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The Equations of Motion of the Post-Newtonian Compact Binary Inspirals As

Gravitational Radiation Sources Under The Effective Field Theory Formalism
Zixin Yang, PhD

University of Pittsburgh, 2020

The success of advanced LIGO/VIRGO detections of gravitational wave signals beginning
in 2015 has opened a new window on the universe. Since April 2019, LIGO’s third observing
run has identified binary merger candidates with a rate of roughly one per week. In order to
understand the properties of all the candidates, it is necessary to construct large template
banks of gravitational waveforms. Future upgrades of the LIGO detectors and the next
generation detectors with better sensitivity post challenges to the current calculations of
waveform solutions. The improvement of the systematic and statistical uncertainties calls for
higher accuracy in waveform modeling. It is also crucial to include more physical effects and
cover the full parameter space for the future runs.

This thesis focuses on the equations of motion of the post-Newtonian compact binary
inspirals as gravitational wave sources. The second post-Newtonian order corrections to the
radiation reaction is calculated using the Effective Field Theory formalism. The analytical
solutions to the equations of motion and spin precession equations are obtained using the
dynamical renormalization group method up to the leading order in spin-orbit effects and

radiation reaction.
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1.0 Introduction

A worldwide network of gravitational wave (GW) detectors is being developed to observe
the ripples in the fabric of space-time passing through the earth. This includes the ground-
based laser interferometers GEO600, LIGO, and VIRGO collaborations currently in operation,
and the under-construction space-based observatory LISA and cryogenic detector KAGRA
in Japan. The successful detection of gravitational waves from inspiraling black holes (BH)
and neutron stars (NS) by the LIGO and VIRGO collaborations directly and spectacularly
confirmed one of the predictions of Einstein’s Theory of General Relativity. As a generic
prediction of metric theories of gravity, BH or NS coalescence is a strong source of GWs
for interferometric detectors. To successfully identify and analyze the gravitational wave
signals, it is necessary to construct a systematic description of the binary black hole dynamics
and waveforms during coalescence. A set of expected waveforms characterized by the
intrinsic parameters of the compact binary within the astrophysically interesting region of
the parameter space forms a waveform template bank [1-3]. Using these precise waveform
templates, a matched filtering technique is used to discover the weak GW signals buried in the
detector noise. Templates with higher accuracy will help us extract physical information from
the observed events to gain further knowledge of the black hole or neutron star properties.
This thesis focuses on the analytical post-Newtonian dynamics of binary gravitational waves

to higher orders of precision, using the effective field theory techniques.

1.1 Compact Binary Systems and the Post-Newtonian Expansions

Compact objects, in the context of astronomy, refer to massive stars with high density,
including neutron stars and black holes. The compact stars are usually formed in the final
stages of stellar evolution. A compact binary system consists of two compact objects, orbiting
around a common center-of-mass under the gravitational interactions with each other. This

thesis focuses only on black holes but neutron stars are similar. Due to general relativity, the



binary black hole system emits weak gravitational radiation. And the gravitational waves
carrying energy away causes the loss of the total system energy. The radiated energy is
compensated by the shrinking of the orbital radius and the increase of the orbital frequency.
Eventually, the binary black holes spiral into one another, forming a single black hole. This
entire process is called the binary coalescence.

The inspiral stage of the coalescence lasts a very long time compared to the orbital period.
As the orbital radius gradually reaches its innermost stable circular orbit, the binary becomes
relativistically dynamically unstable as the stars getting closer and closer. The two objects
plunge into each other and form a single BH in the next stage called merger. The merger
phase is a highly nonlinear dynamic process. GW signals are the strongest and reach the
peak value at this time. Immediately followed is the ringdown phase, during which the largely
deformed black hole radiates away most of the distortions and leaves a stable final Kerr black
hole.

In this thesis, we study the inspiraling binary dynamics as solutions of the Einstein
field equations. The nonlinear structure of general relativity limits the possibility of exact
solutions. The post-Newtonian formalism is one of the approximation methods that attempt
to extract information from GR under certain conditions. Binary systems are described by
Newtonian gravity in flat space-time. For moderately relativistic systems, post-Newtonian
corrections to the Newtonian equations of motion in powers of the source velocities v are
taken into account. This type of approximation has been developed by Einstein [4], and later
by Droste, de Sitter and Lorentz [5-7], and has produced fruitful classical results.

The post-Newtonian assumptions include that the sources are slowly moving and weakly
self-gravitated. The non-relativistic expansion is in terms of v/c, the ratio of source velocity
and the speed of light. For a self-gravitated binary system with total mass M we have
(v/c)? ~ Rg/r, where Rg = 2GM/c* is the Schwarzschild radius of the source and r is
the orbital radius. The post-Newtonian expansion uses sufficiently small v/c and Rg/r as
the expansion parameter and denotes the post-Newtonian terms of order (v/c)” by FPN.
Even though the formalism is built on a small velocity expansion, the sources can get very
relativistic, especially in the last few orbits of the inspiral. Eventually the expansion breaks

down and other methods must be explored. Therefore, it is necessary to obtain higher orders



post-Newtonian waveforms for more accurate descriptions of the binary dynamics.

1.2 Gravitational Waves from Compact Binaries

The existence of gravitational waves was predicted from general relativity by Einstein
in 1916 [8]. Gravitational waves appears in the linearized gravity theory that expands the
Einstein equations around the flat Minkowski metric 7,,. A small space-time perturbation
hyw, defined as g, = 1, + hy, satisfies the wave equation

Oh,, = _160%(;% (1.1)
where BW = hy, — %n,wnaﬁ has and T, is the stress-energy tensor of the source. The physical
picture can be portrayed as the source binary moving in flat space-time along the trajectories
determined by the mutual influence of the source masses and the Newtonian background.

Gravitational waves carry energy flux and momenta away from the sources. Once
generated, they propagate almost unimpeded except for the redshift effects. The scattering
and absorption of gravitational waves are negligible due to the small cross-sections from the
extremely weak couplings. Therefore, the observed gravitational waves contain fundamental
information about the original binary systems. A proper and precise waveform model is
crucial to the understanding of black holes and the nature of gravity itself.

The dynamics of the binary BHs are usually divided into three zones according to typical
length scale: The internal zone with length scale Ry, the potential zone with orbital radius r,
and the radiation zone with GW typical wavelength A ~ r/v. For non-relativistic sources the
hierarchy of the energy scales is \™' < r~! < r! in natural units.

In the post-Newtonian formalism, the binary motion is conserved until 2PN. Gravitational
waves enter into play at the order of 2.5PN through the radiation reaction force. At the level

of the binary equations of motion, the post-Newtonian expansion can be written as

i i i i
A = ANewtonian T A1pN T Agpn T ARg T oo (1.2)



where ahy is the leading order radiation reaction at 2.5PN. Gravitational radiation reaction
is an analog of the Abraham-Lorentz-Dirac force or the radiation damping force in electro-
magnetism, which is a recoil force on an accelerating charged particle due to the emission of
electromagnetic radiation.

In gravity, radiation reaction was first studied by Burke and Thorne in 1970 [9, 10].
They used an asymptotic matched expansion between the potential zone and the radiation
zone. The leading terms in the radiation reaction arise from mass quadrupole moments
and subleading contributions from all mass and current multipoles of the source. The 1PN
correction of radiation reaction, which is the 3.5PN correction to the equations of motion,
has been calculated in [11]. In Chapter 3, this thesis discusses the 2PN calculation of the

radiation reaction force in the formalism of effective field theory.

1.3 Spinning Extended Objects in Gravity

A rotating black hole, or Kerr black hole, is a black hole that carries intrinsic angular
momentum S, referred to as the spin of the black hole. The experimental observations
and analyses show that stellar-mass black holes can be generically close to being maximally

spinning [12,13]. We will adopt the notation for spin variables such that
S, = Gm?2xa, (1.3)

where m, is the mass of the object a = 1,2 and Y, is the dimensionless spin parameter,
maximally rotating black holes have y ~ 1.

The inclusion of black hole spins induces nontrivial effects to the binary dynamics. The
equations of motion become more complicated as a consequence of the extra six degrees of
freedom from the three-dimensional spin vectors for each compact body. The magnitude of the
black hole spins are usually much smaller compared to the binary orbital angular momentum
L =vM]|r x v|, where v = mymy/M?. Therefore, the spin is treated perturbatively with a
distinction among the linear spin-orbit (SO) effects, the quadratic spin-spin (SS) effects, and

the possible higher orders terms in spin.



The leading contributions from spin-orbit effects enter the equations of motion at 1.5PN
and spin-spin effects enter at 2PN, which are before the 2.5PN radiation reaction force [14].

The post-Newtonian equations of motion expansion (1.2) then becomes
ai = ai\lewtonian + aZ‘11:’N + a%O + aZéPN + azés + ai:{R T+ (14)

When the spin vectors are not aligned with the orbital momentum, the spin effects lead to
the precession of the orbital plane. In this circumstance, the orientation of the orbital plane
varies with time. Thus the observed waveform, which depends on the orbital orientation with
respect to the detector, will modulate due to the spin-induced orbital precession.

The spin vectors themselves evolve following the spin precession equations

ds
—=Q, xS 1.
=0, xS, (15

where €2, is the precession vector of the conserved-norm spin variable S,. The total angular
momentum J = L + S; + S, is conserved unless the dissipative effects are taken into account.
In Chapter 4, this thesis gives a detailed analytical solutions to the binary equations of
motion including the leading order SO effect and radiation reaction, and the solutions to
the spin precession equations, utilizing a new method [15] called dynamical renormalization
group method.

The thesis is arranged as follows. After this introduction, in Chapter 2, we outline the
effective field theory for radiative gravity. With a brief summary of the multipole expansion
and the non-conservative variation principle of action, we give an example calculation of the
radiation reaction force in the EFT formalism. In Chapter 3, we use the EFT framework
to compute the mass quadrupole moment, the equation of motion, and the power loss
of inspiralling compact binaries at second order in the PN approximation. We present
expressions for the stress-energy pseudo-tensor components of the binary system to the PN
orders needed for this calculation. In Chapter 4, we calculate the real-space trajectory and
spin precession of a generic spinning compact binary inspiral at any time instant using the
dynamical renormalization group formalism. This method leads to closed-form analytic
solutions to the binary motion through treating radiation reaction as perturbations and

resumming the secular growth of perturbative terms. We consider the spin-orbit effects



at leading order and the 2.5PN radiation reaction without orbit averaging or precession
averaging for arbitrary individual masses and spin magnitudes and orientations.

As of this writing, the relevant publications can be found in Refs. [16,17]



2.0 Non-Relativistic General Relativity and The Effective Field Theory

Formalism

For theories that have natural separations among several energy/distance scales, Effective
Field Theory (EFT) methods offer tools to decouple the physics at these different scales. In
general, there are two distinct approaches to build an EFT. The first one is a “top-down”
procedure, where the high energy theory is fully understood, and the effects of heavy physics
on low energy observables are of interest. In this case, integrating out the heavier physics and
matching onto a low energy theory provides a systematic manner to simplify the calculations.
The applications include, for instance, Heave Quark Effective Theory and Non-relativistic
QCD. However, when the full theory is unknown, or the matching is too complicated, a
“bottom-up” approach is sometimes taken. In this approach, an effective action or Lagrangian
is constructed by writing down possible operators consistent with the fundamental properties
of the theory, such as symmetries, equations of motion, and degrees of freedom. An example
of bottom-up effective theory is chiral perturbation theory.

The EFT approach to the binary inspiral problem, proposed by Goldberger and Rothstein
[18], is a top-down EFT approach that is a Lagrangian formalism of non-relativistic general
relativity within the PN expansion. The EFT framework provides manifest power counting
in the velocity v, the PN expansion parameter. Calculated using the field theory language
of Feynman rules and Feynman diagrams, the EFT approach considerably simplifies the
calculations and presents a physical understanding in the picture of the interactions of potential
gravitons and radiation gravitons. Currently, the binary dynamics has been calculated up to
4PN for non-spinning systems and extended to spin effects by the EFT approach. This chapter

presents an outline for the EFT approach to the post-Newtonian gravitational dynamics.



2.1 Effective Field Theory of Compact Binary Inspirals

As mentioned in the introduction, the three characteristic scales of binary inspiral are
the internal structure scale R;, the orbital radius r, and the radiation wavelength r/v. The
gravitational wave observables to be detected appear from the radiation zone at the scale of
r/v. To integrate out the two intermediate scales using EF'T methods, the theory adopts the
point particle interacting with the gravitational fields. The resulting EFT of gravity contains
a potential mode mediating the forces that form the bound system, and a radiation mode
propagating out from the source.

The EFT formulation starts with an action of the relativistic point particles coupled with
gravity

Seglz”, guw| = Senlg] + Spplz, gl, (2.1)

where Sgg is the Einstein-Hilbert action

Sun = —2m, / daJGR(x), (2.2)

and m,* = 32rGy and R(z) is the Ricci scalar. Sy, is given by

Spp = —Zma/dTa + ..y (2.3)

where m, is the mass of the point particle a. The point particles living on the worldline are
parametrized by the proper time d72 = g,,@*z%. The ellipsis includes any possible curvature
dependent terms, and the corrections to the action involving spin degrees of freedom that are
introduced in Section 1.3.

Recall that, in linearized gravity, the gravitational field is defined to be a small perturbation
from flat space-time through g¢,, = 7, + hy,/mp;. The momenta carried by the gravitons
h,. can be split up into two regions. The first region, scaling as k* — (k° ~ v/r,k ~ 1/r),
is the potential gravitons mediating the nearly instantaneous exchanges between the point
particles. These gravitons can never be on-shell since their k% ~ 1/r. The other region of
momenta that scales as k* — (k° ~ v/r, k ~ v/r) corresponds to the radiation gravitons that

can appear on-shell and propagate to the observers.



The potential gravitons are never on-shell and cannot propagate, and therefore do not
appear in the physics at long distance that can be detected from the earth. To integrate out

the potential modes, it is useful to decompose the gravitational field as
By () = B () + Hu (), (2.4)

where l_zw, is the radiation graviton field and H,, is the potential graviton field. The scalings

of the graviton fields are then
_ V- v 1
(0uhys ~ =hu) . and (aOHW ~ =Hu OiH ~ ;HW) . (2.5)

To unify the power counting of the derivatives acting on the fields such that d,, ~ v/r, it

is convenient to rewrite H,, in the momentum space as

d’k .
HW(J:O,X) :/ eZk'kaW(:UO), (2.6)

(2m)°

where Hy,, (2°) is the spatial Fourier transformed field of H,, (2% x). In this definition the
hard momenta k ~ 1/r are detached from radiation length scale z# ~ v/r.

The action S.g is matched onto the long-distance NR EFT containing f_zW and the
worldline x# by integrating out the potential gravitons through the path integral

eiSNR[IGJL] — /DHeiSEH[h+H} eiSPP [x7B+H] eiSGF’ (27)

where Sgr is a gauge fixing term. It is chosen by adopting the background field method to

preserve the gauge invariance of the action Syr[zq, h], which gives

Sar = mp, / d*z\/gl'*T,,, (2.8)

where g is the determinant of the background metric g, = 7, + BW/M pi, and I’ =
D,H} — %DMH & with the covariant derivative D,, with respect to g, .

The Feynman rules and the propagators for the gravitons can be read off from the effective
action. Expanding the point particle action in (2.3) in powers of the particle three-velocities

v, the worldline Lagrangian can be written as

m 1 1- _
Ly =" SH™ — SR S Hyve — shove — - H
w za:mpl 2 2 g 10iVai = 5 l0iVai = M Ve



1 L;
_ _hOU 2 — §Hijvaivaj - éhijvaivaj LER

; , (2.9)

where the gravitons H"(z°,x,(2°)) and h*"(2°,x,(2°)) are evaluated on the point particle
worldline.
The relevant O(H?) terms to determine the potential propagator in the action are

1 0 B3x T, v K w1
SH2 = 5 dx W [k Hkul/H_k — ?HkH,k — 80HkMV80H_k —+ 580Hk80H,k], (210)

where Hy = HS,.. The last two terms associated with the partial derivative of x, are power
suppressed by a factor of v? with respect to the first two terms that are proportional to k2.
The propagator of Hy,, derived from the k? terms can be written as

l

= (27m)?6% (k + q)6(2° — yO)PW;aﬁ, (2.11)

(i (2") Haas (y") =

where the tensor structure P,,..z = %('r]ua'r;yﬁ + Nvalus — ﬁ%u%ﬁ) with the space-time
dimension d.

Besides the interactions involving point particle sources, the Feynman rules for the n-
graviton vertices can be derived from the Einstein-Hilbert action (2.2) and the gauge fixing
term (2.8). For instance, the three-graviton vertices involving three potential gravitons receive
contribution only from Sgy since Sgr contains only O(H?) terms. Expanding V99" and

R, from the Einstein-Hilbert action to the H?,

V99" Ry — "R

14 1 4
+ ( = H" oo H> R®) (2.12)
1 1 1
+ (HWH; — SH"H + i/ H? = ZnWHaﬁHaﬂ)Rgg +O(H"),

where the expansions of the Ricci tensor are

1. .. 1 W1 L1
R;(}y) - 56048 H;w + Eaaatu + EaaauHu - 581/8MH, (213)
1 1 1 1 1
RE) = = J0uHO" Hyyy + 505 HJO Hyy + SHO 0300 Hyy = SH 050, Hyo = SH 050, H
1

(03 1 o 1 (03 1 (0% 1 o
—~ éaaHyﬁaﬁHu + §aﬁHma/3Hu + 0o HO, H! — éﬁgHgauHV +5H 50,0, Hap

1 1 1
+ ZauHaﬂaVHaﬁ + 0aHO, H — 5@1{53,,}13, (2.14)

10



1 1 1 1
R® — 4 JH0HO Hyyy — S H0, HOu Hyo — 3 HY 0, HO, Hyo, — iﬂwaaﬂﬁaﬂyﬁ

nv
1 1 1 1
— §Ha785Hf8°‘HW + iﬁavaaﬂgaﬁﬂw — 5HCWzt[fjagam,w + 5Hmztlgaﬁamw

1 (0% 1 (0% 1 o 1 (63
+5H YH5050,H,,, + 51 0P H,00,H,5 — 51 Y0P H 00 H,, — 31 70, Hap0° H

]' (0% 1 (6% 1 (0% 1 (6%
+ 11 Y05 H,0°H,, + 31 "05HY 0, H,o + 51 70, Hop0, HY — ~H*05H 0,0, HP

4
1 1 1 1

— 5HOW11r§(’)*#(331ﬁ1w - §Ha76uH£8VHW + §HM@BH50VHW + 5HOWéghraﬁ@hrg
1 (6%

-1 103 Hon 0, H. (2.15)

In this form the Feynman rules can be extracted by substituting the derivatives on H,, by
the corresponding momenta from Hy,,. The three-graviton vertex appears in the calculation
of the first-order post-Newtonian gravitational potential. Figure 2.1 shows all the diagrams
that contribute to the 1PN two-body potential. The sum of these diagram gives the 1PN

Lagrangian first derived by Einstein, Infeld and Hoffmann using a different method [19],

G’lemg 9 9 GRMmymy
L — “ — . —_ . . - I 95
EIH = E meve 2|x1 mpy [3(V1 +v3) = 7(vi-va) — (vi-n)(v2 n)} 20%; — %2
(2.16)

where n is the normal vector of the orbital radius vector n = (x; — x3)/|x; — x| and M is

the total mass M = mq + mo.

2.2 Gravitational Radiation and The Multipole Expansion

The diagrams in Fig. 2.1 that generate the gravitational interaction between the point
binaries contain no external radiation graviton BW. The Feynman diagrams with external
legs of BW coupled to the particle worldline or potential gravitons can be constructed from
the action (2.7).

The Feynman rules of the vertices involving radiation gravitons are generated similarly
through expanding Spy[h+ H]+ Sgr[h+ H]. For instance, the three-graviton vertex involving
radiation mode in Fig. 2.2, can be derived in the same manner as the three-potential-graviton

vertex in Sec. 2.1.

11



— — — —
— — — —

02 vl 0

Figure 2.1: Diagrams contributing to the 1PN two-body potential, omitting their mirror
diagrams. The solid lines represent the point particle worldline. The dashed lines denote the
potential gravitons. The v and v? corrections to the worldline coupling in (a) and (b) refer
to the higher order terms in the worldline Lagrangian (2.9). The ® on the propagator in (c)
stands for the potential graviton kinetic term insertion from the two terms involving 0y in
(2.10). The three-graviton vertex appears in (d). The power counting of (a)-(c) are of
O(Gyv?) and (d)-(e) are of O(G%).

12



k|

% p) (° + k% p+Kk)

Figure 2.2: The three-graviton vertex involving two potential gravitons and a radiation

graviton in the curly line.

However, the potential field in (2.2) poses problems to the manifest power counting in the
radiation graviton EFT. The graviton with momentum p + k has a propagator proportional

to 1/(p + k)? that can be expanded in powers of v as

1 1 2p -k
— =5 (1-EF ), (2.17)
(p+k)? p P

where p ~ 1/r and k ~ v/r. Then the potential graviton propagator becomes an infinite series
in powers of v that shows no manifest power counting. It is necessary to multipole-expand

the interactions between the radiation field and potentials or point particle at the level of

action,
_ _ _ 1 _
hW(:EO, X) = hu,,(:vo, X) + 5X10ih,w($0, x) + §5xic5xj0i8jhm,(a:0, x)+ ..., (2.18)

where X is an arbitrary reference point and dx = x — X. For simplicity X is usually defined
to be the center-of-mass of the binary system at the origin,

. [P T, x) X’

em = T g8x T90(20, x)

=0, (2.19)

where T% is the 00-component of 7", the stress-energy pseudo-tensor that contains all the
potential contributions from the Einstein-Hilbert action and worldline couplings. The source

term of the single graviton emission in the effective action is written as [20]

T[] = —— /&wwmmmy (2.20)

2mpy
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The off-shell gravitational wave amplitude is written in terms of T (x),

1

2mpy

AW —

/d4x T (x)e~ e (2.21)

and thus the Ward identity leads to the conservation law 9,7"" =

The radiation field &, in the source action in (2.20) can be substituted by the Taylor
expansion in (2.18). Then the Taylor expanded action is expressed in terms of manifestly
gauge invariant operators in order to obtain the multipole expansion of the action. In the
case of general relativity, the gauge invariant quantities are the Riemann tensor, the Ricci
tensor, the Ricci scalar, and the covariant derivatives. The multipole expansion form of the

EFT action can be written as

_ 1 20
SNR[Ta, h] = /dt [—M(t) + 2 (5! MOV 2B, i, — mJL(t)VLsz’zm)] :

(2.22)

where L = (iyig...ig), L — 2 = (i1...ip_3), and I*(t), JE(t) are the mass type and current type

multipole moments. The multipole moments are coupled to F;; and B;;, which are given by

1 _ _ _ _ _

By = Cop = 5, (aoajho,- + 8Dty — 8:0;ho0 — aghij> +O(R?) (2.23a)
1 1 - _ _

Bij = §Eimn00jmn = Wpléimn (808nhjm + 0j0mh0n> + O(hz) (22313)

These are the electric and magnetic components of the Weyl tensor C),,4, the traceless part
of the Riemann tensor.
Matching the multipole expansion of the action (2.22) and the Taylor expanded (2.20)

determines the expressions of the multipole moments as the Wilson coefficients of the EFT [21],

R (2¢ + 1) 8p(+p+1) o o7
_;(229)”(2@4—2]9—}—1)!! 1+<g_|_1 1+2) d 0P TY (2°, x)x*x
S STF
) |: d3X anTaa ZU X) 2]?XL:|

(20 + 1)1

t2 5 "(2€+2p+1)!!<+(€—|— ((+2
(
)

p=0
20+ 1)!! 4 2 STE
+1) <1 + _p) {/ d*x 8t2p+1T0a(x0,x)x2pxaL1

~2_ G i
po 204+ 2p+ 1) 041
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Figure 2.3: The diagram of the linear source action after integrating out the potential

gravitons. The double line indicates that the EFT scales beyond the orbital scale r.

= 20+ ! 2 3o A2p+2ab/, 0 2 abL -
- p:zo )10+ 2p+ DN ((+ 1)(( +2) /d X G T, X)X (2.242)
) STF
L_ (20+ 1! 2p 3 _keba 42p0a, 0 2% bL—1
7= p; oo 2y \F T rrn) | SR X)X
. f: (26 + 1)” 1 d3 kgba62p+1Tac(x X)XQprcL—l ST (2 24b)
2 p)N 20+ 2p+ I 142 =

where STF stands for symmetric trace-free part of the enclosing tensor structure. The

radiated power loss is given by

o i Gl +1)(C+2) AN\ & AGU(0 +2) 4t e\
0(0—=1)020+ 1)\ \ detH Lo (=) (C+ DI+ DI\t '

(2.25)

The spatial Fourier transform of T+ (z°, x) gives

T (2°, k) = Z (=0) (/d3X T“”(xo,x)xil...xi">kil...ki", (2.26)

n!
n=0

by Taylor expanding [ d*x T (2%, x)e™®* about small k - x ~ v. Each term in the expansion
is associated to a sum of Feynman diagrams up to the corresponding order in k - x, with the
amplitude given by

i

iAh(ZEO, k) = —

e, (K, h)T" (2° k). (2.27)

2mpy
The multipole moments are obtained by substituting the stress energy tensor components
T read off from the amplitude Aj;. The radiation EFT action (2.22) leads to the type of
diagrams in Fig. 2.3. At this stage, the effective action for the binary system is replaced by a

series of multipole moments on the worldline interacting with the radiation fields.
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2.3 Classical Mechanics For Non-conservative Systems

Hamilton’s principle of stationary action and the Euler-Lagrange equations derived from
the action integral give the differential equations of motion to various physics systems in
classical mechanics. The formulation of Hamilton’s principle requires boundary conditions
in time to determine the dynamical evolution of the system. For generic non-conservative
problems, including gravitational radiations, the final configurations rely on the dynamics of
the system and thus, Hamilton’s principle is not applicable.

In the conservative sector of the worldline effective action, the sum of the advanced
and retarded Green’s function is symmetric in time as they satisfy boundary conditions
according to Sturm-Liouville theory. It is necessary to develop a suitable action principle to
accommodate the dissipative effects, including gravitational radiations in the effective action,
which are time-asymmetric processes.

The principle of stationary non-conservative action [22,23] is a variational principle that
allows for non-conservative time-irreversible processes to be included at the level of the action.
This path-integral formalism only depends on initial conditions, while the final states are

¢

dynamically determined by the evolution of the system. It is similar to the “in-in”, or the

closed time path functional formalism in the nonequilibrium quantum theory, which relies on

the evolution of expectation values of field operators (in|O|in) and their correlation functions.

For a general dynamical system with a set of N generalized coordinates q(t) = {¢’(¢)}4_,

and velocities ¢q(t) = {¢’(¢)}_,, the action of the system is the time integral of the Lagrangian
along a trajectory q(t) from the initial time ¢; to the final time ¢y,

ty
Sld] = /t dtL(q,q,t) (2.28)
To break the time reversal symmetry, a double copy of the coordinate set is introduced in

order to describe dissipation in this formalism and the degrees of freedom are doubled as

q'(t) = (a1(t), g5(1)), (2.29)

and similar doubling on the velocities. Fig. 2.4 shows the schematic diagram of the doubled

degrees of freedom. The trajectories q;(t) and qu(t) evolve from the specified initial conditions

16



Figure 2.4: The trajectories q; and qs in the constructed non-conservative Lagrangian with
the doubled degrees of freedom. Only the initial conditions are specified, and final states
satisfy the equality conditions. The arrows indicate the time integral directions for the
Lagrangian. Solid lines and dashed lines correspond to the paths with a stationary action

and the varied paths through configuration space.

at t = t; to some final time ¢t = t; where the values of q;(t;) and qs(t;) are determined by
the dynamics. The arrows on the paths represent the direction for the time integration of the

Lagrangian. The dynamics for the doubled variable is described by the new action

ty t; ty
Slai, a2 :/ dtL(qy,qi,t) +/ dtL(qe, 42, 1) +/ dtK(q1,92,4q1, 42, t)
¢

ty t;

i

ty
_/ dt[L(qlaqlvt) _L(CI27('312775)+K(Q17Q2>Q1aQ27t)]7 (23())
t

i

and the new Lagrangian is

A(qlanaqlaq%t) = L(qlvqlat) - L(q27q27t) + K(q17q27q1aq2at)' <231)

The first two terms L = L(qi,q1,t) — L(qz, qs,t) accounts for the conservative sector in
which the double coordinates q; and qo are decoupled from each other. The last term on
the right-hand side K contains all the non-conservative effects that are not derivable from

a potential energy. Therefore, K can be considered as a non-conservative potential. It can

17



be shown that K is anti-symmetric under the interchange of the history labels 1 <+ 2 in the

action,

K(QhQZ;QhQ%t) = _K(q27q17q27QI7t)7

thus K mush vanish when q; = qq.

The canonical momentum conjugate to q is defined as

0N\ 8L(q1, ql, t) 4 0K

7Tl,l(qhq?ana(':lQut) - s - 5 . )
941 (t) 94 94{ (t)

and similarly for the second history

3A 6L(q2, qQ, t) 8K

7T2,I<qla(:127(:117(:12775) = _a[(t) 8q£ aql(t)

qs 2

It is convenient to switch the history variables from (1,2) to + with

I I
gl +q
o A= e

¢
The physical limit is defined as

¢ —d, =0,
such that the histories ¢! = ¢} = ¢! and ¢/ = ¢ = ¢.

The variation to the effective action becomes

6Seﬁ[q{|—7 Q£]

dqt =0,

PL

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

where PL stands for taking the physical limit to ensure that the two histories match with

each other at the final time. The physical limit does not fix the values of the final states,

instead it makes sure that both paths are the same as the physical one after all variations

are performed. The variational principle leads to the Euler-Lagrangian equations

ts ON d OA
- [lafns s}
t oqt  dtdql oL
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The equations of motion for the non-conservative dynamics of q(¢) can be expressed in terms

of L and K,

d oL 8L_{8K d 0K

N - = - = J J
dtogt  oq¢t  |0¢t  dtogh LL =Qr(q”, 4", 1), (2.39)

where ! is defined as the generalized non-conservative force due to the non-conservative po-
tential K. Applying the non-conservative variation principle to the effective action Sxg |24, A]
computed from the corresponding Feynman diagrams is the next step in the procedure to

obtain gravitational radiation reaction in the next section.

2.4 Gravitational Radiation Reaction In EFT Framework

The radiation reaction force is calculated through the Feynman diagrams such as the
ones shown in Fig. 2.5. The electric and magnetic parts of the Weyl curvature tensor £;; and
B;j in (2.22) that contain the radiation fields are integrated out in these diagrams. As an
example, we present here a detail calculation of the current octupole coupling diagram in
momentum space. This diagram contributes to the 2PN corrections to the radiation reaction.
Starting from the couplings of the current octupole moment and the magnetic part of the

Weyl tensor, the amplitude of the diagram can be written as

quI %(‘1) / dtdt’ T (8) (0 BADABE, () T () (2.40)

Jiik Jiik

Here A and B are the history indices that label the copy of the worldine. Using the expansion
of B;; in (2.23), the two-point function in (2.40) in the radiation field momentum space is

given by

(0B (1) 0By, (1))

=€iap€med((100Qarhl; — 19Aaqihiy) (—igoaeqihl; + idnaeaihl)) (2.41)
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I* I- Jt Jt

(a) (b)

Figure 2.5: The Feynman diagrams that contribute to the radiation reaction from the mass

type and current type multipole moments.

where ¢ = (¢°,q) ~ v/r is the momentum carried by the radiation graviton. With the h,,

propagator (h,hZs) = D*5(q)P,yap, the effective action becomes

.. d4 ) ,
iSepf = —ﬂG/dtdt/Jgk(t)Jg””(t/)/ﬁezqo(tt)DAB(q>

X €iap€med (00 AaQeQe D Prjind + Ao Qe Lovoa) - (2.42)
In the + history indices basis, the matrix of the propagator is

0 —iDago
DA% = ! (2.43)
_ZDret 0

with Dygy(t,t") = Dyet(t', t) to further simplify (2.42) to be

TG y y d4q / 1 9 4
Sorp = 2 [ qde R (). (¢ / A ) 2, 4y
If 9 + ( ) - ( ) (271')46 (qo + ?:6)2 _ q2 15(]0(1 105q )

(2.44)

where the property of the octupole being symmetric and traceless is applied to drop and
combine a number of terms. Contour integration with respect to the three-momentum q

leaves the action as

1G . . dqo P
Sepp = — o [ Atdt () S / 90 —igo(e—) 7
ff % E)JIE(E) 5, € 4
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. d . /
- ﬁ dedt' TR () T () / %(z‘at)%*m(t*” (2.45)

G

= o1 | WSO 0.

The leading order current octupole J¥*(¢) can be written in terms of the X, variables as

z]k iml k k k l

J E Mg [ (ol xF xm v 4xd xE xm vl x xb xm vl
a,b
J ok m 3
+ Xana+Xa+Va+):| + O(Xa—)v (246&)
STF

ijk imlJ l 2

S = E ma[ a+Xa+Xa+Va+:| TR + O(x,-), (2.46b)

where only the O(x?_) and O(x,_) terms are kept for the next step. Finally the equations

of motion is obtained through the non-conservative variation principle applied to the action

n (2.45),

8Xai_ (‘)xai_

where F!(t) is the radiation reaction force. From (2.46), (2.45) and (2.47), the acceleration

a=a; —ay=F(t)/m; —Fy(t)/my due to JY* interaction contribution in the center-of-mass
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frame is then

1404 M 212771 2106M2 V377Xt 234M2w"7xi 1482 M 2?1376+ 494M2 vrov?

)

aco = ré ré rd 73 3r3
988M21/ 7oy N 4314 M*v?1375xt N 1438 M ?v2ur5x? N 360M31215%x
r3 rd 3rd 7o
2876 M ?v21275xt 54OM3V37“5X’ 60M31/r xt 1820 M 2v2 ity
- A o o + r3
N A92NBAFAVE 164MBPurtvt 2730M2v2u3riv? 910M2V2 vty
rd 3rd B r3 3r3
328 MBU2rAvE 12220 M2vA2r3xt 33414M3v23m3xt 11138 M3v2ur3x?
N rt " T 3515 - 10575
4232 M*1373xt 4232 M ur3xt 18330 M 2vA3r3x! 6110M2V41/7*3X2
3576 T 7rd 2174
22276 M3v2 123t 8464M41/27“3xl n 1350 M 2v4 1372yt n 150 M 23vAur2v?
3515 10576 A 73 73
N 2524 MB3V22r2vE 2T2MA % 2vE 900 M 2vAu2r2v? 3786M3V21/3r2v
Hrd 5rb r3 57‘4
1262 M3v2ui2vt 408M4y3r2vZ 136 M *ui2v? n 2970 M ?vS137x?
1574 A 51 1575 A Tr4 A ‘
330M2v0urxt 1420M3vA2rxt 128MAv2u2rxt 344MPu3rxt 344 MPurxt
+ Tr4 + Trd5 + 3576 + 3577 + 31577
198OM2V V2rx 2130M3V 37Xt 710M3v4m'“x 192M4V v3rx
Tr4 Trd 21T5 357‘6
64M*V*urxt 688 MO rxt N 540 M?v512vi N TTAM3vVA3vi N 86 M3vivv?
10576 10577 Tr3 54 5rd
2368 M*v22vi  688MOu2vi  810M32vSu3vi 90M2V61/V7; 516 M3viv2v?
055 1050 i G
1184M4V v 1184M4V2VVi 344MOYAvt 344MP YV
3515 31515 3576 31516 7
(2.48)

where 7 =n-v and v = (m; X my)/M?. The same procedure applied to the other multipole
moments and the PN corrections from the potential interactions to the corresponding moments

leads to the equations of motion at 4.5PN due to the radiation reaction force.

2.5 Dynamical Renormalization Group Method

The choice of the BH coalescence model is critical for determining the waveform. The

last few orbits of the inspiral phase through the merger and ringdown of the BH coalescence
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have been simulated by Numerical Relativity [24,25]. There have been developments on
the analytic understandings for merger and ringdown [26]. The slowly-orbiting long inspiral
phase can be studied analytically using post-Newtonian (PN) perturbation theory with small
velocity and weak field approximations. BH dynamics is described by the Newtonian-like
equations of motion in the form of the acceleration of the binary constituents. During the
inspiral, the binary slowly loses energy and angular momentum to gravitational radiation
starting at 2.5PN [9,10]. Higher order corrections up to 4PN in the conservative sector have
been calculated [27-35]. Solving for the motions is the fundamental step in obtaining the
waveforms and deriving the evolution of the theoretical physical measurements in time, such
as the GW phase directly measured by the detectors and power loss due to gravitational
radiations.

The exact solutions to the motions can be found by numerically integrating these
nonlinearly-coupled ordinary differential equations. However, in calculations of template
banks, each point in the intrinsic parameter space representing a waveform with different
initial conditions requires a new numerical computation. The sample rate of the corresponding
waveform directly depends on the precision and step sizes of the solutions of the motions. The
discrete nature of the computational solutions also brings the issue of the distance between the
templates in the parameter space, which may result in the loss in signal-to-noise ratio due to
the mismatch of the template in the match-filter of the signal data. Since the third observing
run of LIGO and Virgo are having a weekly rate of observed events, a faster and more
accurate way of computation in the signal analysis is critical, with even larger rates expected
with future upgrades. A fully analytic waveform solution with continuous parameters would
certainly increase the calculation efficiency for template-based data analysis.

In [15], Galley and Rothstein applied a method called the Dynamical Renormalization
Group (DRG) formalism to calculate the analytic solutions to compact binary inspiral
equations of motions. This method generates closed-form solutions to the binary real space
trajectory without any orbit averaging. The binary equations of motion (1.2) under the
post-Newtonian formalism is a series of second-order ordinary differential equations. The
equations expressed in terms of the dynamical degrees of freedom can be derived from various

methods including the EFT formalism introduced in the previous sections. The DRG method

23



treats the radiation reactions starting at 2.5PN as PN perturbations to the conservative
quasi-circular orbits. The renormalization group method is applied to systematically resum
the secularly growing terms in the perturbative solutions of the binary orbital radius r(t),
accumulated orbital phase ¢(t) and orbital frequency w(t).

To derive the DRG solutions to the equations of motion

A = ANewtonian + aRgR

M A42V.<136A4 (2.49)

= ——n +
72 157“4T

8M?% (3M
S B,

79 2)
+ 7207 )r 5

T T

we start with a background circular orbit and consider the radiation reaction force as a small
perturbation to the nearly circular orbit. The Newtonian orbit is described by M = Q% R%,
with the constant radius Rp and the constant angular frequency (25. The perturbations to
the background orbit as a result of the radiation scale as r(t) ~ v°Rp and dw(t) ~ v°Qp

and the physical solutions can be written as
r(t) = Rp + or(t), w(t) = Qp + ow(t). (2.50)

Substituting into (2.49) and expanding to the leading order in §r and dw, the solutions to

the perturbations are

4
5r(t) — —%”Rgsz?g(t o) + Apsin (Q(t — to) + D), (2.51)
96 205 A
Sw(t) = ?”R%Q;(t — o) = =2 sin (Qu(t — to) + Bp), (2.52)
B

where Ap ~ v’Rp and ®p are integration constants that can be determined from the initial
condition at time ¢y. The terms that grows with (¢t — ty) spoil the power counting of the
perturbations as t evolves away from the initial ¢5. These are the secular divergences to be
eliminated using the renormalization group method.

The bare parameters Rp, )z, Ag and g can be split into renormalized parameters and

counter-terms

(2.53)



where a new time parameter 7 is defined as the arbitrary renormalization scale. The
renormalization scale is introduced into the solutions by writing (t — to) = (t — 7) + (7 — o).

By fixing the counter-terms to cancel the secular divergences, we can find that

64v
5R(T, t()) = ?R%Q%(T — to),
Salr,to) = - RRH(7 o), (2.54)
48
S (T, t0) = —Pr(T — to) + ?VR%QE(T — )

The renormalization scale is chosen to be 7 = ¢ at the observation time to minimize the

t-dependence of the physical solutions to be

r(t) =Rg(t) + Ag(t) sin Pg(t),

w(t) =Qr(t) — %)(’jf(t) sin @ p(t), (2.55)
o(t) =Pr(t) + %R(%) cos Pr(t).

Finally the time dependence of the renormalized parameters is determined by the RG

equations. Since the bare parameters are independent of 7,

_dRp  d dor
0= =Ra(n) + (2.56)

and similarly for the others. The RG equations for the parameters are

dRR . 64v 6 6

4 TRR(T)QR(T),

dQ 96v

— = Ry (1) (7),

r 5 (2.57)
2 —n(r) |
dr ~—BRYUD

dAg

ETa

The solutions to the RG equations combined with the physical solutions in (2.55) give the
resummed solution to the leading order inspiral dynamics of (2.49) valid up to t — ¢y ~ m

The accuracy of the resummed perturbative solution can be systematically improved by

calculating at “two-loop”. The calculation is done by including two insertions of the leading
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order radiation reaction and renormalizing the perturbations at O(v'?), based on the previous
one-loop result of O(v®) perturbation resummation.

Compared to the adiabatic solutions, the DRG solutions are much better at describing the
small oscillations and avoid the ambiguity in specifying the initial data. The DRG method
also provides systematic ways to include post-Newtonian corrections to the radiation reaction
force and spin effects. In Chapter 4, the DRG method is applied to the spinning binary

inspiral equations of motion and spin precession equations.
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3.0 Second Post-Newtonian Order Radiative Dynamics

The goal of this section is to determine the 2PN correction to the mass quadrupole
moment, which comes from various moments of the stress-energy pseudo-tensor. Each such
contribution starts at different order in the PN expansion and only a few of these contributions
can be derived from known quantities. We also derive the equation of motion of the binary
system at 2PN order in the appendix B. Note that this acceleration was calculated previously
in the EFT approach in [36], where the authors worked with Kaluza-Klein variables [37] in
conjunction with harmonic coordinates. The 2PN acceleration derived here, on the other
hand, is written in the linearized (background) harmonic gauge, which leaves a gauge invariant
effective action for the radiation field after the potential modes are integrated out, and can be
used in combination with previous results obtained in the EFT approach where the linearized
harmonic gauge was used. Our results constitute the final missing part necessary for the
computation of the next-to-next-to-leading order radiation reaction force as well as for the
construction of spinning templates at 2.5 PN for the phase and 3PN for the amplitude. These

computations are ongoing and will be reported in a subsequent publication.

3.1 Radiation Sector

The radiation action, which describes arbitrary gravitational wave sources in the long
wavelength approximation, can be written in a diffeomorphism invariant way in terms of
multipoles. Specifically, it is a derivative expansion where higher order terms are suppressed
by powers of the ratio between the size of the binary system over the wavelength of the

radiation emitted. In the center-of-mass frame, the action of the radiation sector is [20]

21

= Jtv, .B. ﬂ
(2[+1)'J VL 2094114 )

_ 1 y > 1
Srad |:h7 xa} = - /dt\/ 9oo [m + §Lijw0] + Z <ﬁ]LvL—2Ei1—1il -
=2

(3.1)
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where a multi-index representation L = 4;...7; is used. The first two terms generate the Kerr
background in which the gravitational waves propagate. The multipole moments, which
constitute the source of radiation, are coupled to the electric and the magnetic components
of the Weyl tensor.

To determine the moments, one performs a matching between the effective action (3.1) in
the long wavelength limit and the action valid below the orbital scale, which depends on both
radiation and potential modes of the gravitational field. The latter action is used in order to
compute the one-graviton emission amplitude. As a result, by definition the resulting action

takes the form

D — / BT, (3.2)

2mpl

where T" is the stress-energy pseudotensor of the system. Relations from the Ward identity
0,T" = 0 as well as the on-shell equations of motion can be used to bring both actions (3.1)
and (3.2) in a comparable form. After that, a general form for the mass quadrupole moment

is obtained in terms of the components of the stress-energy pseudotensor and its derivatives,

[e.9]

g 5!! 2p(3+p) / 5 oo o
V= E AN A P00 2p i, j
' <2p)!!(5+2p)!!{(1+ 3 EXOITTNH |

p=0

N (1 n 23) {/ d3xc‘9§pT”x2prxj} _2 (1 i 1_7> {/ dBXa§p+1T0lx2pxlxzxa]
3 e 3 2

TF
—I—% [/ d3xagp+2Tklx2pxkxlxixj} }, (3.3)
TF
where TF stands for trace-free!. For the exact expressions for the multipole moments in all
orders in the PN expansion, see [38]. The leading-order contribution to the mass quadrupole
moment comes from just one term

10y = [/ d3XngNXin1 = Zma (xix!] s (3.4)
TF

while its 1PN correction [20] is given by four different contributions of the components of the

stress-energy pseudotensor:

IEDN = [/ d?’XTlongin} + {/ d?’xTéﬁpinXj}
TF TF

More precisely, the multipole moments are symmetric trace-free (STF) quantities, but we are supressing
the “S” in the label to avoid redundancy since the general expression for the quadrupole moment is explicitly
written as a symmetric tensor already.
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4 o 11 o
—3 [/ d3x80T8}3lex’xj} + e {/ X TP XX %7
TF TF

3 Gmy\ , ., WU, 5, 5 4d
= Zma [(5"2 — Z ; b) X, x) + YORTD (x2x.x!) — 3d (% - Vaxaxfl)]

(3.5)

The 2PN correction to the leading order mass quadrupole moment is given by
Ly = [/ d3XT20£)NXlXJ} + [/ dBXTlllPNXZXJ:| — = [/ d3X80T101l3NXlX1XJ}
TF e 3 TF

1 o 11 o
+ 6 [/ d3x8§Té“})kaxlexJ} +— {/ d*xOF TP X% XJ:|

e 42 TF
2 o 1 o
+ o1 [/ d3X8§TélPNX2XZX]} — = {/ dgxﬁngllnglexej}
TF TF
23 o i
+ ﬁ [/ d3X8§TOOgNX4xZX]] + [1]PN (ale) . (36)
TF

Notice that the last term in the expression above arises from two terms in the second line of
(3.5) after using the equations of motion. While T8, and Tghy are trivial, the higher PN

order components 159, 1%, Tiky have yet to be obtained in the EFT formalism.

3.2 Higher Order Stress-energy Tensors

Introducing the partial Fourier transform of the stress-energy pseudotensor 7" (¢, k) =

[ d3xTH (t,x) e~**, we consider the long wavelength limit k — 0 to write

T (t,k) = (_nll) ( / *xT™ (t,x) Xx) k;,.. ki, (3.7)
n=0 ’

where each term in this expansion corresponds to a sum of Feynman diagrams that scale
as a definite power of the parameter v. This partial Fourier transform is convenient since
Feynman graphs are more easily handled in momentum space and, with the pseudotensor
written in this way, we can read off the contributions to the mass quadrupole moment (3.6),

the ultimate goal of this chapter.
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3.2.1 2PN correction to 7%

The leading order and the next-to-leading order temporal components of the pseudotensor,

obtained in [20] using the EFT techniques summarized in the previous section, are given by
T\ (k) Zma —ikexa, (3.8)

Gm, .
7%, (t,k) Z vy ";Tmb+0(k)+... ek, (3.9)
a#b

If we take into account the zeroth order term of the exponential expanded in the radiation
momentum k, we see that the leading order pseudotensor provides the total mass whereas
the next-to-leading order represents the Newtonian energy of a dynamical two-body system.
These quantities scale as mv® and mv?, respectively. Hence, to obtain the 2PN correction
to the leading order 7%, we have to calculate all Feynman diagrams that contribute to the

one-graviton hgy emission and enter at order v*.

’Ul C

Figure 3.1: No graviton exchange between the two particles, one external 2% momentum.

The simplest contribution to the second PN correction for the temporal component of
the stress-energy pseudotensor is illustrated in Fig. 3.1 and comes from the source action
term. Comparing this diagram against (3.2), we extract the following contribution to the
pseudotensor

T  (t,k) Z “mgvie iexa, (3.10)

zgl

By expanding the exponential up to the second order in the radiation momentum k, we read

off the contribution for the mass quadrupole moment:

/d3xTFlg1 [x'x], Z —maVy [Xox0] (3.11)
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Figure 3.2: One-graviton exchange with external A% momentum.

The diagrams that contain the exchange of one potential graviton are shown in Fig. 3.2
and are composed by the couplings between the source action terms( A.1- A.6) and also the
propagator ( A.15) and its correction ( A.16). Notice that we need not separate out all of the
various terms that arise in the Feynman rules into different orders in the PN expansion as is
done in the appendix. We also calculated covariantly vertices, as is done when calculating in
the Post-Minkowskian (PM) expansion (see e.g. [39]), and then expand in v, as a calculational
check. However, for pedagogical purposes we have separated Feynman rules into give orders

in the PN expansion. The results from Fig. 3.2 is given by

5Gmgemy o .
e a V2€ ik-xq

TPQ(i)g2a (tv k) - 9 r a ) (312&)
a#b
3GMaMb 5 _iex
Tlgggzb (t,k) = DO vz?e kexa (3.12b)
a#b
Gm, .
TFO‘?gZC (tv k) - = Z 4 mr i \N Vbe_lk'xa7 (312C)
a#b
Gm,m ;o o
Tiogsa () = ) or 2 (—apr’ +vi — (vp - m)?) e (3.12d)
a#b

Leaving

/d3XT2?gQa—2d [Xin}TF = Z Gn;;mb [(5VZ + 4V2 —8vy vy —apr— (V- n)2) Xéxﬂ .
ab

(3.13)

Note the implicit dependence on the indices a,b in the quantities r = x, — x3, 7 = |r| and

n= f inside the sum.
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Figure 3.3: Diagrams with two potential gravitons coupled to hgg.

The graphs in Fig. 3.3 are composed by the source terms ( A.1- A.3) together with the

vertices ( A.17- A.21) and ( A.16). Note that we multipole expand the denominators in
k/q~v

1 1 2(q-k) 4(q-k)?
— = - <q6 )+ (qs ) + .., (3.14)
a?(g+k)” g q q

In calculating the contributions to the mass quadrupole sourced by the temporal components
of the pseudotensor at 2PN, we are allowed to drop terms depending on k? in the expansion
of the denominator, since those terms contribute to the trace part of the mass quadrupole,
which is removed in the definition of the STF moment. The results are organized in orders of

the radiation momentum, as it is shown below:
00 Gmamy i, 2 -2
TFig3a(t)k) = ZTe {2 (V +a-r—r ) +9Vy -V — 5V, - nvy, - n
aFb

) 5 5 )
—|—ikz[(V2—i-a-r—7'“2—|—Eva-vb—§va-1’1vb-n>rZ

+ §rr+§vb-r v, — 2rr+§vb-r v, —T (aa+ab)
1.. . o

+6klk3 [— (2V2+5va-vb—27'“2—5va-nvb-n+2a-r) r'r’

+(4vy-r+vy-r)Virl — (2v, T+ 8v, - 1) vir?

+r? (—4v'v’ — Tviv] + 2alr! 4 dair’)]} + O (K*) + ..., (3.15)

Gmy , 7 3 T
T (01 = = 3 Ee e [Tt vt e
aFb
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—|—§ka] (§V§I‘ZI‘J + QI‘ZVZVZ)] +0 (K°) + ..., (3.16)

2Gmamy o~ kXa (2Va vy + KK r?v? VZ) +0 (k3) T (3.17)

a

T}(‘l(z?gSC (t7 k) = Z

a#b

r

2Gm, . » , .
nggw (t, k) = — Z yeﬂk"‘“ {—%kz [21‘232 +2vi (v r+ v, - r)}
a#b

LW (12 (viv] - vivh - val) Vi (v, 1 v, )] } O £

(3.18)
G a —ik-x
Tl?’?g?)e <t7k) = - Z %6 ke {6 (_ab T+ V? — (Vb . Il)2)
a#b
- %ki [(ay -t = vi+ (v -n)*) r' — 2v; - rv) + 1)
- %kikj [(—ap-r+ v — (v n)Q) r'r! + 4vy - rvir?
—2r*alr’ + 2r2vivﬂ }+0(K) + ... (3.19)

Together, these quantities provide us with the following contribution,

i Gmgmy
/d?’xTIg?gga_ge [x XJ]TF = ; o [(—2v2 — 35v; + 26V, - v, — 10v, - nv,, - 0

+3(va-n)* +12(vy - n)* — 4% +a, -1 + 8ay - r) X, X/,

+ (VR4 Va - Vo = 5V, - nvy - n+ 3(ve - m)? = 2% 4 a, 1) x(x;
(Vo e vy r) (-20vind, + 26v4x])

(3.20)

2 (9vivi — viv] — 999t wd — 99ai I
+r (2vava v, vy — 22a,x), 23aaxb)]STF.
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Figure 3.4: Two-potential-graviton exchange with external h°® momentum.

Contributions from Fig. 3.4 are composed of the source terms ( A.1), ( A.4), ( A.8) and
( A.9) and yield

2,72
G mamb efik-xa

Tg’?g4a (t7 k) = Z r2 ) (321&)

a#b

3G2 2 )

Tpigy (t,k) = Z —27:;mb e e, (3.21b)

a#b

3G%m, ,
T (k) ==Y %eﬂk'xﬂ, (3.21c)
a#b
which gives us
iod Gszmb Qi
/ d3XT2?g4a_4c [X X]]TF = — Z —2 [Xaxﬂ - (3.22)
a#b

Figure 3.5: Three-potential-graviton exchange with external h°® momentum.
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The diagrams illustrated in Fig. 3.5, are composed of the three-potential-graviton vertices
( A.28- A.30) as well as the three-potential-one-radiation-graviton vertex ( A.32- A.33) in

composition with ( A.1) and ( A.4) contribute to T5%,. These diagrams give:

G?’mem? _
00 o a''ly  —ik-xg
T (1K) = — %bj T e (3.23)
2G*m2my .
00 . a —ik-xq
Trigs, (1, k) = — a%éb — 2 ¢ : (3.23b)
G*m2my 1 7... 5 . ...
00 _ a —ik-Xq 1,00 i 7 3
Trigs. (t, k) = — a%éb —a2 ¢ <§ — §@k r' + gk k'r r]) +0(K’) +..., (3.23¢)
G?m? , N
T (8 k) = Y~ ol b, (5 — 2k + gk’kﬂr’rﬂ) +0 (k%) + ..., (3.23d)
r
a#b
T (k) == :M —ikxq (3.23¢)
Figbe \"» - por 92 € : -49€
Keeping terms to second order in the radiation momentum we have
i G*mgmy [3 i i iod
[ X [ = D [5 (= ) X, = e, + 2maxi|
(3.24)

Summing the contributions (3.11), (3.13), (3.20), (3.22) and (3.24), the total contribution of

TY% v to the mass quadrupole is

/ dngQOgN [xixj} TF

= Z gmav;‘ [szﬂ B Z GT;:% [(28V3 —11v] — 22v, - vy — 10V, - nvy, - 1
a a#b

Gm, G -
+3(ve-n)’+6(vy-n)* —4r2+a, -r+2a, - r+12 Ta 1 6 mb)xéxﬁ
r

.

Gma\ .,

+<V2+Va'Vb—5Va'an~n—i—3(va~n)2—27"2—|—aa-r—12 m)x;x{)
T

+ (Vg r+vy-r) (—QOvixﬂ + 26V3Xi) +1r? (2V2Vé — VflVZ — 22a’x) — 23aflxg)] STF "

(3.25)
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Figure 3.6: All diagrams that contribute to T

3.2.2 1PN correction to 7%

The leading order T component was obtained in [20] is
Toby (£ k) =Y mgvie ™. (3.26)

The 1PN correction enter at v3 and are shown in Fig. 3.6.

To extract the T contributions to the mass quadrupole moment, which is the third term
in (3.6), the expansion of the denominator of vertices in Fig. 3.6¢-3.6d has to be carried out
to third order. In addition, k? terms can not be dropped, since they contribute terms that
cannot be included in the trace part of the quadrupole.

Comparing the diagrams illustrated in Fig. 3.6, which are composed of ( A.1, A.2, A.10,
A.11) together with ( A.15), ( A.22) and ( A.23) we find

Thigea (%) = ) %VZVEB"“‘*“, (3.27)

70l +K) = G'megmy, I —ikxqg 398

Fing(7 )_Z—r Vo€ ) (3.28)
ab

Gm(lmb —tk-Xq
Gmatly x| i !

Tlgligﬁc (ta k) = Z

a#b

" —2vl + 21K’ (vi rl — rivé) + k'K (rirjvl — Vzrjrl)

—|—%kikjkk (r25ijvsrl — r?§"VIrF — ovivrfr! + 2r' eV ) | + O (k4) + ..,

(3.29)
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Gmamy 1
Trigea (t.k) = Z Tbe thexa {vé + vi — s (Vo +Vp) - 1T
a#b

) . . 1 .
— %kz (37”7'"(511 —r' (vl +v}) +v'r! + 5 (Va+vp) - rrzrl>

+ ékikj [—5r° (VL +v]) 07 + (4vy - = Bvy - 1) 167 + (Vi — 2v}) 1Y

+ (v +v}) (%&er - rirj> + (Vo T+ V,-T) ( 5r! + ! —r'r! Z)]
— KK [0 (66! 4 L — B, e 4 T )
+69r? (35klva 1 —30"vy v — v — oV Vi — vir l)

— 67 (vy T+ vy 1) T + ririr? (vfl + vé) + (3vf) — VZ) rirky!

1

,,AQ

(Va+ V) - rrirjr’“rl] } +0 (K + ... (3.30)
Expanding the exponentials up to the third order in the radiation momentum, we get

/d3x80T1%le [Xin]TF
= mav Vi - XX, i xJ }
Z dt { TF

Gm,m i i
<3 {20 v+ 20 220 0) i

2 o
+ (22va - Xg — 30V - X, — 8V, - Xp + 8Vp - Xp — - (Vo +Vp) - TT - xb) X, X
r

1 L
+ <9Va "Xq = TVe Xy — — (Vo + V) - 1T - Xb> XZX{)] } ) (3.31)
r STF

3.2.3 1PN correction to T%

The leading order T% component obtained in [20] has the form

Gmg .
TiL (1, k) (Z mavi = Y ”;rmb + 0 (k) + ) e~ kXa, (3.32)

a#b

Notice that, while Tg%y in (3.26) is down by v! relative to T8, in (3.8), the leading order
spatial component (3.32) is down by v? compared to T{, this fixes the PN hierarchy among

the components 7%, T and T% of the pseudotensor.
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Figure 3.7: Diagrams with h” external momentum.

To obtain T}, as well as its contributions to ngN we have to compute all diagrams
that enter at v* with one A" external momentum. To compute the spatial component of the
pseudotensor and to extract its contribution to the mass quadrupole moment we have to
carry out the expansions up to the second order in the radiation momentum. k2 may be
dropped as in section 3.2.1.

The diagrams illustrated in Fig. 3.7, involve ( A.1, A.8, A.12; A.13), ( A.15) and ( A.24)

give
T”» (t k) — % 4 —ik-xq (3 33 )
FigTa \"» 2 Vae 5 . a
Gm, .
T%ig?b <t7 k) = Z yvgeilk.xaa (333b)
a#b
G2m, .
Tfl7lig70 (tv k) = - Z %eilk.xa- (333C)
a#b

It is straightforward to extract the contribution for the mass quadrupole moment by expanding

the exponentials up to the second order in the radiation momentum,

/d3XTll:l‘ig7a—7c [Xixj} TF = Z %Vé [XZXfJ TF + Z Gmamb (Vz2z - GQ_,ZL) [szXZL] TF

a a#b r
(3.34)

The computation of T}% follows from the diagrams shown in Fig. 3.8 which involve (

A1- A3) and ( A.15, A.16, A.24- A.27),

3Gmy, . ) 1
TIZTZ‘igSa (t,k) = Z %G_Zk'x“ {QV2 + v, v — 272 — ﬁva ‘rvp-r+2a-r

a#b
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Figure 3.8: One potential graviton exchange with h* external momentum.

+%kz[(2V2+Va~vb—2f2——2va~rvb~r+2a'r)rl
r
+v, (4vp T — 3V, -T) + V. (3vy T — 4v, - 1) — 217 (), + ay) ]
L 2 2 1 i
+6kkj —2vi—v, vy —2a-r+ 217+ v, vy T | 1T
r

+(6vy-T—8vy-1) Vit + (4v, T — 3v, - 1) vir!

+r? (—4viv] — 3vivl —dviv] —da't! + 6a.r’)]} + 0O (k*) + ...,  (3.35a)
il Gmamy s, 1o oy oovii virg (v2eii . Lo20id
Trigsy (£, k) = Z — ¢ ¢ 1 (vi+v;) —ivkr — KK (r*viv] — gVal'T
a#b
+0 (k) + ..., (3.36)

Gmy : , ‘ : ,
T;?ligsc (t. k) = Z yeﬂk'x“ [—4vy - vy — iK' (2v, - vpr’ 4 4v, - Tv), — 4V, - TV])
ab

+k'K (2r2vflvg + Vo - vpr't?! = 2v, - rvir) + 2v, - rvird)| 4+ O (K°) + ..., (3.37)

Gmy, ; 1
Tzlrligsd (t, k) = Z %6_“‘"‘3 {—4 (v Vg t+a, r— AARACE r)
a#b

— 2k’ [ri (v-va+aa-r— zva-r) +va-r(vi—2vfl)]
r
+ gkzkj [r? (viv] + a,r’) + 2r't (v v, +a, - 1)

—H“?'"Vflrj +2v,-r (2virj — 3Virj) — ZZVG . rrir]} } +0 (k3) + .. (3.38)
T
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Figure 3.9: Three-potential-graviton exchange with 2% external momentum.

Gmflmb ef'ik-x,l
4r

TﬁigSe (t7 k) == Z

{2(-ap-r+v) — (v n)®)
— Z.ki [(ap T —vi+ (vp- n)2) r' — 2v, - v} + r’a)]
2
+€kikj [(—ap -+ v — (v - n)2) r'r’ + 4v, - rvir! — 2rfajr! + 2r2vivi] }

+0 (K°) + ..., (3.39)

which provides us with

o Gmgm
/ TR (XX e = ; P (102~ 17— 10, v

+5(Va-n)2+2va-nvb-n—8(vb-n)2—5aa-r+8ab-r)xzxfl
+ (—5V2 + v -V + 5 (v, n)2 —Tv,-nvy-n — ba, - r) xixi
+ (4v, T —4dv, 1) vixd 4+ (14v, -1 — 58v; - 1) vix]

+r? (38vflvg — 7v2vi + 14a’x’ + 19aixi)

| P (3.40)

Finally, the diagrams containing a three-potential-graviton exchange shown in Fig. 3.9

which involve ( A.1), ( A.31) and ( A.34) give

G*m2mpy g 5 T . A
Thigon (LK) =Y — ke (—5 + ik’ — SKKr r]) +0 (K% +... (3.41a)
a#b
G*m? , A G
Thion (k) = 3 T el ik (1 — ik’ + 5kﬂdr@rﬂ) +0 (K% + ... (3.41b)
T
a#b
TG*mami g
Tll:l‘iQQC (ta k) - Z Tbe ) “ (341C)

a#b
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Figure 3.10: Diagrams (a) and (b) contribute to T4, when the external leg is h¥ (z), while

diagrams (a), (b) and (c) contribute to T, when we consider 2% (z) as the external leg.

which leads to

o G?*m my [ 3 oo o
3l b
/d XTFiggafgc [XZXJ}TF — E r—; [EmXZXé — maXZXi . (342)
ab STF

With this, we now write the total contribution of Tl to the mass quadrupole,

/ d3XT1”PN [xixj} -

=3 ] 30 S (9332 17— 10v, o
a a#b

aQ o
—l—5(va-n)2+2va-nvb-n—8(vb-n)2—5aa-r+8ab-r—|—12—m) X! X))
r

Gma\ .
+(—5v2+7va-vb+5(va-n)2—7va-nvb-n—5aa-r—12 mn )xéxi
r

+ (4v, -t —44vy - T)Vixd + (14v, -1 — 58vy - 1) Vix)

+r* (38viv] — Tvivl + 14a’x) + 19aflxi) Yorp (3.43)

3.3 Lower Order Stress-energy Tensors

Although Tjhy, Ty and T29, have been computed before in [20], to write an expression
for the mass quadrupole moment at 2PN order, we need to expand them in the radiation

momentum to higher order and terms depending on k? must be kept.
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To obtain the sixth term of (3.6) we need diagrams in Fig. 3.10a-b. This gives us an

expression for the leading order T, as shown below:

T(;CIZDN (ta k)

, Gmgmy . 1 i..1 .
= E mavfjvfle_lk'x“ + E — 2 DemikXa ——21"er — —k’—zrzr"’rl
2r T 2 7
a aFb

+ Ekzkj [101‘2 (5“5“ — 5Zk5Jl) + OFlpipd 4 §Upkpt — 95yt 4 —22rzrjrkrl]
r
— ikzk]km [rQrm (105’k63l — 105“5”) U (25mkrl — o™ — —2rmrkrl>]
r

Iy 16, Kl cij ik ol 2 ¢ij k.l 2 ik g

+ —KkK'K'kK"K" | —1r ™ (5 oY — §H7 ) 4+ o096 r et — 2re "0
240 3
r2

+r"r" <34r25’k(5ﬂ — 33r26R 5% — 36%pird + 6% rirt — 369 rkrt — —r’r]rkrl>] }

+0 (K°) + ... (3.44)

The first term in the expression above is related to Fig.3.10a, which comes from the simple

source action term — 37 g% [ dt,vivih” (z,). The other terms come from Fig. 3.10b, which
P

is composed of ( A.1) and ( A.17) by considering,

s -1t .. 1 ... 1. . . . [1 1 1
F<HooHoo> [q’ k. h”} — pid _iqij _ §qlkj _ 5kzkj 4§ <Zq2 + Z_lk.q_|_ 5kQ)] . (3.45)

where FU™H") is defined in (A.22).

Now, expanding the exponentials up to the fourth order in the radiation momentum, we

extract the contribution
/d3x8§Té€}3kaxl [xixj}TF
d? o
5 1 (V50 x;xz]
a TF

T are

d? Gm, 2 o

+ P {Z ﬂgrmb [<Q7r2 + XZ — 2Xg + Xp — ﬁr - X, I Xb) X, X
a#b

27 1 .
+ <?r2 +x2— —(r- xa)Q) XZXZ:| } : (3.46)
STF

r2
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Taking the trace of (3.44), we get

Gm, 1 D
Tl (1,K) Zmav etoxe 7 e [—1 — Sk + K (%Y +x'r)

o
a#b

+ ﬂkikjkm (21r25ijrm + 2rirjrm)

+mk’kjkmk” (7r45”5m” — 42p%59 " — 3rzr3rmr”)} + 0 (ks) + ..., (347)

which contributes to the quadrupole in the form below:

/dgxazT(l)PNx2 [Xixj}TF
dt2 [Z mava aXa a]

2
+ & {Z Gmam, [(—104x2 + 196x, - x;, — 98x7) x'x) — 49r’x"x] ] } .
7 STF

TF

dt? 12r

(3.48)

To be able to compute the seventh contribution in (3.6), we need an expression for
T2 5 up to the fourth order in the radiation momentum. We regard the source action term
D P J dt,v2h" (z,) and also ( A.15), ( A.1), ( A4) and ( A.18) to solve the diagrams
at Fig. 3.10a-c. With this, we get an expression for T3, and its contribution to the mass

quadrupole at 2PN, respectively:

, Gmgmy . 1
Tih (100 = 37 g 3 e [
aFb

3 s 1. P2
—ZKk%? [ 14 =-K'r' — ZK'Kr'r + —Kk'k/6Y k°
8r(+2r 5 rr—l—36 )}—I—O()—i—

(3.49)

2
/ PxRTENK [x'X] . = % {Z %mav x2 [x;lxg]TF}

a

d2 Gmamb 7 1 2 4
+ p7e) {Z . {4 (2x\x) 4+ x}x b) - 2XaXaX{1‘| o[
a#b

(3.50)
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Moreover, considering the expansion up to the fifth and sixth orders in the radiation

momentum at (3.26) and (3.8), respectively, in addition to taking time derivatives, we get

o Bl o
/dgxﬁngll)NXQXl [XzX]}TF =3 Xa: MaVe - xaxixZXfl] N , (3.51)

o a1 o
/ PxOTENK" [xx] . = T Zmaxgx;xg] : (3.52)
L a TF

Before writing the final expression for the 2PN correction to the mass quadrupole moment,

we still need to write the contribution of I ijp ~ (a1pn), which is given by the two terms

{/ d3x80T§}3lex’xj] = Mea1PNa * Xq [XZX{J - (3.53a)
TF o
PxRTP x| 2N o, [x2al X + XX x7] (3.53b)
X0y TopnX X% Ma [ Xa@) praXs + A1PNa - XaXo X | gpp s .
TF o

where the 1PN correction to the acceleration, for instance obtained in [40] using the EFT

framework, is given by

; Gm i 12Gm

_Vzi (v2-n) —(vy-n) v; +r (6v§ — 7v§ —n' (vg - n))
—6raj + 7ray + (v' —=n'f) (v2-n) +rn’ (as-n) + 0’ (vo - (v — 7)) }

1 . )
—§a’1vf —vi(vi-ag). (3.54)

3.4 Consistency Tests

Here we check the expressions for the components Ti9,, T,y and 11, which were
obtained here for the first time in EF'T approach with previous results derived using different

methods.
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The results presented in section 3.2.1 allow us to write down an expression for the temporal

component of the pseudotensor up to 2PN order?,

T (t,k) =
Cikex 1 3 Gmgmy, 7 5 5
ek ”{za:ma(lﬂLéVz*'gVi)+;2—T{—1+v2+§v2—§vg—|—§va-w

5 2 .9 G
—§Va-nvb~n—|—2(vb-n) —7r“+a-r+2a,-r+ — (4m, — 3my)

r

1., 1 5) ) 3 3 -

—i—gikz[(V2+§Vg+§va-vb—7'"2—§Va-nvb~n+i(vb-n)2+a-r+§ab'r)r’
11 , 9 1 , . . 6G
—|—<8va T+ Vo 27“7")va + <§Vb T+ 5r7”>v§,—|—r2 (7al, — 2a}) + m] } +0 (k2)}
r

(3.55)

We can use (3.7) to read off different contributions of 7% to the dynamics of the binary
system. For instance, at zeroth order in the radiation momentum, we can read off the
mechanical energy of the system. It is straightforward to see in (3.55) that the leading order
terms in the PN approximation reproduce the total mass of the two-body system, while
the next-to-leading order terms provide us with the Newtonian energy. The terms that
account for the next-to-next-to-leading order (2PN) correction to this pseudotensor, which
were calculated in the section 3.2.1 of this chapter, give us the following contribution to the

conserved energy,

Eipy = /d3XT201gN (z)

3 Gmgmy Gm
= §Zmavﬁ +§T |:6Vc2u - 7(Va : Vb) - (Va . n) (Vb : Il) + T . (356)

This result is equal to the first correction to the Newtonian energy presented in Eq. (205)
of [41] and can also be calculated computing the Hamiltonian function using the Lagrangian

obtained by Einstein, Infeld and Hoffman in [42].

2To have an expression for 79 containing terms of second order in the radiation momentum, we would
have to include k? terms, but we discarded those terms since they are not needed to extract the contribution
of T99 \ to the mass quadrupole moment. Nevertheless, it is enough to consider terms up the first order in
the radiation momentum to perform the consistency tests on 799\ in this section.
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Regarding the 2PN terms in Eq. (3.55), we can read off the correction to the center of

mass position

Gopy = /d?)XTQOgN (z)x

8 - prr 4r 2
1 1 Gm, _G
—§(va-n) —|—§(Vb n)’—5 m +7$}xa—7(va-r+vb-r)va}, (3.57)

which agrees with the result presented in Eq. (B2c) of [43], where %<& = P the total conserved

dt
linear momentum, such that the center of mass frame is defined by G = 0. By solving this

equation iteratively, using the equations of motion to reduce the second time derivatives of

the position, we get the 2PN correction to the center of mass frame,

vom 3 3v) 4, Gm 19 3v 9

ey == s 2) Y T s )Y

1 3v\ . 7 Gm 7 .
(s ) (-8) 5 v o]} 395

which agrees with (B4a), (B4b) and (B5b) of [43].
Let us now consider the results obtained in section 3.2.2 to write down an expression for

T up to 1PN order,

T% (t, k) =

kX Gmem 1
k- “{Zmav (1—|— V)—l-z e b[ 3vh 4+ vi — (Va—i—vb)

ab

—%k’ (Vlrl — 16vir' + 150"V, — r'v) + 376" + — (Va+vp) - rr’rl)} +0 (k) + }
r2
(3.59)

Taking into account only terms of order zero in the radiation momentum, we obtain the 1PN

correction to the linear momentum of the binary system,

Gm1m2
2r3

kg [ Mage  Gmame
(v + v2) r} x1+[2V1 o

PlPN:/dSXTPII:,N<£L’>:— :|Vl1+1(—>2

(3.60)
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The result above agrees with Eq. (B1) and Eq. (B2b) of reference [43]. Considering all linear
terms in the radiation momentum in (3.59), we are able to obtain the 1PN correction to the

angular momentum of the binary system,
4 1. 1 ; G
Lipy = —§e”k/d3x (TPpyx" — Tipyx') = Svm (rxv) [(1-3v)v?+ ekl (64 2v)],
r
(3.61)

which agrees with Eq. (2.9b) of reference [44].
Furthermore, considering the result obtained in section 3.2.3, we provide an expression

for T (¢,k) up to 1PN order:

Cikex 1 Gmg,m
T (t, k) = e “{Zma <1+§V)+Z ™ b{ 2 — 5v2 4+ 5v) — v, - vy, — 672

G
—3va-nvb-n+2(vb~n)2+167"va-n—10aa-r—4ab-r+—(—8ma+12mb)
r

oy 5., 1 3 1
+ ik {r (—9v2—|—§vg—§Va~vb—§va-nvb-n+§(

5 10G'm, 25 ,
—37"2+87"Va~n—5aa-r—§ab~r— m)+(2va-r+7vb~r>vé

r

+ (—%va T+ 5vy- r) A <3ai + gai)} } +0 (K*) + } . (3.62)

We can use the moment relation

3l 1d2 3 T0052.
XTI = oo | d'xT (3.63)

to prove the self-consistency of our results. At leading order in the PN expansion, it is trivial

A% 11)2

to prove that this relation holds using (3.55) and (3.62), while at next-to-leading order more

computation is required. From (3.62) we can read off up to 1PN,

/d3 T = Zmav <1+ v>

Gmy, 1 1 3 7 5Gm,
+Z mrmb [—5—Zva-Vb+§(Va~n)2—ZVa-l’lVb n+§ :1

(3.64)
ab

To check if the result above satisfies (3.63), we need a complete expression for T% (¢,k) up to
1PN order and which contains all terms up to the quadratic order in the radiation momentum.

In other words, we cannot discard terms proportional to k? as we did in section 3.2.1, where
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we drppped these terms that would not contribute to the trace-free quadrupole moment.
Therefore, the expression that we need for 7% (¢,k) is the sum of (3.8) with (3.49), which

provides us with the following result up to 1PN order:

1 d? By T0052 Gmamb 1 9,
57 d°xT 2dt2 Zma 1+ V X, +Z —= +z_1r . (3.65)

a#b

At this point, it is straightforward to show that, after taking the second order time derivative
and imposing the leading and next-to-leading order equations of motion that (3.63) holds, as

we expected.

3.5 Mass Quadrupole Moment At 2PN Order

We are now ready to sum the contributions (3.25), (3.31), (3.43), (3.46), (3.48), (3.50),
(3.51), (3.52) and to write down the expression for the 2PN correction to the mass quadrupole

moment in a general orbit,

I2JPN:Zmaf D e AN

Gmy
D Mafily + Y e 4<ab>]

a#b a a#b
Gmamb a3 i d4 i
dt2 Zma R D ¥ i ) T > malila | + ai > mafila |
ab a a
(3.66)
where we have defined the following quantities for convenience:
7 1m.,, . 17
fl(a) - |:8 aXaX{z + ﬁxialPNanL - ﬁalPNa XaX XJ} STF, (367>
i = L (50v2 —osv2 32 47% — 24
2(a7b):E[( vi —28v; —32v, - v, —47° — 24v, -nvy, - n
Gmyg G o
+8(vy-n)>+14(v,-n)° —4a, -r + 10a, - r 4 24 Ma 118 mb)xéxﬁ
r r

e o
+<—4v2+8va-vb—12va-nvb-n+8(va~ ) — 272 —4da, -r—24 ml)x;x{)

+vixI (=16v, -1 — 64vy - 1) + vix] (40v, - T — 32V} - 1)
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+1? (40viv) — 8viv] — 8aix) — daix])] - (3.68)
i o 2.9 i i
sla) = —3VaVa Xa (xix!] (3.69)

]
4(a,b)

1 o o
5 [(8r% — 20r - x;) vix) + (20r° — 22r - x,) ViX],
2 o
+ (22Va Xg — 30Vp - X — 8V, - Xp + 8V - Xp — — (Vg +vp) -rr- xb) X! X))
r
u

1 o
I Xq = TVe Xp— — (Vo +Vp) 1T Xb) XZX?):| , (3.70)
r STF

ij 1 19 y
f5?a) = <6 (Vq - Xa)2 + 8_4V‘21X‘2L> [Xaxﬂ S (3.71)

]
6(a,b)

31, 11 (8, 11 .
—X, — —Xg Xp+ =X} — —= =T XTI Xp | X, X,
427 b g r2 ’

4, 1 11 N
+ (§r2 + %Xz ~ 352 (r-xg,) ) xaxi] , (3.72)

ij 1 ioj
7%(1) =—%Va- X, X2 [xaxgl]TF, (3.73)
i 23 arilj
fS{a) = —1512xa [XQX{J - (3.74)

With the exception of the accelerations in (3.67) which are of 1PN order, all other accelerations
in I;Z; ~ should be taken as the Newtonian acceleration.

In order to write the 2PN correction of the mass quadrupole moment in the center of
mass frame, we must have in mind that the positions of the compact bodies in this frame are

given by

X1 = %I‘—I—érlp]v—l-..., (375)

m
X9 = —le—f—(;rlp]v—f—..., (376)

where dr;py accounts for the 1PN correction to the center of mass frame, which can be

obtained following the procedure presented through (3.57) and (3.58) but this time using
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(3.49). Thus, the corrections to the center of frame necessary to write the 2PN mass

quadrupole are

(3.77)

oripN = ,

7).
L[ )23
(%1 3”)¢2+<;_> }—V[;Gmf}}. (3.78)

Applying (3.75) and (3.76) to (3.4) and (3.5), we obtain the following contributions at 2PN

1/5m ( Gm

order:

) ('] (3.79)

i viém? [,
Igpnt2py = “Am (V —2vi——+

v2om? Gm 17 ., am\1 .
IPoniipy = T { { 20v* + - (41 2+ ?r — 127)} rirs

G - G .
+ (24v2 - 19—m) rivie (—22v2 + 22—m) rzvzvj} . (3.80)
r r STF

Adding these two contributions to (3.66) after applying (3.75) and (3.76), we finally obtain

the expression for the 2PN correction to the mass quadrupole moment in the center of mass

frame,
J Ny e (653 — 1906w + 3371°) Sl L (2021 — 5947y — 48831°) gm
2EN 252 r2 756 r
Gm 1
131 — 907y + 1273v%) —* + — (253 — 1835w + 35450°) v*
756( v+ V) 707’—1-504( v+ V)U
— v [% (1085 — 4057y — 14631%) -t (26 — 202v + 4180%) v?
a1 Gm 1
+v'v {@ (742 — 3350 — 9851%) — 1% (41 — 337w + 7330%) v
5
+— (1= 5v+50%) 7 ] } . (3.81)
63 STF

We can use the result above to compute, for instance, the 2PN correction to the power

loss, whose expression in terms of the multipole moments is given by [38§]

G (. (s 9 5 (5) +(5 16 D _(4) (4
P = _g {]z(j)]z(j) 18911(]1:):]1(]12 + 907212(Jlgllz(ﬂgl 9 JZ] JZ ajﬁ(ﬂ]‘zjz(ﬂz T <382)
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The expressions for these multipole moments below 2PN order are known and can be found
for instance in [45]. Considering all terms which contribute to the power loss at 2PN order in
the expression above, making use of (3.81) and the 2PN acceleration ( B.10) obtained in the
appendix B, we get

Pipy =
8 G3m 2 G3m? 1
= (~253 4 10260 — 5612 245185 + 81828 + 4368
INGERT {3( + 10260 =567 s +{756< + 81828y + 43687) o

1 2 1
— (97247 + 9798V + 5376°) 7 } S { 4446 + 5237y — 13931°) v’

2

252 7‘2

1 Gm

+= (4987 — 8513 + 21650%) v*7? — @ (33510 — 60971v + 142900%) | —

r

1 1
+ 13 (1692 — 5497v + 44300°) v° — T (1719 — 10278 + 62920%) v*7*

1 1
7 (2018 — 15207v + 75720°) v — 5 (2501 — 20234v + 84041°) rﬁ} . (3.83)

At this point we can see that (3.81) and (3.83) seem to be in disagreement with the results pre-
sented at [46] and [47] where the Epstein-Wagoner formalism and multipolar post-Minkowskian
approach of Blanchet, Damour, and Iyer (BDI) were used, respectively. For instance, the

mass quadrupole moment presented in this chapter and ones in the mentioned references

4Gm

differ by a factor of — [myr'r?], .. The power loss shown above and the energy fluxes at

(6.13d) in [46] and at (3.5d) in [47] differ by a global minus sign, as well as by the numerical

G5mSu2p? and G5m6u2r2

r6

factors on terms depending on . The difference in the global sign comes

dE

from the relation P = -,

which is actually a matter of convention on how the energy
flux is defined. For this reason, we consider instead |P| = | ‘ and compare the result for
the power loss obtained here against the ones in the literature, and we find the following
difference

_ 32G5mSp?
Prppr — P = 5

: (4v* = 37%), (3.84)

where P is the modulus of the energy flux computed via the Epstein-Wagoner and BDI
approaches 3.
Furthermore, the 2PN acceleration obtained in the appendix B is also different from

the one presented in [47], which was computed via the BDI formalism. It turns out that

3If the power is expressed in terms of the gauge invariant frequency of a circular orbit P = P.
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these differences should not be a surprise since the gauge choice adopted here and in other
formalisms are not the same: in the BDI and in the Epstein-Wagoner approaches the harmonic
gauge is used, while in the EFT approach we use the linearized harmonic gauge (2.8), which
depends on the background field metric. The different gauge choices for fixing the gravity
action imply different coordinate systems. In fact, the difference between the mass quadrupole

moments suggests a coordinate transformation of the form

2G2 2
g, (3.85)

Yerr — r —
7"2

where 1 is the coordinate used in the BDI and Epstein-Wagoner approaches. When this

transformation is applied to the power loss (3.83), we can verify that

Pgpr () = P. (3.86)

An analogous comparison holds for the mass quadrupole moment and the 2PN acceleration,
showing the agreement between our results and the literature. It should also be noticed that
this coordinate transformation was already brought to attention in [48] when the authors

used NRGR to calculate the spacetime metric generated by a point mass at rest.
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4.0 Analytic Solutions to the Binary Equations of Motion

The adiabatic approximation is often used to find the analytic solutions to the motion,
including inspiral radiation reaction effects [49-51]. Using the PN expansions of the conserved
energy E and flux F, the adiabatic waveforms are obtained by solving the energy balance
equation dE/dt = F. The balance equation leads to the secular evolutions of the orbital
angular frequency w(t), from which one can derive the accumulated phase of gravitational
waves ¢(t) = 2 [ drw(7). An implicit assumption in the energy balance equation is that E
does not change much over an orbital timescale. In other words, the adiabatic solutions are
orbit-averaged and thus remove some of the orbital detail. The adiabatic approximation fails
to account for secular evolution of some of the orbital elements, which can lead to measurable
phasing effects [52].

When considering spinning black holes, which adds 6 additional degrees of freedom, the
binary motions become more complicated. The convention of the PN order counting of the
spin here is defined as | S| = xm?, where m is the mass of the object and y a dimensionless
spin parameter. For a maximally rotating compact BHs, x ~ 1. The leading contributions
from spin-orbit effects enter into the motion at 1.5PN and spin-spin at 2PN, before the
leading order radiation reaction force. The major effect of the presence of the spin on the
orbital evolution is that a spin component perpendicular to the orbital angular momentum
causes the orbital plane to precess. This means the orbital plane will change its orientation
when it is not perpendicular to the spin vector. Thus the observed waveform, depending
on the orbital orientation with respect to the detector, will modulate due to spin-induced
orbital precession. The secular evolutions of the spins themselves are given by the spin
precession equations [53,54]. With the spin precession equations, it is possible to determine
the angular momentum transfer between orbital and spin angular momenta and the total
angular momentum loss during the inspiral regime. One of the recent works to construct
analytic spin-precessing inspirals is through multiple scale analysis [55,56]. This method gives
orbit-averaged and precession-averaged closed form solutions by making a clean separation

among the orbital time, precession time, and radiation reaction time scales and treating the
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physical parameters by averaging over the longer time scales to solve for the shorter ones.
However, any averaging procedure results in the loss of some of the orbital dynamics.

In order to find analytic solutions to the spinning binary equations of motion and spin
precession equations without any averaging procedures, we follow the Dynamical Renor-
malization Group (DRG) formalism proposed by Galley and Rothstein in [15]. The idea
of the DRG method is based on renormalization group theory and the resummation of the
singularities for perturbative ordinary differential equation problems [57]. The DRG method
applied to binary inspirals starts by treating some of the higher PN order radiation reaction
terms as a perturbation to a conservative background orbit. The secular growths of the
perturbations are then resummed to preserve the correct power counting of the perturbations.
In their work, Galley and Rothstein calculated the resummed solution for a non-spinning
binary with leading order radiation up to the second-order corrections and included the PN
corrections to the radiation reaction force. In this chapter we incorporate spin-orbit effects
and the leading-order radiation reaction, using the DRG method to obtain real-time solutions

to the generic precessing compact binaries.

4.1 Leading Order Spin-Orbit Equations of Motion And Spin Precessions

The equations of motion of the compact binaries in the center-of-mass frame, including
the Newtonian order, the leading-order spin-orbit contributions at 1.5PN in covariant spin
supplementary condition (SSC), and the Burke-Thorne term due to the radiation-reaction

force at 2.5PN, are given by |9, 14, 58]
a = an + ago + ARR; (4.1)

where the terms in the post-Newtonian hierarchy are

M
an = _ﬁrﬁ,, (4.2)
aso = T—lg{(m[(ﬂ X v) - (23+A2)} - [v x <7S+3A2>] +37*[ﬂ x (3S+A2>} }

(4.3)
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2
MV.<136M (4.4)

B 8M21/<%+ 2)
arRr — 157“47" v)v.

72 2) _
+ 2v°r m3

r r

In the expressions above, r and v are the binary relative center-of-mass separation and
velocity, n = r/r and 7 = dr/dt = n - v. The binary masses are denoted as m o, the total
binary mass M = my + my, v = mimy/M? and A = (m; — my)/M. The combinations of

the individual spins are written as

S S

= E_——_
S =5+ 8, X, X,

(4.5)

with X, = m,/M. The spin vectors precess due to spin-orbit coupling following the relation
of [10,14]

. 1 3my
Sa = 7.—3(LN X Sa) (2 + 5@), (46)

where {a,b} are the binary labels {1,2}, and Ly = vM(r x v) is the Newtonian orbital
angular momentum.

In order to obtain the analytic solutions to the inspiral equations of motions and the spin
precession equations (4.1)-(4.6), we adopt a coordinate frame {mn, A, 1}, moving along with
the center-of-mass and the orientation of its motion [58-60], where I = n x v/|n x v| and
A =1 X n to complete an orthonormal basis triad. In this moving basis, the relative velocity

can be expressed as
V =71+ rwA (4.7)

where w is the orbital angular frequency of the binary. The relative acceleration a = dv/dt

in the moving basis is
a = (¥ — rw’)n + (r& + 27w + rowl, (4.8)

where the orbital plane precession @ of the orbit is defined as w = —X - dl/dt.

In terms of the moving basis components, the equations of motions (4.1) are

M 64M3v 16 M*?v 16 M?v w
Forwt=— g + Tt + e + rw” + ﬁ(E)SI + 3AY), (4.9)
) ) 24 M3y 8M?v 8M?v 5 2r
rw + 2rw = — P3 W g T W W T_3‘Sl’ (4.10)
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g Ty

+ 58+ 5 T, (4.11)

where we decompose the spin S = S,n + SHA + S;l, and similarly for 3. The spin precession

equations (4.6) become

d a
i" - (w - Q) se, (4.12)
d a
jj - —<W—Qa)sg+ws;1, (4.13)
dse .
dt’ = —wSY§, (4.14)
where we denote
o, = M (2 n §@>, (4.15)
r 2m,

which is the norm of the precession vector of the a-th spin. The precession frequency w,
explicitly given by (4.11), is of order O(S). At linear order in spin, the precession equations

become

= (w—1, ) .16a
di n Q) S% 4
d(iA =— (w — Qa)s;‘; + 0O(5?), (4.16D)
dsge )
_ ' 4.1
5 =0 (4.16¢)

Thus at order O(S), the [-component of the spin vectors are invariant, which are also the
only components that appears in the orbital equations of motion in (4.9) and (4.10). In
solving these two equations by the DRG method, we then are able to treat S; and ¥; as
time-independent constants. Following Ref [15], here we ignore the 1PN and 2PN conservative
forces, as well as the next-to-leading order spin-orbit effects, which is the same order in the
Post-Newtonian expansion as the 2.5PN radiation reaction terms. Instead, we focus on the
leading order radiation reaction effects on spinning objects. In order to obtain gravitational

wave templates, to be consistent we would need to include at least the 1PN conservative forces.
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4.2 DRG Solutions to Dynamics and Spin Precession

The background quasi-circular orbit of a conserved binary with Newtonian and leading

spin-orbit effects can be described by

, M Qp

B = R—% - R_%(5S’ + 3AY%), (4.17)

with constant radius Rz and constant angular frequency 25. To include the radiation reaction

as perturbative effects, we write the orbital solutions as
r(t) = Rp + or(t) + ors(t), w(t) = Qp + dw(t) + dws(t), (4.18)

where the first time-dependent terms dr(t) and dw(t) are the perturbation due to the 2.5PN
radiation reaction force without the spin at a given time ¢. The drg(t) and dwg(t) represent
the perturbations due to the interaction of 1.5PN spin effects and the 2.5PN radiation reaction.

The power counting at the initial time ¢y for each perturbation is given by
6r ~ v’ R, Sw ~v%/Rp, Srs ~ Svt/Rp, Sws ~ Sv°/RY, (4.19)

where we keep the spin as a placeholder expansion parameter instead of converting to PN
orders for generality. Substituting the perturbed orbital radius and frequency into the

equations of motion (4.9) and (4.10), we find the solutions to the perturbation

144
drs(t) = — (=1 + 480, )V R}t — to) + A cos (s (t — to) + )

75+ 3AY
(16 +30%) (2005t — to) cos (U (¢ — o) + @) — sin (Qus(t — 10) + )],
20 1
(4.20a)
24 216 A
dws(t) =< - Esl + ?AEO VREQS(t — to) + (55, + SAEZ)R—f sin (Qp(t — to) + Pp)
B

A
— (1451 + 6A21) R—fQB(t — to) COs (QB(t - tO) + (I)B)
B

2430,

RB COS (QB<t — to) + (I)B) (420b)
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and also the time integration of dwg(t), ®g(t), which is the perturbation of the orbital phase
(1),

12 243,
5D (t) :( S 2 sin (Qu(t ~ o) + @)
108 A
+ ?AEO VREOG(t — t0)? — (1955 + 9A21> FZ% cos (Qp(t —to) + Pp)
A
- (14& + 6AZZ> = (t = to) sin (Qa(t — to) + ®p), (4.20¢)

B

where ®p, Ap, and A3, are integration constants. {Rp, Qp, ®p, Ap, A%} forms a set of bare
parameters to be determined by initial conditions. While ez = Ag/Rp is the small orbital
eccentricity of order O(v®) induced by the radiation reaction force, the interaction between
the spin and radiation reaction lead to a smaller eccentricity ez = A%/Rp ~ O(Sv*). The
spin-radiation eccentricity deforms the circular orbit out-of-phase compared to the radiation
eccentricity, although with a fixed phase difference.

To maintain the power countings of the perturbations, the secularly growing terms in

(4.20) are absorbed into the bare parameters through the relations

Rp(to) = Rp(7) + 0% (1,t0) + 05(7, to), (4.21a)
Qp(te) = Qr(T) + 65 (T, o) + 65(7, to), (4.21D)
Dp(te) = Pr(T) + 0% (7, t0) + 65(7, o), (4.21c)
A3(to) = AR(T) + 05(7, to), (4.21d)

where {Rg, Qr, ®r, A2} are the “renormalized” parameters depending on an arbitrary renor-
malization scale 7. The quantities {(5}’;, 53, 5;’25, 83,...} are counter-terms, to be determined
by renormalizing the perturbation expansions. Introducing the renormalization scale into the
perturbation solutions (4.20) by writing ¢t —tg = (t —7) + (7 — t¢) and using the counter-terms

to cancel all the secular (7 — tg) terms, we find that

r(t) =Rg(t) + (1 — %)AR@) sin @ () + A (t) cos Pr(t), (4.22a)
S
w(t) =Qg(t) — %)(ij(t) (1 — (255;(:—)3}%?5;))> sin ®g(t) — M}%%R—Q(?)@) cos Dr(t), (4.22b)
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24%(t)

¢(t) =Cr(t) + 205 (t) RE(t) )COS@R@)_ Rp(t)

2AR(1) (1 _ (195 +9A%) sin (1), (4.22c)

Rg(t)

where 7(t) and w(t) are the orbital radius and frequency defined in the previous section,
and ¢(t) is the time integral of w(t) representing the orbital phase of the binary inspiral.
The renormalized parameters are determined at arbitrary time via the renomalization group
equations, determined using the fact that the corresponding bare parameters are independent
of the choice of 7. The “beta-functions” of the RG equations are determined by the counter-
terms, leading to the first-order equations satisfied by the renormalized parameters. We give

the RG solutions in the form of invariance in time as

64v M3 2.7 F? 9.9/8/3 1 IMLOR (t)1/2
t Ro()?2 4+ 7 Ro(t)+ 22 tan—' | — R
5 + S r(1)" + i r(t) + NGITLE an 7 + NI
2
78/3 <y1/3 — M1/6RR(t)1/2>
+3M4/3 n 23+ SUBMUSRR ()2 + MUBRy(t) = constant,

(4.23a)

QL RL(E) + Qr(t) (59, + 3A%;) = M,

(4.23b)
R;/Z(t) 5(4181 + 15AEl> 64y M3 1, 2. 5/2

q)R(t) + 32M5/2V — 2561/M25”2 ( 5 t + ZRR(t) + WRR (t)) = constant,
(4.23¢)

ARg(t) = constant,
(4.23d)

5AR (75{ + 3AZ[> 64I/M3 1 2.F
A% () — YV < F t+ ZR%(t) + WR?{Q@O = constant,

(4.23e)

where for convenience we have defined . = (51 + 21AY;)/4. Remember, at this order the
l-component of the spin vectors are constant. The constants in the equations above can be
further determined using the initial conditions by solving (4.22) at a given time instant. The
expressions in (4.22) combined with (4.23) give the resummed solution to the OPN spinning

inspiral dynamics valid up to times (t —ty) of order 1/(vv°(¢)Qg(t)). To improve the accuracy,
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we need to calculate higher order perturbations in the same formalism or include higher PN
conservative corrections to the motions.

The background solution to the conserved spin precessions has a constant precession
frequency. We renormalize the precession frequency perturbed by the radiation reaction using

the same DRG procedure. The resummed solutions to the spin precession equations (4.6) are

2 1%
S%(t) = 8% (t) exp {@ Q;Ii(tt)) B 3yaA}gg(t)QR(t)2RR<t) sin @ p(#)
=i\ Ty~ (19814980 s Se0n0PAu() Ratt)
* V? <%S Lt gAE‘) ARéQ—g;(t)] cos %(t)}, (4.24)

where v, = (2 + 2%)1/2 and S¢ = S; + 15§ contains the two precessing components of the
spin vector in the moving triad {n, A,l} coordinate system. The exponential preserves the
magnitudes of the spin vectors, which is conserved as can easily be seen from Eq. (4.6). The
renormalized parameter S ,(f) can be written in terms of invariance over time and other
parameters as

s 2 5415+ 1585 ),

R 1/2 p3/2 -
96 M 3/212 - 384 M 212 In (M / RR (t) - Y) = constant.

iInS? (1) — Da(t)

(4.25)

We include the more detailed calculations and renormalization procedures in the appendices

for interested readers.

4.3 Numerical Solution Comparison

To compare our analytic solutions to the orbital equations of motion and the spin
precession equations, we solve the sets of equations numerically and compare with the DRG
solution solved with the same initial conditions. We choose to compare compact binary

systems of total mass M = 1. The initial conditions for the physical parameters are related
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to the renormalized parameters through the renormalized solutions ( C.12) and ( C.35) at
t; = 0. We choose for our initial conditions

4

Qr(0) = 1072/M
M 55, + 3A%;\ V3
Ra(0) = (QR<0>2‘ Qr(0) )

®p(0) = 0
AS(0) = 0
O (00508 (0)° + L Ru(0Y2n(0) (1445, + 240A%))
A(0) = = (1 :) 7S+ 3AY, )
\ 2Rr(0)3Qg(0)
[ 1(0) = Ra(0)
#0) = 0
- w(0) = Q(0) (4.26)
s0) — 2400 ( 195+ 9A%, )
| Rr(0) 2RR(0)*QR(0)
where the expression for Ar(0) comes from
7(t;) =Ag(t;)Qgr(t;) cos r(t;) (1 + 2;253{?}?;)) _ 6§VRR(ti)GQR(t¢)6
— %uRR(ti)3QR(ti)5(144Sl + 240A%) — A% (t)QR(t:) sin Pr(L;). (4.27)

and 7(0) is taken to be zero for quasi-circular motion. Meanwhile, we impose a small
non-vanishing O(v®) eccentricity eg = Ag/Rg(t), and a spin-induced eccentricity ef =
A%(0)/Rgr(0) at O(v*S) that runs starting from zero.

For initial spin vectors we consider the compact components maximally rotating, meaning

2

the dimensionless spin parameter y ~ 1 where for each spin |S,| = x.m;,

With Xmax = 1
for black holes. In Fig. 4.1 we compare the resummed solutions to the orbital equations of
motion with the numerical and adiabatic solutions [61] for two different choices of mass ratio
and spins. For the left column, we choose an equal mass binary and anti-aligned spin initial

configuration:

S1(0 Q &
1(2 ) = cos 70°n + cos 60° X\ + cos 140°1,
my
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Figure 4.1: Left Column: Compact binary with equal component mass and anti-aligned

initial spin vectors. Right Column: Compact binary with component mass ratio

my : mgo = 4 and misaligned initial spin vectors. The initial spin configurations are given by
(4.28) and (4.29), respectively. The first and third rows are the plots for physical values: the
orbital radius and phase versus time with initial data given in (4.26), respectively. The
analytical renormalization group resummed solutions are plotted in blue, the adiabatic
solutions are in orange, and the numerical solutions to the leading order spin-radiation
equations of motion are in green. Below each physical plot the fractional errors are shown,

comparing the numerical solutions with analytical resummed solutions in blue and the

adiabatic solutions in orange.
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S5(0)  cosT70°cos50° . cos60° cos 50° ¢ .
= A 50°1. 4.28
m3 cos140° + cos 140° +cos (4.282)

The physical interpretation for the angle of 140° and 50° is the angle between the spin vectors
and the orbital angular momentum L. (At linear order in spin, equal mass systems satisfy
the spin-orbit resonance orientations [62].) In the right column, we choose a moderate mass

ratio (m; : mg = 4), with a randomly chosen initial spin configuration:

51(20) = 0.4R — 0.7A + 0.5, S2_<20) -

0.97 + 0.1X — 0.41. (4.29)
my my

Specifically, the plots show the orbital radius r(¢) and orbital phase ¢(t) for resummed,
adiabatic, and numerical solutions to the binary equations of motion. Below each plot of the
physical solutions are the fractional errors comparing the numerical results to resummed and
adiabatic ones. From these plots, we can see the DRG methods are more accurate compared
to the adiabatic solutions, with roughly an order of magnitude improvement in calculating
the accumulated orbital phase over most of the inspiral.

We can see the importance of using the DRG method increases as we include higher-order
corrections by comparing Fig. 4.1 to the results in Ref. [15]. In that chapter, the authors
included the OPN (i.e. Newtonian) contribution and the leading order radiation reaction
term. As can be seen by looking at Fig. 1 of that chapter, the DRG and adiabatic results
give the same order relative errors.® When including the 1.5PN spin contribution as we did
here, there is an order of magnitude improvement, as shown in Fig. 4.1.

We compare the resummed solutions of the spin precession equations with the numerical
solutions to (4.16) in Fig. 4.2. The two columns have the same choices for mass ratio and
spin configurations as in Fig. 4.1. In the top two panels, we plot the resummed solutions to
the m- and A-components, respectively, for the total spin vector (in blue) and the difference
between the resummed and numerical solution (in red). We also include an inset plot of the
spin precession for the last quarter of the inspiral to illustrate the phase difference. That the

error accumulated from the resummed results of the spin precession becomes significant is

!Note that the authors of Ref. [15] show how to obtain the result including 1PN contributions, but did not
provide any numerical results. They also did the “two-loop” contribution, which includes O(v'?) corrections.
Including these, the DRG method shows roughly an order of magnitude improvement compared to the
adiabatic solution, as can be seen in Fig. 2 of that chapter.
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Figure 4.2: Left Column: Compact binary with equal component mass and anti-aligned
initial spin vectors. Right Column: Compact binary with component mass ratio

my : me = 4 and misaligned initial spin vectors. The initial spin configurations are given by
(4.28) and (4.29), respectively. In the first two rows from top down, the resummed solutions
are in blue, for the corresponding spin vectors in n-component and A-component. The
difference of the resummed results from the numerical ones is shown in red. The lower inset
on the right zooms in on the spin precession for the last 1/4 part of the inspiral. The third
row shows the angle between the spin vector derived from the resummed solutions and the
numerical solutions. In the last row, the instantaneous change of spin, orbital, and total

angular momenta are shown. 64



the consequence of the Post-Newtonian method breaking down for large velocities during the
later portion of the inspiral. We expect better accuracy when spin-spin effects and higher PN
order terms are incorporated. In the third panel, we plot the angle between the spin vector
results from the resummed and numerical solutions.

With the inclusion of radiation reaction, the total angular momentum changes direction
and magnitude. In the bottom row of Fig. 4.2, we show the angular momenta changing
throughout the inspiral. The equal mass binary shown in the left panel has a fixed total spin
magnitude due to the symmetric form in (4.6). Both binaries exhibit a rapid loss of orbital
and total angular momenta at the end of the inspiral in sync with the drop of the orbital
radius in Fig 4.1.

In Fig. 4.3 we give a rough comparison of the computational runtime improvement of the
DRG methods. The numerical solution for the equations of motion and spin precession was
calculated in C++ implementing the ODEINT library [63]. We adopt the Dormand-Prince
algorithm at fifth order with adaptive step sizes and control the tolerance error to be consistent
with the theoretical resummed solution errors. Fig. 4.3 shows the runtime of the numerical
and DRG methods solving the same sets of initial conditions, changing the binary mass ratio
Count times in each run. In order to try to have a meaningful comparison, we manipulate
the average steps taken per run for the DRG methods to have similar output lengths (i.e.,
number of time steps for the solution) with the numerical integration. For example, in a total
of 50 runs, the numerical integration takes 10 seconds and averagely 11235 steps per run,
while the DRG method takes about 1 second and averagely 11438 steps per run. As can be

seen, the DRG method is an order of magnitude faster than the numerical solution.
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Figure 4.3: C++ runtime comparison between numerical integration and DRG resummed
substitution. The count in the x-axis stands for the total choices of initial conditions in a
particular run, and green numbers below the plot points are the average steps taken per run.
The blue dots show the total computation time for the numerical integration solutions and

the orange squares shows the time for the DRG resummed results substitutions.
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5.0 Conclusion

To conclude, we summarize the results of the studies discussed in previous chapters,
detailed features of the each analysis can be found in the corresponding sections.

In Chapter 3, we provided an independent computation of the 2PN correction to the mass
quadrupole moment of a binary system of compact bodies moving in general orbits, using
the EFT approach in the linearized harmonic gauge. We calculated high order corrections
to the components of the pseudo-stress-energy tensor, which were used to obtain the mass
quadrupole moment correction as well as the 1PN correction to the conserved energy and to
the linear and angular momenta of the system and the 2PN correction to the center of mass
frame. We used these quantities to perform tests that confirmed the consistency of our results
within the EFT formalism itself and with results presented in the literature computed using
different formalisms. Therefore, we not only extracted the contributions of the stress-energy
pseudotensor to the 2PN correction to the mass quadrupole, but we provided the expressions
for the components of the pseudotensor with higher order corrections that will be useful for
future calculations on the dynamics of compact binary system.

We also calculated the 2PN correction to the equation of motion in the linearized harmonic
gauge that was used, together with the mass quadrupole moment obtained in this chapter, to
write down the power loss due to the emission of gravitational waves. We thus compared
our results against the literature and we showed that the 2PN correction to the mass
quadrupole moment, to the relative acceleration of the two-body system and to the power
loss obtained in this chapter are in agreement with the results computed via the BDI and in
the Epstein-Wagoner formalisms once a coordinate transformation is performed.

Although the 2PN correction to the mass quadrupole and to the equation of motion of
compact binary systems obtained here were known in the literature, this derivation establishes
the ground work for higher order calculations in the EFT formalism. Finally, these are the
final missing ingredients necessary for the analysis of the radiation reaction of the binary
system at the next-to-next-to-leading order in the EFT approach, which will be presented in

the future.
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In Chapter 4 we have solved the spinning binary dynamics including the 2.5PN radiation
reaction and the leading order spin-orbit effects throughout the inspiral using the dynamical
renormalization group formalism,. The solution is obtained by the resummation of the
secularly growing perturbations to the physical parameters including orbital radius, angular
frequency, orbital phase, and spin precession phases. We solved the resummed solutions to
the equations of motion and spin precession equations in a moving triad frame at any time
instant. Renormalized parameters defined to describe the resummed solutions are determined
using the renormalization group equations and can be written in terms of conserved identities.

The solutions are applicable to arbitrary initial configurations and do not dependent
on any specific spin orientations. The comparison of numerical solutions and our analytic
solutions shows greater accuracy than the adiabatic solutions and a sizable improvement
in computation time compared to the numerical solutions. The use of the DRG method is
more important for spinning BHs than for the non-spinning case. However, there is further
improvements that can be made. The spin component comparison is not ideal, as shown in
Fig. 4.2 with increasing phase differences. When initial spins are relatively large compare to
orbital angular momentum, the discrepancy grows very fast in the early part of the inspiral.
This is due to the beginning of the breakdown of the PN expansion. We hope to fix this issue
and enhance the accuracy by the inclusion of spin-spin effects and higher-order PN terms

into the formulation in the future works.
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Appendix A Gravity EFT Feynman Rules and Useful Integrals

In this appendix we show the ingredients used to compute the components of the
pseudotensor. We used the package xAct [64] from Mathematica for the extraction of the
vertices from the action.

A.1 Source Terms

The source action terms needed to compute the contributions to Typ, are given below:

SV = dt,H () Al
> e / (z2), (A1)

1 m ; ;
Sy = a4 /dtavleOZ Tq) , A2
;mm (. (A2
oy

0 Mg -
v _ g / dto H () B () (A4)

Qmpl/dt ( S (2a) + Vv HY (2 )), (A.3)

V1 7
Yoo = — Z S / dtoviH" (24) B (2,) (A.5)

,{020 = Z sm2, /dt 3V2H00 (zq) +2vivIiHY (xa)) R (2,), (A.6)
v 3ma
h00 — 16mPl /dtav4h00 xa ’ (A7)

v = Z St / At H” (z,) H® (z,) , (A.8)

Voo 3myg 00 00 00
H2R00 = Za: 16mPl /dt H (-Ta) H (xa) h ($a) . (Ag)

In addition, to write down the contributions for 775, we must to consider

PR o LTS / dt, vt H (2,) B (z,), (A.10)



Mg i
Yoi = Z T / dvAvin© (z,) (A.11)

whereas for T}l the following terms are also necessary,

Sy = / dt,vivi H () R (24) (A.12)

S}l’” /dtavavavflh (2q) - (A.13)

4mpl

Although all the sources terms above are conveniently expressed in position space,

effectively we perform the partial Fourier transform®
H"™ (t,q) = /d%H‘“’ (t,x) e "9, (A.14)

to carry out the Feynman diagrams in momentum space.

A.2 Vertices

From the EH action expanded in the radiation and potential fields and fixed with the

background gauge, we obtain the propagator
. 1
(Hy (t,0) Hop (t',d') = =i (271)" Puapd (t = 1) ° (4 + ) <@ (A.15)

as well as its correction

2

ro . / 1
(Hi (6:0) Hop (¢ ) = =i (27)° Pruay o (6 = )8 (@ +) . (A.16)

The two-potential-one-radiation vertex regarded inside the momentum integrals of the

internal potential momenta coupled to the particles has the form

Pq [ PAd s igxs i [ dBq _.. Flgkh
C) = —— 0 (t — 29 —iq '
/( / ge 1T (5 1) d(t t)/ e X [ } (A.17)

2m)* ) (2) mpy (2m)° @®(q+k)*

"'We consider the partial Fourier transform for the radiation field as well.
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for which the different contractions necessary to write down the contributions to T5p, are

PO g 1) =10 |2 (@ +eea) — S - T - 3R] (A9
FOEEH) [0 3 0] — o0k [—qk (qo " %ko)} | (A.19)
FODAE) [0 1 3] = ROOVEVE { * (q® +3k-q) — %kkkl] , (A.20)
FAOAHOHOG) [ R0] = ROOVEY { Z&“ (a®+k-q)+ ik’“kl} . (A.21)

On the other hand, to compute the contributions to T{%,;, the contractions required are

00 7700 =0 T 0i i 1. Iy ]
FUCHT) T,k B0 = B {QO (qz + §kl> + ko (§ql +k’)} : (A.22)

o | : L
(v EOk ) [q. ke, h”] = hO'v {—(5“C (5(12 +k- q> +q’k" + Eklkk} ; (A.23)

whereas for T, we need

o (HO0H) [q’ k. ]—lu} _ [1 + k q-— 2 (q + koqo + 2]{;(2))} 7 (A.24)
k gyOk 700 7 7 1
(vhHO H) [q, k) h”] = pllyk [ ( k’“)} (A.25)
(vhvi HF ) 7l u kl 1 1 k1.l
F\V1i%1 [q,k‘,h ] hivhvl s —74 4k qa k k', (A.26)

1 1 1
F<v’fHOkavl2> [ kf hll} — hllvl v { 5kl ( 4 k- q) _ §qlkk —+ §qkkl -+ Zkkkl:| . <A27)

The three-graviton vertex, in turn, comes naturally in a simple form even not integrated

on the internal momenta:

700 F700 700\ _ (27)3
< a1 qz Q3>__4

(¢} + @5 + q3)
mpz(S (t2 —t1) 0 (t5 — t1) 6° (@1 + g2 + q3) ~— q%ngg 2= (A2)

The composition of the three-potential-graviton vertex with two-potential-one-radiation-

graviton vertex, after integrating in the third momentum, the integrand takes the form

F [qb q2, k7 }_7’]
@ (ar + k) (qr + g + k)’

(A.29)

71



in which the numerators for the contractions needed to compute the contributions for Tg9

and T}L are, respectively,

00 £700 700 5
F<H HO0 F00) [ —q?qg + (qi + Q2)2 (a1 - k)

5
o (qr - qo) + 5

_ 1-
Q17Q27ka hOO} - _hOO qzlL + 92

4

+§qf (d2-k) +3(ai - k) (a2 - k) — (a1 - k)* + (a2 - k)*| ,

2
(A.30)
B Tl
FUEHCHS) (g, o k, B = —5 [2af — afar - @> + 10a7q; -k +10 (a1 - k)° - qie
—q?qg ‘k—2(q; - k)(q2- k) —2(qq - k)z} ) (A.31)

The three-potential-one-radiation-graviton vertex integrated in the internal momenta can

be expressed in this way:

d*q;
H [ {yrype™ s

= St )8 (s —

mpy

d3 3 leta)xf [q, qq,k, b
0 [ o | ol

@2m)* ) (27)° d3qd(gs +qs + k)

where we have chosen to integrate on qi, for instance coupled to particle 1, and leaving the
momenta g2 and qs, both coupled to particle 2, to be integrated in the process of solving the
diagrams. For this case, the contractions required to write down the contribution for Tp

and T}L, respectively, are given by

_ 1-
pHCHOHS) (a2, 93, k, "] = _ghoo (B+d+a-as+q2-k+qs-k), (A.33)

_ 7 -
p{HOCHOH) (a2, 3.k, h'] = _§h” (G+d+d2-as+a2-k+aqs-k). (A.34)
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A.2.1 Integrals

To solve integrals in the momentum space, it is helpful to use some general relations
that can be obtained by using Feynman parameters [65]. If we consider a spacetime of d

dimensions, then for D = d — 1 we have

dPk e ikr 1 T(2_¢q) /2 a—2
| ey - (4m)7 # (a) | (%) (A85)

d"k 1 27 (a4 b—2) T (2 —a)T(2—b
/(27r)D k2" [(k — p)*" - <p(iﬂ)’3 (F(a)r(b) : (F(D z a(_ ) )’ (A.35b)
/ - ke P ) T (et b= )T (B —at )T (F 1) . (A.350)

erP 1P (k—p?’  @mF  T@T0O)  T(D-a-b+1)
/ dPk kik’ _ 1 (pg)g—a_b

)" k) [(k—p)2" @n)?F@TOTD-a-b+2)

g p? D D D
r —1—= T =- 11" =— — 1
x{ 5 (a+b 2) (2 a—l—) (2 b—|—>
o D D D

These integrals are especially important to solve diagrams that has a composition of the
three-potential-graviton vertex with the two-potential-one-radiation vertex, where an analysis

of the integrals in an arbitrary dimension D is required to handle divergences.
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Appendix B Acceleration at 2PN

In this appendix we present the result for the 2PN acceleration computed via the EFT
approach in the linearized harmonic gauge.

To write down the equation of motion of the binary system at 2PN order, we need to
obtain the Lagrangian by integrating out the potential modes of the gravitational fields in the
action. Below the diagrams which contribute to the dynamics at 2PN order are presented.

The simplest contribution to the 2PN Lagrangian comes from the diagram show in

Fig. B.1, which gives the following contribution:
1 6
Lpigp = Z MaVe- (B.1)

Next, we have the diagrams with one-graviton exchange illustrated in Fig. B.2. Summing

those diagrams together yields

Gm,
Lrigpe = Z 1727”7;% {15r4aa cay 412 [14V2 —20v2vy - vy + 2 (v, - Vb)2
a#b

+3V2Vz + 2vgaa ‘T —a, -ra,-r+28a,-v,v,-r+24a, v,y - r}

3
+2 (ay-r—v}) (va-r)2+12(va-vb—vz)va~rvb-r+—2(Va~r)2(vb~r)2}.
T

(B.2)

Figure B.1: Diagram with no graviton exchange.
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Figure B.3: Diagrams with two-graviton exchange.

In Fig. B.3 we show all diagrams with two-graviton exchange that enter at the second

PN order. The sum of those diagrams is

I _ G*mamy o o 2.2 Ap2 ) B
Fi933_24—7~4<6r v, + Trevy — 14r Va-vb+2rva-r—2va-rvb-r). (B.3)
a#b
There is also the diagram with a three-graviton source term as well as other two diagrams
with combinations of the two-graviton source, as shown in Fig. B.4. Their contribution to

the Lagrangian is

G*m?*m
Lpigps = — Z 2—7:;1) (Mmq + 3my) . (B.4)
a#b
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Figure B.4: (a) three-graviton emission from one of the bodies; (b) symmetric three-graviton

exchange; (c) composition of a three-graviton vertex with a two-graviton vertex in the source

term.
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Figure B.5: Diagrams with three-graviton exchange.
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Figure B.7: Diagrams with five propagators.

The diagrams which contain three-graviton vertices are illustrated in Fig. B.5 and give

G2 2
Lrigps = Z % [r2 (5VZ — 6V - vy + 2VE 4 2ay - r) —9(vg - r)2
a#b

+14v, - rvy ot — 3 (v - 1)?). (B.5)
In Fig. B.6, we show diagrams with a four-graviton vertex that enter at the 2PN order
and, together, yield the result

G3m3m
LFigBGIE —7’; . (B.6)
a#b

Lastly, the diagrams with five propagators are shown in Fig. B.7 and provide us with the

following result:

G3m?*m
Lriger = Y =5 (my = 2ma). (B.7)
a#b

Summing up all contributions from Fig. B.1 to Fig. B.7, we write down the Lagrangian

at 2PN order in the linearized harmonic gauge:

I 1 e GPmimg G*myma
= —myvi - —= -

(Smf + mlmg) + 12

[(16my + 11mo) v3

7



2 1
—13mvy - vy —dmoay - — — (8my + 3my) (vy - r)2 + —mvy - Tvy - r]
r r

G 15
T2 122020, a, + v — 10vivy - Vo + (V1 - Vo) 4 —viva
8r 2 2
, 1 1 )
+a; - rvy — lda; -V2V2-I‘—|-1231-V1V2-I‘—§a1 -rag-r—ﬁal-r(w-r)
1 3
+— (6V1 "IV TVy -V — (Vy - r)2 V2 —6Vy -TVy - TVE + 53 (vy - r)2 (v - r)2)}
r r
+1e2 (B.8)

We use the Lagrangian above to determine the equations of motion of the two-body
system at the second PN order. Below we show the acceleration for one of the objects in the

binary:

1G G? G
2PN < 7:’;% {ﬁ (=2m7 — 20myms + 16m3) + - [(18my + 56m5) v7

— (84my + 128my) vy - vo + (58my + 64ma) v3 + 30ma; -t — 12may - r
28

1
5 (my —4mg) vy -r(vy-r—2vy 1) — — (56mq + 176my) (v - r)ﬂ
r r

+

+2vi — 16 (vy - vo)® — 162 4 32vy - vuv2 — 2vZa, -1 — 2vZa, -1

2 4
oy vavy 14 2T (12v2 — 48v, - vy + 36v2) — 152 1) }

r2 ra
1G G
1 7?2v1 {— [(48mg — 15my) vy -t + (23my — 40my) vo - 1]
r r
2 2 Vi~ (V2 . I')2 (VQ . I')3
+ vy -1 (4v] + 16vy - vy — 20v5) — 24 . + 18—
r r

+vi-r (8vf —16vy - vy + 16v3 — 2a, - r) +2r? (12a; — Tay) - Vl}

1 G? G?mZ G
+ 281 vivivi + (49% +36 TZ”? 112 :“ v2 4 v‘f)

1G G

— m2V2 — [(317711 - 24m2) Vi-Ir—+ (407712 — 9m1) Vo - I']

4 r3 r

9 9 vy T (Ve - r)2 (v - r)3
+ vy -1 (—4vi — 16vy - vy + 20v)) + 24— —— — 18—
r r

+vy-r (16v1 - Vg — 16v§) — 14r%a, - Vg}

7Gm2 Gm
i a2(6 . —i—vf—kv%). (B.9)
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All accelerations in the right hand side of the equality above should be regarded as Newtonian
accelerations if we want the entire expression to be of definite 2PN order. To write the
acceleration in the center of mass frame, we have to consider, in addition to ( B.9), the
reduced contribution from applying the equation of motion inside the (3.54) as well as the
PN corrections to the center of mass frame (3.75) and (3.76). Adding these contributions
together, we finally obtain the expression for the relative acceleration of the two-body system

in the center of mass frame, at the second PN order, in the linearized harmonic gauge:

2PN
21,2
=— % {r [(56 17ar) I 324 520 — 160%) S 1 (112 — 2000 — 1607) 92
T T T r

+ (24v — 320%) v* — (36v — 481%) v*i? + (150 — 450%) 1]

+4rriv [(—12 + 41v + 81°) gm (150 + 40%) v* + (9v + 617) 7'"2} } . (B.10)

r

The differences between our 2PN Lagrangian result with Gilmore and Ross’ is

oL
2mimy  AmiIm3  2mim3 2m2mav?  2mymiv? 2mimavs  2mymivl
= + +

3 r3 P r2 N r2 a r2 o r2
4mimsy(n - vy)? N dmim3(n - vy)? N 4mima(n - vy)? N 4dmimia(n - vy)?

2 2 2 2
_ 8mimg(n - wvi)(n-vy)  8mumi(n - vi)(n - v N 4m3my(vy - vy) N 4mym3(vy - vy)

Y

r2 r2 r2 r2

(B.11)

which is a total time derivative

d Qm%mg(n . ’Ul) 2m1m§(n . ’Ul) 2m%m2(n . ’02) 2m1m%(n . 'l)2)
dr \ 2 a 2 + 2 + 2

_ 2mimy(n-a1)  2mimi(n - ay) N 2mimso(n - ay) N 2mimi(n - as)  2mimyv?
2

T T r T

r r r r r
2,2 2,0 o2 2,2 2 2 2 2
2mymsvi  2mimovy  2mim3v; N dmims(n - vy) N dmims(n - vy)

B 2 o 2 - 2 2 2

r r r r r
4dmimay(n - vy)? N dmimi(n-vy)*  8mimg(n-vi)(n-vz)  Smumj(n - vi)(n - vy)
2 ) 2 2

r r
4m%m2(v1 . ’02) 4 4m1m§(v1 . ’02)

r r

7”2 7”2
(B.12)

79



after applying the leading Newtonian EOM. Adding the total time derivative that does not
contribute to the EOM, the Lagrangian difference in ( B.11) becomes

. (Qmimz . Qm;m§> (((n cay) + %) _ ((n Lay) — %)) (B.13)

One cannot substitute EOM into the Lagrangian, and naively expect to get the same equations

back out again. It is because when varying with respect to one of the variables, the Euler-
Lagrange equation assumes the fixation of the other variables. However, the original equations
of motion introduce the explicit relation between the dynamical arguments. The substitution
into the Lagrangian, in general, does not give the correct equations of motion again. Since it
is not a “double-zero” term, L in ( B.13) contributes non-vanishing terms to the EoM.

The two Lagrangians are related by a gauge transformation of

2(m1 + mg)m2 2(m1 + m2>m1 x

T — T+ 5 x, Ty — Ty — 5 (B.14)

T T

that results the 2PN differences ( B.11) from the Newtonian kinetic and potential energies.

The center-of-mass position G*, derived from

oL d oL d
Ovi B E@az - aG ’ (B15)

and summing the binary index. Both Lagrangians, despite difference gauge fixing, lead to
the same G* that resonates with the results of [ dzT®z" from our 2PN mass quadrupole
calculations. This is consistent with the gauge transformation ( B.14), that the point particles

are translated away from each other and leave the center-of-mass unchanged.
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Appendix C Orbital Equations of Motion Resummation Solutions

We start by investigating the quasi-circular background orbit solution of the conservative
spinning binary. In this case, the radius and the orbital angular frequency are constants
apart from small non-secular perturbations induced by the presence of spins. The constant

radius Rp and orbital frequency g satisfy

0% = R%g — %(55, + 3A%) + O(5?). (C.1)
B B

at linear order in spin. Setting the spins to zero, the relation between Rg and (25 reduces

to the usual Newtonian circular motion equation. To solve for {25 with a given Rp, we

can either solve the quadratic equation above or substitute for (g iteratively. The analytic

solutions to the dynamics of quasi-circular conservative spinning binary systems have been

studied [60, 66].

C.1 Perturbations Of Quasi-circular Orbits

Next we describe the deviation of the quasi-circular background orbit as a result of the
leading order radiation reaction and linear spin-orbit effects by isolating the perturbative
corrections 7(t) = Rp + dr(t) + org(t) and w(t) = Qp + 0w(t) + dws(t). The first time-
dependent terms dr(t) and dw(t) are the perturbation that arise due to the 2.5PN radiation

reaction force without the spin at a given time ¢, which are given by [15]

4
Sr(t) = —GT”R,@Q%@ o) + Apsin (Qp(t — to) + D), (C.2)
A
Su(t) = %?”R%Q;(t o) — 295 5 in (Qp(t — to) + ®p), (C.3)
B

with bare parameters {Rp, 5, Ag, ®p}, and or ~ v°Rp, dw ~ v%/Rp at the initial time .

On the other hand, the terms due to the interaction of 1.5PN spin effects and the 2.5PN
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radiation reaction start with the power counting of drg ~ Sv?/Rp and dwg ~ Sv®/R%,.

Expanding the equations of motion (4.9) and (4.10) to O(Sv%) gives

dw(t)

§75(t) — 2R pows(t) — 3QForg(t) = 2 (5S; + 3AY), (C.4)
B
2 264
Rpéws(t) + 2Qprs(t) = — (R—*?M(t) + (885, + %Azﬂm%@%) , (C.5)
B

with dr(¢) and dw(t) the values given in ( C.2) and ( C.3). Integrating ( C.5) with respect to

time, solving for dwg, and substituting back into ( C.4) gives the differential equation for drg,

144
Sits(t) + Q3ors(t) = — (?sl + 48A21)yR31§QJ73(t 1)

OpA
— (148, + 6AY) 23 B sin (Qp(t — to) + Pp). (C.6)
B

The differential equation has a solution of the form

144
ors(t) = — (?Sz + 48A21> VRS (t — tg)
75+ 3A% |
(21§ZB—R3Z)AB [293(15 — to) cos (Qp(t — to) + @) — sin (Qp(t — to) + Pp)
B
+ A} cos (Qp(t — to) + ), 7o)

where A3 ~ Sv?/Rp is a bare parameter in the general solution to the homogeneous equation
of ( C.6), to be determined by initial conditions. While e = Ap/Rp is the small orbital
eccentricity of order O(v®) induced by the radiation reaction force, the interaction between
the spin and radiation reaction lead to a smaller eccentricity ez = A%/Rp ~ O(Sv*). The
spin-radiation eccentricity deforms the circular orbit out-of-phase relative to the radiation
eccentricity, with a fixed phase difference.

As a result, the angular frequency perturbation dwg(t) and its time integration 0®g(t)

are given by

24 216 A
(Swg(t) :( — ES[ + ?Azl)I/R%Q%(t — to) + (551 + SAEZ)R—g sin (QB<t - to) + (I)B)

A
— (148, 4+ 6A%)) =2 Qp(t — to) cos (Qp(t — to) + p)
Rp

24505
Rp

COS (QB(t - to) + CI)B), (C?b)
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(1951 n 9AZ,)AB

12 108
5P (t) :( — ESl + ?Azl) VREQS (t — to)? — Sy cos (Qp(t —to) + Pp)
B
A 248
- (14sl + 6A2l> 5t — to)sin (Qp(t — to) + D) — —L sin (Qp(t — to) + ).
Ry Rp

(C.7c)

The perturbation §®g(t), of order O(Sv?) to the angle ¢(t), is the analog of the orbital phase
in planar motion of non-spinning systems. Though it is no longer a physical angle now that
the orbital plane precesses due to the spins, it is a combination of the Euler angles, defined
in a later section, essential to the time evolution of the moving frame of reference.

We split the perturbation terms into the non-secular terms that remain small permanently,
and the secular ones that grows with time. As time progresses, the secular terms gradually
become dominant and break down the PN power counting, therefore they need to be

resummed.

C.2 Renormalization

The full set of bare solutions to the orbit motion including linear spin-orbit terms and

2.5PN Burke-Thorne terms is given by

r(t) = Rp + or(t) + ors(t), (C.8a)
w(t) = Qp + dw(t) + dws(t), (C.8b)
o(t) = Pp+ 0P(t) + 0Ps(t), (C.8¢)

with the corresponding perturbations in ( C.2) and ( C.7). We renormalize these terms by
removing the t, dependence with the introduction of counter-terms for the bare parameters.
The O(v°) terms were renormalized in Ref. [15]. Thanks to the newly added O(Sv*)

perturbations, the bare parameters have to include higher order counter-terms, which means

Rp(to) = Rr(7) + 6% (1, to) + 05(7, to), (C.9a)
Qp(to) = Qr(r) + 0 (7, to) + 65(7, to), (C.9b)
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Dp(to) = Pr(7) + 0% (7, to) + 65(7, to), (C.9¢)
AR (to) = AZ(T) + 65(7, to). (C.94d)

In terms of the renormalized initial parameters and the renormalization scale t — ty =

(t —7)+ (7 — to), the spin-orbit result becomes

04
r(t) =Rp + 05 — T”R%Q%(t — 1)+ Agsin (Qr(t — 7) + Og)

144 144
— (?Sl + 48A21> VRO (t —T) — (?Sl + 48AEZ) VREO%(T — to)

75+ 3A%
i—éﬁgﬁgllAR[%Lﬁt—7jaﬁ(QRﬁ—~ﬂ—%@R)
+ 293(7’ — to) COS (QR(t — T) + (I)R) — sin (QR(t — 7') + CDR)
+ A% cos (Qp(t — 7) + ®g) + 65 cos (Qp(t — 7) + PR), (C.10a)
96 2R A
w(t) =Qp + 65 + ?”R;Q;(t — ) = ZEER G0 (Qp(t — 1) + DR)
R
24 216 24 216
+ < - ESl + ?AZOI/R%%Q%UI - ’7') + < - ES{ + ?AEO I/R%Q%(T — to)
A
+ (58 +34%,) S sin (Un(t = 7) + O)
R

A
— (1481 + 6A%)) 22t — 7) cos (Uult — 7) + Br)
R

A
— 1451 + 6A2[ —RQR(T — to) COS (QR(t — 7') —+ (I)R>
R,

2430 2659
= SRR o (Qp(t — 7) 4+ Bp) — —AE

R R cos (Qr(t —7) + Pp), (C.10b)

48
p(t) =Op + 65 + (t — T)Qr + (t — 7)05 + (T — to)d5 + —VR%Q;(t —7)?

5
2A 12 108
4 20R o (Qp(t — ) + ) — <€Sl - ?Azl)mggg(t —7)?

Rp
24 216
O s
5 )
12 108
+ ( — ESZ + ?AEZ> VR%{Q%(T —to)’

A
— (1951 + 9A21> QRE4 cos (Qr(t —7) + Pg)
R
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- (1451 +6AY ) ‘; (t — ) sin (Qr(t — 7) + Bp)

4
R
R

( A : 2A% .

— (145, + 6AX ) T (7 —to)sin (Qp(t — 7) + ®g) — ——sin (Qr(t — 7) + Pr)
205 .

— —=5in (Qg(t — 7) + Ppg). (C.10c)
Rr

By observation we can write down the counter-terms that cancel the (7 —ty) terms completely

as

53(7,t) = (%5, + 48A21) VRO (T — o), (C.11a)
55 (7 o) (34 - EAZ )l/R2 Q8.7 — o), (C.11b)
62(T,to) ( - —Sl + @AEO vREO% (T — t0)?, (C.11c)
55 (7, to) = (75, 4 3AY ) 23 (T — to). (C.11d)

Choosing the arbitrary renormalization scale to be 7 = ¢y, the equations of motion is now

described by the renormalized quantities { Rg, Qr, Pr, Ag, A%} as

r(t) =Rg(t) + (1 — %) Ag(t)sin ®p(t) + A (t) cos @r(t), (C.12a)
B 20 (1) Ag(t) (55, +3A%)) \ . 2A20R(t)
w(t) =Qr(t) — TRel) (1 - W) sin ®r(t) — T(t)cos Dr(t),

(C.12b)

2Ag(t) ( B (195; +9A21) 2A%(t) sin @ p(t). (C.12¢)

Falt) \ | 20R(0 R0 )C"S‘DR“) ~ Ralt)

o(t) =Pr(t) +

The explicit secular terms have been removed thanks to the choice of 7, and the to-dependencies
have been absorbed into the counter-terms. The runnings of { Rg, Qgr, ®r, Ar, A%} and their
dependence on the initial conditions are then determined by the renormalization group

equations.
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C.3 Renormalization Group Solutions

Exploiting the fact that the bare quantities { Rp(to), 25(to), Pr(to), A% (to)} are indepen-
dent of the arbitrary scale 7, we can write down the renormalization group equations for the

renormalized quantities { Rg(t), Qr(t), ®r(t), AZ(t)} as

4 144

% = - 67”3%(7)9%(7) - (?Sl + 48A2l> VR (1T)5(T), (C.13)
dQr 96w 24 216

d_TR :?REJ’—‘{(T)Q;(T) - (ESI - ?AEO VR?%(T)Q%(T), (C.14)
ddp

— =0 1
o (1), (C.15)
dAj Ag

S~ (75+30%)) - (C.16)

The right-hand sides of the RG equations, which are called beta functions, includes more
iterative time-derivative terms that are of higher orders starting from O(v'') and O(S?). The

RG solutions to Qr, $r and A% in terms of R and the initial conditions are

[ (55 +3A%, M M (55 + 3A%, : 2
Qn(t) = RY2(1) ( 2R3 (1) ) RE(6) | RL(0) ( Ri(t) ) HOe.
(C.17a)

5(41& i 15Azl>
2563

1 2MYO Ry (t;)'/?
1 R\t
tan <\/§ (1 * F1/3 >
1 2MYORR(t)1/?
tan (\/3 (1 + 13 )

( (yl/S _ Ml/GRR(ti)1/2>2 )

Or(t) =Pr(t;) +

5/2 5/2
S B () — B0 +
5.52/3 (41Sl n 15Azl)
128+/3v M10/3

|Ralt) = Ra()]

5.572/3 (415, n 15Azl>

* 768v M10/3

23 4 SUSMISRR(t;)1/2 + M3 Rp(t;)

2
<y1/3 _ M1/6RR(t>1/2>
—1In <5ﬂ2/3 + y1/3M1/6RR<t)1/2 + M1/3RR(t)>] )

(C.17b)
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% (75; + 3A§Jl) [RR(tZ-) - RR(t)}

5AR. %3 (751 + 3AE;> - ( 1 (1 . 2M1/6RR(ti)1/2)
V3 7173

32+/3vM10/3
1 2MYSRp(t)'/?
J— -1 JE— R
tan (\/§<1+ 3 )

(5~ apygay)
In ( )

AR(t) =A% (t:) +

+

5 AR (75, + 3Azl>

* 192v M10/3

P23 L PUBMSR ()2 + MYSRp(t;)

il s

y2/3+y1/3M1/6RR(t)1/2_|_M1/3RR<t)
(C.17c)

where . = (515, + 21AY;)/4 is a constant combination of the initial spins, defined for

convenience. Substituting in to the radial RG equation, we find

dRp 64v M3 16vM>/?

— = — 515, + 21AX C.18
or, rearranging,
RY? 64 M3
T M—l/deRR -~ dr. (C.19)

Integrating both sides gives the exact but implicit relation,

64v M3 1 2.5
- (t—t) =Z(RR<t)4 — Rg(t:)*) + W(RR@)E’/? — Rg(t:)*?)

T 2.78/3 (1 2MYORp(t)/?

-+ W(R}{(i) — RR<tz)) + W [tan (% (1 -+ 5/1/3 >
B . L 2M1/6RR(ti)l/2
tan (\/3 (1 + 13 )
2

yB/B (yl/B _ M1/6RR(t)1/2>

+ 3MA/3 In #2/3 +y1/3M1/6RR(t)1/2 ¥+ M1/3RR(t)
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S5 4 SUBMUS Ry ()% + M3 Rg(t;)

oy

(C.20)

The parameter Ag is unchanged when the spin is added, and from [15] we learned that Ag
has a zero S-function at the order we are working, i.e., Agr is a constant, given by initial
conditions, proportional to the initial eccentricity ez(0) = Ag(0)/Rgr(0) ~ O(v).

Using the relation above for Rg(t), we can further simply the expressions of ®x(t) and
A%(t) in terms of Rg(t) and time ¢, eliminating the logarithm and the arctangent terms.
Written as an invariant in time, the renormalized quantities with the leading order spin-orbit
effect are shown in (4.23)

Note that one constraint appears in the RG equations of Rg(t), ( C.13), which indicates
the range of effectiveness of the DRG method,

dRp  64vM? N 640 M52 L5 = 64u M /2
dr SR 5RY ~ BRY?

(1\41/233;{2 - y). (C.21)

If & = (515, + 21AX%;)/4 is positive, Rg(t), which is the dominant part of the binary
center-of-mass separation r(t), decreases until Rz (t) = .#**M~'/3. Given a limitation on the
smallest value of Rg(t) and combining with ( C.20), it is possible to determine an approximate
end time of the inspiral phase described by the Post-Newtonian equations of motion (4.1).

This could provide useful information to numerical simulations as well.

C.4 Spin Precession Equations

In this section, we aim to obtain the analytic solutions for the spin precession equations
at linear order in spin (4.16) by applying DRG methods, with the quasi-circular solutions to
the equations of motion from the previous section. For a conservative binary system moving
in nearly circular motion, solving equations in the form of

dse
dt

B o dsy u , _vMQ 3 my
= (@-0)8, P =-@-Q)S,  with Q=" (2 + 2ma>, (C.22)
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is fairly straightforward for constant radius R and orbital frequency 2. The solutions are
Sp = Sjsin ((Q — Q) (t —to) + <I>> and Sy = S cos <(Q —Qu)(t —to) + <I>>, where Sjf is
determined by the initial spin vectors.

With the inclusion of the radiation reaction force and the resulting time-dependence of
r(t) and w(t), the spin vectors precess in a way entangled with the orbit motion. Defining

S¢ = 8¢ + 4S5, the precession equations (4.16) can be combined and written as

B it - )20 (©23)

A simple integration with respect to time leads to
t
il InS2 (1) —lnSi(to)} - / drw(t) — Qu(t)]. (C.24)
to
To solve for the integral on the right-hand side, we denote v, = (2 + g’mif;)ﬁ and recall that

M ~ QLR% + Qp(5S; + 3AY), such that Q, in (4.15) at leading order in spin becomes

v, Q ow  Qpor v, ow or

O () = 22 (02R3 +Q AY B T 2EBYT o p2 [ 205 P78

o(0) = (B + S +305)) | 52 + 4 ry | T 0 T R,
+ O(S?), (C.25)

with the 2.5PN radiation perturbation {07, dw} from ( C.2), and the leading order spin-orbit
perturbation {0rg,dws} from ( C.7).

As a check of self-consistency, notice that we have the choice of substituting M either as a
function of the physical values {r(t),w(t)} using the results from ( C.8), or the bare parameters
{Rp, g}, which give the same result after summing up the perturbation expansions.

Substituting the corresponding perturbations back into ( C.25), we obtain the explicit
time-dependence of the precession norm €,

2

Q
QLR% + (55, + 3A21)R—B + 32URTO%(t — o)

Va
Qa(t) - 7 5

936

2

13 9 ApQs
— <?Sl + §A21> fB;JQBB S (QB(t — to) + CI)B)

ApQ3
— (218, + 9AY) 22 Bt —to) cos (Qp(t — to) + Pp)
B
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— 3A2Q% Rp cos (Qp(t — to) + ®p) (C.26)

Combined with the expression for dw(t) in terms of the time-independent bare parameters,

we can perform the integration in ( C.24) to write down
z[ln Se(t) —In Si(to)}

QZ
(QB — —Q3 RQ Va (5Sl + 3A2[)R—B> (t — t())
B

4 1
+< i”RBW ( Sl—ﬁAzl)uRQQG 161, R0,

4
(925 + @Az,)yﬁ* o ) (t — 1)’

2A A 3v,
+ (—B — <5Sl + 3AZ[> B Z o) ABRB

RB R%QB
v, (13 9 ApQlp
- <75l + §A21> R—QB> [cos (Qp(t —ty) + Pp) — cos (I)B:|

Ap Vg ApQp
— 145, + 6AX — —(215; + 9AY
(( L+ l) RiG, v CLOHO9AR)TH )

X [QB(t — to) sin (QB(t — to) + (I)B) —+ cos (QB(t — to) + (I)B) — COS (I)B:|

S
(2; 3Ua A5 RB) [sin (Qp(t — to) + ) — sin @B]. (C.27)
B

The constant terms sin ®p and cos @5 can be absorbed by redefining the initial condition

ilnS¢(to), or via a bare parameter In S 5,

il SE(to) = ilnStp + (2}?}5 (551 + 3AZ;> RggB 3;“92 ApRp
S (D4 oan) AZ:B> cos By
a <(14Sl T 6A21> RQKBZB (21S; + 9AY,) 2 AZS;E;) cos Pp
<2AS 3VaASQ2 RB) sin®p. (C.28)
Rg v
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The logarithm of the spin components then becomes

iIn S (t)

- a Vayd p2 _ Va 0%

B
4 1
( B a1 ( g — ﬁAZ,)WB Q,
7 9 468 4 2

QAB AB 37/@ 2
25 (4 AY oz A
+ (RB (1981 +9A%; ) o ron oy A

Vg 29 9 ABQB
+ ?<?Sl + §A21> RQB ) COS (QB(t — to) + CI)B)
Ap A Q
_ ((1451 + 6AE[> R (2151 + 9AY ) B ) (t - t0> sin (QB(t - to) + CI)B)
B B
S
_ (% — SVaASQQ RB> sin (QB(t - to) + (DB) (029)
B

Given the spin vector expansions in terms of the bare parameters { Rp, Qp, @5, Ap, A%, Stst
the next step is to renormalize the spin components by replacing the bare parameters by the
renormalized ones plus counter-terms, and splitting ¢t — tg = (t — 7) + (7 — ) with a choice

of an arbitrary renormalization scale 7.

C.5 Spin Renormalization

To begin, the bare parameter In 8¢ is related to the renormalized value In 8% through
InS¢ p(to) = InSR(T) + 01, 5(7, o). (C.30)

The renormalization treatment is performed for the natural logarithm of the spin components.

As a result, S§5 = S¢ Re%ns. The exponential implies that it is the phase of the precession
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that is renormalized. Dividing the bare parameters into the renormalized parts and the

counter-terms and introducing the renormalization scale 7, Eq. ( C.29) then becomes
z[lnsi(t) - (msiR + 5;;13)}
- (QR T <Q*}R§{ + 304 R%00 + 2Q%R35R>

v

0% 2000 %6k

(551+3AEZ)(RR+ Ru R ))x[(t—T)—i-(T—to)}

(48”RRQ7 ( SI—EA2>VRR§26 161, RpQ% — (925,+@A2,)VGR498>

x [(t=71)2+2(t—7)(T — to) + (T — t0)?]

2AR AR 3Va 2
+ <—RR <195l+9A2’>—R4RQR “L0}AnRi

Vg 29 ARQR
+7(?Sl —AZ) R, )cos(QR(t—T)—l—(I)R)

A ARQ%
((145; + 6AEZ> R _(2151 +9AY) 2 ) [((t—7)+ (1 —to)] sin (Qr(t — 7) + PR)
Ry Ry
2AS 2
Ry 208 e ysopp g Y530 R | s (Q(t — 7) + ). (C.31)
RR RR 14

The counter-terms are the combined results in [15] and ( C.11a),

64v

Or(T,t0) = 5 — R3O (T — to) + 03 (T, o), (C.32a)
ST to) = 9?” REQL(7 — to) + 05(7. o), (C.32b)
48y

5@(7’, to) = —QR(T — to) + _R%Q;@' — t0)2 —+ 52(’7’, to). (CBQC)

>

After some algebra, ( C.31) can be simplified to
z’[lnSi(t) - (msiR + 5{;15)]
Q2
(QR - —9;32 - —(551 F3AY) R >(t —7)
Rg

3 P2 Va Q%
v (QR - —QRR (58, + 3A21)R—R> (T — to)

48y 108
(5 RQT — ( Sl——AZ>uR2RQﬁ 160, R0,
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— (928, + ?AE o Ry QS) [(t = 7)? = (T — t)?]

2A A a
+ <—R - (195; + 9Azl> R 30 ARy

RR R4RQR 1%
20 9 _\ApQnp
+ (58 +50m) R—%> cos (Qp(t — 7) + Op)
2
(145[ + 6AY >@ — 2(215’[ -+ 9AZ[>ARQ (t — 7') sin (QR(t _ 7—) + q)R)
Ry v 2
S
(2}1{4 3VGA%Q%RR> sin (QR<t — 7') + (I)R) (033)
R v

Notice that the terms proportional to (t — 7)(7 — to) are completely canceled, which was
emphasized in [15] as an important check of self-consistency. Here the cancellation is due to
exactly the same set of substitutions we could use to replace M to obtain ( C.25), where the
two different choices led to the same expansion result.

To cancel the remaining secular pieces that are proportional to the powers of (7 — ty),

the counter-term dj, ¢ is fixed to be

2

0, 5(7,t0) = — (2 — "2 RE — (551 + 3Azl)R—I;) (7 — to)

(48”R5 Q- ( S — @Az )I/RRQ6 — 160, R0,

4
(928 + ?Azl)%ﬁ;%) (7 — t)?. (C.34)

Choosing the arbitrary scale 7 to equal ¢, the renormalized solution to InS§(t) becomes

2A7% Rz
ilnS¢(t) =iInSTp — ( T Z A}%Q%RR> sin @ p

3,

2Ap Ap
1 AY —ORA
+ (RR (198 +9 >R;§QR 0% AnRi

Vg 29 ARQR
+;<?S —Azl) T )cosCDR. (C.35)
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or more explicitly in terms of the exponential,

2A3 u
St(t) = SiReXp{ (R 5 ASQQRRR> sin ®p
R

24 A :
_ (—R _ (19& n 9AZl> R4—S ?’Z 0% ApRp
R°R

29 9 ArQp
—i—y( S; + —AE;) I >COS<I>R}. (C.36)

The renormalized quantities as functions of time have runnings obtained from the RG flow in
Section C.3, with only the remaining the spin component bare parameter 8¢, to be done in

the next section.

C.6 Spin Component Renormalization Group Solution

The running of the renormalized parameter S¢p can be determined using ( C.34), which

leads to

s ()

dr
Q2
- (QR - —Q?’%RQ (5Sl 4 3AR) R )
Rp
dQR Vg 3 dQR 2 dRR Q2 2 dQR 1 dRR
LR oo | AS Bl
e RRR(QR ir ' Rn dT) , OSIRE Ondr T R
X (T — to)
21
+ 9?)”35 Qf, — ( S — —6AZ)VR2 0, — 320, RLQY — (184Sl+£56A21)uaRj§Q%
X (T — to)

(C.37)

It seems to be formally divergent and has the dependence on the cut-off 5. However, replacing
the derivatives of Rp and Qg by their RG equations ( C.13) and ( C.14), we encounter the
non-trivial cancellation and obtain a finite S-function,

d v, MQg

EZ’IHSET_R( ) QR—7 RR .

(C.38)
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Notice the similarity in form between the RG equation and ( C.23), the precession equation
we start with.

In order to find a solution to the RG equation of the spin component, we can write
the relation between the 7-derivative of iIlnS%y and the derivative with respect to the

renormalized parameter Rp as
d dry\  d
. a R : a
EZ IHS+R(T) :<?> EZ 1118+R<T). (039)

Using the RGEs ( C.13) and ( C.38), we obtain a solution to S (7) in terms of Rr(7) and

initial conditions

5,

iInSYR(t) =ilnSYR(L) + <(I)R(t) - (pR(ti)) + 96 M 3/2,2

5(4151 n 15Azl) v,
384022

(R0 - R ()]

_I_

I (MR (1) - ) n (MR (1) - ) .
(C.40)

The expressions are not unique in terms of ®g(t) and Rg(t) due to several RG invariants
between them. The invariance over time with spin components can be found from the 8¢ ,(7)
solution, which is given by

s 5415+ 1545 ),

i8S ,(t) — Pr(t) - In (MY2RY?(t) — .#) = constant.

96 M 3/22 384 M32v?
(C.A41)
Putting all the pieces together, the resummed solution of S% () is given by
3/ 5i(415;+15A%;)vg
. . Ml/ZR (tz) _ (384M202)
S (t) =82 p(t:) x i
MWV2R(t) —
| v (3 (0) — B (8
X exp{ — 1 (@R(t) — @R(t¢)> + VB
(24500 Bua : |
— AZ(t)Qp(t t Pr(t
+Z<RR® e A5 () QR(0) Ri(t) ) sin @)
. QAR(t) AR(t) 3I/a 2
— —(1 AY) ) ———F— — Qr(t)*Ag(t t
Rg(t) (1951 +94%) a0 Qn() v R ARl AR (D)
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2 9\ Ar()Qu(t)
H (T8 50m) Ra(1)?

with {Ra(t), Qr(t), r(t), Ar(t), AS(t), 8¢ 4(t)} given by ( C.17), ( C.20) and ( C.40).

The quantity S¢(t;) depends on the initial conditions of dynamics and spin vectors. For

oS @R(t)}, (C.42)

instance, taking the initial input S%(¢;) and S§(¢;), while getting Ag(t;), Rr(t;), Qr(t;) and
O p(t;) from numerically solving the initial conditions r(t;), 7(¢;), w(t;) and ¢(¢;) from the

dynamics, we can determine the value of S¢(t;) through

$r(ti) = (Sat:) +iS5(t:))
2Ag(t:)

{ 2AR(1;
X exp

[ AR(tz) %
RR(tz)

RL(t)Qr(t) v

(S M) )

) B (1951 —|—9A21) Q?{(ti)AR(ti)RR(ti)

A ()% () Ry (t )) sin @R(ti)}.
v
(C.43)
One immediate validation of the formulation is that the length of the spin vector should
be a constant. Thus [S%(t)] = /(5%)% + (5%)? should be a constant, since Sf does not
change with time. From ( C.42) and ( C.43) we can see that the length is preserved,
|S2.(t)| = |S2r(t:)| = F (S5(1:))? as long as (M'V2RY*(t) — ) > 0, the same

constraint we encounter for the solutions of the orbit equations of motion.

C.7 The Moving Triad Evolution

In the text, the resummed analytic expressions for the orbital equations of motion and
spin precession we obtained are written in terms of the moving triad vectors {n, A, 1}. To
transform the complete results into a fixed frame, we follow the solutions to the evolution
equations for the moving triad in [58,66] for the 1.5PN order conservative dynamics and

build the moving triad evolution for the radiative dynamics on quasi-circular orbits.
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Figure C.1: Definitions of the Euler angle {«, ¢, ®} with respect to the moving triad
{n, A\, 1}, the auxiliary moving frame {x;,y;,l}, and the fixed lab frame {x,y, z}.

We start by briefly summarizing the conservative moving triad evolution solution that
relies fundamentally on the conservation of the total angular momentum J. An orthonormal
inertial frame {x,y, z} is then introduced with J/J as the fixed direction z. Three Euler
angles «(t), c(t), ®(t) are defined to specify the moving triad within the fixed frame as shown
in Figure C.1. The azimuth « and the inclination ¢ are the standard spherical coordinates
of the Newtonian angular momentum direction I. The angle ® is defined to be the angle

between n and x;, where

z x1

= — =1 .44
|Z » l|7 Y X Zy, (C )

£y

forming the instantaneous orbital plane and with I to complete an auxiliary orthonormal
basis {x;, y;, l}.
In terms of the Euler angles, the relation between the moving triad {n(t), A(¢),1(¢)} and

the fixed Cartesian frame {«,y, z} can be written as

n = (—cos®sina — sin P costcos a)x + (cos P cos a — sin P cos e sin )y + sin P sin vz,

(C.45a)

A = (sin®sina — cos P costcosa)x + (— sin P cos v — cos P cos ¢ sin )y + cos Psin vz,

(C.45b)

l =sintcosax + sinesinay + cos z. (C.45¢)
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The evolution solutions to the Euler angles up to linear order in spin are given by the
components of the total angular momentum J = J, ()7 4+ Jy(£)X + Ji(t) as
VJ2+ 32 , Iy —id,
b+ a =9, sint = ﬁ, et = Lez‘b, (C.46)
J J

where ¢ is the orbital phase, for which the resummed solution is given by ( C.12) for the
radiative binary orbits.

Finally, expressed in terms of some initial basis {ng, Ao, lp} with corresponding Euler
angles {«, to, Po}, the moving triad {n(t), A(¢),1(t)} is given by

i

V2

(since™™ — singe ") €%y + c.c| + O(S?), (C.48)

m = e @) m, + (sin 1" — sin Loemo) e ?ly + O(S?) (C.A4T)

=1+

\/5

where m = T(n +iA) is a complex null vector.

The crucial point of this moving triad solution is the conservation of the total angular
momentum and the ability to write out its components in the moving triad for all time, not the
physical meaning to J. In order to apply the triad solutions to a radiative motion where J can
change, we find such a quantity that satisfies the requirements by observing the calculation
of dJ/dt for a conservative quasi-circular orbit. It is conventional to decompose J = L + S,
where S is the total spin specified by the choices of spin variables following [14], and L is the
sum of the non-spinning Newtonian Ly and the leading order spin-orbit contribution Lgo,

given by

Lso —V{¥nx [nx (3S+5—mA>] —%v x ['v x (S+5—mA>]} (C.49)

Written in terms of the moving triad components and taking the orbit radius and frequency as

constants R and €2 for the quasi-circular approximation, the spin-orbit momentum becomes

LR (Mg M2, VM ((me ™ 2
Lso =50 <m15n+m25n - (m +2)55+ (m2+2)5A A

Lopaz (Mg Mg _ VM (m, my 2
+{2uRQ(mlSl+mQSl> - (m1+2>5 +<m2+2>51 I (C.50)
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For a conservative system without radiation, the time derivative to the sum J = Ly + Lgo +
S1 + S5 should vanish up to the Newtonian and leading spin order. By carrying out the

detail calculation, we find that

s |1 o o (Mo Mgy vMSQ [ rmg 1

Lso = | SR (m15"+m25” + (m1+2)sA +2 sA n
L pegs (M2gr Mige) M <@+2)S ( )S A (C51)
2 mq " mo " R mq A A ’

g Mo (2+ @)SA (24—?)53}71

R 2m Mo
+ ”Aég [(2 + z—nm;)s,i + ( ‘;’Z;)Sﬂ (C.52)
In = —”]\gg [(4 37:2)51 (4 + %m;) SZ])\. (C.53)

Thus the sum is

Ly+ Lso + S
__vM 1@95 1@95 n+ <2+@)QSQ+(2+@)951 Al ~ 00
R o2 AT om A Mo 290 my 1¥n ’
(C.54)

which correspond to 1PN terms to be fixed by including higher-order orbital angular momenta.
Notice that the time derivative of the spins in Lgo are completely canceled by S and Ly
at Newtonian order. Therefore we propose that for a radiative quasi-circular binary, the

following quantity is conserved:

my

J = Z {—V—T(O)2w(0)25a(t)n - m(— + 2) SS(H)A

Mg

+ {1y%r<o>2w<0>25?<t> - :—M (e +2)5 (t)] l}

+ vMr(0)%w(0)l + > 5%(1). (C.55)
a,b



Compared with the conservative expressions, we replace the constant orbital radius and
frequency by the initial orbital radius and frequency. The conservative spin components
are changed into the time-dependent resummed radiative spin component results. The time
derivative of this quantity # is ~ O(v*S) but we are able to avoid the loss of total angular
momentum due to non-spinning radiation at O(v®). Using the substitution with ¢ instead
of J into the moving frame solutions ( C.45- C.48), we can generate 3D-plot of the orbital

radius evolution and animations of binary inspiral with spin orientation at every instant.

100



1]

[10]

Bibliography

S. Babak, R. Balasubramanian, D. Churches, T. Cokelaer, and B. S. Sathyaprakash.
A Template bank to search for gravitational waves from inspiralling compact binaries.
[. Physical models. Class. Quant. Grav., 23:5477-5504, 2006.

P. Ajith et al. A Template bank for gravitational waveforms from coalescing binary
black holes. I. Non-spinning binaries. Phys. Rev., D77:104017, 2008. [Erratum: Phys.
Rev.D79,129901(2009)].

Ian Harry, Stephen Privitera, Alejandro Bohe, and Alessandra Buonanno. Searching
for Gravitational Waves from Compact Binaries with Precessing Spins. Phys. Rewv.,
D94(2):024012, 2016.

Albert Einstein. Explanation of the perihelion motion of mercury from the general
theory of relativity. Sitzungsber. Preuss. Akad. Wiss. Berlin (Math. Phys.), 1915:831—
839, 1915.

HA Lorentz and J Droste. Collected papers of ha lorentz (vol. 5), 330p. The Hague,
Nijhoff, 1937.

Willem De Sitter. Einstein’s theory of gravitation and its astronomical consequences.
Monthly Notices of the Royal Astronomical Society, 76:699-728, 1916.

Willem De Sitter. On einstein’s theory of gravitation and its astronomical consequences.
second paper. Monthly notices of the royal astronomical society, 77:155-184, 1916.

A Einstein. Approximate integration of the field equations of gravitation (1916).
translated in engel, a.(ed.) the collected papers of albert einstein, vol. 6, 1997.

William L. Burke and Kip S. Thorne. Gravitational Radiation Damping. In Relativity
- Proceedings, Relativity Conference in the Midwest: Cincinnati, USA, June 2-6, 1969,
pages 209228, 1970.

Kip S Thorne and James B Hartle. Laws of motion and precession for black holes and
other bodies. Physical Review D, 31(8):1815, 1985.

101



[11]

[12]

[14]

[15]

[16]

[17]

[19]

[20]

[21]

[22]

Chad R. Galley and Adam K. Leibovich. Radiation reaction at 3.5 post-Newtonian
order in effective field theory. Phys. Rev., D86:044029, 2012.

Richard W. O’Shaughnessy, J. Kaplan, V. Kalogera, and K. Belczynski. Bounds on
expected black hole spins in inspiraling binaries. Astrophys. J., 632:1035-1041, 2005.

Scott A. Hughes and Roger D. Blandford. Black hole mass and spin coevolution by
mergers. Astrophys. J., 585:L.101-L104, 2003.

Lawrence E. Kidder. Coalescing binary systems of compact objects to postNewtonian
5/2 order. 5. Spin effects. Phys. Rev., D52:821-847, 1995.

Chad R. Galley and Ira Z. Rothstein. Deriving analytic solutions for compact binary
inspirals without recourse to adiabatic approximations. Phys. Rev., D95(10):104054,
2017.

Adam K. Leibovich, Natlia T. Maia, Ira Z. Rothstein, and Zixin Yang. Second post-
Newtonian order radiative dynamics of inspiralling compact binaries in the Effective
Field Theory approach. 2019.

Zixin Yang and Adam K. Leibovich. Analytic Solutions to Compact Binary Inspirals
With Leading Order Spin-Orbit Contribution Using The Dynamical Renormalization
Group. Phys. Rev., D100(8):084021, 2019.

Walter D. Goldberger and Ira Z. Rothstein. An Effective field theory of gravity for
extended objects. Phys. Rev., D73:104029, 2006.

Albert Einstein, L. Infeld, and B. Hoffmann. The Gravitational equations and the
problem of motion. Annals Math., 39:65-100, 1938.

Walter D. Goldberger and Andreas Ross. Gravitational radiative corrections from
effective field theory. Phys. Rev., D81:124015, 2010.

Andreas Ross. Multipole expansion at the level of the action. Phys. Rev., D85:125033,
2012.

Chad R. Galley, David Tsang, and Leo C. Stein. The principle of stationary noncon-
servative action for classical mechanics and field theories. 2014.

102



28]

[31]

[32]

Chad R. Galley. Classical Mechanics of Nonconservative Systems. Phys. Rev. Lett.,
110(17):174301, 2013.

John G. Baker, James R. van Meter, Sean T. McWilliams, Joan Centrella, and
Bernard J. Kelly. Consistency of post-Newtonian waveforms with numerical relativity.
Phys. Rev. Lett., 99:181101, 2007.

Joan Centrella, John G. Baker, Bernard J. Kelly, and James R. van Meter. Black-hole
binaries, gravitational waves, and numerical relativity. Rev. Mod. Phys., 82:3069, 2010.

Sean T. McWilliams. Analytical Black-Hole Binary Merger Waveforms. Phys. Rewv.
Lett., 122(19):191102, 2019.

Thibault Damour, Piotr Jaranowski, and Gerhard Schafer. Nonlocal-in-time action for

the fourth post-Newtonian conservative dynamics of two-body systems. Phys. Reuv.,
D89(6):064058, 2014.

Thibault Damour, Piotr Jaranowski, and Gerhard Schafer. Conservative dynamics of

two-body systems at the fourth post-Newtonian approximation of general relativity.
Phys. Rev., D93(8):084014, 2016.

Piotr Jaranowski and Gerhard Schafer. Derivation of local-in-time fourth
post-Newtonian ADM Hamiltonian for spinless compact binaries. Phys. Rewv.,
D92(12):124043, 2015.

Laura Bernard, Luc Blanchet, Alejandro Bohe, Guillaume Faye, and Sylvain Marsat.
Fokker action of nonspinning compact binaries at the fourth post-Newtonian approxi-
mation. Phys. Rev., D93(8):084037, 2016.

Laura Bernard, Luc Blanchet, Alejandro Bohe, Guillaume Faye, and Sylvain Marsat.
Dimensional regularization of the IR divergences in the Fokker action of point-particle
binaries at the fourth post-Newtonian order. Phys. Rev., D96(10):104043, 2017.

Tanguy Marchand, Laura Bernard, Luc Blanchet, and Guillaume Faye. Ambiguity-Free
Completion of the Equations of Motion of Compact Binary Systems at the Fourth
Post-Newtonian Order. Phys. Rev., D97(4):044023, 2018.

Laura Bernard, Luc Blanchet, Guillaume Faye, and Tanguy Marchand. Center-of-Mass
Equations of Motion and Conserved Integrals of Compact Binary Systems at the
Fourth Post-Newtonian Order. Phys. Rev., D97(4):044037, 2018.

103



[35]

[36]

[37]

[41]

[42]

Stefano Foffa and Riccardo Sturani. Conservative dynamics of binary systems to fourth
Post-Newtonian order in the EFT approach I: Regularized Lagrangian. Phys. Rev.,
D100(2):024047, 2019.

Stefano Foffa, Rafael A. Porto, Ira Rothstein, and Riccardo Sturani. Conservative
dynamics of binary systems to fourth Post-Newtonian order in the EFT approach II:
Renormalized Lagrangian. Phys. Rev., D100(2):024048, 2019.

James B. Gilmore and Andreas Ross. Effective field theory calculation of second
post-Newtonian binary dynamics. Phys. Rev., D78:124021, 2008.

Barak Kol and Michael Smolkin. Non-relativistic gravitation: from newton to einstein
and back. Classical and Quantum Gravity, 25(14):145011, jun 2008.

Andreas Ross. Multipole expansion at the level of the action. Phys. Rev., D85:125033,
2012.

Clifford Cheung, Ira Z. Rothstein, and Mikhail P. Solon. From Scattering Ampli-
tudes to Classical Potentials in the Post-Minkowskian Expansion. Phys. Rev. Lett.,
121(25):251101, 2018.

Chad R. Galley and Adam K. Leibovich. Radiation reaction at 3.5 post-newtonian
order in effective field theory. Phys. Rev. D, 86:044029, Aug 2012.

Luc Blanchet. Gravitational Radiation from Post-Newtonian Sources and Inspiralling
Compact Binaries. Living Rev.Rel., 17(1):2, 2014.

A. Einstein, L. Infeld, and B. Hoffman. Progress in effective field theory approach to
the binary inspiral problem. Annals Math., 39:65, 1938.

Laura Bernard, Luc Blanchet, Guillaume Faye, and Tanguy Marchand. Center-of-mass
equations of motion and conserved integrals of compact binary systems at the fourth
post-newtonian order. Phys. Rev. D, 97:044037, Feb 2018.

Lawrence E. Kidder. Coalescing binary systems of compact objects to postNewtonian
5/2 order. 5. Spin effects. Phys. Rev., D52:821-847, 1995.

Rafael A. Porto. The effective field theorist’s approach to gravitational dynamics.
Phys. Rept., 633:1-104, 2016.

104



[46]

[51]

[53]

[54]

Clifford M. Will and Alan G. Wiseman. Gravitational radiation from compact binary
systems: Gravitational waveforms and energy loss to second post-newtonian order.
Phys. Rev. D, 54:4813-4848, Oct 1996.

A. Gopakumar and Bala R. Iyer. Gravitational waves from inspiraling compact binaries:
Angular momentum flux, evolution of the orbital elements, and the waveform to the
second post-newtonian order. Phys. Rev. D, 56:7708-7731, Dec 1997.

Walter D. Goldberger and Ira Z. Rothstein. An Effective field theory of gravity for
extended objects. Phys.Rev., D73:104029, 2006.

Steve Drasco, Eanna E. Flanagan, and Scott A. Hughes. Computing inspirals in Kerr
in the adiabatic regime. I. The Scalar case. Class. Quant. Grav., 22:5S801-846, 2005.

Scott A. Hughes, Steve Drasco, Eanna E. Flanagan, and Joel Franklin. Gravitational

radiation reaction and inspiral waveforms in the adiabatic limit. Phys. Rev. Lett.,
94:221101, 2005.

Norichika Sago, Takahiro Tanaka, Wataru Hikida, and Hiroyuki Nakano. Adiabatic
radiation reaction to the orbits in Kerr spacetime. Prog. Theor. Phys., 114:509-514,
2005.

Adam Pound, Eric Poisson, and Bernhard G. Nickel. Limitations of the adiabatic
approximation to the gravitational self-force. Phys. Rev., D72:124001, 2005.

Bruce M Barker and Robert F O’Connell. The gravitational interaction: Spin, rotation,
and quantum effects-a review. General Relativity and Gravitation, 11(2):149-175, 1979.

Kip S. Thorne and James B. Hartle. Laws of motion and precession for black holes
and other bodies. Phys. Rev., D31:1815-1837, 1984.

Katerina Chatziioannou, Antoine Klein, Neil Cornish, and Nicolas Yunes. Analytic
Gravitational Waveforms for Generic Precessing Binary Inspirals. Phys. Rev. Lett.,
118(5):051101, 2017.

Katerina Chatziioannou, Antoine Klein, Nicols Yunes, and Neil Cornish. Constructing

Gravitational Waves from Generic Spin-Precessing Compact Binary Inspirals. Phys.
Rev., D95(10):104004, 2017.

105



[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

Lin-Yuan Chen, Nigel Goldenfeld, and Y. Oono. The Renormalization group and
singular perturbations: Multiple scales, boundary layers and reductive perturbation
theory. Phys. Rev., E54:376-394, 1996.

Luc Blanchet. Gravitational Radiation from Post-Newtonian Sources and Inspiralling
Compact Binaries. Living Rev. Rel., 17:2, 2014.

KG Arun, Alessandra Buonanno, Guillaume Faye, and Evan Ochsner. Higher-order
spin effects in the amplitude and phase of gravitational waveforms emitted by inspi-
raling compact binaries: Ready-to-use gravitational waveforms. Physical Review D,
79(10):104023, 2009.

Sylvain Marsat, Alejandro Bohe, Luc Blanchet, and Alessandra Buonanno. Next-to-
leading tail-induced spin—orbit effects in the gravitational radiation flux of compact
binaries. Classical and Quantum Gravity, 31(2):025023, 2013.

Lawrence E. Kidder, Clifford M. Will, and Alan G. Wiseman. Spin effects in the
inspiral of coalescing compact binaries. Phys. Rev., D47(10):R4183-R4187, 1993.

Jeremy D. Schnittman. Spin-orbit resonance and the evolution of compact binary
systems. Phys. Rev., D70:124020, 2004.

Karsten Ahnert and Mario Mulansky. Odeint—solving ordinary differential equations
in c++. In AIP Conference Proceedings, volume 1389, pages 1586—1589. AIP, 2011.

J. M. Martin-Garcia. xAct: Efficient tensor computer algebra for the Wolfram Language.
https://www.xAct.es.

Michael E. Peskin and Daniel V. Schroeder. An Introduction to quantum field theory.
Addison-Wesley, Reading, USA, 1995.

Luc Blanchet, Alessandra Buonanno, and Guillaume Faye. Tail-induced spin-orbit
effect in the gravitational radiation of compact binaries. Phys. Rev., D84:064041, 2011.

106



	Title Page
	Abstract
	Table of Contents
	List of Figures
	Preface
	1.0 Introduction
	1.1 Compact Binary Systems and the Post-Newtonian Expansions
	1.2 Gravitational Waves from Compact Binaries
	1.3 Spinning Extended Objects in Gravity

	2.0 Non-Relativistic General Relativity and The Effective Field Theory Formalism
	2.1 Effective Field Theory of Compact Binary Inspirals
	2.2 Gravitational Radiation and The Multipole Expansion
	2.3 Classical Mechanics For Non-conservative Systems
	2.4 Gravitational Radiation Reaction In EFT Framework
	2.5 Dynamical Renormalization Group Method

	3.0 Second Post-Newtonian Order Radiative Dynamics
	3.1 Radiation Sector
	3.2 Higher Order Stress-energy Tensors
	3.2.1 2PN correction to T00
	3.2.2 1PN correction to T0i
	3.2.3 1PN correction to Tii

	3.3 Lower Order Stress-energy Tensors
	3.4 Consistency Tests
	3.5 Mass Quadrupole Moment At 2PN Order

	4.0 Analytic Solutions to the Binary Equations of Motion
	4.1 Leading Order Spin-Orbit Equations of Motion And Spin Precessions
	4.2 DRG Solutions to Dynamics and Spin Precession
	4.3 Numerical Solution Comparison

	5.0 Conclusion
	Appendix A. Gravity EFT Feynman Rules and Useful Integrals
	 A.1 Source Terms
	 A.2 Vertices
	 A.2.1 Integrals


	Appendix B. Acceleration at 2PN
	Appendix C. Orbital Equations of Motion Resummation Solutions
	 C.1 Perturbations Of Quasi-circular Orbits
	 C.2 Renormalization
	 C.3 Renormalization Group Solutions
	 C.4 Spin Precession Equations
	 C.5 Spin Renormalization
	 C.6 Spin Component Renormalization Group Solution
	 C.7 The Moving Triad Evolution

	Bibliography

