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BOUNDS FOR ANISOTROPIC CARLESON OPERATORS
JORIS ROOS

ABSTRACT. We prove weak (2,2) bounds for maximally modulated anisotrop-
ically homogeneous smooth multipliers on R™. These can be understood as
generalizing the classical one-dimensional Carleson operator. For the proof we
extend the time-frequency method by Lacey and Thiele to the anistropic set-
ting. We also discuss a related open problem concerning Carleson operators
along monomial curves.

1. INTRODUCTION

Let us consider R™ equipped with the anisotropic dilations given by
(1.1) a(x) = A2y, A" xy,),

where o = (o, ..., ) with a; > 1 for i =1,...,n. We write |a| = > | a; and
fix the anisotropic norm

1
p(x) = max{|z;|* :i=1,...,n}.

For an integer v > 0, we say that a function m on R" is in the class .Z" if

(a) m is bounded and contained in C*(R™\ {0}), and
(b) m(6x(§)) = m(&) for all £ #0 and A > 0.
Let us denote

|4 = sup sup [87m(€)].
1BI1<v p(§)=1
Define the Carleson operator associated with the multiplier m as

F(©)e ™S m(e — N)de| .

Rn
Replacing a by ca for some scalar ¢ does not modify the classes M". Thus we
make the assumption «; = 1 for normalization. For technical reasons we also
assume that the «; are positive integers.

Gnf(x) = sup

NeRn?

Then we can state our main result as follows.

Theorem 1.1. Let vy > 3|a| 4+ 2 be an integer. There exists C > 0 depending
only on a and vy such that for all m € .#"° we have

(1.2) 1€ S ll200 < Cllmll.avoll f]2-
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The proof of this theorem is based on the time-frequency techniques of Lacey
and Thiele [LT00]. In the one-dimensional case n = 1,a = 1 we recover the
weak (2,2) bound for Carleson’s operator, which immediately implies Carleson’s
theorem on almost everywhere convergence of Fourier series [Car66] (up to a stan-
dard transference argument, see [KT80]). In the isotropic case & = (1,...,1) the
theorem follows from a result of Sjolin [Sj671]. Pramanik and Terwilleger [PT03]
study weak (2,2) bounds for the isotropic case in R™ using the method of Lacey
and Thiele. This is extended to strong (p, p) for 1 < p < oo by Grafakos, Tao and
Terwilleger in [GTT04]. We speculate that Theorem [[.T] could also be extended to
strong (p,p) for 1 < p < oo using the methods from [GTT04]. However we don’t
pursue this here to keep the exposition simple.

It would be interesting to know if (L.2) holds for all v, > %, which is a nat-
ural lower bound suggested by the anisotropic Hérmander-Mikhlin theorem (see
[FR66]). The same question is also open in the isotropic case. It seems plausible
that (.2) should at least hold for all vy > |a|+ 1, because curiously, the only place
in the current proof that requires more than that is a tail estimate in the single
tree lemma (see (CH])). All the main terms can be bounded using only vy > || +1.

The method of Lacey and Thiele involves several ingredients. The first step
is a reduction to a discrete dyadic model operator that involves summation over
certain regions in phase space which are called tiles. This is detailed in Section
Bl In this step we encounter a complication which is caused by the absence of
rotation invariance in the anisotropic case. We resolve this using an anisotropic
cone decomposition (see Lemma [B.3)). The next step is a certain procedure of
combinatorial nature the purpose of which is to organize the tiles into certain
collections (which are called trees) each of which is associated with a component
of the operator that behaves more like a classical singular integral operator (see
Lemma [£4]). The combinatorial part of the argument requires only little modifi-
cation compared to the original procedure in |[LT00] (see Sections @] Bl [Bl). The
core component and most difficult part of the proof is the single tree estimate (see
Section [7]). Due to an extra dependence on the linearizing function, the estimate
is more technical than the corresponding estimate in [LT00]. It is complicated
further by the presence of anisotropic dilations.

In Section [2] we discuss a related open problem on Carleson operators along
monomial curves, which served as a main motivation for this work. We demon-
strate how Theorem [[.1] can be applied to a certain family of rougher multipliers
that can be seen as a toy model for the Carleson operators along monomial curves.
We also discuss the particular case of the parabolic Carleson operator (2.4)), which
exhibits some additional symmetries and is related to Lie’s quadratic Carleson
operator [Lie09]. Some partial progress on Carleson operators along monomial
curves was obtained in [GPRY17]. Also see the related work [PY15] on Carleson
operators along paraboloids in dimensions n > 3.
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2. CARLESON OPERATORS ALONG MONOMIAL CURVES

For a positive integer d > 2, let us consider the multiplier of the Hilbert trans-
form along the curve (¢,¢%) in the form

o adt
(21) md(&vn) = Dp.v. / 6Z§t_mtd77 (5777) S R2’
R
It is currently an open problem to decide whether 4,,, satisfies any LP bounds.

The multiplier mg satisfies the anisotropic dilation symmetry

md()‘€> >\d77) = md(ga 77)

for A > 0 and (£,n) # 0. However, Theorem [[.T] does not apply because my is too
rough to be in the class .Z" for any positive integer v.

Next we discuss a family of toy model operators. In the following discussion
we focus on the intersection of the quadrant {£ > 0,7 > 0} with the region
7)5 < 2¢. The other quadrants can be treated similarly (though depending on the
parity of d the phase might not have a critical point in each quadrant; this is an
inconsequential subtlety that we will ignore). Our restriction to the region 7]5 <26
is natural because stationary phase considerations show that m, is smooth away
from the axis n = 0. For £ > 0 and 1 > 0 we define

(2:2) maa(€,m) = (nés—l)%ei(”fl) i),

where é + % = 1 and v is a smooth cutoff function supported in [—2,2] and equal
to one on a slightly smaller interval. We extend m,; continuously by setting it
equal to zero on the remainder of R2.

From a standard computation using the stationary phase principle (see [Ste93|
Ch. VIIL.1, Prop. 3]) we can see that, up to a negligible constant rescaling, this
term constitutes the main contribution to the oscillatory integral in (21). The
remainder term from stationary phase is smoother in the variables £ and 7 and is
therefore simpler to handle. We will ignore it for the purpose of this discussion.

From the definition we see directly that mgy; (and therefore also my) is only

1
Holder continuous of class C'2@-1 along the axis 1 = 0 while it is infinitely differ-
entiable away from that axis.
Let us from here on denote

¢=C(E,n) =nie!

for & > 0,7 > 0. Since we do not know how to handle mg4; we introduce a
family of modified, less oscillatory multipliers which is defined on the quadrant
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{¢£ >0,n>0} by
(2.3) mag(€,n) = CFe " p(0),

where 0 < 0 < 1 is a parameter (and we again extend mgs to the rest of R? by
zero). The multiplier mgs still fails to be in .#" for every positive integer v and
d > 0. However, we can nevertheless apply Theorem [Tl to bound %, ; for small
enough §. For this purpose we assume that 1 takes the form

’QD = ZSOJG
Jj<0

where ¢;(x) = ¢(277z) and ¢ is a smooth bump function supported in [1/2, 2] and
satisfying )., ¢j(z) = 1 for all z # 0. Then we have the following consequence
of Theorem [LI

Corollary 2.1. There exists 6o > 0 such that for all 0 < § < dy we have
1G5 fll200 S 1112

Proof. Let us write

mas (€n) = C2é< " pi(¢)  (for £ >0, > 0),

Tyfa) = [ Flemmasy (€ me=<rma(e.n),

By the change of variables 1 — 2797, we see that

~

T}f(x, y) = 2j%2jd /2 f(é-v 2jdn)md,&j(£v n)eix£+i2jdynd(£v 7]) = 2j%D2jdj;jD2*jdf(xv y)v
R
where D, f(z,y) = f(z, \y) and

Fiasi(€,m) = (T2

©(¢) (for £>0,1n>0),

Tofte.) = [ Flémiasy€ne=ae.n),
We have

1765l S 27797
for every integer v > 0 (where the implied constant depends on v, d, § and ).
Using Theorem [[.I] we therefore obtain

T d (L
||C€md,6||L2—>L2’°° S Z 27 ||<g77ld,6,j lr2—r20e S Z 93¢ (3 =0wo),

J<0 J<0
Thus, setting dg = %I/O_ ! yields the claim. U

An improvement for the bound on vy in Theorem [Tl will give an improvement
for 9p. However, even if we could show Theorem [I.1] for all vy > |a|/2, we would
still have §y < ﬁ < 1. Therefore additional insight is likely to be required to

bound the operator %,,,, (and thus %,,,).

d,1
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For the case of the parabola, d = 2, there are some additional obstructions in
bounding %,,,. Let us write the parabolic Carleson operator as

- dt
p.v. /f l’—t Y — ) ZN1t+zN2t2_ ]

(2.4) E ¥ f(x,y) = sup ;

NeR2

Apart from the linear modulation symmetries given by
cgparf — (gparMNf

for N € R?, there are additional modulation symmetries. For a polynomial in two
variables, P = P(z,y), we write the corresponding polynomial modulation as

Mp f(x,y) = e f (2, y).
Then we have that
(2.5) EP " M2 f = €P* f,
%parMN:c(y—i-xz)f — cgparf’
CgparMN(y+m2)2f — cgparf
hold for all N € R. The quadratic modulation symmetry (2.5) suggests a connec-
tion to Lie’s quadratic Carleson operator [Lie09]. Indeed, even a certain partial L?
bound for 6P would immediately imply an L? bound for the quadratic Carleson
operator (see [GPRY1T]). These are all the polynomial modulation symmetries of
the operator €P*" (up to linear combination). To see that, introduce the change
of variables 7(z,y) = (z,y + %) and observe that
%Parf — %Sh(f o 7_—1) o,

where

¢ f(x,y) = sup |p

NeR?
It is easy to check that we have

cgshMPf — %shf

for a polynomial P if and only if P is of degree at most two. This shows that the
list of polynomial modulation symmetries that we gave for €P* is complete. Also
since 7 is measure preserving, LP bounds for €P* and €*" are equivalent.

. . dt
v. / flz—ty— 2xt)elN1t+ZN2t27 :
R

3. REDUCTION TO A MODEL OPERATOR

Before we begin we need to introduce some more notation and definitions. De-
note

disto (A, B) = inf p(z —y)

z€A,yeB
and dist, (A, z) = dist, (A4, {z}). For a,b € R" we write
[a,b] = H[ai> bi]
i=1
and similarly (a,b),[a,b). We will refer to all such sets as rectangles. For a
rectangle I C R™ we define ¢(I) to be its center. By an anisotropic cube we mean
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a rectangle [a, b] such that b; —a; = A* holds for all i = 1,...,n and some A > 0.
We define the collection of anisotropic dyadic cubes by

D = {[00(0), 03 ((+ 1)) : L€ T, k€ T}

Every two anisotropic dyadic cubes have the property that they are either disjoint
or contained in one another. Moreover, for every I € D there exists a unique
dyadic cube IT € D such that |[I*]| = 2/*|I| and I € IT. We call I the parent
of I and say that I is a child of IT.

Definition 3.1. A tile P is a rectangle in R™ x R™ of the form
P = [p X wp,
where Ip,wp € D* and |Ip| - |wp| = 1.

The set of tiles is denoted by P. Given a tile P we denote its scale by kp =
|Ip|Y1*l. For r € {0,1}" and a tile P with wp = [§y-#p (£), 69—kp (£ + 1)] we define
the semi-tile P(r) by

1 1
P(r) = Ip X wp(y, where wp(y = [524@13 (¢ + 57"), dg—rp (€ + 5(7“ +1))[.

The model operator is built up using a large family of wave packets adapted to
tiles. It is convenient to generate this family by letting the symmetry group of
our operator act on a single bump function. For this purpose, let ¢ be a Schwartz
function on R™ such that 0 < gb < 1 with qu being supported in [—%0, %0] and equal
to 1 on [—%1, %1] , where 0 < b; < by < 1 are some fixed, small numbers whose
ratio is not too large (it becomes clear what precisely is required in Section [7]).
For example, we may set by = by = —. We denote translation, modulation

and dilation of a function f by .
Tyf(z)=f(z—-y), (yeR)
Mef(z) = e f(z),  (£€R")

Dif(x) = A5 f(Gra(@).  (Ap>0),
where |a| =30 o
Given a tile P and N € R" we define the wave packets ¢p, )N on R" by

10’

(3.1) op(z) = Mc(wp(o))TC(Ip)ng(P)¢(x)
(3.2) YN (€) = Tym(€) - dp(€)

We think of ¢p as being essentially time-frequency supported in the semi-tile P(0).

More precisely, we have that 551\3 is compactly supported in (a small cube centrally
contained in) wp() and |¢p| decays rapidly outside of Ip.
For N € R™ and r # 0 we introduce the dyadic model sum operator

(33) AR f(2) = Y (F PR ()L, (V)

PEP
This reduces to the model sum of Lacey and Thiele [LT00] in the case n = a =1
and to that of Pramanik and Terwilleger [PT03] in the isotropic case a = (1,...,1).
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Theorem 3.2. For every large enough integer vy there exists C > 0 depending
only on vy, o and the choice of ¢ such that for all multipliers m € .#" we have

(3.4) I sup [AY" flll2.00 < Cllml|avo || £]]2-
NeR"™

The proof of the theorem is contained in Sections [, Bl 6 [7. We conclude this
section by showing that Theorem implies Theorem [[.Il For this purpose we
employ the averaging procedure of Lacey and Thiele [LT00] combined with an
anisotropic cone decomposition of the multiplier m. By an anisotropic cone we
mean a subset © C R" of the form

©={6(¢) : t>0,£€qQ}
for some cube @ C R". Let us denote By = {x : p(z) < s}. Let
r,m : 1 ! 2 r,m 2
(3.5) A" f(x) = }%EEOW/BR /BR/O M_,T_,D5-. A5, D3 Ty M, f (z)dsdydn.

Lemma 3.3. For every r € {0,1}" and every test function f, the function
A"™f(x) is well-defined and also a test function. We have

A f(€) = 0,(m(&) f(€)
for some smooth function 0, that is independent of m. Moreover, there exists a
constant g > 0 and an anisotropic cone ©, such that

0-(§) >¢eq forall & € O,.
and
(3.6) (—o0z"Cc | e
re{0,137\{0}
Proof. By expanding definitions we see that
(M_, T, D3 A5™ D3T,M, )(€)
is equal to a universal constant times
m(€) > (s Tt (elworo) My, (1) Daop 0)
PeP

X T (elwpio)) My—, s (c(1p)) Ds—kp @(E) Ly, (525 (1))

where we have used that m(ds-s(§)) = m(§). The previous display equals

mEd > > z—la(s—m/ J?(g)euy—&z,ﬁk(u+%)><5—<)g<5273+k(C+n) N <€+ i))dg
Rn

kEZ LEL™ ueZ™

% 3(amesn (€4 m) = (04 7)) Lape (Brme ().

Applying the Poisson summation formula to the summation in « and using the
Fourier support information of the function ¢ we see that the previous display
equals (up to a universal constant)

m(©F€) Y S 18P (aen( ) — (£ 1) YLy, (3ame ().

keZ L™
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Observe that the expression no longer depends on the variable y. It remains to
compute the function 6,.(§) = ¢-limg_,o [r(§), where ¢ is a universal constant and

Ir(€ Rla/ /0 ZZW Og-str(§+1) — ( )) Ly, (02-5(n))dsdn.

keZ tezn

Note the formula

/0 S P24 ds = 10;2 /Ooo F(t)%,

keZ

which follows from a change of variables 2¥=% — ¢. Using this we have

W= [, ] wz P (e ) — (0+3)) 10, Glm) — 0%

where @, = [ T, 5(r+ 1)} 1T, [%m, s(ri+ 1)} and ¢ = (log2)~! (¢ may change
from line to line in this proof). To simplify our expression further we perform the
change of variables

dt dn,

G E+n)—C—¢
in the integration in 7. This yields

(3.7) —c/n/ 1o, (¢ = 6i(8)) (Z = “zpj(j' <tR> Cffdc

Lezn

where we have set
~ 1
Q) =181 (c - 7).
Observe that the integrand in (B3.7)) is supported in a compact subset of R™ x (0, o)

(which depends on &). By counting the ¢ for which the summand is non-zero we
see that for every fixed (,£& € R™ and ¢t > 0 the sum

3 Lo(cte=si(e)<tr
(t R) |l

Lezm

converges to a universal constant as R — oo. Thus, from Lebesgue’s dominated
convergence theorem we conclude that

(39) )=c [ ] xona - aenFac

Evidently we have 0,.(6:(§)) = 0,.(§) for every t > 0 and £ € R™. From our choice
of ¢ we get that y is supported on Q) and equal to one on QV, where

, 1 b 1 b
O |2 _ 2 =423
@ [4 2’4+2]
for j = 0,1. Let us set
0, ={0(6) : €€ QY - Q,}.
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Then we can read off ([3.8) that 6, is greater than some positive constant on o,

Note that
, 1 1 b 1 1 b
0-0= [ (e84 (2]
-G 2" \1 ) i
Looking at the anisotropic cone generated by each of the regions Q) — Q, we see
that (3.0) is satisfied for sufficiently small . O
In the isotropic case o = (1,...,1) we can assume without loss of generality

that the multiplier m is supported in some arbitrarily chosen cone. Due to the lack
of rotation invariance this assumption becomes invalid in the anisotropic setting.

Proof of Theorem[1.1. Let m € .#"°. Without loss of generality we may assume
that m is supported in the “quadrant” (—oo,0]". By (8.6) we can choose smooth
functions (g, ), such that g, is supported in 6, and

Yo =1
re{0,1}m\{0}
for £ € (—o0,0]™. By the triangle inequality and Lemma B3, we have
—1
[Guflae €S 1 sup A SNy f o
refonym(op  VER

Here 67! refers to the function & — (6,(£))~", which is bounded on ©,. By (3.5)
and Minkowski’s integral inequality, the previous is no greater than

. ]- ! T, —1 m
> lim sup —zr / / / | sup |AR" DL T,M, f|||2.00dsdydn,
Br JBr JO

2 n
re(o oy R R NeR

which by Theorem [3.2] is bounded by

C Y 6 amllaol fllz S llmllawoll £
re{0,1}7\{0}

4. BOUNDEDNESS OF THE MODEL OPERATOR

In this section we describe the proof of Theorem [3.2l We follow [LT00]. First, we
perform some preliminary reductions. Given a measurable function N : R” — R”
we define

Tf(x) = Ay f(2).
Note that the estimate (3.4)) is equivalent to showing

ITFll200 < Climll.a=o || F1]2

with C not depending on the choice of the measurable function N. By duality, it
is equivalent to show

1
(Tf.1g)| S [Imll.avo|EIZ[ f ]2,
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where F is an arbitrary measurable set. By scaling, we may assume without loss of
generality that || f|la = 1 and |E| < 1. Thus, by the triangle inequality, it suffices
to show that

N(-
(4.1) ST 60) Lron-1(pe)s ¥p S llmlavo,
PeP

for all finite sets of tiles P C P, with the implied constant being independent of
f, E,N,P. Throughout this and the following sections we fix r € {0,1}"\ {0}.
Before we continue we need to introduce certain collections of tiles called trees.
There is a partial order on tiles defined by

P<P ift  IpClIp and c(wp) € wp.
Observe that two tiles are comparable with respect to < if and only if they have

a non-empty intersection.

Definition 4.1. A finite collection T C P of tiles is called a tree if there exists
P € T such that P’ < P for every P’ € T. In that case, P is uniquely determined
and referred to as the top of the tree T. We denote the top of a tree T by
PT = IT X Wt and write ]fT = ‘]T‘l/\od.

A tree T is called a 1-tree if c(wr) & wp(y) for all P € T and it is called a 2-tree

if c(wr) € wpgy for all P € T. These names are due to historical reasons (see
[LT00]).

The notion of a tree was first introduced in this context by C. Fefferman [Fef73].
For a tile P € P we write
Ep=ENN Ywp) and Epy = ENN"(wp).
The mass of a single tile P is defined as
(4.2) M(P) = sup / wi (z)de,
P>pP JE,,

where 1 is a fixed large positive number depending only on |«a| that is to be
determined later and

wp(2) = Terp) Dawrmyw” (),

where the weight w” takes the form

w”(z) = (14 p(x))™".

For convenience we also write wp = w}'. For a collection of tiles P C P we define
their mass as

(4.3) M(P) = sup M(P).

PeP
The energy of a collection of tiles P is defined as

1/2
(4.4) E(P)= sup (;—T|Z|<f,¢p>|2) :

TCP 2—tree PeT

These quantities and the following lemmas originate in [LT00].
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Lemma 4.2 (Mass lemma). If v; > |a| + 1, then there exists C > 0 depending
only on a such that for every finite set of tiles P C P there is a decomposition
P = Plight U Pheavy such that

(4.5) M(Phght) < 272 M(P)
and Pheavy @5 a union of a set T of trees such that
C
(4.6) NN -
TeT M(P)

Lemma 4.3 (Energy lemma). There exists C' > 0 depending only on « such that
for every finite set of tiles P C P there is a decomposition P = Piow U Phigh such
that

(47) E(Puw) < 27 E(P)
and Prigh 15 a union of a set T of trees such that
C
(4.8) > | € .
i £(py?

Lemma 4.4 (Tree estimate). There ezists C > 0 depending only on a such that
if m € 4", then the following inequality holds for every tree T:

(4.9) ST op)WpY 1,0 < Cllml|.gwo| I E(T)M(T)

PeT

The proofs of these lemmas are contained in Sections Bl [0, [7] respectively. By
iterated application of these lemmas we obtain a proof of (41]). This argument
is literally the same as in [LT00], but we include it here for convenience of the
reader. Let P be a finite collection of tiles. We will decompose P into disjoint
sets (Pr)een (Where N is some finite set of integers) such that each P, satisfies

(4.10) M(Py) <2* and E(P,) < 2°
and is equal to the union of a set of trees 7, such that
(4.11) > |Ix| <027

TET;

This is achieved by the following procedure:
(1) Initialize P5°% := P and choose an initial ¢ that is large enough such that

(4.12) M(Pek) < 226 and  £(PStock) < 2°,

(2) If M(Pstock) > 22(=1) then apply Lemma to decompose Pk into
Pright and Pheavy. We addl] Pheavy to P and update P50k = Py (thus,
we now have M(Pstock) < 22(¢-1)),

(3) If £(Pstock) > 261 then apply Lemma 3] to decompose Pk into Ploy
and Phign. We add Phpign to Pr and update pstock .— P (thus, we now
have &(Pstock) < 261,

(4) If Pstock is not empty, then replace £ by £ — 1 and go to Step (2).

I'We can think of all the P, as being initialized by the empty set.
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Then we can finish the proof of (A1) by using (4.10), (4.11]), (49) and keeping in
mind that we always have M(P) < ||w"||;:

Z|<f’ 0P 1BV -1(wp()» @Dg(.)” - Z Z Z [(f, oP) (LEAN-1(wp)» @Dg(.)ﬂ

PepP LeN TeT, PET
Sl Y 2min(1,2%) > " Iz S Imllavo Y 27 min(1,2%) < [mllav.
LeN TeT, LEL

To conclude this section we collect several standard auxiliary estimates for
m, K, ¢p, N which are used during the remainder of the proof. First, from the
definition of .Z" we have the symbol estimate

(4.13) |07 m(&)] < [lmll.avp(§)~"

for every integer v < g and ¢ = 1,...,n. If we let K denote the corresponding
kernel (that is, K =m), we have

(4.14) (K@ S Imll 1)

for x # 0. This is a consequence of the anisotropic Hormander-Mikhlin theorem
(see [FR66]). For every integer v > 0 and N ¢ wp(g) we have

(4.15) 05 (@) < llmll.ae | Ip| i (),

where the implicit constant depends only on v, a and the choice of ¢. We defer
the proof of this estimate to Section [§

The next estimates concern the interaction of two wave packets associated with
distinct tiles. Let P, P’ € P be tiles. The idea is that if P, P’ are disjoint (or
equivalently, incomparable with respect to <) then their associated wave packets
are almost orthogonal, i.e. (¢p,pp/) is negligibly small. Indeed, if wp and wp
are disjoint, then we even have (¢p,pp/) = 0. However, as an artifact of the
Heisenberg uncertainty principle, in the case that only Ip and Ip/ are disjoint, we
need to deal with tails. The precise estimate we need is as follows. Assume that
|Ip| > |Ip/|. Then for every integer v > 0 we have that

(4.16) [(bp, dop)| S [Ip| 72| Ipr|2 (1 4+ 275 p(e(Ip) — e(Ip))) ",

where the implicit constant depends only on v and ¢. See [Thi06l Lemma 2.1] for
the version of this estimate for one-dimensional wave packets. Similarly, we have

(4.17) (N, 08| S lml2 g Tp] =2 [ 1p |2 (1 + 277 p(e(Ip) — c(Ip))) 7,
for every integer v > 0 provided that N ¢ wp@y Uwpr(o). We prove ([4.I6) and
(#17) in Section Bl

5. PROOF OF THE MASS LEMMA

In this section we prove Lemma [£.2. The proof is in essence the same as in
[LT00, Prop. 3.1]. Let P be a finite set of tiles and set u = M(P). We define the
set of heavy tiles by

Pheavy = {P eP: M(P) > %}
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and accordingly Piight = P\Pheavy- Then (LI) is automatically satisfied. It re-
mains to show (LG). By the definition of mass (42) we know that for every
P € Pyeavy there exists a P’ = P'(P) € P with P’ > P such that

(5.1) [E wp(z)dr > %

Note that P’ need not be in P. Let P’ be the maximal elements in
{P/(P) : Pe 7)heavy}

with respect to the partial order < of tiles. Then Pheavy is a union of trees with
tops in P’. Therefore it suffices to show

(5.2) > Il < %

First we rewrite (5.I)) as

o

(5.3) wp(x)dr > C’,LLZQ_j.
=0

§=0 /E"Pm(égj (IP)\(;ijl (Ip))

where we adopt the temporary convention that do-1(Ip) = @) and for j > 0,

n

d2i (Ip) = H [C(fp)i — 2Pt o(Tp); + 2(]“3“)0“_1)-
i=1
Thus, for every P € P’ there exists a j > 0 such that
dz :
(5.4) / — = > ClIp|p277.
Bty I\ -1 (1)) (1272 p(@ = c(Ip)))
Note that for z € dqi (Ip)\d2i-1(Ip) we have
14+ 27" p(x — c(Ip)) > C2.
Using this we obtain from (5.4)),
(5.5) [Ip| < Cu= Y Ep N oy (Ip)|2~ =7,

Summarizing, we have shown that for every P € P’ there exists j > 0 such that
(B3) holds. This leads us to define for every j > 0, a set of tiles P; by

Pj = {P ep ‘]p| < C/J/_I‘Ep m52j(lp)‘2—j(y1—1)}.

The estimate (5.2) will follow by summing over j if we can show that

(5.6) > Ipl <2y

PcP;

for all j > 0. To show (B.6]) we use a covering argument reminiscent of Vitali’s
covering lemma. Fix j > 0. For every tile P = Ip X wp we have an enlarged
tile d2i(/p) X wp (this is not a tile anymore). We inductively choose P; € P;
such that |Ip| is maximal among the P € P,\{[,..., 1} and the enlarged
tile of P is disjoint from the enlarged tiles of Fy, ..., Pi_;. Since P; is finite, this
process terminates after finitely many steps, so that we have selected a subset
P; = {F, Pr,...} C Pj of tiles whose enlarged tiles are pairwise disjoint. By
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construction, for every P € P; there exists a unique P’ € P} such that |Ip| < |Ip/|
and the enlarged tiles of P and P’ intersect. We call P associated with P’.

Now the claim is that if two tiles P, Q) € P; are associated with the same P € P;,
then Ip and I are disjoint. To see this note that wp intersects wp: by definition.
Thus, since |Ip| < |Ip/|, we have wp, C wp. The same holds for ). Therefore
we have wpr C wp Nwg. But P,Q € P; C P’ are disjoint tiles, so we must have
Ip N Ig = 0. Moreover, all tiles P associated with P’ satisfy Ip C dgjr2(Ip).
Therefore we get

SNel=>" Y l=> | U Ir

PeP; P’EPJ'- PeP; P’EPJ'- PeP;
assoc. with P’ assoc. with P’

< Z 2(j+2)|a\|]P,| < C,u—12—j(u1—\a|—1) Z |EN N_l(wP/) N 6 (Ipr)|
P'eP; P'ep;
<0277,
using that v; > |a| 4+ 1. The penultimate inequality is a consequence of (5.5]) and

the last inequality follows, because the sets N~!(wp/) N dy;(Ipr) are disjoint and
|E| < 1.

6. PROOF OF THE ENERGY LEMMA

In this section we prove Lemma 4.3 We adapt the argument of Lacey and
Thiele [LT00, Prop. 3.2]. The tree selection algorithm of Lacey and Thiele relies
on the natural ordering of real numbers. In our situation this can be replaced by
any functional on R" that separates wp(g) from wp(, for every tile P € P (this was
already observed in [PT03]). Let ig be such that r;, = 1 (exists because r # 0).
Let us introduce the projection to the ipth coordinate: mp : R" — R, x — ;.
Then we have that

(6.1) m0(&) < 7o (n)

holds for every § € wp(g),n € wpe), P € P.
Let ¢ = E(P). For a 2-tree Ty we define

1/2
A(T,) = (ui S ¢p>|2) .

PeT>

We will now describe an algorithm to choose the desired collection of trees 7 and
also an auxiliary collection of 2—trees 7Ts:
(1) Initialize 7 := T5 := () and Pk .= P.
(2) Choose a 2-tree Ty C P such that
(a) A(Ty) >¢/2, and
(b) mo(c(wr,)) is minimal among all the 2-trees in P satisfying (a).
If no such Ty exists, then terminate.
(3) Let T be the maximal tree in P with top Pr, (with respect to set
inclusion).



ANISOTROPIC CARLESON OPERATORS 15

(4) Add T to 7 and T; to T3. Also, remove all the elements of T from Pstock,
Then continue again with Step (2).

Since P is finite it is clear that the algorithm terminates after finitely many
steps. Also note for every T € T there exists a unique Ty € T, with Ty C T,
and vice versa. After the algorithm terminates we set Py = P5° and Phigh to
be the union of the trees in 7. Then, (4.7) is automatically satisfied and it only
remains to show

(6.2) PONICA T
T2€T2

Before we do that we establish a geometric property of the selected trees that will
be crucial in the following.

Lemma 6.1. Let Ty # T, € T, and P € Ty, P € T,. If wp C wyipr, then
[p/ N IT2 == @

Proof. Note that c(wr,) € wp C wpr) while c(wr,) € wpy. By (6I) and
condition (b) in Step (2) we therefore conclude that Ty was chosen before T
during the above algorithm. Let T be the tree in 7 such that Ty C T. Thus, if
I'pr was not disjoint from I, = I, then it would be contained in It and therefore
P’ < P which means it would have been included into T during Step (3). That
is a contradiction. O

The sum in ([6.2]) equals
AT Y Wfor)l <47 Y [f.om)
T2€T2 PeT> PelUT2
where (J T2 = Urp, ez, T2- Let us write

(6.3) > fonl = X (f.or)orf)

PelJT2 PelUT2
and use the Cauchy-Schwarz inequality to estimate this by

(6.4) | > ¢ omor

PelU T2

)

.

where we used that || f||2 = 1. So far we have shown that
(6.5) 3 s | Y (Ferdon

T2€T2 PelUTa
Thus if we can show that

2

(6.6) | > tromer|| s S I,

PelUTz T2€72
then (G.2) follows. Expanding the L? norm in (6.6) we get that the left hand side
is bounded by

67) S0 1R for)om o +2 S 1for) S, 0m) (0r o).

P,P'eJ T2, P,P'eJT2,
wp=Wwp/ "JPC"JP’(O)
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Here we have used that (¢p,¢p) = 0 if wpe) N wpi) = 0 and therefore either
wp = wpr, Wp C Wpr(g), OF wpr C Wp(g) (the last two cases are symmetric). We
treat both sums in this term separately. Estimating the smaller one of |(f, ¢p)]
and |(f, ¢p/) by the larger one, we obtain that the first sum in (6.7) is

S Z [(f, 0p) I Z (&P, dp).

PeJT2 P'eJTa,

Using (A16) we estimate this by
(6.8) S0 IfonlP Y (127 p(ele) — e(Ip)) .

PeU T2 P'el Tz,

Wp=Wwps

Notice that Ip N Ipr = () for P # P’ in the inner sum. This implies

> 2 plettn) — ellp) S [ (o) Ml S 1

P,EUB, n

wp=Wpr
provided that v > |a|. Therefore (6.8)) is
(6.9) S D KhemP < Y I,
TyeT2 PeTo ToeT2

as desired. It remains to estimate the second sum in ([6.7]). To that end it suffices
to show that

(6.10) Z Z [(f, 0p)(f, ¢p) (0P, dp)| S €% Im, ],

PeT2 P'eSp

for every Ty € T, where
Sp = {P, € UE twp C CUP/(O)}.

Here we follow the argument given in [Lac04]. Observe that if P € T, then
Sp N Ty = (). Interpreting the singleton { P} as a 2-tree we obtain

(6.11) [(f,0p)] < elIp|'”?
for all P € P. Combining this with (£I6) we can estimate the left hand side of
(6.10) by
(6.12) 23> |1+ 27 p(e(Ip) — e(Ip))) ™"
PET, P'eSp

Indeed, Lemmal[G.Ilimplies that It,NIp = ) for every P € Ty, P’ € Sp. Moreover,
it also implies that for P’ # P” € Sp we have Ip: N Ipr = (). These facts facilitate
the following estimate:

S 3 el p(elle) = c(Ip)) ™ S D D [ (127 ple(lp) — ) Vda

PeTy P'eSp PeTy P'eSp IP/

S Z /(1TT2)c(1 + 27 p(e(Ip) — 2))7".

PeTs
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Since T is a tree, the last quantity can be estimated by
Z Z / (1 + p(u - 52—k(l’)))_yd$7
kSsz Uerﬂ(Z”—l—%) (IT2)c

where (), € D is an anisotropic dyadic rectangle of scale kt, — k that is given by
a rescaling of It,. The previous display is no greater than a constant times

(6.13)

D kel > (1 +dista((Qr) u) M < / n(1+p(x))_(”_|a_"’)dx),

k<kT, UEQRN(Z"+3)

where v > 2|a| and 7 is a fixed and sufficiently small positive constant. The
integral over x in the previous display is bounded by a constant depending on
v —|a) —v > |a|. To estimate the sum over u we note that for every u in the
indicated range there exists a lattice point v € 0QrNZ" such that dist,, ((Qx)¢, u) >
1p(v — ). Thus we may bound the sum over u by

S U p—w) T S 100, N2 S 2bmRlel,
VEOQRNZ™ uEZ"—l—%
Thus, (613) is bounded by a constant times

okylaleo Z klal—lalo) < okmalal — |11 1.
k‘SkTQ

This proves (G.10).

7. PROOF OF THE TREE ESTIMATE

In this section we prove Lemmal.4l This is the core of the proof. For a rectangle
I =TI, I € D* we denote by I the enlarged rectangle defined by

ﬁ 20c1+1

Here AI; is the interval of length )\|],~| with the same center as [;. Let J be
the partition of R" that is given by the collection of maximal anisotropic dyadic
rectangles J € D such that J does not contain any Ip with P € T (maximal
with respect to inclusion). Set ¢ = £(T) and u = M(T). Choose phase factors
(ep)p of modulus 1 such that

SO om0 16, / S erlf 0p1E @), ()

PeT PeT

S SIC1+]C27

1

ICl = Z Z || <.fa ¢P>wg(.)1Ep(r) ||L1(J)>

JEJ PET,|Ip|<|J+]

Z ep(f, 0p)Up ey,

PeT

where
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K="\l > eptfon)vn i,

JeJ ||PET,|Ip|>|JT| L1(J)

We first estimate K. This is the easy part, since in the sum defining £; we have

that Ip is disjoint from .J. Again, interpreting the singleton {P} as a 2—tree we
see that (G.I1]) holds for all P € T. This gives

Klfgz Z 2|a‘kp/2||¢g(.)1Ep(r)||L1(J)-

JeJg PeT
[Ip|<|JT]

Using ({.15) the previous display is seen to be no larger than a constant times

Hm||/maz Z / w0 (27FP (2 — ¢(Ip)))dx

JeJ PeT J”Epm

[p|<|J*]
(7.1) < mllavoep > Y 20 sup w270 (2 — (1)),
JeJ PeT zeJ
[Tp|<|J T

where we have set v; = |a| + 3. Since Ip is disjoint from J we can estimate (Z.I])
as

(7.2) Slmllaoend >0 2l N w2l (2 disto (J, Ip)).

JeJ  keZ, PeT,
Qk\a\gljﬂ kp=k

Before we proceed, we claim that for every v > |a|, k € Z and fixed J € J with
2klel < | J*| we have

(7.3) > w’(27Mdista(J, Ip)) S 1,
PeT,
kp=Fk

where the implicit constant blows up as v approaches |a|. To verify the claim,
let us assume for simpler notation that J is centered at the origin. Then by
disjointness of Ip and J we have

dist, (J, Ip) 2 disto (0, Ip) = 2% p(m),

where m = (my,...,m,) € Z" is such that Ip = [[;_,[2**m;, 2¥*i(m; +1)). Thus
the sum in (Z3)) is

S D (L+p(m)™,

mezn
which implies the claim.
Estimate (7.2]) by
(7.4) S mllamoen Y w5 @ rdisto (1, Ir)) Y 20k,
Jeg kez,

2klel<| Tt
Here kt is the scale of It and we have used (7.3]) and
2k disto(J, Ip) > 27" dist, (J, IT).
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Summing the geometric series, (7.4) is
< lImllaroen Y w5 (274 disto (1, Ip))] J].
JeJ
The sum in that expression can be estimated as follows:

S w27 disto (J,Ip)) ] S Y [ (14 277 p(a — c(ix))) "1 da
JeJg Jeg VI
By disjointness of the J we can bound this by
/ (1427 p(a — e(Ix)))” 5 da = || | (14 pla) " Dda < (1]
n Rn
To summarize, we showed that
(7.5) K1 < Imll.amepl ],

using that vy > 3|al + 2.
Let us proceed to estimating ICy. This is more difficult. We may assume that the
sum runs only over those J for which there is a P € T such that |[Ip| > |JT].

Then |It| > |J*| and J C It. From now on let such a J be fixed. Define
(7.6) Gr=Jn |J  Epy

PET,|Ip|>|JT]
Before proceeding we prove the following.

Lemma 7.1. There exists a constant C' > 0 independent of J such that
(7.7) G4l < CulJ|

Proof. By definition of J, there exists ;) € T such that Ip, is contained in J*.
We claim that there exists a tile Py < P’ < Pr such that |Ip/| = [J*T]|. Indeed,
note |Ip,| < |J*F|. If there is equality, we simply take P’ = Fy. Otherwise we
take Ipr € D* to be the unique dyadic ancestor of Ip, such that |Ip/| = |J*T| and
choose wps accordingly such that it contains ¢(wr). Now we have

wp| = [Ip|™! < [T = |Ip| ™ = |wp|
for every tile P € T with |Ip| > |J*|. This implies wp C wp and thus
G;CJNEp:.

As a consequence,

Gyl < / (a)de < || | wele)de < pld).
E

pr Ep
O
Let us define
(7.8) F;= Z ep(f, ¢P>¢g(.)1EP(T)-
PET,
[Ip|>|JF|

Since every tree can be written as the union of a 1-tree and a 2—tree, we may treat
each of these cases separately.
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7.1. The case of 1-trees. Assume that T is a 1-tree. This is the easier case.
The reason is that for every P, P’ € T, wp # wp we have that wp() and wp(
are disjoint and thus we have good orthogonality of the summands in (7.8]). Using

(6.11) and (4.15) we see that

s (@) S Imllamos D (14275 p(x = e(Ip)) " 1pp, (2)-
PET,
[p|>|T7

Using disjointness of the Ep(y this can be estimated by
Im|lgme - sup Y (1427 p(x — 6y (m))) ™.
keZ i
By an index shift we see that
S (42 —u(m)) 0= DY (L+pm+7)7,
meZr+3 meZ™+3

where v € [0,1]" depends on k and z. The last sum is < 1 independently of 7.
Thus we proved the pointwise estimate

(7.9) [Es(2)] S llmll.avoe.
Combining this with the support estimate (7.7]) we obtain
(7.10) ISy S llmllavoenl J].

Summing over the pairwise disjoint J C I we obtain
Ka S lmlavoep|Ix|
as desired. Note that we only needed vy > || to obtain this estimate.

7.2. The case of 2—trees. Here we assume that T is a 2-tree. The additional x-
dependence present in the wave packets @bﬁ(” makes this part more difficult than
the congruent argument in [LT00]. This problem arises already in the isotropic
case [PT03]. The goal is again to obtain a pointwise estimate for F;. In the
following we fix x € J such that F;(z) # 0. Observe that the wp(), P € T
are nested. Let us denote the smallest (resp. largest) wp(, (resp. wp) such that
€ N"Ywpy) N E by w_ (resp. wy). Let ky € Z be such that |w;| = 2k
and k_ € Z such that |w_| = 27%-lel=" (note from the definition that w_ ¢ D if
a # (1,...,1)). Then the nestedness property implies

Fio)= Y ep(f.or)vp™ (@)

PeT,
ki<kp<k_

Define
e = Mew,)Dox, 04 — M yDl_ ¢,

where ¢, (z) = b;"¢(b;'z) and ¢_ is a Schwartz function satisfying 0 < ggj <

1 such that ¢_ is supported on [—%2, %2] and equals to one on [—%3, %3], where

bjto = % +b; for j = 0,1. From the definition we see that ﬁ; is SIiEported on

bob ' w N (2bsw_)¢ and equal to one on w, N (2byw_)¢. In particular, h, (&) equals
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to one if € € supp ¢p and k; < kp < k_ and vanishes if kp is outside this range.

For technical reasons that become clear further below we need the support of h,
to keep a certain distance to w_. We obtain

= > erlf.00) (05" ho) (@)

PeT

Fix & € wp. We decompose

(T.11) Fyw) =D ep(fsop)(F « ho)(@) + Y ep(f.op) (Wp" = v)  ho)(x)

PeT PeT
(7.12) = G * Mg, K * hy(x) + G % (My() K — Mg, K) * hy()
where
(7.13) G= Z ep(f, op)op.
PET

Before proceeding with the proof we record the following simple variant of a stan-
dard fact about maximal functions (see [Duo01]).

Lemma 7.2. Let A > 0 and w be an integrable function on R™ which is constant
on {p(y) < A} and radial and decreasing with respect to p, i.e.

w(x) < w(y)

if p(x) > ply), with equality if p(x) = p(y). Let x € R™ and J C R™ be such that
J CH{y : plxr —y) < A}. Then we have

1
Fowl) < lolsup o [ PGy,
ser |11 Jr
where the supremum is taken over all anisotropic cubes I C R™.

Proof. First we assume that w is a step function. That is,

w(y) = chlp(y)ﬁrj
j=1

with A <r; <ry < ---. Then we have
Fxuw(zx)= r'acjv/ y)|dy < ||w| sup 7 /\F )|dy.
plz—y <r3 | ‘
The general case follows by approximation of w by step functions and an applica-
tion of Lebesgue’s dominated convergence theorem. O
Since
(7.14) ()] S 271 [ (8y-s () + 275 p| (6, ()

and z € J, |J]| < 2k+lel < 2k-lol we have from Lemma [7.2 that

(7.15) G M, K # ha(2)] < sup |I|/|G*M§O y)|dy.

JcI
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Let us assume for the moment that we also have the estimate
1
(116) 16 MK = Mg ) ¢ ha(o)] 5 [l sup 7 [ 1Gdy.
C I

We will first show how to finish the proof from here. At the end of the section we
will then show that (7.I6) indeed holds.

From (712), (ZI5), (716) and Lemma [7.1] we see that
S Wl S0 3 11 (sup i [16 MoKy + Il sup - [ 160001 )

Jed, Jed,
JCIt JCIt

By disjointness of the J € J this is no greater than
11 (M@ Mg ), + Imllaso MO i)

where M denotes the maximal function defined by

MPF(y) = sup — /IFI
y€I|I|

where the supremum runs over all anisotropic cubes I C R". Clearly, M is
a bounded operator L*(R") — L?(R"™), because it is bounded pointwise by a
composition of one-dimensional Hardy-Littlewood maximal functions applied in
each component.

Applying the Cauchy-Schwarz inequality and the L? boundedness of M we see

that (ZI7) is
1
S wlr|? (G * Mg, K|, + l[mlLao [|Gl,) -

By repeating the arguments that lead to the proof of (6.6]), using (18] or (£.17)),
respectively, we obtain that

|G M, K [, + mllao [1Glly S lIml]avoe| Ix| 2.
This concludes the proof. It remains to prove (Z.I6). Let us write
R(y> = (MN(x)K - MﬁoK) * hx(y)

We will give two different estimates for R. The first one is only effective if p(y) is
large and the second one if p(y) is small. Let us start with the first estimate. By
Fourier inversion, we can write R(y) (up to a constant) as

(7118) [l = N()) = mié — )@

Fix y and let 7 be such that p(y) = |y;|'/*. Then we integrate by parts in the ith
component to see that (ZI8) is bounded by

@19) Sol) 7 [ [0 [m(e - V) - mle - 6a)©)]|a¢

for integer v/ > 0, where we have used that p(y) > 2%~ to estimate |6,-x_(y)| >
275 p(y).




ANISOTROPIC CARLESON OPERATORS 23

Let ¢ < vy be a non-negative integer. Using (A.I3]) we obtain

(7.20) |0f, [m(€ =N (@) ~m(e—&)] | < Imllor (pl€ = N (@) +pl€ — &)™)

Recall that £ and N(x) are contained in w_ and the integrand of (7.19) is sup-
ported on byb; *wy N (2bsw_)°¢. Also, there exist wy,...,wy € D such that

w_Cuw € Cwy =ws

and |w;| = 2781l with k) = k_ and kj,, = k; — 1. If £ € (2b3w_)¢ we have
(7.21) min(p(§ — N(2)), p(€ — &)) Z 27

On the other hand, if £ € (boby 'w;) Nw¢_; for j =2,..., M, then

(7.22) min(p(§ — N(x)), p(€ — &)) Z 277

Combining (7.20)) and (7.21]), (7.22)) we get

M
(7.23) 9%, |m(& = N(x)) —m(€ ~ 50)} | S e 2590, 0, ().
j=1

We also have
(7.24) 0L T (©)] S 250 L,y (€) + 25 g, ().

Thus we see from (7.23) and (7.24) that for alli =1,...,nand 0 < ¢ < 1/ we
obtain

[ [t mte = @) = mie - 0|0 T)de S fml 22D,
provided that v/a; > |a. Setting 1/ = [£], we have shown that
(7.25) [RW)| S a2 51275 p(y) .

It remains to find a good estimate for R(y) when p(y) is small. Let us estimate
[R(y)| < Ry (y) + B-(y),

where

Ri = |(MN(x)K — M&)K) * D;ki¢i|
The first claim is that if p(y) < 28+1 then
(7.26) Ri(y) S w2100,

(Here and throughout the proof of this claim + always stands for a fixed choice
of sign, either + or —.) To see this, we first estimate Ry (y) by

gobelel [ |( VD80 1)K (2)g (27 (y — 2))|de S 27H+(I 4 1),
.

where

I— / (@02 _ 1) [ ()64 (2F4 (y — 2))|dz,  and
p(2)<2hE+

11— Z . K2y - 2

i+]<p <2k:|:+]+1
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We first estimate I. Changing variables z +— 0,1, +2(2) we see that
I< / |(€i52ki+2(N($)—€o)Z _ 1)K(z)|dz
p(z)<1
Using (4.14)), the previous display is
S lll oo ra(N (@) — &)l [ Jelote)
p(z)<1

Using p(8ypss2(N(z) — &)) = 2MF2p(N(z) — &) < 1 we can bound this further
as

< ] geo / p(2) 1z < g
(2)<1

This proves that I < [[m/|.zv. It remains to treat IT. Here we make use of the fact
that we have p(y — z) > 2¥77~1 in the integrand of IT, because of our assumption
p(y) < 2+, Using the decay of ¢+ we obtain

o0
TS il g 327 / | o)z < ] g
=2 kT <p(z)<ohE I

Thus we have proved (.26). The only further ingredient which we need in order
to verify (7.I6) is a good estimate for R (y) when 28+t < p(y) < 28, In order
to do this we need to do a slightly more careful decomposition. Let us write

n

Qu = [6ye, (£), 8y, (€ + 1)) = T J[25+ 045, 204 (6 4 1))

i=1
for £ € Z". Assume that y € Q, with 1 < |f]o, < 2F-—F+. We have
(727)  Re(y) <27l [ (e V@02 _ 1) K (2)¢, (277 (y — 2))|d=.

SEL™ Qs

Moreover, the same estimates that were used to prove ([Z.26]) yield

|( — DK ()¢ (27" (y — 2))|dz

S Il 2575 (14 p(s =€) 7171 (1 + p(s)) 71
Plugging this inequality into (Z.27]) we obtain
Ri(y) < ||m’|///’/02—k,2k+(1—|a\) Z(l + p(s — g))—la\—l(l + p(s))l—h\

sezn
S N2 (2% p(€)) 1o,
where the last inequality requires v to be large enough. Therefore,
(7.28) Ri(y) < mllavo2™* p(y)' 1,
Finally, summarizing (.25, (7.26) and (7.28) we have shown that
[R(Y)] S (Ml (woly) + wi(y) + w-(y) + wi(y)),

where
wO(y) = 2_k7|a‘(2_k7p(y>)_‘a|_11p(y)22k77
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(y) = 274400
Wy ply)<2F+tts

wi(y) =27 p(y) T ey <o

Each of these functions is integrable with an L'(R™) norm not depending on k_, k ,
radial and decreasing with respect to p in the sense of Lemma and constant
on {p(y) < 2%} or {p(y) < 2% }. Thus, applying Lemma to each of these
functions yields (Z.I6). Note that to prove ([T.I6]) we only required that vy > |a|+1.

8. PROOFS OF AUXILIARY ESTIMATES

In this section we prove ([{I5), ([£I6) and (£I7).

Proof of (A13]). Expanding definitions and using Fourier inversion we see that,
up to a universal constant, [/} (x)| is equal to

/n 6i§(w—C(IP))m(§ — N)$(52kp (& — C(WP(O))))dg' :

Via a change of variables dyt, (€ — c(wp())) — ¢ and using that m(&) = m(dqep (€))
this becomes

okplal/2

(8.1) 9—kplal/2

/n B I A N))a?(c)dc' .

Let us fix 2 and P and take i to be such that p(x — c(Ip)) = |z; — c(Ip)s|"/*.
From repeated integration by parts we see that (81 is bounded by

kel o~ (1)

for every integer v/ > 0. We set v/ = [v/a;] < v. Since N ¢ wp(y) we have
|C + dorp (c(wpoy) — N)| 2 1. Therefore,

[ 108 0m(& + b etiom) = NNFED| 6 5 g < Il
This concludes the proof of ({.13]) in the case that p(x — ¢(Ip)) > 1. In the case
p(x —c(Ip)) <1 we simply use the triangle inequality on (8T]). O

Proof of ([A16l) and ([AIT). If ¢(Ip) = c(Ip:), the estimates are trivial. Thus we
may assume c(Ip) # c¢(Ip/). We have

O (m( -+ bt (clwpo) = N)F(C) | de.

n

1

(8:2) (¢, dp)| < [Ip| 72| 1|72 . |0(0arr (& = c(Ip)))P(Ogrps (2 — c(Lpr)))|dur-

Since

plelIp) — elIp)) < plz — e(Ip)) + plz — e(Ip)),
at least one of p(z — c¢(Ip)), p(x — c(Ipr)) is > 2p(c(Ip) — c¢(Ipr)). Thus, splitting
the integral over x accordingly and using rapid decay of ¢, the right hand side of
([B2) is no greater than a constant times

Lp| =2 | Ipr |2 (14275 p(e(Ip) — e(Ip))) ™+ |Ip|2 | Tpr| "2 (142757 p(e(Ip) — e(Ipr))) ™"
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Recalling that we assumed |Ip| > |Ip/| we see that the previous display is bounded
by a constant times

Lol 72 | 1o |2 (1 + 27 plelIp) = e(1pr))) ™.
This proves (£I6]). The estimate ({I7) can be proven in the same way, by using

the decay estimate (£.15]). O
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