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Abstract. We study the superhedging prices and the associated superhedging strategies for European options
in a nonlinear incomplete market model with default. The underlying market model consists of one
risk-free asset and one risky asset, whose price may admit a jump at the default time. The portfolio
processes follow nonlinear dynamics with a nonlinear driver f. By using a dynamic programming
approach, we first provide a dual formulation of the seller’s (superhedging) price for the European
option as the supremum, over a suitable set of equivalent probability measures Q € Q, of the f-
evaluation/expectation under ) of the payoff. We also establish a characterization of the seller’s
(superhedging) price as the initial value of the minimal supersolution of a constrained backward
stochastic differential equation with default. Moreover, we provide some properties of the terminal
profit made by the seller, and some results related to replication and no-arbitrage issues. Our results
rely on first establishing a nonlinear optional and a nonlinear predictable decomposition for processes
which are £f-strong supermartingales under Q for all Q € Q.
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1. Introduction. We study the European option valuation problem in a nonlinear incom-
plete market model with default. This model allows us to take into account various market
imperfections via the nonlinearity of the portfolio dynamics. These include, in particular,
credit and funding costs, appearing in recent papers on nonlinear valuation in markets with
default (see [1, 4, 5, 6]), as well as the impact of a large seller on the default probability (see
[9]). The papers [10, 11] study the pricing of European options (as well as American and game
options) in a nonlinear market model with default which is complete. In this case, the seller’s
(hedging) price of the European option with payoff  and maturity 7" is given by the nonlin-
ear f-evaluation (expectation) of 7, denoted by £/(n), where f is the nonlinear driver of the
portfolio value process. The aim of the present paper is to study the superhedging evaluation
of European options when the nonlinear default market is incomplete. The incompleteness
question has been raised in [5, 6].
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We study a market model containing one risky asset whose price dynamics are driven by
a one-dimensional Brownian motion and a compensated default martingale. Our market is
incomplete, in the sense that not every contingent claim can be replicated by a portfolio. In
this framework, we are interested in the problem of pricing and (super)hedging of European
options, from the point of view of the seller and of the buyer. Since contingent claims are not
necessarily replicable, we are led to defining the seller’s (superhedging) price of the option.
The seller’s (superhedging) price at time 0, denoted by vy, is the minimal initial capital which
allows her to build a (nonlinear) portfolio whose terminal value dominates the payoff n of the
option.

We provide a dual formulation of this price as the supremum, over a suitable set of
equivalent probability measures Q € Q, of the (f,Q)-evaluation,! denoted by S(f;, of the
payoff 7, that is,

(1.1) vo = sup £ o +(n).
QeQ

More precisely, the set Q is the set of f-martingale probability measures, defined as the equiv-
alent probability measures such that the wealth processes are (f, Q)-martingales;® it can be
shown that the set O is related to the set of the so-called martingale probability measures.
In the case when f is linear, our result reduces to the well-known dual representation via
the set of martingale probability measures from the literature on linear incomplete markets
(cf. [12, 13)).

We also show that the supremum in (1.1) is attained if and only if the option with payoff n
is replicable and, in this case, vg = Sé’oj(n) for all f-martingale probability measures Q). We
study arbitrage issues, and, when the option is not replicable, we provide some properties of
the terminal profit realized by the seller, by investing the amount vy in the market according
to a superhedging strategy. By symmetry, we derive corresponding results for the buyer’s
superhedging price.

A crucial step in the proof of the above results is to establish a nonlinear £ -optional
decomposition for processes which are (f, Q)-supermartingales for all ) € Q. This decompo-
sition is the analogue in our framework of the well-known optional decomposition from the
linear case (cf. [12, 13]). We also provide a nonlinear Ef -predictable decomposition, which
is used to characterize the seller’s (superhedging) price as the initial value of the minimal
supersolution of a constrained backward stochastic differential equation (BSDE) with default.

Brief literature review on superhedging in incomplete markets. The superhedging prob-
lem (and related optional decomposition) in a linear incomplete market model has been much
studied (cf., e.g., [12, 13, 24]). Some recent works (cf. [3, 25]) study this problem in a linear
incomplete market with model ambiguity of nondominated type, in the case when the trading
is in discrete time in [3], and in the continuous case in [25]. In [25], the author works on the
canonical Skorokhod space D([0,T],R™), and his model includes, in particular, the case when
the price of the underlying risky asset is a Lévy process. There are very few papers which
consider the case of a nonlinear incomplete market model. The paper [2, section 4] considers

'In other terms, this is the f-evaluation/expectation under the probability measure Q.
2In other terms, these are Sé-martingales.
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a nonlinear incomplete market model in a Brownian framework. In [27], the authors consider
a nonlinear incomplete market model with uncertainty (of nondominated type) in which the
underlying price process is a (Brownian) diffusion; they address the superhedging problem by
using some fine techniques of analysis of [25] together with 2BSDE techniques (working on the
canonical space of continuous functions C([0, 7], R") or the product space C([0, 7], R™)?). This
framework does not include the case when the underlying price process is not necessarily con-
tinuous. To the best of our knowledge, our paper is the first to address the case of a nonlinear
incomplete market model when the underlying price process is not necessarily continuous.

The paper is organized as follows: in section 2, we introduce some notation and defini-
tions. In section 3, we present our market model; moreover, we introduce the (new) notion
of f-martingale probability measure, and provide a characterization as well as useful prop-
erties of these f-martingale probability measures. In section 4, we present the main results
of the paper: the optional and predictable £f-decompositions for processes which are (f, Q)-
supermartingales for all @ € Q (subsection 4.1), the pricing-hedging duality formula (subsec-
tion 4.2), and the characterization of the seller’s superhedging price vg as the initial value of the
minimal supersolution of a constrained BSDE with default (subsection 4.3). In subsection 4.4,
we provide results related to replication and profit realized by the seller, and we discuss no-
arbitrage issues. In section 5, we study the dual nonlinear control problem associated with
the superhedging price, from which some of the results from the previous section are derived.
We also provide an extension of the pricing-hedging duality formula (1.1), which holds under
weaker integrability conditions. The appendices contain results which are interesting in their
own right, besides being useful in the proofs of some results of this paper. In Appendix A, we
give some results of strong £-supermartingale families and processes. Appendix B is devoted
to the important nonlinear optional and nonlinear predictable decompositions. Appendix C
provides some properties on BSDEs with a nonpositive jump at the default time, in particular
a nonlinear dual representation. Appendix D gathers some useful lemmas.

2. Notation and definitions. Let (2, G, P) be a complete probability space equipped with
a unidimensional standard Brownian motion W and a jump process N defined by N; = 1y<;
for all ¢ > 0, where ¥ is a random variable which models a default time. We assume that
P(¥ >t) >0 for all £ > 0. We denote by G = {G,t > 0} the augmented filtration associated
with W and N, and by P the predictable o-algebra. We suppose that W is a G-Brownian
motion. Let (A;) be the predictable compensator of the nondecreasing process (Ny). Note
that (A¢ag) is then the predictable compensator of (Nyng) = (IN¢). By uniqueness of the
predictable compensator, Ajpg = Ay, t > 0 a.s. We assume that A is absolutely continuous
w.r.t. Lebesgue’s measure, so that there exists a nonnegative process A, called the intensity
process, such that A; = fg Asds, t > 0. To simplify the presentation, we suppose that A is
bounded. Since Ajpng = Ay, A vanishes after ©. Let M be the compensated martingale defined
by My :== Ny — fot Asds. Recall that in this setup, we have a martingale representation theorem
with respect to W and M (see, e.g., [18]). Let T' > 0 be the terminal time. We define the
following sets:

e H? is the set of G-predictable processes Z such that || Z||? := E[foT | Zy)?dt] < .

o H2 := L*(Q x [0,T], P, \y dP ® dt), equipped with the norm [|U||3 := E[fOT |U |2 \dt] <
.
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Note that, without loss of generality, we may assume that if U € H%\, then U vanishes
after ¢.

e 52 is the space of right-continuous with left limits (RCLL) adapted processes ¢ with
1%l s2 := E[supsepo,r) [6:]%] < oo

e A? is the set of real-valued nondecreasing RCLL G-predictable processes A with Ay = 0
and E(A2) < occ.

e C is the set of real-valued nondecreasing RCLL G-optional processes h with hg = 0 and
E(h2) < oo.

e T is the set of stopping times 7 such that 7 € [0,7] a.s. and for S in T, Tg is the set
of stopping times 7 such that § <7 < T a.s.

e S? is the vector space of R-valued optional (not necessarily cadlag) processes ¢ such that
|||<;5H|§2 := Eless sup, <7 |¢-|%] < co. Note that S? is the subspace of RCLL processes of S2.

Definition 2.1 (driver, A\-admissible driver). A function g is said to be a driver if g : Q x
[0,T] x R = R; (w,t,y,2,k) — g(w, t,y,2,k) is P @ B(R3)-measurable, and g(.,0,0,0) € H2.
A driver g is said to be A-admissible if, moreover, there exists a constant C > 0, called
A-constant, such that for dP & dt-almost every (w,t) for all (y1,21,k1), (y2, 22, k2),

(2.1)  |g(w,t,y1, 21, k1) — glw, t,y2, 22, k2)| < C(ly1 — ol + |21 — 22 + V Ae(w) |1 — k2f).

By condition (2.1) and since A\; = 0 on ], T, g does not depend on k on |3, T.

Let g be a A-admissible driver. For all n € L%*(Gr), there exists a unique solution
(X(T,n), Z(T,n), K(T,n)) (denoted simply by (X,Z,K)) in 5% x H? x H3 of the BSDE
with default (cf. [9]):

(22) - dXt == g(t, Xt, Zt, Kt)dt - thWt - thMt, XT =1.

We denote by €9 the g-conditional expectation operator (called g-conditional evaluation
n [26]), defined for each T" € [0,T] and for each n € L?(Gy/) by Elp(n) == Xi(T',m) a.s. for
all t € [0,77].

We introduce the following assumption which ensures the strict monotonicity of the oper-
ator &9 (see [9, section 3.3]).

Assumption 2.2. There exists a bounded map v :Q x [0, T] x R* = R (w,t,y, 2, k1, k2)
yf’z’kl’kg (w) which is P ® B(R*)-measurable and satisfies dP ® dt-a.s. for all (y, z, k1, k2) € R4,

g(t.y, 2. k1) — gty 2. ka) > 405 (ky — kp) A, 4P > 1
Definition 2.3. Let Y € S%. The process (Y;) is said to be a strong £9-supermartingale
(resp., martingale) if €5 (Y;) <Y, (resp., =Y, ) a.s. on o <7 for allo,7 € T.

By the flow property of BSDEs, for each € L?(Gr), the process &% (n) is an &9-
martingale. The converse also holds since, if (¥;) is an £9-martingale, then Y. = 9. (Yr).

3. Market model and f-martingale probability measures.

3.1. The market model M7¥. We consider a financial market with one risk-free asset,
whose price process SY = (SP)o<i<r satisfies dSP = SPridt, and one risky asset, whose price
process S = (S)o<t<r may admit a discontinuity at time 1), and evolves according to the
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equation
(31) dSt = St* (/Ltdt + Utth + /Btht)

The processes o r,u, 3 are supposed to be predictable (that is, P-measurable), satisfying
o > 0 dP ®dt as., By > —1 as., and such that o, 0!, B are bounded. We consider an
investor, endowed with an initial wealth x, who can invest her wealth in the two assets of
the market. At each time ¢, she chooses the amount ¢; of wealth invested in the risky asset.
A process p = (py)o<i<t is called a portfolio strategy if it belongs to H2. The value of the
associated portfolio (also called wealth) at time ¢ is denoted by V;** (or simply by V;).

In the classical linear case, the wealth process (V,"¥) satisfies the linear forward SDE:

(3.2) dVy = (1tVi + (e — i) )dt + prordWe + o1 Brd My, Vo = .
Here we suppose that the wealth process (V;”%) satisfies the following nonlinear forward SDE:
(3-3) dVy = —f(t, Vi, pro)dt + oo dWy + oy Sy d My, Vo =z,

where f(t,y,z) is a driver, which does not depend on k. We suppose that f is uniformly
Lipschitz with respect to (y, z) dP ® dt-a.s. (which implies that it is A\-admissible), and that
f(t,0,0) = 0 (so that SfT(O) = 0). In the linear case, we have f(t,y,z) = —ryy — 20;, where
Ht = Jtil(ut — Tt).

Using the following change of variables which maps a process ¢ € H? to Z € H? defined
by Z; = @10y, the wealth process V,"¥ (= V;x’ailz)

(3.4) dVi = —f(t, Vs, Z)dt + ZydWy + Zyoy ' BrdMy, Vo = .

is then the unique process (V) satisfying

Example 3.1. Consider a market with default under credit and funding constraints. Sup-
pose that the borrowing rate R; is different from the lending rate r, (with R; > ry). Suppose
moreover that there is a repo market with different repo rates for long and short positions
in the risky asset, denoted by [; and b; (see, e.g., [4]). The wealth process associated with
strategy ¢ satisfies

(35) d‘/;g = (Tt(‘/t — QOt)Jr — Rt(‘/t - g&t)i)dt + (thDt_ — bt@?—)dt + QOt(Mtdt + O'tth + ﬁtht)

Other types of nonlinear wealth dynamics due to funding costs can be found in the papers
[1, 6], which address the problem of pricing and hedging the Credit Valuation Adjustment
(CVA) in a market with default(s).

Proposition 3.2. For each (z,¢) € R x H2, the wealth process (V,"¥) is an £/ -martingale.

Proof. Let (z,¢) € R x H? be given. The process (V;"¥, pio¢, ¢1B:) is the solution of the
BSDE with default jump associated with driver f and terminal condition V;*?. The result
then follows from the flow property of BSDEs. [ |

Remark 3.3. Let (x,¢) € R x H? be given. By the above proposition, if V;»¥ > 0 a.s. and
P(VF? > 0) > 0, then 2 = &L, (V5?) > £],(0), where the last inequality follows from the
strict monotonicity of the operator £/. Moreover, since f(,0,0) = 0, we have Eg +(0) = 0.
We thus get x > 0. Hence, our market model is arbitrage-free.

Let 1 in L?(Gr) be the payoff of the option with maturity 7. It is called replicable (for
the seller) if there exists # € R and ¢ € H? such that n = V;’w a.s. or, equivalently, such
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that the process (V"% 04, ¢13;) is the solution of the BSDE with default associated with
driver f, terminal time 7T, and terminal condition 7. This is also equivalent to the existence
of (X,Z) € S? x H? such that

(36) - dXt == f(t, Xt, Zt)dt - thWt - ZtO';lﬁtht, XT =1.

In this case, the replication strategy (z,¢) is unique, and is given by (z, ) = (Xo,012).
The market, denoted by M7, is incomplete, since it is clear that all contingent claims are
not necessarily replicable.
Nonlinear pricing in a complete market with default. We end this section by some insights
into the nonlinear complete case. Suppose that there is an additional tradable risky asset with
price process S! following the dynamics

dS} = S}Hutdt + o} dW;]

where u', o are predictable processes with o' > 0. The price process S; of the nondefaultable

asset (with a jump at the default time) is now denoted by S2, and its dynamics is now written
dS} = S [uidt + o2 dW; + Byd M)

with By # 0 and By > —1 a.s. We suppose that all coefficients of the model are bounded as
well as (o})7 %, )\51, and ﬁgl. A portfolio strategy consists of a process (i, ¢?) in H? x H2,
where for each i = 1,2, ¢! represents the amount invested in the asset with price S*. Given
an initial capital x, the associated wealth process V;"'¥ (or simply V;) satisfies

(3.7) —dV, = g(t, Vi, pio} + pio;, Bip)dt — (pio) + @iof)dWy — Bupid My,

where g(t,y, z, k) is a driver, supposed to be A\-admissible.® The A-admissibility of g ensures
that for each n € L?(Gr), there exists a unique solution (X, Z, K) € S? x H? x H3 of the BSDE
with default (2.2) associated with driver g and terminal condition 1 (cf. [9, Proposition 2]).
Hence, for an option with payoff 7, there exists a unique replicating portfolio for the seller,
which is characterized by its initial value Xy, and its associated risky-asset strategy ¢ =
(o, ©?) given by: ¢? = K;/B; and o = (Z; — ¢?0?)/o}. The market is thus complete. The
(hedging) price for the seller of the option with payoff 7 is thus equal to Xo = &J (n). When g
satisfies Assumption 2.2, the nonlinear pricing system £9 is strictly increasing, which implies
that the market is arbitrage-free (by Remark 3.3 with f replaced by g). By symmetry, the
price for the buyer is given by —&§ ,(—n).
In the particular case when the market is linear, the driver g is given by

9(t.y, 2. k) = —rey — Oy 2 — (uf — e — 0701) 5y 'k,
where 0} := (u} —r¢)(c})~ . In order for g to be A-admissible, the coefficients of the model

must satisfy the condition

#%_rt_o‘gelz , U9<t<T dP®dt—a.s.,

3Since Ay ! is here supposed to be bounded, the A-admissibility assumption on the driver g is equivalent to
the assumption: dP ® dt-a.e., g is uniformly Lipschitz with respect to (y, z, k), and does not depend on k on
19, T]. We note that when g depends on k on ]9, T], the existence and uniqueness result for the BSDE (2.2)
does not generally hold (in other terms, the market is not necessarily complete).
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so that g does not depend on k on |, T']. This corresponds to the usual condition required to
ensure that this linear market is complete (cf. [19, Proposition 3.7.3.1]). Moreover, in order
for g to satisfy Assumption 2.2, we require that (42 —ry —26})3; "N\ 11y, 20 < 1 dP @ dt-a.s.,
which is the usual condition for this linear market model to be arbitrage-free.

3.2. The set Q of f-martingale probability measures. We recall that in the linear (in-
complete) case, that is, when f(¢,y, z) = —ryy—0;z, a dual representation of the superhedging
price can be achieved via a martingale approach based on the following notion of martingale
probability measures: a probability measure R equivalent to P is called a martingale proba-
bility measure if the discounted risky-asset price (e~ Jo rsds Sy) is a martingale under R. This is
equivalent to the following definition given, for example, in [29]: a probability measure R is a
martingale probability measure if the discounted (linear) wealth processes are R-martingales,
that is, for all z € R, € H?, the process (e~ fot”dsf/f"p) (where V®¢ follows the linear
dynamics (3.2)) is a martingale under R.

In our nonlinear framework, by analogy with the linear case, we are naturally led to
introducing the notion of £f-martingale property under a given probability measure Q. To
this aim, we first introduce the notion of f-evaluation under ). Let () be a probability
measure, equivalent to P. From the G-martingale representation theorem (cf., e.g., [18]), its
density process ((;) satisfies

(3.8) d¢; = G- (edWy + vdMy); (o = 1,

where (o) and (14) are predictable processes with vgar > —1 a.s. By Girsanov’s theorem,
the process W, = W; — fot agds is a Brownian motion under (), and the process MtQ =
M — fg VsAsds is a martingale under ). We define the spaces Sé, Hé, and H2Q y similarly to
52, H?, and H2, but under probability @ instead of P.

Definition 3.4. We call f-evaluation under @, or (f,Q)-evaluation in short, denoted by
55, the operator defined for each T' € [0,T] and for each n € Lé(QT') by Sé;t,T, (n) := X3 for
allt € [0, T'], where (X, Z, K) is the (unique) solution in S% X IH% X HZ?,/\ of the BSDE under
Q associated with driver f, terminal time T', terminal condition n, and driven by W< and
M@, that is,*

—dX; = f(t, Xy, Zy)dt — ZydWE — K, dMP, X =1

We note that 5]]; =&t

Definition 3.5. LetY € Sé. The process (Y) is said to be a (strong) Eé—martmgale, or an
(f,Q)-martingale, if 5(5’0,7(}/7) =Y, a.s.ono <7 forallo,T€T.

We now introduce the concept of f-martingale probability measure.

Definition 3.6. A probability measure Q) equivalent to P is called an f-martingale probability
measure if for all z € R and for all portfolio strategies ¢ € H2, the wealth process V% is a

strong Eé—martingale or, in other terms, an (f,Q)-martingale.”

“Since we have a representation theorem for (Q,G)-martingales with respect to W< and M (see, e.g.,
Proposition 6 in the appendix of [9]), this BSDE admits a unique solution (X, Z, K) in Sé X HQQ X H%,A-
5Note that P is an f-martingale probability measure (cf. Proposition 3.2), but is not the only one.
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Remark 3.7 (linear incomplete case). Let R be the martingale probability measure, with
density (¥ satisfying d(f = —(? 6;dW; with ¢J = 1. Suppose f(t,y,z) = —riy — 02z Then, the
(f, P)-martingale property of the (linear) wealth processes (cf. Proposition 3.2) is equivalent to
the well-known R°-martingale property of the discounted wealth processes. In other terms, the
f-martingale probability property of P corresponds to the (well-known) martingale probability
property of R.

Notation. We denote by Q the set of f-martingale probability measures () such that the
coefficients (ay) and (1) associated with its density (3.8) with respect to P are bounded. We
note that P € Q.

Let V be the set of bounded predictable processes v such that vy,r > —1 a.s., which is
equivalent to vy > —1 for all ¢ € [0,T] \dP ® dt-a.e. (cf. [9, Remark 9]).

Proposition 3.8 (characterization of Q). Let Q be a probability measure equivalent to P,
such that the coefficients o and v of its density (3.8) with respect to P are bounded. The three
following assertions are equivalent:

(i) Q € Q, that is, Q is an f-martingale probability measure.

(ii) There exists v € V such that Q@ = QY, where Q¥ is the probability measure which

admits (. as density with respect to P on Gr, where (¥ satisfies

(3.9) d¢t = gﬁ(—yt)\tﬂtat_ldwt + vedMy); (g = 1.

(iii) The stochastic integral fo'(USdWS + BsdMs) is a Q-martingale.

Remark 3.9. The mapping v — Q" is a one-to-one mapping that carries V onto Q. So we
have Q = {Q", v € V}. For v = 0, we have Q” = Q" = P. Note also that Q does not depend
on f.

Proof. Let @ be a probability measure equivalent to P, such that the coefficients o and v
of its density (3.8) with respect to P are bounded. Let z € R and ¢ € H? ﬂ]l-]%. The associated

wealth process V = V*¢ satisfies (3.4). Since dW; = thQ + oydt and dM; = thQ + vy \dt,
we have

(3.10)
o dWi + BidM; = o dWE2 + BedME + o4(v + vihBroy V) dt,
(311) _d‘/;x,(,p = f(t, ‘/t:IJ,cp7 QOtO't)dt - gOtO't(Oét + VtAtﬁtUgl)dt — gOtO'tthQ — gOtBthtQ

Suppose that @ satisfies (ii), that is ay = —\fio; * dP @ dt-a.e. By (3.10), the stochastic
integral [ (osdWs + BsdMs) is then a Q-martingale, which corresponds to (iii). Moreover, by
(3.11), for each € R and each ¢ € H? N H2, the process (V,"?, @101, p1f) is the solution
of the BSDE under ) associated with driver f and terminal condition V¥, which implies
that the wealth process V*% is an (f, Q)-martingale. In other terms, ) is an f-martingale
probability measure, that is, (i) holds.

Suppose now that (iii) holds, that is, the process fo'(adeS + BsdMs) is a Q-martingale.
By (3.10), we thus have oy(ay + Z/t)\tﬁtat_l) = 0 dP ® dt-a.e. Since, by assumption, o; > 0, we
get oy = —\ifroy L' dP @ dt-a.e., which corresponds to property (ii).
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Suppose (i), that is, @ € Q. Since @ is an f-martingale probability measure, by definition
of an f-martingale probability measure, for all z € R and ¢ € H? N HzQ, the wealth process
V&% is an (f, Q)-martingale. By (3.11) and Lemma D.1 in Appendix D, the finite variational
process fo wror(on + veAefroy 1)dt is thus equal to 0. Since this holds for all ¢ € H? N IHIZQ and
since o; > 0, we derive that oy = —l/t)\tﬁtcrfl dP ® dt-a.e., that is, (ii) holds. The proof is
thus complete. [ ]

We now provide a connection between f-martingale probabilities and martingale proba-
bilities. Let R be a probability measure equivalent to P such that the coefficients o and v of
its density with respect to P (cf. (3.8)) are bounded. Proceeding as in the proof of Proposi-
tion 3.8, we derive that R is a martingale probability measure if and only if there exists v € V
such that R = RY, where R” is the probability measure with density process 5 Y (with respect
to P) satisfying

(3.12) A€l = C ((—0; — v\ Broy VAW, + v dMy); &5 = 1.

We denote by P the set of all such probability measures.
By this observation together with Proposition 3.8, we derive the following result.

Proposition 3.10. There exists a one-to-one mapping from Q onto P. More precisely, the
mapping Ty, which, for each v € V, maps the f-martingale probability Q¥ (with density (¥
given by (3.9)) onto the martingale probability measure RY (with density C”) is a one-to-one
correspondence between Q and P. We have Ty(P) = R°.

4. Main results. We define the following spaces: L2 := L2(Gr) := erQng(gT), H? .=
OQEQH%, Hf = ﬂQEQHQQ,A, and S? := ﬁQEQS%. We restrict ourselves to portfolio strategies
belonging to H2.

We consider an option with maturity 7' and payoff n € L2(Gr).

We introduce the superhedging price for the seller of this option defined as the minimal
initial capital which allows her to build a superhedging strategy, that is,

(4.1) vo:=inf{z e R: Jp e H? st. V¥ >nas} =inf{z € R: Jp € Ay(x)},

where for each z € R, Ag(z) = {¢ e H? s.t. V¥ >nas}®
By convention, inf ) = +o00 and sup®) = —co. Note that vg € R.

4.1. Optional and predictable £f-decompositions. We first provide a nonlinear optional
decomposition and a nonlinear predictable decomposition for RCLL optional processes (Y;)
which are strong (f, Q)-supermartingale for all f-martingale probability measure Q). These
decompositions are crucial to prove two characterizations of superhedging prices of options:
one via a pricing-hedging duality formula (cf. Theorem 4.8) and a second one via a constrained
BSDE with default (cf. Theorem 4.12).

Theorem 4.1 (optional £/-decomposition). Let (Y;) be an RCLL optional process belonging
to S2. Suppose that (Y3) is a strong (f,Q)-supermartingale for all f-martingale probability

5We shall see in section 5 that vo = vo, where v is defined similarly to vo from (4.1), with H? replaced by
H>.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/18/20 to 90.253.38.34. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

858 MIRYANA GRIGOROVA, MARIE-CLAIRE QUENEZ, AND AGNES SULEM

measure Q. Then, there exists a unique Z € H2, and a unique h € C N S? such that
(4.2) —dY; = f(t, Y4, Zy)dt — Zyo; (01 dWy 4 BrdMy) + dhy.

Moreover, the converse statement holds.

Proof. The first assertion follows from Theorem B.2 (with C' = 0 since Y is RCLL) and
Remark B.4, together with Remark 5.2. Let us show the second one. Suppose that there
exists Z € H?, and a nondecreasing optional RCLL process h in 8% with hg = 0 such that
(4.2) holds. Let @ € Q. Let 0 € T and let 7 € T,. We have to show that Ef’U,T(YT) <Y,

a.s. By definition, the process SéT(YT) is the solution of the Q-BSDE associated with driver
f, terminal time 7, and terminal condition Y;. Now, the process (Y;rr) is the solution of
the @Q-BSDE associated with generalized (optional) driver f(t,y, z)dt + dh;, terminal time 7,
and terminal condition Y;. By the comparison theorem for BSDEs with default jump and
generalized drivers (cf. [9, Theorem 3]), we derive that 557 or(Y7) <Y as. Hence, Y is an

Eé—strong supermartingale for all Q € Q. [ |
Theorem 4.2 (predictable £/-decomposition). Let (Y;) be an RCLL optional process belong-

ing to S%. Suppose that (Y;) is a strong (f, Q)-supermartingale for all f-martingale probability

measure Q. There exists a unique process (Z, K, A) € H? x H? x A? such that

(43) —dY; = f(t, Y:, Zt)dt — ZydWy — Kyd My + d Ay,

(4.4)

A. +/ (Ks — Bs03 ' Z)Aeds € A2 and  (K; — Bro; ' Zi)M\ <0, t € [0,T], dP ® dt — a.e.
0

Moreover, the converse statement holds.

This result follows from Theorem B.1.7

4.2. Pricing-hedging duality formula. By the (f, Q)-martingale property of the wealth
processes under any f-martingale probability measure @), it is straightforward to get the
following result.

Lemma 4.3. We have

(4.5) vo > sup & o ().
QeQ

Proof. Let H be the set of initial capitals which allow the seller to be “superhedged,”
that is, H := {z € R : Jp € Ag(z)}. We have v = inf H. If H = (), then vo = 400 and,
hence, inequality (4.5) holds. Suppose now that H # (). Let x € H. There exists ¢ € H?
such that V¥ > n as. Let Q € Q. Since @ is an f-martingale probability measure, the
wealth process V¢ is an (f, Q)-martingale. By taking the (f, @)-evaluation/expectation in
the inequality V»¥ > 7, we thus obtain z = 85707:,,(‘/1%"") > &y r(n)- As Q € Q is arbitrary,
we get ¥ > supgeg Sé,oj(n). This holds for all x € H. By taking the infimum over z € H,
we derive the desired inequality. |

"Note that by [9, Remark 9], the condition (K; — Bio; *Zi)A\: < 0, t € [0,7], dP ® dt — a.e. is equivalent
to Ky — Booy ' Zy <0, P-as.
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To prove the converse inequality in (4.5), we introduce the associated (dynamic) dual
problem.
For each S € T, let X(5) be the value of the dual problem at time S defined by

(4.6) X (S) := ess sup Eé,S,T(n)'
QeQ

We suppose that

(4.7) Egless sup X(S)?] < +o0 VQ € Q.
SeTo

Remark 4.4. This integrability condition holds, e.g., for a call option, that is, when n =
(St —k)*.
The theorem below can be seen as a dynamic programming principle for the dual value

problem.

Theorem 4.5 (the dual value process. Minimality characterization). There exists a unique
(right-continuous) process (X;) € S2, called the dual value process, which aggregates the value
family (X(S)), that is, for each S € Ty, X(S) = Xs a.s. The process (X) is a strong
(f, Q)-supermartingale for all f-martingale probability measures Q, and satisfies X7 = n a.s.
Moreover, the process (X;) is the smallest process in S? satisfying these properties.

Proof. The proof is given in section 5 (cf. Theorem 5.7, together with Remark 5.2). H

Corollary 4.6 (optional £7-decomposition of the dual value process (X;)). There exists a
unique Z € H2, and a unique h € C N S? such that

t t
(48) X, = Xo-— / F(s, Xy, Z)ds +/ 0 Z(0sdWs + BedM) — hy, 0<t<T as.
0 0

Moreover, the portfolio strateqy p* := o=*Z belongs to Ay(Xo), that is, V;(O’Lp* >na.s

Proof. The first assertion follows from Theorem 4.5 together with Theorem 4.1. The proof
of the second assertion relies on a forward argument. By (3.3)—(3.4), the process (VtXO"p )
satisfies the forward equation:

¢ ¢
(4.9) Vth,w = Xy — / f(s, Vonmo*7 Zs)ds +/ Ungs(UdeS + BsdMs), 0<t<T as.
0 0

Moreover, the value process (X;) satisfies the forward SDE (4.8). Since (h;) is nondecreasing,
by the comparison result for forward differential equations, we get Vi,f( ¥ >Xr=nas N

Corollary 4.7 (superhedging equivalences).  The integrability condition (4.7) is equivalent
to the eristence of xg € R and v € H? such that n < V;OW a.s. (which is also equivalent to
vo < +OO).

Proof. Suppose that (4.7) holds. By Corollary 4.6, we have Vj{(ow* > n a.s. Let us show
the converse. Suppose that n < V:,:fo’w a.s., where zy € R and ¢ € H2. We first show that for
all S € T, we have X(S) < Vg(’“p a.s. Let S € T. Since n < foo’w a.s. for each Q € Q, we
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have E(f; sr(n) < €£ST(V;O’¢) = V;O’w a.s., where the last equality holds since @ is an f-

martingale probability measure. Taking the essential supremum over ) € Q in this inequality,
we get X (S) = esssupgeo 55,53(77) < V;O’w a.s.

We now show (4.7). Let Q € Q. We have 557S7T(n) < X(S) < V¥ as. Since 557,,T(7])
€ S% and V20¥ € Sé, we thus get Eglesssupger; X (5)?] < +o0. [ ]

Using the above results, we now prove the pricing-hedging duality formula.

Theorem 4.8 (pricing-hedging duality and superhedging strategy). The superhedging price
vo for the seller of the option with payoff n and maturity T satisfies the equality vo = Xo,
that is,

(4.10) Vo = sup €£7O,T(77).
QeQ

Moreover, the portfolio strategqy ¢* = o~ 'Z, where Z is the process from the optional E7-
decomposition (4.8), is a superhedging strateqy for the seller associated with vg, that is,
ViO% > as.

Proof. The notation is the same as in the proof of Lemma 4.3. Let us show the inequality
vo < Supgeg 5£’O7T(77), that is, Xy > vg. By Corollary 4.6, ¢* € Ap(Xp), which implies X, €
‘H . Since vg = inf H, it follows that Xg > vo. Now, by Lemma 4.3, we have Xy < vg. Hence,
Xo = vo. Moreover, since VTXO’“D* > n a.s., we get VTVO’“O* > as. [ |

Remark 4.9. By similar arguments, it can be proven that, for each S € T,

Xg = ess sup 55 sr(n) = essinf{X € L?(Gs), Jp € H? sit. Vf’X’“" >nas.} as.
QEQ (18}

Let us now consider the buyer’s superhedging price Vg (cf., e.g., [23]), which is defined as
the maximal initial price which allows her to build a superhedging strategy, i.e.,

(4.11) Vo:=sup{r € R: Jp € H? s.t. V"% +1>0as.}.

We note that vg is equal to the opposite of the superhedging price for the seller of the option
with payoff —n. We thus derive, using Theorem 4.8, that, if v¢ > —oo, then the following
dual representation result for vg holds:

Vo = inf (—&L . .(—n)).
Vo érelg( 0.0r(=)

4.3. Constrained BSDE characterization. We see in this subsection that the seller’s
superhedging price vq is characterized as the value at time 0 of the minimal supersolution of a
default BSDE with driver f and suitably defined constraints. We suppose that the integrability
assumption (4.7) holds.

Definition 4.10. Let n € L2(Gr). A process X' € S? is said to be a supersolution of the
constrained BSDE with driver f and terminal condition n if there exists a process (Z', K') in
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H2xH3 and a predictable nondecreasing process A" in S? with A = 0 such that (X', Z', K', A')
satisfies

(4.12) —dX| = f(t,X], Z))dt + dA}, — Z;dW; — K;dMy; X7 =17 a.s.,

(4.13) A +/ (K. — Bs0, 1 ZL)Asds is nondecreasing, and Kj— Byoy'Z5 <0 as.
0

Remark 4.11. When 8 = 0, the second condition of (4.13) reduces to Kj < 0, which
means that the jump of X’ at the default time ¥ is nonpositive. In [21] the particular case of
BSDEs with nonpositive jumps is studied using a different approach (via penalization). See
Appendix C.

By Theorem 4.5 together with the predictable £7-decomposition (Theorem 4.2), we derive
that the value process admits a predictable £f-decomposition of the form from Theorem 4.2,
and that it is the minimal one which admits such a decomposition. Using also Theorem 4.8,
we obtain the following result, written in terms of the above constrained BSDE.

Theorem 4.12 (characterization of X and vg in terms of a constrained BSDE with default).
The dual value process (X;) is a supersolution of the constrained BSDE associated with driver
f and terminal condition n, that is, there exists a unique process (Z,K) € H? x Hf\ and a
unique predictable nondecreasing process A in S with Ag = 0 such that (X, Z, K, A) satisfies
(4.12)—(4.13). Moreover, the process (X;) is the minimal supersolution of the above constrained
BSDE.

In particular, the seller’s superhedging price vo (= Xo) is characterized as the value at
time O of the minimal supersolution of the constrained BSDE.

4.4. Results on replication and the profit realized by the seller. Let n € L2(Gr) be a
given payoff. We first provide replication criteria for the associated option.

Proposition 4.13 (replication criteria). The following four assertions are equivalent:
(i) The option with payoffn is replicable, that is, there exists (z, ) € RxH? withn = V¥
a.s.
(ii) The nondecreasing optional process h from the optional Ef -decomposition (4.8) of the
dual value process (Xy) is equal to 0.
(iii) The supremum in (4.10) is attained.
(iv) For all f-martingale probability measure @), we have E£7O7T(n) = 5{,70771(77).
In this case, the replication strategy is given by (z,¢) = (Xo,012), where Z is the process
from the optional Ef -decomposition (4.8) of the dual value process (X;).®

Proof. Suppose (ii). Then, by (4.8), we get X. = yXoo 2y particular, X = Vfo’a_lz.

Since X7 = n, we get n = V:,{(O’U_IZ. Hence, (i) holds and (Xg,071Z) is the replication

strategy.
Suppose now (i), that is, there exists * € R and ¢ € H? such that n = Vi,gf’w a.s. Let
Q € Q. Since Q € Q, the wealth process V.'? is an (f, Q)-martingale. Hence, by taking the

8(X,Z,07'ZpB) is the solution of the BSDE with default associated with (f,n) or, equivalently, (X, Z)
satisfies (3.6).
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(f, Q)-expectation in the equality n = V"%, we get 565 o.r(n) = x. Since this equality holds
for all Q € Q, we get (iv).
If (iv) holds, then the supremum in (4.10) is attained at any @ € Q, that is, (iii) holds.

Suppose (iii). Hence, there exists ) € Q such that Xy = SCJ;OT(n).

& cj; ' T(n) is the solution of the Q-BSDE associated with driver f, terminal time 7', and termi-

Now, the process

[

nal condition 7. Moreover, the dual value process (X;) admits the optional Sf —decompo§ition
(4.8) from Corollary 4.6. Since Xp = n and oy dW; + pidM; = O'tthQ + ﬂthtQ, we
get that (X, Zy, ngZtﬁt) is the solution of the Q—BSDE associated with generalized driver
f(t,y, z)dt+dh;, terminal time T, and terminal condition 1. By the strict comparison theorem
(cf. [9, Theorem 3(ii)]), since h is a nondecreasing optional process and Xy = 5£’07T(17), we

derive that h = 0, that is, (ii) holds. [ |
We now introduce the notion of arbitrage opportunity for the seller (resp., for the buyer).

Definition 4.14. Let x € R. A strategy ¢ in H? is said to be an arbitrage opportunity for
the seller’ (resp., for the buyer)'’ of the option with initial price x if

V¥ —n>0as. and P(V;Y —n>0)>0
(resp., Vo "% +1 >0 as. and P(Vp "7 4+1n>0)>0).

Proposition 4.15. Let x € R. If x > vqo (resp., x < Vq), then there exists an arbitrage
opportunity for the seller (resp., for the buyer) of the option with price x.

If © < vqo (resp., x > Vg ), then there exists no arbitrage opportunity for the seller (resp.,
for the buyer) of the option with price x.

Proof. The proof relies on Theorem 4.8. Suppose that z is the price of the option.

Suppose that z < vg. By the definition of vq, there exists no arbitrage opportunity for
the seller.

Suppose now that > vo. By Theorem 4.8, the portfolio strategy ¢* := o~'Z, where
Z is the process from the optional £f-decomposition (4.8), satisfies VQYO’“D* > n a.s. By the
“strict comparison” property for forward differential equations, get V;’W* >V 0" > as.
Hence, ¢* is an arbitrage opportunity for the seller.

By symmetry, we get the result for the buyer, who can be seen as the seller of the option
with payoff —n and with superhedging price equal to —vg. |

Definition 4.16. A real number x is called an arbitrage-free price for the option if there
exists no arbitrage opportunity, neither for the seller nor for the buyer."!

9This means that the seller sells the option at the price z and, by using the strategy ¢, she makes the profit
V¥ —n >0 at time T with P(V2'¥ —n > 0) > 0. Note that this strategy is an arbitrage opportunity in the
extended market in the classical sense (given in the literature on linear market models).

19This means that the buyer buys the option at the price z which, borrowed at time 0, allows her to
recover her debt at time T (by using the strategy ¢) and even to make the profit V™% +n > 0 a.s. with
P(VZ"% 4+ mn > 0) > 0). Note that this strategy is an arbitrage opportunity in the extended market in the
classical sense (given in the literature on linear market models).

"Note that an arbitrage opportunity ¢ in the sense of the literature on markets with constraints (see,
e.g., [20, 23, 10]) is also an arbitrage opportunity in our sense, but the converse does not necessarily hold.
Hence, the set of arbitrage-free prices in those works is larger than ours.
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Using Theorem 4.8 and Theorem 4.13(iv), we show the following result.

Proposition 4.17 (arbitrage-free interval). If vy < Vg, there does not exist any arbitrage-
free price for the option. Suppose that vo < vg. The set of arbitrage-free prices for the option
1s an interval, which is called the arbitrage-free interval for the option. It is of the form
(Vo, vo)-

The interval is closed on the right (resp., on the left) if and only if n (resp., —n) is
replicable.

Proof. The two first assertions follow from Proposition 4.15. It remains to show the third
one.

Suppose that the option is replicable. Suppose that there exists an arbitrage oppor-
tunity ¢ for the seller of the option with price v, that is, such that V¥ > n as. and
P(V;*% > n) > 0. By the (f, P)-martingale property of the wealth process V%, we get
vop=¢E };O,T(Vj‘f 0%y > 5};0’T(17), where the last inequality follows from the strict monotonicity
of the (f, P)-evaluation. On the other hand, since 7 is replicable, by Theorem 4.13(iv), we
have 5}£,07T("7) = vy, which leads to a contradiction. Hence, there does not exist any arbitrage
opportunity for the seller of the option with price vy, which implies that the arbitrage-free
interval (vg, vg) is closed on the right.

Suppose now that the option is not replicable. By Theorem 4.8, we have ¢* := 0717 €
Ap(vg). We thus have VTVO"P* > n a.s. Now, since the option is not replicable, we have
P(VQYO’SO* > 1) > 0. The strategy ¢* is thus an arbitrage opportunity for the seller of the
option with price vo, which implies that the arbitrage-free interval (v, vp) is opened on the
right.?

By symmetry, we get the result for the lower bound v of the arbitrage-free interval. M

For each 1 € L2, we denote by vo(n) (resp., Vo(n)) the superhedging price for the seller
(resp., the buyer) of the option with payoff 7. By Proposition 4.17, we derive the following
result.

Proposition 4.18. Suppose that the payoff n satisfies the inequality Vo(n) < vo(n). Then,
for each Q € Q, the quantities SC];’D,T(n) and —SCJ;,O,T(—n) are arbitrage-free prices of the
option.

Remark 4.19. It may happen that n satisfies the strict inequality vo(n) < Vo(n) and,
hence, that there does not exist an arbitrage-free price for the option with payoff . A simple
example is given by f(t,y,2) = —|y| and n = 1. In this case, we have vo(n) = e~7 and
Vo(n) = e’

Suppose now that f(t,y,z) > —f(t,—y,—z) for all t,y, z (which is satisfied, for example,
when f is convex with respect to (y, z)). Setting f(t, y,z) == —f(t,—y, —z), by the comparison

theorem together with Theorem 4.8, we get that for all n € L2 for all Q € Q, vo(n) >
Eéyo’T(n) > Eé’oj(n) = —Eé’oﬂT(—n) > Vo(n). Hence, for all n € L2, we have vo(n) > Vo(n).

12From a financial point of view, this property makes sense. Note that, using the definitions of arbitrage
opportunities from [20], this property does not hold, and vy is always an arbitrage-free price, even in the case
when the option is not replicable (cf. [20]).
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We recall that, by Theorem 4.8, the strategy ¢* := 0~ 1Z, where Z is the process from the
optional £f-decomposition (4.8), belongs to Ap(vp). When the price of the option is equal to
vo, by investing this amount in the market according to the strategy ¢, the seller makes the
profit Vi 0" _ n > 0 at time 7. In the following, we provide a “minimality” property for the
seller’s profit, as well as a characterization of the superhedging price vg.

The linear case. We start by gathering some observations in the simpler case when the
model market is linear with » = 0, that is, when f(¢,y,z) = —6;z. We then have, for each v
in), 5£V,0,T<77) =Eprv(n) (see (3.9) and (3.12) for the definitions of @” and R"). The pricing-
hedging duality formula (from Theorem 4.8) reduces here to the classical formula: vo = Xy =
suprep Er(n). Furthermore, the dual value process (X;) satisfies, for each S € Ty, Xg =

esssuppep Er(n]Gs) a.s. , and it admits the linear optional decomposition X; = V;V"’flz—ht.
Since X7 = 7, by investing the amount vg according to the strategy ¢* := o~ 'Z, the seller
makes the profit Vr}'o’w* —n=hr>0.

Suppose now that sup pep Er[supg<;<r X?] < +o00. For each R € P, using the R-martingale
property of the wealth process, we have ER(V}'O’W* —n) = vo—Eg(n). By taking the infimum
over R € P in this equality, using the pricing-hedging dual formula, we get that the seller’s
profit V}'O’“p* — 7 satisfies the minimality condition: infgep ER(VJYO"p* —n) =0.Let now z € R
be such that there exists a strategy ¢ with suppcp H‘P”IQH% < +oc and V3% > n as. For all

R € P, we have Eg(V;7? —n) = 2 — Eg(n). Taking the infimum over R € P in this equality,
since vo = suppep Er(n), we derive that = v if and only if infgep E(Vy¥ —n) = 0.

The nonlinear case. Consider now the case of a nonlinear f. We provide analogous results
on the seller’s profit in terms of the set Q. We assume in the remainder of the section that n
satisfies the integrability condition supgeg Eq[supg<i<r X?] < +oo.

As seen above, p* = 0717 € Ag(vo). Note that in general the profit V}’O"p* — 7 is not
equal to hr. When the option is not replicable, we have V:;’O"p* —n # 0. However, when
the seller invests the amount vg according to the strategy ¢*, her gain satisfies the following
minimality condition:

4.14 inf Eo(V.YO? —p) =0.
(4.14) Jnf, o(Vp n)

This property is a consequence of the following more general result.

Proposition 4.20 (characterization of the superhedging price vg). Let x € R be such
that there exists ¢ € Ao(x) with supgeg |l@llZ, < +oo. Then, x = vo if and only if
Q

infoecoEq(Vr¥ —n) = 0. In other terms, an initial capital x which allows the seller to
build a superhedging strategy ¢, is equal to vo, if and only if, the terminal profit V©¥ —n
realized by the seller satisfies the minimality condition infoeo Eq(Vy? —n) = 0.1

The proof of this result relies on the following lemma, whose proof is given in Appendix D.

" Note that, by Lemma D .4, ¢* := ¢~ ' Z satisfies supc o [l¢*[|§ < +00. Since ¢* € Ag(vo), the minimality
property (4.14) holds. Moreover, we may have {¢*} C Ag(vo). By Proposition 4.20, the property (4.14) holds
for any superhedging strategy ¢ € Ao(vo) such that supge o lells < +oo.
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Lemma 4.21 (estimates). Let (z,¢) € R x H? with supgeg |]<,0||22 < +o0. Suppose V¥ >
1 a.s. There exist positive constants m and m' such that, for all Q € Q,

(4.15) m' (EQ(Vi? =) <x — &) o p(n) < m(Eq(Vy? — )"/,

Proof of Proposition 4.20. By taking the infimum over @ € Q in the estimates (4.15),

using the dual formula vp = supgeg 55 o.r(n) (cf. Theorem 4.8), we derive the desired re-
sult. [ |

When the option is not replicable, by Proposition 4.13, there does not exist any f-
martingale probability measure ) such that vg = SC];’O,T(n). However, we have the following
property.

Theorem 4.22. There exists a sequence (Qn)nen of f-martingale probability measures such
that

(i) the seller’s price vo is equal to the limit of the f-evaluation under Q™ as n goes to

400, that is,
vo = lim 5£n,0,T(77)?

n—-+00

(i1) (Qn)nen converges weakly to a non-negative measure Q* < P (in the sense that the
sequence of the densities with respect to P on Gp converges P-a.s. to the density of
-1
Q*), under which the option is “replicable,” and n = V3°° d Q*-a.e., where Z is
the process from the optional EF -decomposition (4.8).

Proof. The proof relies on the estimates from Lemma 4.21. We denote by G the gain made
by the seller, that is, G := V' 00717 _ 1. As seen above, G satisfies the minimality condition
(4.14). Denoting by D the set of the densities of the f-martingale probability measures, that is,
D :={¢%, v € V}, we have infcep E[(G] = 0. There exists a sequence ((")nen with (" € D for
all n, such that the sequence (E[¢"G])nen is nonincreasing and satisfies lim,, o, E[¢("G] = 0.
Now, for all n € N, E[¢"] = 1. Hence, by Komlés’ theorem [22], there exists a sequence
(C™)nen of convex combinations of (" such that, for all n € N, (" € Conv{¢", ("1, ...} which
converges P- a.s. to a random variable denoted by (. Since V is convex, we can show that
D = {¢¥, v € V} is convex, by using the form of (¥ (cf. (3.9)). We thus have (" € D for all
n € N. We also have E[¢("] = 1 for all n € N. Hence, by Fatou’s lemma, E[(] < 1. Since
the sequence (E[("G]),en is nonincreasing, we get 0 < E[¢"G] < E[¢"G] for all n € N. Since
lim,, 00 E[("G] = 0, we derive that lim, o E[("G] = 0. For each n € N, let Q™ be the
f-martingale probability measure with density ¢(". We have lim, o Eg»[G] = 0. By using
the estimates (4.15) , we deduce lim;,,_s 1 oo 5£n707T(77) = Xo. Moreover, by Fatou’s lemma, we
get 0 < E[(G] < lim,,—o0 E[¢"G] = 0, from which we get E[(G] = 0. Denoting by Q* the
measure with density ¢, we get [ GdQ* = 0. The result follows. |

Remark 4.23. In the linear case, this result becomes, there exists a sequence (Rj)nen
of martingale probability measures such that vo = lim, 1. Eg, (n) and (R,)nen converges

-1
weakly to a measure R* < P, satisfying n = V;° Z, R*-a.e.

5. Study of the dual value problem. The study in this section is done under the primitive
probability P, which is more tractable. Moreover, working under P allows us to assume weaker
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integrability conditions (compared to those of the previous section). Recall that V is the set
of bounded predictable processes v such that vgar > —1 a.s. We introduce a family of drivers

(f",veV).
Definition 5.1 (driver f” and £”-expectation). For v € V, we define

(51) fy('7t7y7zvk) = f('?taya Z) + Vt)‘t(k - Btaglz)‘

The mapping f¥ is a A-admissible driver. The associated nonlinear family of operators, de-
noted by EI" or, simply, £V, is defined as follows: for each S < T and each n € L*(Gs),

£%4(n) = X7,

)

where (XY, 2", K¥) = (X, Z, K) is the unique solution in S* x H? x Hi of the BSDE
(52) - dXt = (f(t, Xt, Zt) + Vt)\t(Kt - Btat_th)) dt — thWt - thMt, XS =1.

Remark 5.2. By Proposition 3.8, we derive that, for each v € V, for each n € L?(Gr) N
Léy (Gr), the (f¥, P)-evaluation of 7 is equal to its (f, Q”)-evaluation, that is,

Ep(n) = Ebu ().

Hence, a process X in S?N Séu is an £Y-supermartingale (resp., £”-martingale) if and only if
it is an Séu—supermartingale (resp., Eéy—martingale).

We consider an option with maturity 7" and payoff n € L?(Gr). The superhedging price
vp of the option is defined similarly to v from (4.1), with H? replaced by H?, that is,

(5.3) vo :=inf{x € R: Jp € H? s.t. V3¥ >nas.}.
For each S € T, we define the dual value at time S as the Fg-measurable random variable,

(5.4) X(S) := ess sup E&p(n),
veVg

where Vg is the set of bounded predictable processes v defined on [S,T], such that v, > —1,
S <t<T, \MdP ®dt-a.e., and &£ is defined in Definition 5.1. The family of random variables
(X(S), S €T)is called the dual value family.'* We suppose that the value family satisfies

(5.5) Eless sup X (5)?%] < +oo.
SeT
We shall see below that this integrability condition is equivalent to the existence of x¢p € R
and v € H? such that n < Vj’fo’w a.s. (which means that vy < +00).
Let us recall the definition of an admissible family of random variables indexed by stopping
times in 7 (or 7-system in the vocabulary of Dellacherie and Lenglart [7]).

11f 5 € L?(Gr), then, by Remark 5.2, ess Sup, cyg €51 (1) = esssupgeo 5(5,5,1"(’7) a.s. This dual value thus
coincides with the value defined by (4.6). Hence, the notation is consistent.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/18/20 to 90.253.38.34. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

NONLINEAR PRICING IN INCOMPLETE MARKETS 867

Definition 5.3. We say that a family Y = (Y(S), S € T) is admissible if it satisfies
1. for all S € T, Y(S) is a real-valued Gs-measurable random variable;
2. forall S,S"e€T,Y(S)=Y(5) as. on {S =5}

Moreover, we say that Y is uniformly square-integrable if E[esssupger Y (5)?] < .
Lemma 5.4. The value family (X (S), S € T) is an admissible family.

Moreover, for each S € T, there exists a sequence of controls (V")nen with v™ € Vg for
all n, such that the sequence (E4+(n))nen is nondecreasing and satisfies

(5.6) X(S5) = lim 552“(77) a.s.

Proof. For each S € T, by definition (5.4), X (S) is Gs-measurable as the essential supre-
mum of Gg-measurable random variables. Let S,S" € T such that S = S’ a.s. We have
E&r(n) = & r(n) as. for all v € V. Hence, esssup,ecy E§(n) = esssup,ep €4 () as.
From this, together with (5.4), we get X (S) = X(5’) a.s. The value family is thus admissible.

Let us show the second assertion. By a classical result on essential suprema, it is sufficient
to prove that, for each S € T, the set {€5 (1), v € Vs} is stable under pairwise maximization.

Indeed, let v,/ € Vg. Set A := {SE:T(U) < E&r(n)}. Wehave A € Fg. Set v :=v14+1'1ye.
Then i € V. We have £%7.(1)1a = EL 74 (n14) = L7 (n14) = E4p(1)14 as. and, similarly,

on A°. It follows that &g (n) = £ (n)1a + SE:T(’I’])lAc = E§r(n)V ngT(n) a.s. The proof is
complete. m

Let g be a A-admissible driver satisfying Assumption 2.2. We give the definition of an
E9-supermartingale (resp., E9-submartingale, E9-martingale) family.

Definition 5.5. A uniformly square integrable admissible family (Y (S), S € T) is said to

be an E9-supermartingale (resp., E9-submartingale, £9-martingale) family if for all S, S eT
such that S > S’ a.s., &L 4(Y(S)) < (resp., >, =) Y (S) a.s.

Lemma 5.6. The value family (X (S)) is the smallest admissible family such that for all
v €V, it is an EY-supermartingale family (that is an 1" -supermartingale family) satisfying
X(T)=n a.s.

Proof. We first note that, by the definition of X (7'), we have X(T') = n a.s.

Fix S € Ty a.s. There exists an optimizing sequence of controls (v™),en with (¢™) in Vg
such that equality (5.6) holds. Let v € V. By the continuity of £, we have €% ¢(X(95)) =
limy, 00 55,75(55:}(77)) a.s. We define for each n the control 7}' := v 1jg g)(t) + v{'115.7)(),
which belongs to Vg,. Notice that f7" = f”l[sl,g]—l—f”nl[&T], which implies that 5”,75(55:}(17))
EEZLS(Sgr}(n)) = EEZT(T]) a.s. Hence, we obtain £ ¢(X(S)) = lim,— 55,"7T(n) < X(9)
a.s., where the last inequality follows from the definition of X (S’). We now show the mini-
mality property. Let (X'(S),S € T) be an admissible family such that for each v € V, it is an
E¥-supermartingale family satisfying X'(T') = n a.s. By the properties of X', for all S € T,
and all v € V, we have X'(S) > &£¢,(X'(T)) = £ 1(n) a.s. Taking the essential supremum
over v € Vg, we deduce X'(S) > X(9) a.s. [ ]

Using the above lemma together with Proposition A.6, we get the following result.
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Theorem 5.7. There exists an RCLL adapted process (X;) € S?, called the dual value
process which aggregates the value family (X(S)). The process (Xi) is a strong EY-super-
martingale for all v € V and Xp = 1 a.s. Moreover, (X;) is the smallest process in S?
satisfying these properties.

Proof. Since 0 € V, Lemma 5.6 implies that the value family (X (S)) is a strong £°-super-
martingale family. By Lemma A.1, there exists a right upper-semicontinuous (r.u.s.c.) optional
process (X;) such that Elesssupges X2] < oo which aggregates the family (X(S), S € T)
with X7 = n a.s. Moreover, by Lemma 5.6, (X;) is the minimal optional process which is
a strong £Y-supermartingale for all v € V, with terminal value greater than or equal to 7.
Using this minimality property, we show in the appendix (cf. Proposition A.6), that (X;) is a
right-continuous process belonging to S2. |

From this result together with Theorem B.2 applied to the right-continuous process (X;),
we derive that the value process (X;) admits the optional £/-decomposition from Theorem B.2.
More precisely, we have the analogous Corollary 4.6 under the weaker integrability assumption
(5.5).

Corollary 5.8 (optional £f-decomposition of the dual value process). There exists a unique
Z € H? and a unique nondecreasing optional RCLL process h with hg = 0 and E[hQT] < 0
such that (4.8) holds. Moreover, the portfolio strateqy ¢* := o ~1Z satisfies VTXOW* >N a.s.

Corollary 5.9. The integrability condition (5.5), that is E[esssupger X(5)?] < +oo, is
equivalent to the existence of xg € R and v € H? such that n < V;(w a.s.

Proof. Suppose that Elesssupges X (S)?] < +oo. By Corollary 5.8, we have VTXO"p* > .
Suppose now that there exists o € R and ¢ € H? such that n < V:ffo’d’ a.s. By similar
arguments as in the proof of Corollary 4.7, we get X (5) < V;O’w a.s. On the other hand,
as 0 € V, we have X(95) > 8g7T(77) a.s. Since 8.?T(77) € 52 and V*¥ € S2 we thus have
Elesssupger X (9)?] < +oo0. [ ]

Using the optional £7-decomposition of the dual value process from Corollary 5.8, we
derive the following dual representation for the seller’s superhedging price vy, which extends
the pricing-hedging duality result (Theorem 4.8) to the case when the payoff n satisfies only
integrability conditions under the primitive probability measure P.

Theorem 5.10 (pricing-hedging duality via the set V). Suppose that condition (5.5) holds.
The seller’s superhedging price vy of the option satisfies

(5.7) vo = sup & p(n)-
vey

Moreover, the portfolio strategy p* := o~ ' Z, where the process Z is the one from the optional
ET-decomposition of the dual value process (X;) (cf. Corollary 5.8), is a superhedging strategy
for the seller, that is, V;¥ > a.s.

Proof. Using the £Y-martingale property of the wealth processes and proceeding as in
the proof of Lemma 4.5, we get vg > sup,cy & (n). The converse inequality follows from
Corollary 5.8 and the same arguments as those from the proof of Theorem 4.8 on the pricing-
hedging duality for vg. |
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Under the stronger integrability assumptions on 7 from section 4, we have vy = vg. More
precisely, we have the following.

Corollary 5.11. If Eq(n?) < oo for all Q € Q, and Eglesssupger, X(5)?] < oo, then
Vo = V.

Proof. By Remark 5.2 and the pricing-hedging duality theorem for vy, we have vg =
SUPgeo 5570’7“(7]). By the pricing-hedging duality theorem for v (cf. Theorem 4.8), we derive
that vy = vo. [ |

The infinitesimal characterization of the dual value process (X;) given in section 4 un-
der Assumption (4.7) (cf. Theorem 4.12) still holds under the weaker assumptions from this
section, if we replace the spaces L2 by L?, H? by H?, Hi by Hf, and S? by S2.

6. Concluding remarks. We have studied the superhedging price for the seller of a Euro-
pean option in a nonlinear incomplete market model with default. We introduce the concept
of f-martingale probability measures, for which we give a characterization via their densities
with respect to P. We establish a pricing-hedging duality formula for this price via the set Q
of f-martingale probability measures. The proof relies on the nonlinear £7-optional decompo-
sition for the processes which are (f, Q)-supermartingales for all @ € Q (see Theorem B.2 in
the RCLL case). We also provide a characterization of the seller’s (superhedging) price as the
initial value of the minimal supersolution of a constrained BSDE with default. The proof of
this characterization relies on the nonlinear £/-predictable decomposition (see Theorem B.1).
Moreover, we provide a replication criterium and some properties of the terminal gain real-
ized by the seller. By a form of symmetry, we derive corresponding results for the buyer. We
study the case of the American option in [17], both from the point of view of the seller and
the buyer,'” when the payoff process is completely irregular, which raises a lot of technical
issues. The study relies on many results from the present paper, in particular the nonlinear
predictable and optional decompositions.

Appendix A. Some results on £9-supermartingale families and processes. Let g be
a A-admissible driver (cf. Definition 2.1) which may depend on k (contrary to the driver f
considered in this paper), and which satisfies Assumption 2.2 (with only fyf’z’kl”” > —1)
so that &9 is monotone. We provide some results on £9-supermartingale families and £9-
supermartingale processes, which are useful in the paper.

Let C? be the set of real-valued purely discontinuous nondecreasing RCLL G-optional

processes C' with Cy- = 0 and E(C%) < cc.

Lemma A.1. Let (X(S5), S € T) be an E9-supermartingale family. Then, there exists an

r.u.s.c. optional process (X;) such that Elesssupgesr X2] < oo which aggregates the family
(X(S), Se€T), that is, such that X(S) = Xg a.s. for all S € T. Moreover, the process (X3)

is a strong E9-supermartingale, that is, for all S,S" € T such that S > S a.s., Eg, ¢(Xs) <
X a.s.
S

Proof. By [15, Lemma 8.3], the £9-supermartingale family (X (S), S € T) isr.u.s.c. (along
stopping times). It follows from [7, Theorem 4] that there exists an r.u.s.c. optional process

15Contrary to the European case, there is no symmetry between them.
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(X¢) which aggregates the family (X (S), S € T). The process (X;) is clearly a strong £9-
supermartingale. |

Remark A.2. As a consequence, we recover that a strong £9-supermartingale is necessarily
r.u.s.C.

We now recall the £9-Mertens decomposition of an £9- supermartingale proved in [14], and
provide some estimates of the norm of the associated Mertens process, which are analogous
to the nonlinear case of the inequalities of the potential theory [8].

Theorem A.3 (£9-Mertens decomposition of £9-supermartingales). Let (Y;) be an optional
process in S®. Then (Y;) is an E9-submartingale if and only if there exists a nondecreasing
right continuous and predictable processes A in A%, a nondecreasing adapted right continuous
and purely discontinuous processes C in C?, and (Z, K) € H? x H2 such that

(A.1) —dYs = g(s,Ys, Zs, Ks)ds — ZsdWs — KidMy + dAs + dC—.
Moreover, this decomposition is unique. We also have the following estimate:
(A.2) E(A7) +E(CF) + 1 Z11° + || K[} < e (1X][5= + ll9(-,0,0,0)[%)

where ¢ is a universal positive constant depending only on T and the A-constant C' of g (see
(2.1)).

Remark A.4. As a consequence, we recover that a strong £9-supermartingale admits left
and right limits.

Proof. The proof of (A.1) is given in [14]. Let us show (A.2). By classical computations
(see, e.g., the proof of a priori estimates for BSDEs with default in [9]), applying It6’s formula
to X7, and using the \-Lipschitz property of g, we obtain

(A.3)
X5+ 1217+ 1 KI5

T T T
SE[X%—i—/O 2C|Xs](|Xs]—|—]Zs|+\//\s\Ks|)ds+/0 2|Xs](dAs—|—dCs)+/0 2|ngglds]

where C' is the A-constant of g, and where g0 := ¢(s,0,0,0). Let now € > 0. Noting that for
all z,y € R, 2Czy < e~ 'C%2? 4 ey, and using the inequality || X||* < T'||X|[|3., we get

T
(A.4) E UO 2C1X[(12s] + \/)\S|Ks’)d8:| <27 CUTN X% + (1217 + || KIR).

Now, by (A.1), since g is A-admissible and thus satisfies (2.1), using classical martingale
inequalities, we derive that there exists a constant C' which does not depend on ¢ such that

(A.5) E(A7) < CIX IS + 19”17 + 1211 + || K11%).

Hence, since E[fOT 2| X |dA] < e X132 + eE(A%), we get

T
(A.6) E [/0 2|Xs!dAs] < e HIX G2 + eCUXIS + 19”7 + 12117 + 11 K113,
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and a similar estimate for E[fOT 2|X;5|dCs]. Using (A.3) and (A.4), we derive that for all
e €]0,1],

I1ZIP* + 11 K113 < Ce (I1X1% + lg°l*) + (1 +20) (1 ZI1* + || K113),

where C' is a constant depending only on T' and C. Choosing & := m, we deduce
1Z|I2+ | K13 < C(1 X122 + l9°]1*), where C is a constant depending only on T and C. Using
(A.5), we derive the desired estimate (A.2). [ ]

Lemma A5. If (Xy)eo,m 5 a strong E9-supermartingale, then the process of right-limits
(X¢+ )tefo,r) (where, by convention, Xp+ := Xr) is a strong £9-supermartingale.

Proof. Since (X3) is a strong £9-supermartingale, (X;) has right-limits (cf. Remark A.4).
Let us show that the process (X;+) is a strong £9-supermartingale. Let S, 6 be two stopping
times in 7 with S < 6 a.s. There exist two nondecreasing sequences of stopping times (Sy,)
and (6,,) such that for each n, S,, > S a.s. on {S < T}, and 0,, > 6 a.s.on {# < T'}. Replacing
if necessary S, by S, A 0,,, we can suppose that for each n, 5, < 0,, a.s. Let v € V. Since
(X}) is a strong £9-supermartingale, for each n, Egmen (Xp,) < Xg, a.s. By the monotonicity
(Xeo,)) < &g, (Xs,) as., which, by
the consistency property of £9 implies Sgﬁn (Xo,) < Sgsn (Xs,, ) a.s. By letting n tend to oo
in this inequality and applying the continuity property (with respect to terminal time and
terminal condition) of BSDEs with default (cf. [9]), we get £§ y(Xp+) < £ ¢(Xg+) = Xg+ ass.
Hence,(X,+) is a strong £9-supermartingale. [ |

property of £9, we derive that, for each n, £¢ o (€4

n,0n

Let N be a nonempty set. Let (¢¥, v € N) be a family of A-admissible drivers satisfying
Assumption 2.2 (with only ~, Wzkik2 > 1) 0 that £€9” is monotone. The following result is

used to prove the right-continuity of the value process (see the proof of Proposition 5.7).

Proposition A.6. Let n be a given random variable belonging to L*(Gr). Let (Xt)iejo,) be
an optional process such that (Xy) is a strong £9° -supermartingale for all v € N and such that
Xr > 1n a.s. Assume moreover that (X;) is minimal, that is, (X;) is the smallest optional
process satisfying these properties. Then, the process (Xi) is right-continuous.

Proof. Since (X;) is a strong £9 -supermartingale, it is r.u.s.c. and has right limits (cf.
Remarks A.2 and A.4). We thus have X;+ < X, for all ¢t € [0,7] a.s. Since (X;) is a strong
£9"-supermartingale for all v € N, it follows by Lemma A.5 that (X,+) is a strong &£9"-
supermartingale for all v € A/. We also note that Xp+ = X7 > n a.s. Using the minimality
property of (X;), we thus get X; < X+ for all ¢t € [0,7] a.s. We conclude that X;+ = X; for
all ¢ € [0,T] a.s., which ends the proof. [ ]

Remark A.7. This property still holds when the (terminal) constraint X > 7 a.s. is
replaced by the constraint X; > & for all ¢ € [0,7] a.s., where (&) is a given right lower-
semicontinuous (r.l.s.c.) process belonging to S?. The proof is analogous to the proof of
Proposition A.6. The inequality X7, > 7 is to be replaced by Xy > & for all t € [0,T] a.s.,
which holds due to the right lower-semicontinuity of (&).

Appendix B. Nonlinear predictable and optional £f-decompositions. We provide pre-
dictable and optional £/-decompositions for processes which are strong £-supermartingales
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for all v € V. We use the notation introduced in section 3.1. We also recall that C? is the set
of purely discontinuous nondecreasing RCLL processes C' with Cy- = 0 and E(C%) < oo.

Theorem B.1 (predictable £/-decomposition). Let (X;) € S? be a strong E¥ -supermartingale
for allv € V. There exists a unique process (Z, K, A,C) € H? x H3 x A% x C? such that

(Bl) —dX; = f(t, X, Zt)dt — ZydWy — KydMy + dA; + dCy
(B.2)

A. +/ (Ks — Bs03 ' Z)Neds € A2 and  (K; — Bro; ' Z)M\ <0, t €[0,T], dP @ dt — a.e.
0

Conversely, if (X;) € S? satisfies (B.1) and (B.2) (with (Z,K,A,C) € H? x H3 x A% x C?),
then (X3i) is a strong EY-supermartingale for all v € V.

Proof. As (X;) is a strong £Y-supermartingale, by the £%-Mertens decomposition (see
Theorem A.3), there exists a unique process (Z, K, A,C) in H? x H3 x A? x C? such that
(B.1) holds. Let v € V. Since (X;) is a strong Y- supermartingale, by the £“-Mertens
decomposition, (see Theorem A.3), there exists a unique process (Z¥, K, AY,C") in H? x
H3 x A? x C? such that

(B.3) —dXy= (f(t, X4, ZY) + (K} — Broy " Z))why) dt — Zy AWy — K dM, + dAY + dCy._.

Since X satisfies (B.1) and (B.3), by the uniqueness of the canonical decomposition of a
special optional semimartingale (cf. Lemma D.2), and the uniqueness of the representation of
the martingale part as the sum of two stochastic integrals (with respect to W and M), we
get Zy = Z; dP ® dt-a.e. and Ky = K{ dP ® dt-a.e., C;— = Cy_, for all t a.s. Hence, equality
(B.3) can be written

(B4)  —dXy = (f(t, X0, Ze) + (Ki — Byoy ' Zi)why) dt — ZydWy, — Kyd My + dAY + dCy—.
From (B.1) and (B.4), we derive that
(B.5) dAY = dA; — (K; — oy ' Z)vehedt.

Let us show that this implies that (K; — Bio; 'Zi)\¢ < 0 dP ® dt-a.e. Suppose by contra-
diction that there exists a predictable set A C [0,7] x © such that (dP ® dt)(4) > 0 and
(K¢ — Bioy ' Z)\ > 0, t € [0,T], dP ® dt — a.e. on A. For each n € N, set v := nla.
Note that (v}') is a bounded predictable process with v;» > —1. Hence, v" € V. Using
equality (B.5), we derive that for n sufficiently large, we have E[AY'] = E[Ar —n f(;[ (K —
Bro, 1Zt))\t1 Adt] < 0. We thus get a contradiction with the nondecreasing property of AV
Hence, (K; — ﬁtalet))\t <0 dP ® dt-a.s.

Let us show that condition (B.5) implies that the process A. + [ (Ks — Bso5 ' Zs)Ads is
nondecreasing. Suppose by contradiction that there exists B € Gp with P(B) > 0, as well
as € > 0 and (t,s) € [0,T]* with ¢ < s, such that [[’(dA, + (K, — Br0, ' Z;)\pdr) < —¢ as.
on B. For each n € N*, set v™ := —1+ 1. Note that ™ € V. From (B.5), we derive that
[ (dA + (K, — Broy 1 Z,) (=1 + L)X, dr) > 0 a.s. We thus get that for all n € N*,

S 1 S
o> / (A, + (K — ooy Z)hedr) > / (K, — Buo='Z,)\dr a.s. on B.
t t
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By letting n tend to 400, we obtain a contradiction. Hence, the process

A. +/(KS — Bs03 1 Z5)Neds
0

is nondecreasing. The uniqueness of the decomposition follows by Lemma D.2. |

Theorem B.2 (optional £/-decomposition). Let (X;) be an optional process belonging to
S2. Suppose that it is an EV-strong supermartingale for each v € V. Then, there exists a
unique Z € H?, a unique C € C?, and a unique nondecreasing optional RCLL process h, with
ho = 0 and E[h%] < oo such that

(B.6) —dX; = f(t, Xy, Zp)dt — Zy(dW; + o7 BedMy) + dCy— + dhy.

Proof. By Theorem B.1, there exists (Z, K, A,C) € H? x H3 x A% x C? satisfying (B.1)-
(B.2). Set

t
(B.7) hy == Ay — / (Ks — Bso; 1 Z5)dM,.
0
Since dM; = dN; — \idt, we have
t t
(B.8) he = A; + / (Ks — Bs03 ' Z5) Asds — / (Ks — Bs0; 1 Z4)dNs.
0 0

Now, by property (B.2), the process A. + fd(Ks — Bso71Z,)\sds is nondecreasing.

Moroever, the process fd(K s—Bs03 1 Zs)d Ny is a purely discontinuous process which admits
a unique jump, given by Ky — 619051&9 (at time 9). By (B.2), we have Ky — quangqg <0
a.s. We thus derive that the process [ (K, — Bso51Zs)dNs is nonincreasing. Hence, by the
equality (B.8), we derive that the process (h;) is nondecreasing. Using (B.1), we thus get
(B.6).

It remains to prove the uniqueness of the processes Z, C, and h in (B.6). We first show
that if X is decomposable as in (B.6), then the process X’ defined by X; = X; — AXyl;>y is
a special optional semimartingale (cf. Lemma D.2). By (B.6), we have

(B.9) AXy = Zﬁdglﬂg — Ahy.

Subtracting AXyl;>y on both sides of (B.6), we get
(B.10)

t t
X — AXﬂHtZﬁ =Xo— / f(S,XS, ZS)dS + / ZS(dWs + Us_lﬁdes)) —Cy- — hy — AXﬂ]Itzg.
0 0
Using this and the expression (B.9) for AXy, we get
t
Xt — AXgﬂtzg = X(] — / f(s,Xs, Zs)ds
0

(B.11) t
+ / ZS(dWs + O'S_l,BSdMS) — Ct— — hy — Zgaalﬁ,ﬂtzﬁ + Ahﬁ]ltzﬂ.
0
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We set By := hy — Ahygly>y. By Lemma D.3, the process B is a (predictable) process in
A2 Recall that we have also set X; = X; — AXyli>9. With this notation, (B.11) becomes

t t
(B.12) X; = X} / f(s, X, Z)ds +/ Zs(dWs + 0,1 BsdMy) — Cp- — By — Zyoy ! Byl
0 0
Since dM; = dNy — \idt, we get
t t t
(B.13) Xi=Xo— | f(s,Xs, Zs)ds +/ ZydW, — Cy- — By — / Zso 7 B Asds.
0 0 0

We conclude that X’ is a special optional semimartingale.

Let now Z, C, and h be such that Z € H2, C € C2, and h is a nondecreasing optional
RCLL process with ho = 0 and E[h2] < oo, and such that the decomposition (B.6) holds with
Z, C, and h (in place of Z, C, h). We show that Z = Z in H?, C; = C; for all ¢ a.s., and
hy = hy for all ¢ a.s. By the same reasoning as above, we have that (B 13) holds also Wlth Z,
C, and B replaced by Z, C, and B, where B is defined by B, := hy — Ahﬁﬂtzﬁ Note that,
due to (B.9), Ahg = Ahyg. Showing the equality he = hy for all ¢ a.s. is thus equivalent to
showing that Bt By for all t a.s.

Now, as X' is a special optional semimartingale admitting the decomposition (B.13) with
Z, C, and B, on one hand, and with Z, C, and B, on the other hand, we have, by the
uniqueness of the special optional semimartingale decomposition (cf. Lemma D.1), that C' =
C, ft, Xy, Zy)dt+dBi+Zso;  Bihedt = f(t, Xy, Zy)dt+dBi+Zo; Bidedt, and ZydWy = ZidW.
From the last equality, using the uniqueness of the martingale representation, we get Z = Z
in H2. This, together with the second equality, gives the equality of B and B. The proof is
thus complete. |

Remark B.3. The process Z in Theorem B.2 is the same as in Theorem B.1, and the
optional process h in Theorem B.2 can be written in terms of the processes (Z, K, A) from
Theorem B.1 as follows: h; = A; — fg(Ks — Bso 71 Z)d M.

Remark B.4 (integrability property). Suppose that X € S2. Then, the processes from the
predictable £/-decomposition (B.1) and from the optional £7-decomposition (B.6) satisfy the
following integrability properties: Z € H2, K € H2, and C, A,h € S?. Indeed, (B.4) can be
written

(B.14) —dX, = f(t, Xy, Zy)dt — Z, AW} — K, dMY + dAY + dCy—,

where dW/} = dW; + Vt/\tﬁtat_ldt and dM{ = dM; + vy \dt. Then, for each v € V, the
processes Z, K, A”, and C correspond to the & ! -Mertens decomposition coefficients of the

Q"-square integrable strong 2 ,-supermartingale X. Since X € S2, we derive that Z € H2,
K € H2, and C € S2. Moreover, for all v € V, A" € Sél,. By (B.5), we get A € S2. This
with (B.7) implies h € S2.
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Proposition B.5. Let (X;) € S?. The process (X;) admits an optional £ -decomposition
(that is of the form (B.6)) if and only if it admits a predictable Ef -decomposition (of the form
(B.1)-(B.2)).

Proof. By the same arguments as those used in the proof of Theorem B.2, we derive that
if (X;) admits a predictable £f-decomposition then it admits an optional £/-decomposition.
Let us show the converse. Suppose there exists (Z, C') € H? x C? and a nondecreasing optional
RCLL process h, with hg = 0 and E[h%] < oo such that (B.6) holds. By Lemma D.3, h admits
the decomposition: h; = B + fg 1sdN,, where B is a predictable process in A% and v € ]HI%\
with YAy > 0 dP ® dt-a.s. Let (A;) and (K;) be the processes defined by

t
(B15) A = By +/ "(/JS)\SdS; K; = ﬁtat_th — wt, te [O,T]
0

We have A € A and K € Hi Since YAy > 0 dP ® dt-a.s., (Ky — Btat_th))\t < 0dP ®dt-a.s.
By (B.15), we have B, = At—l—fg(KS—ﬂSJ;lZs))\sds. Since B € A%, we derive that (B.2) holds.
Moreover, since N; = M; + fg Asds, by (B.15), we get hy = By + fot YsdNg = Ay + f(f Wsd My
a.s. By (B.6) and the second equality in (B.15), the process (Z, K, A, C) satisfies (B.1). H

Corollary B.6. By this proposition together with the second assertion of Theorem B.1, we
derive that a process (X;) € S? admits an optional E-decomposition (of the form (B.6)) if
and only if (X;) is a strong EY-supermartingale for all v € V.

Appendix C. BSDEs with a nonpositive jump at the default time 9. Let g be a
A-admissible driver, which may depend on k (contrary to f). We suppose that g satisfies
Assumption 2.2 (with only 'yf’z’kl’lﬁ > —1) so that £9 is monotone. Let V' be the set of
bounded predictable processes v such that v, > 0 dP ® dt-a.e. Let n € L?(Gr). For each
v eV, we define

gy('v t,y, 2, k) = g(: 1,9y, %, k) + v Aik.
Note that g” is a A-admissible driver. For each S € T, the value X (S) at time S is defined by

(C.1) X (S) :=ess sup EgyT(n).
vey'

Note that X7 = n a.s. We suppose that the value family is uniformly square integrable,
that is, Elesssupger X (S)?] < 4oc. By similar arguments as in the proof of Theorem 5.7,
using Proposition A.6 (which ensures the right-continuity of the value process), there exists
an RCLL process (X;) € S? which aggregates the value family (X(S)), which is a strong
£9”-supermartingale for all v € V" and X1 > 7 a.s. Moreover, the process (X;) is the smallest
process in S? satisfying these properties.

Using the same approach as that of the proof of Theorem B.1, it can be shown the
following nonlinear predictable representation for processes which are £9”-supermartingales
forall v e V.

Proposition C.1 (predictable £9-decomposition). Let (X;) € S2. If (X;) is a strong £9° -
supermartingale for all v € V', then there exists a unique process (Z,K,A,C) € H? x H?\ X
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A2 x C2? such that

—dXt == g(t, Xt, Zt, Kt)dt - thWt - thMt + dAt + dCt_
(C.2) and — Ki) <0, t€[0,T), dP @ dt — a.e.

Moreover, the converse statement holds.

Remark C.2. The constraint (C.1) is equivalent to Ky < 0 a.s. It corresponds to the
second constraint from (B.2) (in the case when § = 0). There is here only one constraint
(C.1). This comes from the fact that here V' is the set of bounded predictable processes v
with 1y > 0 dP ® dt-a.e., while in the (previous) case of V, we had v, > —1 dP ® dt-a.e.

By similar arguments as those used in the proof of Theorem 4.12, it can be shown that the
value process (X;) is a supersolution of the constrained reflected BSDE from Definition 4.10
with f replaced by g and the constraints (B.2) replaced by the constraint (C.1). We thus get
the following.

Proposition C.3. Let (X;) € S? be the RCLL process which aggregates the value family
(X(S)) defined by (C.1). There exists a unique process (Z, K, A) € H> x H3 x A? such that

—dX; = g(t,Xt, Zy, Kt)dt + dA; — ZydWy, — KydMy; Xr=1n, Ky <0, a.e.

In other words, the value process (X;) is a supersolution of the above constrained BSDE.
Moreover, it is the minimal one, that is, if (X]) is another supersolution, then X| > X; for
allt € (0,7 a.s.

This result gives the existence of a minimal supersolution of a BSDE with nonpositive
jumps and nonlinear driver g, which corresponds to a result shown in [21] by a penalization
approach. In addition, it provides a dual representation (with nonlinear expectation) of this
minimal supersolution.

Appendix D. Some useful lemmas and proof of Lemma 4.21.

Lemma D.1. Let g be a A-admissible driver. Let (A;) be an RCLL predictable process with
square integrable total variation and Ag = 0. Suppose X is the first component of the solution
of both the BSDE with generalized driver g(-,y, z, k)dt+dA; and the BSDE with driver g (with
same terminal time T and same terminal condition n € L*(Gr)). We then have Ay = 0 for
allt € [0,T] a.s.

Proof. By assumption, there exists a unique process (Z, K) in H? x H3 such that (X, Z, K)
satisfies (2.2). Also, there exists a unique (Z’, K’) in H? x H3 such that (X, Z’, K’) satisfies
—dXy = g(t, Xs, Z{, K{)dt + dA; — Z;dW; — K[dM,. By the uniqueness of the decomposition
of a special semimartingale together with the uniqueness in the martingale representation, we
derive that Z = Z' in H? and K = K’ in H3, and d4; = 0. [ |
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Lemma D.2 (uniqueness of the canonical decomposition of a special optional semimartingale).
Let X be an optional semimartingale with decomposition'®

(D.1) X =Xo+my—ay— by, forallt €[0,T] a.s.

with (my) a (right-continuous) local martingale, (at) a predictable right-continuous process of
finite variation, such that ag = 0, (b;) a predictable left-continuous process of finite variation,
purely discontinuous and such that by = 0. Then, the decomposition (D.1) is unique and will
be called the canonical decomposition of a special optional semimartingale.

Proof. Let X; = Xo +m; —a; — b} for all t € [0,T] a.s., be (another) decomposition with
(m}), (a}), and (b;) as in the lemma. From this decomposition, it follows that X, — X; =
— (b, —b}) for all t a.s. From (D.1), it follows that X — Xy = — (b4 — by) for all ¢ a.s. Hence,

to— b, = b — b, for all t a.s. Asband b’ are purely discontinuous with the same initial value,
we get by = by, for all ¢ a.s. and the uniqueness of b is proven. By (D.1), (X; + b;); is a special
right-continuous semimartingale. Hence, by [28, Theorem 30, Chapter III] the processes (m;)
and (a;) are unique. [ ]

Lemma D.3. Let h be a nondecreasing optional RCLL process h with hg = 0 and E[h%] <
oo. Then, h has at most one totally inaccessible jump and this jump is at ¥. All the other jumps
of h are predictable. Moreover, h can be uniquely decomposed as follows: hy = B;+ Ahgli>y =
B + fot VsdNy, where B is a (predictable) process in A2, and 1) € H?\ with Yg > 0 a.s. on
{6 <T}.

Proof. As h is a square-integrable nondecreasing optional RCLL process, h is a square-
integrable RCLL submartingale. So, by the classical Doob—Meyer decomposition, h can be
uniquely decomposed as h; = a; + m; with (a;) a (predictable) process in A2 and (m;) a
square-integrable martingale such that mg = 0. Now, by the martingale representation of G-
martingales and as dMg; = dNg — \yds, we get m; = fot psdWs — fg PsAsds + f(f YsdNg, where
p e H? and ¢ € Hi Hence, hy = ay +my = B, + fg YsdNs = By + ylli>y9, where we have set
B, = a; + fot wsdWs — fg YsAsds. The process (By) is clearly predictable (as the sum of three
predictable processes). The equality hy = By + ¢yl;>y, together with the predictability of B
and the nondecreasingness of h, implies that Ahy = ¢y > 0 a.s. on {# < T} and that B is
nondecreasing. The proof is thus complete. |

In the remainder of the appendix, we assume that the payoff 7 satisfies the stronger
integrability condition sup,cy, Eqv[supg<;<p X7] < -+o00, where (X;) is the associated dual
value process. o

For each v € V, denote by W¥ the Q¥-Brownian motion and by MY the Q¥-default
martingale, where Q¥ is the probability measure with density ¢* (with respect to P) given by
(3.9). We have dW} = dW; + v\ fBio; tdt and dMY = dM; + v\t

Lemma D.4. Suppose that sup,cy Eqv[supg<;<r X?] < 400, The process Z from the op-
tional £/ -decomposition (4.8) of the value process X satisfies sup, ey HZHéV < +o00.

6 An optional semimartingale with a decomposition of this form (with (a¢) and (b;) predictable processes)
can be seen as a generalization of the notion of special semimartingale from the right-continuous to the general
case.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/18/20 to 90.253.38.34. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

878 MIRYANA GRIGOROVA, MARIE-CLAIRE QUENEZ, AND AGNES SULEM

Proof. Let v € V. The predictable £/-decomposition of X can be written under Q¥ as
follows:

(D.2) —dX; = f(t, Xy, Zo)dt — ZedWY — KodMY + dAY

where A” is the RCLL nondecreasing predictable process given by (B.5). Applying the esti-
mate (A.2) to the £f-supermartingale X under Q¥, we deduce HZH%V < ¢ Egv[supgeicr X7,
where the constant ¢ does not depend on v. Taking the supremum over v € V), using the
assumption sup,,cy Eqv [supg<;<r X?] < 400, we get the desired result. [ |

Lemma D.5. Let (x,¢) € RxH? with sup,,cy, Hg0||él, < 400. We have sup,cy Eqv[(V77)?) <
0.

Proof. Recall that the wealth process V*% is the solution of the forward SDE (3.3). When
[ does not depend on y, using martingale inequalities, we derive sup, ¢y Eqr[(V7¥)?] < oco.
When f is linear with respect to y, that is, of the form f(t,y,2z) = —ryy + g(t,2), by a
discounting procedure, we get the desired integrability condition. In the general case, setting
fy(s) = Ly 20(f (8, Vs, 0505) — [(5,0,0505))/ Vs, we get dVs = (fy(s)Vs + f(5,0,0505))ds +
s(0sdWs + BsdMs) reduces to the case when f is linear with respect to y (since fy(s) is
bounded). [ ]

Proof of Lemma 4.21. We set G := V;¥ —n. By Lemma D.5, we have sup,cy, Eqv[G?] <
oo. Let v € V. Recall that the wealth process V¥ is an Séu-martingale, which implies
that z = 55,,707T(V:,:5’“0). Now, the process V% = Eg?V’.’T(V;’“a) (resp., Sfuj.7T(77)) is the
first coordinate of the solution of the BSDE with driver f, terminal time 7', and terminal

condition V¥ (resp., n). By using a classical linearization method (see, e.g., the proof of [9,
Theorem 3]), we obtain

(D.3) T = gcév,o,T(n) = ££V707T(V;’@) - 5£V,O,T(77) = Eqv[I7(VE¥ —n)] = Eqv 1G],

I'V being the solution of the SDE dI'y = I'_ [f,(s)ds + f.(s)dW[]; T5 = 1, where f,(s)
(resp., f»(s)) is the usual bounded increment rate of f with respect to y (resp., z). By the
Cauchy—Schwarz inequality, we deduce

(D) (Eqr[G])? = (Bqr[(Th)"?GY2(D) 7/2G12))? < Eqe [T GEQ[(TF) ™ G
(D.5) and  Eqr[(T7) ™! G] < (Eqv[(I) )Y/ (Eqv[G*)2.

By classical computations, we get sup,cy, Egr[(T%) 2] < +o00. By (D.5), we derive that there
exists a constant ¢ > 0 such that sup,cy Eqv[(T%)~! G] < c. Hence, setting m’ = 1/c, using
(D.3) and (D.4), we deduce m/(Eg»(G))? < x — €£V707T(n), which corresponds to the first
inequality in (4.15).
It remains to show the second one. By (D.3), using the Cauchy—Schwarz inequality, we
get
= o r(n) < (Bgr|(M7)*G))'* (Bgr[G)'? < m(Eqv[G])'/?,

where m := sup,,cy, (Eqv [(T%)2G])'/2. Note that m < co. Now, we have sup, ey, Egr [(T%)4] <
oo. By the Cauchy—Schwarz inequality, we derive that m < oo, which completes the proof. H
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