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ABSTRACT: We calculate the structure function F3(z,q?) of the hadronic tensor of deep
inelastic scattering (DIS) of charged leptons from glueballs of N/ = 4 SYM theory at
strong coupling and at small values of the Bjorken parameter in the gauge/string theory
duality framework. This is done in terms of type IIB superstring theory scattering am-
plitudes. From the AdSs perspective, the relevant part of the scattering amplitude comes
from the five-dimensional non-Abelian Chern-Simons terms in the SU(4) gauged super-
gravity obtained from dimensional reduction on S°. From type IIB superstring theory we
derive an effective Lagrangian describing the four-point interaction in the local approxi-
mation. The exponentially small regime of the Bjorken parameter is investigated using
Pomeron techniques.
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1 Introduction

The holographic dual description of deep inelastic scattering (DIS) of charged leptons from
glueballs in the AV = 4 SU(N) SYM theory with an IR cutoff has been proposed by Polchin-
ski and Strassler in [1]. In the planar limit, at strong 't Hooft coupling (1 < A < N), N' =4
SU(N) SYM theory is dual to type IIB supergravity on AdSs x S°. The compactification
of type IIB supergravity on S° leads to the maximally supersymmetric five-dimensional
supergravity with gauged SU(4) symmetry [2-6], and also there are Kaluza-Klein modes.
This dimensional reduction induces a five-dimensional Chern-Simons term [3-5], related to
the chiral anomaly in the dual N' =4 SYM theory [6-8]. In the calculation of the hadronic
tensor the chiral anomaly is reflected in the fact that it appears a structure function Fj.
In the study of DIS in terms of the AdS/CFT correspondence there are a few distinct
parametric regions which depend on the relation between the Bjorken parameter x and the
't Hooft coupling of the gauge theory, A = g%, v IV, where gy is the coupling of the gauge
theory. For the parametric region where 1/ VA < z < 1 the process is well described in
terms of type IIB supergravity. For exp (—v/\) < x < 1/v/X excited strings are produced,
therefore it is necessary to consider type IIB superstring theory scattering amplitudes in the



holographic dual description. For exponentially small values of z, diffusion effects become
important and Pomeron techniques can be used.

It is also possible to go beyond the tree-level approximation using type IIB supergravity.
Particularly in reference [9] 1/N? corrections to DIS of charged leptons off glueballs at
strong coupling have been obtained, which correspond to a DIS process where there are
two-hadron final states. Cutkosky rules allow us to calculate the imaginary part of an
amplitude by considering scattering amplitudes of the incoming and outgoing states into
all possible on-shell states. The result of that calculation is very interesting, namely: the
large N limit and the limit in which the momentum transfer of the virtual photon is much
larger than the IR cutoff do not commute. This indicates that in the high energy limit two-

particle intermediate states (in terms of the Cutkosky rules) give the leading contribution.!

Moreover, the holographic dual description of DIS from flavor Dp-brane models has
been carried out very successfully. Among the interesting results, it is worth emphasizing
that holographic dual dynamical mesons show universal properties for the structure func-
tions [11, 12]. This is particularly important because it should hold for scalar and polarized
vector meson structure functions for QCD itself, at least in the large N limit.? The rele-
vance of this comes from the fact that the discovery of properties such as relations among
the structure functions (for example those similar to the Callan-Gross relation) provides
essential information about the internal structure of hadrons, which can be helpful in order
to study other scattering processes. In addition, universal behavior suggests deep underly-
ing connections among different confining relativistic quantum field theories. In this work
we find new Callan-Gross type relations for the antisymmetric structure function F3(z, ¢?).

For scalar and polarized vector mesons new and very interesting developments have
been done in [11-13]. Then, by using these results for mesons a comparison with lattice
QCD data® has been carried out, finding good agreement (within accuracy of 10% or
better) for an overall fitting of the first three moments of the F» structure function of the
pion, and (within 21% or better) for the first three moments of the F structure function
of the p-meson [15]. These calculations have been extended to one-loop level type IIB
supergravity for the D3D7-brane system, finding an impressive improvement with respect
to the tree-level results, now fitting lattice QCD data within 1.27% (or better) for the first
three moments of Fy of the pion [16].

While most of the investigations outlined above concern the calculation of the symmet-
ric structure functions Fy(x,q?) and Fy(x,¢?), in the present work the interest is focused
on the antisymmetric structure function F3(z,¢*). We consider DIS of charged leptons
from glueballs in the N' = 4 SU(N) SYM theory with an IR cutoff energy scale A, and
describe it in terms of its string theory dual model. It is interesting to recall the origin of

n the paper [10] also 1/N 2 corrections have been considered. However, they have used an effective
model given by a scalar-vector Lagrangian, which has a very small number of modes and interactions
among them in comparison with the actual possible field fluctuations of type IIB supergravity which we
have included in our paper [9].

2Tt could also hold for the first sub-leading term in the 1/N expansion.

3Lattice QCD results of the first moments of the pion and rho meson structure functions are presented
in reference [14].



the antisymmetric structure functions which appear in the hadronic tensor in this gauge
theory. N/ =4 SU(N) SYM theory has an SU(4)r R-symmetry group. The field content
of the gauge theory includes six real scalars transforming in the representation 6, and also
there are four complex Weyl spinors transforming in the fundamental representation of the
R-symmetry group with the chirality part (0,1/2) in the 4 and (1/2,0) in the 4* [17]. This
SU(4) r symmetry is anomalous, i.e. it is broken at quantum level. The anomaly can be cal-
culated exactly at one-loop level, being the corresponding Feynman diagram the one with
three external points, connected by three chiral fermion propagators. This is the so-called
triangle Feynman diagram, which is related to the three-point function. The precise value
of the chiral anomaly obtained perturbatively from N' =4 SU(N) SYM theory is [6, 18, 19]

N2_1idABC o 0
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where the subindex minus indicates the abnormal piece of the three-point function, i.e. the
one which leads to the chiral anomaly [6]. ¢ is the Levi-Civita tensor, d4%¢ and fAB¢ are
the SU(4) g symmetry group symbols defined by Tr(TATBTC) = %(ifABC + dAB%), where
T# are hermitian generators of SU(4) g, which are normalized as Tr(TATP) = 1545, Con-
sidering the minimal coupling [ d%Jf(:U)AA’“(:c), where A4#(z) are background fields,
equation (1.1) can be rewritten as an operator equation
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This anomaly is reflected in the bulk theory in a very nice way, namely: since the global
boundary SU(4)r symmetry corresponds to a gauge SU(4) symmetry in the AdSs, the
corresponding action in the bulk is not gauge invariant [7]. It can be easily seen by looking
at the gauge sector of the action in AdSs, which after dimensional reduction of type I11B
supergravity on the five-sphere leads to the maximal SU(4) gauged supergravity on AdSs.
The action of this supergravity contains a Chern-Simons term, thus it is not gauge invariant.
Moreover, the AdS/CFT correspondence calculation shows the matching with the chiral
anomaly of the boundary theory [6-8]. Let us recall how this works. The starting point
is type IIB supergravity in ten dimensions. In fact if one considers type IIB superstring
theory it turns out that the 1/N? corrections only come from the Kaluza-Klein modes
arising from the dimensional reduction on S°, i.e. the N? — 1 overall factor in the chiral

anomaly.? After dimensional reduction on S° it leads to the action for the SU(4) gauge
fields A4 (z, 2)

1 .

S5d[A] _ /d5$ [ /7_9Adss F Fn{}nFA,mn + 9g%(dABC&_mnOpq AﬁlanAoBapAqC + ... )] ’
SG

(1.3)

where k is an integer and we set R = 1. Both the SU(4) gauged supergravity coupling
gsa as well as k are fixed in terms of the boundary theory R-current correlators which are

4This was suggested by Witten [7] and a more complete AdS/CFT calculation was done by Bilal and
Chu [8].



exactly known [6]. Parentheses in the action (1.3) indicate the Chern-Simons term. Notice
that Latin indices stand for AdSs coordinates, while Greek indices denote the boundary
gauge theory coordinates. The Chern-Simons term is proportional to the SU(4) symmetric
symbol d4BC. Thus, this is the origin of the quantum chiral anomaly in the dual N' = 4
SU(N) SYM theory. From the Chern-Simons term above a three-point interaction in AdSs
is derived, which leads to the three-point R-symmetry current correlator by using the
AdS/CFT correspondence, obtaining the following equation

(D! (@) = 5oy PO e a%u (AfapAf;‘ + i fCDEAfAfAf) . (14
where we have considered the boundary values of the bulk gauge fields of the five-
dimensional SU(4) gauged supergravity, A;‘(:L‘) = lim, o Aﬁ(w, z), which are sources for
the boundary theory global SU(4) g symmetry currents J, l‘f(:r) By matching equation (1.4)
to equation (1.2) it leads to x = N2 — 1. In addition, the two-point R-symmetry current
correlator fixes ggg = 4w/N. This indicates that in terms of the Witten’s diagrams the
leading contributions from both terms in the action (1.3) come with the same factor N2.

Now, let us explain the consequences of the Chern-Simons term for the calculation
of the hadronic tensor of a scalar glueball in terms of the gauge/string theory duality.®
The cubic part of the Chern-Simons term implies that in the holographic calculation of
the hadronic tensor, at small values of the Bjorken parameter, the propagation of an
U(1) € SU(4)r gauge field in the ¢-channel is allowed. In the general Lorentz covariant
tensor decomposition of the current-current correlator (which enters the definition of the
hadronic tensor) this term generates a tensor structure of the form e ¢, P3/(2P - q),
proportional to the F3(z,¢?) structure function. This tensor is not invariant under parity
transformations, thus a non-conserving parity structure function appears in N’ =4 SU(N)
SYM theory, and at small values of the Bjorken parameter we find that this is of the same
order as the Fy(x,¢?) and Fy(z, ¢%) structure functions. On the other hand, at larger values
of the Bjorken parameter we find that F3(x,¢?) is subleading in comparison with Fy(z, ¢%)
and Fy(z,q?).

Our findings are interesting since, to our knowledge, this is the first result of the
non-preserving parity structure function Fj for a scalar hadron of N' = 4 SU(N) SYM
theory. We have obtained this in two different ways: firstly from a heuristic calculation
in five-dimensional SU(4) gauged supergravity, and then from a first principles type IIB
superstring theory calculation. Specifically, for small-z values we obtain F3 o< 1/, while for
the exponentially small-z region, dominated by the ¢t-channel Reggeized particle exchange,
using Pomeron techniques we find F3 o (1 /x)l_ﬁ. Notice that for QCD in the case of
pure electromagnetic interaction F3 = 0 since parity is preserved (see for instance [21, 22]).

This work is organized as follows. In the Introduction we describe DIS in Yang-
Mills theories and its description in terms of the gauge/string duality. In section 2 we
show a heuristic derivation of the effective Lagrangians from supergravity, which includes
symmetric contributions as well as antisymmetric contributions. Then, in section 3 we

"There is a previous calculation of the F3(z,q*) structure function [20], however this only contains a
heuristic five-dimensional approach and it has been done for spin-1/2 hadrons.



(a) (b)

Figure 1. Schematic pictures of DIS (a) and forward Compton scattering (b) processes.

carry out a derivation of the effective action directly from type IIB superstring theory which
specifically leads to the antisymmetric structure function F3. This includes the derivation of
the Chern-Simons interaction from the superstring theory scattering amplitude. In section
4 we calculate the antisymmetric structure function F3 at small £ and comment on the
exponentially small-x regime. In section 5 we discuss our calculations and results.

1.1 Deep inelastic scattering in Yang-Mills theories

Let us consider a charged lepton with four-momentum k* scattered from a hadron with
four-momentum P* as schematically shown in figure 1.a. The virtual photon carries four-
momentum ¢*. The associated differential cross section is proportional to the [, W* con-
traction, where [, is the leptonic tensor calculated from perturbative QED. In contrast,
the hadronic tensor WH¥ involves soft processes, therefore it cannot be calculated in per-
turbation theory. Its matrix elements are defined as two-point functions of a commutator
of electromagnetic currents between the initial and final hadronic states with polarizations
h and B/

W = / dia 9P, B[JH (), V()] P, 1) (1.5)

Time-reversal and translational invariance, hermicity restrictions and Ward identities lead
to several identities for the hadronic tensor. As a result, it can be written as a sum
of Lorentz covariant tensor structures multiplied by the so-called structure functions,
which can be seen as functions of the virtual photon momentum transfer ¢ and the
Bjorken parameter

q2
= — 1.6
o= -z, (16)

whose physical values belong to the range 0 < x < 1. The DIS regime corresponds to
¢> > P?, keeping z fixed. The hadronic tensor can be decomposed in symmetric and
antisymmetric terms under y <> v. In particular, for scalar hadrons this decomposition



leads to

W (z,¢%) = WE (2,¢%) + i WR" (2, ¢%) (1.7)
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= (" - Fi(z,q°) — | P* = | | P” — q”
(77 q? (@.q7) q? q? P-q
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The last line of this equation has been rewritten in terms of # and ¢?. Also, dots indicate
terms proportional to ¢, which can be omitted since after contraction with the leptonic
tensor they do not contribute to the DIS differential cross section. Notice, that the third
term would not be included if we had imposed parity conservation. However, for N’ = 4
SYM theory a non-vanishing Fj structure function is expected even for electromagnetic DIS.
Since there are contributions from soft processes to the DIS, the structure functions
cannot be obtained from pertubative SYM theory. Fortunately, in certain parametric
regimes DIS structure functions can be obtained by using the gauge/string theory duality.
DIS is related to the forward Compton scattering (FCS) process through the optical theo-
rem. The related amplitude can be written in terms of a tensor defined by the time-ordered
expectation value of two electromagnetic currents inside the hadron as follows

T = / det (P, R TLI (2)J7 (0)} P, A (1.8)
The precise relation between the two tensors is given by the following two equations
WE =2rIm [TEY], WL =27Im [T}"] . (1.9)

The planar limit of N/ =4 SU(N) SYM theory is dual to a particular solution of type
IIB superstring theory, namely: AdSs; x S° background, with a constant dilaton and N
units of the flux of the five-form field strength through S°. It is precisely in this context
that the holographic dual picture of DIS was developed in [1]. Moreover, the procedure
can be extended to other string theory dual models. In particular, we will focus on the
planar limit of N’ = 4 SU(N) SYM theory. In order to break conformal invariance and
induce color confinement the standard procedure requires to introduce an IR scale A.
Then, the hadron is represented by a state of mass M ~ A. On the other hand, conformal
symmetry is asymptotically recovered in the UV limit, and at least at tree-level the details
of the IR structure are not important. An analogue to the virtual photon of the DIS
process is generated by gauging a U(1) subgroup of the SU(4) g R-symmetry group under
which the scalars and the fermions are charged. The conventional choice is to use the
T3 = diag(1/2,—1/2,0,0) generator. This leads to charges +1/2 for two of the Weyl
fermions and charge 1/2 for two complex scalars and the resulting gauge theory is anomaly
free since ds33 = 0 [23]. In this work we use the three diagonal generators. It leads to a
non-vanishing Chern-Simons term in the dual supergravity description.



The explicit expression for the full non-Abelian conserved current Jf (with A =
1,...,15) in terms of the matter fields is given in [20, 23]. DIS of charged leptons from
glueballs in the large N limit of N'= 4 SU(N) SYM theory has been described in detail
in [1], in terms of the operator product expansion (OPE) of the two electromagnetic cur-
rents inside the hadron. At weak ’t Hooft coupling the OPE is dominated by single-trace
twist-two operators. However, at large coupling these operators develop large anomalous
dimensions and the main contribution to the OPE is given by double-trace operators to-
gether with some specific protected operators such as the energy-momentum tensor and
the conserved currents.

On the one hand, one can see that for moderate values of = the characteristics of the
scattering are somewhat different in comparison with QCD, namely: the relevant double-
trace operators can only create or annihilate an entire hadron, not being able to probe its
internal structure. This is related to the fact that particle creation is suppressed in the bulk
for N — co. One-loop level (1/N?) corrections within this regime allow for the photon to
strike a secondary hadron from the surrounding cloud of hadrons. On the other hand, for
much smaller values of the Bjorken parameter, in the ¢> — oo limit the OPE is dominated
by the protected operators. This is in analogy with the Pomeron description of the Regge
regime of QCD. As we will see in detail, this is dual to the ¢-channel graviton/gauge boson
exchange dominance in the bulk.

1.2 Deep inelastic scattering and the gauge/string duality

The holographic dual model to the planar limit of N'= 4 SYM theory is given by a solution
of type IIB supergravity on AdSs x S°, with radius R and the metricS
R2

22

ds® (nuwdatdz” + dz*) + R*dQ3 . (1.10)

In terms of these coordinate the UV boundary is located at z — 0. The relation between
the number of color degrees of freedom, N, the 't Hooft coupling A of the gauge theory,
and the parameters of the string theory is given by

R? g
o VirX, g, = 9y M > (1.11)
where o/ = [? is the string length and g; is the string coupling.

The introduction of an IR scale A in the gauge theory corresponds to a cutoff in the
small z region. Since the details of the IR are not important, we use an over-simplified
deformation known as the hard-wall model, in which the anti-de Sitter description is as-
sumed to be exactly valid up to the point zyp = 1/A. Since hadronic states at the boundary
are dual to normalizable modes in the bulk, by imposing Dirichlet boundary conditions
at this point leads to a restriction for the dual hadron mass. In this work, we will focus
on glueballs created by operators which are dual to normalizable modes in the Kaluza-
Klein (KK) tower associated to the ten-dimensional dilaton field ¢. For example, for the

SWe use the following conventions: M,N,--- = 0,...,9 are the ten-dimensional indices, m,n,--- =
0,...,4 are AdSs indices, p,v,--- = 0,...,3 are flat four-dimensional indices and a,b,--- = 1,...,5 are
S% indices.



incoming mode the solution corresponding to a state created by an operator with scaling
dimension A has a KK mass R72A(A — 4) from the point of view of the five-dimensional
theory. Thus, the ten-dimensional field is given by

VPA ips o G _ipa | * .
di(z*,2,Q) = ¢ ¢ # Ja—2(P2)YA(2) =~ N <20> YA(Q), (1.12)

where in the last expression we have expanded near the boundary. ¢; is some numerical
normalization constant and YA () is a scalar spherical harmonic on the five-sphere.” On
the other hand, the holographic dual of the virtual photon is given by a non-normalizable
mode of a gauge field A,, in the bulk.® For the ingoing field, the solution to the associated
Einstein-Maxwell equations on AdS5 and the corresponding boundary conditions are

3

1q-T v . iq-xr ©
Au(x”, z) = nue'?™ qzKi(qz), A, (z¥,z) = —i(n-q)e" ﬁKg(qz) )

Ay(a”, 2z —0) =n, " A, (2",2—0)=0. (1.13)

We can set the transversal polarization condition n - ¢ = 0. The Bessel function of the
second kind K (qz) vanishes exponentially as ¢z increases in the bulk, which indicates that
the interaction must occur at zy, ~ 1/¢, leading to a suppression factor (A?/¢?)2~1, at
least when x is not exponentially small.

The gravity counterparts for the different parametric regimes described above from
the field theory viewpoint can be obtained by looking at the center-of-mass energy. There
is the following parametric relation [1]

sdm 1 (1 - 1) , (1.14)
R? Vardao' \T

where s is the four-dimensional Mandelstam variable and § is its ten-dimensional coun-
terpart. Thus, the IIB supergravity description of the bulk dynamics corresponds to the
range 1 > 2 > A~1/2 on the gauge field theory side. In this case the leading amplitude of
the dual FCS process is given by an s-channel diagram in type IIB supergravity. In this
parametric regime the photon strikes the entire hadron. Then, the DIS structure functions
are obtained from the imaginary part of the two-point current correlator by considering the

1/2 we see that o'§ is order one, therefore

on-shell propagator. In contrast, when = < A~
the type IIB superstring theory dynamics becomes relevant, and consequently the exchange
of a Reggeized graviton mode dominates. In the exp( —\V H«rk A~Y2 regime the in-
teraction can be thought of as local, thus it can be described in terms of an effective action
deduced from flat-space string theory scattering amplitudes. For the smallest parametric
region, i.e. when x < eXp(—/\l/ 2) diffusion effects in the radial direction become important
and the interaction cannot be considered local. This region can be described in terms of

the Pomeron [1, 25].

"The normalization condition is given in the appendix of [24]. In their conventions the spherical harmonic
YA is normalized over the unit five-sphere.
81n this work we use the convention A?n =A,.



In the holographic picture, the N' = 4 SYM R-symmetry group corresponds to the
isometry group of the five-sphere, SU(4) ~ SO(6). It can be gauged in order to construct a
five-dimensional gauged supergravity on AdSs [2, 5]. From the ten-dimensional perspective,
the corresponding gauge fields arise as perturbations of some particular fields which are
expanded in modes on S°. The details of the five-dimensional reduction are given in
reference [2]. The excitations of the graviton A, and the Ramond-Ramond (RR) 4-form
Amabe With one index in the AdSs5 can be written as

hma = Z B'r(xf) (xn) Ya(k) (Q) ) Amabec = Z B'r(rlzf) (xn> Eabcde vdife(k) (Q) ) (115)
k k

where €pcqe is the Levi-Civita tensor density on S°, Ya(k) (Q) are vector spherical harmonics,
where k& > 1 label their corresponding SU(4) ~ SO(6) representations, while B,,(z") and
By (z™) are vector fields in AdSs. At the lowest level, k = 1, the spherical harmonics
correspond to the S° Killing vectors K'. After diagonalization of the equations of motion
associated with these modes, the fifteen AdSs massless gauge fields arise as the following
linear combination

B — LISB;};. (1.16)

The second contribution can be ignored in the supergravity calculations and also in the

AA

construction of the effective action that leads to the symmetric structure functions in the
small-z regime [1]. However, for the holographic dual description of the antisymmetric
structure functions the second contribution of equation (1.16) must be included.

2 Heuristic effective Lagrangian from supergravity

In the high center-of-mass energy regime, i.e. x < 1, the holographic dual description
of DIS in the bulk is given by the exchange of excited strings states. In this situation
it is necessary to go beyond the supergravity description. Thus, it requires considering
string theory scattering amplitudes, which can be expressed as the product of a pre-factor
G(o/; s, t,u), which contains the o/ dependence, and a kinematic factor . This amplitude
is calculated in order to build an effective Lagrangian from which the hadronic tensor can
be calculated after evaluating on the solutions of the fields in AdSs.

The effective Lagrangian may be obtained in a heuristic way by analyzing the five-
dimensional gauged supergravity diagram of the photon-dilaton to photon-dilaton scat-
tering at tree level, where the leading diagram in the high energy limit is given by the
t-channel. This heuristic method was discussed in [26], where non-forward Compton scat-
tering amplitudes for dilatons have been calculated.

The supergravity action on AdSs, with indices m,n =0, ...,4, can be written as

Ssa == [ d w%( (Omd)* — (FA )2 ) + Scs - (2.1)

In this section and in the following one we set R = 1, thus 2k = 167%/N2. Also, FA.
is the non-Abelian field strength associated with the gauge fields, ¢ is the dilaton and R
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Figure 2. Feynman diagram corresponding to the graviton exchange contribution to the DIS (FCS)
process for small values of the Bjorken parameter x.

the Ricci scalar which includes the graviton h,,,. Dots include the kinematic terms of the
fields not relevant for our analysis, and also the interaction terms of the type (¢¢ph), (AAh)
and (A¢g). The last factor Scg is the Chern-Simons term defined in (1.3).

In this section we calculate the heuristic Lagrangian obtained from the ¢A — @A
scattering mediated by a graviton, and show that it coincides with the one calculated in [1]
from closed string amplitudes. Then, we will use the same techniques to calculate the
effective Lagrangian from which the leading contribution to the antisymmetric structure
function F3(z,¢?) can be obtained. The Lagrangian arises from the ¢A — ¢A scattering
with the exchange of a gauge field in five-dimensional gauged supergravity on AdSs.

2.1 Symmetric contributions

The idea is to calculate the four-point scattering amplitude where the ingoing and outgoing
states are given by a dilaton ¢ dual to the hadron, and a gauge field A3 dual to the
U(1) current, interacting throughout the exchange of an AdSs graviton. The process is
schematically shown in figure 2. Notice that in reference [26] only the AdS; components
of the field decomposition have been considered, thus ignoring the Kaluza-Klein modes
coming from the S° because they only contribute with a global constant. Given that the
graviton couples to the energy-momentum tensor T,,, the scattering amplitude in terms
of the perturbations? is given by

A = k2 / Pxd®2' T2, (x) G™* (z, ") T (') (2.2)

where the AdS; graviton propagator in the high energy limit can be expressed as [28, 29]
2

Gmnlk(l',l'/) _ <gmkgnl + gmlgnk _ g gmngkl> Ggrav(x; x/) ’ (23)

with Ggrav(z,2’) being some function that is not relevant in the present case, while the
dilaton and gauge field energy-momentum tensors are given by

. 1
T’r(rbln = (gmpgnq + gmqgnp - gmngpq)ap¢ 8q¢ ) Tlfl1 = gquk:pqu - nglequq7 (2'4)

9We parameterize the perturbations as ® — ®¢ + v/2k5®P, thus neither the energy-momentum tensor
nor the propagator have ks factors.

~10 -



respectively. The contraction of these three tensors leads to

T (@) G (2, 2') T (') = Girav (3, 2')
X 2(0%*(90)8’(;5(90)+al¢*(x)a%(x))ka(:c’)ﬂq(m’)gpq+--~], (2.5)

where we only write the leading terms in the s — oo and ¢ — 0 limits. After integration,
this expression matches the index structure of K|;~¢ of equation (2.38) of [13].1°

Since the derivation of this section is heuristic, in order to obtain the same action as
in reference [1] we must multiply by the factor G(c/, 3,t, %) 52 included in the four-point
string theory scattering amplitude, where

_o® T (=d3/4)T (=a't/4) T (=d'u/4)
64T (1+a'5/4)T (1+a/t/4) T (1 +a/4)

G, 5,t, 1) = (2.6)
While at this level of derivation this is an ad hoc factor, it naturally appears when con-
sidering the four-point string theory scattering amplitude. It leads to the possibility of
exchanging a whole tower of excited string states. This factor is particularly relevant be-
cause it leads to a finite contribution from equation (2.2) to the imaginary part of the
scattering amplitude. Thus, the effective action turns out to be

SSM = Tm [G5%] k% Cgs | d°x \/—gaas, "¢* ' Fiyp Fig g™, (2.7)

where the ten-dimensional solutions for the scalars depend on the S° coordinates and Cgs
is a constant coming from the reduction on S°.

Note that in (2.7) all fields are evaluated at the same spacetime point, namely: we have
built an effective four-point interaction. This is referred as the ultra-local approximation.
In the supergravity picture the scattering amplitude can be schematically written in terms
of the quantum mechanical operator language as

A~ w3y Y (T?la){a|Gla’) @' |T4) ~ 13 ) (1)) (2|GIT), (2.8)

where expressions of the form Ggray(z,2") correspond to the matrix elements (z|G|2’).
Now, for the solutions that we have described in the introduction the ten-dimensional

curved space Mandelstam variables act as second order differential operators defined by

8§ = 225+ Vi, (2.9)
ts = 22t + V.- (2.10)

In the graviton propagator Ggray ~ 55_1, however the full the string theory pre-factor we
included in the previous paragraph depends on both ¢5 and 5. In the DIS regime at strong
coupling, the latter can be thought of as a number instead of an operator since the second
term in the r.h.s. of equation (2.9) can be neglected with respect to the first one. However,
this is not the case for f5. Nevertheless, at first order there is no fs-dependence in the
amplitude, due to the fact that we only have to consider the imaginary part of G. Thus, in
this context G can be thought of as function instead of a differential operator. Therefore

°Tn equation (2.38) of [13] we have corrected several mistakes in equation (82) of [1].
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Figure 3. Feynman diagram corresponding to the gauge field exchange contribution to the FCS
process for small values of the Bjorken parameter x.

the amplitude can be considered local. More details will be given in section 4. Note that
as mentioned in the introduction, this approximation breaks down in the exponentially
small-z regime where the last term in equation (2.9) cannot be neglected.

In order to obtain the structure functions from equation (2.7) the on-shell effective
action must be calculated by inserting the AdSs solution for each field and carrying out
the integrals.

2.2 Antisymmetric contributions

Up to now we have considered the exchange of a spin-2 field because the amplitude of the
process scales as &/ [20, 29, 30]. Now, in order to investigate the leading order contribution
to the antisymmetric DIS structure functions at high energy it is necessary to consider
the exchange of gauge fields. The action (2.7) derived in the last subsection gives the
leading contribution to the symmetric structure functions for the glueball. However, it
gives no information about the antisymmetric ones. In the case of QCD one would not
expect these structure functions to be present in the electromagnetic DIS. For N’ = 4 SYM
theory at x ~ 1 these antisymmetric structure functions are sub-leading in comparison
with the symmetric ones F} and F,. However, we can see that the situation is different in
the < 1 regime, due to the Chern-Simons term present in the supergravity action (1.3).
From this term the antisymmetric structure functions arise when a gauge field is exchanged
in the t-channel, instead of the usual graviton exchange. Following the procedure of the
subsection 2.1, we will derive an effective Lagrangian from which the glueball antisymmetric
structure function F3(x,q?) can be obtained, giving a contribution of the same order as
the symmetric ones.

Since the incoming and outgoing states correspond to two A3, gauge fields, through
the Chern-Simons term they couple to another AS gauge field which propagates in the
AdS5 space. This state couples to two dilatons in the bulk with coupling Q€. In addition,
there are the following eigenvalue equations for the spherical harmonics of the dilaton®!

KCoY (Q)=-0°Y(Q), (2.11)

for K¢ associated to the diagonal SU(4) generators.

HNote that the equation below differs from the conventional eigenvalue equation K%9,¢ = iQd, see
appendix A. This is due to the convention of the generators of SU(4).
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Then, the supergravity amplitude becomes
A= ﬁg/dsxcﬁm' T (@) GSP (z, ") TB(2) (2.12)

where J/ is the current associated with the Chern-Simons term, while J7 is the current
associated with the dilaton. These currents are defined as

i * * an
T8 () = cdapc ™ PO, AR0,AL  TB() = —Qp (60"F" — 6°0"9) . (213)
Also, the gauge field propagator can be expressed as'?
Gncmg (m, .’L‘,) = mn 5P Ggauge(x, l‘/) . (2.14)

Then, the integrand of the amplitude (2.12) becomes
m n i mno, * *
TG (@)GSE (,2) Ip(2') = _EdABCQC M1, AL AL (6 0™ — " Omd) . (2.15)

As mentioned, the incoming gauge fields correspond to photons A3, related to K3 = K3 9%,
which is the generator of one of the U(1) subgroups of the SU(4) g group. Then, the relevant
components of the symmetric symbol are of the form dz3c. Only dsss and dss 15 contribute,
which are related to the K® and K'® diagonal generators of SU(4)g.

Now, in order to obtain the antisymmetric structure function F3(z,¢?) in the » < 1
regime we have to build an effective Lagrangian with the tensor structure of equation (2.15).
Then, similarly to the symmetric case described in the previous subsection, we must mul-
tiply by the string theory factor. The effective Lagrangian is

Se”™ = _%dABCQC Im [G5°] &3
[ Eacmmmo, 410,47 (00,6° - 6°0,9). (2.16)

where A = B =3 and C' = 8§, 15 for the relevant case.

Next step must be the evaluation of the effective Lagrangian on the AdSs solutions.
We present the calculation of F3(x,¢?) in section 4.

Although at this point G(c/, 3,%, %) has been included as an ad hoc pre-factor, it can be
understood from the fact that it appears in the four-point scattering amplitudes calculated

2 we obtain an effective

directly from string theory. Also, by multiplying by an extra §
Lagrangian proportional to 1/#, which is expected when a gauge field is exchanged in the
t-channel. This is still a heuristic approach. In the next section we will show explicitly

how these factors emerge from closed superstring theory scattering amplitudes.

3 Antisymmetric effective action from string theory

The Lagrangian we have obtained in the previous section from the Chern-Simons term
of the five-dimensional SU(4) gauged supergravity on AdSs can be obtained from type

12There is also a pure gauge component which does not contribute to this process [29].
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IIB superstring theory. Then, the ad hoc pre-factor can be straightforwardly obtained
from a first principles derivation. For that purpose we have to calculate a four-point
closed type IIB superstring theory scattering amplitude in the £ — 0 limit with insertions
corresponding to two dilatons and two gauge fields A%. In the case of a graviton exchange,
the gauge fields are encoded in metric perturbations polarized in a particular way [1]. We
start from the string theory scattering amplitude of the form A(h, h, ¢, ®). String theory
scattering amplitudes include all the possible interchanged modes. Then, a question one
should ask is why the leading antisymmetric contributions we found heuristically in the
previous section cannot be derived from A(h, h, ¢, »). The subtlety lies in the fact that, as
emphasized in [2], the massless gauge fields that appear after the S° reduction are actually
linear combinations of graviton and RR 4-form field modes. The precise relation is given
in equation (1.16). This means that we also have to consider a process with ingoing RR
states, i.e. a scattering amplitude of the form A(Fs, F5, ¢, ¢).

As a consistency check, these RR modes should be associated with the derivation of
the Chern-Simons term. In the next section we will show how it can be obtained from the
amplitude A(Fs, F5,h). Then, in subsection 3.2 we will derive the effective Lagrangian
from this term. This Lagrangian will be used in section 4 for the calculation of the leading
contribution to the structure function F3(z,¢?) for glueballs.

3.1 Chern-Simons interaction from the superstring amplitude

In this section we derive the structure of the Chern-Simons term of five-dimensional gauged
supergravity from type IIB string theory on the AdSs x S® background. Firstly, we calculate
a three closed string scattering amplitude on flat space-time, and then we evaluate the
incoming closed string states on a certain specific Ansatz. The Ansatz corresponds to the
S5 compactification from the ten-dimensional type IIB supergravity solution generating
the effective SU(4)-gauged supergravity on AdSs [2, 27, 31]. In this work we will mainly
follow the first two references.

Let us focus on the Ansatz for the graviton and the RR 4-form field perturbations.
The relevant ten-dimensional type IIB supergravity action is given by

-1 1

Sioo et = — [ dV%v/=G (Rwd S fg) o (3.1)
10 2%, 240

together with the self-duality condition F5 = *F5, where * is the Hodge dual operator in ten

dimensions and Gy is the ten-dimensional metric. Recall that 2/@%0 = Vol (55) 2/1% with

Vol (S 5) = 73, In this notation the five-form field strength and the self-duality condition

are written as

1

5'\/—G8M1...M5N1...N5 Fh-Ne 0 (3.2)

Fuy..Ms =50 angyvag) s (R F )My =

Type IIB supergravity action can be consistently reduced on S°, obtaining the five-
dimensional SU(4) gauged supergravity action (2.1). In [2] it was pointed out that the
linearized equations of motion of graviton and four-form field excitations are decoupled
from other fields, which means that it is consistent to turn off all other fields and work
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only with these perturbations. By expanding the fields in scalar, vector and tensor spher-
ical harmonics on S°, it has been shown that only a particular linear combination of the
fundamental modes of both the graviton and the four-form field gives rise to the massless
vector modes A4 [2]. The form of the relevant perturbations is given by

hma = ABKP | appape ~ AB ZB (3.3)

abc

up to a numerical constant, and where the K2 are the 15 Killing vectors on S® (in other
words, the lowest vector spherical harmonics, thus giving the usual Kaluza-Klein Ansatz of
the metric components). Z &%c is a pseudo-tensor on S® defined from these Killing vectors,
the volume form e and the covariant derivatives V, as

ZAbC = GabcdevdKEA . (3.4)

a
The Levi-Civita tensor is given by

abede
€abcde = /955 Eabede » € =

where ¢ is the totally antisymmetric symbol such that e1o345 = €!234° = 1.

The starting point is the following flat-space three-point closed superstring theory
scattering amplitude'®

11 11 1
A~ /H dQZi <VP(1R27 2)(’21’ 21) V}({R27 2)(227 22) V]\(ISI#S 1)(237 23)) ) (3'5)
where the vertex operators on the two-sphere and the corresponding conventions can be
found for example in [32-34] and references therein. In the case we are interested in, the
RR modes correspond to self-dual five-form field strength perturbations while the NSNS
mode is the graviton. The expression has been explicitly obtained in [34]

1) ~2) .\ 2610 , N (1) (2) My...M;y
A(’F5 'Y 5 7h) - 3 h ’FMM1...M4‘FN ' ? (36)
and it corresponds to an interaction term in the type IIB supergravity action which can
be obtained by perturbing the .7-"52 term using Gy y — Gy + hyn.
Now, the extension of this term to the curved spacetime background can be written as

1

352 /Ads o P V=GRY Faannan Pt (3.7)
10 5X

By plugging the perturbations (3.3) in the above equation, it is easy to see that the result
has the following structure

VEGFuat PN o [, A9, AB AC] | fGreabeac VI KGVKEKE]
(3.8)
Thus, from the ten-dimensional point of view the five-dimensional Chern-Simons term on
AdSs comes with an integral over S°. The explicit computation of this integral leads to
the symmetric symbol d4pc. For that we use equation (A.8) given in the appendix A of
the present work.

13For details see appendix B.
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3.2 The A+ ¢ — A+ ¢ scattering amplitude

The results in the previous section indicate that in order to calculate the effective La-
grangian (2.16) there are two relevant contributions to the A + ¢ — A + ¢ scattering
amplitude, and particularly we need the one coming from the massless RR-RR-NSNS-
NSNS four-point closed string scattering amplitude A(Fs, F5, ¢, ¢) obtained in type IIB
superstring theory. For small values of the Bjorken parameter we have to focus on the
t — 0 limit.

The scattering amplitude is given by the worldsheet correlation function'* of four
vertex operators

4 11 1 1
AN/Hdzzi <VI§R27 2)(21721)VP§R27 2)(22752)‘/1\(1811178 1)(23723)V(SN)S(Z4724)> (3.9)

Details of the computation can be found in [32]. The final result in the case where the
RR-modes correspond to five-form field strength perturbations and the NSNS-modes cor-
respond to the dilaton, is given by the product

AFD,FP ¢ 60y =g K, (3.10)

with § = —2ky - kg, t = —2ky - ko and @ = —2k; - k3 the ten-dimensional Mandelstam
variables (ki + kg + k3 + k4 =0 and 5 +¢ + @ = 0), and K is the kinematic factor

K = —80k208 063 4 Fo ars ar Fre M MM KLY (3.11)

For the small-x regime and within the ultra-local approximation, we are interested in
considering the small-f limit (which is trivial for this particular X except for the fact that
we can take @ = —3§) and constructing an effective four-point interaction Lagrangian that
reproduces this scattering amplitude. The Lagrangian associated with A = GK in the
Einstein frame turns out to be

Lrres = —20r% [G(e/, 3,1 — 0,0) 3] Fararyn, Fi' oM oM oMe. (3.12)

Finally, the full effective action written in terms of the gauge fields and the Killing vec-
tors associated with the expansion on S° is obtained by writing the curved-space version
of the effective action corresponding to (3.12) and inserting the explicit form of the Fj
perturbations (3.3). This yields an integrand of the form

(G(a',5,8— 0,0) 3] g5 (" VA KGIVKS ) (€00 AL, AL) 0c0 06 . (3.13)

By using the relation (2.11) and the Killing vector identity (A.9) presented in appendix A,
in the ingoing/outgoing convention we see that both the symmetric symbol d4apc and the
current associated with dilaton come from

(ﬁabcdevaKé‘lchdB> (60" = dABCK086¢8 " :EdABCJC, (3.14)

141n this section we use the standard convention for string theory scattering amplitudes where all external

states are ingoing. We will switch back to the A + ¢ — A + ¢ notation in the next section, where two of
the states will be taken to be outgoing.
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where JC is the second of the currents (involving dilatons) given in equation (2.13). Also,
the d o pc factor combined with the second parentheses of equation (3.13) renders the Chern-
Simons current 7;”. This means that we obtain the structure anticipated in equation (2.15).
These results are in full agreement with the effective action (2.16) we predicted in section
2.3 using heuristic arguments. Finally, remember that for the particular process studied in
this paper we will focus on the contribution proportional to ds3c.

4 Antisymmetric structure function F3 at small x

In this section we obtain the antisymmetric structure function F3(z,¢?) for the glueball,
following the conventions of reference [1].1 We recover R factors wherever it corresponds.
As explained in the introduction, in the VA< x < A2 regime the holographic method
consists in evaluating the on-shell amplitude associated with the effective supergravity
process and taking its imaginary part. Then, if we separate the hadronic tensor into its
symmetric and antisymmetric parts as T = Ty, + iTheym (and the same for WH) the
AdS/CFT dictionary implies [20, 35]

1
— iS5 = nny T (T4Y,,) = ST W (4.1)

where the last equality follows from the optical theorem. The calculation of Fj is similar to
the one corresponding to the symmetric structure functions F} and F; presented in [1]. The
starting point is the effective action proposed in section 2 from heuristic arguments and
derived from first principles in section 3. Considering two ingoing states and two outgoing
states, this on-shell action is given by

S?ym = Z% d33CQC Im [g(alv 5,{{*} O7a) 52]

X / d°Q /955 / A’ €™M0y AD 0, A3 (¢ g™ — ¢*040) (4.2)

The AdSs solutions we have to insert are given by (1.12) and (1.13). Also, let us recall
that the relation between the ten-dimensional invariant 5 and the four-dimensional one is

2
;) R

"R2
in the regime under consideration and up to corrections from the radial and S° components
of order o/ /R? ~ A~%/2 which can be neglected.

As in the symmetric case, by taking the £ — 0 limit, the imaginary part of the pre-

] ~
S~

(4.3)

factor can be replaced by a sum over excited string states [1]. The exact result is

Tnexe [G(0/, 5,F,) 8] |70 = % Y6 <m - 0‘48) (m), (4.4)

5Note that in [1] the normalization of the fields is such that the interaction term between the dilaton
and the gauge field is

Sint = iQ° / B0z [GAD (6" O — dOmd") .
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where the last factor can be ignored if x is not exponentially small, i.e. when e <1<

A~1/2. This sum can be expressed in terms of w = ¢z as

2¢°R? 2R%¢?
Z(S(m—)Z(alsw)é(w—wm), w2 =m P (4.5)

which is well approximated by an integral for z < A\~1/2.

Plugging the solutions for the gauge fields and the dilaton current together with equa-
tion (4.5) in the on-shell effective action (4.2), and working out the integration over the
full ten-dimensional spacetime, we find

2 A—1
ny Whem = |¢i] 3 Vi < > nyms e’ 2}#’) e (4.6)

where the charge is @ = d33cQC, while Za stands for the w integral over the Bessel
functions

fF(AJrl) I'(A+2)
1 T(A+3)

Now, by comparison of equation (4.6) with the general decomposition (1.7) we obtain the

Ip = / dw W2 Ko(w) Ky (w) = (4.7)

antisymmetric structure function for the glueball

1 A2\~ Q |cl|?m?
Fg(x,q2) = <q2> ;/Z%IA- (4.8)

Let us recall that for the dilaton in the exp(—\f)\) < & < \~Y2 regime, one obtains the
following symmetric structure functions

1 /A2\27! 72 paleil? 2A +3
F — LR | F. =2 F 2 4.9
(II,' q ) $2 <q2> 4@ 1,2A+3 2(1‘,(] ) x A+2 1<$7q )7 ( )

were pq is a dimensionless constant coming from the angular integral of the symmetric
effective action, defined in equation (88) of [1], and

(2A +2)(A+2)
2A+3

Noas = / dw WP K2 (W) = Ta. (4.10)

We find new Callan-Gross like relations that can be expressed as:

Fy(a. ) = Qgi(AH)FQ(xQ) /)992(2A(+A3)+(§)+1>

zFy(z,q%). (4.11)

One subtle difference arises from the Q factor: for F3 to be non-vanishing the hadron must
be charged under the U(1) groups associated to the Tg and Ti5 generators, while this is
not necessary for the symmetric functions.

Note that our result of equation (4.8) is in agreement with the behavior found in [36]
for the spin-1/2 case given by a dilatino mode. In the mentioned work, the antisymmet-
ric structure functions are computed in the exponentially small-z regime, but one can
extrapolate the result by considering the ultra-local approximation.
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4.1 Comments on the exponentially small-x regime

In the exponentially small-z regime the ultra-local approximation does not hold due to
diffusion effects in the radial direction of AdSs become important. This happens because
the last factor in equation (4.4) cannot be neglected. Thus, one must consider the full
differential operator of equation (2.10) [1, 13, 25, 37-39].

In the symmetric case, this leads to the interchange of a Pomeron. Let us start by
reviewing this in the conformal limit. The differential operator acts on 9,¢ 0,¢*. More
concretely, it is given by the spin-2 Laplacian, and the exponent reads

Tl 1 1
% o 2+ - o o [z28§ + 20, — 4] . (4.12)

= — Ay
2 R2 2R2"2T o9 R2° 2v/\
We will set t = 0. As is a particular case of the Hodge-de Rham operator, defined more

generally by
R?A; = 2207 +(2j — 3)20. + j(j — 4). (4.13)

It can be evaluated in terms of an auxiliary quantum mechanical problem where u =
—log(2/z.f) plays the role of time and H = —220? — 20, +4 = —02 +4 is the Hamiltonian.
In the conformal case z.f is an arbitrary scale and there is no cut-off in the AdS spacetime.
One can then diagonalize this operator in terms of its eigenfunctions, which are plane waves
in v with energies E,, = v + 4. Then, the scattering amplitude can be written in terms of
a kernel which in the £ — 0 limit takes the form

K(u,u',t =0,j =2) = (o'3)* ;1/2@—55<“—“’>2 , (4.14)

T

where 7 = log(a’3). Note that the s? factor was already present in the ultra-local approx-
imation of the scattering amplitude. It reflects the appropriate scaling with the center-of-
mass energy for a graviton exchange. The (u—u/)? dependence in the exponential is known
as the diffusion factor and the inverse of its coefficient gives the associated characteristic
diffusion time. The final DIS amplitude is obtained by evaluating the rest of the gauge-
field part of the effective Lagrangian at u and the ¢-field part at u/, and integrating. For
example, the part of the on-shell effective action that contributes to the Fy(z,¢?) structure
function reads'®

"o R2 a't/2]t=0
T gy = TP / dz/—GF™ 7| (“) D" Dy

Sym | £ 92
d a't/2]1=0 R* 2
= T [ st g (8) T | o
dz dz’' LA, . R* / 2
- 7T[8)Q)\1/2/ zZ i [qul(qz)] ( )2+2ﬁA d(u(z) —u'(2") [Z/d)(z)@
= TP / dudu' P () (u, ot = 0, j = 2) Py(u), (4.15)

16This expression is valid after the angular integration on S°. Also the scalar solution ¢ does not include
the scalar spherical harmonic. Finally, notice that in these expressions we have absorbed a factor of 47 in
the definition of the 't Hooft coupling A.
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where PE) (u(2)) = ¢?22K%(gz) and Py(u(z)) = R8272|¢(2)[? = (2A)?2~2 are scalar factors
that only depend on the corresponding incoming solutions, and all contractions are made
with the curved metric. In the last step we have written everything in terms of w and
inserted an identity of the form [du/'d(u —u') = [du [ %ei”(“_“/), which naturally leads
to the appearance of the spin-2 kernel. Now, due to the optical theorem Fy(z, ¢?) is obtained
simply by multiplying by a 27 factor. A similar expression can be found for Fy(z,¢?) by
replacing Pff) — Pf)(u(z)) = ¢*2%(K3(qz) + K3(gz)) and inserting an extra factor of 2z.
Of course, in these final formulas the z-dependence is hidden in the s and 7 factors since
in this regime the four-dimensional Mandelstam invariant is s ~ ¢>/z. Also, the result for
the parametric region exp (—/\1/ Hh<rk A~1/2 is formally recovered in the large \ limit.

When the cut-off at zy is introduced in the AdSs spacetime to induce confinement
general steps of the above calculation remain valid, but one has to impose boundary con-
ditions on zg, consistent with energy-momentum conservation. Taking the reference value
as Zf = 20, the boundary condition on the Pomeron modes hy.,'” and the resulting
eigenfunctions are

1 wu v—2i —ivu
0:(2°hs e =0 = hy(u) = 7 [e + (1/+2i> e } . (4.16)

Therefore, in the ¢ — 0 limit the conformal kernel must be replaced by

2_& )\1/2
\ -

2T

Ka(u, /st =0,j =2) = (a5) [6*2@(“*“/)2 + F(u,, %)6*2@(“*“’)2} (4.17)

where 7 = (4X\)~Y/27 and we have defined the function

F(u,u/,7) =1 — 4V/r7e erfe(n) (4.18)
with e )
u+w +47 > 2
=——— erfc(n) =1—erf(n) = / dre ™. 4.19
n= I ertel) =z / (1.19)

Note that —1 < F(u,u,7) < 1. These results are important to understand the holographic
DIS process at high energies. In fact, the structure of the amplitude at strong coupling
written in terms of the Pomeron kernel has a striking formal resemblance with the one
obtained at weak coupling. Also, the comparison with the available data for DIS at small
z leads to some very interesting results [39].

The process we have been analyzing is such that the leading contribution to the Fj
antisymmetric structure function comes from the exchange of a Reggeized gauge field. This
was also pointed out in the DIS from dilatinos in reference [20].!1® As we have seen in section
2, this vector mode interacts with the currents instead of the energy-momentum tensors,
implying that we have to consider the spin-one differential operator. Thus, in this case
we have

ot 1a 2 4
at_ e -
2 2 R? 2 R?

1da 1da 1
— (A +3) = = — 22t
(A1 +3) ZRQZ +2ﬁ

"We are using light-cone coordinates. Also, we consider only modes which are relevant in the high

[2283 —20;] . (4.20)

energy limit.
18Since the analysis of [20] is similar to what we need for the dilaton case, we only outline the important
steps.
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By introducing p = 2u = —2In(z/z.ef) we can rewrite Ay + 3 = 4(92 + 8,). After diago-
nalization of the relevant operator, we obtain a conformal kernel of the form

1 A\L/2

K(p, oot =0, =1) = (o'5)' 23 e 200+ e~ 5 (=P, (4.21)

27T
The Regge slope is now 1 — 1/(2v/A) since both the scaling with the center-of-mass and its
curvature correction change. Note that this implies that F3(x,q?) grows more rapidly as
x — 0. Also, diffusion in p(z) is still present. Now, let us consider the effect of introducing
a cut-off in the AdSs spacetime. The boundary condition on the Reggeized gauge field
modes A is

0:(2A4) |z =0. (4.22)

However, the eigenfunctions are modified in such a way that this condition is actually
analogous to the one above, leading to an identical modification of the kernel. Therefore,
we obtain

1 /
Ka(p, o t=0,5=1) = (a/5)" 23 720+
1/2 ) ’
X \/;» [e—s@(ﬂ—P P 4 Fp)2,0 )2, 7)e 5 ote ?| (a.23)
T

The final form of the structure function in this regime is given by complicated integrals in
p and p’. The formal expression obtained for F3 can be split in the conformal F§°nf0rmal,
i.e. from the complete AdS5 spacetime with no IR cut-off, plus the contribution from the
deformation induced by the IR cut-off:

F3 — Fé:onformal + Féieforrnation ) (424)

The explicit result is obtained by following the same steps that led us to equation (4.15),
together with the insertion of the hard-wall spin-1 kernel instead of the conformal one.
Thus, F3(x,¢?) is given by

2

on
Fy(2,q") = =5 [ dpdp' Palp,q) (4.25)

—_— 1/2 / /
’ {<a’§)1‘2lﬁ Vol [ 80P s p(pya, 2,70 K ene] } Py(pl, A),
T

where

Palz,q) = q323K0(qz)K1(qz) . Py A) = R82/72|¢(z')]2. (4.26)

The information about the z-dependence is contained in the § and 7 factors. Note that
the contribution from the IR cut-off is model dependent, in the sense that it is sensible to
how the AdSjs space is deformed near zg. However, the conformal contribution is model
independent.

It is difficult to obtain an analytical expression for the above integral (4.25). However,
some approximations obtained from simplification of the scalar and gauge field external
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solutions lead to interesting results [39]. In that reference the wave-functions products were
approximated by Dirac delta functions determined by the relevant scales

5.1t Ve Loy L
PA(z,q)~q5<z q)’ P¢(z)~M6(z M)’ (4.27)

where M stands for some relevant mass scale, for example the proton mass. It should be
directly related to the IR cut-off scale identified as A ~ Aqcp. With this approximation,
the final expression for the conformal contribution takes the form

2 1/2
2y o, 97 s 1-5 o= A — P 1og?(g/M)
Fyfr.q?) ~ D (o) ny 3 e
109n2 /q pom L [AYZ R e
~ = a4 | S e 5 log®(a/M) 4.28
x 3V <M> ('8) onr e ’ (428)

while the hard-wall contribution can be obtained using a similar simplification. Note that

in the context of the kernel notation § (and 7) should be thought of as symmetrized in z
. o - 1 _ 11

and 2/, and in (4.28) this implies o/s = Nt = ﬁiﬁ [25, 39].

5 Discussion

In this work we describe how the antisymmetric structure function Fs(x,q?) is obtained
in the dual holographic description of DIS of charged leptons from glueballs at small-z
in N = 4 SYM theory deformed by the introduction of the IR scale A. The reason for
the non-vanishing F3(z,¢?) comes from the chiral anomaly of A' = 4 SYM theory, which
does not depend on the IR deformation. This anomaly can be seen from the three-point
correlation function of current operators, and is proportional to the symmetric symbol
dapc. From the string theory point of view this comes from the S® dimensional reduction
of type IIB supergravity, which leads to the SU(4) gauged supergravity on AdSs. Its action
contains the Chern-Simons term proportional to the symbol d4pc. Thus, there is a deep
connection between the chiral anomaly of the A = 4 SYM theory and the emergence of
F3(z,¢%). On the other hand, the fact that the chiral anomaly is related to the Chern-
Simons term in the bulk is reflected in the fact that F3(z,q¢?) has the power dependence
in the Bjorken variable which comes from the propagation of a gauge field in the ¢-channel
Feynman-Witten diagram of SU(4) gauged supergravity in the bulk.

In QCD Fj is zero for the electromagnetic DIS, i.e. a charged lepton scattered from
a hadron with exchange of a virtual photon, due to the fact that this particular structure
function does not preserve the parity symmetry. Of course, this would not be the case
when considering an interaction mediated by a W= or Z° gauge boson such as in neutrino
DIS. However, though QCD and IR-deformed A/ = 4 SYM theories may share some generic
features in the large- IV, these gauge theories are essentially different. In particular, N' =
4 SYM theory is chiral. The R-symmetry current associated with the global U(1)gr C
SU(4)r can be gauged in order to describe the electric current, therefore allowing for the
construction of a bulk dual photon which mediates the DIS process. The Fj structure
function was not analyzed in the original calculation developed in [1], but it was taken
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into account to some extent in related papers such as [20, 35] from a heuristic viewpoint
for the case of spin-1/2 hadrons. From our results it is not possible to derive implications
for neutrino DIS within A/ = 4 SYM theory. A possibility to deal with a holographic
dual description of neutrino DIS is to consider a non-chiral holographic dual such as the
model based on the D4D8anti-D8-branes constructed by Sakai and Sugimoto from type
ITA superstring theory [40], in that case for instance scalar and polarized vector mesons
have been described, as well as baryons as skyrmions [41].

In the supergravity regime, i.e. when A™%/? < z < 1, the amplitude is dominated
by the s-channel diagram and the corresponding contributions to F3 are sub-leading in
comparison with the symmetric structure functions F} and Fb for glueballs. However,
for polarized spin-1/2 hadrons F3 = Fy = 2F] due to the form of the associated AdSs
solutions [35]. The scattering process in this context is the same as for the parity-preserving
structure functions F; and Fs.

It is interesting to describe how our results for the supergravity regime (1/vA < = < 1)
are related to a superstring theory analysis (exp (—v\) < = < 1/v/A). First of all, we
should notice that in the supergravity regime the ten-dimensional Mandelstam s-channel
variable satisfies the condition o/519p < 1, which implies that for moderate values of the
Bjorken parameter only supergravity modes take part in the dynamics. On the other hand,
for smaller values of x, massive string modes become relevant, therefore a string theory
analysis is required.

A very interesting connection between the string theory and the partonic regimes was
proposed in the original paper by Polchinski and Strassler [1]. Let us briefly recall it. Con-
sider a closed string, in an inertial frame its tension is constant 779. However, as seen by a
four-dimensional observer the string tension Ty is proportional to the metric warp factor,
i.e. Ty = r2/R? Ty, being z = R?/r. Thus, from a four-dimensional perspective the string
tension increases as the string approaches the AdSs boundary, and it therefore shrinks.
This implies that the more efficient way for the string to scattered is to tunnel to large
enough r values, being its size of order 1/¢. This leads to a power law suppression in the
scattering amplitude, which indeed goes like (A2?/¢?)™ !, being 7 the twist of the hadronic
scattered state. Since the whole string tunnels from IR towards UV, this means that for
large A the four-dimensional hadronic state does not contain point-like partons. In the
large N limit hadron production is suppressed, while for finite values of N the probability
that the virtual photon strikes a hadron surrounding its parent hadron is high enough so
that, for sufficiently large virtual photon momentum transfer ¢, the terms proportional to
1/N? become dominant in the OPE of two electromagnetic currents (JJ OPE). On the
other hand, for small A the probability that the photon strikes a parton is high, there-
fore the appropriate description is perturbative quantum field theory (QFT). Also, these
ideas were very nicely discussed in [1] in the context of the J.J OPE in terms of the in-
terplay between the anomalous dimensions of twist-two operators, which dominate for the
perturbative QFT regime, and the protected operators, which are the leading ones in the
non-perturbative regime.

For the scalar glueball we have the following schematic behavior. On the left we
consider small values of = (string theory description) and on the right of the arrow we
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write down the behavior for larger values of x (supergravity description),

1 /A2\" 1
1 A2 T—1 1 A2 T—1
F I - - T+1 1— T—2 9
v (@) () eta-ar (5.2)
1 /A" 1
F3x = [ = — 5 O(N7?). 5.3
g (7)o (53)

Thus, while for the 1/v/A < 2 < 1 regime F; = 0 since it is proportional to the Casimir
of the scalar glueball under the Lorentz group, F5 leads to a non-vanishing function of z,
keeping the same ¢?-power fall-off. In addition, the behavior of F3 for moderate values of
x becomes sub-leading, i.e. it is suppressed by powers of N. This can be straightforwardly
seen from the fact that in the small-x regime the dominant contribution comes from a
t-channel tree-level Witten diagram. On the other hand, for the supergravity regime the
dominant s-channel Witten diagram which leads to contributions to the antisymmetric
part of the hadronic tensor implies the exchange of at least two on-shell particles, thus it
is suppressed by 1/N?, and in the large N limit it does not contribute to F3.

In the exponentially small-x regime the situation changes drastically because excited
strings must be included as intermediate states. The dominant diagrams are given by
t-channel Reggeized particle exchange. In the original description these modes belong to
the tower of states associated with the graviton. This leads to the z-dependence for F}
and Fy of the form'® z72+2/VA and x71+2/VA respectively. However, this process only
gives contributions to the structure functions which characterize the symmetric part of
the hadronic tensor WH#”. This is not the right place to look for F3. After the graviton
exchange, the next-to-leading order contribution in terms of center-of-mass energy scaling
is given by gauge field exchange. As we have shown, it is in this context that the leading
antisymmetric contributions appear.

As originally suggested in [20], the presence of the cubic Chern-Simons interaction in
the five-dimensional gauged supergravity theory is crucial, as it leads to the possibility
of a gauge field exchange with the necessary four-dimensional index structure. We have
described the corresponding scattering amplitude from two different perspectives. On
the one hand, after describing the technique in the well-known symmetric case, we have
constructed an effective local four-point interaction Lagrangian by considering symmetry
properties, starting from the five-dimensional SU(4) gauged supergravity Lagrangian [5].
In addition, confirming our heuristic results, we have arrived to the same effective action
directly from the analysis of a four-point type IIB superstring theory scattering amplitude.
The difference with the symmetric case comes from the fact that one needs to consider
RR vertex operators in order to include the t-channel Chern-Simons contribution. This
is due to the role that the ten-dimensional self-dual five-form field strength F5 plays in
the construction of the gauge fields (described at the linear level in [2]) when reducing the
theory on S°. More specifically, in the symmetric case the relevant modes are given by

9We omit further corrections from the Pomeron kernel.
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two dilaton and two graviton perturbations (with specific polarizations), whereas in the
antisymmetric case we find that the relevant scattering amplitude is of the form

A(f57~7:57¢7 (b)a (54)

as suggested by the analysis of section 3.1.
Focusing on the dependence in the Bjorken parameter, the precise calculation of the

Fy(2) ~ <1>1_2k . (5.5)

X

amplitude leads to

This means that DIS of a charged lepton from a scalar has a non-zero F3 even when it
was subleading for larger values of x. The result we show in equation (5.5) leads to two
interesting conclusions. Firstly, in the small-z region F3 does not vanish even for scalar
hadrons. Furthermore, the first term in the exponent implies that F3 is not sub-leading
since it grows as F does. Secondly, the last term of the exponent shows that an O(A\~1/2)
shift appears in the exponentially small-z region as in the symmetric case. However,
the differential operator in the t-channel Laplacian is now associated to spin-one fields as
opposed to the spin-2 operator considered in [1, 25]. Thus, it leads to a different shift. The
particular value is of the same sign, but it is smaller, which means that F3 actually grows
faster than F5 for extremely small values of the Bjorken parameter.

In the symmetric structure functions, at some point, the fast rising of the single-
Pomeron exchange results when & — 0 will fulfil the Froissart bound. In order to restore
unitarity, it is necessary to consider the contribution from loop diagrams, i.e. sub-leading
contributions in the 1/N? expansion. In the high energy limit these contributions are
dominated by multi-Pomeron exchange. As it is known, the formalism used above can be
readily generalized to include these diagrams by using the eikonal notation. The eikonal
formula resumes the full class of ladder diagrams, where the exchanged particles lead to the
inclusion of Pomeron propagators, build from the Pomeron kernel.?° From these one can
construct the eikonal phase y. The saturation regime is reached when x ~ 1 [36, 39, 42].
We think that similar features would take place for the antisymmetric contributions studied
in this paper. However, one should be cautious in performing the eikonal approximation for
the j =~ 1 exchange since there are some subtleties that should be taken into account [30].

A very interesting question is what is the relation of the F3 structure function calculated
in the present paper, i.e. using the string theory analysis, with the corresponding ones for
baryons. Following [1] one can consider a composite object built out of N' = 4 SYM
gluinos, which might be interpreted as a holographic representation of a dual spin-1/2
baryon state. We have carried out the corresponding calculations in [43] obtaining a similar
dependence on the Bjorken parameter, the virtual photon momentum transfer ¢ and the
't Hooft coupling, but replacing the scaling dimension of the hadron state by its twist, as
expected since in the case of glueballs they both are the same. Certain very remarkable
phenomenological implications are developed in [43].

20Tn this context, one needs both the imaginary and the real part of the kernel.
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As a general remark, whenever one considers the holographic dual calculation of DIS
processes in AdSs x W?, being W?® a five-dimensional Einstein manifold, as pointed out
in [1] the calculation will only be modified by the effects of W? isometries. This affects
the parametrization of the graviphoton, h** = A*v%, in terms of the Killing vectors v®
of W?. For instance, one in principle could carry out very similar calculation in the
AdSs x TH! conifold background for N'= 1 SYM theory [44], where the spectrum of type
IIB supergravity is known [45]. Also, mild IR deformations of the AdSs spacetime will
only change the overall normalization constant coming from the AdS-field wave-functions.
Notice that in all these cases, as well as for probes flavor Dp-branes emulating matter fields
in the fundamental representation of the gauge group [11-13, 15], by considering the planar
limit of the SYM (or YM) theory, one always obtains structure functions scaling as N°.
This is expected since we only consider the confining phase of these theories.

A very interesting situation can be analyzed by studying an S' compactification of
AdS5 as considered by Witten [7, 46]. It corresponds to N/ =4 SYM at finite temperature
T. Notice that supersymmetry is completely broken since anti-periodic boundary condi-
tions along S are imposed for fermions, while scalars get mass at one-loop level, rendering
a (non-supersymmetric) Yang-Mills theory. In the planar limit Witten has considered the
YM theory at finite 7' on S3 x S* and on R? x S'. In [7] it has been shown that the planar
limit of the YM theory on S x S! has a confining phase at low 7', while at high T the
theory becomes unconfined, therefore its free energy is proportional to N2. On the other
hand, the YM theory on R?x S! at any T is in the high-temperature phase, i.e. unconfined,
therefore its free energy always scales with N2, reflecting the contribution of N? species of
gluons. The same scaling occurs for all the structure functions.

In the cases of F} and F5 it has been found that, in a deconfined phase of a strongly
coupled A = 4 SYM plasma, they scale with N? [47] using the black-hole embedding. In
addition, in [48] it has been obtained the corresponding O(a’®) corrections from type 11B
superstring theory. One expects that for the YM theory on R? x S', at any T, F3 also
should scale with N2, following the same scaling arguments which hold for the calculations
carried out in [47, 48].
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A Conventions for the Killing vectors on S°

In this appendix we describe the explicit relation between the SU(4) Gell-Mann matrices
and the S° Killing vectors.
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The Lie algebra of SU(4) describes the full set of 4 x 4 traceless hermitian matrices.

The canonical basis given is by {T'4; A =1,...,15}, where for example
1 000 10 0 0 100 0
110-100 1 01 00 1 0100
T5 = y Ty = —+ , Tis = —= ;o (A1)
210000 2v/3100-20 261001 0
0000 00 0 O 000 -3

are the only diagonal elements. The T matrices satisfy the orthonormality condition and

the commutation relations
1 .
Tr(TaTR) = §5ABv (T4, Tg] = ifancTc, (A.2)

where fapc are the completely antisymmetric structure constants. For SU(N > 3) it is
also useful to consider a completely symmetric symbol d4pc which appears in the anti-
commutations. In terms of traces of the generators, these objects are given by

fapc = =20 Tr (Ta[TB,T¢]) , dapc =2Tr(Ta{TB,Tc}). (A.3)

SU(4)r is the R-symmetry group of N' =4 SYM theory, and the dspc symbol appears for
example in the anomaly of the three-point function of the R-currents. The dapc symbol
appears in front of the Chern-Simons interaction in the action of the dual gravitational
theory [6-8]. In gauge/gravity duality applications, the electromagnetic current in general
is modeled by gauging a U(1)g C SU(4)g, whose generator is generally associated with
T3 [20]. Thus, in the electromagnetic DIS of N' = 4 SYM theory, for the antisymmetric
structure functions we are only interested in the d33c components. The only non-vanishing
components are dszs = 1/v/3 and d3315 = 1/1/6.

On the other hand, in terms of the gauge/gravity duality the R-symmetry is realized
as the isometry group of the five-sphere, SO(6), which is isomorphic to SU(4). In this
context, one has a different basis given by the 15 Killing vectors K[;;. Now, let us consider
the canonical embedding of S% into the Euclidean space R®. The Killing vectors are the

rotation generators
Kjj = 2'0; =20, i,j=1,...,6, (A.4)

where 2 are Cartesian coordinates on R®. For example, the precise mapping for the
diagonal T generators is

i
2V/3

1
Ti5 <> K5 = 7 (=Kpg + Kpe + Kiz)) - (A.5)

The resulting Killing vectors are normalized as?!

Ty <+ K3 =2i (Kjg + Kppg)) »  Ts ¢ Kz = (Kpq — Kpe) + 2K35))

TR
/55 d3Q \/ggs K4 K% gap(S°) = — G 0as- (A.6)

21The normalization has a minus sign due to the imaginary unit included in equation (A.5).
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Defining a new symmetric symbol as ci[ii/”jj/“kk/] = &;irjjkky (Which of course only takes
non-zero values +1), one has the identity

3

Eii/jj/k.k/ = m . d5Q€adee KC[L”/] ach[]]/] achka/] ’ (A?)

which leads to the expression for the Chern-Simons interaction given in [27]. In the
{K 4} basis, equation (A.7) becomes an integral expression for dapc in terms of the five-
dimensional Levi-Civita symbol and the Killing vectors (together with their derivatives)
given by

31
213 RS

This allows one to rewrite the Chern-Simons term in the action in the more

dapc = / Qe K2 9,KP 9,KC . (A.8)
S5

familiar notation.

We can also write the additional identity
A
£ 9K 0K ] = 55 danc KE (A.9)

which is usefull in the computation of the effective action in subsection 3.2.

Note that in this language the relevant combination is ds3c K¢ = (i/2) K|35, which
means that our final result for the structure function Fj is proportional to the eigenvalue
Q = dss3c Qc = (1/2) Q35 of the spherical harmonic that defines the dilaton solution with
respect rotations on the internal (3,5)-plane. This means that F3 is non-vanishing for
hadrons charged with respect to K.

B Gamma matrix algebra in the three-point closed string scattering
amplitude

The starting point is the flat-space three-point type IIB superstring theory scattering ampli-
tude A(3)(RR,RR,NSNS), involving two RR-vertex operators and one NS-vertex operator.
This is given in [34] as follows

./4(3)

closed —

i
— 5510 hinTr (CGerMe3Ter?) | (B.1)

where ( is given by

CiF = ]:Mi Ms (CFMT”MS) (B.2)

AB
Now, we have to calculate the trace of twelve gamma matrices. We follow the notation of
reference [33], appendix B. The conjugation matrix C raises and lowers the indices of the
gamma matrices. The corresponding indices in the definition of the gamma matrices are
(FM ) AB, being A and B Dirac indices. We have the following properties

CABCBC — 527 CAB _ —CBA,
_ C AB B
(FM)AB = CB}J (FM)A ) (FM) =A@ (FM)C )
A _ C
cAC (T'nr) DCDlB == (F}\F/l) B’ (FM)AB = _CA(lj (Ff/l) DCDB’
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also we use the fact that for any two matrices which are themselves products of gamma
matrices

RapSPC = —R,P55°.

Other useful properties are listed below
A
Cip=—Cpho  ((OMM)T)" = et (et Peph. (B3)

Then, the scattering amplitude becomes

AB) ——%mohm;f}@l.,.Msf]?’vl...NsTr(er~--PMSFMFN1---FNSFN). (B.4)

closed —

Next we can calculate the last trace using similar arguments as in appendix A of
reference [32]. Therefore, one obtains the following contractions:

1
Ag’gsed = 150 hin [5 (Bt - F + Fat - FyY) — g™ N R - R (B.5)

where omitted indices are contracted. The last term vanishes since h is traceless.
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