t,77) = 0 we
now conclude the radial Sobolev inequality

il =] [ o] <

S(/ d_)(/ 1o, :n<t,s>|2ds)2§w
e ‘ Ay

for r > 0 by a change of variables and Oxthin(t, 2) = 17 - Or0y,, (¢, |2]) for  # 0. A
similar estimate has been used in |19] as well. This yields

Ry 1
160 gon = 47 [ S0 ds < 5B - [0, 1)

and therefore completes the proof of Lemma |5.12] O

To estimate I ,, we first establish some basic inequalities.

in,2)

Lemma 5.13: Let ¢ € R and Fy > 0 be real numbers. Then
O(Fy+h) — D(Fy) — D' (Fo) -h—c-h>(1+Fy)-(1+c—e)

for all h > —(1+ Fy), where ® is the Casimir function of the King model defined
at the start of Chapter [3
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5 Stability of the King model

Proof: For fixed ¢ € R and Fy > 0 we will investigate the extrema of the left
hand side, i.e., let

E:]— (14 Fp),00[— R, &(h) = ®(Fy+ h) — ®(Fy) — ¥ (Fy) -h—c- h.
For h > —(1 + Fp) we have
&(h)=In(l1+ Fy+h) —In(1 + Fy) — ¢,

recall ®(F) = (14 F)-In(1+ F) — F for F > —1. This implies that £'(h) = 0 is
equivalent to h = (e¢ — 1) - (1 + Fy). We therefore set h_ = (e — 1) - (1 + Fp),
note that h_ > —(1 4+ Fp). In addition, by taking account of the sign of &, we
know that & obtains its global minimum in h_. Thus

min(§) = §(h-) =
=(1+F+h)In(l+F+h)—In(1+F)—cd+c- (1+F)—h_ =
:C'(1+F0)—h_:(1+F0)'<1+C—66). D

By using the series representation of the exponential function we can estimate
the right hand side of the inequality from Lemma [5.13| even further:

Remark 5.14: For every ¢ € R we have

Lhememmd =SS o C s S e
c—ef=—) —=———¢ ——>—— — ||
2T T2 ke T 2

as well as

OOCk 200 Ck 2||
1—|—c—e:—zgz—c Z<k+2)!2—ce .
k=2 k=0

We now apply Lemma to conclude the following auxiliary inequality:

Lemma 5.15: There exists a constant C' > 0, only depending on the steady state
fo and S, such that

g ()3 < C- din(?)
for allt > 0.

Proof: Let 0 < A <1 be arbitrary for the time being. Then

dm(t) = /Q ((I)(fO(x7U) +gin(t7‘r71j)) - (I)(fO(xvv)) + (E(x,v) - E())gm(tvx7v)+

— X g (62, v)) d(@,v) + A g (I3
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5 Stability of the King model

Now, applying Lemma/[5.13| combined with the second estimate from Remark
pointwise to the integrand, note that —(F — Ey) = ®'(fy) on €y, yields

din(t) 2 X [lgin ()3 +/ (1+ folz,v)) - (=A2g5, (¢, 2, 0)e?o 0200 d(z,v) >

Qo

> A (Ol = ¥ [ (14 fula0) - g (t,2,0)d(ayo),

Qo

where we used |g;n(t)] < S+ |[follo once again. Also, since f; is bounded, we
conclude

din(t) = X+ |lgin(®)]13 — C(fo, S)N||gin(t) |3 =
=X (1=X-C(fo,9)) - gin(®)II3

for some constant C(fy, S) > 1 depending on fy and S. Thus, setting A = 08
completes the proof of Lemma [5.15]

We have now collected all the required tools to estimate I, ,.

Lemma 5.16: There exists a constant C' > 0, only depending on the steady state
fo and S, such that for allt >0 and 0 < 7 < 1 we have

1
2

Do [0 ()2 = C - L . a2 (1),

1—171

I7

in,2

(t) 167

where X\g > 0 is the infimum from Theorem[{.7]
Proof: Let t > 0 and 0 < 7 < 1 be fixed. Recalling Definition [5.10, we have

Fal®) = (1= 7) [ (BUla,0) + gin(t2,0) = Bl )+
+ (E(z,v) — Ep) - gin(t, x,v)+
+ (Win(t,2) = P (i) (. v)) - ginlts,0) ) d(z, )+

1—17
T

We now combine Lemma [5.13|with the first estimate from Remark and apply
them pointwise to the integrand. Note that ®'(fy) = Fo— F and 1+ fy = |¢' 0 E)|
on {2y in the case of the King model. This leads to

_|_

Falt) 2 (1=7) [ B (= 5(0nlt0) = Py (0. 0)'+
= [thn(t,2) = Py (i (1)) () [l PO )
b 03

73



5 Stability of the King model

Next, observe that

1-— 1-—
(At (t), (02 = o [0t 03+

Sl 9 (E,0))] - (in(t; 1) = Pa(an(t)) (@, 0))” d(w, v),

2 Ja,

where (Ay-, )9 is the extended quadratic form associated with the finite dimen-
sional approximation of the Guo-Lin operator from Definition [4.12| This is why
we can now solemnly apply the finite dimensional coercivity result from The-

orem Recall that we have chosen N = ng in Definition [5.10] Also, t;,(¢)
is continuous, spherically symmetric and 9,1;,(t) € L*(R3;R?), in particular
Vinlt) € HI(R).

As for the remaining terms, note that )y and ¢’ o F are bounded. Thus,

1—
L(t) 2 16 110z (8)lI2+

= O(fo) - elVinO=P Ol Al (£) — Prv (i (1)) |-

It therefore remains to estimate |9, (f) — Pn(1in(t))]|s- First, by Definition &
Lemma [4.11], we have

N
k=1
In addition, the boundedness of ¢’ o £ and §2 yields

[(@in (£), br) S/Q &' (E(, )] - [$in(t, )| - [bx(2,v)] d(z,v) <
< C(fo) - 0klloc - [14Pin (£ oo

for k € N. Since ng = N from Theorem depends only on the steady state,
we conclude that there exists some constant C'(fy) > 0 depending only on fy —
in particular not on ¢ — such that

1P (in () lloe < C(fo) - [¢0in ()]l co-

Lastly, we need to establish an estimate for |[1;,(¢)]|. We will do this by ex-
ploiting the spherical symmetry of 1;,(t). In fact, similar to the steady state in
Remark [2.3] we obtain the following explicit formula for the potential:

(tr) = —— spmtsds—47r/ spi (t,s)ds for r > 0,

74



5 Stability of the King model

where pi,(t, ) = [gs gin(t, z,v) dv for z € R®. Now, let Ro, P > 0 be such that
Qo C Bg,(0) x Bp,(0), in particular supp(pi»(t)) C Bg,(0). Since

Ro
(@I = [ oot do = am [ s, 0,5 ds
R3 0

by a standard change of variables, the Cauchy-Schwarz inequality yields

Ro
i) <57 [ s )] ds <
0

Ro 3 Ro 3
< (/ ds) : (/ sph (t,5)? ds) =
0
— 4\/ 7T}%O ||pm ”2

for every r > 0. Since Qg is bounded, we also have ||p;.(t)|l2 < C(fo) * [|gin(t)||2-
Combining this inequality with Lemma yields

[ (t)loe < C(fo,S) - d7, (1),
from which we conclude

To establish an estimate for I7

i3> we need the following invariants of the Vlasov-
Poisson system.

Definition & Lemma 5.17: Let (by)ren C C'(Q) be the orthonormal basis
from Definition € Lemma [{.10. Since by € kp for every k € N, there exists
bFL: R? — R such that

bi(x,v) = bEE(E(2,v), L(z,v)) for (z,v) € Qq.

Due to the explicit construction of (by)ren in Definition € Lemma we can
even choose the elements of (bE¥)ren such that bFF € CY(R?) for all k € N.
Then, for all real numbers F,L > 0 and k € N define

F
QAEer/)%%%—mﬂ+@Jm&
0

Moreover, for k € N and every suitable non-negative function F: R? x R?® —
0, o0 let

hwwj’ %(()u 0)) d do =

/ / / bEL (Ep —In(1+s), L(z,v))dsdzdv.
R3 JR3

Then the functional Ji. has the following properties:
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5 Stability of the King model

a) For k € N and t > 0 we have
Je(f(#) = Je(fo + gin(t)) + Jk(Gout(1))-

b) Jy is constant along classical solutions of the Viasov-Poisson system, i.e.,

o

Ju(f (1) = Ju(f)
fork e N andt > 0.

Proof: Part a) follows directly by splitting the phase space integral in Jj into
and its complement.
As to the second statement, note that

flt,z,0) = f(X(t,z,0), V(L z,0))

for t > 0, x,v € R3 where (X,V) is the characteristic flow associated with fo,
see Lemma [3.2] for a detailed definition. Since L is constant along characteristics
and (X, V)(t,-) is measure preserving, part b) can be obtained by a change of
variables. We refer to [27] for details. O

Note that our definition of Ji slightly differs from the one in [9], since the or-
thonormal basis from Definition & Lemma is not separated in E and L.
However, it turns that this discrepancy is insignificant for the proof of the fol-
lowing result.

Lemma 5.18: There exists a constant C' > 0, only depending on the steady state
fo and S, such that for allt >0,0<7<1and 0 <y < min{—%, 1} we have

[SIE

17,5(0)] < C - (a5(0) + d(0) + 7% - @ (1) + 97" - d(1)) - a3 (8).

Proof: Let t > 0 and 0 < 7 < 1 be fixed. First, by recalling Definition [5.10] and
Definition & Lemma [.11] we get

|]z'7;z,3(t)| = (1 — 7') . ‘/RS /RS ,PN(@Z)m(t))(JJ,U) . gm(t,x,v) d(:L‘,U){ <
< ’/RB /RSZ<win(t)abk>|<p’lbk(x,v) ~gin(t,$,’u)d(x,y)‘ <

< D 1@ (®), bk - [{brs in (1)) 2]

Just like in the proof of Lemma [5.16] we have

max | (Vin(t), b < Cfo, S) - d2(8).

1<k<N
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5 Stability of the King model

Thus, we arrive at

N
‘ zn3( )‘<Cf07 Z’blmgln
k=1

We will now estimate |(bg, gin(t))2| for fixed 1 < k < N with the aid of the
invariants from Definition & Lemma [5.17] Indeed,

J(f(t)) = Jk(fo) = Je(fo + gin(t)) + Ji(gour (t)) — Ji(fo)

by the first part of the lemma above. Furthermore,

Je(fo+ gin(t)) — Ji(fo) =

Jo(z,v)+gin (t,x,v) Jo(z,v)

/Rg /R / - / ) bEH(Ey — In(1 + ), L(z,v)) ds dz do.

0 0

For fixed z,v € R? we therefore consider the mapping
h
[0,00[2 h / b (Ey — In(1 + s), L(w,v)) ds.
0

Since b € C*(R?), this mapping is twice continuously differentiable. Second
order Taylor expansion at fo(x,v) > 0 then yields that for every h € R with h +
fo(z,v) > 0 there exists o € [min{ fo(z,v), fo(z,v) + h}, max{fo(z,v), fo(z,v) +
h}] such that

f0($7v)+h fo(:l?,v)

( / - / ) VEL(Ey — In(1 + s), L(z,v)) ds =
= h- b (Ey — In(1 + fo(z,v)), L(z,v))+

2
—1

+ h— Opbr™(Ey — In(1 + o), L(z,v)) - :

1+o0

Let F(t,xz,v) € R denote the o-value we obtain in the case of h = g;, (¢, z,v).
Accordingly, since Fy — In(1 4 fy) = E on € for the King model,

Ji(fo + gin(t)) — Je(fo) =
B /Ra /Rs gint; 2, 0) - bEL(EO —In(1 + fo(z,v)), L(z,v)) dzdv + ay(t) =
= bk, gin(t))2 + i (t),

where we used the abbreviation

- _1 gfn(t,x,v) EL o
ag(t) = 5 /QO T+ F(t.2.0) Opby,”(Ey —In(1 + F(t,z,v)), L(z,v))d(z,v)
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5 Stability of the King model

for the remainder term. Thus,

J(f (@) = Jk(fo) = (brs gin(1))2 + ik (t) + Ji(gour (1)),

which yields the inequality

[0k gin (1))2| < [T (f(£)) = Ji(fo) | + e (O)] + | Tk (gour (1))

Now, since 0 < F(t) < [|f(t)|leo + || folloo < S + || follo and OgbE™ is bounded on
compact sets, we obtain

()] < C(fo, 9) - [|lgin (D)5 < C(fo,S) - d(2)

by applying Lemma [5.15, Again, the boundedness of f(¢) and bE* on compact
sets as well as the support of gy (t) imply

|’]k<gout(t))‘ < C(f(J?S) ' Hgout(t)”l =
=C(f0,5) * (190wt ()| L1 ({Bo<E< B0~} T I Gout ()| L1 ({Borr<ED))

for every v €]0, min{—£2 1}[. As to the first summand, observe that the domain
of z-values satisfying {EO < E(z,) < Ey+~v} # 0 is bounded due to Uy vanishing
at spatial infinity. Thus,

vol({Ey < E < Ey++v}) < C(fo) - sup <V01({E0 < E(x,-) < Ey+ 7}))

z€R3

Then, similar to the proof of Lemma 5.7} we get vol({Ey < E(z,-) < Ey+17}) <
C(fo) -y for x € R3 as well as ||gout (t)]|5 < C(S) - dous(t), from which we conclude

1
| Gout (O || L1 ((Bo<B<Bo++}) < I|Gowt(t)]|2 - vOl2({Ey < E < Ey+7}) <

< O(f07 ) : out(t) ’72
| Gout O 21 (1Bo4v<2h) <V Ngout() - (B — Eo)|li <"+ doue(t).

Lastly, the invariance property of J; from Definition & Lemma yields
[ Je(f(8)) = Ju(fo)| = |Jk ) Je(fo)l <

/ / / b (Eo — In(1 + s), L(z,v))| ds| dz dv <
R3 JR3 J fo(x

< C(fo, S ||f f0||1 = C(f0,9) - llg(0)[lx <
< C(f0,5) - (gin(0) 1 + [|gour (0)[}1) -

Then, by the boundedness of €2y and Lemma [5.15, we obtain

1gin(0) 11 < Cfo) - gin(O)]l2 < C(fo, S) - d2,(0).
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5 Stability of the King model

On the other hand, by splitting the integral similarly to the |J(gou (t))|-estimate
from above for fixed v, we see that

Hgout(o)Hl < C(f0>S) ’ ( out(o) + dout<0)> :

Combining all these inequalities yields

1

(B gin(0)2] < Cfo,9) - (d3(0) +d(0) + 7% - 3 (¢) + (1))

and therefore completes the proof of Lemma [5.18| m

5.4 Proof of Theorem 5.1 and Remarks

The main target of this section is to prove Theorem by combining the numer-
ous estimates from Section 5.2l and Section 5.3

Proof of Theorem[5.]] - Remarks 5.4/ and 5.6, Corollary[5.9/and the Lemmata[5.11]
.16/ and [5.18] yield

Henr (F(£) = Henr(fo) = Tin() + Lous(t) = Toua(t) + I, () + I o () + 1], 5(t) >
> dou(t) = C+ (73 -d(®) +773 - di(t) 4773 - ad
7 din(t) = C - 7 - [|0utin (1) ][5+

T ) - 0O a1
= O (ab(0) + 4 ab(e) 447 (D)) - R (1)
> min{1, 7, 116 Do —Cer}ed(t) —C-d3(0)- db(t)+

ol
[N

t)+ (v '+ eC'd%“)) -d

oot

—C. (275 () +~7F - d
for all ¢ > 0 and arbitrary 0 < 7 < 1, 0 < v < min{—%£2,1}, where C' > 0
always denotes a constant depending only on the fixed Stead state fp and the
£ || oo-bound S. We assumed d(0) < 1 while applying Lemma . In the second
inequality, we grouped the terms by their sign and d(t)- exponent

Now, let 0 < 7 < 1 be small enough such that min{1,7, == - Ag—C -7} =7 > 0,
which can be achieved smce )\0 > 0 by Theorem [4.7 After fixing 7, choose v
such that it satisfies 272 < C-ZI. Then

1

Hean(F(1) = Hear(fo) = - d(t) = C-d3(0) - 3 (1)+

TS

Yok <d )+ (1+ eo'd%“)) -d2(t) + d%(t)>
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5 Stability of the King model

after increasing C', note that the fixed values of 7 and v only depend on fy, S.
On the other hand, since the energy-Casimir-mass functional H¢ js is an invariant
of the Vlasov-Poisson system (see [27]), we have

o

Hear(1(1)) ~ Hear () = Hea(f) ~ Hear(h) = d(0) — - 0.0, (0)]3 < d(0).

Altogether, we therefore arrive at

d(0) + C - d3(0) - d3(t) > é d(t) = O (dh(e) + (1+eC40) L db (1) + b (1))

for t > 0. We now interpret both sides of this inequality as a function in 4/d(t),
ie., let

for s > 0 respectively. We can then rewrite the estimate from above as

y1(\/d(t)) > ya(1/d(t)) for t > 0.

Since s — s is the lowest power occurring in 1, there exists § > 0 such that
Ya(s) > 55 - 8% for all s € [0,4].
Therefore, if y1(s) > y2(s) for some s € [0, ], we also have

1 1
< ——g° .dz2(0) - _
0< 50" +C-dz(0)-s+d(0)

from which we obtain
s < (02 + \/20+(J4) L d3(0) < C - d3(0)
by rearranging, where €' := C%2 + v2C + C*+1 > 1.
Lastly, note that the mapping [0, co[> t — d(¢) € [0, o[ is continuous, which can

be verified using f € C*([0, 0o[xR? x R?), see [27] for details. If we now assume
C? - d(0) < &%, this continuity and y;(\/d(t)) > ya(1/d(t)) yield

dz2(t) < C - dz(0)

for ¢ > 0, which completes the proof of Theorem [5.1} ]
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5 Stability of the King model

Before getting to the concluding remarks, we want to discuss our distance measure
d from Definition[5.3] In fact, for the stability results in [10} 27, a slightly different
distance function has been used. Expressed in our notation, it is of the form

(1) = A (), fo) =din(t) + <O (0) 3 + dowelt) =
—d(t) = 0 O + 5NV OIE -
=d(t) + i(@mwm(m Dot (t))2 + Siﬂllamout(t)llé

Note that in [10} 27] it is required for the disturbed solution f(¢) to have the same
mass as fy for every time ¢ > 0, which is why there are additional mass-terms in
our definition compared to [10} 27].

However, it turns out that a similar stability result for this alternate distance
measure d holds true:

Corollary 5.19: Let fy be a steady state as specified at the start of Chapter[3
Then, for every S > 0 there exists C' > 0 such that for every spherically symmet-
ric, non-negative initial data f € CH(R? x R3) with

o ~ 9 1
||f||oo S S and d(f7 fO) < 57

the unique global & classical solution f: [0, 00[xR?* x R? — [0, 00[ of the Viasov-
Poisson system launched by f = f(0) satisfies

d(f(t), fo) < C-d(f, fo)
for allt > 0.

This result can be immediately derived from Theorem [5.1]and the following non-
linear distance equivalence of d and d:

Lemma 5.20: There exists a constant C(fy,S) > 0 such that
d(t) < C(fo, 8) - (d(t) +dF (1)),

d(t) < C(fy, S) - (d(t) Fdi(t) + df (t))

for all t > 0.

Proof: By Lemma and the non-negativity of d;, and d,, from Remark [5.4]
we obtain

1020 (t) 13 = 110:3(t) = Qb (B) 13 <
< 2/|0: (B2 + 2[10:our (1)1 <

< 2d(t) + 2C(fo, S) - (d(t) + d5 (1))
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5 Stability of the King model

for t > 0, which yields the first inequality.
On the other hand, Lemma 5.7 and Corollary [5.8] yield

d(t) - d(t) + i(atczﬁm(t)’ ax¢out(t>>2 + S%Hax@bout(t)ng S
< C(fo, ) - <d(t) i) + d%(t))

for every t > 0. ]

We want to end this thesis on some concluding remarks.

Remarks:

"

b)

0

Unfortunately, the proof of Theorem 1s not constructive, i.e., we do
not know how large the constant C' > 0 has to be chosen. In fact, C
depends on \g > 0 from Theorem [{.7], which explicit value is unknown,
since the existence of the minimizer in Proposition [{.8 has not been shown
constructively. However, if one could provide a positive lower bound for Ay
— for example by numerical calculations — we could derive an explicit upper

bound for the constant from Theorem [5.1]
A nice feature of the stability results from Theorem and Corollary 1S5

that we have to bound the very quantity at t = 0 for which we gain control
at later times. Nevertheless, despite of the properties from Remark
it 1s still desirable to replace d with some norm. In [27], this has been
easily derived from a stability result similar to Corollary[5.19, at least after
restricting the class of perturbations. However, since the general approach
in [27] highly differs from ours, an analogous conclusion does not seem to
work here.

The stability results presented here are slightly improved compared to [9],
since we bound d(f(t), f) for all t > 0 linearly in terms of the initial de-
viation d(f(0), f) This has been achieved by modifying the proof of The-
orem [0.1]; the auziliary estimates from Sections and [5.3 still equal the
ones from [9].

Another way of improving Theorem 1s to expand the class of admissible
steady states. In particular, since the results from Chapters[3 and [§ also
hold true for isotropic polytropes of the form (Ey — E)”fF for1 <k < %, it
is desirable to establish the stability of these equilibria as well.

However, some of our results rely on the explicit form of the King model
i a cructal way. First, we used the properties of the Casimir function ®
corresponding to the King model to obtain the estimate in Lemma |5.15
Later, we needed the equality 1+ fo = |¢' o E| to prove Lemma which
happens to be a particular property of the King model.

82



5 Stability of the King model

)

Therefore, generalising the stability results can not be done in passing, but
still seems possible by establishing analogous estimates in another way.

Compared to the stability result in (10], our class of perturbations is quite
large. In fact, in the latter source only physical relevant perturbations, also
known as “dynamaically accessible”, are admissible. Therefore, even though
this being a nice analytical improvement, it is barely significant from a phys-
ics point of view.

The stability proven above shows that the classical solution of the Vlasov-
Poisson system launched by a radially, weakly perturbed King model al-
ways stays close to the original equilibria. Unfortunately, nothing further
1s known about the explicit behaviour of such solutions.

The results in [24] are numerical evidence that for a large class of steady
states, a radial and sufficiently weak perturbation of an equilibria leads to
a “pulsating” or “oscillating” behaviour, where the period of the oscilla-
tion 1s given by the Eddington-Ritter relation. Hopefully, the techniques
used in this thesis, in particular the coercivity of the Guo-Lin operator from
Chapter[f, can be applied to prove the existence of these pulsating solutions
by rigorous analysis.
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